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XopoIio u3BecTHa IpodJieMa peaan3yeMOoCTH IpadoB B IJIOCKOCTH: MOXKHO JIU T'pad pacioIoKuTh
HA IJIOCKOCTU TakK, YTOOBI ero pebpa He IepeceKasiuch U He CAMOIEPECeKaJnCh! DTOT MUK 3a/1a4 I10-
CBAIINEH peajin3yeMOCTH JIBYMEDHBIX aHAJOroB rpadoB (HasblBaeMbIX rurieprpadamu) B TPEXMEPHOM
U YeThIPpEXMEPHOM IIPOCTPAHCTBaX. BaxKueifme pe3yabraTbl — MPOCTHIE JI0KA3ATETLCTBA HEPEAT3ye-
MOCTH B Y€TBIPEXMEPHOM MTPOCTPAHCTBE MOJTHOrO runeprpada ¢ 7 BeprmmHamMu U (perneHue mpobieMbl
Menrepa) JekapToBa npoussejienus Ks x Ks. 2 Cwm. zagaun 1.19.a,mn; jpyrue nanbosee MHTepec-
uole 3a7aun — 1.11, 1.12 u 1.13. IIpm sTom KpacuBble HETpUBUAIbHBIE PE3YJILTATHI O PEATUIYEMOCTH
runeprpadoB chopMyIMpOBaHbl Ha s3bIKe cucTeM TodeK. [losTomy momngaTue runeprpada He MOHAJIO-
ourcst. PaboraTh ¢ 9eThIpeXMepHbIM IIPOCTPAHCTBOM IPHUIETCS TOJBKO B KOHIIE, KOT/Ia 9TO y2Ke Oy1er He
crpariHo (HalpuMep, MOTOMY YTO Ha TPEXMEPHBIX MprMepax Oyaer oTpaboTaHO yMeHHe CBOJIUTH Ieo-
MeTPUYECKUE 33141 K 33/1a9aM MEHbIIeH pa3MepHOCTH; TIOJpobHee CM. HAYaJIO IyHKTa ‘PeaiIm3yeMOCThb
B YeTBHIPEXMEDHOM IIPOCTPAHCTBE’).

OO6iIue corJianieHmns

Ecnu ycioBue 3ama4n siByisieTcst yTBep:KIeHUEM, TO 3a/a9a COCTOUT B TOM, ITOOBI 9TO YTBEPKIEHIE
JI0Ka3aTh.

[koapHUK (MM KOMaH/Ia [IIKOJBLHIKOB, PAOOTAIOIINX BMECTe HaJl| 33J1a4eil) oJIydaer ,,3Be3/09Ky
3a KaxKJ0€ 3alliCaHHOe PelleHne, OIeHEHHOE B + WA +.. Boabwas noHAMMaA NPenodasamento Kapmut-
Ka OUEHUBAEMCA KUK 3aNUCGHHOE Nocmpoerue npumeps B 3a7ade 1.6, a Takke B TexX MyHKTax 3aa4 1.13
u 1.19, e oreer ‘na’. 2Kopu OyJjieT Tak:Ke HArpaxKJIaTh JIONMOJTHUTE/ILHBIMA ,, 3BE3/I09KaMU" 38 Kpacu-
BbI€ PEIeHNUs], PEIeHNUs CJIOKHBIX 33/1a9 U 3a (HEKOTOpbIe) peltenust, 3anucanubie B TEX-e. ,, 3Be3mouek
y KIopr OeCKOHEYHO MHOTO. MOXKHO ¢IaBaTh 3aJa4i YCTHO, TePss ,,3BE3M0UKY" 3a KarK/IyIO IOIBITKY.

MpbI npuramaeM BeeX IMIKOJbHUKOB, PEHMIAIONINX STOT UK 3389, KOHCYAbMUPOBAMHCA TI0 TIOBOLY
BOBHUKAIOIIIX BOIIPOCOB M M€l PermeHus.

Bagaqan 1.2.abc, 1.4.ab u 1.7 OyayT pazoOpaHbl Ha MPEJACTABIEHNN, CIABATH UX MOYKHO TOJBKO J10.

[MIKOIBHUKY, YCIEITHO PEHIAIoIne 3a0a9l, CMOTYT MOJYIUTh JONnoAHUMEAbHbIE 3a0a4U.

PeasmmzyemocTh B ILJIOCKOCTH

Ha6op(=mosMHOKeCTBO) TOUeK Ha MJIOCKOCTH HA3BIBAETCS HAGOPOM 00ULe20 NOAONHCEHUA, €CITH HI-
KaKne 3 M3 HUX He JiexKaT Ha OIHOM IPAMOIL.

[lox n moukamu na naockocmu (6 npocmpancmee) MOAPA3YMEBAECTCS M -IACMEHTHOE TOOMHOMHCE-
cmeo naockocmu (npocmpancmea). T.e., cauraercst, 9T0 3T N TOYEK PASTHIHBIL.

CutetytormuM yTBEpPKIEHIEM MOXKHO TI0JIb30BaThCsI B JajbHeleM 0e3 T0Ka3aTe/bCTBa.

1.1. Teopema o wemnocmu. Kciu 6 Bepiinn IByX TPEyroJIbHUKOB Ha IJIOCKOCTH HAXOSTCSA B OOIEM
IIOJIO?KCHUH, TO KOHTYDPBI 3TUX TPEYIOJbHUKOB IIEPECEKAIOTCA B Y€THOM UYHCJIE TOYEK.

oce JIKTT 0OHOBJIsIEMAST Bepcust OymeT IO/ JIEPKUBATHCST B KadecTBe qacTH KHUTH
www.mccme.ru/circles/oim/algor.pdf. Baarogapum A. CocuHCKOro 3a mepeBoj dacTell Tekcra Ha aHrmiickmii, IT.
Koxkesuukosa 3a nmoJsiesnbie obcyxaenus V. Bornanosa 3a m3roroBjieHHEe HEKOTOPBIX PUCYHKOB.

2Bce 3Tu 06BHEKTHI ompeenaens! ajtee. OGLIMHO 3TH Pe3yIbTATE JOKA3BIBAIOTCS C HCHOIL30BAHNEM CIOMKHON TeXHUKH
[Pr06]. Bupouem, monoaozuseckas HEPEAIU3yeMOCTb — B OTJIUYUE OT AUHelHol, 0 KOTOPOil pedb BBIIIE, U KYCOUYHO-
AUHETHOT, IJTsT KOTOPOH J0KA3aTeIbCTBA AaHAJIOTUYHBI — JIEHCTBUTEHHO MoKasbiBaTcst caoxkaee [Sk03], [Sk08, §5].



HO,ZLMHO)KGCTBO IIJIOCKOCTH (I/IHI/I HpOCTpaHCTBa) Ha3bIBACTCA 6bNYKAbIM, €CJIM OHO COAEPZKUT BMECTE
C JIIOOBIMU ABYMA TOIKaMU COG,ILI/IHHIOHLI/Iﬁ X OTPE30K. BbL’I"Ly%'./LOﬁ 000.404K0T MHOXKECTBA X HA3BIBACTCI
HanMCEHbIIEe (HO BKJ’HO‘{GHI/HO) BBIITYKJIOE MHO2KECTBO, COoAepzKalllee X.

1.2. (a) CymecrBytor Takue 4 TOYKH HA IJIOCKOCTH, YTO JJIsl JIIOOOrO UX pa3OUeHHs Ha JiBe Taphbl
OTPE30K, COCIMHAIONINI TOUYKH B IIEPBOil ITape, He IepeceKaeT OTPE30K, COSTUHSIIONINN TOIKI BO BTOPOit
nape.

(b) JIto6bie 4 TOYKM Ha IJIOCKOCTH MOYKHO pas3OUTh Ha JiBe TPYIIbI Tak, 9TO BBIMYKJas 000JI0UKA
TOYEK MEPBOil TPYIIIBI TIePeCceKaeT BBITYKIYI0 000JI0YKY TOYEK BTOPOIl IPYIIIIHL.

(c) U3 mr06bIx 5 TOUYEK HA IJIOCKOCTH MOYKHO BBIODATH JIBE TAKHE HEIEPECEKAIOIecs: maphl TOUEK,
YTO OTPE30K, COETUHSIONINN TOUKH B IIEPBOil mape, mepecekaeT 0TPE30K, COSINHAONINI TOIYKI BO BTOPOit
nape.

(d) Hanbl gBe Tpoiiku TOYEK Ha IJIOCKOCTH. TOrma CyIecTBYIOT JBa MEPECEKAIONIINXCs OTPe3Ka, He
UMeIoIe OOINX BEPINNH, KayK/IbIil 13 KOTOPBIX COEINHSET TOUKN M3 PA3HBIX TPOEK.

CeMelicTBO OTPE3KOB (Ha IJIOCKOCTU UJIM B IIPOCTPAHCTBE) HABBIBAECTCS GAO0HCEHHbIM, ECITH

® OTPE3KH, He MMEIONe OOIINX BepIInH, He IIePeCceKaroTCs, 1

® OTPE3KH, UMEIOIIUe OOIIYIO BEePIINHY, IepeceKaloTcsl TOJLKO B 3TOIl BepIInHe.

Bosmozkno, nepes perernem myHKTOB (¢) u (d) Bam 3axodercs pemuTsb ux ocaabIeHHbIE BEPCHUU:

(¢") Just mo6bIxX 5 TOUEK Ha IJIOCKOCTH CEeMEHCTBO BCEX OTPE3KOB, UX COEIMHAIONINX, HE SABJIACTCS
BJIO?KCHHBIM.

(d") Just mobbIX JBYX TPOEK TOUEK Ha IJIOCKOCTH CEMEHCTBO BCEX OTPE3KOB, COEJIUMHAIONIMX TOUKH
I3 PAasHBIX TPOCK, He SBJACTCA BIOMKEHHBIM. °

Ks K33

Puc. 1: Hemtanapubie rpadbr

1.3. Haiiure KostmaecTBo Beex Heynopsinodenubix nap {{i, 7}, {k, [} } nenepecexarormuxcst 1Byxa1e-
MEHTHBIX [TOJIMHOZKECTB HATUIIEMEHTHOIO MHOKECTBA.

1.4. Ilycre Ha miockoctu gan Habop f := {1,2,3,4,5} naru Touex obiero mosoxKenus. st 100bIx
YeTbIPEX PAa3JIUYIHBbIX TOYEK %, j, k,| n3 HUX oTpe3Ku ¢j u kl b0 He mepeceKaroTcs, JIMOO MEePEceKaroT-
cst B ozHOl Touke. Omnpegesinm v(f) KaK 9€THOCTH KOJIMYIECTBA TOUEK IEPECeUeHUsi OTPE3KOB ij u kil
JUIsl BeexX HeymopsiodeHHbIX nap {{i, 7}, {k,(}} Hemepecekarommxcst JBYyX3JIEMEHTHBIX TOJIMHOXKECTB

{t.5} kb 1y C F:

o(f) =Y {lig N k| {{i g} (kD)) C J; i iy {k, 1} =0} mod 2.

(a) st mabopa fu maTh TOYeK Ha IJIOCKOCTH, M300paykeHHOroO Ha puc. 1 ciesa, v(fy) = 1.

(b) v(f) me 3aBucur ot f.

1.5. (a,b) Chopmyaupyiite u goKaxkuTe aHaaor 3agad 1.4.a,b J17st MecTr ToueK 06IIero moJI0KeHUsT
Ha TJIOCKOCTH, Pa3bUTHIX Ha JIBE TPOUKH.

(c,d) Copmymupyiite n gokazkure anajor 3aaad 1.2.c,d mis Touek Ha chepe.

3Koneuno, 3Tu yTBepzKienus — epcuu Heranapaoctu rpados Ky u K3 3. Ho mokasbiBatoTcest onm npoime: J0CTaToqHO
3amaan 1.1 BMecTO HEeTpUBHAJIbLHBIX Bepcuil TeopeMmbl 2zKopaana. Ecim B Bamewm permennn Takme BepCHU UCIOJIB3YIOTCS,
He 3a0y/IbTe UX JI0KA3ATh.



1.6. Moxno s napucosath 6e3 camonepecedennii rpadst K5 u K3 (puc. 1)
(a) ma cepe?  (b) ma 6oKOBOIT TOBEpXHOCTH TMIHHAPa (puc. 2)7
(c) ma Tope (puc. 2)?  (d) ma gucre Mebuyca (puc. 2)?

Puc. 2: Top, muct Mebuyca n muiunHp

Topom Ha3bIBAETCA MOBEPXHOCTDH OyO/IMKa, puc. 2 cieBa. Vi, sKBUBaJIEHTHO, (DUTypa, MOy IeHHA
u3 (JBYMEpHOro) KBaJipaTa CKJIEHKON ero map MpOTHBOIIOJIOKHBIX CTOPOH ‘C OJMHAKOBBIMU HAIIPABJICHI-
gamu’, T.e. 6e3 moBopota. Jlucmom Mebuyca HazbiBaeTcsa purypa, moaydeHHas U3 JJIMHHONW ITPAMOYTOIb-
HOI TTOJIOCKU CKJIEHKOM ee JIBYX IPOTHBOIOJIOKHBIX CTOPOH ‘C MMPOTHUBOIOJIOXKHBIM HAIIPABIEHUEM , T.e.
¢ moBoporoM Ha 180°, puc. 2. Dru (u apyrue) GUIYPHI TPEAIIOTATAIOTCI NPO3PAYHHLMU, T.e. TOIKa (I
[IOJIMHOZKECTBO), ‘JiesKallas Ha OJJHON CTOPOHE MOBEPXHOCTH , ‘JIEKUT M Ha JPYToil cTopoHe’. DTo aHa-
JIOTUYIHO TOMY, 9TO IPHU U3YUYEHHH T'€OMETPUU MbI TOBOPUM, HAIIPUMED, O TPEYTOJbHUKE Ha ILIOCKOCTH,
a He O TPEYroJbHUKe Ha BepxXHeil (WM HUXKHEl) CTOPOHE MJIOCKOCTH.

PeanunsyemocTs B IIPOCTPAHCTBE

1.7. CymecrBytor 100 TOUeK B MPOCTPAHCTBE TAKHUX, UTO CEMEHCTBO BCEX OTPE3KOB, UX COEIUHSIO-
IUX, SABJIAETCS BJIOYKECHHBIM.

Habop Touek B IpoCTpaHCTBE HAXOIUTCA 6 00ULEM NOAOHCEHUU, €CTU HUKAKHEe 4 TOYKU U3 ITOTO
Habopa He JieXKaT B OJIHO IJIOCKOCTH.

As

Ay

Puc. 3: Touku ob111€1r0 1M0JIOXKEHUS

1.8. (a) (Puc. 3.) PacemoTpuM B rOpU30HTAJIBHON IIJIOCKOCTH TIPABUJILHBIN IecTryroibHUK. Habop
Touek Ay, As, Az, Ay, As, Ag, PACIIONIOKEHHBIX B TOYHOCTH HaJT BEpPITUHAMK Ha Bbicotax 1, 2, 3,4, 5, 6
COOTBETCTBEHHO, HAXOIUTCS B ODIIEM IIOJIOXKEHWH.

(b) To ke misa nabopa Touek (t,t2 %) B nekaproBoit cucteme Koopjaunart, rjie t € [0, 1].

1.9. (a) CymiecTByioT 4 TOYKM B IPOCTPAHCTBE, KOTOPbIe HEJIb3sl Pa3OUTh HA JiBE IPYIIILI TaK, 4TO
BBITTyKJIasi 000JIOYKa TOYEK TEPBO I'PYIIIBI TEPECEKAET BBIMYKJIYIO 000J0UKY TOYEK BTOPOI TPYIIIIHI.

(b) JIrobble 5 TOYeK B MPOCTPAHCTBE MOXKHO Pa3bUTh Ha JIBE TPYIIIBI TAK, YTO BBIILYKJas 000JI0IKA
TOYEK IEPBOI I'PYIIILI IEePECEKAET BBIIYKIYIO 000JI0UKY TOUYEK BTOPOIl IPYIIIHI.

1.10. B mpocTpaHcTBE OTMEUEHO HECKOJBKO TOYEK 001ero mojoxkenns n Todka O. 3BectHo, 910
JUIst JIIOOBIX TpeX oTMedeHHBIX Touek A, B, C Haiimerca ormedenHas Todka [ Takas, 9ro O JIEXKHUT
crporo BuyTpu Terpasapa ABCD. Jlokaxure, 9T0 OTMEYEHO POBHO 4 TOUKH.



1.11. (a) U3 arobbix 6 TOUek B mpocTpaHcTBe MOXKHO BbIOpaTh 5 Todek O, A, B, A’, B’ Tak, 4ro
nsyMmepuble Tpeyroabauku OAB n O A’B’ uMeror HekoTopyio ob1ryio Touky, Kpome O.
(b) Hutst 5 TOYeK aHAIOIMYIHOE YTBEPKICHIE HEBEPHO.

CeMelicTBO JIBYMEPHBIX TPEYTOJIHHUKOB B TPOCTPAHCTBE HAZBIBAETCS BA0MCEHHBIM, ECITH

® TPEYrOJIbHUKH, He UMEIOIINe OOIIUX BEPIIUH, He IIePEeCeKaroTCsI, 1

® TPEyTrOJIbHUKH, UMEIOIIe POBHO OHY OOIILYIO BEPIINHY, IEePECEKAIOTCsI TOJIbKO B 9TOI BEpIIUHE, 1

® TPEYTOJBLHUKN, UMEIOIINe OOy CTOPOHY, ITEPECEKAIOTCsT TOJIBKO 0 9TOI CTOPOHE.

DT ycmoBus GhOpMaTU3yIOT ‘OTCYTCTBUE caMollepecedennii B KoncTpykiun'. [Ipu mokasarenbcrse
BJIOYKEHHOCTH CeMeHCTBa BBITOJHEHNE 9THX YCJIOBHI HY?KHO aKKyPATHO IPOBEPHUTH TOJIBKO B IIEPBBIi
pa3 U B TeX CJIyUasiX, KOrJla KIOPH HOIPOCUT 9TO CIAEIATh (€C/IH BBIIOJHEHUE OYeBUTHO U3 KOHCTPYKIINH,
TO KIOpH He OYJIET MIPOCUTDH €r0 MPOBEPSITH ).

Puc. 4: 5 Touek B mpocTpaHCTBE: BEPIIUHBI U IIEHTP TETpa’dIpa

Hanpumep, na pucynke 4 n3006pazkeHbl TaKue 5 TOYEK B MIPOCTPAHCTBE, YTO CeMEHCTBO Beex 0Opa3o-
BaHHBIX UMH TPEYTOJBHUKOB SIBJISIETCS BJIOXKEHHBIM. 3ajada 1.11.a mokas3eBaer, 9T0 6 TOUEK ¢ TaKUM
CBOMCTBOM HE CYUIIECTBYeT.

1.12. (a) CymectByer 6 Touek Ay, Ay, ..., A5 B IPOCTPAHCTBE, JJIsi KOTOPBIX CEMEHCTBO TPEYTOJIb-
mKoB AgA; Ak, 1 < j <k <5, k # 2, aBnderca BIOXKCHHBIM.

(b) Ecau B mpocTpaHcTBe UMEIOTCSA 5 TOUEK U ceMeiicTBO S Beex 06pa30BAHHBIX UMU TPEYTOJIbHUKOB
SIBJISIETCSl BJIOXKEHHBIM, TO JJIs JIIOOOH TOYKHU IIPOCTPAHCTBA OIUH U3 D OTPE3KOB, COEJIMHAIONINX ITY
TOYKY C JAHHBIMU, IIEPECEKAeT OJIUH U3 TPEYroJILHUKOB, OOpa30BaHHBLIX JAHHBIMUA TOYKAMIU.

JlokazaThb CyIeCTBOBaHME MOXKHO, sIBHO YKa3aB Hy2KHbIe Toukd. [Ipu obocHoBanum obsa3aTeIbHOrO
HAJIMYHS TIePeceueHuil MOKHO MOJIb30BAThCA 0€3 JI0Ka3aTe/IbCTBA BCEMU BEPHBIMHU Y€TKO CHOPMYJIUPO-
BaHHBIMU (DAKTAMU THIIA ‘TIOBEPXHOCTD BBIITYKJIOI'O MHOTOTpAaHHUKA PAa3dUBAET IPOCTPAHCTBO HA KYCKU ',
CIIPABEJTMBOCTD KOTOPBIX IOJATBEP/IAIO YKIODH.

Ajy Apg

B; By,

A, Ay Ay Ay

Puc. 5: K 3ay1agam o muiuHIpe U O JIEKAPTOBOM ITPOM3BEICHUN



1.13. (n) Konyc. lnsa kakux n cymectBytor n + 1 Touek O, Ay, ..., A, B IPOCTPAHCTBE TAKUX, YTO
ceMeiicTBO BCeX TPeyTrOJIbLHUKOB

saBJIsieTcst BJIoKeHHbIM? OT/esbHO TpuHIMAaioTcs myHKTH (4), (5).
(Imn) lorcotin. dunsa kakux [, m,n cymectByior | +m +n touex Ay, ..., A;, By,..., By, C1...,C,
B IIPOCTPAHCTBE TAKHUX, UTO CEMEHCTBO BCEX TPEYTOIBHUKOB

SBJICTCA BJIOKEHHBIM! OTAEIbHO IPUHAMAIOTC MYHKTH (222), (223), (233).
(2n) Huaundp. dng kakux n cymectByor 2n todek Aq, ..., A,, By,..., B, B IPOCTPAHCTBE TaKuX,
9YTO CEMENiCTBO BCEX TPEyroJIbHUKOB

AijAk nu AkBkBj, 1 Sj <k< n,

SIBJIsAETCS BJIOZKeHHBIM? OTIeIbHO IPUHIMAIOTCS IIyHKTEL (24), (25).
(mn) Hexapmoso npoussederue. st kKakux m,n cymecrtsyer mn Todek A;,, j € {1,2,...,m},
p € {1,2,...,n}, B IpOCTPAHCTBE, YTO CEMEHCTBO BCEX TPEYTOJHLHUKOB

AjpAjgArp 1 ArpArpAjg, 1<7<k<m, 1<p<qg<n,

sABJIsieTCs BJIOKeHHbIM? OT/Ie/IbHO HpuHUMAioTCA MyHKTH (33), (34), (35), (44).

v

Puc. 6: Tak Beiisiaar (m, n)-peainsanum

Hazosem (m, n)-peasusayueti 6 R® Broskennoe ceMeficTBO JBYMEPHBIX TPEYTOJBHUKOB U3 3a/1a4H1
1.13.mn. (OGmenpuHsTEHIl TepMUH — auneldnoe eaoocenue komnaekca K, X K,.) fcno, aro (1,n)-
peasmzars 1mycra, (2, 2)-peajnsarys sBJsieTCst IPIMOYTOIBHUKOM, EPErHYTHIM 110 Juaronasu, (2,3)-
peasim3alyst BBINIAINT KakK IMHAD U (3, 3)-peasusanus BBINISIAT KAK TOP, CM. puc. 6.

PeasmnzyemocTh B YeTbIpeXMEPHOM HPOCTPAHCTBE

Kax pabomamsv ¢ wemwvipexmeproim npocmparcmseom? MOKHO ompeaeTnTh

e psiMyio R KaK MHOXKECTBO BCEX BEIECTBEHHBIX THCET,

e 110cKocTh R? KaK MHOXKECTBO BCEX yHOPAIOYEHHBIX Hap (,Y) BeleCTBEHHBIX YHCell,

e TpexMepHOe MPOCTPaHCcTBO R? KaK MHOXKECTBO BeeX YIIOPSAI0UeHHbIX TPoeK (I, %, 2) BelleCTBeHHBIX
qHcelI,

e YeThIpexMepHoe IpocTpaHcTBo RY Kak MHOXKECTBO Beex yHOpPsiIOUeHHBIX YeTBepoK (%, 2, 1) Be-
[IIECTBEHHBIX YHCEL.

JHanee Moo ‘ananmurndeckn’ B R? onpenemuts npamblie, B R? — npambie u miockoern, a B RY —
[PsIMbIE, TJIOCKOCTHU U (TPEeXMEpPHBIE) TUIEPILIOCKOCTH. MOXKHO BBIBOJUTD U3 YKA3aHHOTO AHATUTHIECKO-
ro ompe/iesieHnst (M/Ii Ha3bIBAeM aKCHOMAMM) TOJIBKO TPOCTEHIIe CBOHCTBA NeOMETPUIECKIX 00HEKTOB.
Bosee coxkuble MOXKHO BBIBOJAUTH U3 MPOCTEHININX ‘CUHTeTHYECKH (T.e. KAK B IITKOJHHOW IeOMeTpHH,

5



He WCIOJIb3YsT aHAJIUTHIECKOrO onpeieents ). [Ipi 9ToM IUIOCKYIO0 3a/ady 4YacTo yJI00HO CBOIUTH K
JImHeHON (T.e. K 3aJlade Ha MpsIMOii), a TPOCTPAHCTBEHHYIO — K IUIOCKOi. TOUHO Tak Ke BayKHeImii
METOJI PEIEeHUs CAeTYIONUX YeThIPEXMEPHBIX 33/a4 — CBeJleHne K MPOoCTpancTBeHHbIM. [Ipu perennn
3a1a9 06 R M0KHO TO/IB30BaThLCA 663 JOKA3aTeILCTBA BCEMH BEPHLIMHI UeTKO COPMYIHPOBAHHLIME
dakTaMm 0 MHOXKECTBaX PeEIeHWil CHCTeM JIMHEWHBIX YpaBHEHUI WM O 3aMeHaX CHCTeM KOODIMHAT,
CIIPaBEJI/INBOCTL KOTOPBIX IIOATBEPAUIO 2KIOPU.

Onpe/eienne BIOXKEHHOTO ceMeficTBa JBYMEpPHBIX TpeyroibHukos B R? amamormuno TpexamepHoMmy
caygaro. Hyxkmo mamb 3amernTsh R? ma R,

Puc. 7: 101 Touka B R?. YeTbipexmepHoe IPOCTPaHCTBO H306pazKeHo B BUJIE TPEXMEPHOTo, a (Tpexmep-
nag) runepiiockocts B RY — B Bujie aBymepnoit miockoctu B R3.

[IpuBenem mpuMep paccyKIeHUsS € YeThIPEXMEPHBIM MTPOCTPAHCTBOM. JloKazKeM, UTO CyIIeCTBYIOT
101 Touxa O, Ai, ..., Aijgo € R* raxag, aro cemeiicrso Beex Tpeyrompunkos OA; A, 1< j <k <100,
SIBJIIETCsT BJIOXKEHHBIM. JloKazaTesibcTBO anasiorndno perennto 3agaan 1.13.4 (puc. 7). Bosbmem 100
touek O, Ay, ..., Ao B (TpexmepHoit) runepriockoctu B R? Takux, 4To cemeiicTBO BCex COCIMHSIONINX
UX OTPE3KOB fABJIeTCs BIOKeHHBIM (cM. 3ajady 1.7). Bosemem B R? Touky O, He Jjexamiyto B 9Toit
runeptiockoctu. Torma Touku O, Ay, ..., Ajgg — UCKOMBIE.

1.14. (a) s mobbIX JBYX TOYEK, He JexKamux Ha mockoctn © =y = 0 B RY, cymectsyer coenu-
HSIIOITAsT UX JIOMaHasd, He ITepeceKaromias 3TOH MIOCKOCTH.

(b) dna moboit runepriockoctn B R mafigyrest npe e jiexkarmue Ha Heil TOUKH Takue, 9TO Jobast
JIOMaHasl, COe/IMHSIIONIAS ST JIBE TOUKH, [TEPECEKAET TUIEPILIOCKOCTb.

1.15. (a) CymectByioT 5 Touek B R*, KoTOpHIe He/b3s pasbuUTh Ha JiBe IPYIbI TaK, YTO BBITYKJIasd
000JI09YKa TOYEK TePBOil IPYIIIIBI IEPECEKAET BBIMYKJIYIO 000JOUYKY TOYEK BTOPOI TPYIIIHI.

(b) JTroGuIe 6 Toyek B R? MoxKHO pasbuTh Ha JiBe IPYIIILI TAK, YTO BHILyKJ/as 060J0UKa TOUEK TIepBOil
IPYIIIBI TIEPECEKaeT BBIIYKIYIO 000JI0UKY TOYEK BTOPOI I'PYIIIHL.

B 3amagax 1.16 u 1.17 mocTaTovHO IPUBECTU BEPHBIE OTBETHI.

1.16. Yro nonydaercs B repecedeHun mpexmeproti chepol
S® = {(z,y,z,t) ER* | 2® 49 + 22+ 12 = 1}

CO CJICIyIONUMEI MHOXKECTBAMU:
(a) mpsimoit z = y = z = 0, mpoxo/gieil Yepe3 MeHTp chepsr;
(b) wrockocThio = y = 0, HPOXOASIIIEl Yepe3 NeHTp chephl;
(¢) runepmockocThio & = 0, TIpoxXosIeil Yepe3 MeHTp chepsbr;
(d) nepecevyenurem MoOJIOKUTEILHON MIECTHANATKY U O0bEUHEHHsI JIBYMEDHBIX KOOPJAXHATHBIX T1JI0C-
KOCTeil, T.e.

{(z,y,2,t) ER* |2 >0, y >0, 2>0, t >0 u 1Ba U3 YeTHIPEX TUCET T, Y, 2, HyJICBBIC }.

Ha6op Touek B R* naxonurcs 6 obuiem noaoscenun, eciam HIKAKIe 5 ToUeK U3 5TOro Habopa He JICZKAT
B ojHoil runepiiockoctu. Hanpumep, Toukn (¢, 2,43, #1), t € [0, 1], HaxoaaTcsa B 06IIEeM HOJIOKEHUH.



1.17. Jann Toukn 1,2,3,4,5,6,7,8 obmiero nonoxkernns B R, [To KaKOMy MHOXKECTBY II€peCeKatoTCs

(a) mpsimas 12 u runepiiockocts 56787 (b) mpsamas 12 u maockocts 5677
(¢) wrockocTh 123 u runeprutockocTsb 56787 (d) runepmiockoctn 1234 u 56787
(e) maockoctn 123 u 5677

(3amernm, ITO HAIIE OIPE/EICHNE OOIINEro MOJIOKEHIs OTIINIACTCA OT TOTO, UTO ODIIEIPHHATO JIJIst
TaKUX 3a/1a4.)

1.18. (a) Cymecrnytor Takue 6 Touek B R*, uro cemeiicTBo Beex 06pa3oBaHHbIX UME TPEYTOJLHIKOR
SIBJISIETCST BJIOYKEHHBIM.

(b) CymectByior Takue 7 Touek B R, uTo cemeiicTBO Becex 0Opa3OBaHHBIX UMH TPEYTOJLHUKOB,
KPOMeE OJTHOT'O, SIBJIIETCS BJIOYKEHHBIM.

[lepBBIit MyHKT CiIeyIONeil 3a/1a9n MOKa3bIBAET, YTO JJI 7 TOUEK YTBEPIKIEHNE, aHAJOTHIHOEe 3a-
made 1.18.a, HeBepHO.

1.19. OcHoBHble 3amaun. (a) 13 mobbx 7 Touek B R? MoKHO BRIGpATD JIBE TaKHe HElepeceKaro-
myecst TPOMKM TOYeK, ITO 00pa30BaHHBIC STUMU TPOMKAMHU IBYMEPHBIE TPEYTOJILHUKHU IIEPECEKAIOTC.

(b) Janbl Tpu Tpoiiku Touek B R*. Torja cymecTBYIOT JBa MEPeCceKarolUXcs TPeyroJabHUKa, He
UMeIoIIe OOIIMX BEPIINH, BEPIIMHLI KazKIOTO U3 KOTOPBLIX 00pa30BaHbl TOUKAMU PA3HBIX TPOCK.

(mn) JIna kakux m,n cymectsyer (m,n)-peanusanus B R?

(Onpenenenue anagorudano (m,n)-peammsanuu B R3, Toibko Toukn 6epyres B RY.)

Oraenbno npunuMaloTcsa myHKTel (35), (3n), (44), (45), (4n), (55).

JlokazaTh 00sI13aTeIbHOCTD HAJIUYIHS IIepecedeHnii B 9TOH 3ajade MOKeT OBITh TPYIHO Oe3 3a1ad-
IOJICKA30K, KOTOPBIE OY/IyT JIaHBI TOC/Ie TTPOMEXKYTOYHOTO (DUHUIIIA.

1.20. Cymiectyior 100 TOoUeK B IATUMEPHOM IIPOCTPAHCTBE TAKUX, YTO CEMEHCTBO BCEX 00Pa30BaH-
HBIX UMU TPEYTOJbLHUKOB SBJISETCS BJIOKEHHBIM.

2 VYka3aHudg u pelieans«d, Bbl/laBaeMbl€ Ha IIPpEeACTaBJICHUN

1.2. (a) TpeyroabHUK U TOYKA BHYTPHU HErO.

(b) Pacemorpum werBepky Touek A, B, C, D Ha NJIOCKOCTH.

Eciu kakue-To 3 u3 HUX JIeXKAT Ha OJIHOW IPSIMOIi, TO HEKOTOpasl U3 HUX, CKaykeM B, JIeXKUT Ha, OT-
pe3Ke MeXKy JByMs ApyruMu, Hanpumep, Mexk ity A u C. O6oznatnM depes [X Y] orpe3ok ¢ BeprimHaMn
X,Y. Torma [AC] N [BD] # 0.

SHaunT, HUKaKue 3 TOYKU He JIeXKAT Ha OJHOM mpsiMoii. Keym onpa u3 9THX TOYEK JIKUT BHYTPH
TPEYTOJILHUKA, 00Pa30BaHHOIO OCTAJILHBIME, TO 3aJ/a49a perreHa. Vnade Kaxas w3 9TUX TOYEK JICXKUT
CHAPY:KU TPEYTrOJIbHUKA, 00pa30BAHHOIO OCTaJbHBIMU. [ToCKO/BKY TOuKa [ cHapy:Ku TpeyroJbHUKA
ABC', 10 oHa 00 BHYTPH OJIHOTO U3 yTJIOB, BEPTUKAJIBHBIX yTaM Tpeyrojibauka ABC, b0 BHYTpH
OJTHOTO U3 yTJI0B Tpeyrosbauka ABC.

Cayuat 1. Touka D BHYTPH OJHOTO U3 YIJIOB, BEPTUKAJIBHLIX yriiaM Tpeyroibanka ABC. Bes orpa-
HuIeHust obnHocTH, DD BHyTpH yriia, Beprukaabaoro yriay ZACB. Torma touka C' suytpu ABD), mpo-
TUBOpEYNe.

Cayuati 2. Touka D BuyTpu onnoro u3 yrios rpeyroyibauk ABC, ckaxxem ZBAC'. Tlocko/ibKy TOUKa
D Bue tpeyroibauka ABC u BuyTpu yriia BAC, To Touku D u A jiexkar 1o pa3Hbie CTOPOHBI OT MPSIMOi
BC'. Crenosarensno, orpeskn [AD] u [BC| nepecekatorcs.

(c) Ilepsoe pewenue BoTekaer u3 3agaun 1.4.

(c) Jpyeoe pewenue. Ipeanonoxum, HATPOTUB, YTO CyiiecTBYIOT Takue 5 Touek O ABC' D na 1utoc-
KOCTH, 9TO HYXKHYIO TIapy BbIOpaTh Heb3st. Torma A € OB u B ¢ OA. S3uaunt, A He JIeXKUT Ha JIyde
OB. Tlosromy MOxkHO cunTarh, 9410 Touku A, B,C, D wujgyT B TOM HOpSJIKE, B KOTOPOM OHU BUJIHBI
u3 O. Torma tpeyrosbauku OAC n OBD mnepecekaiorcst B equHCcTBeHHON Touke (. VX mepecedenne



‘TpaHCcBepcabHO’. 3HAYIMT, 10 Teopeme o "erHocTu (T.e. anajgormaHo 3amgade 1.1) AC' N BD # (). TIpo-
TUBOpEYHeE.
(d) AHasorUYHO TIEPBOMY DEIIEHHIO MyHKTa (C), cM. 3a1ady 1.5.

1.4. (b) HocraTouno mokasarh, 9To Jist JIIOOBIX TOUYEK 001I1ero mooxkenus 1,2, 3,4, s, s’ 1 MHOKeCTB
A:={1,2,3,4}, [f:=AU{s} u [f'=AU{s'} semommeno wv(f)=uv(f").

Hokazkem sro. [lis xkaxoro i € A obosnaunm depes A; rpeyroabauk ¢ Bepumaamu u3 A — {i}. Torna
YTBEP:K/ICHUE 3aJa49i CJIeLyeT U3

v(f) —o(f) = (Isin A = |s'iNA) =) |ss' N A =0 mod 2.

i€A 1€A

Bropoe paBeHcTBO crefyer u3 TOro, 4To uncio |ss'i N A;| gerHo mo Teopeme o wernoctu. [locsentee
PaBEHCTBO CJIEJIyeT W3 TOrO, UTO Jyisl I KaxKJIoi Heymopsaodennoil napel {i,j} C A cymecrsyer
POBHO [1Ba TPEYroJbHUKa C BeplimHamMu u3 A, KOTOpbIe coJeprKaT OTPEe30K ij. SHAUMT, I KazKIoi
HeynopsiodeHHoi mapst {i, j} C A umcio |ss' N ij| Bxogur B cymMMy JUIst ABYX TpeyroibHuKoB A;, A;.

1.5. @opmyaruposka. IlycTb Ha IIOCKOCTH JaHO MIECTH TOUEK OOIIEro MOJIOXKEHUsI, pa3OUThIX Ha JIBE
tpoiiku f1 = {1,2,3} u fo = {4,5,6}. s mobbIx 1BYX TOUEK 7, j € fi 1 AByX ToueK ', j' € fo oTpe3kn
it' m jj' 6o He mepecekaroTcst, MO0 MepecekaroTest B ool Touke. Onpemenum v( fi, fo) KaK 9€THOCTH
KOJIMYECTBa TOYEK IepecedeHns: OTpe3KoB i1’ u jj’, ij' m ji' nas Bcex JBYX3JEMEHTHBIX MTOJIMHOKECTB

{7'7.7} - flv {ilv.j/} - f2

v(f1, fo) = Z{m' Ngj'l + g ngid| = {i,5} € (J;l), {i',i'} € (J;z)} mod 2.

(a) s mabopa fi, fa, usobpazkennoro Ha puc. 1 cupasa, v(fi, fo) = 1.
() v(fs, f») ne sasucur or fi, fo.

(c,d) Cpepuneckoti npamoti Ha3bIBaeTCst epecedenne cepbl U MIOCKOCTH, IPOXOJISIIEH depes3 IeHTD
cdephr.

0,1) (1,1)

B

a

(0,0) (1,0)

Puc. 8: Ckneiikn mpssMOyTOJIBHOM TOJIOCKH, Jaforue guct Mebuyca u Top

1.6. MoxkHo pucoBaTrh He TOJILKO Ha Tope u Jjincte Mebuyca ¢ puc. 2, HO U Ha UX ILJIOCKOI pa3BepTKe,
puc. 8.

1.7. PacromoxkuMm 3 TOYKM B IIPOCTpPaAHCTBE, He JiexKalllue Ha OAHOI mpsiMoii. Torga oHum B obImem
mosiokernn. Ilycts ecth n > 3 Todek obmero mosoxkenus. Tormga cyIecTByer JIMIb KOHETHOE THUC/IO
IJTOCKOCTEM, MMPOXOJISIIIX 9epe3 TPOMKHM ITUX TOUEK. SHAYUT, CYIIEeCTBYeT TOUYKA, HE MPUHAIIeKAIAsT
HU OJHOW M3 9THX IIocKocTeil. /lo6aBuB 5Ty TOUKY K HalemMy HabOpy W3 1 TOYEK, MOJydIuM Habop u3
n + 1 Toukn, HUKaKue 4 u3 KOTOPBIX He JieXKaT B OJHOI IIOCKOCTH. TakuM 00pa3oM, Mbl JOKA3aJ/IM, ITO
JUTsT JTIOOOTO M. CYIECTBYIOT 1 TOYEK ODOIIEro MOJIOXKEHUST B IPOCTPAHCTBE.

Pacemorpum 100 Touek ob1rero mosozkeHus B mpocrpancrse. Hazosem A MHOXKECTBO BCEX OTPE3KOB
¢ KOHIIAMH B 9THX TOYKaX. Kcym Ba orpeska n3 A ¢ momapHO pas3/jimIHbIMIA KOHITAME TIePeCceKaroTcs, TO 4



UX KOHIIA JIEZKAT B OJIHOM IJIOCKOCTH, ITpOoTUBOpeyre. Ecin j1Ba oTpe3ka ¢ 0OIIUM KOHIIOM ITePeCeKaIOTCs
6oJiee YeM B OJIHOI TOUKe, TO MX KOHIIBI JIesKaT Ha OJHOM HPsSIMOii, TPOTUBOpEUNE.

1.8. Ucronb3yiiTe KOOPIMHATHI.

1.13. (n),(Imn), (44) Ucnoaszyiite 3amaay 1.11.

3  Pemmenuns, BolJjaBaeMble Ha IPOMEXKYTOYHOM (pUHHIIIE

Eciin Teker 110 3a/1a1e HaunHAETCS CO CJIOB ‘OTBET’ WM ‘yKa3aHue |, TO JeTaiu (B YaCTHOCTH, JOKA3ATe b-
crBa cHOPMYTMPOBAHHBIX YTBEPKJICHUI WM 3aBepIeHne PeleHrit) OCTalOTCsI JIJIs CAMOCTOSITETHHOM
pabotel. COOTBETCTBYIOMAS 3a/1a9a IPUHUMAETCS U MOC/Ie TTPOMEKYTOIHOrO (DIHHUIIIA.

1.3. Omsem-yxasarue: 5 - (g) /2 = 15.

1.6. (a), (b). Hennzs.

(a) Ecsin 661 rpad K5 6611 HapucoBan Ha cdepe 6e3 camMorepecevdennii, To BBIKUHYB 13 c¢hepbl TOUKY,
He JIeXKalryio Ha K5, Mbl TIOJIYYHIN ObI IJIOCKOCTD, cojepzKaiiyio K. [IporuBopeune.

(b) I'pad K5 He mutanapes, a MUJIHHIDP MOXKHO CIIPOEKTUPOBATH 0€3 caMonepecedeHnii Ha TIOCKOCTb.

(c), (d). Mozxkno. Kpacussie peasmsarun rpada K5 na tope u rpada K3 3 na aucre Mebuyca n300-
pazkeHbl Ha puc. 9.

N_—

Puc. 9: Peanuzanus rpados Kyparosckoro

Nmerores Takxke apyrue pemennsi. Hanpumep, Moxxio napucoBaTh rpad KypaToBckoro Ha Iiocko-
CTH ¢ 00HUM CaMOIIEpecedeHneM ...

1.9. (a) JIio6ble geThIpe TOUKH, He JICJKAIINE B OHON IUIOCKOCTH, Y/IOBJIETBOPAIOT YCIOBHIO.
(b) Cm. reopemy Pasiona B konre §3.

1.10. Vkasanue. Obo3uaumm depes Ap, A, ..., A, ormeuennasie Touku. ObGo3HaUUM depes [; Jyd
¢ HadajoM B Touke (O, cojep:Kaluit TOUKY cuMMmeTpudHyio A; orHOocuTenbHo Toukn (. Jlokaxkwure
CTIeJTyIONIee YTBEPIK IeHNE.

Ymeeporcdenue. Pacemorpum Tpeyromsauk A;AjAy. Touka O nexxur BHyTpn Terpasapa X A;A; Ay
TOrJIa U TOJILKO TOrJA, KOrua ToYKa X JIEXKUT BHYTPU TPEXIPAHHOIO yrja ¢ BepirHoil O 1 CTOPOHAMM
i, lg.

PaccmoTpum TeTpasip ¢ BepimmHaM#u B OTMEYEHHBIX TOYKaX, BHyTpu KoToporo jexut (0. bes orpa-
HIUIEHUsT OOITHOCTU OyjieM CUnTaTh, 910 9T0 Terpa’dnp Ay AsAsA,. OObenuHeHne Bcex TpeXTPaHHBIX
YIJIOB CO CTOPOHaMH [y, ...,l4 — TpexMepHOe MPOCTPAHCTBO. BHYTpHM KaKJI0ro M3 9TUX YIJIOB JTOJKHA
ObITH OTMEYEeHHAas TOYKa 0 Y TBEPXKAeHnio. JIyd [5 JIeKUT BHYTPH POBHO OJHOIO U3 TeX TPEXIPaHHbLIX
VIJIOB U ‘pas3buBaeT’ ero Ha TPU TPEXIPAHHBIX YIJIa, BHYTPH KasKI0TO U3 KOTOPBIX JIOJXKHA ObLITH OTMe-
JeHHasi To4YKa. JIyd lg JIeKUT BHYTPH POBHO OJHOIO U3 TeX IIECTH TPEXIPAHHBLIX YIVIOB W ‘pasduBaer’
€r0 Ha TPU TPEXTPaHHBIX yTJIa, BHYTPHU KarKJ0r0 U3 KOTOPBIX JIOJKHA OBITh OTMedeHHas Touka. lrax,
JIst n > 4 Takoii mporecc 6eCKOHeYeH.



1.11. (a) Pacemorpum maserbKyto cdepy BOKpyr Jsiioboit Toukn O u3 gaHHbIX. [lepecedenne 51oii
cepnl ¢ obbeaunenneM Tpeyroabuukos OAB s Beex map A, B mannbix Touek — rpad Ks. IIporn-
BOpeYHe.

Hpyroe pererne ciemyer u3 reopembl Konpes-I'opiona-3akca (3aga4a 4.5). Bupodem, npuBesen-
HOE HIKe JI0Ka3aTebcTBO TeopeMbl KonBes-I'opaona-3akca ¢paKTUIecKn TMOBTOPSIET BBINIEOTMCAHHYTO

PEyKIINIO K HeltaHnapHocTu rpada K.
(b) Cwm. puc. 4.

1.13. Omsemwi: (n) n < 4;

(Imn) He Gostee oxHOTO M3 wHCes [, m,n Gosbliie 2;

(2n) nyrst JEOOBIX N

(mn) 6o oHO W3 YUCeT M, n MeHbie 3, JUOO OJHO PABHO 3, & JIPYroe MeHbIIe 5.

(35) Pewenue. Ipeanmonozkum, cymectsyer (3,5)-peanusanus B R3.

T'peyzorvrus © X pgr — 3TO TPEYTOIBHUK A; , A; 4y Air.

Koavuyo ij X pgr — s1o (2,3)-peannsaiiysi, ‘0TBeUAIONAsT MHIECKCAM i, ] U P, q, T .

Top ijk X pgr — s10 (3,3)-peaynzanus ‘oTBevUaONasd UHIEKCAM i, j, k u p, q, 1 .

[To Teopeme 2Kopmana Top 123 x 123 pazbuBaer mpocTpancTBo Ha jiBe dactu. O0beaunenue 14 X
123 U 24 x 123 koJiel; — KOJIBIIO. DTO KOJIbIO 1epecekaeT Top 123 X 123 o Tpeyrosbuukam 1 X 123 u
2 x 123. Kosbiio 34 x 123 nepecekaer Kosbio 14 x 123 U 24 x 123 no Tpeyrosbauky 4 x 123. Kosbio
34 x 123 mepecekaer Top 123 X 123 mo Tpeyroabuuky 3 X 123. O6o3naunm (4,3 )-peannsaimio ‘oTBeva-
oryto unjgexkcam 1,2, 3,4 u 1,2, 3, uepes Ky x K. Ilo Bepcuu teopembr zZKopaana K, x K3 pazdbuBaer
npocrpancTso Ha 4 wactu. B namnoit (5,3)-peanusanuu sepumia As ; coeuHeHa

e ¢ BepmuHoOil A; 1 orpe3roM AsqA; 1 s kazkgoro 1 < ¢ < 4;

e ¢ BepmmHOit A; ;j momanoit As 1 A5 ;A; ; naa xkaxgoro 1 <i<4,2 <5< 3.

[Tockouibky uHjIEKC b He ‘yaacTByeT B Ky X K3, KayKJIblif 13 9THX OTPE3KOB U KazK 1as U3 3TUX JIOMaH-
HBIX ITepecekaeT /{4 X K3 TOJBKO O KOHIIEBBIM TOYKaM. PaccMOTpuM CBA3HYIO KOMIIOHEHTY JTOTIOTTHEHWS
R? — K, X K3, conepzxartyio Touky As ;. Ha rpanurie 910if KOMIOHEHTBI JIEZKAT TOUKA A; ; U1 KazKI0r0
1<i<4mul<j<3, DOCKOJIbKY 3Ta TOUKa coefiuHeHa ¢ As; OTPE3KOM HJIN JIOMAHOH, BHYTPEHHOCTD
KOTOpoOil He mepecekaeT Ky X K3. 3HaunT, rpaHuIia 9TOIl KOMIIOHEHTHI COAEP:KHUT 12 Touek A;;, n1a
1<i<4wul<j <3, u3 15 nanubx. C Apyroif CTOPOHBI, 9Ta IPaHuUiia — Top, T. . (3,3)-peaynsariysi.
SHaunT, 3TA TPAHUIA COJIEPKUAT TOIHKO 9 Todek m3 15 manubix. [IpoTtnBopedmne.

1.15. (a) Ilarb Touek, He JekKalIue B OJJHOM TPEXMEPHOM MPOCTPAHCTBE.
(b) Cm. reopemy Pasona B konre §3.

1.18. (a) BosbmeM 5 BepIMH 9eTBIPEXMEPHOTO CUMILIEKCA ¥ TOYKY BHYTPU HETO.

(b) Mycrs ABC'D — npasuibhblii Terpasap B R a £ — ero nentp. BeiGepem Touky X BHYTpHU
terpasnpa ABCE Tax, arobn Toukn A, B, C, D, E, X naxoaummch B obmeM nosoxkennn B R?. TlocTpom
nepreHuKyaap | K runepiiockoctn ABCD B Touke X. Hakoner, Boibepem Touku X, Xo Ha mpsMoii
[ mo pasueie cropoubl ot X. [okaxkem, uro nabop V = {A,B,C,D,FE, X}, Xy} u3 cemu Touexk —
UCKOMBIii, T.€., 9TO CeMeCTBO (‘g)\AXngD TPEYTrOJLHIKOB BJIOXKEHHOE.

[Iycrs «, 3,y — pasmuansie Touku u3 {A, B,C, D, E'}. Torna umeem Tpu KJacca TpeyroJbHUKOB:

o ANX 1 Xoa nia o #£ D

o AX,af nai € {1,2};

o Nafy.

JIerko mpoBepuTh, YTO CEMEHCTBO TPEYTOJIBHUKOB U3 KayKJI0r0 KJIACCA SIBJISIETCS BJIOXKEHHDBIM.

Tpeyronbauk u3 Kiacca 1 nmepecekaeT TPEyroJbHUK U3 Kjacca 2 1o obiei Bepimae X; nim obeit
cropore X;a.

TpeyronbHuk u3 Kjacca 2 mnepecekaeT TPeyroJbHUK U3 Kjacca 3 1Mo obIeil BepirHe o Uian ooIeit
cropoune af3.
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Haxkomnerr, paccmorpum niepecederne TpeyroabHUKOB n3 Kiracca 1 n kimacca 3. Tpeyrompaumk A X Xoo
nepecekaer rurnepiiockoctb ABC' D no orpesky X a. [Tockonbky X sexkut suytpu ABCE, T0 oTpe3ku
XA, XB, XC n XFE nepecekaiorT TPeyroJibHUKI U3 KJIACCA 3 TOJBKO 10 BEPIIUHAM.

Nrak, cemeiicTBO (‘g) \AX;X5D TpeyroabHUKOB SBJSETCS BIOKEHHBIM.

1.19. (a) Ananoruuno 3agadam 1.2.c u 1.4. Cienyer u3 3aa4an 4.3.

(b) Ananornuno 3amadam 1.2.d u 1.5. Cienyer u3 3agaqu 4.4.

(mn) Omsem: min{m,n} < 4.

(4n) Vraszanue. Tokaxem, ato cymecrsyer (4, n)-peammsanus B R*. Bospmem Toukn 41,1 < j < n,
obmero nosoxkenua B RY. BozbMeM yHopsiodenHoe MHOKeCTBO K U3 UeTBIpex TOUYeK Ha IVIOCKOCTH B
R*, gerBeprasg U3 KOTOPBIX JICXKUT BHYTPH JBYMEPHOTO TPEYTOJLHUKA, 0OPA30BAHHOIO OCTAJIBLHBIMIL.
Hanpuwmep, K := ((0,0,0,0),(2,0,0,0),(1,2,0,0),(1,1,0,0)). Bosbmem o6pasbr 970ro MHOXKECTBA IPU
nepenocax Ha BeKTOpbI A1, 1 < j < n. T.e. obosmasmm (A;1, A;2, Ajs, Aja) := K + Aj;. Torma

o g Kazkgoro 1 < j < mn Touka A;4 JEXKUT BHYTPH JABYMEPHOTO TpeyroabHuKa A; A 94, 3;

e Ji1st TIOOBIX 4, j MHOXKecTBO K + A; 1 coBMmernaercst ¢ MHOKecTBOM K + A; | mapauie/IbHbIM Iepe-
HOCOM Ha BeKTop A;1 — A;1;

® 1151 JIIOOBIX 4, J, k Bce 12 Touek u3 (K +A; 1) U(K+A; 1) U(K 4 Ay 1) He 1€2KaT B OTHOM TPEXMEPHOM
IIPOCTPAHCTBE, IOCKOJIBKY TOUKI A1, 1 < j < n Haxomsgrcs B OOIIEM IIOJIOKEHUL.

Brisesure u3 sroro, aro Toukn A;; obpasyior (4,n)-peamusammio B R*.

(55) Vrasanue. Cm. 3amaum 4.14 u 4.15.

1.20. Anagornano 3amade 1.7. Habop Touek B R® HaxoauTcs B o6uwjem noaodicenuy, ecian HAKAKHIe
IIECTHh U3 9TUX TOYEK He JIesKaT B OJHON 4eThIPEXMEPHON T'UIIePILIOCKOCTH.

st maOXKecTBa V' €ro BBIMYK/IYIO 060/104Ky OyaeM obosuadarb conv(V).

Teopema Panona. Jlhobwie n + 2 mouku ¢ R"™ mooicno pazbumo na dea mnoorcecmea { Xy, ... Xi}
U { X1, -, Xngo} mak, wmo conv{Xy,..., Xp}[conv{Xgs1,..., Xpni2} #0.

Hoxazamensvemeo. OTOXKIECTBUM TOUKHU € UX pajmyc-BekTopamu. CHadasa JJOKazKeM, YTO Hal 1y TCs
Takue Cq,...,Cphro € R, He Bce U3 KOTOPBIX PABHBI HYJIIO, 9TO

X1+ X+t epeXn2=0 u ¢+ -+ =0.

B camom gene, paccmorpum Habop BeKTOpoB Xi — X190, Xo — Xpuo, ..., Xy — Xipo. Ilockobky
910 1 + 1 BekTOp B R™, TO /I 3TUX BEKTOPOB HalijeTcs HeTpUBUAJIbHAs JIMHEHHAas 3aBUCUMOCTH C
KO3 PUITUEHTAME Cy, . . . Cpyq. LOTTA HAOOD €1, ... Cpy1, —CL — +++ — Cpy1 — TPEOYEMBIIL.

Teneps nepenymMepyeM TOYKHU TakK, 9TOOBI CHavaJa LU MOJOKUATEIbHBIC 3HadYenus ¢;. [lepenecem
cjaraeMble ¢ OTPHUIATEILHBIMUA KoddduimentamMmu B npaByio dacTb. [lomyunm: ¢y Xy + -+ + . X =
—cp Xp—+ + —CpaoXpio. JJOMHOXKIM 9TO paBEHCTBO Ha TaKOil KO3 duiineHT, 4Todb cyMMa KodhdurieH-
TOB CIIpaBa u cJjieBa crajia pasaa 1. [Tocse sroro pasencTBo Oyer yrBepxKaarh, aro conv{ Xy, ..., Xi}N
conv{Xpi1,. .., Xnio} #0. O

4 HoBble 3ajiaun, BblgaBaeMble Ha ITPOMEXKYTOYHOM (DUHUIIIE

Tpynnbre 3a/1a4u 0 HepeaIu3yeMOCTH MOXKHO periaTh AByMs criocobamu. [lepBriit criocob — obobienune
JOKa3aTeIbCTBa HeranapHocTn rpada K (T.e. perenus 3aa4qu 1.2.¢) Mpu HOMOIIY IPENsITCTBUsT Ban
Kawmmena (3amada 1.4). On peanusoBaH B EPBOM MyHKTe 3TOro maparpada U B JOMOJHeHHH. BTopoii
criocob — 0600IIIeHne IPYTOro J0Ka3aTeIbcTBa Heranapaoctu rpada K (T.e. pemenns 3amadn 1.2.¢).
OH ocHOBaH Ha PEAYKINH K MEHbIIIEH PasMepHOCTH U Peain30BaH BO BTOPOM M TPEThEM IIYHKTaX 9TOr0
naparpada.

Bamaan 1.19.a,b BbiTekatoT u3 Hukecseayomux 3aaa4a 4.3 u 4.4. Hecymecrsosanue (5, 5)-peanuszanuu
B R* BoiTekaer us cdepuueckoil Bepcuu TeopeMbl 3akca (3amada 4.9.b) u cneayromux sanaq 4.14, 4.15
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(nnm w3 3384 jonoHenns ). YToObl OIONTH K 9TOMY PACyKJIEHHIO, CHAYAA MOKETe MO-JIPYTOMY pe-
muTh 33029y 1.13.53, npu nmomormu 3aa41 4.10 u 4.11, a Takke 3agaqy 1.19.a npu nomoru cheprdaeckoit
Bepcun Teopembl Konsesi-l'opona-3akca (3am1ada 4.9.a) u 3amaa 4.12, 4.13.

MbI HasbiBaeM mpeyzoavhukom (B R3 mm B R*) ero kouryp (T.e. 3aMKHYTYIO JIOMaHy1o0), a deymep-
HOLM MPEY20ALHUKOM BBITYKIIYI0 060JOYKY €ro BepIinH. AHAJIOIMIHO, Mbl Ha3blBaeM mempasdpom (B
R3 uu B R*) ob6bemunenye ero IByMepHBIX TPaHeil, a mpermMepHvm mempas0pom BBITIYKIYIO 000I0UKY
€ro BEPIIHH.

Bynem nazbiBath (m, n)-peammsanueii (B R® umm B RY) takzke obbeunenne BI0KEHHOTO ceMeiicTBa
TPEYTOJILHUKOB U3 OIpeJIeIeHust (1M, N)-Pean3allii.

O6061menus npensarcreusd Ban Kamnena

1. (a) g 1o0bIX ceMu TOYEK 00IIIero MOJIOYKEHUST B TPEXMEPHOM ITPOCTPAHCTBE
4.1 0 1,2,3,4,5,6,7 06
TPeyroJbHUK 123 1 IByMepHbIi TeTpasap 4567 nepeceKaioTcss B KOHEYHOM YeTHOM HHCJIe TOYeK. *
JIsT JTIOOBIX BOCBMU TOYEK 00IIIero MoJIOXKEeHUs B YEThIPEXMEPHOM ITPOCTPAHCTBE
b 0 1,2,3,4,5,6,7,8 00
JByMepHBbIe TeTpadpbl 1234 m 5678 mepecekaroTcss B KOHETHOM YE€THOM UHCJIE TOYEK.

