
XV APMO: Solutions and Marking Schemes

1. Let a,b,c,d,e, f be real numbers such that the polynomial

p(x) : rB - 4r7 +716 + ar' + bra + crz + d,r2 + er + f

factorises into eight linear factor s tr - :xi, with r.; ) 0 for i = 7,2,. . . , 8. Determine all possible values of /.
Solution.

From
18 - 4r7 + 716 + ar\ +br4 + cr3 + dr2 + er * f : (r - r1)(r - rr)...(* - *r)

we have
8

L*n=4 and Yriri:7,
i=L

wherethesecondsumisoverallpairs(i,j) of integerswherel <i< j (8. Sincethissumcanalsobewritten

;l(i.,) -i.,1 ,

[ \t=r / r=r .]

we get
/ 8 \2 8 8

14= ( Dr, ) -D*',: 16-I"?,
\ i:r / t:t i:1

SO

L"? = 2 while Dq: q. [3 marks] (1)

i:7 i=l

Now
888

\tzro - t)' : aD*? - 4t ri * B = 4(2) - 4(4)* 8 : o,

i=L i=L i=L

which forces r;: ll2lor all ri. [3 marks] Therefore

8 /-\ 8

,':fI,,:(;) =* [r--'k]
i:l \" /

Alternate solution: After obtaining (1) [3 rnarks], use Cauchy's inequality to get

16 : (zr . ! * rz' 1 +' " * ra' t)2 < (rl-+ rZ + "' + r3)(1'? + 72 +''' + 12) : 8' 2 - 16 ;

or the power mean inequality to get

;: *I,,= (iI"r)''' :* Prnarksl

Either way, equality must hold, *t l.j can only happen if all the terms 14 are equal, that is, 7f r; :7f 2 for all
i. [1 rnark] Thus / :71256 as above. [1 mark]

2. Suppose ABCD is a square piece of cardboard with side length o. On a plane are two parallel lines

14 and 12, rvhich are also o units apart. The square ABCD is placed on the plane so that sides AB and

AD intersect h at.E and F respectively. Also, sides CB and CD intersect !.2 al G and ff respectively. Let

the perimeters of AAE-F' and LCGH be m1 and m2 respectively. Prove that no matter how the square was
' placed , rr\ I zz2 remains constant.



Solution l.
Let EH intersect FG at O. The distance from G to line FD and line EF, are both a. So FG bisects

LEFD. Simiiarly,.Ely' bisects LBEF. So O is an excentre of LAEF. Similarly, O is an excentre of LCGH.
[2 marks] Construct these excircles with centre O. Let M,N,P,Q be on sides,4B, BC,CD,DA respectively.
where these excircles touch the square. Then OM L AB, ON L BC, OP L CD, and OQ -l- DA. Since

AB ll CD and AD ll BC, M,O,P are collinear and -ly', O,Q are collinear. Now MP = NQ : a. 12 marks]
Using the fact that the two tangents from a point to a circle have the same length, we get EF : EM + FQ
and GH : GN + HP. [1 mark] Then

rnt : AE + AF + EF : AE + AF + (EM + FQ) = AM + AQ : OQ + OM

and
mz:CG+CH +GH:CG +CH + (GN + HP):CN ICP:OP +ON. [1 rnark]

Therefore
mr*mz: (OQ +OM)+(OP +ON) : MP*NQ:2c1. [1 rnark]

Solution 2.

Extend AB to I and DC to ,.I so lhal AE: BI = CJ. Let lz intersect IJ al M, and let K lie on IJ so

thatGK I1.I. Then,since AE:GK,LAEFandAKGM arecongruent. [1 mark] Thus,sinceGK:CJ
andGC - KJ,

rnt * mz: perimeter(KGM) * perimeter(CcH): perimeter(H M J). [2 rnarks]

Let -L lie on CD so that EL L CD. Then a circle with centre.E and radius a will touch DC at L, IJ al I,
and the interior of HM at some point .Iy', so

perimeter(//MJ) : JH + (HN + NM) + JM : (JH + HL) + (MI + JM): JLI IJ = a* a:2a.

[4 marks] Thus rn1 * m2 : )q.

Solution 3.

Without loss of generality, assume the square has side a : 1. Let d be the acute angle between L1 (or !.2)

and the sides,4B andCD of the square. Then, Ietting EF:r andGH - g/, we have

EA: rcosfl, AF : rsin], CH :ycos9, QQ :ysin9.

Thus
rn1*m2-(r+g)(sin0+cosd+1). [2rnarks] (1)

Draw lines parallel to fi,1.2 through A and C respectively. The distance between these lines is sin0 * cosd

[1 mark] , as caIr be seen by drawing a mutual perpendicular to these lines through B, say. AIso, the altitudes
from A to EF and from C to GH have lengths rsin0cos 0 and g sindcosd respectively [1 rnark] . Therefore

the distance between h and 12 must be

(sin0 + cos0) - rsin0cosd - ysin 0 cos0.

But we are given that this distance is a = 1, so

(r + a)sindcosd * 1 : sin0 * cos9,

or

Therefore, by (1),

rn1*mz :

sin0*cosd-l ,,r+u: 11 markl
sin d cos d

(sind * cosd - 1)(sin0 + cos0 + 1)

sin 0 cos 0

(sin2 I + cos2 0 + 2 sind cos0) - 1

sin d cos 0
1 + 2sin0cosd - 1: ' - 2.. f2 rnarks]

sin 0 cos d



3. Let k > 74 be an integer, and let ps be the largest prime number which is strictly less than k. You may

assume that pp >3k14. Let n be a composite integer. Prove:

(a) if n :2p*, then n does not divide (n - k)l;
(b) if n ) 2p*, then n divides (n - k)l .

