MartemMaTnuKn TaNleHT

Anekca Manyecku, Ckonje
Pucto Manyecku, Ckonje

TEOPEMA HA HEBA

Bo reometpujata MHOTY TBP/EHa CE AOKAXKAaHWU Nped CTOTULM, Na Aypyu U unjaam
rogvHn. Hekou ofi 0BMe TBPAEH:A, T.. HMBHATa MPUMeHa ce MoCeGHO WMHTEPECHU K
pa3HOBMAHM, Na 3aTOA YeCTO MaTW Ce COCTaBeH [ieNl Of PelleHnjaTa Ha ronem 6poj
3ada4M, a 0COBEHO Ha FeoMeTPUCKWTE 3afjauM Kou Ce 3a/jaBaaT Ha MPeCTUXHMTE
HaTMpeBapy Mo MaTemMaTvka. EfHO TakBO TBpfietke € TeopemaTa Ha YeBa, Koja e
MPeAMET Ha HalLWTe pasriefyBarba.

Teopema (Yesa). Heka P,Q,R ce Touku Ha npasute BC,CA, AB onpefeneHu co
cTpaHuTe Ha TpuaronHukot ABC. Mpasute AP, BQ,CR ce ceuaT BO efjHa TOUYKa ako U
camo ako

BP.CQ AR_j. (1)
PC QA RB
[Joka3s. Heka npasute AP,BQ,CR ce ceuar Bo Toukata T. Heka h. u hc ce

[LOXWHWTE Ha HOpManuTe nossieveHn of Touknte C n T Ha npaeBata AB, COOABETHO
(upTex fecHo). Mmame

ARh, BRh,
PiacR =% PBcr=—7:

ARh, BRh
P.ATR ZTQ, P.BTR :Th:-
Cnopeg T03,

AR (he—h)

P.cat = P.acr —PoatR = % n /
__ . A
BR(h.—h)

P.ect =Pscr— PR = %

bugejkn Bektopute AR 1 RB ce 0inMHeapHM 1 UCTOHACcCOYeHU ao6rBame

AR (he—h)
Par _ 2

Pct  BR(R-h) BR RB-
2

P BB P CQ
AHaNorHo ce [JoKaxyBa feka =281 —BP Feer _CQ  Ako v nomHoxume
Pear PC P.aer QA

nocnefHUTe TPU paBeHCTBa Jo6KBamMe
BP CQ AR _ Paaer Pt | Pacar =1

% a %_ Pecar Puasr  Piscr
T.e. TOYHO € paBeHCcTBOTO (1).

O6patHo, Heka P,Q,R Ha ctpaHuTe BC,CA,

AB ce Taksu LWITO BaxM (1). Heka npamte AP u
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BQ ce cevar Bo Toukata T © Heka npaBata CT ja ceye cTpaHata AB BO ToukaTa R’
(upTexk pecHo). Toraw ToukmTe P,Q,R’ npunaraat Ha ctpaHute BC,CA AB 1 ce
TakBu WwTto npasute AP,BQ,CR’ ce ceuar BO Toukata T . 3aroa 0f MPeTXO4HO

[OKaXaHoTo criefyBa feka BE.==.AR _1 Op nocnegHoTo paseHcTBO M of (1)
PC QA RB
crneflyBa fleka %:%. MoHaTaMy, Ha fafieHa OTCeYKa MOCTOM eAVHCTBEHA TOuKa

Koja Taa OTCeuka ja fienv BO fafileH 04HOC, Na o[ NOCNefHOTO PaBeHCTBO CrefyBsa feka
R=R’, wTo 3Hauu feka npasute AP, BQ,CR ce ceuar Bo ejHa TOUKa. m

Mocnegnua 1. TeXUWHWTE NNHUW Ha TPUArONHWKOT Ce ceyaT BO efHa TOuka
(TeXULUTE Ha TPUarosHMKOT).
[Jokas. a) Heka A,B;,C; ce cpeanHuTe Ha cTpa-

HuTe BC,CA AB Ha TpuaronHumkoT ABC (upTex
[lecHo). Toraw

BA_1GB_g MG g

AC T BA T CB
T.€.

na o/, TeopemaTta Ha YeBa cneflyBa fieka TeXUWHUTe nuHun AA, BB, CC; ce cevart Bo
efiHa TOUKa. W

Mocneguua 2. CUMeTpannTe Ha BHATPELLIHUTE arfin Ha TPUarofHMKOT Ce CeyaT BO
e/iHa To4Ka (LieHTap Ha BruLLaHaTa KPY>XXHULLA BO TPUAroSIHUKOT).