4.2. Haiizmre KomaecTBo Beex Heynopsinodenusix map {{, j, k}, {l, m, n}} nenepecexarormuxcs Tpex-
9JIEMEHTHBIX TOJIMHOXKECTB CEMHUIJIEMEHTHOIO MHOYKECTBA.

4.3. Ilycrs B yerbipexmepHoM mpoctpancTse gan Habop f = {1,2,3,4,5,6,7} cemu Touek obIero
roJiozkeHus. st JIIOOBIX 11ecTH pas/IndHbIX TOYEK 1, ], k, [, m,n U3 HUX JIByMEPHbIC TPEYrOJLHUKH 7]k
u lmn qubo He mepecekalTcsi, OO TepecekaroTcs B ojHoil Touke. Ompenemum v(f) Kak 9eTHOCTH
KOJIMYECTBA TOYEK IepeceveHrsl JIBYMEPHBIX TPEYTOJBHUKOB ijk U Imn Jid BceX HEYIOPSI0YCHHBIX
nap {{i,7, k},{l,m,n}} Henepecekaronxcss TpexsneMeHTHbIX mogaMuokecTs {i, 7, k}, {l,m,n} C f:

v(f) = Z{mk Nimn| : {{i,j,k}, {{,m,n}} C g , i, g, k0 {l,m,n} =0} mod 2.

(a) lns mabopa fy cemu Touek B R*, npumymannoro Bamu npu pemenun sagauu 1.18.b, v(fy) = 1.
(b) v(f) me 3aBucur or f.

4.4. (a,b) CdhopmymupyiiTe u goKaKuTe aHajor 3a1a4d 4.3.a,b JI71s AeBATH TOYEK OBOIIEro MOJI0KEHUST
B UETBIPEXMEPHOM IIPOCTPAHCTBE, PA30UTHIX Ha TPU TPOUKH.

DJIeMeHTbI PaMCEEeBCKON Teopum 3arlell/IeHni

B sTOM IyHKTE MBI HAMETHUM JO0KA3aTeILCTBO ‘JIMHEHHBIX ciydaes TeopeM Konpes—Iopaona—3akca
u 3akca (3a7aun 4.5 u 4.8). OHu moHATOOATCS JIJIS JIOKA3ATETHLCTBA HEBO3MOXKHOCTH B I€THIPEXMEPHBIX
OCHOBHBIX IIpUMEpax M MHTEpecHbI caMmu 10 cebe. Takme yTBEepXKIEHMS U METOIbI UX J0Ka3aTe/bCTBa
COCTABJISIIOT pamceesckyto meoputo 3ayenaenut. Cm. mogapobuee [PS05].

Tpeyrompauku A u A’ B IpocTpaHCTBe, MECTh BEPIIMH KOTOPBIX HAXOAATCS B OOIIEM ITOJIOXKEHUH,
HA3BLIBAIOTCS 3AUENAEHHbLMU, €CTH A TepeceKaeT JIBYMEPHBIA TpeyroJbHuK A’ B €IMHCTBEHHON TOYKE.
Hanpumep, Tpeyronbnukn Ay AsAs u Ay AyAg u3 3agaun 1.8.a 3amemiensl.

4.5. Teopema Koneea—Iopdona—3axca orn aunetinoxr eaoocenutd. s mobbx 6 Todek o0IIero mo-
JIOZKEHUsI B IIPOCTPAHCTBE HAiilyTCs JIBa 3allellJIEeHHBIX TPEYTOJIbHUKA C BEPIIMHAMU B 3THX TOYKAX.

Cnenyrommas 3aa4da 4.6 He UCIOMB3YIOTCS M JOKas3aTeabcTBa TeopeMm Konpes-I'opmona-3akca u
Bakca. Ho oHa mosicHsieT TIOHSATHE 3alleIIEHHOCTH.

4.6. (a) Eciin ojun u3 rpeyroibaukoB A, A’) 11ecThb BEPIMH KOTOPBIX HAXOJSTCS B 0OIIEM MOJIOZKe-
HUW, He TIePECeKAeT MJI0CKOCTD JAPYTroro TpeyroabHuKa, To A u A’ He 3arierieHsl.

41Ipu pemrenuu SToit 331241 HEJIb34 HOIB30BATLCS O€3 TOKA3ATEILCTBA TeopeMoii 2KopIaHa o TOM, 9TO MHOTOTIPAHHEK
pasfuBaeT NPOCTPAHCTBO Ha Kycku (nbo cama 3Ta 3aJava UCIOJIb3YeTC sl IPU JOKA3aTeIbCTBe TeopeMbl 2KopaHa).
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(b) IlycTh Ha HpsMOil OTMEYEHO 2 KPACHBIX U 2 CHHUX TOYKH, IPUYIEM TOYKH MOMAPHO PA3JINIHBL
Byjiem roBopuTb, 9TO 9TH MapPbl 3aUENACHbL, €CJIU OHU TIEPEMEKAIOTCs, T.e. PACIIOJIOXKEHbI Ha IPAMOI B
nopsijike (KpacHasi, CUHsisl, KpaCHasi, CUHsIsl) Win (CUHssI, KpACHas, CUHsIsI, KDACHAs), CMOTPsI C KaKOi
CTOPOHBI UJITH.

Tpeyroapauku A u A’ 3aneriensbr < npsMas | epecedeHns X IJIOCKOCTE TepeceKaeT KazKIblil
U3 HUX 10 [Iape TOYeK U ITU Mapbl 3aleI/IeHbl Ha MPAMOI /.

(c) BalerIeHHOCTh TPEYTOIBLHUKOB He U3MEHSITCS, €CJIN MX BEPIIUHBL JIBUXKYTCSI B IIPOCTPAHCTBE,
0CTaBasICh B ODIIEM IOJIOKEHWN.

(d) Tpeyrompauku A u A’ 3anemiensl < tpeyroibauku A’ u A 3arerneHs.

(e) Hns kakux mosoxkenwit Toukn A; u3 3amaun 1.8.a HA BePTUKAJIBHON MPSIMOil TPEyroJbHUKH
A1 A3As n Ay Ay Ag 3anieriennr?

I1/10CKOCTD HAXOIUTCA 6 00UeM NOA0HCEHUU OTHOCUTEILHO Habopa Touek B R3, eciu oproronasbubie
IPOEKINU TOUYEK HabOpa Ha IJIOCKOCTH HAXOJATCA B OOINEM TIOJIOKEHHH.

4.7. (a) Jlana mpoekiusi mapbl TPEyTOJBHUKOB HA IJIOCKOCTH OOIIEro MOJIOXKEHUs (OTHOCUTETHHO
IIECTU BEPIIMH TPEYTOJbLHUKOB), IPUYEM B MECTaX IepeceveHus BYX JIMHU MOKA3aHO, KAaKash U3 HUX
[POXOJUT BbIllie (Kak Ha puc. 3 cjieBa). TpeyroJbHIUKN 3allelIeHbl TOra U TOJBKO TOTJIA, KOT/a KOJIH-
4eCTBO TOYEK IepecedeHnd UX IMPOEKINi, B KOTOPBIX IIEPBBIl IPOXOAUT HaJ, BTOPBIM, HEYETHO.

(b) Ilycts B mpocTpaHcTBe JaHbl 6 TOUEK 0OIIero moJioxKenus. HazoBeM pasbuenuem HeyTIopsI0IeH-
HYIO ITapy TPEYrOJIbHUKOB C BEPIIMHAMU B 3TUX TOUYKAX, HE UMEIONTUX 00X BepiinH. Torma KoJIuaecTBo
3allCIIEHHBIX PA30UeHMIT HEUeTHO.

BamkHyTBIE YeThIpex3BerHble jiomanbie ABCD u A'B'C'D’ B npocrpancTBe, BOCEMb BEPINUH KO-
TOPBIX HAXOJSTCS B OOIIEM IMOJIOYKEHUH, HASBIBAIOTCA 3GUENAEHHDbLMU, €CIT YUCIO TOYEK MepecedeHmst
snomanoit ABCD ¢ obbenunenuem BHyTpennocteii Tpeyroibaukos A'B'C' u A’ D'C’ nederno.

4.8. Teopema 3axca dan aunetinmr eroncenudi. Ilycrs B mpocTpancTBe Janbl 4 KpacHble U 4 cunue
TOYKH, IPUYEM HUKAKWE JBA OTPE3Ka C PA3HOIBETHBIMU KOHIIAMU HE UMEIOT OOIIUX BHYTPEHHUX TOYCK.
Torna HaiiayTcs /1Be 3alelyIeHHble 3aMKHYThIe YeThIPEX3BEHHBIE JJOMaHbIe C BEPITUHAME B 9TUX TOYKAX,
KazKJI0€ 3BEHO KOTOPBIX COEJUHAET TOYKH Pa3HbBIX IIBETOB.

4.9. (a,b) Chopmynupyiite u gokazkure anajgoru 3a1a4 4.5 u 4.8 ¢ 3aMeHOI IPOCTpaHCTBa HA TPEX-
Mepryio cdepy S°. (Baremiennocts onpejesserca anajgorudno ciaydaio R3. Tpeyronmsrnku A u A’ B
TpeXMepHOii cdepe, Cpejin MEeCTH BEPITNH KOTOPHIX HUKAKKE YeThIpe He JiesKaT Ha JBYyMepHOii moacdepe
TpeXMepHOii cdepbl, HA3bIBAIOTCS 3GUENAEHHLMU, €CIIA TPEYTOILHUK A mepecekaer 0601 JIBYMepHbIi
cepudeckuii TpeyroJbHUK, HATAHYTLIA Ha A’, B eIMHCTBEHHON TodYKe. 3aMETHM, UYTO UMEETCH JBa
TAKUX HATSHYTHIX TPEyTOJIbHUKA. )

IIpumenenust pamMmceeBCKOii Teopuu 3arierJieHuin

4.10. ITycts B R? ganbl 3amMkHyTast jgoMaHas JauHbl 3 u (3, 3)-peanusanus N, nepecekalonuecs
POBHO B OJ[HOU TOUKe x, sBJsromelics ux obieit Bepmunoit. Torga jobas j1octaTouHo Masas cdepa
S? ¢ HeHTPOM B T IlepeceKaeT JOMAHYIo 110 Iape ToueK, HaXOAAIMNXC B OJHOM KOMIIOHEHTe CBI3HOCTH
nononmenus S? — N. (ITo npoMe:KyTouHOro hpuHUIIA TaKUMI (GaKTaMi Pa3pelagoch Hoab30BaThcsa 6e3
JoKazaTeabcTBa. Ho MBI mpetaraeM 1oka3arh 3TOT (HaKT 371eCh, YTOOBI MOJAONUTH K JOKA3aTETHLCTBY
anasornanoro gaxra aaa R%.)

4.11. Ipennonoxum, uto B R nmeerca (5, 3)-peauzarus.

(a) Ilepeceuenue moboit qocTaTouno Masoii cdepsl ¢ menTpoM B Ay 1 n namnoit (5, 3)-peanmsarm —
rpad K, o, ‘IMHENtHO  BJIOXKEHHEBIN B cdepy.

(b) Ilycrhb pambl JII0ObIE HECAMOIIEPECEKAIOIIUIICs UK/ B 9TOM Ipade 1 napa BepimH 31oro rpada,
He JiexKanmx Ha ke, Torga B ganuoit (5, 3)-peajusanuu CyImecTBYIOT 3aMKHyTasl JJOMaHas JJIUHbL 3
u (3, 3)-peasnnsaliysi, mepeceKaroluecs IpyT ¢ JIPYTOM POBHO 110 TOUYKeE, a co cepoit — 1o JTaHHbIM Hape
BEPIIUH U IUKJIY, COOTBETCTBEHHO.
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4.12. Ilycts B R* namnl gBa TeTpasapa, IepeceKaloniecss POBHO B OHON TOUKE &, ABJISIOMeHCsS UX
obmeit Beprmnoii. Torna mobas qocTaTouHo Magasg cdepa S° ¢ EHTPOM B T IepeceKaeT TeTPasIphl 10
nape chepudecKuxX TPeyroJbHIKOB, He 3allelllIeHHbIX B chepe S°.

4.13. Ilpeamonoxum, aro B R* mmeerca 7 touek 0,1,2,3,4,5,6, cpesim KOTOPBIX HeJIb3d BLEIOPATH JIBE
TaKue HelepeceKarolecss TPORKN TOYeK, 9TO 00pa30BaHHbIE ITUMHU TPOMKAMU JIBYMEPHBIE TPEYTOJIb-
HUKH [I€PECEKAIOTCS.

(a) Ilepecedenue mocTaTOYHO MaJsioi TpexMepHOii cdepbl ¢ meHTpoM B 0 1 0ObeIMHEHHsT BCEX TPe-
yromsankos 0ij, 1 < i < j < 7 — monmsiii rpad K, Baoxennwiii B S°.

(b) dyst mo6oro paséuenus {1,2,3,4,5,6} = {1, j, k}U{p, ¢, r} rerpasapsr 0ijk u Opgr nepecekarorcst
POBHO B OJIHO# TOYKe.

4.14. Cdopmyupyiire u JoKazkuTe aHajor sajgaun 4.12 g asyx (3, 3)-peanmszanuii B R

4.15. Tpeanonoxum, uro B R umeerca (5, 5)-peanuzanus.

(a) ITepeceuenne 110601t JOCTATOIHO MasIOi TpexMepHOit cdepsl ¢ rieaTpoM B A 1 u (5, 5)-peanuszannm
— rpad K4, ‘TUHEHHO’ BIIOJKEHHBIN B TPEXMEPHYIO cdepy.

(b) st T06BIX IBYX HEMEPECEKAIOIIIXCS HECAMOTIEPECEKAIOIIIXCSI TIUKJIOB B 9TOM Ipade CyIecTBy-
10T siBe (3, 3)-peanuzanuu B (5, 5)-peasnsanun, mepeceKaromuecs: Ipyr ¢ IPYroM POBHO 110 TOYKE, a CO
cdepoit — 1Mo JAHHBIM ITUKJIAM.

5 Pemnienus, BpijaBaeMble Ha OKOHYATEJIbHOM (bUHUIIIE

1.1. Cp. [BE82, §5|. Eciiu KOHTYPBI TPEYTOJIbHUKOB He MEPECeKAIOTCsl, TO 3a/ada jloka3ana. Kem mepe-
cedeHrne KOHTYPOB JIBYX TPEYTrOJbHIKOB HEIIyCTO, ¥ BEPIIUHBI STUX TPEYTOJbHIKOB HAXOIATCS B 00IIEM
MIOJIO?KEHUH, TO IlepecedeHneM KOHTYpa IIePBOrO TPEYTOIbHUKA C BBIMYKJION 0DOJIOYKOIl BEPITUH BTO-
pOro TPEYTOIbHUKA SBJSIETCH OO0beINHEHNEM KOHEYHOI'O YHCJ/Ia HEe3aMKHYTBIX JIOMAHBIX, KayKjas U3
KOTOPBIX SBJISIETCS MMOJIMHOYKECTBOM KOHTYPA IEPBOr0 TPEYTrOJbHUKA. SHAYUT, KOHIEBbIE TOYKU KaK-
JION M3 3TUX JIOMAHBIX ABJISIOTCA TOYKAMU IepecevdeHnsl KOHTYPOB HaIIUX TPEyTroJbHUKOB. [lockosbKy
Yy KazKJ/I0#1 He3aMKHYTOIl JIOMaHOI €CTh POBHO /JIB€ KOHIIEBBIE TOUYKHU, TO KOHTYPhI HAIIIUX TPEYTrOJIbHUKOB
IepeceKalTcsd B Y€THOM YHCTIe TOYEK.

1.13. (mn) Jas m = n = 4. Tokaxem, uro (4,4)-peamusanun B R He cymecTByer. AHAJIOrH4HO
pemtennio 3ana4n 1.11.a. [Tepeceuenne (4,4)-peanusanuu ¢ gocTarodHo Masoil cdepoit ¢ nearpom Aj
ectb rpad K33, muHeiiHO BiIOYKEeHHEBIN B 9Ty cdepy. IIpoTuBopeune.

Jpyeoe pewenue m =5 un = 3. JTokazxeM, aro (5, 3)-peanuszaiuu B R? He cymecrsyer. AHajornano
JI0Ka3aTeIbCTBY HellanapHocTh rpadga Ky (T.e. gpyromy pemenuto sagaqu 1.2.c). [Tycrs B R? umeerca
(5, 3)-peamuzanus. Pacemorpum moctatodno maiayio chepy S? ¢ nenrpom B Touke Aj ;. Ilepeceuenne
cdepnr S? u (5, 3)-pearmzaruu — rpad Ky .

ITpu smo6om Biiozkennn rpada Ko B cdepy HEeKOTOPBIC /1Be BepmnHbl X, Y 13 4-BepIIMHHON 10/
HAXOJISITCS 110 Pa3Hble CTOPOHBI OT IUKJIA Y, 00PAa30BAHHOTO UeTHIPbMSI OCTaBIINMUCS BepiinHamu. bes
OrpaHUYeHNs OOIHOCTU CINTAaeM, ITO OTPE3KH, COOTBETCTBYIOIINE BepinHaM X, Y COeIUHSIIOT BEPIIU-
Hy A ¢ BepmuaaMu Ay u Az ;. O6o3HauuM yepes vxy Jdomanyio Ay 1Ay Asq 1 gepes v Top 145 x 123.

Tak kak Ha cdepe S? Toukn { X, Y} = vxy NS? HaxonsTcs M0 pasHble CTOPOHbBI OT MUKIa Y = yMN.S?,
TO mepecedenue B Touke A; ; TpancBepcasbho. IIporuBopedne ¢ Teopemoii o wernocrn (3amada 4.10).

4.1. Anajornuno 3agaqe 1.1.
4.2. Omesem-ykazanue: 7 - (g) /2 =T10.

4.3. (a) Cm. pemenne 3amaun 1.18.a. JIBymepubiii Tpeyrosbauk X;XoD TepecekaeT TpexMepHbIit
rerpasap ABCD mno orpesky [DX]. Tlockonbky Touka X jeskur BHyTpH Terpadipa ABCE, a Touka
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D — BHe, 1o orpesok [DX] mepecekaer nosepxHocTh Terpasdipa ABCE poBHO B ojiHON TouKe. 3Ha-
4YUT, ABYMEPHBIA TpeyroabHuk X; XoD mepecekaercs TOALKO ¢ OJHUM M3 JABYMEPHBIX TPEyTrOJILHUKOB,
HATSIHYTBIX Ha OCTaJbHble BepiuHbl, T.e. v(f) = 1.

(b) TocraTouno jloKazaTh, 4To jyist 8 Touek 1,2, 3,4,5,6, v, v’ obuiero nostoxenus B R* u muoxects

A:={1,2,3,4,5,6} f:=AU{v}, f:=AU{v} semommeno v(f)=uov(f").

Ob6osnaanm depes T;; terpasmap ¢ Bepumuamu u3 A — {i,j}.

v(f)=o(f)= D (ijnTyl—iinTy))= Y |ovinTy[ =0 mod 2.
{igye(2) {i3e(3)

Bropoe pasencrso ciiesryer u3 3aadu 4.1.b. [ocaeanee paBeHCTBO BBIMOIHAETCs, TaK KaK JJIsd JTIOOBIX
a,b,c € A—{i} maiigyrca posuo asa terpasapa Tig, Tij, j, k € A—{i,a,b, c}, comepkamux 1By MepHbIit
TpeyroibuuK abc. Takum 06pazom, Kaxkioe 9ucyio |vv'i N abe| BXOAUT B 9Ty CyMMY JIBasKIbl.

4.4. Qopmysuposxa. IlycTh B 4eTBHIpEXMEPHOM IIPOCTPAHCTBE JaHBl 9 TOYEK OOIIErO IIOJIOXKCHUS,
pasbureix Ha Tpu Tpoitku fi = {1,2,3}, fo := {4,5,6}, f3 := {7,8,9}, Takue uro jyisi JTHOOBIX JBYX
pasmumaHbIx Touek 4,4 € {1,2,3}, nByx pasmuuHbiX TOYeK j,j € {4,5,6} u ABYX pasIMIHBIX TOYEK
k. k' € {7,8,9} nBymepubie Tpeyroibuuku ijk u ¢’ j'k’ mubo He mepecekarorcs, Jmbo IepeceKaroTCs B
onnoit rouke. Onpenerum v(f1, fo, f3) KAK 9€THOCTH KOJIMYIECTBA TOUEK MEPECEUEHUs IBYMEPHBIX TPE-
yroabuukos ijk u @' 'k’ ans Beex ynopsgodenunix nap (i,4') € f2, (7,5) € fa, (k, k') € f2:

v(f1, fo, f3) i= (% Z {ligknd'§y'K| = (i,7) € f& (j,5) € f3 (k, k) € fg}) mod 2.

(a) ITpumep. Broxum rpad Kiz ¢ gomsvm {1,2,5}, {3,4,6} B R® Tak, urobnr muks 1234 Gbun
KBaJIpATOM U HUKAKHe 4YeThIpe TOYKU, KpoMme 1,2,3,4, He JlexKaju B OJHOIl ILIOCKOCTU. PacioioxKnm
Toukn 7 u 8 B R* 1o pasuble cTOpOHBEI OT TPeXMEpHOi TI'MIEPILIOCKOCTH, B KOTOPYIO BJIOxKeH Ipad
K3 3. Pacnomoxum BuyTpu mupamuabl 71234 touky 9. Torma mua f; = {1,2,5}, fo := {3,4,6} u
f5:={7,8,9} Bemomnueno v(f1, fo, f3) = 1.

(b) Ananornuno 3agadam 4.3.b u 1.5.

4.5. Cnenyer u3 3amaqn 4.7.b.

4.6. (a) locrarouno gokazaTh, 4ro ecau TpeyrojabHukn A u A’ sanemiensr, To A’ mepecekaer
IJIOCKOCTL Tpeyroibauka A n A mepecekaer miockocTh Tpeyroabuuka A’ Ilepsoe ouesuano. ITosro-
My BHYTPEHHOCTH TPEYroJbHHKa A IIepecekaer IJI0CKOCTh Tpeyrosbauka A’ Snaunt, n A nepecekaer
IJIOCKOCTD Tpeyrojbuuka A’

(b) ITycrs Tpeyrompauk A 3sarersen ¢ tpeyroiabankoM A’. Tak Kak TpeyroabHUK A mepecekaer
I10CKOCTH Tpeyrosbanka A’ To mo (a) AN # (). VI3 coobpazkennit obiero moiozkenus cieyer, 9o ANl
HEe MOKET COCTOATH M3 OAHOH Touknm. JloKazkeM Temeph 3aleIuieHHOCTh nap. Ilyers Muoxkecrso A NI =
{A,B} u A'nl ={A", B'}. Bce Toukn nepecedenusi TpeyroJbHuKa A 1 BHYTPEHHOCTH TPEYTOJbHUKA
A’ nexxar na orpeske A'B’. 3uauut, posHO ojiHa u3 Toyek A u B upunajexur orpesky A’'B’. [Tosromy
napel A, B u A’, B’ 3anemiens! na |.

O6patHo, nycrs nmapsl A, B u A’, B’ 3anemrens! Ha [. Torma coryiacHo ckazaHHOMY BbIlie A mepece-
KaeT BHYTPEHHOCTH TpeyroibHuka A’ B e IMHCTBEHHON TouKe, TO ecTh A 3anerien ¢ A’.

(¢) Bocnosbayemcest iyakToMm (b). PaBHOCHIIbHOE YyCIOBHE 3allEIVIEHHOCTH COXPAHSAETCS MPH TAKOM
[epEeMEINeHNI BEePIINH, IPH KOTOPOM ILIOCKOCTH Tpeyroabnukos A n A’ He napasiensusl. Ecam ke B
HEKOTOPBIN MOMEHT TLIOCKOCTH TpeyroabHukoB A u A’ mapasuiesibibl, To u3 (&) Caeayer, 9To B 9TOT
MOMEHT, a TaKKe HeloCPeJCTBEHHO JI0 U 1I0CjIe Hero, TpeyroJbHukn A u A’ He 3aneIieHbl.

(d) Kaxkmoe u3 aByX ycJIOBHUiT PABHOCHIBHO OJHOMY U TOMY ¥Ke YCJIOBHIO 1m0 myHKTY (D).
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(e) O6o3HauNM Uepes t BHICOTY TOYKH A HaJ TOPHU3OHTAILHOl MJIOCKOCTBIO. TpeyrobHIKN 3arier-
JeHsl s t € (—oo; 2) U (3,55 4,5) U (6; +00) u He 3anemiens! s t € (2; 3,5)U (4, 5; 6). D1o cremyer
U3 3aIeIJICHHOCTH TPEeyroJbHUKOB A A3As u Ay Ay Ag u3 3aaun 1.8.a u ciemyrorieil jieMMbl (KoTopas,
B CBOIO 0Yepe/ib, BeiTekaeT u3 (b)).

Jlemma o aBukenuu. [lycmo sepwuna A mpeyzosvruka A dsuscemces pasHomepHo no ompesxy
6 mpocmparcmee, a ocmasvHue dse sepwunol u mpeyeosvrur A’ nenodsustcrv,. Obo3navum wepes Ly
noaoscenue mpeyzosvruka 6 momenm epemenu t, 2de 0 < t < 2. Ilpednoaoorcum, wmo 6 eepuiun
mpeyeorvhukos Ay u A’ naxodsmes 6 obuem nososceruu npu ecex t, kpome t = 1.

e Feau Ay NA" =0, mo napw (Ag, A') u (Ag, A) sauensenv, usu nem odnospementio.

e Fcau Ay u A’ nepecexaromes 6 eduncmeernnoti mouke, ne cosnadarou,eti nu ¢ 00HOT U3 UL GEPULUH,
mo posro odna uz nap (Do, A') u (Ag, A') asasemea sauensernnod.

4.7. (b) PaceMoTpuM mpoekImio Ha MPOU3BOJIBLHYIO MIJIOCKOCTD 0611ero mnosoxkenus. O6o3HaInM 0J1-
Hy 13 ToUeK 1depe3 A. Jlokaxkure, 9T0 I€THOCTb KOJUIECTBA 3allell/IEHHBIX pa3dneHnit paBHa 9eTHOCTH
KOJIMYECTBA TI€PeCceveHnil IPOEKINii HEYIOPSIOYEHHbBIX ap HeCOCeHUX (T.e. He UMEIONTIX OOIIUX Bep-
IINH) OTPE3KOB, He cojepKamux Bepruibl A. [{s 9T0oro npeobpasyiite cymMmy 10 pasOHEHHIM KOJIH-
qecTB nepecederuii u3 4.7.b B cyMMy 110 yHOPsIIOYEHHBIM ITapaM HellepeceKarouxcst pedep, IPOeKITInn
KOTOPBIX IIEPECEKAIOTCsT U IMIPOEKIINs IIEPBOr0 U3 KOTOPBIX IIPOXOINUT BBIIIE MPOEKINK BTOporo. Tak Kak
K¢ — A= K, To o cepuaeckomy anasiory 3aigadn 1.4 (3agada 1.5.¢) mocseitsisi 94eTHOCTh paBHA 1.

4.8. AnasorndHo JIoKa3aTesabcTBy Teopembl Konses—Topnona—3akca (3amada 4.5), HaAMEICHHOMY B
sagade 4.7. PaccMorpuTe Ipoeknmio Ha MaJIeHBKHil juinicons, BOKpyr pebpa e rpada Ky4. Bmecro
K¢ — A = K5 nctionayiite Ky 4 —e = Ks 3.

4.7 u 4.8. Cm. mogpobuocru B |Zi].

4.9. Cepuneckum ompeskom Ha3bIBaeTCs NepecedeHre TPpeXMepHOil cdepbl U JIBYMEPHOTO yIjia C
BEPIIMHON B IeHTPe cephl.

Cdepuuecknit anasor reopembl Konses-T'opona-3akca ecth cieyioniee yTBepKIeHue.

s a0z 6 movex 0bwe20 NOAOHCEHUA HA MPeTMepHOl chepe Hatdymces Jee 3aUenseHHble 3a-
MEHYMbBLE CHEPUYECKUE NOMAHDIE OAUHDL 3 € BEPUUHAMYU 8 IMUT MOYKAL.

BamkHyTBIE uYeTbIpex3BeHHble Jiomanble ABCD u A'B'C'D’ na tpexmepHoil cdepe Ha3bIBAIOTCS
BAUENAEHHBLMU, €CJIT TUCIO TOYEK Irepecederus cdepudeckoii jomanoit ABC' D ¢ obbeauHeHreM IBy-
MepHbIX cepudeckux Tpeyrosibankos A'B'C' u A'D'C’ neverno.

Cdepuuecknuii anaaor TeopeMbl 3aKca eCTh CJIe/IyIOINee YTBEPK ICHHe.

ITycmov ma mpexmeproli cepe danvi 4 KpacHvie U 4 CuHue MouKu, npuyem Hukakue 06a clhepue-
CKUL 0MPe3Ka ¢ pasHouGemtvLMU KOHUAMU HE umerom obuux enympennur mouek. Tozda natidymesn
dee 3auenienmbie 3aMKNYMbE YeMLPETICEHHBE AOMAHDIE Ha cepe S ¢ 6epuunamy 6 SMUT MowKar,
Kaotcdoe 36eHO KOMOPBIT COCOUHAEM MOYKY PASHHIT UBEMOE.

JlokazarenbeTBa TUX TEOPEM AHAJOTUYHBI JJOKA3aTeJIbCTBAM UX AHAJIOTOB JIIsi TPEXMEPHOTO IIPO-
CTpaHCTBA.

4.10, 4.12. Cw. [Zu].

4.11. (a) Hnsa xaxzoit rpanu (5, 3)-peammusanun N, He COIEPXKAIIEro BepHIuHbl A ;, CyliecTByer
map ¢ LHEeHTPOM B Bepruune A j, He mepeceKalomuil 9Toif rpan (IOTOMY 9YTO CYIIECTBYET TOUKa ITOf
I'PaHy, B KOTOPOil (OYHKIUA ‘paccTOgHUe 10 TOUKH A;,’ IpHHIMaeT MUHHMYM Ha 3TOI I'DaHU, H TOT
MUHUMYM He paBeH Hy0). [Tockoibky rpaneit B N KOHEYHOe YHCIIO, TO CYIIECTBYET Iap C MEHTPOM B
Bepmute A, 1, He IepeceKkaromuit HU O/Hy r'panb u3 NN, He cogepzkaityio A ;. Paccmorpum rpanndnyio
cdepy sroro mapa. OHa IepecekaeTcss TOJIBKO ¢ TeMH OTPe3KaMi U TpeyroJabHuKaMu B N, KOTOpbIe
conepxkar Bepruay A; ;. 910 orpesku Ay A;,, A11Ap1 n Tpeyronpaukn Ay 1A, 1Ay 11 Beex 2 <
a < 5 u Bcex 2 < b < 3. Ux nepeceuenne co chepoii cOCTOUT U3 4 TOUEK, COOTBETCTBYIONIUX pedpam
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A1144 4, IBYX TOUKH, COOTBETCTBYIOMUX pedpam Aj 1A 1, 1 AyT OOIBIINX KPYTOB, COeIUHSIONIIE TOIKA
IePBOil IPYIIILI C TOYKAMH BTOPOI I'DYIIIBEL. DTO U ecTh rpad Ky o, JIMHEHHO BJIOXKEHHbI B cdepy.
(b) Cwm. Bropoit ab3ar penenns 3amadu 1.13.

4.13. (a) Ilepeceuenue Tpeyroibuuka 0ij ¢ S? — myra Gobiioil okpyzKHocTH S3) coeauusIOmas
Toukn nepecedenus npambix 0 u 07 ¢ S3 (cp. ¢ 3agaqeit 1.16.b). Suaunt, nepecedenus TpeyroJbHIKOB
0ij, 1 <i < j <6, cS? obpasyior rpad K. On Bioxken B S3, T.x. Touku 0, 1,. .., 6 naxoagarcs B obIIeM
[IOJIOZKEHUN.

(b) Ilo ycioBUIO TPEYTOJBLHUKY € PA3TMIHBIMU BEPIIHHAMUI HE EPECEKAOTCsA. A MOCKOIBKY TOUKH B
OO0IIEM TIOJIO?KEHHUH, TO TPEYTOJHLHUKN ¢ OOIEell BEPITUHOM MJIM CTOPOHON IePECeKaIOTCs TOIBKO IO ITOi
BEPIIIHE U CTOPOHE COOTBETCTBEHHO.

4.14. Qopmyauposka. Ilycrs B R* nanwr ase (3,3)-peanusamun, nepecekaroniuecst pOBHO B OJHOI
TouKe, ABJIstoNelica nx obmeii ‘(1,1)-seprmunoit’. Torna mobast joctaTouno Manas cdepa S ¢ nenTpom B
9TOi TOUKe repecekaeT 31u (3,3)-peasnsanuu 1o nape chepuiecKinx MHOIOYTOJIbHUKOB, He 3alleILICHHBIX
110 Moo 11Ba B cepe S? .

4.15. (a) Anasormuno 3agade 4.11.a.

(b) O6a nukia umeror jnay 4. He ymenbIas oOIIHOCTH, BEPIIXHBI TIEPBOTO IIUKJIA COOTBETCTBYIOT
ToukaM A; 9, Agq, A1z u Asq, a Bepmunbl Broporo — ToukaM Aj 4, Agq, A5 u As ;. Torna nepserit
MCKOMBIIT TOp ecTh 123 X 123, a BTOpoit — 145 x 145.
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6 JlomosHuTEJIbHBbIE 3324l

3B€3,ILO‘{KELMI/I OTMEYECHDI 3a/la491, PeIleHne KOTOPbIX aBTOPpaM HEU3BECTHO.

6.1. JTna mobbx Touku O u (4, 3)-peamuzaiuu B R oun U3 0TpesKos OAy 41, OAyq, OAsq, OAy,
nepecekaeT (4, 3)-peasnsarmio.

6.2. JIng mobbrx mrectn Touek 0,1,2,3,4,5 € R3 ecam ceMelicTBO TPeyTOIbHIKOB

(a) 07k, 1 < j < k <5, k # 2, sBisercsi BIIOKEHHbIM, TO Tpeyrobauku 012 u 345 3amerieHsr.

(b) 0jk, 1 < j < k <5, (5,k) € {(1,2),(1,3)}, siBasgieTcst BJIOKEHHBIM, TO 3alleILICHbI JIHOO Tpe-
yrojpauku 012 u 345, mubo tpeyrosbauku 013 u 245.

(c) Ojk, 1 < j <k <5, (j,k) & {(1,2),(1,3),(1,4)}, aBsiercs BIOXKEHHBIM, TO 3alCIICHDLI JHOO
tpeyroabauku 012 u 345, mbo tpeyroabauku 013 u 245, ymbo tpeyroabauku 014 u 235.

6.3. Cymecreyer 1 B R* Bioskennoe cemeficTBo Becex TpeyrobHuKoB (5,5)-peanmsanum, Kpome
OHOro?

6.4. * JInsa KaKux ceMeilcTB TPeX3JeMEeHTHBIX TI0JIMHOXKECTB 6-3/1eMenTHOro MHoXKecTBa B R? cyte-
CTBYET BJIOZKEHHOE CeMelCTBO TPeyroJIbHUKOB, OTBEYAIOIIINX ITOMY ITOIMHOXKECTBY !

6.5. JIioOyto s cKIefiky cTOPOH (IJIOCKOTO JIByMEPHOI'O) MHOTOYTOJIbHUKA MOXKHO OCYIIECTBUTH
(a) B R3? (b)* B R*?
[IpuBeieM BIe0 ATBTEPHATUBHOTO JTOKA3ATEIbCTBA HEPEATH3YEMOCTH

6.6. * Ilycrs f — mabop u3 15 Touek A; ;,1 <i < 3,1 < j < 5 0bm1ero mosiozkeHns B R*. a1 smo6oro
a € {3,4,5} paccmorpum MHOKecTBO M, BCEX YHODPSIOYEHHBIX Iap, MEPBBIM 3JIEMEHTOM KOTODPBIX
SIBJII€TCSI T'PpaHb (T.e. JBYMEPHBINA TPeyroJbHUK) Topa 123 X 12a, a BTOpbIM — HECMEXKHBIH eif 0Tpe3ok
tpeyroibauka 1 x ({1,3,4,5} — {a}). O6o3naunm

= > > |IXnY| mod2

ac{3,4,5} (X,Y)EM,

(a) v(f) me 3aBucur or f.
(b) v(f) = 1 ana nekoroporo nabopa f u3 15 Touek obmiero mnosoxenus B R3.

6.7. * Ilycrs f — mabop uz 25 touek A;;,1 < 4,5 < 5 obmero nonoxkenus B R, Jlst mo6bix
a€{3,4,5} ube {3,4,5} paccmorpum MHOKecTBO M, BCeX YHOPSIOUEHHBIX IIAD, HEPBBIM 3JIEMEHTOM
KOTOPBIX SIBJISIETCS TPaHb (T.e. JBYMEPHBIA TpeyrojbHuK) Topa 12a X 12b, a BTopbIM — HeCcMeyKHasi el

rpaub Topa ({1,3,4,5} —{a}) x ({1,3,4,5} — {b}). O6o3naunum

o(f) = Z Z IXNY| mod 2.

a,b€{374,5} (va)eMa,b

(a) v(f) me 3aBucur or f.
b) v(f) = 1 ana mekoroporo Habopa f u3 25 Touek obmiero nojoxkenus B R,

YKazaHus
6.1. Anasiormuno 3ajaqde 1.13.35.
6.2. Cuenyer u3 Teopembr Konseg-T'opmona-3akca (3amaqa 4.5).

6.3. He cymectByer. MoxkHO nake yJaJnuTh HEKOTOpBble 48 TpPEYyroIbLHUKOB, BCe PaBHO He OyJeT
cymecrBoBaTh. Cwm. perrenne 3aa4qn 1.19.55. Pacemorpure o0bennenne TpeyroabHUKOB, KOTOPHIE B
HEM HCIOJIb3YIOTCS.
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REALIZABILITY OF HYPERGRAPHS: EXAMPLES AND ALGORITHMS !

A. Zimin, A. Rukhovich, A. Skopenkov and M. Skopenkov
Presented by: A. Zimin, J. Zung, A. Rukhovich, A. Skopenkov and G. Chelnokov

1 Problems up to the semi-final

What are these problems about?

The following problem is well known: can a given graph be embedded in the plane, i.e., can the
graph be drawn on the plane so that its edges have no pairwise intersections and no self intersections
except at end points? The present cycle of problems is about the embedding of the two-dimensional
analogs of graphs (called hypergraphs) in three-dimensional space and even in four-dimensional space.
Here some beautiful and nontrivial results on the embedding of hypergraphs will be stated in in the
language of certain systems of points, so that we will not need the notion of hypergraph. We will work
in four-dimensional space only at the end, when this will not seem scary, because by then we will have
learned how to reduce geometric problems to problems of lesser dimension (for more details, see the
beginning of the section ”Embedding into four-dimensional space”).

The most important results are simple proofs of the non-realizability in four-dimensional space of the
complete hypergraph on seven vertices and (solution of the Menger Problem) of the product K5 x K.
2 See Problems 1.19.a,mn; another most interesting problems are 1.11, 1.12 and 1.13.

Participants who succeed in solving the problems can obtain additional problems about piecewise
linear realizability and algorithmic questions of realizability.

General conventions

Whenever the formulation of the problem is an assertion, the problem is to prove the assertion.

A student (or a team of students working together on a problem) obtains a ‘bonus point’ for each
written solution of any problem, for which he/she/it received a + or a +.. A large size picture that jury
member can understand counts as a written solution for those items of Problems 1.13 and 1.19 where
the answer is ‘yes’. The Jury will also award more bonus points for beautiful solutions, for solutions of
difficult problems and for (some) solutions typeset in T'eX. The Jury has an unlimited number of bonus
points. The student (or the team) can try to present solutions orally (without handing in a written
text), but it loses one bonus point at each such attempt.

We ask all participants working on our problems to feel free to discuss with us any questions that
may arise or ideas of solutions.

The solutions of Problems 1.2.abc, 1.4.ab and 1.7 will be given at the presentation, you may submit
these problems only before the presentation.

Realizability in the plane

A collection (=subset) of points in the plane is in general position, if no 3 points of the collection
belong to one line.

By n points on the plane (in space) we mean an n-element subset of the plane (space). So these n
points are considered to be different.

The following assertion can be used further without proof.

!After the Summer Conference a Russian up-to-date version will be available as a part of the book
www.meccme.ru/circles/oim/algor.pdf. We are grateful to A. Sossinsky for English translation of parts of the text, to
P. Kozhevnikov for useful discussions and to I. Bogdanov for preparing some figures.

2Usually the proof of these classical examples involves complicated techniques [Pr06]. Actually the proofs of the
topological unrealizability is indeed harder compared to the linear unrealizability mentioned above, and the piecewise-
linear unrealizability, for which the proofs are analogous. [Sk03], [Sk08, §5].



1.1. Parity Theorem. If the 6 vertices of two triangles in the plane are in general position, then the
contours of the triangles intersect in an even number of points.

A subset of the plane or space is called conver, if for any two points from this subset the segment
joining these two points is in this subset. The conver hull of set X is the minimal convex set that
contains X.

1.2. (a) There exist 4 points in the plane such that for any of their decompositions into two pairs ,
the segment joining the points of the first pair does not intersect the segment joining the points of the
second pair.

(b) Any 4 points in the plane can be decomposed into two groups such that the convex hull of the
points of the first group intersects the convex hull of the points of the second group.

(c) From any 5 points in the plane, one can choose two disjoint pairs of points such that the segment
joining the points of the first pair intersects the segment joining the points of the second pair.

(d) Two triples of points are given in the plane. Then there exist two intersecting segments without
common vertices such that each segment joins the points from distinct triples.

A set of segments (in the plane or in space) is called embedded, if the following conditions hold:

e segments without common vertices are disjoint; and

e segments with a common vertex intersect only at this vertex.

Perhaps you would like to solve the following weaker versions before solving points (¢) and (d)
themselves:

(¢’) For any 5 points in the plane, the set of all the segments joining them is not embedded.

(d’) For any two triples of points in the plane, the set of all the segments joining the points from
distinct triples is not embedded. 3

Ks K33

Figure 1: Nonplanar graphs

1.3. Count the number of unordered pairs {{i, j }, {k, [} } of disjoint two-element subsets {7, j }, {k,l} C
{1,2,3,4,5}.

1.4. Let a collection f := {1,2,3,4,5} of five points in general position in the plane be given. For
any four distinct points ¢, j, k, I of the collection, the segments ij and kl either are disjoint or have a
unique common point. Define v(f) to be the parity of the number of intersection points of the segments
ij and kl for all unordered pairs {{i, j}, {k,1}} of disjoint two-element subsets {i,j}, {k,l} C f:

o(f) =Y {lig Nkl : (a5 (k1) C (J;) {i,7} N {k, 1} =0} mod 2.

(a) For the collection fj of five points in the plane shown in Figure 1 to the left we have v(fy) = 1.

(b) v(f) does not depend on f.

1.5. (a,b) State and prove the analogues of Problems 1.4.a,b for six points (in general position in
the plane) decomposed into two triples.

(c,d) State and prove the analogues of Problems 1.2.c,d for points in the sphere.

30f course these assertions are versions of the nonplanarity of K5 and K3 3. But they are easier to prove: it is sufficient
to use Problem 1.1 instead of nontrivial versions of the Jordan theorem. If your solution uses such versions, then please
do not forget to prove them.



1.6. Is it possible to draw without self-intersections graphs Kj and K33 (fig. 1)
(a) on the sphere?  (b) on the lateral surface of the cylinder (Fig. 2)?
(c) on the torus (Fig. 2)?  (d) on the Mobius strip (Fig. 2)?

Figure 2: Torus, Mo6bius strip and a cylinder

The torus is the surface of a doughnut (Fig. 2, left). Or, equivalently, the figure obtained by gluing
the opposite sides of the square in 'the same directions’, i.e. without a twist. The Mobius strip is the
figure obtained by gluing the short opposite sides of a long rectangular strip in ’opposite directions’,
i.e., after a 180° twist (Fig. 2, middle).

Realizability in space
The main problems of this subsection are 1.11, 1.12 and 1.13.

1.7. There exist 100 points in space (i.e. in R?) such that the set of all the segments joining the
points is embedded.

A set of points in space is in general position, if no 4 points of the set belong to one plane.

As Ag

> A
Ay

As Ay

A5 A6

/

Ay

Figure 3: A set of points in general position

1.8. The following sets of points are in general position:

(a) (See Figure 3.) Consider a regular hexagon in a horizontal plane. The set of points Ay, As, As,
Ay, As, Ag exactly above the vertices of the hexagon at the heights 1, 2, 3, 4, 5, 6, respectively.

(b) The points with Cartesian coordinates (t; t*;t3), where t € (0, 1).

1.9. (a) There exist 4 points in space which cannot be decomposed into two groups such that the
convex hull of the points of the first group intersects the convex hull of the points of the second group.

(b) Any 5 points in space can be decomposed into two groups such that the convex hull of the points
of the first group intersects the convex hull of the points of the second group.

1.10. Several points in general position and a point O are marked in space. It is known that for any
three marked points A, B, C there is a marked point D such that the point O belongs to the interior of
the tetrahedron ABCD. Prove that exactly 4 points are marked.

1.11. (a) From any 6 points in space one can choose 5 points O, A, B, A, B’ such that the two-
dimensional triangles OAB and OA’B’ have a common point other than O.
(b) For 5 points an analogous assertion is not true.



A set of two-dimensional triangles in space is embedded, if the following conditions hold:

e triangles without common vertices are disjoint;

e triangles with exactly one common vertex intersect only at this vertex; and

e triangles with a common side intersect only along this side.

These conditions formalize the ‘non-existence of self-intersections in the construction’. Accurate
checking of these conditions in the proofs is required only the first time or when the jury asks to do it
(this will not be the case when these conditions are clear from the construction).

Figure 4: Five points in space: the vertices and the center of a tetrahedron

For instance, in Figure 4 one can see 5 points in space such that the set of all triangles with the
vertices at these points is embedded. Problem 1.11.a shows that no 6 points with this property exist.

1.12. (a) There exist 6 points Ag, Ay, ..., A5 € R3 such that the set of all triangles AgA;A4;,1 < j <
k <5,k # 2 is embedded.

(b) Suppose that we have 5 points in R3. If the set of all triangles with vertices at these points is
embedded, then for each point of R? one of the 5 segments connecting this point and one of given ones
intersects at least one triangle with vertices at given points.

You may prove the existence by an explicit construction of required points. While proving that the
intersection is unavoidable, you can use without proof facts like ‘the surface of a convex polyhedron
splits R? into 2 parts’ if these facts are confirmed by Jury.

B, By, Ajq Akg

Aj Ak Ajp' Akp’
Figure 5: To the problem on a cylinder and on a Cartesian product

1.13. (n) Cone. For which n does there exist n + 1 points O, Ay, ..., A, € R3 such that the set of
all the triangles

OA A, 1<j<k<n,

is embedded? (Items (4), (5) of the problem are accepted separately.)
(Imn) Join. For which [, m, n does there exist [+m+n points Ay, ..., A;, By,..., By, Cy...,C, € R?
such that the set of all the triangles



is embedded? (Items (222), (223), (233) are accepted separately.)
(2n) Cylinder. For which n does there exist 2n points Ay, ..., A,, By, ..., B, € R3 such that the set
of all the triangles
AijAk and AkBkBj, 1<75< k< n,

is embedded? (Items (24), (25) are accepted separately.)
(mn) Cartesian product. For which m,n does there exist mn points A4;, € R? j € {1,2,...,m},
p € {1,2,...,n}, such that the set of all the triangles

AjpA;Arp and  Ap Ar,Aj,, 1<j<k<m, 1<p<qg<n,

is embedded? (Items (33), (34), (35), (44) are accepted separately.)

\d L

Figure 6: So (m,n)-realizations look like

We will call the embedded set of two-dimensional triangles from Problem 1.13.mn an (m,n)-
realization in R3. (A more common term is a linear embedding of the complexr K,, x K,.) An (m,n)-
realization is an annulus if m = 3 and n = 2, or a torus if m =n = 3.

Realizability in four-dimensional space

How to work with four-dimensional space? One can define

e the line as the set of all real numbers;

e the plane as the set of all ordered pairs (z,y) of real numbers = and y;

e three-dimensional space as the set of all ordered triples (z,y, z) of real numbers;

e four-dimensional space as the set of all ordered quadruples (x,y, z,t) of real numbers.

Then one can ‘analytically’ define lines in a plane, lines and planes in three-dimensional space, lines,
planes and (three-dimensional) hyperplanes in three-dimensional space. However, only the simplest
properties of planar and spatial geometric objects are deduced from the analytic definition (or just
accepted as axioms). More complicated properties can be deduced ‘synthetically’ from the simplest
ones (i.e., as in school geometry, without using the analytic definition). Often it is convenient to reduce
a planar problem to a linear one (i.e., to a problem in a line), and a spatial problem to a planar one.
Similarly, the most important approach to the following four-dimensional problems is a reduction to
spatial ones. While solving problems about R*, you can use without proof all rigorously formulated
facts about solutions of systems of linear equations, if these facts are confirmed by Jury.

The definition of an embedded set of two-dimensional triangles in four-dimensional space is analogous
to the three-dimensional case. One should only replace ‘space’ by ‘four-dimensional space’.

An example of an argument with four-dimensional space.

Let us prove that there exist 101 points O, Ay, ..., Ajg in four-dimensional space such that the set
of all the triangles OA;A;, 1 < j <k <100, is embedded. This proof is analogous to the solution
of Problem 1.13.4 (see Figure 7). Take 100 points O, Ay, ..., Ajg in a three-dimensional hyperplane in
four-dimensional space such that the set of all the segments joining them is embedded (see Problem 1.7).
Take a point O in four-dimensional space not belonging to the three-dimensional hyperplane. Then the
points O, Ay, ..., Ajg are the required ones.



Figure 7: 101 points in four-dimensional space; four-dimensional space is shown as three-dimensional
space and a (three-dimensional) hyperplane in four-dimensional space is shown as a two-dimensional
plane in three-dimensional space

1.14. (a) For each two points, which are not in the plane z = y = 0 in R*, there exists a broken line
which connects these points and does not intersect this plane.

(b) For each hyperplane in R?, there exist two points not in this hyperplane such that each broken
line connecting them intersects this hyperplane.

1.15. (a) There exist 5 points in R* which cannot be decomposed into two groups such that the
convex hull of the first group intersects the convex hull of the second group.

(b) Any 6 points in R* can be decomposed into two groups such that the convex hull of the first
group intersects the convex hull of the second group.

In Problems 1.16 and 1.17 it is sufficient to write the correct answers.

1.16. What is the intersection of the 3-dimensional sphere
S® = {(z,y,2,t) ER* | 2 + 9 + 22 +t2 =1}

with the following sets:

(a) the line x = y = z = 0, containing the center of the sphere;

(b) the plane x = y = 0, containing the center of the sphere;

(c) the (3-dimensional) hyperplane = = 0, containing the center of the sphere;

(d) the intersection of the positive sixteenth of R* and the union of the 2-dimensional coordinate
planes, i.e.

{(z,y,2,t) ER* | 2 >0, y >0, >0, t >0 and two of four numbers z,y, z,t are zeros}.

A set of points in R* is in general position if no 5 points from the set are in one hyperplane. For
example, points (¢, 2 t3,t%),t € (0,1) are in general position.

1.17. Eight points 1,2,3,4,5,6,7,8 in general position in R* are given. What is the intersection of:

(a) the line 12 and the hyperplane 56787 (b) the line 12 and the plane 5677

(c) the plane 123 and the hyperplane 56787 (d) the hyperplanes 1234 and 56787

(e) the planes 123 and 5677

(Note that our definition of a general position is different from what is usually accepted in such
problems.)

1.18. (a) There exist 6 points in R* such that the set of all triangles with vertices at these points is
embedded.

(b) There exist 7 points in R* such that the set of all triangles, except one, with vertices at these
points is embedded.

The first item of the following problem shows that an analogous assertion for 7 points is not true.



1.19. Main examples. (a) From any 7 points in R* one can choose two disjoint triples such that
the triangles formed by the triples intersect each other.

(b) Three triples of points in R* are given. Then there exist two intersecting triangles without
common vertices such that the vertices of each triangle belong to distinct triples.

(mn) For which m,n does there exist an (m,n)-realization in R*?

(The definition is analogous to (m, n)-realization in R3, only one should take points from R*.)

(Items (35), (3n), (44), (45), (4n), (55) are accepted separately.)

It may be rather difficult to prove that the intersection is unavoidable without the hints (in the form
of new problems) which will be given after the semi-final.

1.20. There are 100 points in five-dimensional space such that the set of all the triangles with
vertices at these points is embedded.

2 Solutions and hints suggested at the presentation

1.2. (a) A triangle and a point inside it.

(b) Consider points A, B, C, D in the plane.

If some three of these points are on one straight line, then one point, say B, is in the segment with
vertices at the two other points, say A,C. Denote by [XY] the segment with vertices at points X,Y.
Then [AC| N [BD] # 0.

Suppose that no three of these points are on one straight line. If one of the four points is inside the
triangle with vertices at the other three points, then the problem is solved. Suppose that each point
of these four is outside the triangle with vertices at the other three points. Then point D is outside
triangle ABC'. So D is either inside one of the angles symmetric to the angles of ABC with respect to
the corresponding vertex of ABC' or inside one of the angles of triangle ABC'.

Case 1. D is inside one of the angles symmetric to the angles of ABC with respect to the corre-
sponding vertex of ABC'. Suppose that D is inside the angle symmetric to ZAC B with respect to point
C. Then point C' is inside triangle ABD, a contradiction.

Case 2. D is inside one of the angles of triangle ABC, say ZBAC, by the previous arguments and
because no three of these four points are on one line. Point D is outside triangle ABC and inside
ZBAC, so points A and D are in different half-planes bounded by line BC. Then [AD] and [BC]
intersect.

(c) First solution. It follows from 1.4.

(c) Second solution. Assume the converse, i.e., there exist 5 points OABCD in the plane such that
it is impossible to choose such a pair. Then A ¢ OB and B ¢ OA. So A is not in the half-line OB.
So we can think that points A, B,C, D are in the order A, B,C, D if we look at them from point O.
Then triangles OAC and OBD intersect in one point (O). This intersection is ‘transversal’. So, by the
Parity Theorem, (i.e. as in Problem 1.1) AC' N BD # (). Contradiction.

(d) Analogous to the first solution of (c), see Problem 1.5.

1.4. (b) It suffices to prove that for any points 1,2,3,4,s,s’ € R? in general position and sets
A:=1{1,2,3,4}, [f:=AU{s} and [ =AU{s} wehave v(f)=nuv(f").

Let us prove this fact. For each i € A denote by A; the triangle with vertices from A — {i}. Then the
problem follows from

v(f) —o(f) = (Isin A = |s'iNAy) =) |ss' N Al =0 mod 2.
icA icA
The second equality holds because |ss’i N A;| is even for each i € A by the Parity Theorem. The
last equality holds because for each non-ordered pair {i,j} C A there exist exactly two triangles with
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vertices from A containing the segment ¢j. So for each non-ordered pair {7, j} C A the number |ss’Nij|
appears in the sum twice for two triangles A;, A;.

1.5. Statement. Assume that there are six points in general position in the plane. Split them into
two triples f; = {1,2,3} and f, = {4,5,6}. For each two points ¢,j € f; and two points ', j’ € fo, the
segments i7’ and jj" either do not intersect or have only one intersection point. Define v(f, f2) as the
parity of the number of intersection points of segments i’ and 55, ij" and ji’ for each 2-element subsets

{17]} C fl> {i/>j/} C f2
v(fi1, fo) = Z{m' Ngj'l + g ngid| = {i,5} € (J;l), {i',i'} € (J;z)} mod 2.

(a) For the sets f1, fo in Figure 1, right, v(f, f2) = 1.

(b) v(f1, f2) does not depend on f, fo.

(c,d) A spherical line is the intersection of the sphere with a plane containing the center of the
sphere.

a
>

0,00 (1,0)

Figure 8: Gluings of a rectangular strip that yield the torus and the Mdobius strip

1.6. You can draw a graph not only on the torus or on the Mdébius band from fig. 2, but also on a
square ‘respecting’ gluings, Fig. 8.

1.7. Choose three points in 3-space that do not belong to one straight line. Suppose that we have
chosen n > 3 points in general position. Then there is a finite number of planes containing triples of
these n points. Then we can choose a point that is neither of these planes. Add this point to our set
of n points. The obtained set of n + 1 points has no four points in one plane, because the new point is
not in one plane with any three of these n points. So for each n there exist n points in 3-space that are
in general position.

Consider 100 points in 3-space that are in general position. Denote by A the set of all segments
joining pairs of these points. If some two segments from A with different endpoints intersect, then four
endpoints of these two segments are in one plane. If some two segments from A with common endpoint
intersect not only at their common endpoint, then the three endpoints of these two segments are on
one line.

1.8. Use coordinates.
1.13. (n),(Imn), (44) Use Problem 1.11.

3 Solutions presented at the semi-final

If the text on a problem starts with a word hint of answer, then the details (for example, proving
propositions stated or completing solutions) remain for your individual work. You can hand in solutions
of such problems even after the semi-final.

1.3. Answer-solution: 5 - (3)/2 = 15.

1.6. (a), (b). Impossible.



(a) Let there be a graph K5 drawn on the sphere without self-intersections. Remove one point, that
does not belong to K5, from the sphere. We obtain a plane and a graph K5 on it. A contradiction.

(b) The graph K3 is non-planar, and a cylinder can be projected onto a plane without self-
intersections.

(c), (d). Yes, it is possible. The beautiful realizations of a graph K5 on the torus and a graph K33
on the Mobius strip are shown in Fig. 9.

X
\/

Figure 9: Realization of Kuratowski graphs

N—_—

Also there are other solutions. For example, draw one of Kuratowski graphs on the plane with
exactly one intersection and ...

1.9. (a) Any four points that are not in one plane satisfy the statement.
(b) See Radon Theorem at the end of Section 3.

1.10. Hint. Denote by A;, A, ...A,, the marked points. Denote by [; the half-line with endpoint O
that contains point symmetric to A; with respect to point O. Prove the following fact.

Proposition. Consider triangle A;A;Ay. Point O is inside the tetrahedron X A;A;A; if and only if
point X is inside the trihedral angle with vertex O whose sides are half-lines [;, [;, [;..

Consider a tetrahedron whose vertices are marked points containing point O. Without loss of
generality we may assume that this is the tetrahedron A;A;A3A,;. The union of all trihedral angles
with sides [y, ..., [ is the 3-space. Each of these angles must contain a marked point by the Proposition.
The half-line [5 is inside exactly one of those trihedral angles. This half-line ‘splits’ that trihedral angle
into 3 angles each of whom must contain a marked point. The half-line [ is inside exactly one of those
6 angles. This half-line ‘splits’ that angle into 3 angles each of whom must contain a marked point. So
for n > 4 this process is infinite.

1.11. (a) Consider a small sphere with center at any point O of the given ones. The intersection
of this sphere with the union of triangles OAB for all pairs A, B of given points is a graph K5. A
contradiction.

Another solution follows from the Conway-Gordon-Sachs Theorem (Problem 4.5). Note that the
following proof of the Conway-Gordon-Sachs Theorem in fact repeats the reduction to the non-planarity
of the graph Kj as above.

(b) See Fig. 4.