Solution.

(a) Note that n - k : 2px - k <2pr - pk : pk,so pk I (" -&)1, so 2px I (n- k)! . [1 mark]

(b) Notethatn)2p1,) 3k/2implies k<2nf3,son-k>n13. Soif wecanfindintegersa,b)3such
thatri:abandafb,thenbothoandbwillappearseparatelyintheproduct(zz-k)! =1x2x"'x(n-,k),
which meansnl(n -k)! . Observethat k ) 14implies pp)73, so that n)2pp) 26.

Ifn:2oforsomeintegera)5,thentakea:22,b-2o-2.[1 mark] Otherwise,sincen>26>16,we
can take o to be an odd prime factor of n and b:nla [1 rnark] , unless b <3 or b: a.

Case(i): b < 3. Sincen is composite, thismeans b:2, sothat 2a:n)2px. As ais aprimenumber
andpl is the largest prime numberwhich is strictlyless than &, it follows that a 2,k. From n'k:2a-k)
2a- a: a> 2 we see that n = 2o divides into (n -,k)! . [2 rnarks]

Case(i\): b=o. Then n:a2 anda)6since n)26. Thusn -k>nl\:az13)2a,so thatbothaand
2aappear among {1,2,...)n- k}. Hence n:a2 dividesinto (n-k)! . [2 marks]

4.Leta,b,cbethesidesof atriangle,witho*b+c:l,andletn)2beaninteger. Showthat

V"" +b" + {b* + c' + iF + a' ., * + .

Soluti.on.

Without loss of generality, assume alb 1c. As o *b) c, we have

W r/6 */x

; = #A*b+c) > #A*d = i/u" > i/w +c". lzmarksl

Asa( candn )2,wehave

Thus 
tF + a" . 

" 
*;. [s marks]

Likewise 
vb, + 

"P 
. u *;. [1 rnark]

Adding (1), (2) and (3), we get

V"" +b" + {fr +e + Ve +il. + +c+;+b+;:r* #. [1 rnark]

(1)

(cn + an) - (" * Z)" : " - D(T) "-- 
(;)r

s 
[, 

- 

= 

(;) (])-] ," (sine., c'-k ] a'-*\

: [r,-;l D(t(])-] an<o

(2)

(3)



5. Given two positive integers m and n, find the smallest positive integer k such that among any,k people,

either there zre 2m of them rlho form m pairs of mutuaily acquainted people or there are 2n of them forming
n pairs of mutually unacquainted people.

Solution.

Let the smallest positive integer k satisfying the condition of the problem be denoted r(m,n). We shall

show that
r(m,n) :2(m + n) - min{rn, n} - 7'

Observe that, by symmetry, r(m,n) =r(n,nz). Therefore it suffices to consider the case where rn ) n, and to
prove that

r(m,n) :2m I n - l. [1 rnark]

First we prove that
r(m,n))2rn*n-l

by an example. Call a group of ,k people, every two of whom are mutually acquainted, a k-clique. Consider

a set of 2m * n - 2 people consisting of a (2m - 1)-clique together with an additional n - 1 people none

of w.hom knorv anyone else. (Call such people isolated.) Then there are not 2rn people forming rn mutually
acquainted pairs, and there also are not 2n people forming n mutually unacquainted pairs. Thus r(m,n) )
(2*- 1)+ (n- 1)+ 7:2m*n-l by the definition of r(m,r,). [1 rnark]

To establish (1), we need to provethat r(m,n) S2m-ln - 1. To do this, we now show that

r(m,n) 1r(m - 1,rz - 1)*3 for ali m) n) 2.

Let G be a group of. t = r(m - 7,n -1) + 3 people. Notice that

t > 2(m- 1) + (" - 1) - 1 + 3 : 2m * n - I ) 2m ) 2n.

If G is a f-clique, then G contains 2m people forming rn mutually acquainted pairs, and if G has only isolated

people, then G contains 2n people forming n mutually unacquainted pairs. Otherwise, there are three people

in G, say a,b and c, such that a,b are acquainted but ajc are not. Now consider the group y' obtained by
removing a,b and cfrom G. A has t-3:r(m-|,n-l) people, sobythe definition of r(m-7,n-7),
A either contains 2(* - 1) people forming rn. - 1 mutually acquainted pairs, or else contains 2(n - 7) people

forming n - 1 mutually unacquainted pairs. In the former case, we add the acquainted pair a,b to A to form rn
mutually acquainted piirs in G. In the latter case, rve add the unacquainted pair a,cto -4. to form n mutually

unacquainted pairs in G. This proves (2). [3 marksJ
Trivialiy,r(s, 1) =2sforalls[1 rnark],sor(m,n)<2m*n-lholdswhenevern=T.Proceedingby

induction on n,, by (2) we obtain

r(m,n) 3r(m - l,n -1) +3 < 2(* -1) + (2 - 1) - 1 +3 : 2m* n - 7,

which completes the proof. [1 rnark]

Note. Give an additional 1 mark to any student who gets at most 5 marks by the above marking scheme,

but in addition gives a valid argument that r(2,2) = 5.

(1)

(2)