Joka3. Heka A',B',C' ce TOYKATE BO KOu
CUMeTpannTe Ha arnmTe BOo Temuwata A B,C
rn cevat ctpaHute BC,CA, AB (UpTex AecHo).
Of TeopemaTa 3a CMMeTpasaTa Ha aron cnegysa

BA'_AB CB' _BC AC'_CA

AC CA'B'A AB'CB BC’
AKO T'1 MOMHOXUME NOCNeAHUTE TPW paBeHCTBa
[o6vBame

BA' CB' AC' _ AB BC .CA _

AC BACB CA AB BC
KOHe‘-IHO, 0f TeOpeMaTa Ha UeBa cnefysa AekKa CMMETPA/INTE Ha BHATPELUHUTE arin Ha
TPWarosIHMKOT Ce ceYat BO €jHa TOYKa. m

Mocneguua 3. CumeTpanaTta Ha efieH BHATPeLleH arofl Ha TPUarofIHMKOT W
CUMETPa/IMTe Ha NPeOCTaHATUTE iBa HABOPELLHM arfv Ce ceyar BO efjHa Touka (LeHTap
Ha NpUNIULLIaHa KPY>XHULA Ha TPUArosIHUKOT).
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[Jlokas. be3 orpaHuuyBate Ha OMWTOCTa MOXEME
Ja ja pasrnefyBamMe Camo CUMeTpajiaTa Ha BHaTpeLl-
HWOT aroni Bo TemeTo A. Heka A, B;,C; ce npeceu-
HUTE TOYKM HA CUMETPIMTE HA BHATPELUHWOT aros
BO TEMETO A ¥ CUMETPa/INTE Ha HaBOPELLHNTE ariun
BOo TemuwaTta B n C co npasute BC, AC, AB (up-
TeX AiecHo). Of Teopemara 3a CUMeTpasiata Ha arosioT

F’ JR—
BO TeMeTO A cnefysa %:% N TeopemMarta 3a CMeTpa/iata Ha HaABOPELUEH aron

CB, _Bc AC, CaA
cneaysa B _BC AGQ_CA  Ako M nomHoXMMe rnocfegHUTe TPU PaBEHCTBA
AB AB'BC, BC

[obveame

AC BA CB CA AB BC
KoHeuHo, of TeopemMarta Ha Uesa cnefgyBsa A€Ka CMMETPasiaTa Ha BHATPELUHMOT aron un
CMMeTpannTe Ha apyrute Apa HagBOpeLUHW arnu ce ceyar BO eiHa TOYKa. ®

Mocnegnua 4. BUCKMHWTE HA TPMArosIHMKOT Ce ceyar BO efjHa ToYKa (opTo-
LIEHTap Ha TPUarosIHUKOT).

Joka3. Heka A, B;,C; ce nogHoxjaTa Ha
BUCMHUTE Ha TPWUAroSHUKOT MOB/IEYEHU Of
Temubata A, B,C KoH cTpaHute BC,CA, AB
(upTex pecHo). Op #AB B = sAAB=90° cne-
JyBa AeKa 4YeTMpuaronHMkor BAB/A e TeTu-
BeH. 3atoa £CB A = £ABC. TpuaronHuuute
ABC n AB,C umaat efieH 3aejHN4KN aron un

efleH Map efHaKBWM arau, ma 3atoa Tue ce
cAmyHK. Of CIMYHOCTA Ha OBWE TPUAronHMLM

Ci RE—
cnenyea :Bl:%. AHa/IOrHO Cce  [J0KaxyBsa

CA

AC, _AC . BA BA
aeka 25 _AC , BA_BA Akorn VICKOPUCTVME NMPETXOAHUTE PaBEHCTBA J06VBaMe
AB, AB BC, BC

AC BA GB AC BA GB CA AB BG, AB CA BC
KoHeuHo, o Teopemata Ha YeBa cneflyBa [ieKa BUCHHUTE Ha TPUAro/IHIKOT Ce cevaT BO
e/lHa TOYKa. W

Mocnegmua 5. AKO BnuwaHata KpyxHuua Bo aABC ru gonvpa CTpaHuTe
BC,CA, AB Bo Toukute D, E,F , coogBeTHo, Toraw npasute AD, BE,CF ce ceuaT BO
e/iHa To4Ka (TOYKa Ha YXeproH Ha TpMaroHuK).
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[lokas. 3apaan efHaKBOCTa Ha TaHreHTHUTE
OTCEUKM Ha BMMLLIAHATA KPPYXXHWLA Baxu

CD =CE, BD = BF, AF = AE (upTex [fecHo).
OTTyKa cnefysa
BD CE AF _BD CE AF _BD CD. AE _

DC EA FB DC EA FB DC EA BD
KoHeuHo, of Teopemarta Ha Yesa crnefysa geka
npasute AD,BE,CF ce ceyar BO efjHa TOYKa. ®

Bo npeTxogHWTe pasrnegyBara ja fOKaKaBMe TeopeMaTa Ha YeBa M Kako mnocre-
AMUM Of ncTaTa AoKaXkaBMe MeT TBpAeta KO Ce OAHEecyBaaT Ha MOBEKETO 3Ha4ajHu
TOYKM 3a TPMaro/IHMKOT. BO MpOJo/mKeHVe Ke pasrfiefame HEKOKy 3afjadn Kou ce
3alaBaHUN Ha Pas/IMYyHKN HATMPEBapy W 3a YMe pellaBare Ke ja UCKOPUCTMME TeopeMaTta
Ha Yesa.