1.13. Answers: (n) n <4; (lmn) at most one of numbers [, m,n is greater than 2;

(2n) for each n;  (mn) either m < 3, or n < 3, or m =n =3, or {m,n} = {3,4}.

(35) Solution. Suppose to the contrary that there exists a (3, 5)-realization in R3.

A triangle © X pqr is the triangle A; ,A; ;A; .

An annulus ij x pqr is the (2, 3)-realization ‘corresponding to subscripts 4, j and p, g, r’.

A torus ijk x pqr is the (3, 3)-realization ‘corresponding to subscripts i, j, k and p,q, 7.

By the Jordan Theorem the torus 123 x 123 splits the 3-space into two parts. The union 14 x 123 U
24 x 123 of the annuli 14 x 123 and 24 x 123 is an annulus. This annulus intersects the torus 123 x 123



along the triangles 1 x 123 and 2 x 123. The annulus 34 x 123 intersects the annulus 14 x 123U24 x 123
along the triangle 4 x 123. The annulus 34 x 123 intersects the torus 123 x 123 along the triangle
3 x 123. Denote by K, x K3 the (4, 3)-realization ‘corresponding to the subscripts 1,2, 3,4 and 1,2, 3".
By a version of the Jordan Theorem K, x K3 splits the 3-space into 4 parts. In the (5, 3)-realization
the vertex Ajs; is joined

e to the vertex A;; by the segment A5,A4,;, for each 1 < < 4;

e the vertex A, ; by the broken line A5 ;A5 ;A4;;, foreach 1 <¢<4,2 <5 <3.

Since subscript 5 does not ‘participate’ in K4 x K3, each of these segments and broken lines intersects
K4 x K3 only at the endpoints. Consider the connected component of R® — K, x K3 that contains the
point As;. The boundary of this component contains the point A; ; for each 1 <i <4 and 1 <j <3,
because this point is joined to As; by a segment or a broken line whose interior is disjoint with K4 x Kj.
Thus this boundary contains 12 points A;; for 1 < i < 4 and 1 < j < 3. On the other hand, this
boundary is a torus, i.e. a (3,3)-realization. Hence this boundary has only 9 points of the given 15
points. A contradiction.

1.15.(a) Five points that are not in one 3-space.
(b) See Radon Theorem at the end of Section 3.

1.18.(a) Take 5 vertices of 4-dimensional simplex and a point inside it.

(b) Let ABC'D be a regular tetrahedron in R* and let E be centre of this tetrahedron. Choose a point
X on the interior of ABCE so that points A, B, C, D, E, X are in general position in R3. Erect a line
[ which is perpendicular to the hyperplane ABC'D and intersects ABC'D at X. Finally, choose points
X1, X5 on [ which are on opposite sides of X. Let us prove that the set V = {A, B,C, D, E, Xy, X»} of
seven points is as required, i.e. the set (g)\AXngD of triangles is embedded.

Let a, 3,7 be distinct points from {A, B,C, D, E'}. Now there are three classes of triangles:

o AN X1 Xsa for a # D;

o AX;ap fori e {1,2};

o Nafy.

It is easy to check that the set of triangles from each class are embedded.

A triangle from class 1 intersects a triangle from class 2 either in a common vertex X; or in a
common edge X;a.

A triangle from class 2 intersects a triangle from class 3 either in a common vertex « or a common
edge af. Finally, let’s consider the intersection of class 1 triangles and class 3 triangles.

Consider the intersection of triangles from class 1 and class 3. A triangle AX;Xsa intersects
hyperplane ABC'D in the line segment X«. Since X lies in ABCFE, we have that XA, XB, XC, and
X E intersect class 3 triangles in at most a common vertex.

Therefore the set (‘g)\AXlX2D of triangles is embedded.

1.19. (a) Analogous to Problems 1.2.c and 1.4. Follows from Problem 4.3.

(b) Analogous to Problems 1.2.d and 1.5. Follows from Problem 4.4.

(mn) Answer: min{m,n} < 4.

(4n) Hint. Let us prove that there exist a (4,n)-realization in R*. Take points 4;;, 1 < j < n
in general position in R* Take an ordered set K of four points in the plane in R* such that the
fourth of them is inside two-dimensional triangle, formed by other three points. For example, K :=
((0,0,0,0),(2,0,0,0),(1,2,0,0),(1,1,0,0)). Take the images of this set under translations by vectors
A;1,1<j<n. Le denote (Aj1,A;2,A;3,A;4) := K+ Aj;. Then:

e for each 1 < j < n point A;, is inside two-dimensional triangle A;;A;2A, s;

e for each 7, j sets K + A;; and K + A, are congrous by translation by vector A;1 — A; 1;

e for each i, j, k all 12 points from the set (K +A; 1) U(K + A;1)U(K + A1) are not in one 3-space
because points A;1, 1 < j <n are in general position.

Deduce from these facts that these points form the required (4, n)-realization in R*.
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(55) Hint. See Problems 4.14 and 4.15.

1.20. Analogous to Problem 1.7. A set of points in R is in general position if no six of these point
are in one four-dimensional hyperplane.

Denote convex hull of set V' by conv(V).

Radon theorem. Given n+2 points in R", one can split into two sets { X1, ... Xy} and { X1, ..., Xpnio},
such that conv{ Xy, ..., Xp} [ conv{Xyi1,..., Xpio} # 0.

Proof. We identify points and vectors in R™. Lets prove that there exist cq,...c,12 € R, some of
which are nonzero, such that

Cle + CQXQ + -+ Cn+2Xn+2 =0 and c1+ - *Cpt+o = 0.

Indeed, consider vectors X; — X, 10, Xo — Xji19,..., Xyy1 — Xyio. Since this is a set of n + 1 vectors
in R, there exists a non-trival linear dependence ¢ (X7 — X,i0) + -+ - + ¢pp1(Xps1 — Xpt2) = 0. Thus
the set ¢y, ..., Cpr1, —C1 — - -+ — Cnpy1 1S as required.

Rearrange our points so that all positive ¢; will be in the beginning. Bring the summands with
negative ¢; to the right side: 1 X1 + -+ -+ Xp = —c1 X — - - - — 2 Xpo. Multiply this equation by a
positive constant such that the sums of coefficients on the left side and on the right side equal 1. The
obtained equation implies that conv{Xy,..., Xi} and conv{Xyi1,..., X,12} have a common point.

4 Problems suggested after the semi-final

Hard Problems about non-realizability could be solved by two different ways. The first way is to
generalize a proof of non-planarity of graph Kj (i.e. the first solution of Problem 1.2.c) using the Van
Kampen obstruction (Problem 1.4). This way is realized in the first subsections of this section. The
second way is to generalize another proof of non-planarity of graph Kj (i.e. the second solution of
Problem 1.2.c). It is based on the reduction to the lower dimension. This way is realized in the second
and the third subsections of this section.

Problems 1.19.a,b are implied by the following Problems 4.3, 4.4. The nonexistence of the (5,5)-
realization in R* follows from a spherical version of the Sachs Theorem (Problem 4.9.b) and the following
Problems 4.14, 4.15. To get closer to this idea, first you could solve the Problem 1.13.53 in other way
using Problems 4.10, 4.11 and also 1.19.a using a spherical version of the Conway-Gordon-Sachs Theorem
(Problem 4.9.a) and Problems 4.12, 4.13.

We call a triangle (in R? or in R?) its contour (i.e. a clozed broken line), and a two-dimensional
triangle a convex hull of its vertices. Analogously we call a tetrahedron (in R? or in R*) the union of its
two-dimensional faces, and a three-dimensional tetrahedron a convex hull of its vertices.

Let us call a (m, n)-realization (in R?® or in R*) also the union of triangles of a (m, n)-realization.

Generalizations of the Van Kampen obstruction

4.1. (a) For each points 1,2,3,4,5,6,7 in general position in R? triangle 123 and two-dimensional
tetrahedron 4567 intersect by finite set of points. *

(b) For each points 1,2,3,4,5,6,7,8 in general position in R* two-dimensional tetrahedrons 1234 and
5678 intersect by finite set of points.

4.2. Find the number of all non-ordered pairs {{i, j, k}, {l, m,n}} of disjoint three-element subsets
of a seven-element set.

4In your solutions of this problem you must not use without proof the Jordan Theorem, that a polyhedron splits R?
into two parts (because the Jordan Theorem is proved using this Problem).
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4.3. Let a set f := {1,2,3,4,5,6,7} of seven general position points in R* be given. For any six
different points ¢, j, k, [, m,n two-dimensional triangles 7jk and Imn do not intersect or intersect at
a unique point. Denote v(f) as the parity of the number of intersection points of two-dimensional
triangles ijk and Imn for all non-ordered pairs {{i,j, k},{l,m,n}} of disjoint three-element subsets

{i,j, k}, {l,m,n} C f:
o L . _
o(f) = Z{mk Nimn| : {{i,5,k},{l,m,n}} C (3), {i,5,k}n{l,m,n} =0} mod 2.

(a) For set fy of seven points from the solution of Problem 1.18.b, v(fy) = 1.
(b) v(f) does not depend on f.

4.4. (a,b) State and proof the analogs of Problems 4.3.a,b for three triples of points in four-
dimensional space such that all nine points are in general position.

Elements of Ramsey linking theory

In this section, we will sketch the proof of the linear cases of the Conway—Gordon—Sachs and Sachs
theorems (Problems 4.5 and 4.8). They will be needed in the impossibility proof in the main four-
dimensional examples and, at the same time, are interesting in themselves. Such statements, as well as
their methods of proof constitute Ramsey linking theory. For more details, see [PS05].

Triangles A and A’ in space whose six vertices are in general position are said to be linked if A
intersects the interior of triangle A’ in exactly one point. For example, triangles Ay AzAs and Ay A4Ag
from Problem 1.8.a are linked.

4.5. Conway—Gordon—Sachs Theorem for linear embeddings. For any 6 points in general position in
space, there are two linked triangles with vertices at these points.

The next problem 4.6 is not necessary for the proof of the Conway—-Gordon—Sachs Theorem, but it
clarifies the notion of linking.

4.6. (a) If one of the triangles A, A’ whose six vertices are in general position, does not intersect
the plane of the other triangle, then A and A’ are not linked.

(b) Suppose that two red points and two blue points are marked on a straight line, the 4 points
being pairwise distinct. We say that the four points are linked if they alternate: red-bue-red-blue or
vice-versa.

Triangles A and A’ are linked < the common line [ of the planes of the triangles intersects each of
them in two points and these pairs of points are linked.

(c) If the vertices of two triangles in space are continuously moved so that they remain in general
position, then the triangles remain linked or unlinked.

(d) Triangles A and A’ are linked if and only if A" and A are linked.

(e) For what positions of the point A; on the vertical line are the triangles A; A3As and As Ay Ag
from Problem 1.8.a are linked?

A plane is in general position w.r.t. a set of points in R? if orthogonal projections of these points
onto the plane are in general position.

4.7. (a) Assume that we have the projection of two triangles on a general position plane, and on
the projection it is shown which of the sides passes above the other at the intersection points of the
projections (as in Fig. 3, left). Then the triangles are linked if and only if the number of intersection
points of the projection at which the first triangle passes above the second triangle, is odd.

(b) Suppose 6 points in general position are given. We say that a non-ordered pair of triangles with
vertices at these points with no common vertices is a splitting of the 6 points. Then the number of
linked splittings is odd.

Two closed quadrangular broken lines ABC'D and A’B’'C’D’ in space whose 8 vertices are in general
position in space are called linked if the number of transversal intersection points of the broken line
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ABCD with the union of the interiors of the triangles A’B'C’ and A’D'C" is odd.

4.8. The Sachs Theorem for linear embeddings. Suppose we are given 4 red points and 4 blue points
in space such that any two line segments with endpoints of different colors have no common interior
points. Then there are two linked closed quadrangular broken lines with vertices at these points each
edge of which has endpoints of different colors.

4.9. (a,b) State and prove analogs of problems 4.5 and 4.8 replacing space by S3. (Linking is defined
similarly to the case of R3. Triangles A and A’ such that no four of their six vertices are in one two-
dimensional sphere with center in the center of S3, are called linked if A intersects a 2-dimensional
spherical triangle spent by A’ in exactly one point. Note that there are exactly two such 2-dimensional
spherical triangles.)

Applications of Ramsey link theory

4.10. Suppose that a closed broken line of length 3 and a (3, 3)-realization N in R? have a unique
common point z, which is their common vertex. Then any sufficiently small sphere S? with the center x
intersects the broken line at a pair of points belonging to one connected component of the complement
S? — N. (Before the half-final the facts like this could be used without proof. But here we suggest you
to prove it to prepare for proving analogous fact for R*.)

4.11. Assume that there exists a (5, 3)-realization in R3.

(a) The intersection of any sufficiently small sphere with the center A;; and the (5, 3)-realization is
the graph K, ‘linearly” embedded into the sphere.

(b) Suppose that in this graph we have a cycle without self-intersections and a pair of vertices not
belonging to the cycle. Then in the given (5, 3)-realization there exist a closed broken line of length
3 and a (3, 3)-realization intersecting each other in a unique point and intersecting the sphere at the
given cycle and the given pair of vertices, respectively.

4.12. Assume that two (two-dimensional) tetrahedra in R? have a unique intersection point x,
which is their common vertex. Then each sufficiently small three-dimensional sphere S? with the center
7 intersects the tetrahedra by a pair of spherical triangles that are not linked in S3.

4.13. Assume that there are 7 points 0,1,2,3,4,5,6 in R*, among which one cannot choose two
disjoint triples such that the two-dimensional triangles formed by these triples intersect each other.

(a) The intersection of a sufficiently small three-dimensional sphere with the center 0 with the union
of all the triangles 0ij, 1 <1i < j < 7, is a complete graph Kg embedded into S®.

(b) For any decomposition {1,2,3,4,5,6} = {4, 7, k}U{p, ¢, r} the tetrahedra 0ijk and Opgr intersect
at a unique point.

4.14. State and prove an analogue of Problems 4.12 for two (3, 3)-realizations in R*.

4.15. Assume that there is a (5,5)-realization in R?.

(a) The intersection of each sufficiently small three-dimensional sphere with the center A;; and the
(5, 5)-realization is the graph K, 4 linearly embedded into the three-dimensional sphere.

(b) For each two disjoint non-self-intersecting cycles in this graph there exist two (3, 3)-realizations
in the (5,5)-realization, which intersect each other at a unique point and intersect the sphere at the
given cycles.

5 Solutions presented after the final

1.1. Cf.[BE82, §5]. Let A, B,C,D,E,F be 6 general position points on a plane. Note that the
intersection of the triangle ABC' and two-dimensional triangle DEF is the union of finite number of
broken lines, each of whom is a subset of ABC. The endpoints of these broken lines form the set
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ABC N DEF. A closed broken line has zero endpoints, an unclosed one has 2, thus the number
|ABC' N DEF)| is even.

1.13. (mn) For m = n = 4. Prove that (4,4)-realization in R® does not exist. Analogous to
the solution of Problem 1.11.a. The intersection of a small sphere with center at A;; with the (4,4)-
realization is the graph K 3 linearly embedded to this sphere. A contradiction.

Form = 3,n = 5. Prove that (3,5)-realization in R? does not exist. Another solution. Analogous to
the proof of non-planarity of graph K5 (i.e. the second solution of Problem 1.2.c). Suppose that there
exists a (5, 3)-realization in R*. Consider a small sphere S? with center at A; ;. The intersection of S?
and (5, 3)-realization is a linear embedding of the graph Ky »

In every embedding the of graph K, , on the sphere there exist two vertices X,Y of a part with 4
vertices that are in different pcomponents bounded by cycle ¥ formed by other four vertices. Without
loss of generality assume that the segments, corresponding to vertices X, Y connect the vertex A;; with
vertices Asq and As;. Denote by vxy a broken line A;;A451A43; and by 7 a torus 145 x 123. Then
Yxy US?={X,Y} and yUS? =

Because on the sphere S? vertices X,Y are in different regions bounded by cycle ¥, the intersection
of v and vxy at the point A, ; is transversal. A contradiction with the Parity Theorem (Problem 4.10).

1.17. (a), (e) A point or the empty set.

(b) The empty set.

(c) A line or the empty set.

(d) A plane or the empty set.

4.1. Similar to 1.1.

4.2. Answer-hint: 7- (3)/2 = 70.

4.3. (a) See the solution of Problem 1.18.b. The intersection of two-dimensional triangle X; XD
and three-dimensional tetrahedron ABCD is a segment [DX]. Since X is inside three-dimensional
tetrahedron ABC'D and D is outside it, we have that [DX] intersects JABCE at a unique point. So
the two-dimensional triangle X; X5 D intersects only one of the two-dimensional triangles with vertices
in other points, i.e. v(f) = 1.

(b) It suffices to prove that for general position points 1,2,3,4,5,6,v,v" in R* and sets

A:=1{1,2,3,4,5,6}, f:= AU{v}, [ :== AU{v'} we have ov(f)=ov(f").

Denote by T;; the 2-dimensional tetrahedron with vertices from A — {3, j}.

v(f)—o(f)= D (uijnTy|=ijnTy)= > winTy; =0 mod 2
{.3}e(3) {i}e(3)
The second equality follows from the problem 4.1.(b). The last equality holds because for any

a,b,c € A— {i}, there exist exactly two tetrahedrons T;, Tix, j, k € (A — {i,a,b, c}), that contain this
triangle. So each summand |vv'i N abe| enters this sum twice. Then v(f) = v(f’).

4.4. Statement. Consider 9 points 1,2,...9 in R? satisfying the following condition: for each
i,i' € f1={1,2,3} i #£i',each j,j' € fo = {4 5 ,6} j # j and each k, k' € f3 ={7,8,9} k # k' we have
that the two-dimensional triangles ijk and i'j'k’ intersect in at most one point. Remark: this condition
is weaker than the condition that points 1,...9 are in general position. Define

v(f1, fa. f3) : < Y Aligknd§®| = (4,7) € f7.(.5) € f3. (k. k)€f3}> mod 2.

(a) Ezample. Consider the graph K33 and call the vertices of one of its parts 1,2,5, of the other
part 3,4,6. Embed this graph in R? in such a way that 1,2, 3, 4 are vertices of a square and no other 4
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points are in one plane. Let 7 and 8 be in different half-spaces cut out by a hyperplane containing the
embedding of the K33, in R?. Finally, take a point, say 9, inside the pyramid 12347.

Check that v({1,2,3},{4,5,6},{7,8,9}) = 1.

(b) Analogously to the Problems 4.3.b and 1.5.

4.5. Follows from Problem 4.7.b.

4.6. (a) It is sufficient to prove that if triangles A and A’ are linked, then triangle A’ intersects
plane containing A and triangle A intersects plane containing 4.

The first fact is obvious. Then the interior of A intersects plane containing A’. So A intersects
plane containing A’.

(b) Let triangle A be linked with triangle A’. By (a) we have that A intersects plane containing A’
so ANl # (. By general position, the intersection AN/ is exactly two points. Now let us prove that the
pairs of points are proved. Denote by A, B the intersection points A N[ and by A’, B’ the intersection
points A’ N {. The intersection of A and two-dimensional triangle A’ is a subset of segment A’B’. So
exactly one of points A and B is in the segment A’B’. So pairs A, B and A’, B" are linked in [.

Let us prove the converse. Let the pairs A, B and A’, B’ be linked in [. Then according to the
previous assertion, A intersects the two-dimensional triangle A’ by exactly one point, i.e. A is linked
with A,

(c) Let us use (b). While moving points so that they remain in general position and the planes
containing triangles are not parallel, the four points in the line [ move continuously, so they are either
always linked or always unlinked. If there is a moment when the planes containing the triangles are
parallel, then by (a) at this moment and during some time before and after this moment the triangles
are unlinked.

(d) Each of these two conditions is equal to the condition from (b).

(e) Denote by t height of point A; above the horizontal plane. The triangles are linked if ¢ €
(—o0; 2) U (3,5; 4,5) U (6; +00) and are unlinked if ¢ € (2; 3,5) U (4,5; 6). This follows from Problem
1.8.a and the following lemma (which is implied by (b)).

The motion Lemma. Let the vertex A of the triangle A be moving with constant velocity along a
segment in R3, and let other two vertices and triangle A’ be fized. Denote by [\, the position of triangle
at the moment t, for 0 <t < 2. Suppose that 6 vertices of triangles A, and A’ are in general position
for each t, exceptt = 1.

o If AyNA" =0 then pairs (Ao, A') and (Ay, A') are either both linked or both unlinked.

o If Ay and A’ intersect in exactly one point, that is not a vertex of these triangles, then exactly one
pair of (Ao, A") and (Ag, A') is linked.

4.7 and 4.8. See [Zi].

4.9. Denote by a spherical segment an intersection of a 3-dimentional sphere and 2-dimentional
angle with vertex at the center of the sphere in R*.

A spherical analogue of the Conway-Gordon-Sachs Theorem is the following statement.

For each 6 points in general position in the three-dimensional sphere there exist two linked closed
trinangle broken line with vertices at these points.

Two closed 4-segment broken lines ABC'D and A’B’C’'D’ in the three-dimensional sphere are called
linked if the number of intersections of a broken line ABC'D with the union of two-dimensional spherical
triangles A’B’C" and A’D'C’ is odd.

A spherical analog of the Sachs Theorem is the following statement.

Suppose we are given 4 red points and 4 blue points in S* such that any two spherical segments
with endpoints of different colors have mo common interior points. Then there are two linked closed
quadrangular broken lines with vertices at these points each edge of which has endpoints of different
colors.

The proofs of these Theorems are absolutely similar to their analogs.
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4.10, 4.12. See [Zu].

4.11. (a) For each triangle of (5, 3)-realization N, not containing vertex A, ;, there exists a ball
with center at A;; that does not intersect this triangle (because there exist a point of this triangle for
which the function ‘distance to A, ;’ reaches its minimum and this minimum is not equal to zero). Since
the number of triangles of NV is finite, there exists a ball with center at A, ; that does not intersect any
triangle of IV, that does not contain A; ;. Consider the bounding sphere of this ball. It intersects only
those segments and triangles of N, which contain vertex A; ;. They are segments A; 1A ,, 411451 and
triangles A;1A4,1A4p1 for each 2 < a <5 and each 2 < b < 3. The intersection of these segments and
triangles with a sphere is

e four points corresponding to segments Ay ;A 4,

e two points corresponding to segments Ay 14,1,

e eight spherical segments connecting points of the first set to points if the second set.

This is a graph K, 5, linearly embedded to a sphere.

(b) See the second paragraph of the solution of Problem 1.13.

4.13. (a) By ¢ denote OiNS3. By the Problem 1.16.b the intersection of a two-dimensional triangle
Oij and sphere S? is a spherical segment i’j’. Thus the intersection of S* with the union of triangles
0ij,1 <i<j <6 is a graph K. It is an embedding since 0, 1,...,6 are in general position.

(b) By the statement, the triangles with different vertices do not intersect. Since points are in general
position, we have that the triangles with one or two common vertices intersect in the corresponding
vertex or side.

4.14. Statement. Given two (3,3)-realizations R* such that their intersection is exactly one point,
their common ‘(1,1)-vertex’. Then each sufficiently small sphere S® with center at this vertex intersects
these (3,3)-realizations in a pair of spherical polygons that are unlinked mod 2 in S®.

4.15. (a) Analogous to Problem 4.11.a.

(b) The length of both cycles is 4. Without loss of generality vertices of the first cycle correspong to
points A; o, Ao, Ay 3, Asq, and the vertices of the second — to points Ay 4, A1, A15 and As;. Then
the first of the required two (3, 3)-realizations is a torus 123 x 123. And the second of the required two
(3, 3)-realizations is a torus 145 x 145.
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6 Additional material: intuitively visual embedding problems

This section is independent of the other ones.
The requirements concerning mathematical rigor in this section are less strict as in the other ones.

Figure 10: Gluing of a handle

A sphere with g handles is the surface obtained by making 2¢ circular holes in the sphere and gluing
g copies of the lateral surface of the cylinder along their boundary circles to the boundaries of the holes
(Fig. 10 and 2,right for g = 3).

Consider n rectangles XY By Ay, k = 1,2,...,n in the three-dimensional space such that any two
of them intersect exactly at the segment XY . An n-page book is the union of such rectangles as it is
shown in Fig. 11 for n = 3, left.

Figure 11: A 3-page book
6.1. Any graph can be drawn without self intersections
) in 3-space;
)

(a
(b) on a sphere with a certain number of handles depending on the graph;
(c) on a book with a certain number of pages depending on the graph;
(
(L

d) on the book with three pages. (Fig. 11).
= Q0O
? l,,.mmnm QO

Figure 12: An annulus

v _4
N

v

An annulus is the surface obtained by gluing the short opposite sides of a long rectangular strip in
"the same direction”, i.e., without twisting (Fig. 12).

6.2. (a) Can one cut the Mobius strip so as to obtain a cylinder?
(b) Can one cut a cylinder and a M&bius strip out of the Mdbius strip?
(c) Can one cut the Mobius strip so as to obtain a cylinder and a Mobius strip?

The Klein bottle is the figure obtained by gluing one pair of opposite sides of the square ”in the
same direction” and the other pair ”in opposite directions”, (Fig. 13).
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Figure 13: Klein bottle: gluing of a rectangular strip (!) and image in R?

6.3. (a) Cut the Klein bottle (Fig. 13)into two Md&bius strips;
(b) Cut the Klein bottle so as to obtain one Mobius strip.

6.4. From the 3-page book (Fig. 11) cut out
(a) a Mébius strip;
(b) a torus with a hole.

6.5. For any 6 points 0,1,2,3,4,5 € R3, if the set of triangles

(a) 0jk, 1 < j <k <5, k#2, is embedded, then the triangles 012 and 345 are linked;

(b) 0jk, 1 < j <k <5, (5,k) & {(1,2),(1,3)}, is embedded, then either the triangles 012 and 345,
or the triangles 013 and 245, are linked;

() Ojk, 1 <j <k <5, (j,k) € {(1,2),(1,3),(1,4)}, is embedded, then either the triangles 012 and
345, or the triangles 013 and 245, or the triangles 014 and 235 are linked.

Solution of Problem 6.1. (a) Draw this graph (possibly, with self-intersection) on the plane such
that the edges are not self-intersecting. If there are points (except vertices) that belong to more than
two edges, then move some edges so that only points of intersection of two edges remain. For each two
intersecting edges lets raise one on them up, so that the intersection dissapear.

Or see solution of Problem 1.7.

(b) Use the idea from the solution of (a).

(d) We may assume that all the intersection points are ‘good’ and are in one line. Let us glue the
third page along this line. Then for each intersection point let us raise one of the edges up into the
third page like a ‘bridge’. So we can delete all intersection points.
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A non-general-position intersection parity
theorem

Jonathan Zung (jonathanzung@gmail.com)

August 11, 2013

1 Introduction

Two piecewise-linear closed surfaces in R* generically intersect in an even
number of points. When the two surfaces are not in general position but
share a common vertex z, we will show that this theorem may be corrected
by adding the linking number between the restrictions of the two surfaces to a
small sphere around z. The main technique is to decompose our surfaces into
tetrahedra, whose pairwise intersections may be studied in R?. Analogous
results hold in the case of a closed surface and a closed curve in R3.

For a triangle 7 = ABC, we define AT to be the 2-dimensional triangle
with these vertices. For a closed broken line 7 = AyA;... A, in general
pOSitiOIl in Rg, define AT = AAoAlAQ + AAOAQAg +...+ AAoAn_lAn, where
+ denotes the symmetric difference of sets. We make the same definition for
spherical polygons.

For two closed broken lines 7; and 73 in general position in R? or S3, we
define their linking number by link(7;,7:) = |AT1 N T2] mod 2. A priori,
the linking number may depend on the order of vertices we chose in order to
construct A7;.

(Main result) Parity theorem for 2 closed surfaces in R*. Let T;
and Ty be the two piecewise-linear, closed surfaces in R* sharing a vertex
x. Assume that their vertices are in general position. Further, let Ti and
T2 be the intersections of T1 and Ty with a small sphere around x. Then

|Te N T2 + lmk(ﬁ,’ﬁ) is even.



2 Proofs

Fix a point x in R*. Let S be a small 3-sphere around z. For any object T,
let T" denote the intersection of 7" with S.

Lemma 1 (easy case). Any two tetrahedra Ty and Ty in general position in
R* intersect in an even number of points.

Proof. The hyperplanes containing 7} and T; respectively intersect in a 2-
dimensional plane 7. Let T} and 7% intersect 7 in the convex polygons P
and P, respectively. By our hypothesis of general position, the vertices of
P, and P, are in general position in the plane. Therefore, P, N interior(P,)
in a union of broken paths or a cycle. The intersections between P, and P,
are precisely the endpoints of broken paths in this set, of which there are an
even number as desired. O

Lemma 2 (harder case). Consider two tetrahedra Ty and Ty in R* sharing
a common verter x. Assume that the seven vertices are in general position.
Let a small 3-sphere S around x intersect Ty and Ty in two spherical triangles

T, and Ty. Then lmkz(ﬁ, fg) + |7y NTy \ z| is even.

Proof. As in lemma 1, let P; and P, be the intersections of T} and 75 with
their common 2-dimensional plane 7. Again, Py Ninterior(P;) is a union of
broken paths or a cycle. The intersections between P, and P, are precisely
the endpoints of broken paths in this set, with the possible exception of x.
Let S intersect 7 in the circle s. In other words, s is the common circle of
T, and T5. Observe that 77 and T5, are linked if and only if they intersect s
in an alternating pattern. This is true if and only if z is an endpoint of a
broken path in P, Ninterior(P;), which yields our theorem. ]

Proof of the main result.

Proof. We may assume that 7; and 7, have only triangular faces. Let T! =
{T1,13,...,T) } be a triangulation of a (possibly singular) Seifert surface
with boundary 7;. By this we mean a set of tetrahedra in R* such that
each face of 77 appears once among the faces of tetrahedra in 7, and every
other triangle appears 0 or 2 times in among these faces. One way to do
this is to choose an arbitrary point v in general position and let T consist
of tetrahedra with base a face of 7; and last vertex v. Similarly, give T3 a
triangulation 7% = {T¢,T5,..., T2 }.



Now we claim that

_ 1 2
TN T \2| =) |TNT)\ = mod 2
4,J
This is because intersections counted on the right side which lie on a face
not in 77 or 75 are counted an even number of times due to the triangula-

tion condition. Conversely, intersections between two faces of 7; and 7, are
counted on the right side precisely once.

Now observe that, triangulations 7" and 7?2 descend to triangulations 7

and T2 of T and T respectively. Again by the triangulation condition, we
have

link(Ti, T) = |ATiNT| = Y |AT} N T2 =Y link(T},17) mod 2

2% 2
Combining our two equations, we get
T 0T\ el +link(T, T) = - (1T N T2\ ol + link(T), T3)) - mod 2

i’j

0 mod 2

The last congruence holds by the two lemmas. Therefore, the left side
vanishes, as desired. O

These results generalize in a straightforward manner to the case where
our surfaces share several common vertices but no common edges. Here, we
should simply sum the linking numbers at each common vertex.

We can also generalize to the case of the intersection between a k-dimensional
and an [-dimensional closed surfaces intersecting in R¥*!. Take as an example
the case of a 2-dimensional surface 7; and a closed curve 75 intersecting in
R3. The definition of the linking number remains |AT1 N T3] mod 2, where
7’2 is now simply 2 points. 77 and 75 still share a common plane 7, and the
proofs of the parity theorems may proceed as above.



A short proof of the Conway-Gordon-Sachs and Sachs Theorems
Arseny Zimin

Abstract

In this paper we present a short and apparently new proof of the Conway-Gordon-Sachs
Theorem about the complete graph at 6 vertices embedded to R? and the the Sachs Theorem
about the the complete biparted graph at 8 vertices. We reduce this theorems to certain
property of the complete graph at 5 vertices and the complete biparted graph at 6 vertices
maped to a sphere or a plane.

Two triangles in the 3-dimensional space whose six vertices are in general position are linked
if the outline of the first triangle intersects the interior of the second triangle exactly at one point.
Points in 3-dimensional space are in general position if no four of them are in one plane.

Rectilinear Conway-Gordon-Sachs Theorem. Assume that siz points in the 3-dimensional
space are in general position. Then there exist two linked triangles with vertices at these points.

Define a 2-dimensional complex as a set of triangles, segments and points in R? that satisfies
the following conditions:

e sides of any triangle from the complex are in the complex

e endpoints of any segment from the complex are in the complex

Two closed broken lines a and b without self-intersections in the 3-dimensional space are linked
if there exist a 2-dimensional complex, denote it by A, embedded to R3, with a boundary a such
that the number of intersection points of A with b is odd and vertices of the broken line b and the
complex A — a are in general position.

Denote by K, the complete graph at n vertices. Denote by K, , the complete biparted graph
at 2n vertices.

Conway-Gordon-Sachs Theorem. Assume that the graph Kg is piecewise-linear embedded in
the 3-dimensional space. Then in this graph exist two linked 3-length cycles.

Remark. The statement of the theorem is meaningful because any 3-lenth cycle in this graph
is a closed broken line.

Sachs Theorem. Assume that the graph K44 is piecewise-linear embedded in the 3-dimensional
space. Then there exist two linked 4-length cycles in this grpah.

Proof of the rectilinear Conway-Gordon-Sachs Theorem.

Let a, b be segments in the 3-dimensional space, S? be a sphere whose center is denoted by O.
Let f:R?— {0} — S? be the central projection with the center O. A segment a is higher than
a segment b, if

o |f(a)N f(b)] =1, and

e O is closer to f~!(f(b)) Na than to f~(f(a)) Nb.

Remark. The set f~'(f(b)) is a 2-dimensional angle with the vertex O and sides joining O
with the endpoints of b.

Lemma 1. Assume that vertices of two triangles are in general position. Denote by A1 A3As the
first triangle. Denote by S* a sphere with the center A, and radius so small that all the vertices
of the triangles except A, are outside S*. If the number of the sides of the second triangle that are
lower than AsAs is odd then these two triangles are linked.



Remark. The condition that the vertices of the triangles except A; are outside the sphere
could be avoided at the price of some complications both in the statement and the proof.

Proof of Lemma 1.

Denote by Ay, As, Ag the vertices of the second triangle. Let f : R3—{A;} — S? be the central
projection with the center A;. By the assertion of the lemma there exists a side, say A4As, of
triangle A;A5Ag such that A;Ajz is higher than A;As. Then the point f~!(f(AA43)) N AyAs is
inside the 2-dimensional triangle A; Ay A3. Since f(AyAj3) is a ark of a circle on S? and f(A,A5Ag)
is a spherical triangle on S?, f(A,Aj3) intersects the projection of the outline of the triangle A, A5 Ag
at most at 2 points. So there is a unique side A4 A5 of the triangle A4 A5 Ag that is lower than A Aj.
Since the vertices of these two triangles are in general position the outlines of triangles A; A;As
and A4AsAg do not intersect. This implies that the outline of the triangle A4AsAg intersects the
interior of the triangle A;AsA; at a unique point f~'(f(A243)) N A4A5. So these two triangles
are linked. QED

Continuation of the proof. Suppose that points A;, As, A3, Ay, As, Ag are in general po-
sition in the 3-dimensional space. Consider the complete graph Kj; whose vertices are points
Ay, As, Ay, As, Ag and edges are segments joining pairs of these points. Consider a sphere S? with
center A;. Let this sphere be enough small to make points Ay, A3, Ay, A5, Ag be outside the sphere.
Consider the central projection f : R3 — A; — S? with the center A;. For ordered pair (e, ¢) of
e, e € K5 denote

, 1, if e is higher than €
eoe = :
0, otherwise

For any edge e € K5 define its linking number

S, = Z eoe

e'e(Ks—e)
Then
E S, = E eoe =
e€Ks (e,e’),e,e’ €K

= Z{|f(e) N f(e')|: {e, €'} is a non-ordered pair of nonadjacent edges of K5} =1 mod 2.

Hence the linking number of some edge, say A;Ajz, is odd. Then Lemma implies that triangles
A1A3 Az and Ay A5Ag are linked.

The first equality follows from definition of S.. The second equality holds because

e for any two edges e, ¢’ € K5 |f(e) N f(e)| < 1 because vertices of K5 are in general position

e if edges e, ¢’ € K5 are nonadjacent and f(e) N f(e') # () theneoe + € oe =1

o if edges e, ¢’ € K5 are adjacent or f(e) N f(e/) =0 then eoce’ + ¢ oe = 0.

The third equality follows from Lemma 2.

Lemma 2. For any general position linear map f : K5 — S? the number of self-intersections of

f(K5) is odd.

This Lemma is known, see e.g. [Sk, §1].QED

Proof of the Conway-Gordon-Sachs Theorem.

Consider a general position plane. Define what means that a segment a is higher than a
segment b analogous to the definition in the linear case but replacing a 'sphere’ with the 'general
position plane’ and the ’central projection’ to the orthogonal projection to this plane’.

Lemma 3. Consider two closed broken lines, denote them by A, B. Consider a general position
plane. Assume that the number of ordered pairs (a,b) of sides a,€ A, b € B such that a is higher
than b is odd. Then these two broken lines are linked.



This Lemma is known, see [?].
Consider a general position plane 7. Consider orthogonal projection f : R® — 7.
For any ordered pair of broken lines (A, B) in the 3-dimensional space denote

AoB 1, if the number ordered pairs (a,b) of sides a € A, b € B such that a is higher than b is odd
O = .
0, otherwise

Denote by a one of the vertices of graph Kg. Denote by Cj; the cycle of edges of the graph
Kg — {a} that does not contain the edge ij. Then the problem follows from

Z abco Cy. = Z (abo Cpe + aco Cy) + Z bco Ch. = Z bco Che =

bece Kg—{a} bece Kg—{a} beceKg—{a} beceKg—{a}

= Z{|f(e)ﬂf(e')| : {e, €'} is a non-ordered pair of nonadjacent edges of Kg—{a}} =1 mod 2,

Hence for some two cycles abe, Cy. of graph Kg the number abc o C). is equal to 1 and Lemma
2 implies that these cycles are linked. QED

Proof of the second equality.

Note that abo Cye = > aboe

e€Cpe
For each i € K¢ — {a} and for each edge e € (K — {a}) there exist exactly two 3-length

cycles in K¢ — {a} containing this edge. So for each edge ij € Kg — {a,b} the number ab o ij
appears twice in the sum  >°  (abo Cy. + ac o Cy.). Analogous for each edge ij € K¢ — {a,c}
bece Kg—{a}
the number ac o 15 appears twice in this sum. Then this sum is even. QED
The proof of the third equality is the same to the proof of the second equality in the linear
case.

The last equality follows from Lemma 4.

Lemma 4. For any general position piecewise-linear map f : K5 — m the number of self-
intersections of f(K5) is odd.

This lemma is the generalization of Lemma 2, see [Sk, §1].

Proof of the Sachs Theorem. Consider a general position plane 7. Consider the orthogonal
projection f : R* — 7. Denote by a, b two vertices of graph K4 from different parts. Denote by
C;; the cycle of edges of the graph K44 — {a, b} nonadjacent to edge ij € K44 — {a,b}. Denote
by zyzt a 4-length cycle of edges xy, yz, 2t,tx € Ky 4

Z CLbZ'jOCZ'j = Z aboC’ij+ Z (ajoC’ij—i—bioCZ-j) =

ijeK4,4—{a,b} ijeK44—{a,b} ij€Ka,4—{a,b}
= Z {If(e)n f(€)] : {e, €'} is a non-ordered pair of nonadjacent edges of Ky4 — {a,b}} =1 mod 2

The second equality holds because for each i € K, 4 —{a, b} and for each edge of K, 4—{a,b,i}
there exist four 4-length cycles containing this edge. So for each edge kl € K44 — {a,b,j} the
number aj o kl appears four times in the sum > (aj o Cyj + bi o Cy;). And analogous for

ijEKs4—{ab}
each edge kl € K, 4 — {a,b,i} the number bi o kl appears four times in this sum. Hence this sum
is even.

The proof of the second equality is the same to the proof of the second equality in the proof of
the rectilinear Conway-Gordon-Sachs Theorem.

The last equality follows from Lemma 5.



Lemma 5. For any general position piecewise-linear map f : Kss — m the number of self-
intersections of f(Ks3) is odd.

This lemma is known, see [?].

The author is grateful to Arqady Skopenkov for productive discussions. The author is also
grateful to Mikhail Skopenkov for reading this paper.
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REALIZABILITY OF HYPERGRAPHS AND RAMSEY LINK THEORY
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ABSTRACT. We present short simple proofs of Conway-Gordon-Sachs’ theorem on graphs
in 3-dimensional space, as well as van Kampen-Flores’ and Ummel’s theorems on nonrealiz-
ability of certain hypergraphs (or simplicial complexes) in 4-dimensional space. The proofs
use a reduction to lower dimensions which allows to exhibit relation between these results.

We present a simplified exposition accessible to non-specialists in the area and to students
who know basic geometry of 3-dimensional space and who are ready to learn straightforward
4-dimensional generalizations. We use elementary language (e.g. collections of points)
which allows to present the main ideas without technicalities (e.g. without using the formal
definition of a hypergraph).
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2 A. SKOPENKOV

‘It’s too difficult.’

‘Write simply.’

‘That’s hardest of all.’

1. Murdoch, The Message to the Planet.

1. INTRODUCTION

1.1. Impossible constructions and intrinsic linking. ‘Impossible constructions’ like the
impossible cube, the Penrose triangle, the blivet etc (see Figure [l and [Io]) are well-known,
mainly due to pictures by M.C. Escher, see also [Br26l, (CKS+| [GSS+|. The pictures do not
allow the global spatial interpretation because of collision between local spatial interpreta-
tions to each other. In geometry, topology and graph theory there are also famous basic
examples of ‘impossible constructions’ (of which local parts are ‘possible’).

) WA

F1GURE 1. The impossible cube, the Penrose triangle, the blivet, an impossi-
ble projection

In this paper we exhibit a striking relation of ‘impossible constructions’ in four-dimensional
space to ‘intrinsic linking’ results in three-dimensional space. Such a relation was found by
M. Skopenkov in [Sk03] and used there to obtain a short proof of the Menger 1929 conjecture
and its generalizations, see Remark [[LOland §I.4l Let us give a beautiful example of ‘intrinsic
linking’.

We abbreviate ‘three-dimensional space R3 to ‘3-space’. Analogous meaning has ‘4-space’.

By a triangle we mean ‘the interior’ of a triangle (more accurately, the convex hull] of
three points).

Take two triangles in 3-space no 4 of whose 6 vertices lie in the same plane. The triangles
are called linked, if the outline of the first triangle intersects the second triangle exactly
at one point. It is not obvious from the definition that the property of being linked is
symmetric. For a proof see e.g. [Sk, Symmetry Lemma 4.2].

E.g. the triangles A;A3As; and Ay A4Ag in Figure [ are linked. (The distance from the
point A; to the projection plane equals j, see Figure 2], left. So the projection in Figure 2]
right, is realizable, as opposed to Figure [I], right.)

Theorem 1.1 (Linear Conway—Gordon—Sachs Theorem; [Sa81l, [CG83]). If no 4 of 6 points
in 3-space lie in the same plane, then there are two linked triangles with vertices at these 6
points.

LA subset of the plane or of R% is called conver, if for any two points from this subset the segment joining
these two points is in this subset. The convex hull of a subset X of the plane or R? is the minimal convex
set that contains X.
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A5 Ae

Ay
Ay

>=\/\ //

F1GURE 2. Linked triangles

Moreover, the number of linked unordered pairs of triangles with vertices at these 6 points
s odd.

See idea of a short proof in Remark Formally, Theorem [I1] is reduced to Proposi-
tion [[.2 below in §2.21 See more results on linking in 3-space in §2.2/ and in [Sk| §4.1 ‘Linking
of triangles in three-dimensional space’].

1.2. Realizability of hypergraphs. Another example of an ‘impossible construction’ is
that one cannot construct 3 houses and 3 wells in the plane and join each house to each well
by a path so that paths intersect only at their starting points or endpointsE

) @ % h

FIGURE 3. Nonplanar graphs K5 and K33

Proposition 1.2 (see proof in §2.1)). From any 5 points in the plane one can choose two
disjoint pairs such that the segment joining the first pair intersects the segment joining the
second pair,

Moreover, if no 3 of 5 points in the plane lie in the same line, then the number of inter-
section points of interiors of segments joining the 5 points is odd.

In this paper we present a natural interesting generalization: beautiful and nontrivial ex-
amples of two-dimensional analogues of graphs non-realizable in three- and four-dimensional
space.

Remark 1.3 (why this expository paper might be interesting). We present a simplified
exposition accessible to non-specialists in the area, see also the second paragraph of §I.0
We state the examples in terms of certain systems of points, see Theorem [[.4] below. So we

’In graph-theoretic terms this means that the complete bipartite graph K3 3 is not planar, see Figure [3]
right.

3This is a ‘linear’ version of the nonplanarity of the complete graph K5 on 5 vertices, see Figure [3] left.

4The first sentence of Proposition indeed follows by the ‘moreover’ part. This is true because for
non-general-position points the first sentence is obvious: if points A, B,C' among given 5 points lie in the
same line, B between A and C, and D is any other given point, then segments AC' and BD intersect. This
is also true because we can make a small shift so that no 3 of 5 shifted points lie in the same line, and
no intersection points of segments with disjoint vertices are added. Analogous remarks can be made for
Theorems [Tl [[.4] below; such remarks are omitted.
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do not use the notions of a hypergraph and its realizability neither for the statements nor
for the proofs. (We do mention hypergraphs because the problem of their realizability helps
to understand the motivation of the results.) For understanding most of the paper it suffices
to know basic geometry of 3-dimensional space and to be ready to learn straightforward
4-dimensional generalizations. We believe that describing simple applications of topological
methods in elementary language makes these methods more accessible (although this is called
‘detopologization’ in [MTW12| §1]).

FIGURE 4. Left: Realization in R? of the complete 3-homogeneous hypergraph
on 5 vertices.

Right: Realization in R3 of the product of the complete graphs on 5 and on 2
vertices.

Such analogues are 3-homogeneous, or 2-dimensional hypergraphs defined as collections of
3-element subsets of a finite set/ For brevity, we omit ‘3-homogeneous, or ‘2-dimensional’.
For instance, a complete hypergraph on k vertices is the collection of all 3-element subsets
of a k-element set. Realizability of a hypergraph in d-dimensional Euclidean space R? is
defined similarly to the realizability of a graph in the plane (one ‘draws’ a triangle for every
three-element subset; see Figures [ and )1 Hypergraphs (and simplicial complexes) play
an important role in mathematics. One cannot imagine topology and combinatorics without
them. They are also used in computer science and bioinformatics, see, e.g.[PS11].

A ‘small shift’ (or ‘general position’) argument shows that every graph is realizable in R3.
A straightforward generalization shows that every hypergraph is realizable in R?.

It is easy to see that the complete hypergraph on 6 vertices is non-realizable in R?® (Propo-
sition Z4la). Already in the early history of topology (1920s) mathematicians tried to
construct hypergraphs non-realizable in R*. Egbert van Kampen and A. Flores in 1932-34

In topology such objects are called pure, or dimensionally homogeneous, 2-dimensional simplicial com-
plexes, but I hope the term hypergraph is more convenient to generic mathematician or computer scientist.
OHere is a rigorous definition. A hypergraph (V,F C (g)) is linear realizable in RY if there is a set of
non-degenerate triangles in R% whose vertices correspond to V, whose triangles correspond to F, and every
two triangles either are disjoint, or intersect only at a common vertex, or intersect only by a common side.
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Akq Aj‘]

Akp Ajp

FIGURE 5. Left: Realization in R? of the square of the complete graph on 2
vertices.

Middle: Realization in R?® of the product of the complete graphs on 2 and on
3 vertices.

Right: Realization in R? of the square of the complete graph on 3 vertices.

proved that the complete hypergraph on 7 vertices is not realizable in R* (Theorem [[.4)). Tt is
both an early application of combinatorial topology (nowadays called algebraic topology) and
one of the first results of topological combinatorics (also an area of ongoing active research).

Before stating Theorem [[.4l observe that ‘typical” intersection of two segments in the plane
is either empty set or a point. Analogously, ‘typical” intersection of two triangles in 4-space
is either empty set or a point. More intuition on 4-space can be developed by reading e.g.
[Skl, §4.7 ‘How to work with four-dimensional space?’], see also Remark [[L.H below.

Theorem 1.4 (Linear Van Kampen-Flores Theorem; [vK32| [F134]). From any 7 points in
4-space one can choose two disjoint triples such that the two triangles with vertices at the
triples intersect.

Moreover, if no 5 of 7 points in 4-space lie in the same 3-dimensional hyperplane, then
the number of intersection points of triangles with vertices at these points is odd.

See idea of a short proof in Remark [[LAl Formally, Theorem [L.4] is reduced to Theorem
CTin §23

An analogue of Theorem [T.4]

e is true for 5 points in the plane or 6 points in 3-space (Propositions and 2Z4Lb);

e is false for 4 points in the plane, 5 points in 3-space or 6 points in 4-space (in R™ take
the n + 1 vertices and an interior point of an n-simplex, see Figure @l left).

Remark 1.5 (lowering of dimension). A striking idea is that the nonrealizability of hyper-
graphs in R* can be reduced to 3-dimensional results due to John Conway, Cameron Gordon
and Horst Sachs (Theorems [T and 2.5]). Before reducing the 4-dimensional results to the
3-dimensional results (§2.3]), we reduce the 3-dimensional results to certain 2-dimensional
results (§2.2)), and the 2-dimensional results to certain 1-dimensional result (§2.I)). Thus
Proposition is reduced to Proposition 2.1l below, Theorem [I.1] to Proposition [I.2], and
Theorem [I.4] to Theorem [I.Tl This pattern is generalized by Theorem below. Because of
such ‘lowering of dimension’ the reader not familiar with 4-dimensional space need not be
scared. See also Historical Remark 2.8

The non-realizability results may be called ‘Ramsey intersection theory’, just as the
Conway—Gordon—Sachs theorem is departure point of Ramsey linking theory. See surveys

[RAD, [PS05).
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1.3. Linking and intersection in higher dimensions. The above relation between in-
trinsic linking in dimension 3 and non-realizability (i.e. intrinsic intersection) in dimension
4 generalizes to a relation between intrinsic linking and non-realizability in consecutive di-
mensions. That is, the above results on intrinsic linking and non-realizability turn out to be
particular cases of a result in arbitrary dimensions (Theorem [LL6]). For simplicity we mention
dimensions higher than 4 only in that theorem and state only the ‘quantitative’, ‘moreover’
parts, omitting the ‘existence’ parts.

Take two k-dimensional simplices in (2k — 1)-space of whose 2k + 2 vertices no 2k lie in the
same (2k — 2)-dimensional hyperplane. The two simplices are called linked, if the boundary
of the first simplex intersects the convex hull of the second simplex exactly at one point.

Theorem 1.6. Tuke any n + 3 points in R™ of which no n + 1 points lie in the same
(n — 1)-dimensional hyperplane.

For n even mark the intersection points of the interiors of convezr hulls of n/2-simplices
with vertices at these points. Then the number of marked points is odd.

If n is odd, then the number of linked unordered pairs of (n + 1)/2-simplices with vertices
at these points is odd.

This is Proposition for n = 2, is the Linear Conway—Gordon—Sachs Theorem [l for
n = 3, is the linear version of a result by Lovas-Schrijver-Taniyama for odd n > 3 [LS98|
Corollary 1.1], [Ta00], and is the linear version of the van Kampen-Flores Theorem for n
even [vK32, [F134].

Theorem is proved by induction on n. The base is n = 1 and is trivial. The inductive
step is proved in §2] for n = 2, 3, 4; the proof for the general case is analogous.

There is also an ‘intersection property’ of odd-dimensional space (Proposition 24lb is an
analogue of Theorems [[L2] [[4] [L6). It is weaker than the corresponding ‘linking property’
(Theorems [[T], [[0]). For ‘unlinking properties’ see Remark [2.0.

1.4. Cartesian product and the Menger conjecture. The (Cartesian) product F' x F’
of two figures I, F’ in R3 is the set of points (z,y,z, 2,9/, 2") € R® such that (z,y,2) €
F and (2/,y,7') € F’. A combinatorial version of this notion is product of two graphs
(not necessarily planar). This product can be considered (although not canonically) as a
hypergraph; see Figure Bl left. In Figure B middle and right, splitting of quadrilaterals into
triangles is not shown.

Karl Menger conjectured in 1929 that the square of a nonplanar graph is not realizable in
R* [Me29]. This was proved only in 1978 by Brian Ummel [Um78] (Theorem B3). A simpler
proof was obtained in 2003 by Mikhail Skopenkov [Sk03]. There is a short formula for the
minimal number d such that given product of several graphs is realizable in R? [SkOBJE
The argument of [Sk03] is based on discovery and use of the relation between linking and
non-realizability phenomena in dimensions 3 and 4 (illustrated in §3.2] and §3.4]).

1.5. Linear, piecewise-linear (PL) and topological versions. We present elementary
statements and simple proofs of the linear versions of the above classical results. PL and
topological realizations (=embeddings) of hypergraphs are defined and discussed e.g. in
[Sk18l §3.2], [SK, §5]. Our proofs are easily generalized to the PL versions [Sk03| [Zi13]. The
‘quantitative’ PL versions of Proposition and Theorems [[LT] [C4] [Sk18| Theorem 3.1.2]

"This formula (generalizing the Menger conjecture) was announced in a 1992 preprint of Marek Galecki.
However, after an extensive search Robert J. Daverman kindly informed the authors of a corresponding result
for manifolds [ARSOI] that there is no longer any copy of Galecki’s dissertation (presumably containing a
proof) available at the University of Tennessee.



REALIZABILITY OF HYPERGRAPHS AND RAMSEY LINK THEORY 7

(analogous to their ‘moreover’ parts) imply the PL versions for almost-embeddings (see the
PL case of [Sk18, Theorem 1.4.1 and 3.1.6]). The latter imply the topological versions (see
explanation in [Sk18| the paragraph after Theorem 1.4.1]).

Proof of the Menger conjecture (see §I.4]) in [Um78] works for the topological version but
is complicated (one computes an obstruction via spectral sequences). Proof in [Sk03] is much
simpler but for the topological version uses the Bryant approximation theorem which is not
easy. A simpler proof could possibly be obtained by proving ‘quantitative’ PL version of the
Menger conjecture (i.e. improvements of Proposition B and Theorems 3.2, B3] analogous
to the ‘moreover’ parts of Proposition [[.2] and Theorems [[.T], [[.4] see Problem [3.9]).

1.6. Comparison with other expositions. The (linear, PL and topological) van Kampen-
Flores theorem has an alternative simple proof using the van Kampen number, see e.g. [SK18|
§1.4], [Skl, §1.4, §5]. That proof and the proof sketched in this paper, are presumably the
simplest known proofs (‘proofs from the Book’). Proofs of the Menger conjecture (see §L.4))
using an analogue of the van Kampen number or the Borsuk-Ulam theorem are not known.

Usually the van Kampen-Flores theorem is proved using the Borsuk-Ulam theorem [Pr07,
§10.3], [Ma03|, §5]. As opposed to this paper (and to the alternative simple proof using
the van Kampen number), this requires some knowledge of algebraic topology. And this
knowledge does not make things simpler: no known proof of the Borsuk-Ulam theorem (see
[Ma03] and the references therein) is easier than direct proof of the van Kampen-Flores
theorem (presented here or in [Sk18|, §1.4], [Skl §1.4, §5]). E.g. the Borsuk-Ulam theorem
is usually proved using the degree analogously to the direct proof of the van Kampen-Flores
theorem using the van Kampen number.

Short algebraic proofs of the linear versions of the van Kampen-Flores and the Conway—
Gordon-Sachs in the spirit of the ‘standard’ proof of the Radon theorem are given in [BM15].
However, those proofs do not generalize to PL (or topological) versions.

1.7. Further generalizations. The results discussed in this survey are in the basis of
ongoing research.

An important area is study of realizability of (higher-dimensional) hypergraphs, including
applications of algebraic topology to algorithmic problems. For recent surveys see [SkO8], §4,
§5], [MTWI11l §1], [Sk18l §3.2]. For a recent application of the relation between intrinsic
linking and non-realizability in computer science see [Palbl [Sk180].

Realizations (=embeddings) are maps without self-intersections. For topological combi-
natorics and discrete geometry it is interesting to study of maps whose self-intersections are
‘not too complicated’. This is similar to study of smooth maps where one needs to study
maps whose singularities are ‘not too complicated’, i.e. to develop singularity theory. An
important particular case is studying maps without triple intersections and, more generally,
maps without r-tuple intersections, see e.g. survey [Sk18, §3.3]. For relation of this subject
to the topological Tverberg conjecture see survey [Sk16] and references therein.

For analogous problem on embedding dynamical systems see [LT14] and references therein.

2. PROOFS AND FURTHER RESULTS

By k points in R? (in this paper mostly d < 4) we mean a k-element subset of R?; so these
k points are assumed to be pairwise distinct.

2.1. Intersection in the plane. Proposition is easily proved by analyzing the convex
hull of the points. In order to illustrate the ‘lowering of dimension’ argument in the simplest
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situation, let us present another proof of Proposition based on reduction to the following
obvious 1-dimensional result.

Take 4 points on a line, 2 red and 2 blue. The red and the blue pairs of points are
called linked if they alternate: red-blue-red-blue or blue-red-blue-red. The following result
is obvious:

Proposition 2.1. Every 4 points in a line can be colored in 2 red and 2 blue so that the red
pair is linked with the blue pair.

Moreover, the number of linked unordered pairs of pairs with vertices at these 4 points is
odd.

Proof of the first sentence in Proposition[I.2. We may assume that O is the unique point
among given ones whose first coordinate a is maximal. Consider a line = b, where b is
slightly smaller than a. Denote by A, B, C, D the remaining points.

C Ry

Bl BQ
D A( Re

19) A
FIGURE 6. Left: to the proof of Proposition L2l Right: to Proposition 2.3b.

If for some two points X,Y € {A, B,C, D} the point X belongs to the segment OY, then
we are done. Otherwise we can assume that the points A, B, C, D are seen from O in this
order, see Figure Then by the following Lemma the outlines of the triangles OAC
and OBD have an intersection point different from O. Hence some two sides of the triangles
have disjoint vertices and intersect. 0

Lemma 2.2 (See figure[d], left). Assume that two triangles A, A’ in the plane have a common
vertex O, and no 3 of their vertices lie in the same line. Then the outlines OA, A’ of the
triangles intersect at an even number of points if and only if the intersection OANA’ contains
only one segment with vertex O.

This lemma is trivial. It is explicitly stated in order to illustrate higher-dimensional
generalizations (Lemmas 2.6 and B.g]).

The ‘moreover’ part of Proposition[I.2lfollows by a simple additional counting analogous to
the proof of the Linear Conway-Gordon-Sachs Theorem [Tl in §2.2] and using the ‘moreover’
part of Proposition 2.1l

The following propositions are proved analogously to Proposition [L.2l They are used for
some 3-dimensional results (Proposition B.1] and Theorems B.2], [2.5)) in §2.2] and §3.2]

Proposition 2.3. (a) (See figureld, right, and Theorem[2.7.) Two triples of points are given
in the plane. Then there exist two intersecting segments without common vertices and such
that each segment joins the points from distinct triples.

(b) (See figure [6, right) Suppose that there are 4 red and 2 blue points By, By in the
plane. Suppose further that any two segments joining points of different colors either are
disjoint or intersect at their common vertex. Then there are 2 red points Ry, Ry such that
the quadrilateral RiByRyBs does not have self-intersections and the remaining 2 red points
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lie on different sides of the quadrilateral. (I.e. a general position polygonal line joining the
remaining 2 red points intersects the outline of the quadrilateral at an odd number of points.)

See more results in [Sk18| §1.1].

2.2. Linking and intersection in three-dimensional space. First we illustrate the ‘low-
ering of the dimension’ idea (see Remark [L.5]) of proof of the Linear Conway—Gordon—Sachs
Theorem [T by proving its weaker versions.

Proposition 2.4. (a) From any 6 points in 3-space one can choose 5 points O, A, B,C, D
such that the triangles OAB and OCD have a common point other than O.

(b) From any 6 points in 3-space one can choose disjoint pair and triple such that the
segment joining points of the pair intersects the triangle spanned by the triple.

Ay

FiGURE 7. To the proofs of Proposition 2.4la and Theorem [[.I. A plane in
R3 intersects the segments OAy, ..., OAs by points A, ..., AL.

Proof of (a). Without loss of generality we may assume that there is a unique ‘highest’ point
O among the given ones. Consider a ‘horizontal’ plane slightly below the point O. Consider
the intersection of this plane with the union of triangles OAB for all pairs A, B of given
points. Now the assertion follows by Proposition .2 0

Part (b) follows from (a). Part (b) is an improvement of (a) and is a spatial analogue of
Proposition [[.2 (without the ‘moreover’ part).
Figure Ml left, shows that the analogue of (a) for 5 points is false.

Proof of Theorem[I. 1. We may assume that O is the unique point among given ones whose
first coordinate a is maximal. Consider a plane x = b, where b is slightly smaller than a.
Denote by A}, ..., AL the intersection points of this plane and segments joining O to other
given points. See Figure [7l

In 3-space a segment p is below a segment q (looking from point O), if there exists a
half-line OX with the endpoint O that intersects the segment p at a point P := p N OX,
the segment ¢ at a point Q := ¢ N OX, P # @, so that ) is in the segment OP. So in
the plane x = b we can draw a figure analogous to Figure [2, right. Since no 4 of the given
points O, Ay, ..., As lie in the same plane, the number of those sides of the triangle A3 A4 A5
that are higher than A; Ay equals to the number of intersection points of the outline of the
triangle A3A4As with the triangle OA;A5. Also, a segment cannot intersect a triangle by
more than 2 points. All this implies that the triangles O A1 Ay and AsA4As are linked if and
only if A1As is below an odd number of sides of the triangle AsA4As.

For the existence of linked triangles it suffices to prove that if no 3 of 5 points in the
plane lie in the same line and the intersection points (different from vertices) of segments
joining these points are marked so as to show that one segment ‘passes below the other’, then
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there is a segment that is below exactly one side of its ‘complementary’ triangle. This can be
proved by considering all possible cases. Instead of giving details, let us present a counting
argument that gives the ‘moreover’ part.

The following numbers have the same parity:

e the number of linked unordered pairs of triangles formed by given points;

e the number of segments A;A; that are below an odd number of sides of their ‘comple-
mentary’ triangles Ay A;A,,, {i,j,k,l,m} ={1,2,3,4,5};

e the number of ordered pairs (A;A;, AxA;) of segments of which the first is below the
second;

e the number of intersection points of segments whose vertices are Af, ..., AL.

By Proposition the latter number is odd. U

The following version of Theorem [l is analogously reduced to Proposition 2Z3\b [Zi13]
and is used for some 4-dimensional result (Theorem B.3)) in §3.41

Take two space quadrilaterals (i.e. closed quadrangular polygonal lines) ABCD and
A'B'C'D’ in 3-space no 4 whose 8 vertices lie in the same plane. The quadrilaterals are
called linked modulo 2 if the number of intersection points of the polygonal line ABC'D with
the union of the triangles A’B’'C’" and A’D'C" is odd. (As opposed to triangles, there are
space quadrilaterals linked but not linked modulo 2 [WI].) Proposition B.7 illustrates this
notion of linking.

Theorem 2.5 (Linear Sachs Theorem; [Sa81]). Suppose that there are 8 general position
points in 3-space, 4 red and 4 blue. Then there are two linked space quadrilaterals with
vertices at these points consisting of segments joining points of different colors.

2.3. Linking and intersection in four-dimensional space. This and the following two
subsections are independent of each other (except that §3.4] uses the statement of Lemma
B.8)), so they can be read in any order.

Proof of the first sentence in the Linear Van Kampen-Flores Theorem [1.]] We may assume
that no 5 of the given 7 points O, Ay, ..., Ag lie in the same 3-dimensional hyperplane (see
the sentence after Proposition [[2]). We may also assume that O is the unique point among
them whose first coordinate a is maximal. Consider a 3-dimensional hyperplane x = b, where
b is slightly smaller than a.

@)

/ A3 / As ;L;\\.A(i

FIGURE 8. To the proof of Theorem[[4l A hyperplane in R* (shown as a plane
in R?) intersects the segments O Ay, ..., OAg at 6 points A}, ..., Ay which are
vertices of two linked triangles.

Take the 6 intersection points A7, ..., Aj of the hyperplane with the segments OA;, ..., O Ag;
see Figure Clearly, no 4 of the obtained 6 points lie in the same plane. Hence by the
Linear Conway—Gordon—Sachs Theorem [[LT] there are two linked triangles with vertices at
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these points. Without loss of generality, the vertices of the first triangle belong to the seg-
ments joining O to Ay, A3, Ay, and the vertices of the second triangle belong to the segments
joining O to Ay, As, Ag. The above triangles are the intersections with the hyperplane of the
tetrahedra OAyA3 A, and O A A5 Ag.

Since the triangles are linked, the outline of A, A5A) intersects the triangle A} AjAf at
exactly one point. Hence either triangles A; A3A, and A; A5 Ag intersect (then we are done)
or the surface of O A; A3 A, intersects the convex hull of OA; A5 Ag at exactly one segment. In
the second case by the following Lemma [2.6]the surfaces of the tetrahedra have an intersection
point distinct from O. Since no 5 of the given 7 points lie in the same 3-dimensional
hyperplane, any two triangles spanned by the 7 points and having one common vertex
intersect only at the vertex. Hence some two faces of the tetrahedra O A; A3 A4 and OA; A5 Ag
have disjoint vertices and intersect. U

Lemma 2.6. Assume that two tetrahedra A, A’ in /-space have a common vertex O, and no
5 of their 7 vertices lie in the same 3-dimensional hyperplane. Then the surfaces OA, OA" of
the tetrahedra intersect at an even number of points if and only if the intersection OA N A’
contains only one segment with vertex O.

This lemma (and Lemma B.8 below) is not as obvious as its low-dimensional analogues
(Lemma and analogous result for a triangle and a tetrahedron in 3-space) because the
surface of a tetrahedron in 4-space does not split 4-space. Lemma is reduced to Lemma
by proving that the intersection plane of 3-dimensional hyperplanes spanned by the
tetrahedra intersects each tetrahedron by a triangle.

The condition on 0ANA’ of Lemma[Z.0lis equivalent to the following: a small 3-dimensional
sphere containing O in its interior intersects A and A’ by two triangles which are linked in
the sphere. Cf. Lemma [3.8

The ‘moreover’ part of Theorem [[4] follows by a simple additional counting (analogous to
the proof of Theorem [Tl in §2.2)) using the ‘moreover’ part of Theorem [L.1]

The following result can perhaps be deduced analogously to Theorem [I.4] from some 3-
dimensional linking result and some 4-dimensional parity lemma.

Theorem 2.7 (cf. Proposition 2Z3la; [FI34]). Three triples of points in 4-space are given.
Then there exist two intersecting triangles without common vertices such that the vertices of
each triangle belong to distinct triples.

Remark 2.8 (historical). Of course general ‘lowering of dimension’ or ‘the link construc-
tion’ ideas are simple and well-known. Proofs of the Radon theorem on convex hullf based
on this idea are given in [Pe72] [Ko|. For a recent application in computer science see [DE94
proof of 2.3.i]. Also well-known is relation between linking and intersection in consecutive
dimensions (e.g. the linking number of two disjoint closed polygonal lines in 3-dimensional
sphere 0D* equals to the intersection number of two general position 2-dimensional disks in
4-dimensional ball D* spanning the two polygonal lines). An elaboration of this idea to a re-
lation between intrinsic linking and non-realizability in consecutive dimensions is non-trivial
(cf. the difference between Proposition Z4la and Theorem [[T]). Proofs that discover and
use that relation seem to have not been published

e before [RST, [RST’], Alexander Shapovalov’s 2003 solution of an olympic problem,
[RSS+, [Zi13] for reduction of intrinsic linking to non-realizability in lower dimension (the
Conway—Gordon—Sachs theorem),

8See e.g. [Sk16, §1] for the statement of the Radon theorem. See [Sk16| §4] for relations between the
Radon, the van Kampen-Flores and the Conway—Gordon—Sachs theorems.
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e before [Sk03, Example 2, Lemmas 2 and 1’|, [RSS+] for reduction of non-realizability
to intrinsic linking in lower dimension (the van Kampen-Flores theorem and the Menger
conjecture, see below).

Remark 2.9 (unlinking properties). (2) There are 5 general position points in the plane
such that every segment joining 2 of these points intersects the outline of the triangle formed
by the remaining points at an even number of points.

This means that every pair of points is unlinked with the triangle formed by the remaining
points. We do not spell out analogous interpretations of properties (3), (4-2) and (4-3) below.

(2') For every 5 general position points in the plane the number of those segments joining
2 of these points that intersect the outline of the triangle formed by the remaining points
exactly at one point, is even.

Proofs of (2,2") are easy and are left to the reader.

In 3-space instead of unlinking properties (2,2") there are a linking property (Theorem
[L.1) and the following unlinking properties.

(3) There are 6 general position points in 3-space such that every segment joining 2 of
these points intersects the surface of the tetrahedron formed by the remaining points at an
even number of points.

(3") For every 6 general position points in 3-space the number of those segments joining 2
of these points that intersect the surface of the tetrahedron formed by the remaining points
exactly at one point, is even.

For (3) we can take points on a helix, see Figure 2 For (3’) we can use the symmetry of
linking [SK, Symmetry Lemma 4.2] to prove that this number is twice the number from the
‘moreover’ part of Theorem [Tl

The odd-dimensional analogue of the ‘moreover’ part of Proposition fails by (3’). So
under transition from dimension 2 to dimension 3 the property of the existence of intersection
is preserved, while the parity of the number of intersections change.

It would be interesting to prove the following conjectures and their higher-dimensional
analogues. (I am grateful to M. Tancer for sending me proof of the PL version of (4-3).)

(4-3) There are 7 general position points in 4-space such that every triangle formed by 3
of these points intersects the surface of the tetrahedron formed by the remaining points at an
even number of points.

(4°-3) For every 7 general position points in 4-space the number of those triangles spanned
by 3 of these points that intersect exactly at one point the surface of the tetrahedron formed
by the remaining points, is even.

(4-2) There are 7 general position points in 4-space such that every segment joining 2 of
these points intersects the surface of the 4-simplex formed by the remaining points at an even
number of points.

(4’-2) For every 7 general position points in 4-space the number of those segment joining
2 of these points that intersect exactly at one point the surface of the 4-simplex formed by
the remaining points, is even.

3. REALIZABILITY OF PRODUCTS AND THE MENGER CONJECTURE

3.1. Realizability of products. For motivations see 1.4l Suppose that we have mn points
A;p, where j € [m] :={1,2,...,m} and p € [n], in 3- or 4-space. For two-element subsets
{j,k} € [m], 7 <k, and {p,q} C [n], p < ¢, denote by jk x pq the collection, or the union,
of two triangles A;,Ax, A, and Aj,Ap, A, having a common side (see Figure [ left). This
union could be, but need not be, a plane quadrilateral. An (m,n)-product is a collection
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of 2mn triangles from
Jk xpq, where 1<j<k<m, 1<p<q<n.

The union of triangles of (m,n)-product is a polyhedral and possibly self-intersecting

e square, if m =n =2 (Fig. [ left);

e lateral surface of a cylinder, if m = 3 and n = 2 (Fig. [ middle);

e torus, if m =n = 3 (Fig. [l right).

A typical example is the Cartesian product of m points in the plane and n points in the
line (or in the plane).

Proposition 3.1. Any (4,4)-product in 3-space has two triangles which have disjoint vertices
but intersect.

Proposition 311 is reduced to Proposition 2.3la in §3.21
In terms of hypergraphs or complexes Proposition 3.1 implies that K4 x K is not linearl
realizable in 3-space. We do not spell out analogous corollaries of the following two theorems]é

Theorem 3.2 (Product; [Sk03]). Any (5, 3)-product in 3-space has two triangles which have
disjoint vertices but intersect.

The Product Theorem [3:2]is reduced to Proposition 2Z3lb in §3.21

Theorem 3.3 (Square; [Um78| ISk03]). Any (5,5)-product in 4-space has two triangles which
have disjoint vertices but intersect.

The Square Theorem is reduced to the Linear Sachs Theorem in §3.41

Example 3.4. The analogues of Theorems[3.2 and[3.3 are false for

(a) (2,n)-products in 3-space for everyn (forn < 4 this is obvious; forn =5 see Figure[],
right: the vertices of the parallelograms are the required 10 points; for n > 6 the construction
is analogous, see §3.2; cf. [RSS’, Theorem 1.5]);

(b) (3,n)-products in 3-space for every n < 4 (for n < 3 this is obvious, see Figure [J,
right; for n =4 the construction is analogous, see §3.3);

(¢) (4,n)-products in 4-space for every n (see §3.4]).

3.2. Realizability of products in three-dimensional space.

Proof of Example[3.4.a. Let (0,0,0),V, Ay, ... Ay, be points in R*® of which no 4 lie in the
same plane. For every p € [n] denote Ay, :=V + Ay,. If V is close enough to (0,0,0), then
the points A;,, j € {1,2}, p € [n], are as required: there are no two triangles with vertices
at these points which have disjoint vertices but intersect.

Indeed, 12 X pq is a parallelogram for every p # ¢. Since no 4 of the points (0,0,0), V,
Aqy, ... Ay, lie in the same plane, for any distinct p, g, 7, s the segments A;,A;, and Ay, Ay,
are disjoint. Since V is close enough to (0,0,0), the same holds for 1 replaced by 2. Then
any two (convex hulls of) parallelograms 12 x pg and 12 x rs that have no common side are
disjoint. Therefore the points A, are as required. O

Proof of Example[3b. Let f: R® — R3 be the rotation through 2F w.r.t. z-axis. Let
(A117 A12> A13a Al4) = ((L 07 1)a (_1a 07 1)a (07 Oa 2)7 (Oa 07 3))

9Proof of Proposition B] shows that even K31 x K31 is not linearly realizable in 3-space. Analogous
improvements of the following two theorems are false.



14 A. SKOPENKOV

Let Ay, = f(A1,) and As, = f(f(Ayp)) for every p € [4]. Cf. Figure [, right. Then the
points A;,, j € [3], p € [4], are as required: there are no two triangles with vertices at these
points which have disjoint vertices but intersect.

Indeed, jk x pq is a parallelogram for every j # k, p # ¢q. Since every two segments joining
points Aj, either are disjoint or intersect at a common vertex, any two of such parallelograms
that have no common side are disjoint. Therefore the points A;, are as required. O

Proof of Proposition[31. (The proof is analogous to Proposition 2.4l) Take a small tetrahe-
dron containing Ap; in its interior. For every j = 2,3,4 color in red the intersection point
of the surface S of the tetrahedron with the segment A;1A;1, see Figure [d left. For every
k = 2,3,4 color in blue the intersection point of S with the segment A3 Ay. (The intersec-
tion of S with the union of the triangles of the (4, 4)-product is the image of a piecewise linear
map of the graph K33 to S.) Then by an analogue of Proposition 23la (cf. [Sk18, Remark
1.5.1.d]) there are 2 < j < k <4 and 2 < p < ¢ < 4 such that the triangles A;; A;,A;; and
A1 A14Ak have a common point other than A;y. Hence without loss of generality the seg-
ment A;,Aj; intersects the triangle Ay A Ak;. So the triangles Aj,A1,A4;1 and Ay A Ak
have disjoint vertices but intersect. [ O

o

./A12 /AQI A51

F1GURE 9. To the proofs of Proposition Bl (left) and the Product Theo-
rem [3.2] (right)

Given 9 points A, j,k € {u,v,w}, in 3- or 4-space denote by T, the body of the
corresponding (3, 3)-product, i.e. the union of products jk X pq (defined at the beginning
of §3.I)) taken for every 2-element subsets {j,k},{p,q} C {u,v,w}. See Figure [ right.
(As opposed to the figure, T, can have self-intersections.) We abbreviate ‘the body of a
(3, 3)-product’ to ‘a (3, 3)-product’.

Proof of the Product Theorem|[3.2. Take a small tetrahedron containing Aq; in its interior.
For every 7 = 2,3,4,5 color in red the intersection point of the surface S of the tetrahedron
with the segment A1 A;1, see Figure[d, right. For every k = 2, 3 color in blue the intersection
point of S with the segment A;; Ay,. (The intersection of S with the union of the triangles
of the (5, 3)-product is the image of a piecewise linear map of the graph K, to S.)

Denote the blue points by By, By. The intersection of a triangle A;; A1 Ay, with S'is called
an arc. Analogously to the last sentences from the proof of Proposition B.] either some two
triangles of the (5, 3)-product have disjoint vertices and intersect, or any two arcs joining
points of different colors can only intersect at their common vertex. In the second case

1014 is here that we use a specific triangulation of Ky x Ky4. Thus the point Aj; is not interchangeable
with other A;,. So we have to consider a tetrahedron instead of a (hyper)plane as in Theorems [I.T], [[.4 and
Analogous remark applies for the proof of the Product Theorem below.
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by an analogue of Proposition 2.3lb there are 2 red points R;, Ry such that the polygonal
line R1B;RsB, formed by arcs does not have self-intersections and the remaining two red
points Rj3, R4 lie in S on different sides of the polygonal line. Without loss of generality,
Ry, By, Ry, B> belong to the segments joining Ai; to Asy, Aqa, Aszr, Ajz, respectively, and
R3, R4 belong to the segments joining Aq; to A4y, Asp, respectively. Then the points R3 and
R4 are intersection points of S and the outline of the triangle A;; A4; As;. The intersection
of SN A1 A4 Asy is a polygonal line joining R3 and R4. The polygonal line Ry By Ry B is the
intersection of S and the (3, 3)-subproduct Ts3. Since R3, R4 lie in S on different sides of
the polygonal line, (S N A11A41A51) N (S N T123) 7& @ Thus A11A41A51 N T123 7& @ Hence one
of the two triangles A1 A4 As, AysA41 As; and some triangle from 77,3 have disjoint vertices
but intersect. O

3.3. Parity Lemmas. For the proof of the Square Theorem we need Lemma whose
simpler analogues were already used above (see Lemmas [2.2] and an argument on a
triangle and a (3, 3)-product in 3-space from the proof of the Product Theorem B.2]).

Proof of Lemma[3.§ allows to exhibit a basic idea of homology theory (i.e. Poincaré Lemma
on the homology of Euclidean space) in an elementary language accessible to non-specialists.
See a similar alternative proof in [Zu] and more on parity lemmas in [Sk18| §1.3], [Skl §4].

In order to illustrate the idea in the simplest situation, we start with a planar version of
a 3-dimensional ‘general position’ parity lemma (Lemma [B.0]) required for Lemma 3.8l

Some points in the plane are in general position, if no three of them lie in the same
line and no three segments joining them have a common interior point.

Lemma 3.5 (Parity; [Sk18, Parity Lemma 1.3.7]). Any two closed polygonal lines in the
plane whose vertices are in general position intersect at an even number of points.

We need a generalization of the following evident fact: if no 4 of the vertices of a polygonal
line and of a tetrahedron in 3-space lie in the same plane, then the polygonal line and the
surface of the tetrahedron intersect at an even number of points.

Some points in 3-space are in general position, if no 4 of them lie in the same plane,
and for every pair, triple and triple of the points the common points of their convex hulls is
the same as the convex hull of the set of their common points. (In particular, if the pair,
triple and triple are pairwise disjoint, then their convex hulls do not have a common point.)
E.g. in general position are

e the set of 6 points in Figure2l (Consider a regular hexagon in a horizontal plane. Point
A; lies exactly above the vertices of the hexagon at the height j =1,2,...6.)

e the set of points with Cartesian coordinates (t;t%; %), where ¢t € (0,1) (‘moment curve’).

A 2-cycle is a collection of (different) triangles such that every segment is the side of an
even number (possibly, zero) of triangles from the collection. The vertices of a 2-cycle are
the vertices of its triangles. The body of a 2-cycle is the union of its triangles.

An example of a 2-cycle is the surface of a tetrahedron (possibly, degenerate). Also, the
(3,3)-product T, defined in §3.2is the body of a 2-cycle.

Lemma 3.6 (Parity). If the vertices of a polygonal line and a 2-cycle in 3-space are in
general position, then the polygonal line intersects the body of the 2-cycle at an even number
of points.

Sketch of the proof. The lemma follows by its particular case when the closed polygonal line
is a triangle (analogously to [Sk18| §1.3, proof of the Parity Lemma 1.3.7]). This particular
case is reduced to (the case when one polygonal line is a triangle of) the Parity Lemma
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by proving that the intersection of the 2-cycle and the plane containing the triangle is the
union of closed polygonal lines. O

Proposition 3.7. Let ABCD and A'B'C'D’ be two closed quadrangular polygonal lines in
3-space no 4 of whose 8 vertices lie in the same plane.

(a) The polygonal lines are linked if and only if an odd number among the following pairs
of triangles are linked pairs:

(ABC,A'B'C"), (ABC,A'D'C"), (ADC,A'B'C"), (ADC,A'D'C").

(b) Assume that Ay, ..., Ay are triangles in 3-space such that Aq, ..., Ay, ABC, ADC is
a 2-cycle and the union of their vertices is in general position. (Such a collection of triangles
is called a coboundary of ABCD.) Assume that Ay, ..., A}, is an analogous collection of
triangles for A'B'C'D’. The polygonal lines are linked if and only if an odd number among
the kk' pairs (A;, A%) of triangles are linked pairs.

Proof. Part (a) is a particular case of (b) for k = k' = 2, Ay, = ABC, Ay = ADC,
Ay =ABC', A, =ADC".

Denote by 0A the outline of a triangle or a quadrilateral A. For a finite set S denote
by |S| the number of elements in S. By = denote congruence modulo 2. Part (b) follows

because
K ko k!
[ABCDN(AB'C'UAD'C)| =) [ABCDNA)[ = Y [(94) NAL.
=1 j=1, j'=1
Here the first congruence follows by the Parity Lemma O

Lemma 3.8. Assume that two (3, 3)-products Tio3 and T45 in 4-space intersect at a unique
point A1y, which is their common vertex, no 5 of their vertices lie in the same 3-dimensional
hyperplane, and the triangles of (3, 3)-products having disjoint vertices are disjoint. Consider
the intersection of the union of triangle of Tia3 containing Ay; and the union of (the convex
hulls of ) tetrahedra Aj31A14A4Ars and Aj3A14AyAsi. Then this intersection contains an
even number of segments with vertex Aqq.

Proof. The conclusion of the lemma is equivalent to the following: a small 3-dimensional
sphere containing O in its interior intersects 1123 and 7145 by two quadrangular polygonal
lines which are linked in the sphere.

Denote by Ay, ..., Ag (A, ..., Ay) those triangles of 7' (of 7”) that do not contain O. Let
OX = conv{{O} U X} be the cone over X with the center O. Then (I'NT") — {0} =0
consists of an even number of points. Hence there is an even number of pairs (4, ') € [9]?
such that the surfaces of tetrahedra OA; and OA’, intersect at an odd number of points. By
(a spherical analogue of) Lemma the latter number has the same parity as the number
of pairs (j,5') € [9]* such that the triangles 7 NOA; and 7N OA), are linked. So the lemma
follows by (a spherical analogue of) Proposition B.7.b. O

3.4. Realizability of products in four-dimensional space.

Sketch of the proof of a weaker version of Example[3.4).c: (3,5)-product in 4-space. Take a 3-
dimensional hyperplane in R* (shown in Figure [I0, left, as a plane in 3-space). In this hy-
perplane take 10 vertices Aj,, where j € [5], p € {1,2}, shown in Figure @ right. Take a
vector v not parallel to the hyperplane. Set A;3 := Aj; +v. (In Figure [I0] left, we see the
lateral surface of the prismoid Ay; AgpAs3As51 As2As3.) Then the points Aj,, 7 € [5], p € [3],
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are as required: there are no two triangles with vertices at these points which have disjoint
vertices but intersect. ]

FIGURE 10. Left: to realization in R* of the product of the complete graphs
on 5 and on 3 vertices.

Right: to realization in R* of the product of the complete graphs on 5 and on
4 vertices.

Sketch of the proof of Example[3.4) c. See Figure [10, right. Talge points \Ajp € R* c RY,
Jj € {1,2}, p € [n] from the proof of Example B4la. Then Ay,A,, = As,As, for every p # q.
Take vectors vz, vy, € R* not parallel to the hyperplane R?* C R*. Denote A;, := Aj, + vj,
j € {3,4}. We can take vz, vy so that Ayy is an interior point of the triangle Ay A12A;3.
Then the points Aj,, j € [4], p € [n], are as required: there are no two triangles with vertices
at these points which have disjoint vertices but intersect. O

FIGURE 11. To the proof of the Square Theorem B3]

Proof of the Square Theorem[3.3. We may assume that no 5 of the given 25 points A;, lie
in the same 3-dimensional hyperplane (see the sentence after Proposition [[2)). We may
also assume that Ap; is the unique point among them whose first coordinate a is maximal.
Consider a 3-dimensional hyperplane x = b, where b is slightly smaller than a.

For every j = 2,3,4,5 color in red the intersection point of the hyperplane with the
segment Aj1A;;; see Figure [Tl For every p = 2,3,4,5 color in blue the intersection point
of the hyperplane with the segment A;;A,;. Clearly, no 5 of the 8 colored points in the
hyperplane lie in the same plane. Hence by the Linear Sachs Theorem there are two
linked closed quadrangular polygonal lines whose vertices are the colored points and whose
edges have endpoints of different colors. Without loss of generality, the vertices of the first
polygonal line belong to the segments joining A;; to Aqo, As1, A1z, A31, and the vertices of
the second polygonal line belong to the segments joining Ay to Ay4, Ag1, A1s, As1. Then the
polygonal lines are the intersections with the hyperplane of the (3, 3)-products T3 and Tiys.
By Lemma [3.8 7723 and T45 have an intersection point distinct from A;;. Hence analogously
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to the last two sentences in the proof of Theorem [[.4], some two triangles of Tj93 and Ti4s
have disjoint vertices but intersect. U

Problem 3.9. Find a subset
M C {{(X,Y),(X’,Y’)} XY, X' Y e (@), XNnX' =0 orYﬂY’:Q)}

such that for any 25 general position points Ay, j,p € [5], in 4-space there is an odd number
of pairs {(X,Y), (X", Y")} € M for which the intersection (X x Y) N (X' x Y') consists of
an odd number of points.

This problem is a particular case of the following generalized Menger problem: Complexes
K, L have non-trivial van Kampen obstructions to embeddability in R™ and in R™, respec-
tively (see definition e.g. in [Fo04], [Sk18|, §1.5] [Skl §5]). Does the cartesian product K x L
of K and L have non-trivial van Kampen obstruction to embeddability in R™T" ¢
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AHGpI/IO,ZLI/IquKI/IG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

DTOT MPOEKT MOCBSIIEH UHTEPECHON 00JaCTH MATEMATHKHU, CBA3aHHON ¢ 3aMoreHusaMu. OObIYHO 3a/IaH HEKO-
TOPBIA KOHEYHbIH HA0Op IMTOK (Uryp HA ILUIOCKOCTH), U MbI IBITAEMCH 3aMOCTHTH IJIOCKOCTh, [IPUKJIA/IbIBAs
TIIJINTKN J:prI‘ K /Ipyl"y TaK, LITO6I)I Memgy HUMHM HE OCTABAJIOCH HyCTbIX MECT. TI/IHOBOﬁ Saﬂa‘leﬁ ABJIAETCA BbIACHE-
HUE BOIMIPOCA, BO3MOXKHO JIW 3aMOIIEHUE C MOMOIIBIO TAHHOIO HADOPa M KaKhe CBOWCTBA MOTYT OBITH WJIH HE OBITH ¥
9TOro 3amoIrenus. i HEeKOTOPHIX HAOOPOB, HAIIPUMEP, BO3MOXKHO JIAIIH HEMEPUOINIECKOE 3aMOIIEHHE IJIOCKOCTH.

Bawm npennararorcsa 3amadn pa3buTbie HA HECKOIBKO ITUKIIOB.

Cpenu 3a1a4 BCTPEYAlOTCd KakK IPOCTbIE, TAK M CJIOXKHBIE, B TOM YHCJI€ €CTb OTKPBLITHIE BOIIPOCHI, PELIEHUS
KOTOPBIX HUKTO TIOKa He Halle/l. Byner 310poBo, eciin Ha, KOH(MEPEHIIUN OYIeT MOIYyYeHO TPOIBUIKEHUE TI0 KAKOMY-
HUOY/IH TAKOMY BOTIPOCY.

A  PasmepHocTh OaNH

Paccmorpum ogHOpaszmMepHbie MO3auKu. [laumkamu TYT SBASIOTCS OYKBBI B KOHETHOM ajihaBUTE, & KPLESHLMU YCAO-
BUAMU TBJISIOTCS 3AMPETHI JIJIT HEKOTOPHIX OYKB CTOATH ApYT 3a Apyrom. O600Imas 3T0 MOHITHE, MOKHO CKa3aTh,
YTO 33/[AETCsI KOHEYHOE YHCJIO 3AIPEIIEHHBIX CJIOB — KOHEYHBIX 0CJIe/I0BaTeIbHOCTEN OYKB. Paspewennbimu sBIIs-
I0TCS CTIOBA, HE COMIEPIKAIIIE 3AMPEIEHHBIX MOICIOB. AHATIONOM 3aMOUWEHUA ABISETCSA CYNIECTBOBAHNE OHECKOHETHO-
ro B 0obe cropounbl ciioBa. Hac 6ymer uaTEpEcOBATH BOIPOC, KAK KOHEYHBIM YUCJIOM 3alPETOB 3a/[aBATh PA3IHIHbIE
CTPYKTYDPHI caoB. Hanpuvep, 3anpersr aa w bb 3a1a10T GECKOHETHOE TIEPHOANHECKOE CI0BO ¢ nepuogom (ab). fcwo,
9TO JAPYTUX PA3PENIEHHBIX DECKOHEHBIX CJIOB C JAHHBIMU 3aIIPETaMU HE MOXKET ObITh.

A.1 Tlycrs 3a1aH0 MHOKECTBO S GeCKOHEIHBIX CI0B B asndasute {a,b}: 3TO CI0BaA COMEPIKAITUE OHY, IBE UIH TPU
OYKBBI b TIOIPSIIT, & OCTATHHBIE OYKBBI ¢ (TIPU 3TOM cepuii OYKB b MOXKeT OBITH CKOJIHLKO YTOaHO). BepHo nn uTo
CyIIEeCTBYeT KOHEYHBIH HAOOp 3AMPEIEHHBIX CJIOB, 33JAI0IINX MHOXKECTBO S7

A.2 TlocumTaiiTe MUHIMAIBHOE HEOOXOMMMOE YUCIIO 3ATPETOB, 9TOOBI 38JIATh CJAEIYIONTAE MEPUOIMICCKAE TTOCITe-
JIOBATEJIbHOCTH, YKa3aHbl ux nepuogabl: (ab), (aab), (aabaabab), (aabaababaabaababaabab).

A.3 PaccMoTpmM MHOXKECTB OeCKOHEUYHBIX CJI0B B ajidasure {a,b}. O6o3naunm depe3 a” cioBo, re OyKBa a HAIW-
cana n pa3 noapsa. CymecTByer iU KOHEYHBIN HAOOD 3aIPeIIeHbIX CI0B, TAKOW YTO PA3PEIIeHHBIMA CJIOBAMU
SIBJISIFOTCS BCE CJIOBA HE CozepzKaliye KyCcKoB ba™b i pa3jiMuHbIX 70 ¥ TOJHLKO OHH?

A.4 Tlycrn Temepb pa3perreHo pacKpalinBaTh OYKBbI B KOHETHOE UHCJIO IIBETOB, TO €CTh, HAIPUMEDP, a1b MOKer
ObITH 3alPEIIEHHBIM CJIOBOM, a Gob yxke mer. MOXKHO Jiu Tenephb 3aaTh KOHEIHOE YUCIIO0 3AIPEIEHHbIX CJI0B
TaK, 9TOOBI PA3PEIIEHHBIMU ObLIA BCE CJIOBA HE CofepsKalme Kycko ba™b (rme B kKadecTse OykB a u b MoryT
BCTPEUYATHCS JIIO0bIE UX OTTEHKH) W TOJBKO OHH?

A.5 Tlycrs MHOXKECTBO S COCTOMT m3 OECKOHEYHBIX CJIOB, COAEPIKAIIMX MOAPS CEPUH JIUIIh U3 YETHOTO KOJIUIE-
crBa OykB a. MOXKHO i 3aJaTh S KOHEIHBIM YUHUCJIOM 3ampeToB? VI3MEHUTCS JIM OTBET, €CJIN Pa3PEeIIaeTcs
pacKpaimBaTh OyKBbI B KOHEYHOE YKCJIO I[BETOB?

A.6 Te xe BOIpOCHI, €CTH CEPUE COCTOAT M3 HEUETHOTO YUCIA OYKB a.

A.7 Tlycts ug = a, u1 = ab, Upt2 = UpUpy1. IlocuuTaiiTe HEOOXOIMMOE MUHUMAIBHOE YHCIO 3AIPETOB, YTOOBI
3a/1aTh OECKOHEYHYIO IIEPUOINYECKYTO [10C/IEI0BATEIbHOCTD C IEPUOIOM Uy,
B Mo3anknu Ha ILJIOCKOCTH

2D ca060 310 GeCKOHEYHAs] KBAAPATHAS PEINeTKa HA IJIOCKOCTH, I/e B KAaXK/I0# KJIeTKe MOYKeT ObITh HAMMCAHA OIHA
u3 6ykB a u b. Ilammepn 3TO Takas »Ke peIneTKka 3alo/JTHeHHAsd OYKBAaMHU, HO KOHETIHASI.

B.1 Haiinure KOHEUHBIH HAOOD 3aIPEIIEHHBIX TATTEPHOB, TAKON 9TO €IMHCTBEHHBIM PAa3PENIeHHBIM OECKOHEIHBIM
3aMOIIEHNEM SIBJISIETCS [MAXMATHOE, T/I€ POJIb OEJIbIX W YEePHBIX KJIETOK UIPAT OYKBBI a u b.



B.2 Paccmorpum MHOXKECTBO S OECKOHEUHBIX 2D-CI0B, TAKUX YTO JIF00AsT CBSI3HAS TIO CTOPOHE KOMITOHEHTa, COCTOSI-
mas u3 Oyks b, (BOKPYT KOTOPOIi PaCIOIOXKeHbl TOJBKO OYKBbI ¢) COCTOMT U3 Y4ETHOrO yncja OyKB. MOKHO i
BBIOPATh KOHEYHOE MHOYKECTBO 3aIMPENIEHHBIX TATTEPHOB, YTOOBI Pa3peIleHHbIMU OeCKOHedHbIMu 2 D-citoBaMu
6bLTH TOJIBKO cioBa u3 S? Kaxoit Oyner oTBer, eciiu pa3pernaeTcs pACKpPaIlMBaTh OYKBbI B KOHEYHOE YHUCJIO
IBETOB”

B.3 Kakoit Oyzer orBer B ciiydae HEYETHBIX KOMITOHEHT?

B.4 Jlokaxkure, 9TO €ClI¥M C MOMOIIBI0 MJIMTOK MOXKHO 3aMOCTHTH 00JIACTH BKJIFOYAIOIIYI0 KPYT MTPOM3BOJIBHOIO
pa3Mepa, TO MOKHO 3aMOCTUTH U TIJIOCKOCTb.

Bynem HasbBarh naumramu KOHEYHBIE MHOTOYTOJBLHUKH, C TIOMOIIBIO KOTOPBIX OYI€M 3aMOIIATH MJIOCKOCTb.
Kaxxaprit Tun nuTKE MOXKHO PACKpAIIMBATDL B KOHEIHOE UHC/IO 1BeTOB. TakuM obpas3om, beckonednbie 2D-ciioBa
9TO 3aMOINEHNsT KBAAPATHBIMY IJINTKAMHU IBYX TUMOB a ¥ b. JIOKAJbHBIE MPABWUIA MPUMBIKAHWS TIJIUTOK B 9TOM
CMBICJIE COOTBETCTBYIOT 33/IAHUIO 3AIPEIIEHHBIX TATTEPHOB.

B.5 PaccMmorpuMm miecTHyTONMbHBIE ITATKH, CTOPOHBI KOTOPBIX JHUOO IMPSIMbIE, JUOO COAEP:KAT BBIMYKJIOCTD HIN
BOIHYTOCTH OJMHAKOBO# (POPMBI, HECKOJIBKO IIPUMEPOB YKAa3aHbI Ha pUCYHKe 1. BoigcHure, mjs pasnamaHbIX
BapHaHTOB IIJIMTOK, MO2KHO JIM IIOJIY4YHUTb 3aMOLIECHHE 6eCKOHe‘-IHOI71 IIJIOCKOCTH, HCIIOJIb3YydAd TOJIbKO IIJIMTKH
3aJJaHHOr0 TUIMa,?

Puc. 1: [IpaBusibHbIe MIECTHYTOJIHHUKY C HACEYKAMHU HA CTOPOHAX.

C Ilepmomu4HOCTh U KBa3WIEPUOINIHOCTD

Bepremcsi B ongsomepHyo curyanuio. CocpesporounMcsi Ha BOIPOCE NEPUOJUIHOCTH, U PACCMOTPUM HOBOE CBONCTBO,
KBA3UNEPUOOUNHOCTG.

C.1 JlokakuTe, 4TO €CJIU ITOCJIEI0BATEIHHOCTD MEPHOINYTHA, TO €€ MOXKHO 33/IaTh C MOMOIIbIO KOHEYHOI'O YHCJIA
3amperos.

C.2 Ilyctb MOXKHO pacKpalinBarTh OYKBbI B KOHEIHOE 9HCJIO IBETOB. IlycTh 3a/1aH KOHEIHBIN HAOOP 3aIPEIEeHHbIX
CJIOB, W M3BECTHO, YTO €CTh Pa3pelieHHble OECKOHEYHbIe CJI0BA. JLOKaKUTE, 9TO €CTh MEPUONIEcKoe BEeCKOo-
HEYHOE pa3penieHHoe CJI0BO.

Taxum 0O6pa3oM, MEPUOINIHOCTH HETb3d M30eKaTh B 0HOpa3MepHoil cutyaruu. Ho Kak gameko Mbl MOXKeM 3aifiTu?

C.3 IlycTb MbI MOXKeM 33/1aTh He Dosiee 1 3amperoB. IlycTh p — HamMeHbIINi TePUoI pa3peIeHHoro caosa. Kakoro
HanbOJIBIITErO 3HAYEHWUST P Mbl MOXKEM JT0OUTHCs T

C.4 Ilycth Temepb MbI MOXKEM 33]aBATh CKOJIHKO YTOMHO 3aIPETOB, HO KOJUYECTBO OYKB B KAaXKIOM W3 HUX HE
OoJiee n. AHAJIOrMYHBIA BOIIPOC, KAKOIO HAMOOJIBIIEro 3HAYEHUS P MbI MOXKEM J00UTHCs?

CitoBO Ha3bIBAETCA K6a3UNEPUOIUNHBLM, €CTTU s JI000r0 marrepHa P, BeTpedaionerocs B HEM, CyIIECTBYeT
9HCJIO T, TAaKOe 9TO P comepkurcs B 1I000M KPyTe paamyca 7.

C.5 JlokaxkuTe, 9TO KarxKI0€ MePUOIUIECKOE CIOBO SIBJISETCS KBA3UIIEPUOINTHBIM.
C.6 Haitiaure HEmepuoOgUIECKOE CJIOBO, ABJIIONICECS KBA3UIEPUOINIHBIM, a TAK:Ke HEKBA3ZHIIEPHUOINIECKOE CIIOBO.

Tenepsb paccMOTpuUM JBYMEPHYIO cuTyaruio. [IOHSITHS NEPUOAMYHOCTYA ¥ KBAZUIEPUOJAUIHOCTH MOXKET OBbIThH JIEIKO
060011enbl (caenaiire 31o). Kak Mbl yBUIMM 11032K€, IEPUOAUIHOCTH TelePb MOXKHO U36exKarb. A BOT KBa3UIIEPUO-
JANYHOCTHU HEJIb34:

C.7 JlokakuTe, 9TO €CJIU C MOMOIIbI0 HAOOpA MOXKHO 3aMOCTHUTH IJIOCKOCTh, TO 3TO MOYKHO C/I€JIATh C ITOMOIIBIO
KBA3UNEPUOIUIECKOTO 3AMOIICHS.



D 3amomenus Pobuncona

IlepBoiit HAOOP, ¢ TIOMOIIBI0 KOTOPOTO MOXKHO COCTABJISITH TOJIBKO HEMEPUOANYECKUE 3AMOINEHNs ObLI OTKPBHIT B
1964 romy Pobeprom Beprepom u comep:xan 20426 mantok. Bosee mpocroit Habop noka3an Ha pucynke 2. O ObLT
orkpbIT B 1971 Padasnem Poburconom. Boinykiiocru u BbieMKy (KOTOPbIE MOT'YT UMETh WJIU HE UMETh CUMMETDHIO)
BBIHY?K/IAI0T BAPUAHT 3aMOIIEHNUs, [IPU STOM JIMHUK HA IJINTKAX O0Pa3yI0T MHTEPECHBIA PUCYHOK.

D.1 [dokaxkure, 9TO MIUTKAME, H300PAYKEHHBIMY HA, PUCYHKE 2 MOYKHO 3aMOCTHUTD IMJIOCKOCTD.

Puc. 2: Illects kBagpaTos ¢ naceukamu. Obparure BHUMAHUE HA Pa3Hyio (GOPMY HACEUEK.

D.2 lokaxkwure, 9T0 10060 TAKOE 3aMOINEHNE HEMEPUOINIHO.

D.3 HaszoseMm podumenem KBaapar, 0Opa30BAHHBINA OTPE3KaMU Ha IJIUTKAX, €CJIM OH IIePEeCeKaeT MEHBIINI KBa par.
Podocrosras KBaapaTa MOXKET ObITh 3aKOJMPOBAHA OECKOHEYHBIM CJIOBOM B YeTHIpEX OYKBEHHOM ajidaBuTe,
rae Kaxkaag OyKBa yroJl, IepeceKaeMblil pOIUTeIbLCKAM KBaApaToM. B Kakmx ciydadx JBa KBaApaTa UMeEIOT
ob1ero npeaka’?

D.4 Hokaxkure, 9TO CyNIIECTBYET HECUETHOE KOJIMIECTBO 3aMOIIEHU, /1aKe C YIeTOM H30METPHUH.

E MHepapxmueckmue 3aMOIIeHNS

E.1 Tlokaxwure, Kak 3aMOCTUTH MJIOCKOCTH C MTOMOIIBIO TIUTOK, n300parkeHHbIX HA pucyHke 3. IIBera Todek mosrx-
HBI COBITAIATh B MECTE COMPUKOCHOBEHUS MJINTOK. JTOT HAOOp mpuayman B 1974 romy.

E.2 Anajorngssiii BONpPOC, MOKAYKUTE, KAK 3aMOCTUTD MJIOCKOCTH € TIOMOIIBIO TIJTUTOK, H300PasKeHHbIX Ha PUCYHKE
4. 9ot HabOp mpuayMaH B Hadage 90-bIX.

.

Puc. 3: Tpeyrosbauknu ¢ pa3ninaabiMu Hacedkamu. Bepxuane yribst coorBerctBerHo 108° u 36°.

E.3 MoxHO jiu 337aTh 3aMOIIEHUs B IBYX MPEABIIYIIIX 33/Ia9aX KOHEIHBIM HAOOPOM JIOKAJIHHBIX MATTEPHOB, €CJIN
HEJIb3sl UCIIOJIb30BATh I[BETOBLIE METKM, HACEYKHU HA CTOPOHAX M TOMY IOm00HOe?

IIycts MBI coOCTaBUIM M3 TJIMTOK HECKOJIBKO MAKPOILIMTOK. KCanm Kakast MaKpOIINTKA, MPEJICTABAIET CO0OM
durypy nmomobuyio coorBeTcTByIONei mauTke (¢ o0mmM J1jig Beex KodddummenTom momodusi) TO MbI MOXKEM IIPO-
JIO/IKUTH pa30ueHne M COCTaBUTh MAKPOILIMTKH BTOPOTO YPOBHS MO TOMY ke mpuHIuimy. [Ipomgomkas B TOM xe



Puc. 4: Notched L-shaped tiles.

JIyXe, Mbl MOKEM II0JIYYUTh 3aMollenne miockocru. Coco0, ¢ HOMOLILI0 KOTOPOIrO MaKPOILIUTKHY COCTABJIAIOTCA U3
TJINTOK, OyIeM HA3bIBATH MOJCMaH06KoU. Takoil crocod moCTpOoeH st 3aMOINEHNH HAZBIBAETCS UEPAPTUHECKUM.

Puc. 5: [Ipumep momcTaHOBKH.

E.4 JlokaxuTe, ITO MEpapXUuecKue 3aMOIIEHNST HEMEPUOTUIHHI.

E.5 Kaxmas n3 m300pakKeHHBIX HA PUCYHKE 6 MOJACTAHOBOK 33/1a€T MHOYKECTBO 3amornennii. st kaxxmporo n3
9THUX CJIy9YaEB BBISCHUTE, MOYKHO JIW OMPEIEINTh COOTBETCTBYIONIEE MHOKECTBO C TIOMOIIBI0 KOHEYHOrO HAOOPa,
3aIpeIeHHbIX MATTEPHOB — CBA3HBIX COUYETAHNH HEMEPEKPHIBAIOIIUXCS TIJINTOK 7

Baxkupiit pe3ysbrar B MaTeMaTUKe 3aMOIEHUH, moryd9eHHbril B 1998 romy, 3aKk/109aercs B TOM, YTO AJId 3 aH-
HOI TOACTAHOBKM MJINTOK, UX MOXXHO PacKpacuTh B KOHEYHOE YHCJIO [BETOB TaK, YTO MEPaAPXUIECKOe
3aMOIIleHrEe MOXKeT OBbITH OIIPEeIeJIEHO C MOMOIILI0 KOHEYHOro YHcJia 3alpelieHHbIX ITaTTepHoB. B aToM
cJIydae TOBOPAT, UTO ITHTKH MOTYT OBITh TeKOPHPOBAHBI.

E.6 Moxere 1 BbI JEKOPUPOBATH MJINTKHU JJIsI TOJICTAHOBOK U3 MPEIbIAYINEH 338491 TaK, 9TOOBI COOTBETCTBYIOIINE
3aMOIIECHHS 3aJABAJINCH KOHEIHBIM YHCJIOM 3aIPEINeHHbIX MaTTePHOB?

Puc. 6: Tloncranosku (KpaiiHss copaBa: ILIMTKUA MOMOTETUYHBI HO HE MU30METPUYHBI).



AHGpMOﬂquCKHG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

F Camocbopka

F.1 IlammepHrom HA3BIBaETCs CBsS3HAS 00JIACTH O€3 JBIP, MOKPHITAS HECKOJbKUMU IJINTKAMU, BBIIOKEHHBIMU IO
npaBmwiaM. IlaTTepH HA3BIBAGTCS MeEPMEbLM, €CITH OH HE MOSBISIETCS HE B KAKOM 3aMOIIEHUH TI0CKOCTH. Haii-
JIATE MEPTBBIH MATTepH Jiist Habopa IJIMTOK Ha PUCYHKaX. 2—4.

F.2 Jokaxkure, 9T0 B JI0O00M HAOOPE ITUTOK, KOTOPBI MOMKET 3aMOCTHUTH ILJIOCKOCTH TOJBKO HEITEePHOINIECKH,
CyIIECTBYET MEPTBBIH HATTEPH.

Ilycrs onpeseneHa HeKOTOpast TIOOATbHAS KOHCTAHTA MeMNepamypa i 3aJIal 6ec sk KaXKJIOTrO TIUTOYHOTO pebpa.
Cxema camocbopru 1is HADOPa MEKOPUPOBAHHBIX MHOTOYTOJBHBIX IJIHTOK 3TO MPOIECC MPOBOAMMBIN 110 CIey-
omuM mpasuaaMm. Ha mepBoM mrare mporecca BBIKJIAAbIBaeTCA Jobasa mintka. Ha N 4 1 mare mporecca K yxKe
BBLIOXKEHHOMY KYCKY TIO MTPABUJIAM MPUKJIAIBIBAETCS IINTKA, TPUYEM CYMMa, BECOB HA ee pedpax, KOTOPhIE COBMAJIN
¢ pebpaMu yrKe yCTaHOBJIEHHBIX paHee IJINTOK, MOJI’KHA ObITh HE MeHee ueM Temmeparypa. lIpormecc ocraHaBInBa-
eTcs, KOrJa K yKe MOCTPOEHHOMY KYCKY HeJIb3s JOOABUTH HU ONHON IJINTKH.

F.3 IlycTb moxm BecOM MOHMMAETCH KOJIWUYECTBO MATEH, a TeMmneparypa paBHa 2. Kakwe marTepHbI MOTYT OBITH
MMOCTPOEHBI € MOMOIIBIO CXeMbI CAaMOCOOPKH, UCIOIB3YEMOI ¢ IINTKAME Ha pUCYHKE 7 7
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Puc. 7: Cxema camM0ocOOpKHY JjIs TEMIIEPATYPHI 2, ¢ BECAMHU Ha Pedpax PABHBIMU UUCJY ISITEH.

OO61uuit pe3ysibraT yTBEPKIALT, 9TO eCIIH 33/JaHa TOJACTAHOBKA HA HADOPE IJIMTOK, TO MOXKHO BbIOPATH TEMIIEPATY DY,
Beca, M CyIIECTBYET CXeMa CaMOCOOPKH [IJIst 3TOr0 HabOpa, Takas uTO BCE 3aMOIIEHNs] MOTYT ObITH MOCTPOEHBI 3TO
nepapxXuvyecKue 3aMOINEeHN, 33/JaHHbIe 3TON MMOICTAHOBKOM.

F.4 Moskere i BbI HANTH CX€MbI CAMOCOODPKHY JIJIST TTOACTAHOBOK W3 IMUKJI0B D u K7

G 3Bamommenusa pombaMnu

G.1 [oxaxuTe, 9TO MOKHO 3aMOCTUThH TJIOCKOCTH C MOMOIIBI0 KBAIpaTa u poMba n300paskKeHHBIX Ha PUCYHKE 8.

G.2 B nponomkenue mpegabIayIne#t 3a1aun, TPUIyMaiTe 3aMOITIeHNe, UCMOIB3YIoNIee KaK MOKHO MEHbITIee KOJIH-
YeCTBO KBaJIPaTOB.

G.3 BepHo /H, 9TO BCe 3aMOINEHHUS W3 MEPBOM 33041 ITOTO IUKJIA, ABIAIOTCS KBA3UIEPUOINTHBIMHA.

G.4 Pemmre 3amaun G1-G3 mst Habopa TINTOK, COCTOAIIEro n3 pombos Ha Puc. 9



Puc. 8: Cepnriit kBagpar n 6esbiii pom6 (ocTporiii yron 45°).

Puc. 9: Cepbie pombbt (ocTpsiit yroa 72°) u Gesbiit pom6 (ocrpsiii yroa 36°).



AHGpI/IO,ZLI/IquKI/IG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

JlonmoaHureabHbIe MOACKA3KU Jd HOCTPOEHUS AEKOPAaIuili mepapxXxmyecKuxX 3aMoIie-
HUIA.

PaccmoTpum 1oapo0HEee MOACTAHOBKY C pa3bHeHueM TPANelUy Ha YeThIpe TpaIeuu MeHbinero pasmepa (Pu-
cyHOK 1). MOXKHO 3aMETUTH, YTO YeThIpe ILIUTKUA 00pa3yloT MakKpOILIUTKY, YEThIPEe MAKPOILIUTKU 00Pa3yloT MaK-
POILIMTKY CJIEAYIONIEro yPOBHA W TakK JaJjiee. Mbl XOTUM BBECTH HEKOTOPBIE JIOKAJbHBIE MPABUJIA, YTOOBI U3 TLIH-
TOK MOXKHO OBIJIO COCTaBJIATH TOJHKO HEMEPUOINIeCKHe MO3auKu. Iy 3TOro Hy?>KHO OPOKOHTPOJIUPOBATH, YTOOLI
IUINTKY IPUCTABJISIIACH APYT K APYrY TOJIBKO B COOTBECTBUU C IIPABUJIAME HOJACTAHOBKU. MbI OyzeM ucrosibp30BaTh
HEMHOTO JIPYTO# CIOCo0 3a/IaHus JIOKAJIbHBIX TTPABUIL.

Y-

Puc. 1:

Beenem HeKOTODBIN s3bIK, KOTOPBIH KOAUPYET PA3InYHbIe BUIbI BEPIIUH U pedep y HauX miuToK. IIpasusbrot
MOBaWKO#t OyIeM HA3BIBATH 3aMOIIEHHE TLIIOCKOCTH TIOJIY9€HHOE C TIOMOIIHIO YKA3aHHOMN TTOJICTAHOBKA C TPAITEIWSIMHU.
IIpasusvroimu OyaeM HA3BIBATH TE MATTEPHBI, KOTOPhIE TPUCYTCTBYIOT B MPABUILHON MO3aUKe.

C omHOiT CTOPOHBI, MBI ONpE/IE/IsieM PAa3METKY Halleil MoJCTaHOBOYHOM CUCTEMbI, a C JAPYroil JoKa3biBaeM (WH-
JYKIMEdi 110 PAHIy) 4TO pasMeTKa JeIaeT BO3MOXKHBIMU TOJIBKO MPABUJILHBIE MO3AUKH.

E.7 Ilokaxkure, 910 M00Ad BEPHIMHA HA TMPABAILHOM NATTEPHE OTHOCHTCA K OJHOMY W3 TPEX THIIOB, M300pa-
enHpIx HA pucynke 2. (Tpamemun, oKpyzKaomue BePIMHBI MOIYT GbITh MAKPOIUIMTKAMHE JIOOOTO Pa3Mepa).
Takzke HOKazKuTe, 910 J11000e PEOPO MAKPOILIUTKY HA TAKOM IIATTEPHE OTHOCUTCA K OJHOMY W3 IIATH THIIOB,
MOKa3aHHBIX Ha pucyHKe 3. [TokaxknTe, 9TO KaxKJast CTOPOHA MAKPOIUINTKY SIBJISETCS GONBITNM OCHOBAHUEM
B JIBYX KaKHUX-TO (MaKpO)IINTKAX.

N A

Puc. 2:

Puc. 3:



E.8

E9
E.10

E.11

E.12

Kak xommpoBars pedpa miamntok? PeOpo KaxKmoi manTKu OyIeT WMeTh TOT K€ THUIM, KaK y MaKCHMaJIbHOTO
pebpa, 9acThbi0 KOTOPOro OHO sBjsieTcs. TakuM o0pa30M, y MINTKHA YeThIPEe BEPIIUHBI U YeThIpe Pedpa, TUIIOB
KOTOPBIX KOHEYHOE KOJIN4YecTBO. Vmess 3anperoB mojiyvaeT HOBOE 3By4YaHUEe — MOXKHO PAaCCMATPUBATH TMYyTH HA
MO3anKe, KOJUPOBAHHBIE ITOCTIEI0BATEILHOCTSIME THUIIOB pedep W BEPINNH, ¥ KOHCTPYHPOBATDH 3aIPEThl TAKUX
nmyTei

[IpuBeuTe npumep mocaemoBarenbHocTeil Buga XY Z, roe X, Z — tunsl pebep, Y TUIT BEPIINHBI, KOTOPHIE HE
MOr'YT KOJMPOBATb HUKAKON IyTh, JIe2KAIIUA Ha NPABUJILHON MO3auKe.

Hara miesib cocTouT B TOM, 9T00BI ONEPUPY S 3AIPETAMU Iy Teil, 00eCIednTh, YTO0bI €IMHCTBEHHBIM BO3MOXKHBIM
3amorenreM ObLia ObI mpaBuIbHasg Mo3anka. Ho s aToro MeTos 3amperoB myTeit Tpedyercs 10padoTaTh.

Beenem gomonaurensHil Tun BepinuH D, o OyayT 0603HAYATH BEPITUHBI HA OOJIBIIIOM OCHOBAHWUH, YIABCTBYIO-
e B pa3bueHuu IMTKK HA cieayioeM yposae pasouenus (puc. 4). [Ipu panpueiimmx pazbuenusx Ha 3TOM
GOJIBIIIOM OCHOBaHUH Oy/1yT 06PA30BBIBATHCS y2Ke Bepiuubl Tuia C.

DC C,D

Puc. 4:

Taxzke BBeJeM JONOJHHATENbHLIE HBeTa epinnH C. s KazKa0il TaKo# BepIIMHBI MOXKHO HAUWTH ILTUTKY, Ha
GOJBIIOM OCHOBAHHH KOTOPOH OHA JIEXKHT. ByIeM CYATATh, YTO BEPIIMHBI, PACIOJIOMKEHHBIE MEXKIY KPaeM
OCHOBAHHUSA M BEPIIMHON Tumna [ mMeeT IBeT ONMH, a BEPIIMHBI, PACIOJJOXKEHHBIE MEXKIy OBYMS BEPIIMHAMHE
tuna D (MOXeT ObITH JaJIEKO OT HUX) UMEIOT IBET JBA.

Takxke Ham mOTPeOYIOTCH TOMOTHUTEIbHBIE 1BETa pebep. JIoboe pebpo mbo sBiasgercs pedpoM camMoil Mel-
KOl TLIUTKH, JTUOO JIEXKUT HA KAKOM-TO OOJIBITOM OCHOBAHHK HEKOTOPO# MakpomauTtku. [IBerom pebpa Oymem
canrarh ynopsinouernyto napy "6occos" (X,Y), rne X n Y — tvnel BepmmH (¢ nBeTaMm) B KOHIAX 3TOTO GOJIb-
II0r0 OCHOBaHUSA (MJIM B KOHIIAX CAMOro pebpa, ecyiu 3T0 pedpo camoii Meskoi miutku). [TockoabKy Mbl Oymem
TOBOPUTH O MYyTHAX, peOPO MMEeT HAIPABJIEHWE MPOXOXKICHUS W yIOMUHAsS PeOpO, Mbl MOYKEM CKa3aTh KAKOM
"6occ"ocTasicsa mo3aay, a Kakoi — 60cc Brepeu.

Ha KapTHHKE C 9€TbIPbM#A BBIIIOTHEHBIMHU IMOACTAHOBKaAMH YKa?KHUTE THUIIbI BEPIINH U pe6ep C UX IIBE€TaMH.

Kaxkue tunbr pebep BBIXOAAT U3 BEPIIAH KAXKIOTO THIA !