3agayva 1. faneH e octpoaroneH AABC Taka LWTO AB=AC.Heka V e npecekoT
Ha cuMmeTpanaTa Ha arosiotT Kaj Temeto A co cTpaHata BC u D e nogHoXjeTo Ha
BUCMHATa Of CnyLlITeHa o4 TemeTo A KOH cTpaHata BC . Ako E un F ce npeceyHuTe
TOUYKM Ha onuwaHata KpyxHuua Ha aAVD co ctpaHute CA n AB C00[BeTHO,
fokaxun fjeka AD, BE n CF ce ceyat BO UCTa TOYKa.

Pewenue. Vimame XADV =90° na 3atoa Toukute A, D, V, E, F nexar Ha
ncTa KpyxHuua u £BFV =180° —<AFV =90°, XCEV =180° — £XAEV =90°. 3Hauu,
2BFV ~aBDA 1 aCEV ~aCDA, of Kage gobvsave

BD _ AB " CD _ AC (1)
BF VB CE V\C

Ho,
2z @
0Of (1) v (2) cnepysa ,u,eKa
BD _ AB _ AC _CD
BF VB ~VC CE
T.e.

McTo Taka XFAV = XVAE na cnegysa

AE = AF : @)
Cera og (3) u (4) nmame

DC EA FB BF CD
KoHeuHo, of Teopemata Ha YeBa cnegysa geka AD, BE un CF ce ceuar BO ucTa
TOYKa. W

BD . CE.AF _BD CE _
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3agaya 2. Heka M e BHaTpellHa Touka 3a aABC. lMNpasute AM,BM,CM ru
ceyat ctpaHute BC,CA,AB B0 TOoukute A,B;,C;, cooaBeTHO Taka LUTO

PCBLM = ZPAClM . [okaxun feka Toukata A e cpeguHa Ha cTpaHata BC ako u camo
ako PBAlM :3PAClM .
PewieHne. Heka A e cpeguHata Ha cTpaHata BC . Og

Teopemara Ha Yesa cregysa feka AG BA CB 4 or-

A _BA
Tyka gjobusame , T.e. Cs B’ T.e. BC || BC, na3aroa

Pscm = Fegm =2Pacm ¥ Pagm = Pacm -
Torauw

1_Prom _CM _ Fegm _ 2Pagm

3 Pac MC Pavc  2Pmam
na 3atoa Pgam =3Pacm -
ObpatHo, Heka Pacm =1 Fegm =2 M Feam =3, Pgem =X, Feam =3y #
PABlM =2z . Tpeba fja jokaxeme feka y=1. Vimame

1 _Pagm CM _ Begm
2(z+))  Payc MC Pave  3(y+) -

AHa/I0rHo
3 3y 2 2z

*+1 ~ 3(z+)) v 3(y+l)  y+l

AKO 1 NOMHOXMMe OBWE HepaBeHCTBa fobmBame xyz=1. 3atoa z:% ¥ 04 NPBOTO

paBEeHCTBO CreayBa feka

3y’+3y-2
xy =2 (1)
AHaJIorHo of BTOPOTO PaBeHCTBO fo6uBame fieKa
21+ 5) =Xy +y. )

Ako of (1) 3ameHuMe BO (2) ro sobmsame paBeHCTBOTO
(3y2 +3y-— 2)2 + 2y(3y2 +3y-2)-12y(y+1) =0,
KO€ € eKBMBA/IEHTHO CO PaBEHCTBOTO
(y-D@B(y+2)(3y* +3y+2) +6y* —16) =0.
Of (1) cnenysa fieka 3y2 +3y>2 nkako y>0 3aknydyBame feka

3(y+ 2)(3y2 +3y+2) +6y2 -16 > 6(3y2 +3y-2)-16>8.

3atoa y=1,x=2nz :% , CO LUTO 3ajjayara e peLleHa. m
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3agava 3. Tpu kpyxxuuuy ki (G,r),i=12,3, 1 <r, <r3, KO He Ce ceyaT BHaT-
peLUHo v Jonupaar KpauuTe Ha fafeH aron. EfHMOT Kpak Ha aronoT rv gonupa ky
k; BOo ToukMTe A 1 B coofBeTHO, a ApyruoT Kpak ja gonmpa k, Bo Toukata C.
MpeceyHnTe Toukm Ha AC co k n ky, ce o3HaueHu co K u L, coogseTHo, a npe-
ceyHuTe Toukn Ha BC co k, n ks ce osHaueHn co M n N, cooggeTHo. [NpasuTte HK3
C kou MyHyBaaT HU3 P=AM nBK , Q=AM nBL, R=ANNBK un S= ANNBL
jaceyar AB Bo ToukuTe X,Y,Z u T, COOABETHO. [lOKaXu, AeKa XZ =\T.