Takum 0Opa3oM, MBI MOYKEM MTPOHYMEPOBATH BXOAAIINE PEOPa, I KaXKIOrO TUTA, y3/a. 10 ecTh, MOXKHO CJie-
JATH OTKY/Ja IyTh BOIIEJ B BEPITUHY W Ky/a BhIIea. BymeM 3ampemars JOCTATOYHO KOPOTKUE IMTYTH, KOTOPBIE
He BCTPeYaroTcd Ha MPABUIBHBIX IMATTEPHAX, PACCMATPUBAs KAXKIBIM MyTh KAK KOHEYHYIO MOCTIEI0BATEIb-
HOCTH 9epeIyOMUXCsS BEPIINH 1 pedep, C 3alOMUHAHUEM [0 KAKOMY peOpy MbI BXOIWM B KaXKIyIO BEPIIUHY U
IO KAKOU BBIXOIMM.

Kakne mytu Ham0 OOBLABUTH 3alPENIEHHBIMHU, YTOOBI IIyTh MO pedpaM, COCTABJAIONIUM OOJIBIIOE OCHOBAHUE
HEKOTOPO# TINTKHU, O0S3aTEbHO COMEpYKaj POBHO nape Bepimuubl C u ocTajbHbe [, He CUMTasT KPANHUX
BepiiuH?

IMonpoGyiiTe onucarh HAOGOP 3aMpPEIEHHBIX MyTel (MOC/IeI0BaTEeIbHOCTENH) rapaHTUPYIOINX, YTO U3 MJIUTOK
MOXKHO OyZIeT COCTAaBUTH 3aMOIIEHUE W ITO OyJAeT 00sI3aTeIbHO TTPABUIHHAST MO3AWKA.
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This project is devoted to an interesting area of mathematics called tilings. We consider some finite set of
tiles (figures on the plane) and try to cover the plane by placing our tiles next to each other such that there
are no empty spaces between the tiles. The main question is to understand how the local constraints (due to
the way tiles can fit next to each other) enforce global properties of tilings. In particular, an interesting global
property is non-periodicity, and a tile set which can form only non-periodic tilings is said to be aperiodic.

There are a lot of problems separated into several cycles. Some problems are simple, some other more
complicated, and some are even open questions: it would be great if someone make an advancement for these
problems.

A One dimension

Let us consider the one dimensional case. Tiles can be seen as letter over a finite alphabet, and tilings as
two-side infinite words. We call pattern of a word any of its finite subwords. Letter are allowed to stay
next to each other or not, and a common way to specify such constraints is to give a finite set of forbidden
patterns. For example, if aa and bb are forbidden, then the only infinite word that can be formed is periodic
with period (ab).

A.1 Let us consider the set S of infinite words in the alphabet {a,b} which contain runs of b’s of length at
most three. Does there exist a finite set of forbidden words determining the S7

A.2 Count the minimal number of forbidden words to determine the following infinite words (given by its
periods): (ab), (aab), (aabaabad), (aabaababaabaababaababd).

A.3 Consider the set of infinite words over the alphabet {a,b} where the patterns (subword) ba™b are
forbidden, for any n > 1. Can you find a finite set of forbidden patterns which defines the same set of
words?

A.4 What about the previous question if, in addition, you are now allowed to color letters (using finitely
many different colors), that is, for example, to make a difference between a blue a and a green a?

A.5 Let S be the set of infinite words whose finite runs of a’s are all of even length only. Is it possible to
determine the S with some finite number of forbidden words? And if we can color letters using finitely
many different colors?

A.6 Same questions if the length of finite runs of a’s is asked to be odd.

A.7 Let ug = a, u1 = ab, upya = Uplnp41. Count the minimal number of necessary forbidden words to
enforce infinite periodical words with period u,,.

B Two dimensions

A 2D infinite word over a given alphabet is obtained by writing a letter of the alphabet in each cell of the
2D grid, and a pattern is a restriction of such a word to a finite region.

B.1 Find a small set of forbidden patterns which defines 2D infinite words where the a’s and b’s alternate
as the black and white squares on a checkerboard.

B.2 Consider the set of 2D infinite words over the alphabet {a, b} such that any finite connected (by side)
component of a’s has even size. Can you find a finite set of forbidden patterns which defines this set?
And if colors are allowed?

B.3 Same question if the size of the connected component of a’s is asked to be odd.

B.4 Show that if a finite set of forbidden words allow to form patterns which cover arbitrarily large disk,
then one can form a 2D word without any such forbidden words.



Given finitely many polygons called tiles, a tiling is a covering of the plane by isometric copies of these tiles
that can intersect only on vertices or along whole edges. Tiles can in addition be colored using finitely many
different colors. 2D infinite words are thus tilings: tiles are square with a color corresponding to the letter a
or b. Convince yourself that colors and forbidden patterns are equivalent to notching of tiles or decorations
that must match where tiles intersect.

B.5 Consider the hexagonal tiles whose side can have a bump or a dent (see, for example, Fig. 1): for which
tiles can we form a tiling using only one of these tiles?

Figure 1: Some notched regular hexagons.

C Periodicity and Quasiperiodicity

Let us return to one dimensional situation. We shall here focus on the question of periodicity, and introduce
a much larger notion, quasiperiodicity.

C.1 Consider a periodic infinite word. Prove that it can be determined by a finite set of forbidden words.

C.2 Show that any finite set of forbidden words which allows at least one infinite word also allows a periodic
word (even if finitely many colors are allowed).

Hence, periodicity is unavoidable in dimension one. But how far can we go?

C.3 Assume that one can use only n forbidden words. Let p be the smallest period of periodical words.
How large p could be?

C.4 Now we can use any number of forbidden words, but each contains at most n letters. How large p could
be?

An infinite word is said to be quasiperiodic if, for any pattern w that appears somewhere in this word, there
is a number 7 such that w appears at distance at most r from any letter of the word.

C.5 Show that any periodic word is quasiperiodic.
C.6 Find a non-periodic but quasiperiodic word, and a non-quasiperiodic word.

Consider now the two-dimensional case. Periodicity and quasiperiodicity can be easily generalized (do it).
As we will later see, periodicity is however no more unavoidable! But quasiperiodicity does:

C.7 Show that any finite set of forbidden patterns which allows at least one tiling also allows a quasiperiodic
tiling.

D Robinson tilings

The first aperiodic tile set has been discovered in 1964 by Robert Berger and contains 20426 tiles. The much
simpler tile set on Fig. 2 have been discovered in 1971 by Rafael Robinson. Bumps or dents (which can
have a symmetry or not) enforce the way tiles can be assembled, while the segments drawn on tiles form an
interesting picture.

D.1 Show that the tiles on Fig. 2 can form a tiling of the plane.
D.2 Show that no tiling by the tiles on Fig. 2 is periodic.

D.3 When segments drawn on tiles form a square which intersects a smaller square, then the former is
called the parent of the latter. The lineage of a square is then be encoded by an infinite word over a
four-letter alphabet, with each letter coding the corner which is intersected by the parent square. At
which condition any two squares of a tiling have a common ancestor?

D.4 Show that there are uncountably many different tilings, even up to an isometry.



Figure 2: Six notched squares (note the two different type of bump/dent).

E Hierarchical tilings

We shall introduce hierarchical tilings, which provide the first general way to find aperiodic tile set, that is,
finite tile sets forming only non-periodic tilings.

E.1 Show that the tiles on Fig. 3, discovered in 1974, do tile the plane

E.2 Same question for the tiles on Fig. 4, discovered in the early 90’s.

o K

Figure 3: Notched isosceles triangles. Top angles are respectively 108° and 36°.
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Figure 4: Notched L-shaped tiles.

E.3 If we cannot use colorings or notches on edges, can we nevertheless characterize the tilings of two
previous questions characterized by finitely many of their patterns?

A substitution is a map which first inflates (by a common factor) the tiles of a given tile set and then
subdivide them in non-overlaping tiles of this tile set (Fig. 5 This is thus a map on the tilings by this tile
set. With a given substitution are then associated so-called hierarchical tilings: they are the tilings which
admit a uniquely defined infinite sequence of preimages by this substitution.
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Figure 5: Example of substitution.

E.4 Show that hierarchical tilings are non periodic.

E.5 Are the hierarchical tilings associated with the substitutions on Fig. 6 characterized by finitely many
patterns?

Figure 6: Substitutions (rightmost: tiles are homothetic but not isometric).

A general result discovered in 1998 states that, given a substitution over a set of tiles, these tiles can
be colored so that the hierarchical tilings associated with are characterized by finitely many
patterns (equivalently, tiles can be notched or decorated).

E.6 Can you find such decorations for the hierarchical tilings associated with the substitutions the previous
question?
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F Self-assembly

F.1 A pattern is said to be dead if it appears in no tiling of the whole plane. Find a dead pattern by the tile sets
depicted on Fig. 2—4.

F.2 Show that any finite tile set which can form only non-periodic tilings can also form dead patterns.

A self-assembly scheme for a set of decorated polygonal tiles consists in giving a weight to each tile edge and a
global parameter called temperature. Then, to form a pattern or a tiling of the whole plane, one first put a tile, then
add other tiles one at a time so that, when a tile is added, the sum of the weigths of its edges whoses decorations
match is greater or equal to the temperature. Process stops when no tile could be further added.

F.3 Which patterns do form the self-assembly scheme depicted on Fig. 77

(4
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Figure 7: Self-assembly scheme at temperature 2, with the weight of an edge being the number of marks.

A general result states that, given a substitution over a tile set, there is a self-assembly scheme for this tile set such
that tilings that can be assembled are exactly the hierarchical tilings associated with the substitution.

F.4 Can you find a self-assembly scheme for substitutions of Sections D or E?

G Alternating rhombi

G.1 Show that one can tile the plane with the notched square and rhombus of Fig. 8.

Figure 8: A grey square and a white rhombus (acute angle 45°).

G.2 Which tiling can you form that use as few as possible grey tiles?
G.3 Is it true that any tiling of the plane by the tiles of Fig. 8 is quasiperiodic?
G.4 Same questions with the two rhombi depicted on Fig. 9.



Figure 9: Two grey rhombi (acute angle 72°) and one white (acute angle 36°).



Aperiodic Tilings
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Additional hints for the construction of hierarchial tiling decorations.

Let us consider the trapezoid substitution in more detail (Fig 1). We can see that four tiles form a macrotile,
four macrotiles form a higher level macrotile and so on. We want to assign some local rules to enforce that tiles
can only form hierarchical tilings associated with the trapezoid substitution We will use another method for local
rules setting.

Y.

Puc. 1:

Let us set up a language that encodes the different tile types into the vertices and edges. We say that a tiling of
the plane is correct if it hierarchical for the trapezoid substitution. We say that a pattern is correct if it appears in
correct tiling. We assign a code for our substitution system and from the other side we prove (by rank induction)
that our code enforce the correct patterns.

E.7 Show that every vertex on a correct pattern has one of the three types on Fig. 2. (Trapezoids around the
vertices can be macrotiles of any level.) Show that every macrotile edge on a correct pattern has one of the
five types on Fig. 3. Show that every macrotile edge is the base-edge of two (macro)tiles.

N A AN

Puc. 2:

Puc. 3:

How can one code tile edges? Every edge has the same type as the maximal macrotile edge that can contain it.
So, every tile has four vertices and four edges. The number of vertices (and edges) types is finite. The idea of
forbidden words could be used here again — we can consider paths on a tiling encoded by sequences of vertices
and edges types and construct lists of forbidden paths.

E.8 Find an example of sequence having the form XY Z, (there X, Z —are types of edges, Y is a type of vertex)
which could not code any path on a correct pattern.



E.9
E.10

E.11

E.12

Our goal is to use forbidden paths to ensure that the only possible tilings are correct ones. But we need to
work a bit.

Let us add a new type of vertex, D. This type codes vertices on a large base-edge that are part of the next
lower hierarchy level of the tiling (Fig. 4). The vertices on this base-edge which are part of further lower levels
of the hierarchy are of type C.

DC C,D

Puc. 4:

Also we assign new colors to C' vertices. For every such vertex, we can find the tile on which base it is located
We can say that the vertices located between an edge of the base and a D vertex are colored in a first color,
while vertices between D vertices (they could be located far from them) are colored in a second color.

We also need additional colors for edges. Every edge is a side of a smallest tile or is situated on a big base
of some macrotile. Let XY be types of vertices (with colors) in the ends of that big base (or the ends of the
smallest tile side, if our edge is the side of smallest tile). We assign an ordered pair of "bosses" (X,Y) as the
color of our edge. While we speak about paths, we have a direction on each edge, so we known which are the
previous and the next bosses.

Look at the picture with four levels of substitutions and mark types of all vertices and edges with their colors.

Which types of edges start at vertices of each type?

So, we can number incoming edges for any type of vertex. Thus, we can know where are the incoming path
from and where it goes. We will forbid paths which do not appear on a correct tiling by looking each path as
a finite sequence of traveled vertices and edges and by memorizing through which edge we enter and exit each
vertex.

Find the list of forbidden paths to obtain the following property: every path along the edges that form the big
base of some macrotile contains exactly two vertices of type D (except the ends of that path).

Try to construct a finite list of forbidden paths to obtain the following properties: we can construct a tiling
using our tiles, and every such tiling is correct.



A7. Cioso ¢ nepuogoM (a) MOXKHO 3aJIaTh 3alPETOM CJIOBA b, P 3TOM
MEHBIIE YeM OJIHUM 3aIIPeTOM OOOWTHCH, OUEBUHO, HE YIaCTCs.

Jljist Bcex KOHEYHBIX CJIOB U, COCTOANMX u3 OYKB a u b, onpenenum p(v) mo
caeytomemy npasmiy: ¢(a) = ab, p(b) = a, p(aias ... an) = (a1)e(az) ... o(ay).
Mupykimeit 0o k HECI0KHO JIOKA3aTh, YTO Ugt1 = P(U),), L€ U), — IUKINIeCKHil
CJIBUT CJIOBA Uj Ha OJIHY OYKBY.

Jlemma. Tycers nepuon (v) # (b) 3amaéres k 3anperamu u He 3amaérest k — 1
zanperoM. Torga nepuog (¢(v)) samaéres k 4+ 1 3anperamu u He 3aa8TCs k.

O 1. Hycrs nepuos (v) 33a8TCa MUHUMAJIBHOM CHCTEMOI 3aPEIIEHHBIX CJIOB
V1,02y...,Vk.

IMocrpoum cucremy 3amperoB st ¢(v). Bo-niepBbix, BkiounmM Tyaa bb. Bo-
BTOPBIX, KayKJI0€ CJIOBO BUJIA ¥; IIPEJICTABISETCA B BUJIE w;a win w;b. B mepsom
cJlydae BKJIIOUHM B CHCTeMY 3anpeToB ¢(w;)ab, a Bo BropoM ciydae — ¢(w;)aa.

CiroBa, He cozepxkaiue bb — 3T0 B TOYHOCTHU T€ CJIOBA, KOTOPHIE IIPEICTAB-
Jsorest B Bujie () st HEKOTOPOro HECKOHEYHOIO . 3aMETHM, UTO & MOXKHO
OIIPENIENTUTH OJTHO3ZHAMHO.

CioBa, He conepskammue bb u p(w;)ab — 9T0 B TOTHOCTH BCE CJIOBA, IPEJICTAB-
JISTIOTIMECs] B BUJIE ¢(X) TIPU YCJIOBUU, UTO & HE COJEPIKUT W;d.

CuoBa, me cogepxaimue bb u o(w;)aa — 370 B TOYHOCTHU BCE CJIOBA, KOTOPbIE
[IPEJICTABJISIOTC B BUEe ©() IPU yCIIOBUU, 9TO & HE COIEPKUT w;b.

BHauuT, CI0Ba, paspelaeMble HOBOW CHCTEMON 3aIPpeTOB — B TOYHOCTH Te,
KOTODbIe [IPEJCTABISIOTCS B BUJIE ¢(X), Tle & He COIEPXKUT CJIoBa 13 Habopa v;,
TO ecTb UMerT BUI (p(v)).

2. TTokazkem, aTo morpebyercst XoTst 661 k 3ampeTos. [lycTh ecTh HEKOTOpAsT
MHUHHMAaJIbHAs CHCTEMa 3alpeToB, 3aaaolias (¢(v)). B 910ii cucreme J0/1KHO
6bITh cstoBo Buma b”. Ecim n > 2; To cucrema He MUHMMAJIbHAS, TAK KaK 9TO
CJIOBO MOXKHO 3aMeHHUTh Ha bb (Tak Kak bb He BCTpedyaeTcss BO BCEM CJIOBE, U
3/1€Ch MBI HCIIOJIB3YEM, ITO 3alpeTa b Her).

Torpa ciosa, 3ampemniaemMbie CJIOBOM bb — B TOYHOCTH Te, KOTOPbIE IIPEJICTaB-
Jgores B Buge o(x).

Hukaxoii u3 ocTaBIUXCs 3aIIPETOB HE MOYKET OKAHIUBATHCA Ha ba, WHAYE y
HEro MOYKHO OTOPOCUTH IOCJIETHIO OYKBY.

Eciu kakoii-To U3 3aIpeToB HauuHaemcs Ha b, TO Tepes HUM MOYKHO Hallu-
caTh a — IOJYYUTCsI He MeHee CHJIbHAsi CUCTeMa 3aIPeTOB (Ha 9TOM Iare Mbl
OTKA3bIBAEMCS OT MUHUMAJILHOCTH ). TOraa KaxKIblit U3 HUX UPEJCTABIACTCS Ol
HUM 13 JIBYX BHJIOB: p(w)aa nan @(w)ab.

ITosropsiem paccyKjieHust: caoBa, He cogepzkamue bb u p(w)ab — 310 B TOU-
HOCTH BCe CJIOBA, IPEJCTABJISIONINECH B BUjie ¢(Z) IPU YCJIOBUH, YTO I HE CO-
JIEPKUT WG,

CiroBa, He conepxanme bb u p(w)aa — 310 B TOYHOCTH BCE CJIOBA, KOTOPBIE
[PEJICTABJIAIOTCS B BUe ¢() IPU YCJIOBUHU, YTO & HE COIEPKUT wb.

Jljist KaxKJI0ro U3 3alpeInaionux cJaoB (Kpome bb) cTpouTCs HEKOTOPOE CJIOBO
V3, 1 MI3BECTHO, YTO CJIOBA, N30ETAIOIINE 3AIPEIIAIONIUX — 3TO B TOYHOCTHU Te CJI0-
Ba, KOTOPBIE NIPEJICTABIISIIOTCS B BUIE ¢(x), TIe & He CONEP:KUT CJIOB U3 HAabopa
v;. C IpyTOii CTOPOHBI, 3TO TI0 YCJIOBUIO BCE T€ CJIOBA, KOTOPbIE MTPEJICTABIISIOTCS



B BUjie (), TJIe & TIEPUOAUYHO C MIEPHOJIOM U. 3HAYUT, HAOOp {v;} OJHO3HATHO
3a/1a8T CJIOBa C IIEPUOJIOM U, TO eCTh uX He MeHee k + 1, a Bcero He menee k + 1.
|

U3 sieMmbl 1 HAGJIIOJEHN S, YTO CI0BA (0(U) ) ¥ U4 ABIAIOTCS IUKIMIECKAMU
CJIBUTAMU JIPYT JIpyTa, cjieayer orseT k + 1.

C4. JTokazKkeM, 9TO JJTHHA IIEPHOIA He MOXKeT ObITh Gosee 28~ 1. Paccmorpum
B OECKOHEYHOM CJIOBE ...G_1A103 ... k=1 41 IIOJICJIOB JIIuHBI kK — 1, 1IepBbIe
OYKBBI KOTOPBIX uMeroT HOMepa 0, 1, 2, ..., 2k=1 Tlo npuHIuy Jdupuxie cpenn
HUX €CTb JIBa OJIMHAKOBBIX. IIyCTh 9T0 C/I0Ba, HAYMHAIONIUECS] C TIO3UIWIA § U j.
Torna cioBo (a;a;41 - . . a;—1) nMeeT mepuos He Gosbimit, wem 2" 1. Tak Kak Bee
€ro CJIOBA JIMHBI K SIBJISIFOTCS MTOJICJIOBAME HUCXOHOTO, TO OHO HE 3aIIPEIIeHO.

IokaxkeM, 4TO CyIIECTBYeT MEPUOIMYHOE CJIOBA C JJIMHOI IIepuoja POBHO
2k=1 Takoe, 4TO B €ro MmEpPHOJE BCTPEUAIOTCS BCE BO3MOMKHBIE IIOJICIOBA, [IIH-
vbl k — 1 mo ognomy pasy. Torma B KadecTBe 3alpeIIéHHBIX BO3BMEM BCe HE
BCTPEUAIOINIHECS] B TIEPUO/IE CJIOBA JJIUHBL k, U 9TU CJIOBA OYIYyT OIPEIEIISITh e~
pHO/JT CJIOBA, TAK KaK MBI KYyCKY JUIHHBL k — 1 Bcerjia MOXKHO OyzeT omnpeesinTh
CJIETYIONILYIO OYKBY.

Wrak, npumep. PaccMoTpuM opreHTUPOBaHHBIN I'pad Ha BepiuHe. Ero
BEPIIUHBI — 3TO CJIOBA JJIUHBI k — 2, OHU COEJIMHEHBI CTPEJIKOi, eC/iu IepeceKa-
foTcs 1o cyioBy jumHbl k — 3. [lpumep: k = 7, u3 Bepruabt abbab BexyT pédbpa B
bbaba u bbabb.

O1oTr rpad CHILHOCBSI3€H U HCXOJSIINE CTEIEHN BCEX BEPINUH OJMHAKOBBHI.
CiiesioBaTesIbHO, CYIIECTBYeT IUKINIeCKuil 06xos ero pébep (Ditmepos 06xox).
Paccmorpum 6€CKOHEUHBIH 1TyTh, MOBTOPSAOIINAN 3TOT 00X0/I. DTOMY IIyTH COOT-
BETCTBYET MCKOMOE CJIOBO C JUIMHOMN mepuoma 281,

A7. The word (a) can be defined by forbidden word b. It is obvious we can
not use empty set of forbidden words.

For a finite word v, if it consists of letters a and b, define ¢(v) according the
rule

2k—2

p(a) = ab;p(b) = a;p(araz . .. an) = plar)p(az) . .. p(an)

. We can prove (induction on k) that w1 = p(u},) if u), is the one-letter cyclic
shift of wuy.

Lemma. Suppose (v) # (b), this word can be defined by k forbidden words
and can not be defined by k — 1. Then the period (¢(v)) can be defined by k+1
f.w. and can not be defined by k.

O 1. Suppose vy, va, ..., vk is the minimal system of f.w. that defines (v).

Construct system od forbidden words for (¢(v)).

The first word will be bb. For each v; we take a forbiden word as follows:
if v; has form v; = w;a, we add ¢(w;)ab. In other case (i.e. v; = w;b) we take
p(w;)aa as a forbidden word.

The set of words y that do not include bb is exactly the set of words that can
be expressed as y = (z) for some infinite . Notice, that x is defined unique
by y.

Words without subwords bb and ¢(w;)ab are all words of form ¢(z) with
condition “z has not the factor w;a”.



Words without subwords bb and ¢(w;)aa are all words of form ¢(z) with
condition “z has not the factor w;b”.

So, the set of words that are not forbidden is exactly the set of words of
form ¢(x) for x that has not words v; as subwords. And such words have period
(p(v)).

2. Now we’ll prove we need k forbiden words. Let set {v;} be a set of forbiden
words that defines (¢(v)). This set forbids (b) so it includes a word b™ for some
n. Case n = 1 is not interesting. If there is forbiden word b™ for n > 2 then we
can change this ford by bb, and the system will forbid the same set of infinite
words.

The set of words y that do not include bb is exactly the set of words that
can be expressed as y = ¢(x) for some infinite .

Suppose the set contains a forbiden word u and u ends by ba. Then we delete
the last letter of v;, this this operation will not change the set of allowed infinite
words (because we also have bb).

If some v; has its first letter b, we change v; by av;.

After these operations we get the same number of words, and they forbid
the same set of infinite words. Each of v; has form ¢(w;)aa either ¢(w;)ab for
some w;.

As before: words without subwords bb and ¢(v;)aa are all words of form ()
with condition “z has not the factor w;b”.

Words without subwords bb and ¢(v;)ab are all words of form o(z) with
condition “z has not the factor w;a”.

Each of {v;} (besides bb) defines a word w;. Infinite words without {v;} are
exactly the words of form (), where x has not any w; as a factor. From the
other hand this is the set of periodic words with period (¢(v)). It means that
the set {w;} defines the period v and there are at least k of them, and there are
al least k + 1 words in {v;}. O

This lemma and the fact before the lemma imply that the answer is k + 1.

C4. At first we prove the period can not be larger then 2*~1. Conside in a
(not forbiden) infinite word ...a_jajas ... a set of 2°~! 41 subwords of length
k — 1, (these words start at positions 0, 1, 2, ..., 2°~1). Dirichlet principle: there
are two equal among them. Suppose these two words start at positions i and j.
Then the word (a;ai41 ...aj—1) is periodic with period equal or less then ugem
27~1. Since all its factors of length k are factors of ...a_jaias..., it is not
forbiden.

Now se prove there exists a periodic word with period of length 2¢~! that
contains all possible subwords of length k—1 (one occurence each). Then forbiden
words of lenght k are all words that are not in period. These words will define
the period, because every pattern with length at least £ — 1 is prolongable right
unige way.

How we construct such a word? Consider oriented graph on vertices
and 2F~1 edges. Vertices are words of length k — 2, two words are connected
with an arrow iff they overlap by a word of length k£ — 3. Example: k = 7, vertex
abbab has outdegree 2 and edges from it go to bbaba and bbabb.

2k72



This graph is strictly connected and all outdegrees and indegrees are equal
to two. It follows the existence of a cyclic path that goes each edge once (Eurler
circuit). We turn this path to a periodic one repeating is infinitly manu times.
Last letters of vertices on this path form a periodic word we want.
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AHHOTaUSA

Paccmarpusarorcs mocnenosarensuoctu W nepuona u vaz andasuroMm us [ 6yks. Tpebyercss omHO3HATHO

OIIPpE/IEJIUTDH I10CJIe10BATEJIbHOCTD W YKa3bIBag CJIOBa, HE ABJIAIOIIUECH €€ I10JCJI0BaMU. ,Z[.HH n € N obozHna-

9YuM 3a Un MHOZKECTBO CJIOB U JJIMHBI N, HE ABJIAIOINUXCA CTECIICHAMUA (T.e. HEe IIpeJCTaBUMbIX B BUJE U = ’Uk,

k> 1). Ilycrs T'(u®) — MHHUMAJILHOE YHCJIO 3alIPETOB, 3aJAIONINX II0CIeA0BaTeIbHOCTD 1. Ofo3HaunM

m, = max T (), 7, = min T(u™).
u€Uy u€Uy,

JloKasaHbl CJle/IyI0I1e TEOPEMBI:
Teopema 1. m, < n(l —1).

OTMeTnM, YTO OIeHKa TOUHA NPU GECKOHEeTHO MHOTHX N U peaju3yeTcsl, HallpuMep, JJis TIepuoa, Colep-
JKAINero Bee CI0Ba, HEKOTOPOil (bMKCHpOBaHHON auHE ¢ (T.e. n = [).

Teopema 2. 7, > log,n + 1.

Teopema 3. Cyuwecmsyem 603pacmarowas nocaed08aMeNLHOCTG N;, MAKAA, YO

1
o, <logymi, ede ¢ = —|—T\/5

1. BBeaenme

UccnenoBanne KOMOMHATOPHBIX CBOCTB NEPUOJMYIECKHUX HOC/IEOBATEILHOCTEIl UIPAET BaXKHYIO POJIb B IPOG-
nemax Gepucaiiosckoro tuna. CooTBETCTBYIONME BOLIPOCHL UCCIIEOBAINCH PSIOM aBTOPOB, cM. [1-3].

IIpu n3yueHNn MOHOMUAJLHBIX aireOp (aireGp, 3aJaHHBIX COOTHOIIEHUSIMY BUJIa: MOHOM paBeH () BarxKHYyTO
pouib urpaior anreéper A,, 3aganuble cooTHOmeHuAME v = 0, TIe v — He HoAciIoBo v, cM. [3]. DTo — mep-
BUYHAsI KOHEYHO onpejiesieHHas Pl-anrebpa, u Bce epBUYIHbIE KOHETHO OIPE/IEJICHHbIE MOHOMUAIbHbIE areGphl
UMEIOT Takoil B MOXKHO ITOKa3aTh, 4TO BCE ONPE/IEISIONIe COOTHOIIEeHNs aarebpsl A, nmetor Bug v = 0, rie
lv| < u| — 1.

IIpencrasisier uHTEpec GoJIee TOYHOE MCCIIENAOBAHUE CTPYKTYPbI COOTHOUICHHH, 3ajamomux A,. dromy n
[OCBSAIICHA HACTOAIIAS paboTa.

2. OcHoOBHBIE pPe3yJabTAaThI

Jlasee Bce paccMaTpuBaeMble CJIOBa €CTh HaJl (buKcupoBaHHbIM ajihbaBuToM A u3 | OyKB.

Huzke HEKOTOpBIE MHOXKECTBA CJIOB OY/yT HA3BIBATHCS CUCTEMAMU 3anpemos. OupenesnM MOHATHs, CBS-
3aHHBIE C CUCTEMOI 3aIIPeTOB.

ITycrs nama Hekoropasi cucreMma 3amperos V. = {v;}. Byzmem rosoputh, 910 w ydosaemeopaem cucmeme
3anpemos V| ecjid CJI0BO W HE COJEPYKUT HU OJHO U3 U; B KAYECTBE IOJICIOBA; CUCTMEMA 3anpemos onpedensem
beckoreuroe 6 06e CMopoHvL CA0B0 W, ECITU W €CTh €IMHCTBEHHOE OECKOHEYHOE CJIOBO, YAOBIETBOPSIOINIEE CUCTEME
3aIIPETOB V.

JIerko mokas3aThb, 9TO TOJIBKO [IEPUOINIECKIE CJI0BA MOTYT OBIThH OIIPE/IeIEHbI KOHEYTHOM CHCTEMON 3aIIPETOB,
em. [1].

[Tox, MUHUMAALHOT CUCTEMOIT 3aIIPETOB, OIPEIEISAINIEll CJIOBO W, HUXKe OyJeT MOHUMATbCS MUHAMAJIbHAST
10 KOJIMYECTBY CJIOB CHCTEMA.

PaccmoTpum c1oBo u, He comeprkaliiee HU OUH U3 3alIpPeToB B KadecTse moacioBa. Cmoso uX, rme X € A,
HAa3BIBAETCS NPOJOAICEHUEM 6NPABO CIIOBA U, €Cau uX TaKKe He COMECPXKUT HU OJUH M3 3aIPETOB B KAYECTBE
mojicsioBa. CJI0BO U HA3BIBAETCS 00HO3HAUHO NPOJOANCAEMBIM GNPAGO, €CITH U UMEET POBHO OJIHO ITPOJIOJIZKEHUE

MccnenoBanue BoimosneHo npu mopaep:xkke PODU, rpant Ne06-01-00648.
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BIIPABO, HEOOHOZHAUHO NPOJOAINHCAEMBIM, ECTTH UMEET DOJIbIIE OJHOTO MPOJOJIZKEHUSI, U HENPOOONIHCALMbLM, ECITU
HE UMEEeT HHU OJIHOIO IPOJIOJIKEHUsI. AHAJOTUIHBIM 00PAa30M OIPEIEISIIOTCS TPOJIOJIZKEHNST CJIOBA Ha JI000€
KOJIMYECTBO OYKB, a TakyKe OECKOHEYHbIE [TPOJI0JIzKeHust. [ [POJI0IKe ST BJIEBO OIIPEIEJISIIOTCS TOXKE aHAJIOTHIHO.

CJI0BO © Ha3BIBAECTCS HAYAAOM CJIOBA W, €CJIU CJIOBO W HPEJCTABUMO B BHJIE US, COOCTNGEHHLIM HAYAAOM,
€CJIM CJIOBO § HEIYCTO. AHAJOTUYIHO OIPEJIETSIETCS KOHEY U COOCTBENHDIT KOHE,

Hisn € N oboznadnm 3a U,, MHOKECTBO CJIOB U JJIAHBI 11, HE SABJISIIONIMXCA CTEICHIMHY (T.€. He IPeJICTABUMbIX
B Buge u = v, k > 1). OueBHAHO, 9TO 3TH U TOTHLKO 3TH CJIOBA ABJIAIOTCA MEPHOJAMHE MOC/IeI0BATETLHOCTEIT,
HAMMEHBIINH 11I€PUOJ] KOTOPBIX ecTh n. Oboznaunm depe3 T'(u®®) MUHMMAJIBHOE UUCJIO 3alPETOB, 3aJA0IIUX
MOCJIeI0OBATE/THHOCTD 4. ByneM obo3navyaTh

my, = max T (u™), 7, = min T(u™>).
uelUy, uclUy

PaccmoTrpum 6GeckoredHoe B 00€ CTOPOHBI CI0BO w. MHOKECTBO BCEX CJIOB V;, TAKUX, UTO V; HE €CTh O/ICIOBO
w, HO JI0O0e COOCTBEHHOE IIOJICJIOBO v; SIBJISIETCS IOJICTIOBOM W, OyJIeM HA3BIBATH KAHOMUMECKOU CUCMemot
3anpemos u oboznauarb C(w). Jlerko nokaszars, aro C'(u>) KoHevHa, cM. [1].

JIemma 1. Odna u3 MUHUMAADHBIT cucmeMm 3anpemos, dadaouus croeo u>, ecmv C(u™).

Hoxasameavcmeo. Ilycrs nana cucrema 3amnperoB V', 3ajafomast coBo 4°°. KaxK bl 3a1per sBJIseTcst HEB-
CTPEYAIOIMMCS TI0/ICJI0BOM. Ecim ecTh 3alpeThl, CojiepKaliue HeBCTPEUAIOIIIeCs 110/ICJI0BAa B KaIeCcTBe COOCT-
BEHHBIX IIOZCJIOB, TO 3aMEHWM KAaXKJIblii U3 TAKUX 3AIPETOB HA €r0 MUHUMAJIHHOE 110 BKJIIOUYEHUIO HEBCTPEUaA-
IOIIEECs MIOJICIOBO, U BEIKIMHEM U3 CHCTEMbI IIOBTOPSIOIINECS 3alPETHI, €CJIU OHU MOABUINCH. [loTydennast cucre-
Ma V) He ciabee ncxonnoii. Tereps fgoKakeM, UTO KaKJ0€ MUHUMAJbHOE HEBCTPEUAIOIIEECS IIO/ICJIOBO BXOJIUT
B cucremy Vi B KadecTBe 3ampera. 1lycTb CJI0BO v SIBJISETCS MUHUMAJBHBIM HEBCTPEUAIONUMC B u°°, HO He
BxoauT B Vi. BodaMoxkHEI 2 ciaydast.

1. ITycTs cymecTByeT OECKOHETHOE BIEBO CJIOBO S U OECKOHEYHOE BIIPABO CJIOBO , TAKUE, UTO CJIOBA SU U Ut HE
cozepkaT 3anperos u3 Vi. Torma paccmorpum 6eckonedHoe B 06€ CTOPOHBI CJIOBO svt. JItoboe ero momcioBo ectb
WJIN TIO/ICJIOBO OJTHOT'O U3 CJIOB SU U Ut, M TOTJIA HE MOXKET OBITH 3aIIPEeTOM Vi IO IPEIIOJIOKEHUIO, NN COIEPKUT
II0JICJIOBOM CJIOBO U, U TOTJA HE MOXKET ObITh 3ampeToM u3 V7, nbo TOrjia 9TOT 3alpeT WM He MUHUMAJIEH, NN
coBmajaer ¢ v. Urtak, B 9TOM CjIydae CyIIEeCTBYeT YJOBJIETBOPAIOIIEE CHUCTEME 3alpeTOB OeCcKOHedHOe B 0be
CTOPOHBI CJIOBO svt, CJIeJIOBATEIHLHO, CUCTEMA 3aIIPEeTOB Vi He 3aJ1aeT CJI0BO u™.

2. Ilycrs, Ge3 orpanmdenusi OOIIHOCTH, HE CYIIECTBYET OECKOHEYHOTO BIIPABO CJIOBa t, TAKOrO, 4TO vl HE
cojiepkuT 3anperoB. [lycts nepsas Gyksa cioBa v ecth X, 0603HadnM v = X S. 3aMETUM, UTO S €CTh TOJCTOBO
B 4™ U3 MHUHUMAJILHOCTH v, CJIE[OBATEILHO, S JIOIYCKAeT OECKOHETHOE IPOJIOJIKEHNE BIPaBo st (Takoe, Kak B
u®). CJ10BO vt comep:KuT 3anper v; € Vi, CIe0BaTe/IbHO, TOT 3AIPET COIAEPKUT IIEPBYIO OYKBY CJIOBa v, TOIA
V; WJINA COJIEPKUT CJIOBO ¥, UTO IIPOTUBOPEIUT MUHUMATIHLHOCTHU V;, UITH COJEPYKUTCS B CJIOBE U, UTO IIPOTUBOPEIUT
MUHUMAJIBHOCTH CJI0Ba v. [

Teopema 1. m,, < n(l —1).

Loxazameavcmeo. Paccmorpum €10BO ©°°, MEHIMAJBHBIN eprOM, KOTOPOro n. Kcian y mpon3BOIbHOTO 3a-
upera v; € C(u™) orpe3arh nocjIeAHIO0 OYKBY, OH craneT noiacsiaoBoM 4. Takum 06pa3oM, KazKiIoMy 3allpeTy
COOTBETCTBYET Hapa nu3 6yKBbl andasuTa (ABJIAOMEC Mocae Hel GYKBOI 9TOr0O 3ampera) U MeCTa B IIEPUOJIE,
Ha KOTOPOE TIONAJIAEeT IIPAaBbIii KOHEI 9TOr0 3alpera 0e3 mocjeqHeil 6yKBbl. 3aMETUM, YTO €CJIU Obl ABYM 3alIpe-
TaM COOTBETCTBOBaJIa OJHA Iapa, TO OJUH W3 HUX ObLI OBl MOICIOBOM JIPYIOro, 3HAYNT, 3allPETOB He DOJIbIIeE,
geM map. Bcero nozuruit B mepuoze n, i KaXKI0H 3alpenieHo MoXKeT ObITh He Oosbie | — 1 mpoIo/KeHnit,
3HAYUT, BCEro 3a1peroB He Gosbme n(l — 1).

O

B kadecrBe npumepa u, Jjis KOTOPOT'O OIEHKA CTAHOBUTCS TOYHOIM, IIOCTPOMM TAKO€ U, YTO IIPU HEKOTOPOM
(BUKCHPOBAHHOM HATYPaJbHOM k KakJi0e CJIOBO IJIMHBI k BCTpedaercss poBHO 1 pas Ha mepuomge u™. Torma
IePHOJT, 3TOTO CjI0Ba UMeeT JymmHy [F. MuHIMATLHLIX HeBCTPedaloNuxXcs CIoB ecTh poBHO [F (I — 1), Tak Kak s
KaXKJIOTr'0 CJIOBA JIJIMHBI kK €CTh €r0 eIMHCTBEHHOE IIPO/IOJI2KEHNUE, 8 BCE OCTAJILHBIE ITPO/IOJI2KEHNUST He BCTPEIAIOTCS.
Ho Bce aTu cimoBa amunbt k+ 1 ecTh MUHIMAIbHBIE HEBCTPEUIAIOIINECS, MO0 KarK/10€e CJI0BO JIJTMHBI K BCTPETIAETCS.

[Toctpoum Takoe u. PaccMoTpum opmeHTUpPOBaHHBIM Tpad, BEPIIMHBI KOTOPOTO CyTh CJAOBA JJIUHBI k — 1
Hag A, To ecTb KosmduectBo BepmmH [F71. U3 Bepmmmbsl X B BepmmHy Y BeAET CTpEJIKA, €CIM MOCIIEHIE
k — 2 0ykswl cioBa X ecTb mepBble k — 2 6ykBbl ciioBa Y. Takum oOpa3om, CTpesaku 3Toro rpada OMEeKTUBHO
COOTBETCTBYIOT CJIOBaM JInHBI k. Byzem roBopuTs, 9T0 Ha KaXK 10 CTpeJiKe Hamncana OykBa — MOCIeTHsIsT OYKBa
CJIOBa, COOTBETCTBYIOIIETO BEPIIUHE, B KOTOPYIO BXOJIUT 9Ta CTPEJIKA. BXOJIsIas cTeleHb KaxKJ0W BEPIIUHBI B
3ToM Tpade paBHA BBIXOjsAIIEH, OO0 00e paBHBI [, KpoMe TOro, rpad, OUYeBHUIHO, CBsI3eH. Torma B HEM eCTb
siinepos mwka (cM., Hanpumep, [4]). ITocnenoBaresbHOCTh GYKB, COOTBETCTBYIONIUX CTPEIKAM IUKJIA, U €CTh
HUCKOMOE CJIOBO U.
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Teopema 2. r, > logyn + 1.

Jloxazamenvcmeo.
JlokaxkeM CHa4aJia HECKOJIBKO JIEMM.

Jlemma 2. Jlas namypasvhoir wucen ki, ..., k; ud kike---k; > n caedyem
(k1 —1)4+---+ (ki —1) > logyn.

Joxaszamenvcmeo. IIpeamionokum MpOTUBHOE U PACCMOTPHUM KOHTPIPUMEDP ¢ MAHUMAJIBHBIM 3HATEHUEM CyM-
mbl max(0; k1 — 2) + max(0; k2 — 2) + -+ + max(0; k; — 2). Ecam Bece k; g j € [1;4¢] pasmbr 1 mwim 2 —
yTBepXKJeHne odeBuaHo. Ecmm HekoTopoe k; > 3, To 3ameHHM ero Ha k;j — 1 m mobasum ki1 = 2. Ilpo-
ussenenne ki,...,k;11 ysemwamwioch, cymma (k1 — 1) + -+ + (k41 — 1) He W3MeHMIACH, 3HAYEHWE CYMMBI
max(0; k1 — 2) + max(0; k2 — 2) + -+ + max(0; k;41 — 2) YMEHBIIMIOCH, YTO IPOTUBOPEUNT MUHUMAIBHOCTU
KOHTprpuMepa. [l

Paccmorpum 6eckonednoe B 06e cToponbt ¢jioBo w. Ca0BoO v Oy1eM HA3BIBATL Pa36uAkol, €CJIM OHO OTHOCH-
TeIbHO cucreMbl 3anpeToB C(w) HEOTHO3HAUHO MPOJOJIKACTCA KAK BJIEBO, TaK M BIIPABO. KOJUYECTBO 1IPOI0JI-
JKEHUH CJIOBa ¥ BIIPABO HA30BEM 71pasoli KPAmMHOCMbIO WA TIPOCTO KPAMHOCH10 PASBUIKA V.

JlBa cioBa, HE OJIHO U3 KOTOPBIX HE SIBJIAETCS MOACAOBOM JAPYTOr0, HA30BEM HECPAGHUMDBLMU.

Jlemma 3. Jlas xaotcdozo cao6a v, ABAANOULE20CA NOJCAOBOM U, CYWECMEYEM HAUMEHDWAL PA3CUAKG W,
COOEPIHCAWAA V 8 KAUECTNEE NOOCA06A, NPUYEM eJUHCTMBEHHO20, ECAU W HE eCTD U™,

Zloxazameavcmeo. IlycTb ecThb J1Be HeCpaBHUMBIE PA3BUJIKU W1 U W, COJAEPKAIIMEe v, 0003HAUNM W1 = §1Utq
u wo = Sovte. IlycTh § — HambosbIMit OOIINIT KOHET, CJIOB §1 U So, a t — HamboJibiliee 00Iee HAYAIO CJIOB tp
u to. Torma w = svt — pa3BuiaKa, MEHbINIas W, 1 wWe. B caMoM fese, t WM eCTh COOCTBEHHOE HAYAJO t1 | to,
1 TOra Svl MPOJOJIZKAETCs BIIPABO MUHUMYM JIBYMsl CIIOCODAMU: TaK, KAK OHO IIPOJOJIZKAETCH B W1, U TaK, Kak
OHO IIPOJIOJIZKAETCSI B Wo; WU | COBIAJIAET, HE OIPAHUYMBAsi OOIITHOCTH, C 1, U TOTJA SVt IPOOJIZKAETCS BIIPABO
HEOJIHO3HAYHO, IIOTOMY YTO W) HEOJHO3HAYHO IIPOJIOJIZKAETCs] BIPABO, a St €CTh KOHEI wi. AHAJOTUYHO Sut
HEOTHO3HAYHO MPOIOJIXKAETCS BJIEBO. [

Jlemma 4. k‘lkg s ki >n.

IIycts Bce pasBmiiku B ©™ 3aHyMEPOBAHBI V1, ...,VU;, UX KpaTHOCTH ki,...,k;, KpoMe TOro, JJs KayKIOi
Pa3BUJIKY V; IPOHYMEPOBAHBL BCE €€ NMPOLOJIKEHUS BIPABO L m M € [1;k;] (Tax, K IpuMepy, HyMepamnus mpo-
JIOJIKEHU{T [IyCTOl Pa3BUJIKU €CTh IIPOCTO HyMepanus BcexX OYKB, BCTPEYAIONIUXCA B 4). PaccMOTPUM HEKOTODBIiH
UUKJIMYECKUH CIBUD CJI0BA U, TO €CTh MOZACIOBO W CJoBa u®, Takoe, 4ro |w| = |u|. Bymem cuurars mycryio pas-
BWIKY U1 Ha4YaJoM cJioBa w. [locMoTpuM, TPOJIOJIZKEHHEM ¢ KAKUM HOMEPOM JIJTsl PA3BUJIKU U1 SIBJISIETCS [IEPBast
OyKBa cjoBa w, 0603Ha4nM HOMeD 3a Z1. Ilo jJemme 3 jy1a mepBoit OYKBBI OJTHO3ZHAYHO OIIPEJIe/IEHA MUHUMAJIb-
Has Pa3BUJIKA Vj, COJIEPKAIIAs ee, TO eCTh UMeeM v; = S;t;, w = t;7;. IlycTs mepBas 6yxBa cjioBa 7; B CIIHCKe
IPOJIOTI’KEHNI PAa3BUIKN U; UMeeT HOMED &, TOTJa TI0 JieMMe 3 OJHO3HATHO OIpeieJIeHa MUHIMAIbHAA PA3BUII-
Ka, COJeprKalllas CJIOBO U;T;. ByaeM HOBTOPATL STOT HPOLECC, IIOKa MHHUMAJIBHON Pa3BHJIKOII He cTamer u™.
Takum 06pa3oM, [jIsl HEKOTOPLIX HOMEPOB j € J C [1;4] Mbl OlIpeeJuiiu COOTBETCTBYIONIE UM IIPOJOJIZKEHIS
Zj, JOOLPEIEIUM IIPOU3BOJIBHLIM 06pasoM x;, j € J. I3 ajropurMa IocTpoeHnsI OYEBHJIHO, YTO BBIOOPOM Zj
OJIHO3HAYHO OIPEJIEJIEH CJIBUT W CJIOBA U, a IMOCKOJIbKY PA3JIMYIHBIX CIBUTOB N, JeMMa JIoKa3aHa. [

Pacemorpum sepeso (cBst3ublii rpad 6e3 IUKIIOB), HEKOTOPYIO €r0 BEPIUHY HA30BEM KOPHEM, ODHEHTHPYEM
Bce pebpa B HAIIpaBJIEHNN OT KOPHsI (IIOCKOJIBKY Tpad 6e3 IUKJIOB, HAIIPaBJIeHUe OIIPeJIeIeHO KOPPEKTHO). Takoi
rpad Oy/IeM Ha3LIBATH OPUEHMUPOBAHHIM JEPEGOM.

JIemma 5. Koauuwecmso sanpemoe we menvwe (ki — 1) 4+ -+ (k; — 1) + 1.

Zloxaszamenvcmeo. Iloctpoum opuenTupoBantoe jepeBo. MHOXKECTBO ero BEpIuH eCTh 00beInHeHNe MHO-
JKECTB Pa3BWJIOK M HEKOTOPBIX (BO3MOXKHO, He BCEX) 3alPETOB KAHOHMYECKOH CHCTEMBI, & UCXOJSIAs CTENEeHb
KaXKJIOi pa3BUJIKA B TOM JIEpEBE €CTb B TOYHOCTH KPATHOCTH ITOW DPa3BUJIKU; BEPIIUHBI, COOTBETCTBYIOIIIE
3arperaM — TYIHUKOBBIE.

s mocTpoeHus nepeBa pacCMOTPHM DPas3BUIKY vj, j € [1;4] u ee mpomoinkenue z,,, m € [1;k;], a Tax-
JK€ JIBa PA3/IMYHBIX IIPOJIOJIZKEHUS BJIEBO Y1 WU Yo PA3BUJIKHU Vj. ECJIH CIOBO VT, OINHO3HAYHO HPOJOJIKACTCA
BJIEBO, TO OJHO W3 CJOB ¥Y1VUjTm U YoU;T,, He BeTpedaercd. IlycTs 6e3 orpanmdeHms OOITHOCTH 3TO Y1U;Tm,.
Torma, HOCKOIBKY U Y1Vj, U VjTy, BCTPEYIAIOTCH, TO Y1VU;Ty, — 3anpeT. KakIplii ITOCTPOEHHbIH TaKUM 00pa3oM
3alpeT COOTBETCTBYET TOJBKO OIHOI mape (Vj,Zy,). Eciu ci1oBo v, HEOIHOSHAYHO HPOJOJIKAETCS BIIEBO, TO
MIHIMAJIbHAA PA3BUIKA Vp,, COMEPKAIMAA CIIOBO VjTyy,, IMEET €r0 CBOMM HAYAJIOM.
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CrenoBaTesIbHO, U, OJHOZHAYHO OIpeNeNseTcs mapoit (v;,T,,). B caMoMm geie, mycTb IpH v;, 7# U; MBI
TOCTPONJIN Ty YK€ Pa3BUJIKY Up,, TOTAA U3 JABYX CJIOB ¥; 1 Vj, OAHO ABIdAeTca HadajgoMm apyroro. Ilycrs v;, Torma
U VT, ABIAETCS HAYATIOM Vj, , 9TO IPOTHBOPEYUT MUHUMATIHHOCTH V.

IIpoBeseM u3 KakJI0ff Pa3BUIIKU CTPEJIKH, COOTBETCTBYIOIINE €€ IPOJIOIKEHUSIM BIIPABO, B MOCTPOCHHBIE
paHee 3apeThbl WU PAa3BUJIKU.

B nosrydennom jsiepeBe cyMMa UCXOIANIMX cTereHeit ectb ki + kg + - - - + k;, v1 uMeeT BXomaniyio crermes 0,
OCTaJIbHBIE ¢ — 1 Pa3BUJIKa UMEIOT BXOMAIIYIO CTeNeHb 1, 3HAYNT, eCTh

ki+ke+-+k—(G-1D=(Fk -1+ +(k—1)+1

BHUCSYMX BEPIIUH, COOTBETCTBYIOMUX 3arperaM. [
[Ipucrynmm k gokazareabcTBy Teopembr 2. [1o iemme 4 KpaTHOCTH Pa3BUIOK k1, ks, . . . , k; ciioBa u™ yIoBjer-
BOPSIIOT HepaBeHCTBY kiks - -+ k; > n. OTKyma 110 jieMMe 2 uMeeM

(k1 —1)+--- 4+ (k; — 1) > logy n.

A o JIeMMe D YHCJIO 3allpeTOB HE MEHbIIEe
(k1 —1)+--+(ki—1)+1>logyn+ 1.
O

Teopema 3. Cywecmeyem 603pacmalouyas nocAed08aGMEALHOCTND Ty MAKGA, MO

_1+46

rn < loggni, 2de ¢ 5

Joxazamenvcmeso. ToctpouMm GECKOHEUHYIO CEPUIO CJIOB U, Jyist KoTopbix T'(u™) < log, ni, rne ¢ = 1+2‘/5.
Pacemorpum andasur u3 nyx O0yks 0 u 1. Bymem crponts fBe BcnoMoraresbHBIE ITOCIEI0BATEILHOCTH CJIOB
s; u t;. O6osnaunm s1 = 0, t7 = 1; t;41 = sity, Sip1 = SiSit; Vi € N. Paccmorpum crucremy 3amperoB vg; 1 =
tito - ti—1tit; M vg;_1 = tity - - t;-18;8;8; upu i € [1;n — 1] mus HekoToporo n € N, ut vy, 1 = tite -« tn_1tntn,
Vop = t1lo -+ tp_18nSn-

JlokarkeM, 4TO CUCTEMA 3AIPETOB V1, . . . , U2y, 3a7aeT CJIOBO (tn41)%.

JIemMma 6. Croe6o tite - --1;—1 ABAAEMCA KOHUOM 22006020 caoea, npe(?cmaeumoeo 6 sude npouseedemm CA08 S;

Zoxazameavcmeo. ObocHOBaHUE JIEMMBI IIPOBEIEM MHIYKIUeH 10 i. Basa muaykuum upu ¢ = 2 04eBUIHA.
Boimosraum mar naaykmuu. I[lycTs ¢10BO w TpeacTaBUMO B BHUIE TIPOU3BEIEHUS CJIOB S; U ;. Torma oHO Tak»Ke
MIPeICTABUMO B BUJIE€ TIPOU3BEJICHUS CJIOB S;_1 U t;_1, IPUIEM IOCJIETHUM CJIOBOM B IIpOoM3BeeHnn OyeT t; 1.
O6o3HaunM w = wit;_1, TONJA TO, YTO CJOBO t1tg -+ -t;_1 sIBJSIETCs] KOHIIOM CJIOBA W, PABHOCUJIBHO TOMY, YTO
CJIOBO titg -+ - t;_o ABJISIETCH KOHIIOM CJI0Ba wi (IPEJCTABMMOIO B BUJE MPOU3BEIEHUS CJIOB S;_1 U l;_1, Kak
OTMEYAJIOCh BBIIIE), HO TO B TOYHOCTU UHJYKIMOHHOE IIPeosoxkenue. [

JIemma 7. Bceakoe GeCKOHEWHOE CA060, HE COOEPHCAUWELE 3ANPEMOE V1, . . ., Up, €CMb (tn 1),

Jloxasamenvcmeo. nayknueit 1o i goKaxKeM, 9To JII060e 6ECKOHETHOE CJI0BO, YIOBIETBOPSIONIEE 3alIpPeTaM
V1,...,09, t < m, pa3buBaeTcs Ha CJOBA S;+1 U t;+1. baza oueBmmua. IlycTh yTBepkKIeHMe HOKA3aHO IIJIst
i — 1, moKakeM ero Jijis ¢. beckoHedHoe CJI0BO w pa3bWBaeTCs HA CJIOBA §; U t; MO MIPEIIOJIOKEHUIO UHIYKITAN.
Jokaxkem, 9T0 pas3bueHHe He MOXKET COJIepXKaTh JiBa cJoBa t; moapsia. IIpeamosiokuB IpoTuBHOE, 0003HAYIM
w = wiyt;t;we, TOE W, cAMO HEKOTOPBIM 00pa30M pa3buTo Ha CJIOBa S; U t;, TOTAA IO JeMMe 6 CJIoBO tito - - -t;_1
€CTb KOHeIl W1, & 3HAYUT, CJIOBO Vo;—1 = t1tg -+ t;—1t;t; €CTh IIOJCIOBO W, YTO IPOTUBOPEUUT yCJIOBUIO.

AHajloruyHo IOKa3bIBAETCH, YTO pasdUeHHe CJIOBa W Ha CJI0Ba S; U t; HEe MOXKET COIEPXKaThb TPU CJIOBA S;
nojpsiz. CiteioBaTeIbHO, B pa30MEHNN CJIOBA W CJIOBA S; U t; MOXKHO OOBEIMHATH B CJIOBA S;+1 U tiy].

AHaJIOrMYHO JI0Ka3bIBAETCA, UTO GECKOHEIHOEe CJI0BO, He cojepsKallee 3alpeToB v1,. .., Un, pasouBaeTca Ha
csioBa (ty41), TO €CTH UTO OHO €CTh (t,41)%°. O
OueBugHO, 9TO CNMOBO (t41)°° YAOBJIETBOPSIET CHCTEME 3AlPETOB U1, .. .,Vs,. 3AMETHM, UTO CJIOBa t; W

$; SABJISIIOTCS KOHEYHBIMU IMAraMi B WUTEPAIMOHHOM MOCTPOEHUN PaBHOMEpPHOpEKyppeHTHoro cjosa IIITypma
(Sturmian prime word, cM. [5],[6]), cBs3amnOro ¢ Bergman’s gap, cm. [3],[6].

PaccmoTrpum 1ociie1oBaTesIbHOCTD f;, 3aJ@aHayto yeaopusmu f1 = fo =1, f; = fi_1 4+ fi_o upu i > 2. Jlerko
BUJETD, 9TO Vi  f; U fi11 B3aUMHOIPOCTBL. IIOCKOJILKY CJIOBO tp,41 COAEPKUT fo, 1 OyKB 1 u fo, Gyks 0 (31O
YTBEPKJIEHUE JIETKO JIOKA3BbIBAETCS WHAYKIMEH MO0 1 BMECTE € YTBEPXKJIECHUEM, UTO Sp4+1 CONEPXKUT fo, OyKB 1
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u font1 Oyks 0), t,41 HE sABIAETCA CTENEHBIO GoJblIeil 1 HUKAKOrO CJI0Ba, & 3HAYWT, l,41 €CTh MUHUMAJIbHBIN
S — 1 (g2n+1 2n+1 _ 1+V5
nepuog cioBa (t,41)%°. Jdauna nepuoia, Takum o6pa3oM, paBHA fo,11 = ﬁ(gb + ), Te ¢ = 552,
)= 1-v5
=15,
ITpu 3T0M, IIOCKOJIBKY HOCJIEI0BATEIBHOCTD (tn,41)% 3amana 2n 3auperamu, T'((t,41)%°) < 2n.
(]
Aprop BeIpazkaer barogapaocts A. Z. BejoBy 3a nocranoBky 3amauu, U. 1. BormasoBy, 3a 1eHHbIE 3aMeda-
HUsI, IIPUBE/IIIIE K CYIECTBEHHOMY YIIPOIEHUIO MHOI'HX JIOKA3aTeabCTB, a Takke B. JI. JIoTbHUKOBY 3a IIOMOIIH
B paboTe HaJ CcTaTheill.
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On the Number of Restrictions Determining a Periodical Sequence

Chelnokov G.R.

We consider sequences W of the period u over an alphabet consisting of [ letters. It is required
to determine unambiguously the sequence W picking out words which are not subwords of the
sequence. For n € N we denote by U, the set of words u of length n, which are not powers (i.e. are
not represented in form u = v¥ k > 1).

Let T(u*) be the minimal number of restrictions determining the sequence 4.

Denote

my, = max T'(u™), 7, = min T(u>).
uelUy ucUp
We prove that

1.m, <n(l-1).

The estimate is precise for infinite values of n. For instance, it takes place for a period which
contains all the words of some given length ¢ (i.e. n = 1*).

2.1, > loggn + 1.

3. There exists an increasing sequence n; so that

1+
2

=

Tn, <log,mn;, where ¢=
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Haubosibimast JyimHa 1mepro/jia ¢jioBa, 3a/1aBaeMoro n 3alpeTamMiu
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1 BsBeaenue

UccnenoBanme KOMOMHATOPHBIX CBONCTB MEPHOIMYECKIX ITOCIEI0BATEILHOCTEH (CJI0B) UrpaeT BayK-
HYIO DOJIb B TIpobJieMax OGepHcaiiioBckoro tumna, cM., Hanpumep, [1L 2] 3].

Anrebpa A = F(x1,...,x,)/] HasbiBaercs monomuaavrol, ecan upean I cBobomHoll asred-
pot F(x1,...,2,) mOpoxKAEH MOHOMaMHU. [Ipu M3yUeHN MOHOMUAJIBHBIX AJre6p BayKHYIO POJIb UT'Da-
10T aareOpul Buga A, Tie ¢ — HeIepUoIUIHOoe CJIOBO: ajarebpa A, 3amaHa cooTHomennsaMu v = 0, rue
v 1poberaeT MHOXKECTBO BCEX CJIOB, He sIBJISIONMXCs nogcsioBamu B u™, cm. [3]. AsreGpavu A, uc-
YEPILIBACTCH KJIACC IEPBUYHLIX KOHEUHO OIIPEIeIEHHLIX MOHOMUAILHLIX Pl-anrebp. B To ke Bpems,
HEe BCe CJIOBa ¥ HEOOXOIUMBI JJIs 3aJaHusi Takoil aarebpol. JloctarovuHno, HaIpuMep, OrpaHUIUTHCS
BCEMU CJIOBAMH JJINHBI, HE IPEBOCXOISIIEN JIJIMHBI U.

[Ipencrasisier naTEpEC GOJIEE TOUHOE UCCIIEI0BAHIE CTPYKTYPBI COOTHOIIEHH, 3amatonmx A,. B
JaHHOII paboTe MCCiIeayeTcsl BOIPOC O BO3SMOXKHOM IJINHE CJIOBa U, IIPH KOTOPOM ajrebpa A, MoxKeT
ObITH 3a/1aHA N MOHOMUAJIBHBIME COOTHOIIeHusIMU. MbI 110Ka3biBaeM (cM. Teopemy [2.0), uro B ciyuae
andasuTa U3 JByX OYKB HanbOJIbIIAs JJIMHA CJI0Ba paBeH uncity Pudbonadun F(n).

PaGora siisiercst npojoszkenneM crarbu [4], B KOTOPO# Oy YeHbI 9KCIOHEHIUATbHbIE OLEHKH
Ha JJIUHY CJIO0Ba . MBI HCIIOJIb3yeM HEKOTOPbIE ITOHSTHSA U PE3YJILTAThI U3 3TOH CTaThU.

Kak aBropam crajio m3BectHo, B HacTosiiee Bpems I1. JIaBpoB mpemaoKumiI Apyroe JI0Ka3aTeIb-
cTBO 310r0 dakra [5]. Bbl1o 661 HHTEPECHO CPABHUTH METOBI JJOKA3ATEIbCTB.

2 IlpenBapurenabHbIe CBeJIeHUS

IIycrs X = {z1,...,2} — xKoHeunslit andasur (B Gosbiieil yacTn crarbn Mbl nojaracM k = 2). Iox
KoHeUHbM (OECKOHEUWHbIM 6NPAB0/6.A€60/6 0be CMOPOHLL) CA060M MBI TIOHEMAEM JIIOOYIO KOHETHYIO
(beckoHEUHYIO BIIPABO,/BJICBO/B 00€ CTOPOHBI) HOC/IEI0BATEIBLHOCTE OYKB ajidaBuTa; IycTas MOCe-
JIOBATEILHOCTH A TakyKe sIBJIsAeTCst CJI0OBOM. /Launoll [u]| KOHEIHOro CJI0Ba U HA3BIBACTCS KOJMIECTBO
6ykB B HEM. Bee koHeunble c10Ba 06pa3yioT MOHOWJ] OTHOCHTEIHHO KOHKATECHAIII.

Onpegenenne 2.1. Cao60 u Ha3vl6aemMCA TOACIOBOM CA06Q W, €CAU W = VUV OAA HEKOMODHLT
ca06 vy, ve. Cao6o u asasemcs HadagoM (KOHIOM) caosa w, ecau v = N (ve = A). ITodcaoso
(Hauano, Koney) u cao6a v ABAAEMCHA COOCTBEHHBIM, €CAU U F V.

Beedém 1a MHOICECTNEE KOHEUHDIT CA06 HACTUMHLIT NOPACOK: CKAdHCEM, WMo U = U, €CAU U
ABAACTNCA NOOCAOEOM CAO6G V.

Henycmoe ca060 u nasvi6aemcs IepUOIUIeCKIM, €CAU U = V" 0AA HEKOMOPO20 CA06A U U HEKO-
mopozo n > 2. B npomushom cayuae oo Ha3bieaemcs HeePUOITIeCKIM.

Onpepesienne 2.2 ([4]). Cucremoii 3apeToB Ha306ém koneuroe mmosicecmso caoe Vo= {vy,... vy}
6 aagasume X . Bydem 206opumsv, wmo (Koneunoe uiu 6eckonewnoe) ca060 w yI0BIETBOPSET CHCTe-
Me 3ampeToB V, ecau v A w daa a0b020 v € V.

!The work is supported by the Russian government project 11.G34.31.0053.
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Hycmoe W — beckoneunoe 6 obe cmoponvl cr060. Bydem 2o0sopum, wmo cucmema danpemos V
onpegensier cao6o W, ecau W — eduncmeennoe beckonewnoe cao60, ydosiemeopatowee 3moti Cu-
cmeme 3anpemos.

[IycTb u — KoHewHOE ¢10BO. OIpeaenM 6eCKOHEYHOE CAOB0 ¢ NePuodom U Kak u™ = ... uuul . . . .
Ecmu cymecrByer Takoe ciaoo u, aro W = u°°, To 6eckoneunoe cioBo W Ha30BEM MepuoduuHbim.
HerpymaHo BuieTh, 9TO €CIu CHCTEMa 3aIllPeTOB OIpeessieT cJIoBo W, To OHO HepHOIUIHO.

Jlast KaxKaoro ImeproguiHOro GECKOHEUHOIro B 00e CTOPOHLI cjioBa W CYIIECTBYET B OLPEIEIEH-
HOM CMBICJIE OITHMaJIbHAas cucreMma 3anperoB. CJI0BO v Ha30BEM kanoHUuveckuMm danpemom njias W,
eC/IM v He sIBJIsieTcs momcaoBoM W, a groboe ero cobCTBEHHOE TOICIOBO — siBisieTcst. MHOXKecTBO
BCEX KAHOHMYECKUX 3alpeToB g W Ha30BEM kanoHuueckotl cucmemots sanpemos njias W ona 060-
suauaercs C'(W).

JIemma 2.3 (cm. [4, Jlemma 1]). Kanonuueckan cucmema sanpemos C(W') onpedeasem caoso W.
ITpu amom mobas cucmema 3anpemos, 3adarowas W, codepotcum ne menvuue anemenmos, wem C(W).

g

Bameuanne. MoxHo nokazarh Takke, uro C(W) — eAuHCTBEHHAs] CHCTEMa 3alPETOB, 33/AI0-
masg W, ¢ MUHIMAJILHOM BO3MOXKHON CyMMOM JIJTMH BXOMIAININX B HEE CJIOB.
Ormerum emgé ozHo mosiesHoe coiictso cucrembr C'(W).

IIpennoxenue 2.4. Koneunoe caoso v ydosaemsopaem C(W') mozda u moavko moeda, xoeda v —
nodcaoso 6 W.

Jloxasamenavemeo. Ecau v — mopcnoso B W, 1o, oueBumnno, oHo yuossersopsier C(W). O6parho,
IPE/IIONOKIM, YTO v He sBjsercs nojciaoBoM B W. Torma cymecrByeT MUHEMAJbHOE II0 JJIHHE
nojcioBo v’ < v, He sBIIstoNeecs 1ozcaoBoM Wi oo 1o onpezesennto jexkur B C(W). Buauur, v
ue yznosnersopsier C'(W). O

Onpenennm gucna Pubonadan o ciaepyomemy npasuny: F(0) = F(1) =1, F(k+1) = F(k) +
F(k —1). Mbl IpoJo/I2KUM 3Ty TI0CJIEI0BATEILHOCTH Ha OTPUIATE/IbHbIE HHIEKCHl; Tak, F/(—1) = 0,
F(-2) =1, F(-3) = —1.

Ilesib MaHHOM CTATBU — HAXOXK/EHUE TOYHBIX BEPXHUX ONEHOK HA JUIMHY IIePHOJA CJIOBA, €CJIH
U3BECTHA MOIIHOCTH CHCTEMBI 3aIIPeToB, ero 3ajaorast. OCHOBHBIM Pe3yJIbTaTOM CTATHH sIBJISETCS
CJIEJLYIOIAsT TeOPEeMA.

Teopema 2.5. [lycmo |X| = 2. Ilyemv cucmema sanpemos V- onpedeasem caoso W = u>, 2de
c1060 u nenepuoduuno. Tozda |u| < F(|V]).

Bameuanmne. B cuny semmbl 2.3 MmoxkaO orpannunThes ciaydaem Vo= C(W).

Onpenenenue 2.6. [lycms caoso u ydosaemeopsem cucmeme sanpemos V, u x € X. Ha306ém
cro60 v’ = ux (v = ru) npomorKeRneM ca06a u BIpaBo (BIeBO) ommocumenvro V, ecau u' maxorce
ydosaemeopaem V.

C060 U Ha306EM HEOJHOZHAUHO [IPOJIOJIZKIMBIM BIIPABO (BJIEBO), €CAU Y HE20 CYUWECMBYIOM TOMA
6vL 064 PasHwvlr NPodosdcenus 6npaso (64€60).

Hakoneu, na306ém u pasBuikoii (ommocumenvro V), ecau u HeoOHOZHAHHO NPOOOAHCUMO KAK
8NPaco, Mak u 6.4€60. KpaTHOCTBIO PA36UAKU U HA306EM KOAUNECTNBO €€ NPodoadcenuti 6npaso.

Ha306ém €080 U Pa3BUIKONW 0mMHOCUMENbHO beckoneuno20 6 obe cmopouv, caosa W, ecau u
asasemcs pazsuakot omuocumenvno C(W). Camo caoso W marorce na306ém pasBUIIKOi omHocu-
meavro W.

IIpumep. Ilycrs |X| =2, X = {a,b}. Torna KoHeYHOE CJIOBO U SIBJISIETCSI PA3BUIIKOH OTHOCH-
TesbHO W oTOrma M TOJILKO TOTIA, KOLJa BCe YeThIpe cJoBa ua, ub, au, bu SBILIOTCA IIOACIOBAMUI
B W. Ilpu 3TOM BCe pasBUIKU UMEIOT KpaTHOCTHL 2. CTOUT OTMETHUTDL, YTO CJIOBa auda, aub, bua, bub



yKe He 00s13aTebHO SBJIAIOTC mojacaoBaMu B W ¢ Apyroil CTOPOHBI, HETPYIHO BHUIETh, UITO XOTS
Obl JiBa U3 HUX JOJKHBI yaoBjaeTBopsts C(W).

B pabore [4] 3amaua oneHKr KOJIMYIeCTBA 3aPETOB, 3aaM01X ¢JI0Bo W, OblIa cBejieHa K 3a/iade

OIIEHKHU KOJIMIECTBa, Pa3BUIOK B cjaoBe W. Mbl Takke OyjeM HCIOJB30BATH 9TOT PE3Y/IbTAT.

Jlemma 2.7 (cm. [ Jlemma 3|). Jlas waotcdozo nodcaosa u caosa W cywecmsyem naumenvua
(ommocumenrvro nopadka <) pazeuara v = r(u), codeprcauas u. O

Bameuanue. Ecin v < v — nogenosa B W, to, ouesnano, r(v) < r(v').

Jlemma 2.8 (cm. [4, Jlemma 5]).  ITycmo vi,...,v, — 6ce KoHeuHvle PA3BUAKU 6 NEPUOOUNHOM
cnose W =u>®, a ky,...,k, — ux xpamuocmu. Toeda

ICOWV) 214 (k1 = 1)+ (ko = 1) + - + (b, — 1).
Caencreue 2.9. [C(W)| > n+ 1. O

Bameuanme. MoxHo nokaszars, 9to upu |X| = 2 B semme 2.8 u B ciegcreun 2.9 Beerma mocru-
raercst paBeHCTBO.

DTO CJIEJCTBUE MO3BOJISIET CBECTU TEOPEMY K cJeyIomeit.

Teopema 2.10. [Iycmov | X| = 2. Paccmompum nepuoduueckoe caoso W = u, 2de cao60 u nene-
puoduuno. Ilyemov das smozo caosa cywecmsyem n koneunox pazeuaok. Tozda |u| < F(n + 1).

menno sTor BapruaHT MbI 1 JOKa3bIBa€M B KOHIIE pa3JeJsia m

B zaksrouenne npuBeéM npuMep, MOKas3bIBAOIIUii, 9To oreHKa B Teopeme 2.5 (1, cienosarenbho,
B Teopeme 2.10) meysmydmaeMbl HI OPU KAKOM 1 > 2.

IIpumep. Ilycrs X = {a,b}. Ilocrpoum nocienoBarenbHocT ¢ioB (8;), (t;) 1o ciaemyomemy
npasuiy. lonoxum sg = a, tg = b; nasnee, nupu Bcex ¢ > 0 MOMOKUM S;+1 = S;Siti, tivy1 = Siti.
Herpynuo Bugers, uro |s;| = F(2i + 1), |t;] = F(2i). B pabore [4, Teopema 3| nokasano, aro upn
i > 1 caoBo Wy; = (t;)*° 3amaéres 2i 3anperamu; 3aaqut, |C(Wy;)| < 2i o semme Torna scHo,
4TO C7I0BO Wo; TOKa3BIBAET HEYJIyHYNIaeMOCTh OLEHOK B T€OpeMax u 210 npu yérHoM n.

AHanorndHo MOXKHO 1OKa3aTh, uTo 1pu ¢ > 1 cioBo Wair1 = (8;)°° 3amaéres 2i + 1 3anperom;
9TO MOKA3BIBAET HEYJIy4IIaeMOCTh OICHOK IIPU HEUETHOM 7.

3 KombunaTopuka

Ha mpotsizkeHuu 9TOro m mOCJIEAYIONEro Pa3iaeioB Mbl pacCMAaTpUBaeM (PUKCHPOBAHHOE HEITyCTOEe
KOHEYHOE HEIEePUOUIECKOe CJIOBO U, U cj1oBo W = 4. Pa3Bujiku u 3a1peTsbl OTHOCUTEIbHO ciioBa W
MBI HA3bIBAEM IIPOCTO PA3BUIKAMUI U 3aIlPETaMM.

Ounpenesienne 3.1. Hazo6em 3HAUUMOCTBIO 2(V) N00CA0BA U KOAUMECTNGO PA3, KOMOPOE 0HO 6CMpPe-
waemes Ha nepuode; GopmMasbHo 2060PA, ECAU U = U . .. Ug, 20e U1,...,uq € X, u [v| =t, mo

Z(U):’{1§i§d:Ui...ui+t_1:U}‘7

2de mol noaaeaem uprqg = u; npu 1 < i < d.

Hanomuum, aro st nogciaoBa v ciaoBa W depes 1(v) ob603HAYAETCS HAUMEHBINIAsl PA3BUIIKA,
cofepKaras v.

IIpengioxkenue 3.2. Ecau v v, mo z(v) < 2(v'). Kpome moeo, z(v) = z(r(v)). O



ITpennoxkenue 3.3. [lycmov v — NPoOU3BOABHAA KOHEUHAA padsuika. Toz0a

z(v) = Z z(vx) = Z z(r(vx)). O

zeX zeX

IIycTh vg, V1, . . . , Uy — BCE PA3BUIKH, YIOPSIOYEHHDIE 110 3HAYUMOCTH, TO €CTh 29 < 21 < + -+ < 2,
rie z; = z(v;). [Ipu arom Ml canrtaem, aro vg = W (n 29 = 1), a v, = A (1 2, = |u|). Takum obpazom,
Hallla [eJb — HOJIYYUTL BePXHIOIO OIECHKY Ha Z,.

W3 npenjokenns CIeyeT, U9To 21 = 2o + 29 = 2. 3 npemio:kenmii u B3 cnenyer cnemy-
IoIIee IPeIIoXKEeHNe.

IIpengoxkenue 3.4. [Tycmov x € X, 0 < i < n. Tozda z(v;x) < z(v;). B wacmuocmu, ecau r(v;z) =
v, mo j < i. Haxoney, us v; < vj caedyem z; > zj. ]

Hasnee mbl paboraem co ciaoBamu B aidasure X = {a,b}. B sT0M ciIydae KpaTHOCTb KaxKIoii
pasBuIku pasHa 2. 13 npemoxkenus [3.3] rereps BhITeKaeT ciienyromiee IpelIosKeHue.

IIpengioxkenue 3.5. z; < 2z;_1, u max{r(v;a),r(v;b)} > z;/2. O

Oupenenenne 3.6. Hasosem pazsusky v; (i > 2) UCKIIOYUTEIBHON, €CAU z; > Zi—1 + zi—2. B npo-
MUBHOM CAYUAE HA306EM V; PETYIISIPHON. Passuaxu vy u v1 maxoice bYydem cuumams pe2yispHbLMU.
Hndexc i mazosem UCKIIOUUTEIBHBIM (PETYJISIPHBIM), €CAU PA3BUAKA V; UCKAOYUMENbHA (Pe2yrtp-
Ha). O603HAUUM MHOAHCECTNEO UCKAONUMENHHLT PA3EUIOK “epes T.

HedopMmaabHo TOBOpsi, B PETyJISIPHBIX CIyUasiX MOCIEI0BATEILHOCTD (Z;) PACTET He ObICTpee -
cesr Pubonaqyn.

IIpennoxenue 3.7. Ecau passuaxa v; uckaowumenvra, mo z; = 2z;_1, z—1 > zi—2, u r(via) =
r(vb) = vi—_1.

Jlokazamenavcmeo. Ilycrs r(via) = r(v;b) = vi—1; Torma z; = 2z;_1, ¥ UCKJIIOUUTEJBHOCTH Pa3-
BUJIKM ¥; PABHOCUJIbHA TOMY, 9TO 22,1 > Zi—1 + Zj_2, TO €CTb Z_1 > Zj_o. B IPOTUBHOM CJIy-
Jae MOXKHO c4uTaTh, 4ro 7(via) = v; npu j < i — 2. Torma nmo npemnoxkennto B3] 2, = 2(v;) =
z(r(via)) 4+ z(r(v;b)) < zi—2 + zi—1, TO €CTb v; pery/sipHa. O

3ameuanwue. VckiounTenbHble Pa3BUJIKM MOTYT CyIIecTBOBaTh. Hampumep, B ciioBe u°, rme
u = (ababbabbabbb)™a, pazBuiika v = babbabb nckmounTenbHa pH 1 > 2. JleficTBUTENBHO, HETPY/IHO
upoBepuTh, 9to 2(v) = 2n, r(va) = r(vb) = ababbabbabbba = w, z(w) = n; 3HAIUMOCTD Ke JIIOOOI
JPYToit pasBuIku JinOO He MeHbIe 3n — 1, mubo me 6osbime n — 1.

OcTaTok 3TOrO pa3aesia HOCBHH_IéH N3YyYIEHUIO UCK/IIOIUTE/IbHBIX Pa3BUJIOK.

Onpepenenne 3.8. [lycmo v; € L. Hyemsv vj — makcumasvnoe cobCmeernoe Hauai0 paseuik
Vi—1, Aasasoueeca passunkol. Haszosém paseunry vj u e€ undexc j MTPadHBIMI 0AA UCKAIOYUMEND-
nOtl Pa3eusru v; U e€ undexca i; mue 6ydem oboznavamsv v; = V(v;).

Sameuyanue. B npunimie, onpeje/eHneM He 3alpelieia CUTyalus ¢ = j; HO B JaJbHeHIneM Mbl
YBUIUM, 9TO OHA HEBO3MOXKHA, CM. Ipeioxkenne [B.111
U3 npepnoxenus [B.3] BoiTekaer

Ipenmoxenne 3.9. Tycmov v; € L uv; = V(v;). Tozda zj < zj_1 + zj—1. O

Ipenmoxenne 3.10. ITycmo v; € T uvj = V(v;), npuuém vi—y = r(vja). Tozda v;—1 = v;b.



Jlokasameavcmeo. TlocTpouM mociie0BaTeILHOCTL PA3BUIOK (Sk) cueyomum obpazom. TTomoxum
50 = v, s1 = r(v;b); 3ameTnnm, uro z(s1) = 2(r(v;b)) = z(vj) — z(r(vja)) = 2(vj) — 2(vi—1) > 2(v4)/2,
Tak Kak z(vj) > z(v;) = 2z(v;—1). IIpu k > 1 depe3 sj41 0003HAMMM TaKyio U3 Pa3BHIOK T(Ska)
u 7(skb), mist KoTopoit z(Sg+1) > 2(Sk)/2; OHA CYIIECTBYET COIVIACHO MIPEJJIOXKEHHIO (o 3ameua-
HUIO BBIIE, HEPABEHCTBO 2(Sk4+1) > 2(sk)/2 Boimomnmeno u mpu k = 0). BamernM, 1ro vjb < 53 mpn
KaxkiaoMm k > 1.

[Tycrs k — MakcuMalbHOE YHCIIO0, JJist KOTOPOro 2z(sk) > z(v;—1); IyCTh Sk = Vp,. Ilpemmomnoxum,
aro m # i — 1. ITo npegnoxkenmo B umeem z,_o < z;_1; 3HA4IMT, caydail m < ¢ — 1 HEBO3MOXKEH.
[Tosromy m > 4, To ectb z(Sg) > z; = 2z;—1. Ho Torma z(sg+1) > 2(Sk)/2 > z;—1, 9TO IPOTUBOPEUUT
BeIOOPY k. UTak, m =i — 1, mosromy v;—1 = sj = v;b. O

IIpenmoxenne 3.11. Ilycmo v; € T uv; = V(v;), npuuém vi_1 = r(vja). Tozda cywecmsyem
makoe k (1 < k < j), wmo z < 21+ zi—o u 2 < zj. B wacmwnocmu, j > i+ 2, u passuaxa vy
peayaapna. Kpome mozo, 6 xanonuveckoli cucmeme 3anpemos CYwecmeyem 3anpem 6uda Yuga, 20€
y — byksa.

Joxasamenvcmso. CoryiacHo onpesiesieHnIo ciosa v; 1 peaioxkennio [3.10], coBo v;—1 MOXKHO Hpe/-
CTaBUTh KakK v;_1 = vjat] = tgvjbtg JJIsI HEKOTOPBIX CJIOB t1, to, t3. CoBO to, OYEBHIHO, HEIYCTO;
LyCTh & — €ro nocyeHsist Oykea, to = tha. IlockoabKy v;—1 = r(v;a), moboe BXOXKIEHUE V;a B CJIO-
Bo W npomormxaercs 10 vjat] = v;_1; B 9aCTHOCTH, OHO IIPOJOJIKAeTcs 10 tovjb. DTo 3HAMUT, UTO
cI0BO tpvja (HauMHAIOINEeCs ¢ v;a) He BeTpedaercss B W.

Torma ci0Bo tavja = tHxv;a NOIKHO CONEPIKATH HEKOTOPBI 3aIIPET YU,z U3 KAHOHHYECKON CH-
creMbl (371€Chb Y, 2 — OYKBBI, U — HEKOTOpasl Pa3BUJIKA). DTOT 3alpeT He MOXKET ObIThb MOJICIIOBOM
cioBa tav;, nbo ono Berpedaerca B W. Takxke on He MOMKET ABIATBCA IIOACIOBOM ciloBa Tvj;a. Jeii-
CTBUTEJIBHO, TIOCKOJIBKY ¥;—1 ABJISETCS Pa3BUJIKOHN, cjoBa av;—1 1 bv;—1 Bcrpedatorcd B Wi 3Ha4uT,
U UX HOJC/IOBa avja 1 bvja TakyKe B HEM BCTPEHYAIOTCS U II0TOMY HE MOTYT COAEPXKATh 3allPETOB.

WTak, Hamt 3ampeT yvgz He COIEPXKUTCA B MOJCI0BAX to¥j U TVja. DTO 3HAYHUT, UTO OH ABJIACTCA
KOHIIOM CJIOBa l9V;@, CTPOTO COEPKAINIM TV;a; TAKHUM 00pa3oM, z = @, & Uy = §'Uj Iy HEKOTOPOro
Herycroro ciiosa s'. PaccmorpuM Tenepnb pasBuiiky vy = 7(vga). CI0BO v,a 3aKaHIHBAETCSH HA V;a;
SHAYNT, Pa3sBUIIKA Uy JOJIKHA COIEPKATh PasBIIKY 7(vja) = v;_1. Boiee Toro, cormacuo ompeneie-
HHIO, CJIOBO ;@ fABJISETCH HadaJaOM Pa3BUJIKH U;_1 M HAXOJUTCA He B Hadasle PasBUIKH Ug; SHAUUT,
Vj—1 — CODCTBEHHOE TOJICTIOBO B Uy, TO €CTb Uy > Vi—1. [IOCKONIBKY U Uy, U v;—1 — PA3BUJIKH, IIOJIy YaeM,
aro 2(vy) < z(vimq) m l <i— 2.

Uroro, Mbl HAIIM Pa3BUIKY U = s'vj Takylo, 410 z(r(vga)) < zi_g; 3HaunT, 25 = 2(VK) =
z(r(vga)) + 2(r(vgb)) < zi—2 + zk_1. 3amernM, 4To v; < VR < Vi_1, HodTOMY i — 1 < k < jm
2z, = z(v) < z(vj) = z;. Kpome Toro, k # i, u6o z(r(via)) = zi—1 > zj—2 > zp = z(r(via)). 3nadnr,
1<k<y (I/I, 3HAYUT, j > 1 + 2), u Tpebyemoe k Haiimeno. Haxownerr, mockoibKy zp < 2p_1 + 2i—2 <
21+ 2i—1 < Zk_1 + Zk_2, PA3BUIKA Vi pPeryadpHa. O

Omnpenenenne 3.12. I[Tycmo v; € I, vj = ¥(v;). [Tyemo vy, — passuaxa, nocmpoernnas 6 npeoro-
orcenuul3 11 Haszosem amy paseunky vi u ee undexc k MEHEBBIMU 0Af UCKAOUUMENLHOT PA3BUNKU V;
u ee undexca i; 0603naqum vy = II(v;).

OrmeTnM HEKOTOpPBIE CBOMCTBA IITPadHBIX U MEHEBBIX PA3BUJIOK.

IIpennoxenne 3.13. IIycmov v; € I, v; = V(v;) u vi—1 = r(vja). Toeda z(r(vja)) < z(r(v;b)). B
YACTIHOCTNU, PA3EUNKA Vj PELYAAPHA.

Joxasamenvcmso. IlepBoe yTBepzkieHne cieflyeT u3 Toro, 4ro r(vja) = vi—1, a z(r(vja))+z(r(v;b)) =
z(vj) = zj > 2z > z; = 22(r(vja)). Torga v, He UCKMOYUTENbHA O HpeIOKeHMIO [B.7] O

IIpeanoxkenne 3.14. ITycmo vi, vy € L, v; = ¥(v;), vjr = V(vy). Toeda, ecaui # i, mou j#j'.



Joxazamenvemeo. TIpeanonoxkum uporusHoe; mycrs ¢ > i/ u v;—1 = r(v;ja). Torma u3 npeioxe-
mnit B u B I3l cnenyer, uro 21 < zi—1 = 2(r(vja)) < z(r(v;b)), n mOTOMY V;/_1 HE MOKET SIBIIATHCSI
r(v;b). Takum obpasoM, vy_1 = r(vja) = v;—1, u @ = i'. IIporuBopeune. O

IIpengoxkenue 3.15. ITycmov v, vy € I, v = I(v;). Tozda vy, # ¥ (vy).

Aoxasamenvcmso. Ilycrs vj = W(v;), npuaém v;—; = r(vja). Ilo npennoxennto B11]), B kaHoHUITe-
CKOIl CHCTeMe 3alpeToOB CyIIeCTBYeT 3allpeT BUIA YUka, rje y — Oyksa, nupu atoM z(r(vga)) < zi_a,
a z(vk) > 2z > 2zj_9. 3uaunt, z(r(vkb)) = z(vg) — z(r(via)) > z(r(vga)). Iosromy, ecan pasBuiI-
ka v = V(vy), To mo npegyioxkenuto B.I3 vy = r(vka), u vpa SBISIETCS HAYAJIOM CJIOBA V1 IO
onpejenennio mrpadHoit pa3suiku. Ho mOCKOIBKY vj/_1 SBJISETCA PA3BUIIKOMN, TO IOACIOBO YU 1
(1 Tem Gostee yvga) Berpedaercst B W OTOMY He MOXKET sIBJISITbCsI 3allPeTOM — IIpoTuBopeune. [

Cymmupyem pesynbrarsl npetoxkennit 3.9 BTl B13] B. 14 u B8 B caemyrormeii Teopeme.

Teopema 3.16. /Jlas kaocdozo UCKAOUUMEALHOR0 UHOEKCA 1 CYWLECMBYOM wmpadHot U neHesot
undexcor J u k maxue, wmo i < k < j, zj < zj_1 + zi—1 u 2 < zg—1 + 2i—2. IIpu smom wmpad-
Hble UHOEKCHL OAS PASHBIT UCKAOUUMENOHOLT MAKHCE PASAUMHDL, 0 MEHEBOT HE MOHCEM ABAAMBCA
wmpadrowm. Kpome mozo, wmpagdrnvie u nenesovie undekco, pezyiaphv, (Mm.e. HE UCKAOUUMENbHDL).

O

Onpenenenue 3.17. Haszosem undexc r PsSIOBBIM, €CAU OH HE ABAAECMCA HU UCKANOUUMEALHDIM,
HU WMPAPHHDIM, HU TEHEBDIM.

4 OreHKH

B sT0M pasjiesie Mbl OLIEHUBAEM POCT IOCIEA0BATEIbHOCTH (2;). st 9TOro Mbl CHavYasIa BBEJIEM KJIAcC
abCTPaKTHBIX (He 00s13aTeJIbHO CBSI3aHHBIX CO CJIOBAMMU) MOCJIEJ0BATEILHOCTEN, MAYKOPUPYFOIIHUX TI0-
cJIe1oBaTesIbHOCTH Buja (2;), a 3aTeM OyjieM OIeHUBATDH ITH II0CJIEI0BATEIbHOCTH.

4.1 JlomycTuUMbIe MOCJI€/I0BATEIbHOCTHI

Onpepesienne 4.1. I[Tycmv n > 2 — namypaavroe wucao. Ilyems 6 mnoocecmee {2,3,...,n} swude-
AEHDL MPU NONAPHO Henepeceraouwurces nodmmoscecmea I, J uw K, |I| = |J| > |K| (anemernmovr omux
nodmHodicecma 6ydem Ha3viBAMb COOMBEMCMEEHHO NCKITIOYNTEIbHBIMHA, TITPAMHBIMEI U TIEHEBLIMU;
undexc, He AeAHCauUll HU 8 00HOM U3 NOOMHOACECTNE, Ha306eM PITOBBIM ). Hakoney, nycms 6006a60%
sagpurcuposanv, buekyus 1 : I — J u cropsexyua w1 I — K, npuvem i < w(i) < (i) das arobozo
i € 1. Hazosém nabop S = (n, I, J, K,1, ) cucremoit. Jaa k € K onpedeaum d(k) = minm~1(k);
anemermu, mroscecmsa d(K) C I na306ém mwioxumu das cucmemot S.

Camot npocmot cucmemot asasemces «<nycmass cucmema Op = (n, D, 3,3, 5, ).

Hycma 11 = (x4)1, — nocaedosamenrvrocmo neompuuamenvrolx wucer. Bydem zosopumsb, wmo I1
COOTBETCTBYET cucmeme S, ecal 8bNOAHEHO YCAOBUE

(1) daa mo06o20 2 <1 <, T = Tp 1 + Tg(y), 20€

r—2, ecau r — padosotl;

o) r—1, ECAU T — UCKAOUUMENLH LT
)=

i) =1, ecaur — wmpagdno;

d(r) —2, ecau r — nenesotl.

Hceno, umo makxaa NocAEIOBAMEALHOCTND 3G0GEMCA HAYANDHBIMU YAEHAMU To U T1; Oydem 0603Ha-
wamo eé Ilg(xg, x1).

Hasoeém nocaedosamenvrnocms ls(a,b) monycrumoit das S, ecau 0 < a < b < 2a; naxoneu,
6ydem 2060pumov, wmo nocaedosamesvrocms s = Ilg(1,2) nopoxkaena cucmemot S.



[Tycts Tenepp W = 4> — GecKOHETHOE TEPHOIUIHOE CIIOBO, U (Z;) — MOCIIEI0BATEILHOCTD 3Ha-
qUMOCTel, onpeae€HHas B IPEAbLIYIIEeM paseiie. Pe3ybTraThl 9Toro pas/esia Mo3BOJISIOT BBIIACATD
HOPOXKIEHHY IO TI0CIIEI0BATEIbHOCTD, MaXKOPUPYIOIILY O [OCIEI0BATENBHOCT (2;). VIMEHHO, IyCTh MH-
JIEKCBI 1] < -+ < iy SIBJISTFOTCS UCK/IIOUUTEIbHBIMU JJIst cjioBa W, MHIEKCHI j1i, ..., Jm — IITpad-
HBIME (mIprdaeM j; — mrpadHOil s i;), a UHAEKCH K1, ..., ks — IMCHEBBIMU (HAIIOMHHUM, 9YTO II€HE-
BOI MHJIEKC MOXKET COOTBETCTBOBATH HECKOJBKUM HCKJIOUnTebHbIM). [lomokum I = {iy,... i},
J =1,y im}, K = {k1,...,ks}; 1m0 Teopeme 9TH MHOXKECTBA IONAPHO HE MEPECEKAIOTCS.
Hauee, nyist Becex 1 < r < m nonoxkum (i) = j, u oupeneaum 7(i,) Kak MEHEBOIl MHIEKC, COOT-
BETCTBYIOINIHIT UCKITIOUUTEAbHOMY 4. Torma (n, I, J, K 1, m) — cucremMa COIJIACHO TeopeMe Us
9TOM K€ TeOPEMbI BBITEKAET CJIIyIOIIee IPeIIOXKEHNE.

IIpennoxenue 4.2. I[Tycmo nocacdosamervrocms (y;) nopootcoena cucmemot S = (n, I, J, K, 1, ).
Tozda das a06020 underca r = 0,..., 1N BONOAHEHO HEPABEHCTNEO Zr < Y.

Zloxazameavcmeo. Unnykmua mmo r. [Ipu r = 0,1 yTBepKaenne OUeBUIHO, TaK KakK 2, = Y. llycThb
zs < ys pu Bcex s < r. Torma mo Teopeme [3.16l umeem z, < 2,1 + 2o(r) < Yr—1 + Yo(r) = Yr, ITO U
TpebOBAIOCE. O

OrmeruMm cpasy HEKOTOpbIe CBOCTBaA JIIOOOH JIOMYCTUMON HOC/IeI0BaTeIbHOCTH (YY), AHAIOTUY-
Hble CBOMCTBAM IOCJIEIOBATEILHOCTH (2;) U3 IIPEIBIAYIIErO pasesa.

IIpennoxenue 4.3. [Tycmv nocaedosamesvrocmys (y;) coomeememeyem cucmeme S. Toeda 0 <
Yi < yir1 npu scex 1 < i < n. Ecau, sdobasoxk, (y;) donycmuma dasn S, mo 0 < y; < yir1 < 2y; npu
ecex 0 <1 < n.

Jlokasameavcmeo. Hepasencrso y; > 0 (u mostomy y;11 > y;) ciemyer us onpejesnerus. Ocra-
JIOCH JIOKA3aTh HEPABEHCTBO ¥; < ¥;+1 < 2y; Jyisl JOMycTUMOil mocsenoBarenbnoctu (y;). Ilpumenum
nuaykiuio 1o 4. IIpu ¢ = 0 Bce yrBepxKuenusi Bepubl. [lasee, ipu ¢ > 1 umeeM Y41 = y; + Yr
upu Hekoropom 1 = O(i + 1) < 4. Ilo npemmosnoxkenuto unaykun uveeMm 0 < y, < y;, OTKyza
¥ <y +yr < 2y;, 9TO U TPeOOBAIOCH TOKA3ATD. O

HanomumM, aro auncia @ubonaduan saganst yeaosusvu F(0) = F(1) =1u F(n+1) = F(n) +
F(n — 1) npu Bcex 1esbIx n.

ITpennoxenue 4.4. Ilycmv k > 2, t > —1, u undexcw, k,k + 1,....k +t — padoswe. Tozda
Ykt = F(t + Dyp—1 + F(t)yp—2-

Lloxazameavcmeo. Nunykmua no t. [Ipu t = —1,0, 1 umeem

Ye-1 = FO)yp—1+F(—Dyr—2, yx = FOyp—1+F0)yr—2, Yrt1 = Yr—1+ye = F2)yp—1+F(1)y—2.
Ecnu xe t > 2, To

Yh+t = Yhrt—1 HYhri—2 = (F() +F(E—1))yp—1 +(F (- 1)+ F(t—2))yp—2 = F(t+1)yk—1+F () yr—2,
4TO U TpebOoBaIOCh. O

[Tycrs nocnenoBarebHOCTD (2;) TopoxKena cucremoit O, ; Torya, sicio, x; = F(i + 1) npu Beex
0 < i < n. Hama nenp — mokazaThb, 9TO It JIIOOOH MOPOXKIEHHON IOCIEI0BATEIHLHOCTH (), - - - , Yn
BBINOJIHSETCST HEPABEHCTBO Yy, < o, = F(n + 1). C 310it 11e1610 MBI GyJIeM II€pecTpanBaTh CUCTEMY
(n,I,J, K, 1, 7), cBolg €é K IyCTOI, TaK, YTOObI 3HAUECHUE Yy, HE YMEHbIIAJIOCh.



4.2 DjeMeHTapHbIEe yJIydHIeHUs MOPOXKAEHHOI IMOCJIe/I0BATEIbHOCTHU

Baeck u jmasnee, ecan He oropopeno mnporusHoe, S = (n,I,J, K, 1, T) — Opou3BOJIbHAs CHCTEMA, &

YOy - - - » Yn — TIOCTEOBATEIBHOCTD, €10 TopoxKaéHHas. Obo3naunm vepe3 L = [ U J U K MHO2kKeCTBO
BCEX HEPSJIOBBIX MH/IEKCOB.
Kaxkpiit paz mMbl Gyjem nepectpausaTh cucremy S, mnoiydas cucremy S = (I, J' K’ o) 1)

U TOPOXKJIGHHYIO €10 HOCJIe0BATeIBHOCTD (Y)) ), mi1st KoTopoit ), > Yy (byukuun d u 0, a Takxke
MHOKecTBO L 1yist cucrembl S’ Takke GyjeM moMedars mrpuxaMi). Takyio Hoc/Ie10BaTe/IbHOCTD ()
(cucremy S’) Mbl OyzeM Ha3bIBATH Yaywwenuem nociaegosareabaoctu (y;) (cucremsr S). Jocrarod-
HbIE YCJIOBHS JJIsl YUIy9IIEeHNs] 00CCIEeINBACT CIIE/LYIONIasi JIEMMA.

Jlemma 4.5 (06 ymyumenun). Hycmov £ > 2, u 66inoanens. cA0YI0UUE YCAOBUM:
(1) us 0(i) > £ —1 caedyem 0'(i) = 0(i);
(2) Yp_1 = Ye1, Yo = Yes
(3) yé,(i) > Yoy npu scex i > L maxux, wmo 0(i) <L — 1.
Toeda y, > y; npu ecex i > £ — 1; 6 wacmuocmu, (y.) aeasemes yayuweruem (y;).

Jlokazameavcmeo. Nunykiust o i. Basa jyst i = € — 1,4 ectb yeaosue (2); nycrs i > {. Ecimn
0(i) > £ —1, 10 yi = yi—1 + o) < Yi_q + yé,(i) = Y. 110 IIPEIIOJIOKEHNIO MH/LYKIU 1 yCJIOBHIO (1).
Ecmm e 0(i) < £ —1, 10 y; = yi1 + Yoy < Yi_q + y{,,(i) = ¢/(i) Mo MPEANONOKEHNIO UHIYKIUA 1
ycsoBuio (3). O

B stom nompasmesie Mbl puBeIEM HECKOJIBKO 3JIEMEHTAPHBIX yiydineHuil. Ilepsoie nBa m3 HEUX
MOXKHO CXEMAaTHIHO M300Pa3uTh TakK:

np...pH - P...PUH, NKP — KPU, UMKH — KNH,

roe depes U, P, K, H o6o3HadeHbl COOTBETCTBEHHO HCKIIOUUTEIbHBIA HHIEKC, PsiIOBON HHIEKC,
mTpadHON WM MMeHeBOl MHIEKC, HEPSIIOBON HEITOXON WHIEKC (HaHOMHI/IM, YTO WUHJEKC IIJIOX, €C-
o oH JiexkuT B MuOKecTe d 1 (K).

IIpennoxkenue 4.6 (cABUI MCKIIOYUTEIBHOIO WHJEKCA BIPaBO). [lycmb T — uckatouumenvHvil
underc, a £ = min{t : r <t € L} — caedyrowudi 3a v nepadosoti undeke. ITycmo undexc £ nenaoxod.
Obosnarum wepes I' mmoocecmeo, noayuennoe us I samenoti r na v’ = £ —1. Coomsemcmeenno us-
menum gynryuu p, 7, nosazas P (r') = (r), ©'(r') = w(r). Tozda cucmema S" = (n, I', J, K, ', 7')
— yayHwenue cucmemovl S.

Loxasameavemso. Ilpu ¢ = r + 1 mokasbiBarh Hevero; nyctb £ > r + 2. O4YeBUIHO, UTO IOCHE
3aMeHBI IoJIydaercst cucrema. HamomunM, uro depes (y)!, Mbl 0603HAYAEM IOCJIECI0BATEILHOCTD,
nopoxaéunyo S'. Bamernm, uro y, = y; upn i < r. Homoxum t = —r — 1> 1.

O6o3HAUNM @ = Yr—2 = Yh_o, b = yr—1 = yl._1; 3aMernM, uto b < 2a no npeagoxenuo A3 Torga

yr = 2b, 1 10 npetoxkenuto [L.4] oy daem
Y1 = Yrit = FQ)yr + F(t — Dy, = (2F(t) + F(t —1))b = F(t + 2)b.
AHanornTHO MMeeM
Yoo = Ypsio1 = FO)yr—1 + F(t = 1)yro = F(t)b+ F(t — 1)a >
F(t— 1)b: F(t)

2 2
Yoo1 =2y o > F(t+2)b=1ye_1.

> F(t)b +

b,

Hanee, ye = Yo—1 + Yooy, Yo = Yo_q + yé,(g). [Tpu srom, ecu ¢ = m(r), To y(’g,(@ =Yy g > Y o=
Yr—2 = Yo(r)- Unanie 0'(£) = 0(£), u 6o 0(f) = £ —1, 6o O(£) < r —1, ubo unmexcw r+1,...,0—1
psanoBbie. B mo6om cirydae mosydaem yé,(z) > Yg(r), @ TOTOMY U Yy > Yp.
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MBI TOTOBBI TIPOBEPUTD, ITO YCJIOBUSI JIEMMBI 00 yJIydIIeHUN BBITOJIHEHDI, OTKYy1a OyeT ce-
JoBaTh TpebyeMoe. YcjioBue (2) yiKe MpoBepeHo; yciaosue (1) oueBuiHO. YcioBue ke (&8) 04eBUIHO
st Beex i ¢ {(r),d"1(r),d"1(£)}, ubo Torma w3 O(i) < £ —1 < i— 2 cuemyer 0(i) = 0'(i) <r —1
H Yg(i) = yé,(i). Pacemorpum ocrasmuecst caydau. Ipu ¢ = 1(r) = ¢/ (£ — 1) umeem yé,(i) =Yy g >

Yr_1 = Yr—1 = Yo()- pm i = d~1(r) umeem yé,(i) = Yyp_3 = Yp_o = Yr—2 = Yg(;)- Haxomen, crydait
i = d~'(¢) nesosmoxen, n6o ¢ — memyoxoit, T.e. £ ¢ d(K). O

3ameuanwne. [logobuyio omeparusa 3ameHs, OTHOTO THIAEKCA APYTUM MBI Oy/IeM OIMUCHIBATL MHO-
rokparHo. B gasbHeiinemM Mbl He 6y/1eM OIMUCHIBATH COOTBETCTBYIOILY IO 3aMeny (hyHKIW ), 7, canTast
€€ To/Ipa3yMeBaroIeics.

IIpennoxenune 4.7 (nepemena mect). I[Iyemv 2 < r < n—2,r € I, r+1 € JUK, npuuém
r+1¢ {Y(r),n(r)}, a undexc r + 2 — nenaoxot. Ecau r + 2 — peeyaspnuit, mo damenum 6 I
undexcr war+2, a 6 J uau 6 K — undexc r + 1 wa r. Unave samenum ¢ I undexc r nar+1, a
6 J uaru 6 K — undexc r+ 1 na r.

Tozda noayuennas cucmema S’ yayuwaem S.

Joxasamenvemso. 3amerum cpasy, uto y; = y, upu i < r. Kpome toro, ycnosue r+1 ¢ {¢(r), w(r)}
rapaHTHpYeT, UTO IOC/Ie 3aMEHBI 0Ty daeTcs cucreMa. O603HaumM b = yr 1, P = Yg(r41)- BOSMOKHEI
TpH Cilydas.

1. IlycTp wnaekc r + 2 — perynsapubril. Torma

yr = 2D, Yr+1 = 20+ p, Yr+2 = 4b + p,
Y. =b+p, Y1 =2b+D = yry1, Yrio = 4b+2p > yryo.

[IpoBepuM ycsioBHs JieMMbl 00 yiyumienun npu £ = r + 2. Yenosue (1) odeBunno, a (2) ywxe mpo-
Bepeno. Yesosue (3) tpebyer mposepkn smmis ipu i € {9(r),d 1 (r)} (mmave 0(i) = 0(i) < r m
Yo() = yé,(i)). Ecmu i = 4(r) = ¢'(r + 2), 1o yé,(i) = Ypi1 = Yr_1 = Yo@)- B xe v = d(i), To
Yoy = Yr = Yr—2 = Yo(r)-

2. IlycTb Tenepb MHIEKC I 4 2 — MCKIIOYNTENbHBI 1 Hemoxoil. Torna

yr = 2b, Yry1 = 20+ p, Yry2 = 4b + 2p,
Y. =b+p, Yrp1 =20+ 2p > yppa, Yrpo = 4b+4p > yp 0.

OmnsThb MpOBEpHM yCJIOBHS JIeMMBI 00 yirydrinenuu upu ¢ = r+2. Yeaosust (1) n (2) Bepubt. Yeaosue (3)
Tpebyer nposepku Jmib 1pu i € {1)(r),d 1 (r)} (mamommmm, aTo 7 4 2 — HeIIOXOil); 9TA HPOBEPKA
POU3BOJNTCS AHAJIOTHYHO HPEJIBIILYIIEMY CJIyYIalo.

3. Haxonern, myctn unjiexc 7 + 2 — mrpadmoii uiu nenesoit. O603na4uM ¢ = Yg(r42). Toraa

yr = 2b, Yry1 = 2b+p, Yry2 =2b+p+gq,
Y. =b+p, Y1 =2b+2p > Yy, Yrio =2b+2p+q > yrpo.
[IpoBepka ycoBuil jjeMMbI 00 YJIyUIIEHUN TPOBOIUTCS AHAJOTHMIHO TEPBOMY CJIyJAalo. O

CaencrBue 4.8 (o pasuesnenun). I[Tyemv 2 < p < q < n, npuswém q + 1 — nenaoroti nepsdosot
undexc. Obosnavwum T = [p,q]. Ipednosoorcum, wmo T N K = &, u 6ce undexcor u3 MHOHCECMEA
INT, xpome, 603M0ONHCHO, HAUMEHDULEZ0 U3 HUL — HENAOTUE.

Tozda cywecmeyem cucmema S = (n, I', J', K' ', 7'), yaywwarowan S; npu smom S u S’ om-
aunaromen auwo wa ompeske T (popmanvro zosops, INT =I'\T, J\T = J'\T, K\T = K'\T,
up(i) =5 <= V(i) =74, 7)) =k <= 7'(i) =k daa mobwx i,j,k ¢ T), u mnoorcecmeo I' N T
naxodumes npasee, wem J' N'T. Boaee moeo, [ I' NT| = [INT|, |J'NT|=[JNT|, u K'NT = @.



Jokazamesvcmeo. Ecmm Iy = I N'T yxe naxomgures npasee J; = J NT (B 9acTHOCTH, €CJIH OIHO U3
9TUX MHOXKECTB IIyCTO), TO MOXKHO 1m0J103kuTh S8 = S. Nnaue BoiGepem

iop = min Iy, j=min{j € Jy : j > ip}, it=max{i € I : i < j}.

Tora i MOXKHO 3aMeHUTH Ha j — 1 110 npeioxkenuio (4.0, a 3aTeM MOMEHSITh UX MECTAMU TI0 OJIHOMY U3
BapuanToB npejyioxenus (L7l TTocaennee BO3MOXKHO, Tak Kak j+ 1 He MOXKeT ObITh IIJIOXUM WHIEKCOM
1o ycaoBuio, a takxke (i) > j (ubo I N K = &). TockobKy cyMMa MCKJIIOUATEIbHBIX UHJIEKCOB
CTPOI'O BO3PACTAET, CEpHell TaKUX 3aMEeH Mbl PAHO MJIN MO3/IHO T0OLEMC TpebyeMoro.

Ocrajioch 3aMeTUTh, YTO NpPU KaxKI0i 3ameHe morHocTr MHOXKecTB I NI, JNT u K N'T nue
MEHSLJINCH. g

Emgé oxno npeobpazoBanme CBI3aHO TOJIBKO C U3MEHEHHEeM (DYHKIIUH 1), TO eCTb ¢ «IIepeHa3HaTe-
HueM» ITPadHLIX UHIEKCOB.

ITpengioxkenue 4.9 (o nepenasnadenun Ayx mrpados). [Tycmo i1 < iy — HEKOMOPLIE UCKANOYU-
meavHovie undekcol, a j1 < ja — coomeemcmeyrousue um wmpagnvie (m.e. P(is) = js npu s =1,2),
npuuém j1 > 7(iz). HUzmenum Pyrrxyuro 1 na snemenmaz iy, iz, nosazan V' (is) = js—s npu s =1,2.
Tozda noayuwusacy cucmema S', ABAAOWAACA YAyHwEHUEM cucmembl S.

Jloxasamenvcmeo. Yenosus iy < ig < m(iz) < j1 < jo rapanTupyior, uto &’ — cucrema. 3ameTum,
qTo Yy = Yy upu t < ji. OGosmaunmm as = yi,—1 = Yg(j,) = y(’g,(j%S) nmpu s = 1,2, 6 = as —a; > 0.
Torna y} = yj,—1 + az = y;, + 0. HenocpescTsennas MHIyKIMs NOKA3BIBALT, UTO Yy > Yr + 0 1pH
g1 <t <jo. Torma yy, =y, | +a1 > yj,—1+a1+6 = yj,. Torsa HeTpy/Ho BUAETD, ITO BCE yCIOBUs

JIEMMBI 00 yayurienun npu £ = jo BBITOJHEHDI. O
CaencrBue 4.10 (o mepenasnadenun tmrpados). [lyemov k > 2, i3 < -+ < i — HEKOMOPbLIE
uckMONUMENLHYE UHIEKCH, a J1 > -0 > jp — wmpagrovie underco, npuuém P({iq, ... ix}) =
{J1,- -y Jr} HUsmernum Pynrxyuro 1 nva saemenmaz iy, . . . ,ix, nosazas VP (is) = js npu s =1,... k.
Tozda, ecau 8" = (n, I, J, K, 9, 7) — cucmema, mo S’ — yaywwernue cucmemor S.

Jloxazameavcmeo. Nunykuus no k. Ipu k = 2 310 — npeapiymee npeaiokenne. lycrs k > 2.
Ecmm (i) = ji, TO MOXKHO HEIOCPEJICTBEHHO MIPUMEHUTH MIPEIIONOKEHNe HHyKIuu. 11ycTh Tenepn
Y(ix) = js upn s < k; rorma jr = (iy) upu mexkoropom t < k. Ilpumennm npemioxkenue L9 k
UHJEKCAM it i, Jk, Js- Llockombky S’ — cucrema, 1o iy < i < 7(ig) < jr < Js, OITOMY TIpH
samene dyukiun ¢ nepenasuadenuem " (i) = js > ji, " (ix) = jr Takxke nonayvaercs cucrema S”,
ABIAIomascs yaydmenneM S. s Heé onaTh MOXKHO IPUMEHHUTH HPEIIIOJIOKEHNe WHIYKIUN, n60

"/ -

V' (ik) = Jk- O

Bameuanmne. [Ij1g Toro, uTobnl B yeaosuax caejactsus 10 S’ okazanach cucreMoil, 10CTaTOUHO,
HAIIPUMED, YTOOBI BBIIOIHSIOCH yeaosue |m({iy, ..., ik})| = 1.

4.3 Coayd4aili eIMUHCTBEHHOI TEeHN
Pasbepém cuavasa ciay4vaii, korma |K| = 1. B aToM ciiydae oka3blBaeTCsl BepHaA CJIEYIONIAs JIEMMA.

Jlemma 4.11. ITycmo nocaedosamenvrocmu (y;) u (x;) nopootcderv. cucmemamu S = (n, I, J, K, 1, )
u Oy, oomeemcmeenno, npuuém 2 € I, |K| =1 u x,, > y,. To20a dasn a06vix donycmumoiz nocaedo-
sameavrocmet o, (a,b) = (z) v ls(a,b) = (y) umeem z, > y,.

(2

Joxazamenvcmeo. Obosuaunm (a;) = Ip, (1,0), (b;) = Is(1,0); mycrs K = {k}. Bamernm, 4to0
b; = 0 npu i < k, HOCKOJIbKY TIpu Bcex Takux unuekcax 0(i) > 0. Kpome roro, mockonbKy k > 3, Mbl
umeeM ap > 1 =bg u ag1 > 2 = by + by = by, + bg(k) = bg11.

Jasee, HuKakoil upmekc i > k — He MCKIouUMTebHBLIA. Ilokarkem mumykumei mo i > k, 4ro
b; < a;. HeitctBurenbuo, ipu ¢ = k u ¢ = k + 1 yTBepKaeHue yKe JIOKA3aHO; ecau ke 1 > k + 2,
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T0 b; = bj_1 + b@(i—l); ecu 9(1 - 1) # i — 2, TO b@(i—l) =0ub = b1 < a;_1 < a;; nHATE
b; <b;_1+4+b;_o=a;_1+ a;_2 = a;, 970 1 TPEOOBAIOCH.

Urak, Mbl moyaaeM, uto b, < a,. Hakomen, samernm, urto Ip, (a,b) = (b/2)p, (1,2) + (a —
b/2)I1p, (1,0) u Is(a,b) = (b/2)I1s(1,2) + (a — b/2)I1s(1,0), npuaém a — b/2 > 0, MOCKOJIBKY 9TH
[OCJIEI0BATEIBHOCTH JIOIMYCTUMBL. SHAYNT,

2, = (b/2)x, + (@ —b/2)a, > (b/2)yn + (a — b/2)b, =y,
4TO U TpebOBAJIOCH JOKA3ATD. O

Onpepenienne 4.12. Jlas wucro6oz0 mroorcecmsa X onpedesum ezo cusur Biieso kaxk X~ = {x—1:
x € X}, Jasa wucaool gynkyuu ¢ onpedesum eé capur BieBo gopmyaot ¢~ (z) = ¢(x + 1) — 1.

IIyemv S = (n,I,J, K 1, 7) — cucmema, 8 komopoli 2 — pezyasaphoili undexc. Onpedeaum eé
caBur BiIeBo kak cucmemy S~ =(n— 1,17, J K=, 7).

Jlemma 4.13. ITycmo S = (n,I,J, K, ¢, 7) — cucmema ¢ |K| = 1. Hyemsv (x;) = Hs(a,b) u
(yi) = o, (a,b) — donycmumvie nocaedosamenvrocmu. To2da x, > yp.

Zloxazamesvcmeo. llpenmooxKuM IPOTUBHOE; BBIOEPEM U3 BCEX JIOIMYCTHMBIX IIOC/IEI0BATE/HHOC-
reit IIg(a,b) (upu BceBO3MOKHBIX S, a u b), IPOTUBOpEYAIIUX JIEeMMe, Ty, JJisi KOTOPOl n MUHU-
MaJbHO, a U3 TaKuX — Ty, [y KoTopoii MmunuMaibHo |I]. Cormacho siemme I1] MOXKHO cumTaTh,
gro ¢ = 1, b = 2. Ecim 2 ¢ I, To 2 — peryssipHblii UHJEKC. 3HAUUT, JJisl [OC/IeI0BATEIbHOCTEN
(ziy1)!=y = Mg (bya +b) u (yir1)'=y = Mo, ,(b,a + b) yTBepr/IeHMEe JEMMbI BEPHO, TO €CThb
Ty > Yn, 9TO He TaK. Urak, 2 € 1.

[Iycrs K = {k}. Ilpegmonoxum, uro I # {2,3,...,k — 1}. Ilomoxum i9p = min{i > 2 : ¢ ¢ [},
jo=min{l € L : ¢ > iy}, t = jo — ip. llo nemme [L0] MOXKHO MOCIIENIOBATENBHO CIABUHYTH BCE
UHJEKCHI 49 — 1,70 — 2,...,2 B WHJEKCHI 49 +t — 1,...,2 + t COOTBETCTBEHHO, YJIydIUB cucTeMy S.
[Tpu s5TOM 2 HE SABJISIETCSI UCKJIIOYUTENbHBIM JIJIsT HOBOW CHCTEMbBI, 9TO HEBO3MOXKHO. 3Ha4uT, | =
{2,...,k —1}. Hauee, cornacuo cuejacrsuio AI0 o nepenasnadennu mrpadoB, MOKHO CIUTATH, ITO
P(2)>Y((3) > > Pk —1).

[Ipemnonoxkum, uro |I| > 2. Honoxum I' = (I'\ {2})~, J' = (J\ {v(2)})~, K = {k — 1},
V=7, 7)) =k—1ascexi=2,...,k—2. Torma &' = (n,I', J', K}/, 7") — cucrema; nycrn
(yi) = Ilgr. ITokaxeM, 9TO Y}, > Yy; 9TO OyJeT IPOTUBOPEUUTH HCXOLHOMY BbIGODY, 1o |I'| < |I|.