PeweHne. Ako F un E ce BTOpuTe
JONMPHM TouKK Ha kg 1 K, co Kpauute

Ha aroioT, ToraLll of
AF’ = AL-AC,CE” =CK-CA

n AF =CE cnegysa geka AL =CK .

Cropes Toa, AK=CL 1 aHalorHo

CM =BN . Op Teopemara Ha YeBa 3a
Toukute P n S Haorame

AX _ AKCM |, AT _ ALCN
XB KC-MB TB LCNB'

AKO I/l MOMHOXWMe MOC/eHUTe paBeHCcTBa J061BaMe % = %, na 3aToa
AXAXB _ TB+AT 1 AT =BX,
XB AT
OfKa/le cneflyBa feka
AX = BT. 1)
AHaNOrHO, ako ja UCKOpUCTMMe TeopeMaTa Ha Yesa 3a ToukuTe Q n R, Ao6uBame
AZ =YB. )

KoHeuHo, og (1) v (2) cnesysa feka XZ=YT.m

3agava 4. Bo TpMaronHMKot ABC ToukuTe M M N Ce COOABETHO Ha CTpa-
HUTe AB M AC TakBW, LITO npaBaTa MN e mapasenHa co cTpaHata BC . Heka
P e NpeceKoT Ha npasute BN 1 CM . KpyXXHULMTE OMULLIAHW OKOly aBMP 1
ACNP Ce ceyuat BO /IBe pa3/iyHM TOUKU P 1 Q. [JoKaxu Aeka £BAQ = «CAP.

PewleHne. Heka npasata AP ja ceye BC
BO Touka L . Of Teopemara Ha YeBa crefyBsa
BL_BWM AN _q
LC MA AC
T.e. L e cpeanHa Ha cTpaHata BC . Heka L, u
Q, (ogHOCHO L; ¥ Q) Ce COOABETHO MOA-
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HOXHWTE TOYKN Ha HOpPManuTe noBneveHn og L 1 Q Ha AC (0AHOCHO Ha AB
).

bugejkn AQBN = AQPC = xQNC 1 aHa/lorTHO AQMB = sQCN, TpuarosHu-
umMTe BOM 1 NQC ce camyHmn. Of oBaa CIMYHOCT crieflyBa feka

9 _NC_Ac_LL

QQ; MB AB LL,
na 3atoa 2Q,QQ. ~al;LL, M NpuTOa BaXn
BAQ = A0Q.AQ = x0.Q,Q=AylL.L=4CAL=sCAP. =

3agava 5. [lafeH e KoHBekceH veTupmnaronHnk ABCD . KpyxxHuuata Kk v gonupa
ctpaHute AD u BC coopggeTHo Bo Toukute D n C. KpyxHuuata k ja ceye ctpa-

Hata AB BO ToukMTe K ” L ¥ nputoa BaxKu DL=CL. Heka E e cpefyvHaTa Ha
cTpaHaTa CD . [lokaxu, Aeka npecekoT Ha AujaroHanute AC 1 BD nexu Ha npasata
KE .

PeweHne. Heka E e cpegnHata Ha CD, O e npecekoT Ha AC wn BD,
X=ACnDK n Y=BDNCK. Opf Teopemata Ha YeBa 3a aDKC cneanysa, neka
[I0BOJIHO € fla IO jlOKaXKeMe PaBeHCTBOTO

DX KY CE _
XK YC ED
|_|OCI1€,CI,HOTO [paBeHCTBO € EKBMBA/IEHTHO CO PaBEHCTBOTO
DX _ YC Paco _ Pocs o, Pac _ Paco
XK KY Pake Poks Poks Pocs

Ako nckopuctume, geka sADC = xBCD n sAKD = BKC, nocnefHOTO paBeHCTBO ce
CcBeflyBa Ha paBeHCTBOTO

AKKC _ AD )

DK-KB BC' / Y
04 aALD ~AAKD cregysa / \

DL _ AD @) ! '

DK AK
Of aBKC ~aBLC cnenysa

E:i

CL BC )
AKO 1 nomMHoXxume (2) n (3) n nckopucTume,

[eKa ﬁ = a , TO ,CI,O6VIBaMe PaBeHCTBOTO
KC_ 3D EK

DK AK BC'
KOe € EKBUBA/IEHTHO Ha PaBeHCTBOTO (1). m
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