[Monoxkum ¢t = max J, t' = max J'; rorma d =t — t' > 2. Honoxum 8" = (¢, ', J, K' ¢/ 7).
[Iycrs (a;) = Mgn = (yg)flzo onoxxum p = ay_1, ¢ = ay. 3amerum, 910 p > 5, ¢ = ap_1 + a1 =
p+2 > 7. Torna no upemozkennto @4, y;_, = F(d—1)g+ F(d — 2)p, y; = F(d)g+ F(d — 1)p. C
JIPYTOif CTOPOHBI, IMEEM 1 = 2, Yo = 4; 3HAMHT, OTPE30K MOCTEIOBATCILHOCTH (Y;11)l_o CTponTCs
Tak ke, kak u [lgv(2,4) = (2a;), 32 €UMHCTBEHHBIM HCKJIOYEHUEM: Y, = Yx_1 + 1, B TO Bpems
KaK 2ap—1 = 2a_o + 2. Torma merpynHo BHAETh, 4TO Yy < 2p, yyi1 < 2q. Tenepsn, cnoa mo
upeozkernto .4 nomyaaem v, < 2F(d — 2)q + 2F(d — 3)p. Torna

Yy =y-1+y <2F(d—2)qg+2F(d-3)p+2< F(d)q+ F(d—1)p =y,

nockosbKy F'(d) > 2F(d — 2), F(d — 1) > 2F(d — 3), upu4ém XoTs1 6bI OJJHO U3 9THX HEPABEHCTB
crporoe. Jlasee, mycTb t < n; IOKaXKeM TOLJA, 9TO Y, 11 = Ytr1. [ockonbky q = p + 2, umeem

Yerr = Y1 = Wi+ Y1) = W+ 41) > (F(d+ 1)g + F(d)p) — (4F(d = 2)q + 4F(d = 3)p +2) =
=(F(d+2)—4F(d—1)p+2(F(d+1) —4F(d—2) — 1) =
= (2F(d—2) — F(d—1))(p — 2) + 2(2F(d — 1) — F(d) — 1).
[Tockosbky 2F(d —2) > F(d — 1) u 2F(d — 1) > F(d), npuaéMm X0oTsi OBl OJJHO U3 ITUX HEPABEHCTB
crporoe, moydaeM ¥y — Y41 > min{p — 4,0} = 0. Urak, yi1 < ¥y 1, y¢ < Y3, OTKYJa U CICIyeT,
aTo Yy < Y-

Hakowner, nycrs |I| = 1. Torma anasorndno S 3aMeHsieTCsl Ha MYCTYIO CUCTEMY C YBEIMYCHUEM
MOCJIETHErO 4JIeHa. O
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4.4 QOOuiaga oeHkKa

Temepb MBI TOTOBBI K HOKAa3aTeJbCTBY obmieil omeHkn. CHadvaja JIOKayKeM JIEMMY, ITO3BOJISIFOILYIO
clleIaTh KJIIOYEBOI MHAYKIUOHHLIA mAar ¢ IpuMeHeHreM JieMMbr [ 13]

Jlnst kaxgoro k € K onpenennm ero ompesox eauanua A(k) = [d(k), max ¢ (m~1(k))]. Nabvm
CJI0BaMU, OTPE30K BJIUSHUS IIEHEBOIO MHAEKCA Kk — 3T0 MUHUMAJILHBIA OTPE30K, COmep:KaIluil Bce
HCKJIIOUNTEJIbHBIE U IITpadHble HHIEKCH, cooTBeTcTBYIOIMe k. HazoéM unmekc k € K svidenerrnvim,
ecan Ha orpeske A(k) HeT MHIEKCOB, COOTBETCTBYIOIIUX JAPYTOMY IIEHEBOMY MHJEKCY (MHAYe rOBOpS,

r(INAK)) =rm( Y (JNAK))) = KnAKk) = {k}).

Jlemma 4.14 (o Boimenenun). [Hycmo |K| > 2. Tozda cywecmeyem cucmema S', yaywwarowasn S,
makasn, wmo 6 net |K'| < |K|, npuuém aubo ¢ 8" cywecmeyem ewvdesernuili nenesoti undexc ko,
aubo |K'| < |K|. IIpu smom 6 nepsom cayuae umeem d(K) N [ko,n] = &.

Zloxazameavcmeo. llpomecc yirydiienust OyaeT TPOXOIUTh B HECKOJILKO ImaroB. Ha Kaxkmom Imare
MBI OyJIeM yJIydIIaTh CHCTeMY, J00UBAsICh BBIIIOJHEHUsI HEKOTOPOI'O CBOMCTBA (CBOEro Jisi KaxKI0ro
nrara). [Tpu 9T0M 9T0 CBOIICTBO OyIeT COXPAHATHCS M IPU BCEX MOCIIEYIONIUX MIAraX.

[Tycrs 49 = max d(K), ko = 7(ig).

Ilaz 1. IpenmosioKum, 9TO CYIMIECTBYET MEHEBON WHIEKC k, Jiexkamuii Ha uHTepBase (ig, ko).
Iepeonpeenmm yHKmmio 7, mosaras 7' (i) = k misa Beex 4 € [ig, k] N7~ (ko). U3 onpenenenns ig
crenyer, uro 3nadenne d(k) ne mamenmiioch. Eciu mociie sToro oxasasock, uro m' (k) = @, To
BbIKMHEM kg u3 K. HerpyHO BHIETH, YTO MOJIyYNIACH CUCTEMA, TPUYEM SIBJISIONIASICS YTy IIIIEHIEM
UCXOJIHOM (BCe YJIeHBI TOPOKJIEHHON MOC/IEI0BATEILHOCTU BILIOTEH 10 kg-TO HE M3MEHWJIUCDH, [IOCJIe-
JIyIOIIHe He YMEHBIIUJINUCE); pu 3toM, ecan |K'| = |K|, To snauenne d(kg) ysesmummocs. Ilocie
HECKOJIKMX TAKUX IMAroB Mbl Ji0O0 yMmeHbInuM |K| (TeM caMbiM JOOGUBIINCH TPEOYEeMOro), Jiubo J10-
6némest Toro, 1To (ig, ko) N K = @.

Uroro, moxHO cuntarhb, 910 (ig, ko) N K = .

Ilae 2. Tepeoupenenum dynknuio 7, nonarass 7 (i) = ko st Beex i € [ig, ko] N 1. Tomyuu-
JIach CHOBA CHCTeMa, IPUIEM, MOCKOJIbKY MHOXKeCTBO (ig, ko] M I He COAEPKUT ILUIOXUX UHJIEKCOB,
MOPOXKIEHHAS TOC/IEI0BATEILHOCTD HE N3MEHUJIACh.

Uroro, MoxkHO cuurars, uro m([ig, ko] N 1) = ko.

Ilaz 3. Paccmorpum orpesok T' = [ig, ko — 1]; HA HEM HeT IIEHEBBIX UHJIEKCOB, a ILIOXUM SIBJISIETCSI
TOJIBKO MHJIEKC iq. [1o ciencrBuio 8o pasmesenn MOKHO Tak mepecTpouThb cucremy S Ha oTpeske T,
4qT0 Ha oTpeske T Bce mrTpadHble WHIEKCHI OYIyT JIeBee BCeX UCKIIOIUTENbHbIX. [Ipn 9ToM 3HaUeHne
10 MOXKET TOJIbKO YBEJIMIUThCsI, & CBONCTBO mara 2 COXpaHsIeTCsl.

WubiMu cJoBaMu, MOXKHO CYUTATD, 9TO [ig, ko] N J = &.

Hlaz 4. O6oznaunm Iy = [ig, ko] NI = {ig,... it} (o < -+ <), J1 = ¥(I1). To cnencruio EI0
0 nepeHasHaueHNH MTPadOB, MOKHO cuuTarh, 910 Y(is) > ¥ (i) upu 0 < s < r < t. O6o3HAIUM
Jjs = Y(is) npu 0 < s < ¢.

Ilae 5. TpeaiionoxKum, 9T0 HA OTPE3KE [ig, jo| COMEPIKUTCS elé KaKOoiH-To 1eHeBoil nHieke k # ko
(rorma k > ko; Mbl BeIOUpaeM k HaMMEHBIIMM BO3MOXKHBIM). IlycTh sg = max{s : js > k}. Torma
MOKHO II€PEeONpeIeuTh (DYHKIMIO T Ha JIeMEHTax i, . . . ,is,, noaaras 7 (is) = k npu 0 < s < sg
(pu 3TOM, ecim sy = t, TO HAJO emé BBIKUHYTL ko u3 K', ymenbmus tem cambivm |K|; B mporus-
HOM ciaydae Oynem umersb d' (ko) = isy+1). Ilpu srom 3Hauenne d(k) He U3MEHUTCsI 110 BBIOGODY .
Herpyino BugeTh, 9TO MOIYUNIACH CHCTEMA, YJIyUIIAIOAsd NCXOIAHYIO: WIECHBI MOPOKIEHHON mocTe-
JIOBATEJIbHOCTU BILJIOTH JIO ko-TO He M3MEHWJIUCH, a JabHeNIne He yMEeHbIIIINCh.

[Tpu 5TOM B M3MEHEHHOIT crucreMe (J171s1 HOBBIX 3HAYEHUIA g, ko) BBIIOJIHEHO yCJoBHE [ig, jo] VK =
{ko}.

Ilaz 6. Ilycre Teneps J1 = JN[ko, jo]- [lokazkem, 4T0 MOXKHO I€peHA3HAYUTD ITPA]BI TAK, YTOObI
UHJIEKCBI jq, - . . , J¢ SIBJISUTACH MUHUMAJILHBIME UHJEKCaMU B Ji (uHA4Ye TOBODst, YTOObI {jo, ..., jt} =
J N [ko, jo]). ycrs 310 HE Tak, To ecthb s HekoToporo 0 < s < t cymecrsyer j € J \ {jo,...,Jt}
TaKoil, uTo j < jg; mycThb i = ¥ (j) < ip. MOKHO cUMTATB, YTO § — MAKCHMAJILHBIH MHICKC C STUM
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CBOICTBOM, & j — MUHUMAJIBHBIN Jj1g 9TOro . Torja 1o mpeJiozKeHuIo O TIepeHa3HAYuEeHNN JIBYX
mrpadoB MOXKHO HepeHasHadutb ¥ (i) = js, ' (is) = j; sCHO, 94TO MOJIYyYUTCS CHCTEMA, IIPUIEM B
Hell I UHJIeKca s yKe He OyJieT cyiiecTBoBaTh Takux j. [loBropsisa mporeaypy, B KOHIIE KOHIIOB J10-

6béMest TpebyeMoro. 3aMeTHM, UTO B IIPOIECCe epeHa3HaYeHN T TIOpsIOK 3J1eMeHTOB 1(ig ), . . . , ¥ (it)
OCTaCTCAd HEeU3MEHHDBIM.

Urak, mbl g06miuck Toro, 4to {jo,...,Jt} = [io,jo] N J (Hanomuum, uro [ig, ko) N J = & yxe
nocie [lara 3).

Ilaz 7. Ipenmosnoxkum, HaKOHEN, 4TO [ig, jo] N L # {ig,-.. %t J0,---,jt, ko}; MO pe3yibraTam

HPEJIBIIYINNUX IIaroB, «JUITHUMA» 3JIEMEHTaMU MOTYT OBITH TOJHKO UCKJIIOYUTEbHbIE UHIEKCHI, Jie-
)Karue Ha orpeske [ko, jo]. Torga meHeBble MHIEKCHI, UM COOTBETCTBYOIIUE, OoJibie jo. Ilomoxkum
fo=min{f € L : f > jo}. Us BeibOpa iy ciaenyer, aro fo — Hemnoxoii. Torga mo ciencrsuio (4.8
0 Pa3JIeJIeHny, CYIIECTBYeT yaydmenne S’ Hamell CHCTeMbl, OTIHYAIONIeecss OT Hed JIMIb Ha OTPe3-

ke [ko + 1, fo — 1], B KoTOpOM y2KE [k‘o,orga? ¢(is)} NnNIl=g.
<s<t
CyMMHpy$ IpeAbLIyLIe Pe3y/IbTaThl, BUJAUM, YTO B IIOJIy4EHHOH CHCTEME BBIIOJIHSIETCA COOTHO-
HIeHue
[i07j0] NL= {i07 cee 7Z't7j07 s 7jt7 kO}

Taxkum obpazoMm, mHIEKC kg B Hell ABIsIETCS BBIAETEHHBIM. Kpome TOro, Mo OmpemesieHuIo (g, MBI
nmeeM d(K) N [ko,n] = @. O

Teopema 4.15. y, < F(n+1).

Jlokasameavemeo. Uunykuus 1o |K|. Ilpu |K| = 0 nokaseiBarh Heuero, npu |K| = 1 yTBepkienue
cremyer u3 jemMbl [L.13]

[Iycrs |K| > 2. Ipumensis nemmy 1] o Beigenenun, Ml 6o ymenbmuM |K| (mocsie dero
IPUMEHUMO [PEJIIIOJIOKEHNE UHIYKIIUHK ), KOO [OJIydUM CUCTEMY € TeM ke 3HadenueM |K |, B koTopoii
HEKOTOPBI# IeneBoit muuekc kg — BobLaeaeHubiil. [lomydennyio cucremy onsaThb Oyaem 0003HAYUATD
qepe3 S.

Uroro, mycrs ungexce kg € K Boigenen. Iycrs 8 = (n, I', J', K¢/, 7'), tne

K'=K\{ke}, I'=I\n"'(ko), J=J\¢( "(k)), ¢ =4y, =« =nrlp

HETPYAHO Buzerh, uro 8 — cucrema. IIycrs (y)) — nocienoBareabHocTs, nopoxaéutas S'. TTockoib-

Ky |K’'| = |K| — 1, no upemnonoxenuto uaaykuun y, < F(n+ 1). s 3aBepuieHnst [OKa3aTebCTBA
JIOCTATOYHO JIOKa3aTh, 4To S’ yiyumraer S.
TTosoxkum

Ip=n""(ko), io=minlp, Jo =v¥(lo), jo= maxJo.

BamernM, 4o y; = y; upn i < ig. IlycTh j — MaKCHMAaJIbHBI MHJEKC TaKOi, 4TO BCEe MHJECKCHI U3
nosyunTepBasa (jo, j| — psigoBble (Takum obpasoM, ecau jy = max L, To j = n, uHade j = min{j €
L:j>jo}—1).

HedopmanbHo roBopsi, MOCKOJIbKY UHJIEKC kg — BbIJIEJIEHHbIH, [OCIeI0BATEIbHOCTD (Y;) BEJET
cebst Ha OTPE3Ke [ig, j| B TOYHOCTH KaK MOCJIEI0BATEILHOCTD, JIOMYCTUMAST JIJIs «CJABUHYTOH» CUCTEMbI
(J —io + 2, 1o, Jo, Ko, ¥|1,, 7|1,). PopMamusyem 910 yTBEPKICHHE.

Monoxum i, = ig — 2. Oupenerum cucremy Sy = (J — iy, I1, J1, K1, 11, 71) caeayomum o6pa3om:

L=1Iy—i,, J1=dJo—is, Ki={ko—il,
Y1l —ie) = Y(@) — s, (i —di) = 7(0) — s

ITIycTn (xl)f:_é = IIs, (vi., Yi.+1). Torma HemocpencTBeHHAST MHIYKIWS HOKA3BIBAET, UTO Tj = Vi,

npu Beex 0 < ¢ < j — 4y, ub0O 00a YjIeHa MOJIYUAIOTCS U3 MPEBIILYIIUX 0 OJMHAKOBBIM ITPABUIAM.
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Awnamornuno, ecimn (a;;)i;é* — JIOIyCTUMAsl TOC/IEI0BATEILHOCTD JIJIA IIyCTONH CHCTEMBI C TEMHU Ke
HAYAIBHBIMU YCIOBHAME, TO @ = i, 1pu Beex 0 < i < j — i,. Ilo crencrsuo BI3], umeem renepnb
Yj = xj—i. <%, =y, Ecm j =mn, 10 370 U ecTh TpeGyeMoe HepaBeHCTEO.

ITycrs, Hakower, j < n. ITokaxem, 4To mocieoBaTebHOCTU (Y;) U () yAOBIETBOPSIOT YCIOBUAM
JIEMMBI 06 ymyumennu npu £ = j + 1. BameTum, U9T0 Yjt1 = Y5 + Yo(jt1), Y11 = Y + yé,(jﬂ),
upuaém nagekc 0 = 6(j + 1) = 6'(j + 1) ymbo pasen j (ecim j + 1 € I), 6o He IPEBOCXOAUT
io — 1. Smaunr, yg(jq1) < yé(j 4+1)7 OTKYJIa CIAYIOT yCIOBUs (2). HalomuuM, 9T0 U3 yTBEPKJICHUS
sgemmbl [T BoITeKaeT, 9To NHIACKC j + 1 HEIIoXoii.

Hanee, npu o6om i > j+ 1 umeem § = 0(i) = 6(i)’, aro mokassisaer (1). Kpome Toro, npu sTux
JKe 3HaueHusx i ubo 6(i) > j, mibo 6(i) < iy — 1 (sr0 caemyer u3 Toro, uro j+ 1 — Hemnoxoi, a kg
— Boiesiennbiil). [losromy yenoBue (3) Takke BBINOIHEHO, U600 Ys = ¢l npu s < ig — 1.

Urak, 110 jieMme 06 yIydImennn g, < y,,, 9T0 1 TpeGOBAIOChH JOKA3ATh. O

Tenepb MbI MOKEM JOKA3aTh OCHOBHYIO TE€ODEMY.

HoxkazarenbcrBo Teopemsl 2,10 Ilycrs vy, ..., v, — Bce pasBwiku B ciose W, ynopsigoden-
HbIE 110 HeYObIBAHUIO 3HAUMMOCTH, 2 = 1'(v;). [lo npeyoxennto L2 z, < y,, st HEKOTOPOH TOPOK-
JEHHOI 1ocsTe1oBaTeIbHOCTH (Y;)i . I1o Teopeme 0 y,, < F'(n+1). Suaunr, u |u| = 2z, < F(n+1),
9TO U TPeGOBAJIOCH JOKA3ATD. O

5 AndaBur 13 Npon3BOJILHOIO KOJIMYECTBA OYKB
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O 4ywucJse 3anperoB, 3aJAI0MINX [IEPUOANYECKYIO TOCJIEI0BATEIBHOCTD.

1 IIpeamcaoBue

IIpu u3ydernn anredpandecKnx 00bLEKTOB UCIOIB3YETCs UX MPEeCTABICHNE B BUIe 00pa3yIONuX 1 OIMpe-
Jesstiomux coornorenuit. Criocob0B MPEJICTABIISITH JIEMEHT depe3 00pa3yroniue MOXKeT ObITh MHOTO, TaK
9TO M3ydaeTcst Kanonwuueckas Popma mpejcrapienus. Hanpumep, mycts A — acconmaTuBHasi anarebpa,
ai,...,as — ee obpasyiormme. [lopsaok a; < -+ < as UHAYIUPYET MOPSIOK HA MHOYKECTBE MOHOMOB OT
a; (cepsa 110 jyIHE, IOTOM JieKcuKorpaduaeckn ). MHOKECTBO CJIOB, He ABJISIONUXCS JTUHEHHOH KoMOU-
Haryeil MeHbIIHX, 06pasyer Hopmasvhuil basuc anrebpbl A. Oynxyus pocma Va(n) ecrb pasMepHOCTb
[IPOCTPAHCTBA, MMOPOXKJIEHHOIO MOHOMAMM CTEIIEHH HE BBIIE N W COBIAJIAET C YUCJIOM JIEMEHTOB HOD-
MaJIbHOT'O Oa3muca creneHu He Bbie n. OYHKINH pocTa U HOPpMaJIbHbIE (DOPMBI OIIPEJIEISIOTCS It PA3HBIX
asrebpanvecKux CHCTeM, M IOCBsillieHa obmupHas gureparypa. O63op — cm. [1]

PaccmarpuBast nmeast cooTHorenuii I, paccMaTpuBaiOT CTapIIe UJIEHBI €r0 JIEMEHTOB W Pedyuu-
pyemwvie caosa. Ilyers {f;} — obpasyromme I. Torna HAJICIOBO peaylupyeMoro cjiosa pegynupyemo. O6-
cmpyryuel Ha3bIBACTCS MIHUMAJILHOE PEIYIUPYEMOE CJIOBO, T.e. 6e3 pelylpyeMbIxX 110/1caoB. Ecau Bee
OOCTPYKITNU BXOJISIT B CTAPIINE YIEHBI 0a3nca, To OH HasbiBaeTca basucom I'pebnepa-IlTupuiosa nneana I.
Buepssbie ato niousitue 6610 BBefieno A V.ITTupinoBsiM. AHAJOTHIHBIE TIOHSITHS J1JIs1 TOJUJINHEHHBIX CJIOB
Beest B.H.Jlarbimes (MUHUMAIBHOCTD MOHUMAETCST TAKXKE U B TOM 9UTO CJIOBO He SIBJISIETCS] M30TOHHBIM
o6pasom peayrupoanHoro). A.V.ITupiios BBeJ HOHSATHE KOMNO3UUUY W NIPEJJIOKUI KPUTEpHUii TOro,
qro {f;} siBasiercst 6asucoM rpeGHEpa. JTo JIersIo B ocHOBe 3HaMeHnTol Diamond-iemmbr Beprmana.

Basuc rpebuepa mazke KOHEUHO ONpeAeIeHHON aaredphl MoxkeT ObITh beckonedeH. A.f.Benos BBen
noHgTHe Kopocma B ajrebe mim Gynkiuuu, B(n) BhIpazKaiomeii KoJaun4ecTBo 00CTPYKIUiA JIJIMHBL HE BbIIITE
n.

Hanrasi paboTa IMOCBSIIIEHa UCCIEI0BAHIIO K00AUHbL TIEPUOIA WK KOJMIECTBY 3aIIPETOB, KOTOPBHIMU
MOKHO 3aJIaTh IMEPUOANIECKYIO TTOCTIEI0BATETHHOCTD.

OcCHOBHOIT PE3yJIBTAT JTAHHONW PAbOTHI COCTOUT B CJIEIYIOMIEM:

Teopema 1. B cayuae dsyzcumsosvhozo aagasuma A = {a,b} ecau cro6o us I, sadaemcs c
aanpemamu, mo Y. > n, 2de p. — amo c-e wucao Pubonawwu (1 =1, po =2, 3 =3, 4 =5 u m.0.).

OrmernM, 9TO JorapudMuIecKasi OlEHKa, & TAKXKe OCHOBHBIE IIPUMEPHI U OIIEHKA CBEPXY Ha KOJIU-
YEeCTBO 3aIPeToB ObLIM MmoJydensl panee B pabore I. P. HYennokosa [2]. Mbl Beruucisem 6osiee TOUHYIO
ACCUMIITOTUKY (MHOXKHUTEJb pH Jiorapudme).

B ocnoBe mokazarenbcTBa JiekuT pabora ¢ epagamu u cremamu Posu

ITocnenoBarenbrocTu cxem Posu ncciemnoBasuck B psijie padbotr. C UX IOMOIIBIO yIaeTCsl PEITUTD Psifl
aaropuTMudecKux 1mpobsem. cm. Hanpumep [3], [4] u [5]

Ormernm,aro pesyibrarsl pador [3] u [4] xpyrum merogom HesaBucumo nosyudensr ©.Jropasmom:

161, [7]

B TepmuHax pasMedeHHBIX cxeM P03u ylaercs MOJyduTh KPUTEPHUil TOTO, YTO CJIOBO OTBEYAET IIe-
pexyagpiBannio orpe3kos [8]. Iloxpobuee cm. 0630p [9]

HepefmeM K JTOKa3aTe/JIbCTBY OCHOBHOI'O DE3yJ/IbTaTa.



2 Bseaenne

B nmanHo#t pabore m3ydaroTcs CBOHCTBA GECKOHEUHBIX B 00€ CTOPOHBI MEPUOIMIECKUX MTOCTIEI0BATETBHO-
creit (cyoB, CTPOK — OyJeM CUUTATH TH TEPMUHBI SKBUBAJIEHTHBIME) HaJ| (DUKCUPOBAHHBIM KOHEYHBIM
asipaBuTom A.

O6o3HaveHUst:
F — MHOXeCcTBO BCeX KOHEUHBIX CJIOB B ajidaBure A.
F,, — cjioBa JUIMHEL N.
U,, — cJioBa, JyInHLI HE OOJIbIIE 1.
F, — Bce KOHEYHBIE IIOJICJIOBA CJIOBA W.
Sw = F\F,, (Bce KOHEUHbBIE CJIOBA, HE BCTPEYAIONIMECT B W).
I — Geckoneunble B 06e CTOPOHBI CJIOBa B ajibasure A 3a/aHHbIE ¢ TOYHOCTBIO 110 casura (dop-
MAJILHO: PeaIn30BaHHbIE, HAIIPUMED, Kak oTobparkenus n3 Z B A dakTopu3oBaHHbIE 110 OTHOIIIE-
HUIO 5KBUBAJIEHTHOCTH CJIBUTA).
I, C I — cnoBa ¢ HAMMEHDBIIMM IIEPUOJOM N (KOTOPbIE MOXKHO cebe IpeICTaBIaTh KaK N OYKB
CTOsIIIUE 110 KPYTY).

o0
I, C I — uenepuomuueckue ciosa. (Ouesunno, I = < U In) Uly)
n=1

Onpenesnenue 2.1. Bynem naswBars s11060e MHOX)KecTBO S C F' crCcTeMOil 3aIpeToB, a ero 3JIEMEHThl —
3aITpeTaMu.

Onpenesnenue 2.2. Byjgem roBopurh, 9T0 OECKOHETHOE CJIOBO W € I y/IOBIETBOPSET CHCTEME 3AIIPETOB
S ecsin Vs € S s He siBJI€TCs TIOACJIOBOM W, WM, YTO TO 2Ke camoe, S C S,

Omnpenenenne 2.3. Byjiem roBopuTh, 9TO CHCTEMa 3alPETOB S 3aaeT OeCKOHedHOoe CJI0BO w € I ecym
OHO U TOJIBKO OHO YJIOBJIETBOPSIET ITON CHCTEME 3aIPETOB.

IIpengmoxenne 2.1. Ecau cucmema sanpemos S szadaem karoe-mo croso w € I u |S| < co mo w —
nepuodueckoe.

970 OymeT JOKa3aHO HUKE.

IIpengoxenne 2.2. Vn Yw € I,, 35, |S| < oo u S 3adaem w.

Hampuwmep, S = S,y NUpy1. U gake S = Sy, N Fip1. D9T0 Takke OyJIeT TOKA3aHO HUKE.

B nmannoit pabore ucciemyercs BOIPOC O HAMMEHbBIIIEM BO3MOYKHOM KOJIMYECTBE 3JIEMEHTOB B KOHYe-
HOIl cHCTeMe 3alpeToB, 33 aIell KaKoe-HuOyIb Ca0BO u3 I, B 3aBucuMocTH OT N. Jokazana

Teopema 1. B cayuae dsyrcumsorvrozo argasuma A = {a,b} ecau croso us I, 3adaemes c 3anpemamu,
mo . > mn, 2de p. — amo c-e wucao Dubonavwuu (p1 =1, Yo =2, p3 =3, Y4 =5 u m.0.).

Takzke paccMaTPUBAETCA BOIIPOC MUHUMAJILHOCTHU 9TOM ONMEHKH JJIs KayKI0T0 N U CJIydail k-6yKBEHHOTO
asdasuTa.

3 ,Z[OKaBaTe.HI)CTBO OoncHKMN. TeOpeTI/I‘{eCKa.H 9aCTb.

3.1 Omnpenesienue m mpocreiinue cBoiictBa rpacdos Po3n

Onpenenenne 3.1.1. k-m rpadom Posu ciosa w € I HaseiBaercs rpad G}’ MHOXKECTBOM BepIINH
KOTODOro sIBJsieTcss MHOXKecTBO V' = Iy, N F), a MHOXKeCcTBOM pebep — MHOKecTBO F = Fy, N Fiy1, 1€
pebpo e € E Bemer u3 BepUIMHBI ¥ PABHON HEPBBIM k OyKBaM € B BEPINUHY VU PABHYIO MOCJIETHUM K
OyKBaM € — 9TO ecTeCTBeHHAasi opueHTanusd Ha Gy
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B ciyaae, ecain monsitao o rpade Po3u kakoro ciioBa ugeT peds, BEPXHUIT UHIEKC OyIEeT OIyCKATHCS.
Ytob6b! He myTaThCs, BBeaeM (OOO3HaAUYEeHUsI:

[(v) mwnu l(e) — cs10BO, COOTBETCTBYIOIEE BEPIIMHE ¥ WU PeGPY € COOTBETCTBEHHO,
v(l) € Gy u e(l) € Gj—1| — pebpo u BepUIMHA [JIs JAHHOTO CIOBA.

st HekoTopoii koueunoit crpoku [ € F' Obo3HaveHUs:
l[i] — i-a1 GyxBa [
I[i : j] — cTrpoka cocrosimast u3 6yKB [ ¢ i-if IO j-10 B TOM Ke TOpPsiJIKe.

SameTnM, 9TO mMepexoj] OT OJHOW BEPIMUHBI K JIPYTOil B HAIIPABJIEHUN OPUEHTAIIUH COEUHSIIONIErO
X pebpa COOTBETCTBYET MEPEXOy K PACCMOTPEHUIO IMOJICI0BA, CABUHYTOrO Ha ONHY OyKBY. DTO HO3BO-
JIIeT TIOHATD 9TO 1O MyTaAM B rpadax Po3u MOKHO BBIMUCHIBATD CJIOBA, a MO CJIOBAM — CTPOUTH IIYTH B
HEeKOTOpObIX rpadax Posu. B wacrHoCTH:

IIpenmoxxenne 3.1.1. Jlobomy 3aMEHYMOMY NYMU €1 - - - €y, 6 Hexomopom epage Posu G coomsem-
cmeyem €060 wy € Iy: wi = -+ l(ep)[1] + U(er)[1] + U(e2)[1] + - - - + U(em)[1] + l(e1)[1] - - - . Hockonvry
pebpa nocaedosamenvroe, mo ece l(e;) scmpeuaromes kax noodcaosa 6 wy (HAYUHAOULUECH 6 COOMEBECTN-
SMYNOULEM l(ei)[l])-' l(e;) = l(ei)[l] + l(€i+1)[1] T l(€(i+k) mod m)[l]-

Takzke ¢ TOYHOCTBIO JI0 CABHUIA BBIIUCHIBAETCS OECKOHEIHOE CJIOBO (BO3ZMOXKHO, HEIEPUOIUIECKOE)
110 Jir06oMy Geckoneuynomy 1yTu B G} C TOUYHOCTBIO JI0 CIBUrA — T.K. KPOME IIEPBOii MOKHO BBIIHICHIBATD
JIIOOYI0 HaIepeT 3aIaHHYIO IO MOPSIKY OYKBY KarKJI0To pebpa.

IIpennoxxenue 3.1.2. B arbom 2page Posu G} ecmo beckoneunviii 6 obe cmopons, nymov npoxodausul
N0 6CEM PEOPAM U BCEM BEPULUHAM, COOMBEMCMEYIOUWUT CA0GY W.

Hoxka3zaresberBo. Boibepem B ciose w k + 1 6ykBy muyniyio noapsiz, (moacsoso ). e(ly) — nepsoe
pebpo myTu. Cmectum BoIOOp Ha 1 GykBy Bupaso (110/cioBo ls). e(ls) — 310 Bropoe. U Tak masee. Ana-
soruuHo, BieBo. O4esunHo, KoHer e(l;) copnamaer ¢ HauaaoM e(l; ). OUeBUIHO STOT Iy Th MPOXOIUT MO
BceM peOpaM U BCeM BepIIMHAM: OH IepebupaeT Bee MOACIoBa cjoBa w jjud k u k + 1. O

B caygae nepuogmiaeckoro cioBa lit, = lj, u e(li1n) = e(l;), 1 MOXKHO paccMaTpuUBaTh IPOCTO
3aMKHYTBII IIyTh JIJIMHBL 7, T.K. OCTAJbHOE — €ro IMOBTOPEHUE.

Omnpenenenne 3.1.2. Byjaem Ha3blBaTh CHCTEMY 3AlPETOB S MPUBEJIEHHON CHCTEMOI 3aIllPETOB, €C/IH
OHA 33/1aeT HEKOTOpOe CJIOBO w € I, He coepKuT AyOINKATOB U JII000€ U3 COOCTBEHHBIX IMOJCIOB JIIOOOTO
CJIOBa § € S SIBJISIETCsI TIOCIOBOM W.

IIpeamoxkenne 3.1.3. Ilo 210600 Koneunot cucmeme 3anpemos S, 3adarowetdl Hekomopoe beckoneuHoe
CAOBO W MOIHCHO NOCTPOUMD NPUBLIEHHYIO NPUBLIEHHYIO CUCTNEMY 3ANPEMOE 3A0AIOUWYI0 MO JHCE CA0BO
U codepatcayro e boavuLee YUCAO INEMEHMOSE.

okazarenbcTBo. Ecin Kakoe-To cOOCTBEHHOE IIOJCIOBO S KaKOro-to cjiosa s € S C 5, Tak XKe
HE COJIEPXKUTCHA B W — MOYKHO 3aMEHUTb § Ha §] U YIAJIUTH JyOosmKaTbl. O4UeBHIHO, W MOIXOIUT HOBOM
cucreMe (HUKAKOE CJIOBO B HEM HE COJIEPIKHUTCH) M €CJI KAKOE-TO CJIOBO IOAXOJMT HOBOI cuCTeMe, TO

OHO TOJXOAMJIO M CTapoil (T.K. 3alperbl Mbl TOJILKO YKOPOTUJIM U He JI00aBJsid) — a 3HAYAT HOBasd
crcTeMa TOXKe 33J1aeT w. B ¢y KOHETHOCTH KOJIMYIECTBa 3aIllPpeTOB U UX JJIMH — IIPOTECC KOT1a-HUOYIh
3aBEPIINTCI W MBI IIOJIYyYUM IIPUBEJIEHHYIO CUCTEMY 3alIPETOB. O

Usyunm, kak ceasannwl Gy u G}, 271t HekoToporo nepuojnyeckoro w € I,,. Iloustao, 4ro Bep-
muHbl Gj1 B3aUMHO COOTBETCTBYIOT pebpam (G, — T.K. 9TO mojcjoBa w JMHEL k + 2. A pebpa Gpi1
COOTBETCTBYIOT Iy TsaM Jymibl 2 B Gy (mapam mocsegoBaTebubix pebep): peopy e B Gii1 COOTBETCTBYET
napa pebep e( l(e)[1:k+1] )ue(l(e)[2:k+2]) — c obmeit Bepmmnoii v( I(e)[2: k+ 1] ).



Ipeamoxkenne 3.1.4. A mem nymsam daunos 2 6 Gy, xomopvim He coomeememeyem pebpo epada G 1,
coomsememeyem sanpem 6 410001 npusedentoti cucmeme 3anpemos S, 3adaroweli daHHOE CA080, MOYHEE
— cywecmeyem buexuyus mexcdy sanpemamu ud S daunor k + 1 u maxumu nymamu 6 G, npuvem
Kaotcdol maxol nape nocaedosamesvruir pebep e u es coomeememeyem sanpem l(er) + l(ex)[k + 1], a
sanpemy s — napa pebep e( s[1:k+1] ) ue( s[2:k+2]).

JokazarenbcTBo. Ilpeanosoxkum, 94To HaANIyTCsS ABa IIOCIEA0BaTEIbHO Uayux pedbpa G e; u e
rakux, aTo cioBo = = l(ey) + l(eg)[k + 1] He siBiIsIeTCST TMOJACAOBOM W W He TNPHHAJJIEXKUT S. 3HAUMUT,
HUKAaKoOli 3amper u3 S He COMEPXKUT & Kak mojcsoso. Ilycts ciesa ot [(e1) B w HaMCAHO GECKOHEYHOE
BJIEBO CJIOBO u, a crpaBa or [(ez) — GeckoHewHOE BIPaBo cJoBO v. Torja cioBo wp = uxv He paBHOE W
T.K. B W He BCTpeYaeTcss T — Oy/IeT yI0BIeTBOPATH cucreMe S (ecian Kakoi-To 3amper u3 S CoAep:KUTCH
B W1, TO JUOO OH COAEPXKUT X, Jubo oH comepkurcd B u + [(e1) mwiu l(ez) + v — 4dero 6bITh HE MOXKeT).
ITporusopeune. s soGoro xe saupera s € (S N Fyi2), s He aBaserca nopcaosoM w a s[1 : k + 1]
u s[2 : k + 2] (HOCKOJIBKY CHCTeMa IIPUBEJIEHHAs]) — SBJSIOTCA. SHAUUT 3alPETY $ COOTBETCTBYET I1apa
nocseoBaTeIbHbIX pebep B G, KOTOPBIM He cooTBeTCTByeT pedpa Gii1. O

O6o3HaveHNs:
(6) = o(1(e))
(v) = el(v))
é(er,e2) = e(l(er) + l(e2)[k + 1))
ple) = (e( le)[l : k+1] ),e( l(e)]2 : k+ 2] ) — B mociennux AByX (GYHKIUIAX apryMeHTOM
I 3HAYEeHUEeM B COOTBETCTBYIOIIUX CIyYasX MOIYT BBICTYIATH 3JIeMEHThI IPUBEICHHON CHCTEMBI
3alIpeToB.

910 3HAYNT, ITO 110 (G}, OYEHB JIETKO HAPUCOBATb G4 1:

Metopa 0. B nenTpe Kax10ro pedpa MOCTaBUTH TI0 BEPINHUHE, COEJIEHNTDH pedpaMu BCe Maphbl MOCJIEI0Ba-
TesibHBIX pebep G, crepersb Bee crapoe (or Gi) U 3a4epKHYTh (TOYHEe, CTepeTh) Bee 3allpelleHHbe pebpa
(pebpa, npunaexamue S N Fio).

Onpenesnenue 3.1.3. Byuem HasbiBaTh MpOU3BEI€HUE TIEPBON YACTH JAHHBIX JEHCTBUI ,, OJTyIIIaroMm”,
a Bropoil (crupanus pebep, COOTBETCTBYIONIUX CJOBaM U3 S) — , IpuMeHeHneM 3anpeTos®. Bero coBokyI-
HOCTb 9THX fAeiicrBuil (a Tounee — mepexox or or paceMmorpenust Gy K Giy1) OylieM Ha3bIBATD ,IArOM .

Ob6o3HaveHus:
h(Gy) — rpad, noaygatomuiics uz Gy nocsie nosyiiara. (BoobIe, aHAJIOTUIHbIE OIIEPAIA MOKHO
IpOJIeSIaTh ¢ JIIOOBIM OpHEHTHPOBAaHHBIM Tpadom G. Pesyabrar — Toxe OpueHTHPOBAHHBIM rpad
— Gyuem obosnauars h(G)). 3a p OyaeM 0003HAUATHL €CTECTBEHHOE BJIOYKEHUE BepIiuH, pebep u
pa3BuiIoK Beex Tunos u3 Gii1 B h(Gy).

3.2 PasBuaku B rpadax Po3u. Ix Kosim4uecTBo.
OmnpenesieHnsi pa3sBUJIOK

3aMeTnM, 9TO TOCKOILKY OYyKB B HaleM ajdaBuTe BCEro JBe, BXOAAMAS U UCXO/SIIAst CTEIIeHb KazK oM
BEPLIMHBL He GOoJIbIIIe JABYX (€CTh BCEro JiBa crocoba pOJoJIKUTL Ha OJHY OYKBY CJI0BO COOTBETCTBYIOIEE
JIAHHOI BepITMHe KAaK BJIEBO, TAK W BIPABO). A MOCKOJBKY €CTh 3aMKHYTBIN MyTh, TPOXOIANINI Tepes3
BCe peGpa u Bce BepmuHbl (ipesyioxkenue [3.1.2]) — stu crenenn He MeHmbe oiHOr0. To €CTH €CTH YeThIpe
Tuma BepuivH (yKasaHbl COOTB. BXOJsIIAs U ucxosimas crenenn): (1,1), (2,1), (1,2) u (2,2).

Onpenenenune 3.2.1. Ha3oBeMm Takue BepIIMHBI COOTBETCTBEHHO JIOPOra, BXOJAIIAS PA3BUJIKA, UCXO/Is-
mas pa3BUJIKa M IEPEKPECTOK.

IIpu mosymrare omu mpeobpa3yioTCs Tak:



B naspreitrem st Hac OyieT BaKHO MOHATHE Pa3BUIOK. CTOMT OOPATUTH BHUMAHUE YTO MOYKHO
BBECTH TPH PA3HBIX (OJHAKO [IOYTH SKBUBAJEHTHBIX 110 CBOWCTBAM) OLPEIEJICHUS PA3BUJIOK, KOTODbIE
KasKJI0€ 110 CBOEMY VJIOOHBI JIJIsT JJOKA3aTeIbCTBA HEKOTOPBIX yTBepKaeHuil. [lepBoe yxe BBejeHO.

Onpenesnenue 3.2.2. Bynem HasbBaTh BXOALAIMIEN d-Pa3BUIIKOM apy pPasjndHbIX pebep, NMeIux 00-
M KOHEIl, a UCXOIAIIeH — 00Inee HavIaIo.

Onpenenenue 3.2.3. ByieMm Ha3bIBATh BXOJSINEH t-PA3BUIKOIN Tapy U3 BXOAMIIEN d-pa3sBUIKU U , Ha-
npasJstionero” pebpa (BO3MOXKHO — IPUHAJJIEXKAIIET0 ITON d-pa3BUiIKe), HAYAJI0 KOTOPOTO COBIAJAET ¢
ee KOHIIOM , a UCXOJIIeil — HaobopoT.

IIpu ucnob30BaHUT KazKI0T0 OIpeeeHust OyaeM yroTpeb/saTh COOTBETCTBEHHO CJIOBA ,, PA3BUIIKA,
,d-pa3BUiiKa’ u ,,t-pa3BUIKa® 3a UCKJIIOUYEHUEM CJIyYaeB, KOTOpble Oy/IyT OrOBOPEHBI OTIEIbHO.

O6o3HaueHus:
w w
¢} — KOJIIYEeCTBO 1epeKpecTKoB B G
f¥ — KOJIMTIeCTBO BXOIAIINX PA3BIJIOK (Ha CAMOM Jiejle, BXOIAMINX NN MCXOASIINX — He BasKHO,
T.K. OHH PaBHBI — 3T0 OyJeT J0Ka3aHO B cieyiomeM ab3arte)
d} — KOIMIecTBO BXOAAMNX (-Pa3BUIOK

w
t;] — KOJIMYECTBO BXOAAIINX {-Pa3BUJIOK.

Ecin morsATHO 0 KAKOM CJIOBE UIET Pedb, BEPXHUI UHIEKC OYIET OIyCKATHCH.

IIpennoxkenme 3.2.1. Yw f}¥ pasno xoauvecmsy ucxodsuwur passurox 6 G
HoxkazaresbcTBo. TpuBHAIBHO ClleIyeT U3 TOro YTO CyMMa BXOJAMINX CTeleHel B moboM G paBHA
CYMMe UCXOJISIIUX. U

w w w w w w
IIpenmoxenne 3.2.2. di = fi’ +c, ) = [’ +2x . Jas ucxodawux d- u t-paseunos anaro2uxmo.
HokazarenbcTBo. CoroctaBuM KaKJI0ii d-pa3BUIIKe ee KOHel. Ero ucxosinast cTereHb MOXKeT ObITh
1 wm 2. s t-pa3Buiiok anajiorudno. st ucxomsammux d- u t-pa3sBUIOK aHAJOTUYIHO. O

SHAYUT U KOJUYECTBA BXOISIIMX d- U t-PAa3BUJIOK TOXKE PABHBI COOTBETCTBYIOIIMM KOJIUYECTBAM
UCXOIIATIIIX.

CooTBeTcTBUsI ME2XK/Iy Pa3dBUJIKaMH, IepEeKpPeCcTKaMu, d- U (-pa3BUJIKAMUA B OOHOM WU Pa3JInd-
HbIX rpadax Posu

Kak y»ke yroMuHajI0Ch, OIIpeie/ieHns] PA3BUJIOK, d-Pa3BUJIOK U t-PAa3BUJIOK IIOYTH SKBUBAJIEHTHBI. B yact-
HOCTHU — MEXKJIy HUMU €CTb €CTEeCTBEHHbIE COOTBETCTBUSI:

PasBuike — COOTBETCTBYIOT OfiHA d-pa3BUIKA U OJHA {-Pa3BUiIKa (BXOIMAINEH — BXOMSIIUE, UC-

xogsmeit — ncxonsme): d(f) u t(f) (mOCKONIbKY IPOCTO PA3BHJIKAME MBI HA3BIBAEM BEPIIHHBI
rpados Po3u, aprymerramMu MOryT OBITH COOTBETCTBYIOIIME BEPIIUHBI).

ITepekpecTky — JiBe d-pa3BHIIKK (BXOJSINAS U UCXOMSINAs) ¥ YeThIpe (-Pa3BIJIKU (/B BXOISIIIE
u jee ucxongamue). d(c) u t(c) (Anamornanoe 3amedanne. Kpome Toro, o6pazoM MHOIO3HATHOIO
COOTBETCTBUSA MBI €CTECTBEHHO Oy/IeM CYMTATH MHOZKECTBO U3 BCEX COOTBETCTBYIONINX HJIEMEHTOB).

d-pa3sBuiKe — ee BeplIuHa (Pa3BUIIKa COOTB. THUIA MM IEPEKPECTOK) U COOTBETCTBYyeIomue eif ¢-
pazsuikn: 0(d) u t(d).

t-passusike — toxe: U(t) u d(t).



3aMeTnM, 9TO B CJIyUae PA3BUIKHU 3TO COOTBETCTBHUE B3ANMHO OJJHO3ZHAYHOE, & B CJIyUae IEPEKPECTKA
— HeT.

BamernM Takke, 9T0 Bee cBoiicra rpados Posu mius h(G)) BeimonHAOTCA (UTO M MOHATHO — OH
Mor 6b1 6bITh rpadom Posn kakoro-uuGyInb cjioBa, eciu Ob1 S He cojieprkajia 3alperoB JJIMHBL k + 2).
3HaYUT MOYKHO TOBOPUTH O PA3BUJIKAX B HEM.

IIpengoxenne 3.2.3. Cywecmsyem buekyus mescdy t-paseuakamu 6 Gy u d-paseuaxamu 6 h(Gy) (u
BHAYMUM UL KOAUMECTNBA PABHbL), npuyem t-pasdsuske coomeememeyem d-pa3eunka, epuiuHa Komopoi
coomeemcmeyem HaANPasAAOULEMY Pedpy amot t-pa3euku.

HokazaresnbcrBo. ConocraBuM eCTeCTBEHHBIM 00pa3oM Bepiuubl U pebpa h(Gy) (k+1)- u (k+2)-
GyKBEHHBIM CJI0BaM (BepIIMHe [IOCTABJIEHHON B eHTpe pebpa e — cyioBo [(e), a pebpy u3 e B e3 — CJIOBO
l(e1) + l(e2)[k + 1] . Tenepp 3amamum Gueknuio: Kaxoii t-passuike t; B Gy coCTOsIIEN u3 d-pasBuiKu
d (u3 pebep di u dy) u pebpa e; GymeT COOTBETCTBOBATH d-pa3BUJIKa U3 pebep cooTB. nyTaM die; u daeq,
a d-pazsuiike B h(Gy) Oymer cOOTBETCTBOBATDH (-Pa3BUJIKA U3 [APhl €€ HAYAJIBHBIX BEPIIMH M KOHEUHOM
BepPIIMHBI — T.K. HAa4YaJIbHble BEPIIMHLI HE COBHAJAIOT: HUrAe KpoMme (7 He MOXKET JIBa PasHBIX pedpa
HaYMHATHCS U 3aKAHYMBATHCSA B OJIMHAKOBBIX BEPIIMHAX — MHAYE Y KOHEYHOI BEPIIUHBI IIOCIETHAA OYKBa
JIOJ2KHA OBITH paBHA U ,a“, u ,b“ a Takoro GbITH He MOXKET (3aMeTHM, UTO C TeM Ke YCIIEXOM MOYKHO
ObLIO PACCMOTPETH NEPBYIO0 OYKBY HAYAJBLHON BEPIIUHDI). [0 O6oszuayeHus:

O6ozmaamM 370 cooTeTcTBHE 32 h(t) (O6parHOe MOXKHO 0603HaYaTh U Kak h~1(d), n xax h(d) —
T.K. OHO OJTHOZHATHO OIPEIEIISIeTCs] TUTIOM apTyMEHTA )

Bamernm, uro ecsiu BepiuHa d-passuiku B h(Gy) — pasBuiika, TO el COOTBETCTBYET €IMHCTBEHHAS
t-pa3BuiIKa. AHAJIOTUYHO eI BepInHa t-Pa3BuiIk B (G, — Pa3BUIIKA, TO €if COOTBETCTBYET €/ IMHCTBEHHAS
d-pa3Bmiika. 3HAUNAT, HA MHOXKECTBE BCeX d-Pa3BUJIOK BO BeeX Gif JJAHHOIO CJIOBa MOYKHO BBECTH OTHOIIIE-
HUEe SKBUBAJEHTHOCTH TOPOXKJIEHHOE CJIELYIONMAMU PABEHCTBAMU: JIBe d-Pa3BUJIKA SKBUBAJEHTHBI, €CJIH
OHM HAXOJATCI B HOCJeI0BaTe/bHbIX rpadax Posu Gy u Gjy1 1 0IHO3HAYHO JPYT JAPYry COOTBETCTBY-
0T B YKA3aHHOM €CTECTBEHHOM CMbIC/Ie (ecy BepuimHa Toi 4ro B G — pasBWwiKa). AHAJIOTUYHO [
t-pazusiiok. Gopmaibuo: di dy, ecim p(ds) = h(i(d,)), (mmm maoGopor).

Onpenesnenue 3.2.4. CooTBETCTBYIONINE KJIACCHL SKBUBAJEHTHOCTH Oy/IeM HA3bIBATH Md-PA3BUIKAMEI
U mi-pa3BUJIKAMHU.

B nmambreiiem HaM 6yer y100HO TOBOPUTH O KAKOH-TO KOHKPETHOHN md- miid mi-pa3Buiike IpoCcToO
YKa3aB OIWH M3 €€ JIEMEHTOB. 3aMETHM, 9TO d- WM (-pa3BUJIKKA U3 OHOTO KJIACCA SKBUBAJEHTHOCTH
COJIEPKATCS B HEKOTOPOM KoJsimdecTBe moiaps uayiux rpados Posu (o 1 B kaxaom). dusa ymobersa
TEPMUHOJIOTHN Oy/IEM TIPEJICTABISTh cebe k Kak och MUCKpeTHOro BpeMeHu (st Gi) W TOBOPHUTB, UTO
md- i mt-pasBUiIKa ,,CyIecTByeT B MOMEHT BpeMeHu t“ wmim ,npuHajyiekur G;“, eciim Kakoil-To ee
aj1IeMeHT coziepuTcsa B Gy.

O4eBHIHO, YTO CyIIECTBOBAHME KayKJ0i md- 1 mi-pa3sBUJIKU HAYMHAETCS IEPEeKPECTKOM U 3aKaH-
YUBAETCH MEPEKPECTKOM WJIU 3AIPETOM (Ha CAMOM JleJie, 3aKAHYUBATLCS OHO MOYKET TOXKE TOJIBKO IIe-
PEKPECTKOM, T.K. KaK OyJeT BHIHO Jajlee, B CIydae IPUBENCHHON CHCTEMBI 3allpETOB, 3alIPETHl MOLYT
IPOUCXOUTEL TOJILKO Cpa3y Hepes IIar Hocje HepeKpecTKOB, a 3HAYMT ITOH pasBUJIKU OLI IIPOCTO He
CYIIECTBOBAJIO BOOOIIE).

KoanuecTsBo Pa3BUJIOK

ITpennoxxenune 3.2.4. Koauuecmso d-pa3surok npu nosyuiaee YeeAuvu8aemcs Ha C.

JoxkazaresbcTBo. OueBnHO cieayer u3 npeuoxennii [3.2.2) u |

IIpennoxkxenue 3.2.5. Ilpu npumerHeruy 3anpemos KOAUMECTNEO STOOAUUT d-Pa36ULOK YMEHDULAEMCH
HG KOAUMECTNBO NPUMEHEHHLIT 3anpemos (cmepmulr pebep).

HoxkazaresnberBo. Ilycrs pebpo @ ¢ BepmunaMu v1 U Vo U3 Gq1 JOJKHO OBITH CTEPTO (COMEPIKUTCH
B IpuBeleHHOI c.3. §). Wcxonsmias crenenb v1 KaK U BXOJINAsl CTelleHb vy B G411 HE MEHBIIIE OJ[HOTO.



Buauur B h(Gy) ot crenenu He MerbIne 2. Ho oHn He MoryT ObITH Gosibine 2. 3HaduT OHU poBHO 2. Ove-
BH/THO, OJTHO PEOPO He MOXKET CONEPKATHCA B JABYX PA3HBIX BXOJSANINX d-PA3BUIKAX. SHAYUT KOJIUIECTBO
BXOJSAIIUX d-PA3BUJIOK IIPU CTUPAHUU 9TOr0 pedpa yMeHbIuTcsa poBHO Ha 1. Jlaiee mHIyKIus. O

Jlemma 1. Vw € I VE > 1, df =d}/_; +cf_q — |S N Fhi1|, 2de S — npusedennan cucmema sanpemos,
3adarowas w.

HokazarenbcrBo. Ouepmno ciaemyer u3 npemoxkenii [3.2.4) [3.1.4] u [3.2.5] O
JIemma 2. Ecau w € I,, mo GY — yukauveckut epagd codeporcawyud n pebep (mo ecmov dY = 0 a
GR=n).

Hoka3zaresbcrBo. [lo yciosuio v; = vg (M. PUCYHOK), 3HAUNT B (), €CTh 3aMKHYTBIN IIyTh 11O N
pebpam (T.K. IpU 1 CABUraX PacCMaTPUBAEMOTO IMOJCIOBA Ha ONHY OyKBY MbI IIOJLy UM TO YK€ II0JICJIOBO).

O He camMomepeceKaeTCst, MHAYE ¥ W €CTh MEHBINN TePUOJ Y‘agk 1oolOopn =“Qlg1...0p“="“A1.c.0p

“Uptntl-Q2ktn“=%a1...01“=“Ap_f11...0,") — paBHBIA k (T71€ k 9TO KOJIMIECTBO pebep 10 caMorepe-

cedeHuqd, a v1 — BeplouHa, B KOTOpof/'I IyThb Cal\lOHepeceKaeTCﬂ). O
w=---a1az-- lanan+1-l la2n-1a2nl (X}
L JL ]
V. V. V- V.
r 1r 1
w=|.la1a2ak3|no akak+1-- -anan+1-- -an+klan+k+1 ...a2n-1a2n- [ ,
: V. . i V. e V. s
V.
Hoar.

Teneps HacTaJIO BpeMs BEPHYTH HOJIT. JloKarKeM CJIeyrolinue yTBEPKICHUS:

Ipennoxenue 2.1} ecin Konednast cucreMa 3anpeTos S 331aeT KAKOE-TO CJI0BO w € I, T0 OHO nepu-
oIIHecKoe.

HokazarenbcrBo. Ilycrs k+1 — naubosbinas gymnna 3amnpera B S. Pacemorpum G Eciiu 910 1k
— TO CJIOBO W II€pUOJNIeCKOe, eCJIN HET, TO IOMUMO HaUMEHbIIETO 3aMKHYTOI'O IIyTH l COOTBETCTBYIOIIETO
w B 3TOM rpade ecTh ele XoTs Obl 1: MOCKOJIBKY | caMoliepeceKkaeTcsl, MOYXKHO PacCMOTPETh 3aMKHYThIN
HOAILYTH | OT TOYKHU caMorepecedenus 10 Hee e (MeHbIuiil uem | — uHade 9T0 He TOYKA CAMOIIEPECeYeHN )
— U XOJUTb 110 HeMy 110 GeckoHeurocTu. CI0BO Wy COOTBETCTBYIOIIEE ITON IMUPKY/IAIMHA He PABHO W (T.K.
B HEM BCTDEYAIOTCs He BCe CJIoBa JUIMHBL k + 1, KoTopble Berpedatores B w). C apyroit CTOpoHbI — OHO
YJIOBJIETBODPSIET S, T.K. COJEPYKUT TOJIBKO Te IMOJICJIOBA JUIUHBI k + 1, KOTOpBIE BCTPEYAIOTCS B W, U €CJIH
KaKO0e-TO CJIOBO U3 S COJIEPXKUTCI B W1, TO OHO COJEPYKUTCS B KAKOM-TO €r0 HOJCJOBe JUIMHBL kK + 1 — a
3HaunT 1 B w. [IboTuBODEUME.

X
Yo (S
”ymb ’ 8 G w noednyme nymu | om mouku
£ camenepeceuerun do ceba

3aMeTnM, 9TO STHM MBI JOKA3AJIN €Ie OMUH O0Imuil (haxT: 10006 HECKOHETHOE TEPUOINIECKOE CJI0BO,
COOTBETCTBYIOIIee HEKOTOPOMY 3aMKHyTOMy IyTu B G} ymoBiersopsier SN Fy 1 (ecan S — mpusenenHas
CHCTEMa 3allPeTOB 3aJIAI0IIasl CJIIOBO W). O

[pennoxenue 2.2} nyst mo6oro w € I, cylmecTByeT KOHETHAs CHCTEMA 3AIIPETOB, 3aJAI0MAsl €ro.

JokasareabcTBo. Pacmorpum n-it rpad Posu G sroro cioBa. Mbl joka3asu, 9TO 9TO IUKJI JJTHHBI
n. OYeBUIHO, CJIOBO W YJOBJIETBOPsiET cUcTeMe 3arperos S = Sy, N F, 11 C 5. Ecim kakoe-to npyroe
CJIOBO w1 TOXKe yoBJyeTBOpseT eif, To GE' C G, T.K. OH He MOXKET COJePKATh HUKAKUX JIPYTUX pebep.
Yrobel B HEM GBI XOTH OUH GECKOHEUHBIH B 00€ CTOPOHBI IIYTh (COOTBETCTBYOIIMA, COOCTBEHHO, CIIOBY
wy) HEoOxozuMo G = GY. Torma 3TOTh IyTh €JIMHCTBEHEH, a CJIOBO W] COOTBETCTBYIONIEE €My —

coBIagaer ¢ w. [IporuBopedne. O



ITpennoxxenune 3.2.6. /[laa dannozo w € I, cywecmsyem eduncmeennas npusederHan CUCTNEME 3G~
npemos, 3ada0was €20, U COCMOUM OHA 68 MOYHOCIU U3 MET CA08, KOMOPbLE 00HAPYICUBAIOMCSA NPU
pacemompenuy 2pagos Posu.

JokazaresnbcrBo. Tpusnanbho ciaeayer us npeaoxenuii 2.2} [3.1.3 u [3.1.4] O

3amMeTnM, 9TO B 9TOM pasfiese, Kak U B pa3zese 2.1 He UCIOIb3yeTCsA ABYXCUMBOJBHOCTD aJi(haBUTa

A

OcHOBHOIT BBIBOJ,

U3 nemm [T 2] a raxcke npeanoxenns [3.2.6] ouenano

o0 o0 &)
CaencrBue 3. |S|= > |SNFy|= > (df_, —dy+cy )= > cx+do
k=1 n=1 k=0
Haunnars paccmorpenue nesecoobpasuo ¢ G (BepiimHa — IycToe CJIOBO, U jaBa pebpa — ,a“ u

,b0%). TIpu 9TOM MOXKHO HE PACCMATPUBATH TPUBUAJBHbBIE CJLyYad KOV 3AIPEIIEHO ¢ WiId b, T.K. TOrja
OIIEHKA BBILOJIHSIETCs U TOUHA ([IEPUOJL CJI0BA COCTOMIIETO TOJIBKO U3 OYKBBI ,,a un ,b* pasen 1). Torua
HaYaJIbHOE KOJMYIECTBO pa3BWIOK pasHo 1. Gy:

3.3 Paswmep rpados Pozu

Wzyunm Kak usmensiercs |G| (kommaectso pebep B Gy,).

Jlemma 4. |Gy | = |GY|+ (df + i) = [Sw N Fryal

HoxkazaresberBo. [lockonbky pebpa h(Gy) B3aUMHO COOTBETCTBYIOT Iy TSM JJIMHBL ABa B G, UX KO-
sgumgectBa paBHbl. COMOCTABUM KarKJIOMY IIyTH €ro mepBoe pedpo. 3HAYUT, KOJTMIECTBO TAKUX IIyTell PABHO
|G| murtoc kommaecTBO peGep, KOHEUHAsT BEPIMMHA KOTOPBIX UMEET UCXOJSIIOI cTereHb 2. KosmuecTBo
Takux pedbep paBHO 2¢k + fr =t = di + Ck-

|G 1| = [h(Gr)™| = [Sw N Frp1]: Ha Kaxk bl 3a1peT Mbl CTHpaeM 110 peGpy. O
Bnaunr, cornacuo gemmanm 2 u [ a takxke caexcrsuio [3] Bepro:

Caencreue 5. Yw € I,, 6epro pasencmso:

n—1
n=|GY¥| =|Go|+ Y (IG¥1| - IG}]) =
k=0
n—1
= |Gol + > ((df +¢f) = |Sw N Fuya]) =
k=0

n—1 n—1 n—1
= |Gol+ Y _d + > =S| = |Gol + > d¥
k=0 k=0 k=1

ITo cyTu 3T0 3HAYUT YTO HA KAXKIYIO d-PA3BUIIKY B KaxKJ0M rpade Posu npuxoaurcs yBeaumdeHne
KOHEYHOIO KoJimdecTBa pebep (M, COOTBTETCTBEHHO, epuoia) ua 1. Ocraercs TOJIBKO HAfTH pa3yMHBIN
€110c06 COMOCTABUTH HEKOTOPBIE IPYIIbI d-PA3BUJIOK 3anperaM (UM, IIOCKOJIbKY MX KOJIMYECTBA PABHBI,
[IepEeKPEeCTKaM) TakK, YTOObI OJIYIUTh HEOOXOAUMYIO OLEHKY — YTO Mbl B KOHEYHOM cUeTe ¥ ciejaeM (Ha
caMOM JieJie, 3TU IPYIIIBI — T€ CaMble Md-Pa3BUJIKH, U KaXKJIas U3 HUX OYJIET COMOCTABISITHCS TEPEKPECT-
KY, KOTOPBIM 3aKaHUNBAETCsI, HO KAK BUJIHO U3 YTBEPXKIEHUsI TEOPEMbI POCT KOHEYHOI'O KOJIMIECTBA pedbep
OT KOJIMYIECTBA IMEPEKPECTKOB MOXKET OBITH IKCIIOHEHIIMAIBLHBIM, U 3HAYUT BAXKHO B KAKOM TIOPSIIKE



3.4 pyrue cnocodbl HapucoBath G mo Gy

Ceituac MbI OIHIIIEM U JOKakKeM KOPPEKTHOCTDH JIPYroro, HEOOXOJMMOIO IS JIOKA3aTe/]bCTBa CII0CODa
moctpoennst G411 10 Gy. s aydinero moHnMaHus, YIPOIIEHHOT0 0OOCHOBAHUS U CHOH MOTHBHPOBKHI
MBI [IPUBEIEM 8 PA3HBIX CHOCOOOB ITOCTPOEHUS, H3MEHAIOIINXCA [OCTEIIEHHO OT MMEIOIIErocsd Crocoda K
HEOOXO/TUMOMY.

s mepBoro crocoba HaM TTOHA0OUTCST TTOHATHE CXEMBI.

Onpegenenne 3.4.1. Cxemoit opuenTuposannoro rpadga G OygeM Ha3bIBaTh B3BENICHHLIH OPHEHTH-
poBanublii rpad G MHOXKECTBOM BEPIIHH KOTOPOTO SIBJISIETCS MHOXKECTBO BepInuH (G He SABJISIOIIMXCS
JIOPOTOii, a MHOXKECTBOM pebep — myTu B (G COEIMHSIIONINE TaKWe BEPINUHBI U He COJepKalliue HU OTHOMN
U3 HUX KPOME KaK CBOMM HAYAJIOM M KOHIOM (C BecaMW DABHBIMHU JUIMHAM 3THX myTeil). EcrecTBeHHO,
opueHTanusl pebep B IyTsX JOKHA OBITH COIIACOBAHA M HACJIEyeTCsl COOTBETCTBYIONEMY peOpy (u3
9TOr0 FCHO, YTO TAKHME IIYTU HE CAMOIIEPECEKAIOTCS ).

Hpyrumu ciioBamu, cxema rpada Po3um — 3T0 B3emeHHBIN OpUEHTHPOBAHHBIN Tpad, MOy IeHHBIH
u3 rpada Po3u 3amenoil menovyek maymux mompsL 6e3 pa3BuiIoK pebep HA OIHO PeOPO ¢ BECOM PABHBIM
JIIHE 9TOji 1enouku (1 cooTBeTcTBYIONIel opuenrtaipeii). OHa HAIISIHO OTpaxKaeT CTPYKTYpy I'pados.

DopMAIbLHO: PACCMOTPUM OTHOIIEHNE KBUBAJIEHTHOCTH MTOPOXKICHHOE CJIEIYIOIINMU PABEHCTBAMU:
JIBa [IOCJIEIOBATENLHBIX pedpa 9KBUBAJIEHTHBI, €CJIM UX 00Iast BepruinHa — jopora. O4UeBu/IHO, B KaXKI0M
KJIacce 9KBUBAJIEHTHOCTH (ecim TOJBKO Trpad He SBJISEeTCs MUKJIOM) OyJeT POBHO IO OJHOMY Pebpy He
HAYMHAIONIEMYCsl U He 3akaHduBaiomemycs B ,nopore” (b u e). IlocTpouM HOBBII B3BEIIEHHBI OPUEHTHU-
pOBaHHBI rpad ¢ MHOXKECTBOM BEPINUH PABHBIM MHOXKETCBY PA3BUJIOK U IMEPEKPECTKOB, & MHOXKECTBOM
pebep — It KaXKI0TO KJIacca IKBUBAJIEHTHOCTH TI0 PeOpy: M3 HaYaJIbHON BepIuHbl pedpa b B KOHETHYIO
BepIIHY pebpa € ¢ BeCOM PaBHBIM KOJIHIECTBY pebep B KJiacce KBUBAJEHTHOCTH. TakzKe JIErKO IIPOM3-
BOAMTCsI OOpaTHas oneparyst (IIPM TOM BEPIIUHBI, COeMHEHHBIE PEGPOM ¢ BecoM 0 OTOXKIECTBIISIFOTCS ).

3aMeTnM, UTO Ha CXeMBI KOPPEKTHO IIEPEHOCSATCsT BCE OIIPEJIe/IEHUs] Pa3BUJIOK — BEC MOYKHO IIPOCTO
HE YUHUTBHIBAT.

MotTuBarust BBeeHHsI CXeM: 3TO HEOOXOIMMO Jjisi BBeJIeHUsi (DPUKTUBHBIX pebep C BECOM HOJIb B
HEKOTOPBIX MECTaX C IIEJIbI0 yI00CTBa MOJCYEeTa MEPUO/a PABHOIO CyMME IIPUPOCTOB KOJIMYECTB pebep,
COOTBETCTBYIOMIMX Md-PA3BUIKAM, COOTBETCTBYIOIIMX 3aIIPETAM.

Ucnonbayst nonaTHe cxeMbl IPeJJIOZKUM TIepBbIit HOBBII criocod napucosath G, 1o Gy

Meton 1. Pacemorpum ég’ . 3aMeHNM B HEM IIepEeKPECTKY Ha (PUKTUBHYIO KOHCTPYKIINIO SKBUBAJIEHTHY O
TOM, YTO IOJIyYaeTCsl U3 [MEPEKPECTKA IIPU MOJIyIIare, ToJbKO ¢ Becamu 0 (CM. PHCYHOK) — HAa30BEM 3TY
onepanuio 0-3amenoit. Torja nepeKpecTKoB He OCTaHETCA — TOJILKO Pa3BUIKH. G}Y M3MEHUM IO IIPaBHIIY:
ecsin pedpo 3aKHAYMBAETCSI OJHOTUITHBIMYU Pa3BUJIKAME, €r0 BeC HE M3MEHUTCsI, €CJIM Pa3HbIMU — TO +1,
€CJIM €0 HAYaJI0 — BXOJsIas pa3BuiiKa u — 1, ecym ucxongmas (110 CyTu — 910 TOT 2Ke nosrymar). Tenepnb
10 CXeMe BOCCTAHOBUM 00paTHO rpad (3aMeHoii pebep ¢ BecaMu Ha IENOYKHA — U II0JIyYUTCs TOUHO TAKON
ke rpad, Kak [ocJe HOJIyIIara), a Iocae 3Tor0 IPUMEHUM 3allPeThl.




HokazaTenabcTBo. ljisi 10Ka3aTEILCTBA KOPPEKTHOCTH STOTO METOA JOCTATOYHO TOKA3aTh UTO I10-
cJie Iepexojia 00paTHO OT CXeMBbI K Ipady MBI MMOJIYIUM TaKoi Ke rpad, Kak MOoce MoJIyara. 3aMeTuM,
9TO KOJIMYIECTBO t-pa3BmwiiOK B (G OYEBHIHO PABHO KOJIMYIECTBY DPA3BUJIOK B cxeme mocje (-3aMeHbl, U
OHM €CTECTBEHHBIM 00PA30M OTOXKJIECTBJISIIOTCS: €CJIM BEPIIMHA t-PAa3BUJIKU ObLIa PAa3BUJIKOI, TO eif OHa
U COOTBETCTBYET, & €CJIU IEPEKPECTKOM, TO €if COOTBETCTBYET Ta DPa3BHJIKA, B KOTOPOW COIEPKUTCS €ee
,Hanpasjsgiomee* pebpo (OHO IPUHAMJIEIKUT POBHO onHOMY u3 myreil a,b,c,d — cm. pucynok). Kaxk-
zoit t-pasBuiike coorBercTByeT d-passuiika B h(Gy). Ocraercs 3aMeTUTh, 9TO JJIMHBI IyTell MeXIy d-
pasBuikaMu B h(G)) — TOUHO Takue YKe KaK Beca pebep MexKIy COOTBETCTBYIONIMMU MM Da3BUJIKAMU B
HaIeil cxeme mocje Ipeodpa3oBaHmsi — BO3bMEM Iapy Pa3BHJIOK B G}, COEIMHEHHBIX HEKOTOPBIM PeGpOM.
Ecsn ero Bec 0, To nociie npeobpazoBanus oH Oyuer paBeH 1 (T.K. 9T0 MO OBITH TOJIBKO Da3BUIKU
[OJIy IUBIIMECS 3aMEHON [IePEKPECTKA) — KAaK U II0CJIE TOJIyIIara, a eCcjiu HeT, TO CM. PUCYHOK. O

O6o3HaueHus:
h*(G) — pesynbrar npumenenus kK rpady G Taxoit onepanuu (IyTH MeXKIy OJHOTHITHBIMU Das3-
BUJIKAMU HE MEHsIeM, a MeXKJly Pa3sHOTUIHBIME — COKpaIlaeM Ha 1 ec/iin HAadajao — BXOJISIIAs, a
KOHEIT, — MCXOJIAINas, U yBeJndnBaeM Ha 1, eciim Hao60poT).

Bamernm, uro merox [I] npuHimmnansao ormyaaercs or Meroxa [0] Tem, Uro onmcsBaeT npeobpaso-
Banne rpada He JOKAJIbLHO, & IJI00AJILHO: CTAHOBUATCS BUJIHO, YTO CTPYKTypa rpada MeHsSIeTCS TOJHKO B
MeCTax MEePEKPECTKOB, a B OCTAJbHBIX MECTaX TOJILKO M3MEHSIOTCSA PacCTosiHus. [IprdemM mpoTUBOIIOI0K-
HbIE PA3BUJIKU KaK Obl JBUXKYTCsl HABCTPEYy JAPYT APYTy B HAIIPABJIEHUN CTPEJIOK KOTOPBIE N300PaKAFOT.
3aMeTnM TakKe, ITO IMEPEKPECTKU 00PA3YIOTCS MO0 CyTU IPU BCTPEYAX MPOTUBOIIOIOXKHBIX PA3BUJIOK.

Mertoxm 2. Bropoit ciocob oTimdaercst OT MEPBOTO TOJBKO TeM, 9TO 3alIPEThI TPUMEHSIIOTCS JI0 TIEPeX0/Ia
or cxembl 06paTHO K rpady Posu (ynassiercs coorsercrByroiiee pebpo).

JoxkazaTenabcTBo. [l 70Ka3aTEIHCTBA KOPPEKTHOCTH STOTO METO/A BCIIOMHUM, 9TO KaK yKe OBbLIO
OOBSICHEHO B JIOKA3aTEIbCTBE IMPEIJIOKEHUS |3.2.0| 3aIpeThl MPOUCXOAAT ¢ PeOpaMu JJisi KOTOPBIX HCXO-
JISIAst CTeleHb HAYaJbHON BEPIMUHBI U BXOJISAINAsl CTelleHb KOHEeIHOH paBubl 2. Ho 310 3HAYMT 9TO 710
repexojia 00paTHO OT CXeMbI K I'pady HaYaJIbHON M KOHEYHOU BEPIIMHAM COOTBETCTBOBAJIM UCXOISINAS U
BXO/IAIIIas PA3BUJIKA, a HAIleMy peOpy — peOpo ¢ BecoM 1 (M UMEHHO €ro MbI yJajluM B HAIIEH Olepalun).
Boutee Toro, 3To 3rauuT 4To 10 nnpeobpazoBanms Bec 3TOr0 pedpa 66u1 0, ¥ OHO MOSIBUIIOCH B CXEME ITOCJIE
(0-3aMeHBL. g

Meton 3. A Tperuii — TeM, 4TO TelEPh 3aIPEThl BOOOIIE IPUMEHSIOTCS JI0 IPeodPa30BaHusl CXeMbI. Pe-
3yJibTaT Oy/IeT SKBUBAJIEHTEH, IIOCKOJIbKY 3aIllPEThl BEJb IIPOUCXOJIAT TOJBKO CPa3y IOCje PA3MHOMXKEHUs,
TO €CTh B MECTaX MEPEKPECTKOB — a 3HAYUT WX MOXKHO CJI€JIATh B CAMHUX HAIMX (PUKTUBHBIX KOHCTPYK-
UsX.

JokazarenabcTBO. [loCKO/IBKY yKe IOKa3aHO YTO 3aIlpPeThl OyIyT IPUMEHSITHCS TOJBKO K pebpam
¢ BecoMm 0 moGaBiienabiM pu 0-3aMeHE TEPEKPECTKOB, HEOOXOAMMO JIOKA3aTh TOJBKO UTO €CJIM CHAYAJIA
[IPUMEHUTH 3AIPEThI, & MOTOM Ce/IaTh IPeodpPa30BaAHUE CXEMbl — IOJIYIUTCS TO K€ CaMOe, KaK eCJid
cHaJYaJja CAesaTh Ipeodpa30BaHue, a MOTOM IIPUMEHHUTDH 3ampeThl. J[jist 9TOro J0CTaTOYHO JOKA3aTh UTO
rpadbl OYIyT UMETh OJUHAKOBYIO CTPYKTYPY M COOTBETCTBYIOIINE Beca OymyT paBHbl. OuH corydait, JJis
HATJISITHOCTH, pa300bpaH Ha KapTuHKe. [[0CKOJIbKY CTPYKTypa CXeMbl HE MEHSIETCS [IPU HAIleM I1ePexojie
(TOJIbKO Beca) — YTBEPKJIEHHE PO MICHTUIHOCTH CTPYKTYDP O4eBUAHO (OyJyT 3a4€PKHYTLI OJHU U Te
Ke pebpa). 3aMeTuM, 4TO COIJIACHO HAIEH Omepallu CyMMa BECOB Ha JIIOOOM IIyTH OT ONHOH Pa3BUIKU
JI0 IPYTOil IPH IIepexojie MEHHAETCs POBHO TaK, KakK ecyid Obl HA 9TOM IIyTH ObLIO OJHO pebpo (04eBUIHO
73 PACCMOTPEHHS TUIIOB PA3BUJIOK Ha 9TOM IIyTH WA KAPTUHKU B JOKA3aTEIbCTBE K IIEPBOMY METOLY —
yTh MEXKJy Pa3BUJIKAMU TaM MOT OBbITH JIFOOOM, He 0OSI3aTebHO He COJEPXKAIIUN JIPYTUX PA3BUIIOK) —
3HAYUAT PACCTOSIHUSI MEXKJIy OCTABIIMMUCS IIOCJIe HAINX JEeACTBUI Pa3BUIKAMU HE 3aBHUCST OT ITOCJIEI0-
BATEJIbHOCTU 9TUX JIEHCTBUN. ]
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Boobrrie, Bech aTOT mepexo 1 K cxemam He 00s3aTeJIeH, U IS PEIeHns] BaYKHO TOJBKO NMETh BO3MOXKHOCTH
pa3pemniaTh MePEeKPECTKN 3aMeHO JTAHHON BPEIUHbI (DUKTUBHON CTPYKTYpPOil pa3mepa 0, HO ONUCHIBATH
peobpasoBanue rpada ,, TaM Ijie pa3BUJIKI PA3HOTHUIIHBIE OTHO PeOPO € BECOM OJIMH HCYE3JI0, & B JPYTOM
MecTe pebpo MOSIBUJIOCH BCe-TaK! MeHee YJI0OHO YeM TOBOPUTDH PO U3MEHEHUE Beca.

Meton 4. Tenmepn Bce-Taku mompodbyeMm oboifTrch 6e3 mepexoma K cxemMam. [IpocTo m3MeHnM KaxK Iblit
yTh MEXKJy JIBYyMs Pa3BUIKAMU B Ipade COOTBETCTBYIOMUM 06pa30oM (HOJIyInar), a IOTOM IIPUMEHHM
3ampeTsl. [Ipn 9TOM MepekpecTkn MOXKHO 00pabaThbiBaTh IMO-PA3HOMY: MOXKHO CUNTATh UTO y BCeX pebep
osBuinx B G Beca 1, a ¢ mepekpectkamu jenarth (0-3aMeHy, a 3aTeM JelaTh OIMCAHHOE TOJBKO UTO
npeobpasoBanee (mpu 3ToM pebpo Beca 0 — Kak 6bl myTh pyuHbl 0 — 3aMensiercs Ha 1 pebpo ¢ Becom 1 —
nyTh gyuabl 1). Vi MOXKHO cYuTaTh 9TO B MECTe IEPEKPECTKa HAXOUATCs 4 t-pasBUIIKU Ha PACCTOSHUN
0 (MeKJ1y NPOTUBOIIOJIOKHBIMU M3 HUX), U KOIJA PACCMATPUBAECTC KAKON-TO MyThb COAEPXKAIIUN CBOUM
KOHIIOM TIEPEKPECTOK — OH CUMUTAETCsI IyTeM JI0 TOW PAa3BUJIKM, HAIIPABJIAOIIEe pedpo KOTOPOil B HEM
COJIEPIKUTCS ).

JdokazaTejbCTBO. DTOT METOJ OYEBH/IHO SKBUBAJIEHTEH METOLY m O

Metopn 5. Temneps cHavyasa MOJTHOCTHIO PA3PEIINM ITEPEKPECTKH, & IIOTOM CJIEJIAeM ITOJIYIIAr.

HokazareabctBo. I[logpobuee: Pacemorpum rpad Posu Gj. Kaxkmomy ero pebpy mpucBomm Bec
pasabiit 1. [Ipouseesem 0-3ameny. Yunasmm pebpa, cooTBeTcTByIOmue peGpaM ynajseMbiM B h(Gj) (Mbrl
3HaeM, 4To yaajsgemble u3 h(Gy) pebpa cooTBEeTCTBYIOT pebpaM B CXeMe h(ék) ¢ BecoM 1 U MpOTUBOIIO-
JIOXKHBIMY Pa3BHJIKAMU Ha KOHIIAX, & OHU COOTBETCTBYIOT pebpam ¢ BecoM 0 B TekymieM rpade). Vzmernum
JUIMHBI TIyTell B rpade 10 ONMUCAHHBIM paHee MPABUJIaM U OTOXKJIECTBUM BEPITUHBI COEINHEHHBIE pebpaMu
¢ Becom 0. Beca 3abyzem. ITomyunm Gjqq — 970 caezyer u3 Meroza [3 |

CorytacHo 3aMe4aHuIo O TOM, 4YTO JJIMHA JIFOOOrO IIyTHn MezK1y ABYyMd pa3BUJIKaMH MEHAETCA TOJIbKO
B 3aBHUCUMOCTU OT HMX THUIIOB, MOXXHO IIp€JICTaBUTDH ce6e, 9TO, COIJIaCHO TOMY HYTO PACCTOAHHIA MEXKIY
OMHOTUITHBIMU PA3BUJIKAMU HE MEHAIOTCA, OTHU U3 HUX CTOAT Ha MeCTe, a Apyrue — €1yT UM Ha BCTPEIy
CO CKOPOCTBIO OJIH.

Meton 6. C 0mHOIl CTOPOHBI — 3TOT CHOCOO HMPUHIUIUAIBLHO OTJIUYAETCS OT BCEX IPEIAbIAYIIUX, U CO-
JIEPYKUAT CYIIECTBEHHO BAXKHYIO JIJISI PEIIEHUs UJEI0, a C JAPYTOil — OTINYAeTCs OT IPEJbLIYIINX TOJIHBKO
B3IIsiIoM Ha Bemu. CyTh €ro BOT B YeM: CHaJYaJia, KaK yKe MHOIO pa3 Je/iajii, 3aMEeHUM BCe IIePEKPEeCTKA
Ha (DUKTUBHbIE KOHCTPYKIMK pa3dMepa 0 (04eBUIHO, MEPEKPECTKOB y HAC MOCJIE ITOrO HE OCTAHETCs ). A
3aTeM ClelaeM HEKOTOPYIO HOBYIO OIEPAIlnio, Pe3yJIbTATOM KOTOPOI OyIeT TO Ke CaMOe UTO MPH IOJIy-
miare, HO IpOIEypa JApyras: BblbepeM TUIl Pa3BUJIOK (Bxofgiue win ucxomsiye). [Ipemonoxum Ge3
0.0. 9TO BxojiAmue. bygeM cauTarh, YTO BXOIAIINE t-PA3BUIKN CTOAT HA MECTE, & UCXOISINe — CIBUTA-
f0TCst Ha 1 B Ty CTOPOHY B KOTOPYIO OHH ,,YKa3bIBAIOT®, MOTJIONIAs OJHO pebpo U3 IyTH Iepes coboil, u
BBIIJIEBBIBAS J[Ba — 110 OJHOMY B KaKIbIIl M3 XBOCTOB 3a COOOIi.

el

JokazaTesabCcTBO. 3aMeTnM, 9TO BCE IIYTH MEXK/y PA3BIJIKAMEU U3MEHSITCS CTPOrO IO HAIEMY IIpa-
BIIy. 3HAYUT ITOT METOJ OYE€BUIHO IKBUBAJICHTEH METOJIAM |I[, 2 u4. g

MeTO,Z[ 7. To xke caMoe, HO Tellepb 6y)1€M CHaYaJla Cpa3y pa3pelniaThb BCe IEPEKPECTKHN, a IIOTOM CABUT'ATb
HUCXOAdIe PAa3BUJIKN K BXOIAIIM.

JdokazaTeabCTBO. DKBUBAJEHTEH MeTOIaM 3 U 5. O

Meton 8. Crporo roBopsi, 970 y2Ke He CIIOCO0 MOJIydUTh cieaytonuii rpad Posu mo mpempigymemy,
u rpadbr Po3u manHOro ciioBa OymyT HMOSBIISITBCA TOJBKO KAK MPOMEXKYTOYHasi (ha3a KarKIOW TaKo
OTIEpAIINH, HO TIOCKOJIBKY JIJIsT HCCJIEyeMOT0 HAMU BOIIPOCA BaYKHO TOJBKO KOJUIECTBO IIPOM3BEIEHHBIX 38
BCe OTIepaIiy 3aIIPETOB 1 KOJIMIEeCTBO pebep B KOHETHOM ITUKJIE — 3TO He BayKHO. 3/IeCh MBI Oy/IeM CHadaJIa
JleJIaTh HOJIyHar B HOBOM CMbICJIe, & IIOTOM paspelniaTh Bece oOpasoBapiuecs nepekpectku. Hauunars B
sroM ciyuae Oymem ¢ rpada Gy = Go mosyuennoro uz Gg pasperienuem repekpectka. Bapuantsr Go
(Taxoii BLIGOp MHEKCA OyJeT OICHEH 9yTh HO3/HEE):
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Hoxka3zaresnberBo. OHAKO HAC MHTEPECYET TOJLKO OOIIee KOJMIECTBO 3AIIPETOB (MU, SKBUBAJICHT-
HO, O0Illee KOJIMUECTBO [IEPEKPECTKOB) BCTPETUBIIMXCA B Ipadax B TeYeHHe BCEro mporecca u (Tak Kak
04eBUIHO, Kak ¥ rpadbl Posu Hamm rpadbl CTAHYT ¢ HEKOTOPOTO MOMEHTa OJMHAKOBBIMU IIMKJIAME) —
KOHEYHOe KOJIn4uecTBO pebep. OHM, 04eBUIHO, OyIyT PaBHBI COOTBETCTBYIOIIUM KOJIMIECTBAM JIJIsi TIOCTIE-
noBareabHocTH rpados Po3u HEKOTOPOro JAHHOTO ¢JI0Ba ([OCKOJIbKY MOC/IEI0BATEILHOCTD, (haKTHIECKH,

BuINIA AT Tak: Gg — G1 — G1 — Gy — - -+ 0

3.5 YTo MBI mOJIyYnJn

Nwmeercst HekoTOpoe GeCKOHETHOE B 00€ CTOPOHBI MEPUOANTIECKOE CJIOBO w € [, M 3aJafoImas ero mpuBe-
JleHHasI cucTeMa 3anperos S. VmMeercs: mocienoBarenbHocTs rpados Posu sroro ciosa Gy, GY, - -+ , G
(3aKAHIMBAIOIIASCA IUKINIECKUM rpadoM [UIMHA KOTOPOrO PABHA MEPUOJY CJIOBA 1) U COBOKYIHOCTH
BeromoraTebHbX rpacdos {A(G}’)}, ¢ ecrecTBenHBIME GHEIIAME MKy MHOKecTBaMu Egw < Vi(gw)
k2 k2
2 2 w
u LG;U < Epcw) (LG? — nyrn JymHel 2 B G, a Takxke MHOXKecTBaMH Vi gw) <> Vaw | n Epgw) <

) i+l
EG?+1 (] (S N Fi+1)

Taxxke umeerca nocsienosaerenbuocTs rpados Gy, GY, - -+, GY, Takux uro h*(Gy') = G}, |, koTo-
=T~ —~ . O—exchange =<' restrictions
. w * w w w
pble CTPOSITCS HHAYKTHUBHO IO cilemyiomuM mpasmiaM: GY — h*(GY) — G? — bR
!/

e 3alpeThl IIPOUCKOMAT B TeX Ke pebpax, rme u B h(GY), crpykTypHO paBHOM G .

3.6 Yro majbIiie

B mporecce mpumenenust 8-ro MeToma abCOJIOTHO HADVISIIHO Ha KaxKayio n3 dy d-pa3sBHIOK KaKOI'O-TO
k

—_— —_
tuna 3a 1 mar (or GY_; x G}Y) npuxoauTcss mpupocT obIero Kosmdectsa pebep Ha 1, Ha Karkblil

epeKpecToK (u3 c}éﬁrl) — IPUPOCT KOJIMYECTBa d-pa3BUJIOK Ha 1, Ha KayKJbIil 3allpeT — yMeHbIIIeHHe
KOJIMYECTBa d-Pa3BUJIOK Ha 1, M BCe 3TU NMPUPOCTHI-YMEHBIEHUs TPOUCXOIAT MapaJuiebHo. KiroueBast
njiest TOKA3aTeIbCTBA OIEHKH — B TOM YTOOBI JEJIATh 9TO MOCIEI0BATEIbHO, HA KA2K/IOM Iary ¢ KaKOH-TO
OJTHOM Pa3BUIIKOI, C KOTOPO 9TO CAeIaTh BO3MOXKHO: €C/IM B JJaHHOM Tpade mepe KaKOH-TO UCXOIATIEH
(B HallpaBJICHUU ee ,LLBI/I)KeHI/IH) pa3BUIIKOI 10 OJivrKaiiieit BXOMAIIEH HET JPYTUX UCXOJANINX — €JIM-
HOMOMEHTHO TIPOBEJIEM €€ JIO ITOM BXOJAIIEH PAa3BUJIKUA Yepe3 ITOT MYTh U Pa3PEeNuM 00Pa30BaBIIANCS
epeKpecToK (IPUMEHUB 3aIIPEThI TaK JKe, KAK Mbl CODUPAJIUCDH 3TO CAEJATH IIPY IIAHOMAPHOM U3MEHEHUN
rpada — IHapaJIee/IbHOM JIBUKEHUU PA3BUJIOK ). 3AMETHM, 94TO IIOCKOJIbKY KOJUYECTBO 3aIIPETOB PABHO
KOJIMYECTBY MEPEKPECTKOB — MBI MOXKEM CUUTATH TOJBKO IOCJeHIE. TaK, IPU KaXKIO! TAKOil omeparu
KOJIMIECTBO TIEPEKPECTKOB yBemunBaercst Ha 1, a |Gy, | yBesmanBaercst Ha JUIMHY MyTH, 10 KOTOPOMY MBI
IPOBEJIN Pa3BUIIKY (BOT MBI U COIIOCTABUJIN KarKJIOMY 3allpeTy IIPUPOCT KOJIMYIeCTBa pebep — Ty caMylo
md-pa3Busiky). COOTBETCTBEHHO 11€1€CO00PA3HO UHJIEKCUPOBATD HAIIM TPadbl KOJUYECTBOM yITEHHBIX
[EPEKPECTKOB (II09TOMY M HMHJEKC HadaabHOro rpada — 2: jig upespaiienus Go B MUK HEOOXOAUMO
nBa 3anpera). Kak yxe MOXKHO ObLJIO 3aMETUTh, TEPMUH ,Iar* UCIOJIb3yeTCs aBTOPOM Jisl JIIOO0H Mu-
HAMAJIbHOHN IUKJINYECKHU MOBTOpsomeiics omepanun Ha rpadom. Terneps Mbr Oy/ieM HCIIOIB30BATH €r0
JIJISL O6OSH&“I€HI/I${ IIOCJIGJZLHGP'I U3 OIMMNCaHHBIX — IIEPEABUXKEHUA PASBUJIKU N Pa3pENICHUd IMOABUBIIETOCHA
IEePEeKpPeCTKA.

Tenepb duxcupyem cinoso (w € I,) U ero NPUBEJEHHYIO CHCTeMy 3anpeToB S (BIPOUYEM, W Tak
€JIMHCTBEHHYIO ).

Pacemorpum Gy = Gy. Kak MbI yKe roBOpuiu, eCTh JBa, ¢ TOYHOCTBIO JIO MEPEMEHbI ¢ U b Me-

cTaMu BapuaHTa. PaceMoTpuM B mocsenoBarenbHOCT G [-pasBuikn (PasBUIIKU €CTECTBEHHBIM 00pa3oM
OTOXKJIECTBJISIFOTCSI C HACJIEJHUKAMU B MeToje [§| — econ He mpowmsonuio 0-3amensr). BHe 3aBcucMocTr oT
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TOTO KAaK BBITVISIUT é?) JUIS KAzKJION PasBUJIKM B HEM KaxKJoMy (U3 JBYX) ee XBOCTOB (BXOJAIIEMY B
Hee pebpy ISl BXOJSIIEH UM UCXOZSAIIEMY JJisl UCXOJIAINEii) COIIcOTaBUM METKY ,,left* mmm ,right“ (ommy
OJIHOMY, & Ipyryto — apyromy). OnuineM Kak HACIEAYIOTCS 9TH METKU: Ipu h* — ecTecTBEHHBIM 00pa30oM
(mocsietHEeMy pebpy B IyTH, B KOTOPOM 6b1I0 pebpo ,left“ — merky ,left”, anamornano g ,,right“). Ilpn
0-3aMeHe — TOXKE JIOBOJIBHO €CTECTBEHHO:

Puec 12

t ¢ j:e?r
\><—_-> Pal
\' |

(Tlocsie mprMeHEHUsT 3AIIPETOB KAKME-TO U3 HAPUCOBAHHBIX PA3BUJIOK MCUE3HYT, 8 KaKUe-TO OCTa-
uyrceda. Bmecre ¢ Mmerkamu). B ofimem-To nostydaercs, 9To Ha BpeMsl CyIIeCTBOBaHUs [-pa3BuiKu B rpade
JIJTsT Hee BIIOJTHE eCTeCTBEHHO OIPEJIEJIEHBI JIEBBIN U TPaBbI XBOCT. IIOHATHO, 9TO € TIOMOIIBIO STUX METOK
OJIHO3HAUHO OIpeJIesisieTcst Kakoe pebpo 3ampemiaercst mocye 0-3ameHbl (axke — MeHbIeil nuadopmany-
eff — JIOCTATOYHO IIOMETUTH PA3BUJIKH TOJBKO OJHOIO THIA — JOIyCTHM, TOJBKO BXOjsIne). Takke
3aMeTUM, UTO JJId KaXKJOH [-pasBUJIKM OJHO3HAYHO OLPEIE/IAeTCs ee UCTOpHs (Ioc/ie B3auMOIeiCTBIA
KaKWX Tap Pa3BUJIOK IPOTUBOIOJIOKHOTO THUIIA OHA TOSBUJIACH U JIEBBIM WA IIPABBIM XBOCTOM SIBJISLIIACH
COOTBETCTBYIOIINE PA3BUJIKU) U TO C KAKON PA3BUJIKON OHA B UTOre PA3MHOXKUJIACH (M3 MHOXKECTBA BCEX
[-pa3BUIIOK NPOTHBOIIOJIOKHOIO THIA), Ja U BOOOINe — OIpejesieHa [OJHAs MCTOPHs B3aMMOJIEHCTBHI
(kaKue mapbl Pa3BIJIOK PA3MHOXKHIJINChH, Kakie pebpa ObliIM 3alpeieHbl 1 KTO ObUIN UX JIeTH).

Bosbmem Go. PaccraBum B HeM Kak-HUOYb MeTKU (M yCTAHOBHM COOTBETCTBHUE C [-Pa3BHIIKAMU B
é?)). ByneM npousBoqurh B IIPOM3BOJILHOM IOpsijIKe ciejyioiue (yzKe paHee OIKCHIBABIINECS) OIepa-
[UU: eCIM B TeKyIeM rpade Ha IyTH MeXKy JBYMs JAHHBIMHU Da3BIIKAMU (BXOIAIMIEH ¥ UCXOIAIIEH —
B YKA3aHHOM IIODsIJIKE) HET JPYTUX Pa3BUJIOK (IpHYEM IIyTh [POXOAUT UYepe3 MX HAIpaBJIsioIine pes-
pa), TO CIBUHEM KOHKPETHO 3TY UCXOIAILYIO (JIJIs OIPEIEICHHOCTH ) PA3BUJIKY 110 OIUCAHHLIM [IPABIIAM
(0O PEBPO TOJIOIAET, 1B BHIIAET) JI0 BXOAIIEH, pousseeM 0-3aMeHy 00pa3oBaBIIerocs NepeKpecT-
Ka, paccTaBUM MeTKH ,left* u ,right“, ynamum coorsercrBylonme pebpa (Takue ke, KaK Te, KOTOPbIe
OBLIN yJAJIEHBl B M3HAYAJIBHON MOCJIEIOBATEILHOCTH IPadOB é\z), OCTaBIIIMCS PA3BUJIKAM IIOCTABUM B
COOTBETCTBHE [-PA3BUJIKK ITOM MTOCIE0BATEHHOCTH — T€, KOTOPbIE MOJIYIUJINCH [TPU PA3ZMHOXKEHUH CO-
OTBETCTBOBABINUX TEKYIIUM PAa3BUIKAM [-PAa3BUJIOK.

IIpengoxxenne 3.1. B makom cayuae 3ma onepayus ecezda onpedesena Koppexmmo (me l-pazeunru
KOMOopvle COOMBEMCMEYI0M 08YM DA3GUAKAM C KOMOPHIMU Mbl NPOU3EOOUM JGHHYIO ONEPAUUI 8 UCTO0-
HOT NOCACA0BAMEADHOCTU PAZMHONCAAUCH UMEHHO OpYe ¢ IpYyeom), 6 KOHUE IMa NoCAEIO8AMENLHOCTID
CManem YuKAOM (9ma 4acmv ouesudHo caedyem u3d npedvidyuets) u dauna yukaa 6ydem pasha daure
PUHAABHO20 YUKAQ UCTOOHOT NOCALIOBAMEABHOCTNY 2Pado8 — GHE 3ABUCUMOCTIU, 6 HYACTNHOCTIU, O, Gbl-
60pa Ha KaAHCAOM waze KOHKEDPEMHOT NAPbL PA36UNOK MENHCIY KOMOPBLMU HUME20 HEM.

JokazaTesabcTBO. B000b111e, 3T0 09€BUIHO — €CJIN IIPEJICTABATh, 9TO B UCXOIHON OCJIE0BATEIbHOCTH
Pa3BUJIKH JBUTAIOTCSI TAPAJIEJbHO (He OOrOHss JPYT APYTa), BCTPEYAIOTCS, PA3MHOKAIOTCS, IIPOUCKOIAT
KaKne-TO 3allpeThbl — TO, €CJIU BCe IIPOUCXOJUT MJIEHTHUYHO — OYEBHIHO He BayKHO B KaKO#l mocJjejoBa-
TeJIBHOCTH 9TO IIPOUCXOAUT €CJIM OHH JPYT Apyra He OOroHsiorT (T.K. IPHU BCTPeYe DA3BUJIOK IIyTH Iepe-
KJIEMBAKOTCS UJIEHTUIHO).

Paccmorpum cxembl rpados u3 nporecca npumenenus: Metosa [8] Kax Mbl yzke rosopuiiu, 1pu mnepexo-
Je oT rpada K rpady MEHSIOTCs TOJBKO Beca pebep u HeboJiblne dpparMeHThl rpada B MecTaX BCTPedn
pasBwiIoK (Korma pebpo cranosuTcs pasabiM 0). 3aMeTrM, 9T0 COrIACHO ¢ ITUM pebpa MOTYT HOABJIATHCS,
ncue3aTh U 00 beUHATHCS. BCE 9T0 — TOJBKO pu BCTpede pa3sBUIoK. PaccMOTpUM MHOXKECTBO BCeX pebep
KOIIa-100 HOsABUBIIUXC B 91uX rpadax E (MOXKHO cuuTaTh 4TO IPU BCTPEUYE PA3BUJIOK IIOABIIAIOTCS 4
pebpa, a MoTOM MBI Cpa3y HEKOTOpbIe W3 HUX yOMBaeM, & MOXKHO — YTO IMOSIBJISIIOTCS TOJBKO T€ M3 HUX
KOTOPBIE OCTAIOTCs, U HEKOTOPbIe Cpa3y OObEeIMHSAITCA ¢ TEMU MEXKIY KOTOPbIMU youTa pasBuiika. [ljist
yI06CTBa U SICHOCTH IIPUMEM TiepBoe) . Mbl IIOMHUM, 9TO Y HAC y2KE €CTh MHOYKECTBO PA3MEUEHHBIX PA3BU-
JIOK, U COOTBETCTBEHHO JIETKO YCTAHOBUTH B mocyenoBaTeabaocTu Gy, Kakme pebpa KaKuM COOTBETCTBYIOT

13



py 10siBJIEHAU (OLATH YK€ paccMarpuBas cxeMmbl). [Ipu obbeaunenun aByx pebep OyleM [ucaTh Ha HeM
cnoBo B andasure E mosydarorieecs: TPUIMICHIBAHTEM TEKYIIEro CJI0Ba Ha MEPBOM pedpe K TeKyIIeMy
CJIOBY Ha BTOPOM (ecsin 00be IUHSIOTCS TPH MO — TOXKe MOHITHO Kak). Ilpu mosiBieHun Ha peGpe Oy-
JIeM TIICaTh OJHOOYKBEHHOE CJIOBO U3 TOTO pebpa 4To eMy COOTBETCTBYET. 3aMETUM, UTO B KaXKJIOM rpade
Ha KOHI[aX pebpa HAXOMATCHd KAKWe-TO PAa3BUJIKM. Kcau pasBUiIKa ,,CMOTPUT® B CTOPOHY pebpa, KOHIOM
KOTOPOT'O OHA sIBJIAETCS — OHA, OYEBHUIHO, OyJeT ero KOHIIOM JI0 UCUYE3HOBEHUs 3TOro pebpa (BO3ZMOXKHO
ocJie ero o6beAUHEeHs ¢ KAKUMU-HUOYIb IPyruMu pebpaMu Ha APYroM KOHIIE) U3-3a BCTPEYHU ITOi pas-
BUJIKUA C TPOTUBOTOJNOXKHOM. Eciu sTa pa3Bmika cMOTPHUT ,, 0T — OHA BCTPETUTCHA C KEM-HUOYIb TaM C
TOI CTOPOHBI, U ¥ 3TOr0 pebpa JiMOO MOMEHSIETCS KOHEIl Ha, Pa3BUJIKY CMOTPSIILYIO , K, JuOO0 IPUIIUIIETCS
C 9TOI CTOPOHBI Kakoe-HUOYIb pebpo. YTBep:xkaeHne: B KaxkaoM rpade Gy Ha pebpax OyayT HaucaHbl
TOJIBKO CJIOBA, SIBJISIIOIIUECS HOACIOBAMHE CJIOB HAIIMCAHHBIX Ha pebpax mponecca Meroa 8 B MomenT ux
cMepTH (TO eCTh 1I0CJIe MAKCUMAJIBHOTO O0beINHEHNs CJIOB), & TAKXKe ¥ KayKJI0ro pebpa Ha KOHIe OyIeT Ta
pa3BWIIKa, KOTOPasi JOJKHA ObITH — JIMOO CMOTPAIIAs B €M0 CTOPOHY U OJHOBPEMEHHO Ta, ¢ KOTOPOIl OH
JIOTZKEH yMepeTh (MOXKHO CUMTATH UTO PA3BUJIKU TOXKe GYKBBI — TOTJIA IIPOCTO TO TO CAMOe YCJIOBUE HA
HOJICJIOBA), IUOO CMOTPSIIIAs B IPOTHBOIOJIOXKHYIO CTOPOHY U Ta, KOTOPasl IPU PA3MHOXKEHUH 3aMEeHHUTCSI
COOTB. Ha, HYKHYIO CMOTPSIIIYIO B €r0 CTOPOHY, JITOO IPUBEIET K IIPUKJIEMBAHUIO OTHOOYKBEHHOTO CJIOBA
— TOro, KOTOPOe UIET IePejl JAHHBIM CJIOBOM (B TOM CAMOM JJIMHHOM CJIOBE B KOTOPOM OHO BCTPEYAETCHd
KaK II0JICJIOBO — OYEBU/IHO TAKOE OJHO, T.K. OYKBBI BO BCEX CJOBAX Pa3Hble U He IIOBTOPSIIOTCS ).

SameTuM, 9TO 110 CyTH HAIle yTBep:KIeHre (O TOM YTO OIEePAIMU MOXKHO JIeJIaTh B JIIOOOM MOPSIIKE) —
€CTb yTBEpXKJieHne 00 acCOIUATUBHOCTH ITpon3Bejienusi oneparuii. COOTBETCTBEHHO €ro J0Ka3aTeIbCTBO
TakKe OyIeT CPOJIHA KJIACCUIECKUM JIOKA3aTEILCTBAM aCCOITUATUBHOCTH.

Bcé sro mokasbiBaercs no uuaykiuu. st Go 910 BepHO, T.K. TaM BCE Tak Ke Kak B G1. [lycts s Gy
JaHHOE yTBepKaeHue BepHo. [Ipu nepexose K Gy41 MBI IPOM3BOJMM BCETO OJHY OIEPAITUIO — BCTPEUIAIOT-
csl JIBe pa3BUJIKU HAXOJSIIMECS Ha KOHIAX pedpa, ¢ KOTOPBIM OHU JOJIKHBI yMepeTh. QUeBUIHO 3HATUT,
OHH PA3MHOXKAJIUCH UMEHHO JIPYT C JIPYTOM B OCHOBHOM IIporecce (T.K. BMECTe ¢ OJHUM PeOPOM yMUPAIOT
TOJILKO JIBe KOHKpPeTHbIe pa3Busiku). Hac mHTEepecyor yerbipe pebpa KOHIAMHU KOTODBIX SBJISUIUCH ITU
Pa3BUJIKU C JIPYTHX CTOPOH. YCJoBus Ha rpad obecnedmBaioT TO 4To npu 0-3aMeHe K yKe MMEBIITIMCH
pebpaM NPUKJIEMJINCh UMEHHO T€ Pa3BUJIKU WK Pebpa, KoTopbie HYKHO. OCTaeTcs TOJIBKO IIPOBEPUTH,
9TO JJIsl YeThIPpEX HOBOIIOSIBUBIINXCsI pebep BEPHO CJieIyIolee: JIMOO OHM MCUYE3HYT, JIUOO Yy HUX HA KOH-
[axX Teé Pa3BUJIKM KOTOPBIE HYKHO. DTO IIPOCTO: MTOCKOJIBKY IOsiBJIeHNE pebep U Pa3BUJIOK €CTECTBEHHBIM
00pa30M IPUBLA3AHO JAPYT K APYry (Mbl 3HAEM 9TO B OCHOBHOII 110C/I€0BaTe/IbHOCTH I'PadoB 31U pebpa u
Pa3BUJIKK [OSIBUIKCH BMECTE — MbI UX TaK COIOCTABJSEM) — TO Ha KOHIAX pebep PasBUIKU CMOTDSIIIe
,OT", TIOC/Ie KOTOPBIX IPUOABUTCI TO UTO HYKHO — JIUOO PA3BUJIKA C KOTOPOH MBI BCTPETUM CMETPb,
60 OIHOOYKBEHHOE CJIOBO, KOTOPOE U JIOJZKHO OBITH (HOTOMY YTO TaK OBLIO B OCHOBHOM IIPOIIECCE).
KoppekTHOCTb BCTpeun Kak MOJCIOB MHIYIUPYETCS TEM, 9TO CJIOBA B OCHOBHOM IIPOIIECCE MPUIUACHIBA-
JINCDH C ,,TAKAM" yIIOPSITOYEHbEM OYKB — XOTb MOXKET OBITh U B PA3HON OYE€PETHOCTH BO BPEMEHH.

Koneunoe kosmaecTBo pebep Bcerga OyaeT OMHO U TO Ke, T.K. OHO IIPOCTO PABHO CyMMe HAYAJIBHOTO
KOJIM9IecTBa pebep IUI0C JId KaXKJI0ro pebpa Ha KOTOPOM HAIMCAHO (BUHAJBHOE CJOBO (TO, ¢ KOTOPBHIM
9T0 pebpo yMper, a He K HeMy YTO-HUOY/Ib IPUKJIEUTCH) — KOJIUIECTBO Pa3 CKOJIBKO €ro JieBas I'DAaHUIA
CJIBUTJIaCh BIIPABO, U KOJMYECTBO Pa3 CKOJBKO €ro IpaBas TPAHUIA CABUTAIACH BJIEBO (B HAIEM IPEJ-
[OJIOYKEHUN OJIHU M3 HUX BCEIJIA CTOST).

Bynem cunrarh, uTO BCe HaIU JeiicTBUsI pa3OUThI HA MAJIFOCEHbKIE YACTH — CIABUTU OJHON Pa3BUJIKU
ma 1. IIpu srom npomcxoaut -1 K jymHe omHOro pebpa u +1 K jumHaMm JByX. Pebpa nmensrcs Ha Te,
KOTOpbIE KOrJa-HUOY/b yMPYT, U T€ KOTOPbIE He YMPYT (10 CyTH — OYIyT 9acThiO CJIOBA HAIMCAHHOTO
HA KOHEYHOM IuKJje rpada). 3aMeruM, 9To KOJIUIECTBO Pa3 CKOJLKO KOHIEBBIE PA3BUJIKU Jisl JAHHOTO
cJI0Ba Oy/IyT MPUJABUHYTHL IPYT K JIPYTY PABHO KOJUYECTBY Pa3 CKOJBKO J0 9TOrO PA3BUJIKH B KOTOPBIX
3aKAHIMBAIOTCS TIOJICTIOBA ITOIO CJIOBA OY/YT OTOJABUHYTHI (3TO MOUTH 09eBUIHO). 110 cyTn — KOHeIHast
JUIVHA [UKJIa — KOJIMYECTBO Pa3, KOTOpbIEe OYIyT OTOJABUHYTHI PA3BUJIKU Ha KOHIIAX CJIOB, KOTOPbIE HE
YMPYT.

Ec/in pa3Bujiku OJHOTO THUIIA CTOAT, & APYTrOro — JIBUTAIOTCs, TO HAM HE BAXKHO (JJ1s KOJIMYIECTBA) B
KAKOM IOPSJIKE OHU JBUIAIOTCA (€CJIM OHU He OOrOHSIOT JAPYT JApyra) — T.K. OYEBUIHO BHE 3aBUCUMOCTU
OT MOPSAJIKA KaXK/1asi PA3BUIIKA IIPONJIET /10 CBOEI Maphl OHO U TO K€ PACCTOSHHUE — 9TO MOXKHO JTOKA3aTh
10 WHTyKIIMWA. 3aMETUM, ITO JIIobast Pa3BUJIKA 38 BPEMsI CBOErO CyIIEeCTBOBAHUS He MeHsieT OJmKaiiime K
Heil 6yKBbI HaIMCAHHBIE Ha pebpax 3akaHduBatonuxcs B Heil. Hy, a MoCKOIbKY BCE KOPPEKTHO — 3HAUUT
9TU pebpa SBJIAIOTCS MOJACIOBAMU OJHHUX U TeX YK€ KOHEYHBIX CJIOB (T.K. JAHHBIE OYKBBI BCTPEYAIOTCH
KaXKJIas TOJILKO B OJJHOM KOHEYHOM CJIOBE). SHAUUT KazKJasd PA3BUIKA C MOMEHTA HOABJIEHUS 0 MOMEHTA
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CMEPTH JAeT MPUPOCT 1Mo +1 K cjIoBaM coJepzKaIliiM KaK IMOJCI0Ba 00a ee XBocTa. A BpeMms ee KU3HU
PaBHO CyMMe BPEMEH KU3HHM BCEX TeX Pa3BUJIOK, KOTODBIE JABAJM HPUPOCT K ee CJIOBY (MOMKET OBITh
— YJBOEHHBIM — ec 00a XBOCTa COAEPIKAINCH Kak Mojca0B0). 1o HHIYKINKN 110 MHOXKECTBY PA3BUJIOK
YTBEPK/JIEHNE OYEBUJTHO. (]

4 ,Z[OKaBaTe.HI)CTBO OonceHKMN!. TexHnyeckass 9acTh.

4.1 YTBep:KJeHUe OIEeHKH

Cdopmysinpyem yTBepzKJeHre OIeHKU:
|G | < sﬁk+dk+1(dk>1)_1

kl = 2d1«,+1(dk>1>*1
KOJIMUeCTBe, npu Hajaunaun peGep BecoM 0), dj — KOJIMIECTBO BXOJSINUX DPasBUIOK pasBuiok B Gy, a
I(4,>1) pasuo 1, ecim dy, > 1, u 0 unave. Ecimm dy = 1 To Jon0HATENIBHO 22 + Y + 2 < Qg1

, tie |Gg| — cymma BecoB Bcex pebep Gy (HEKOPPEKTHO IOBOPUTH 00 UX

Puc 2

z

Bamerum, uro st rpada Gy 3T0 yTBEpKIEHNEe BEPHO:

Puc 0

10

Mpr 6ymeM HauHHATH PACCMOTPEHHE C ITOTO Tpada W paccMaTPUBATHL €ro KakK 0a3y WHIYKITAMW.
3ampers! Ipyu TEpBOM Iare OyeM JesaTh Tak, 9To0bl moryIuaoch Ga.

Tar uaayknuu copmyaupyeM CieayrommuM odpa3oM: ecau A mekoroporo Gy onenka BepHa, TO
MOXKHO CJIEJIATH eIl HeCKOJBKO IAaroB Tak, YTO i HOBOro rpada OleHKa Takxke Oyier BepHa. Takxke
Oy/ieM yTBepXKJaTh, 9T0 1uist Jioboro Gy, Takoro uro dy, = 1 — oleHKa BepHAa.

4.2 Ilnan mokasareJjibCTBa

JlokazaTebCTBO €CTECTBEHHBIM 00pa30M JEIUTCS HA TPU YaCTH. 3aMEeTUM, 9To eciu di, = 1 — y Hac ecTb
TOJIKO OJIUH BAPHAHT KAKYIO IAPY PA3BUJIOK CXJIONHYTb — EIUHCTBEHHYIO UMEIOIyiocst B rpade (o
CJIOBOM ,,CXJIOITHYTH MbI Oy/ieM MTOHUMATH ITPOU3BEIEHNE OMUCAHHON paHee onepariuy HaJ| JAHHON mapoil
Pa3BUJIOK COEJIMHEHHBIX IIyTeM 0e3 Ipyrux pasBuiioK). Ilepsas, camasi mpocTasl 4acTh JOKA3aTeIbCTBA
KacaeTcsl CcJIydast, KOTJIa II0CJIe 9TOTO eIMHCTBEHHOIO0 BO3MOYKHOIO CXJIONBIBAHUS OCTAHETCSI CHOBA OHA
pasBmwika (dgt1 = 1) — B 9T0i cuTyaruu BO3MOXKHBI TOJBKO JIBa CJIydas, U B O0OMX OIEHKA OCTAETCH
Bepuoit. Eciu diq1 > 1, TO orenka pe3KO yCHINBAETCH — MBI TpeOyeM 3alraca Ha OJHO THIOTETHYIECKOe
yaBoenne. OIHAKO, B CHJTy TOTO 94TO HAYaJbHAS CTPYKTypa rpada cTporo GuKCHpoBaHa, BCe BO3MOXKHbBIE
caydan nepebuparoTcs, u b0 OIEHKA OKa3bIBAETCs BEPHA, JIMOO MBI BO3BPAIIAEMCS K OJHOPA3BUIIOU-
HOMY COCTOSIHMIO W TOIJIa OHA TOXKe BepHA. 1peTbsi 4acTh JOKA3aTEIbCTBA COOTBETCTBEHHO KACAETCS
ciydasi, Korjga di > 1. B arom ciiyuae Mbl He 3HA€M KaK BBITVISIUT rpad, OJHAKO JIOJKHBI OTCJIEIUTH
TOJIBKO OTKJIOHEHUE OIEHKY B 3aBIUCUMOCTH OT KOJIUYIECTBA IIPOU3BEIEHHBIX ONEPAINl U N3MEHEHMUS KOJIM-
YeCTBa PA3BUIIOK — 3TO MO3BOJISIET 0DOOIIUTE HOJIBINON KJIACC CUTYAIUH, KOTJIa Mbl MOXKEM CPa3y CJIeJIaTh
HECKOJIBKO OITepaIiuii ¢ COXpaHEeHNeM BEPHOCTH OIEHKH, & OCTAJIbHBIE OIISAThH pa3obparh mepebopoM.
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4.3 HeobxoauMmbie YncCJeHHbIE JaHHbIE 1 MOTHBAIIMSI

G
Mg1 6yieM U3y4aTh BEJIMIUHY M U OIIEHMBATH €€ HEKOTOPOil KOHCTAHTOM ¢. VI3 BEpHOCTH yTBEPXK IeHUA

|G|

Pk+j—it+d;—d;
onenku jyist G; u HepaBencTBa ¢ < ———————
Pk
G;) 6yzet cremoBaTh BepHOCTD yTBepKAeHust 1t G ;. Ecan momenTs u fOMHOXKHUTE IPaBYIO IacTh ITOTO

+d; 1+5
2

%24~ g ¢ (rme k — cOOTBETCTBYIONIMI UHJIEKC JIJIs

HepasencTsa Ha of ~t% =4 rye o — 30510T0C Cevenme ( ), TO TOJLyYUTCsl IPOU3BEJCHUE JBYX BbIPa-

- Phtj—itd;—d; i [ dj—d;
KEeHUH, SHAYCHUA KOTOPBIX JIETKO aHaJIM3UPOBATh: T i irdo—d. * | v - . O‘{eBI/I,Z[HO, q9To
P * o) i di 2
IIpaBad 9aCTb HEpaBE€HCTBa BCErJa 6yﬂeT 6OJIlee 9EeM BTOPOE€ BbIDa2KC€HUE YMHO2KCHHOC Ha MUHUMAaAJIbHOE
3Ha4YCHUE II€PBOIO. N mourn BCerJa — €CJIM YMHOXKUTH Ha 2-e 1o TIOPpAAKY 3HaYCHUE IIE€PBOTO (I/IMeHHO
9TO 3HaYeHNe HaM OyueT yuobHee BCero, a OCTABIIMNAC YaCTHBIA CJIydail MOXKHO PACCMOTPETH OTJIEJIBHO).

Pu
COOTBETCTBEHHO, TIPUBEJIEM 3HAYEHUsT BBHIPAYKEHUSI S — (IIpmioxkenue 110 BEPTUKAJU OT-
Py * QU™

kiajapiBaerca ). CorviacHo Harmeil mnjekcanuu u,v > 1. Hac umaTepecyer TOJIbKO HMZKHHI yroui, rie
u >0, TK. j —i+d; —d; > 0. Jlerko nouaTs (13 TabJIHIB], & TAK¥Ke U3 aHAJIUTUIECKOH (HOPMYIIbI /I

aucest Pubonaqatam: ¢, = “17(7\;;‘)__1), 470 0.9270509831 (BBIYHECIEHO ¢ GOMIBIIEH TOTHOCTHIO) SBISETCS

HaMMEHBINNM 3Ha4YeHHeM B HUKHeM yriry Tabsmnsl, a 0.9442719100 — BTOPBIM IIO MOPSAIKY.

SamMeTnM TakKe, 9T0 Ircsa PUOOHATIHN TPEJICTABIISIIOT U3 e0sl He YUCTO MeOMETPUIECKYIO ITPOrpec-
CHIO C IIOKA3aTesIeM (, & TAKOBYIO ¢ HEKOTODPBIMU HEBOJIBIMUME (HO CYIIECTBEHHBIMH JJIsl ACAMIITOTHKY B
HaYaJe) OTKJIOHEHUsIMHU, U Tabyauna |B| xapakrepusyer OTKJIOHEHUE YyBEIMICHUE 3HAUCHUSL (0 OT TAKOBOT'O
JJIsl TeOMeTPUYECKOil IPOrpeccui.

k
SHauyeHNsT BBIPAXKEHUS Q. * (%) mpu ¢ > 0 u —c < k < ¢+ 1, orpakaronero MakCuMajabHOe

JIOIyCTUMOE yBeJIMdeHre pa3Mepa rpada IpH ¢ Marax 1 N3MEHEHUH IIPH HUX KOJIMYECTBA PA3BHJIOK
Ha k npusenenst B Tabuunge [A| (B KaxK10M 3s1eMeHTe TabJIMIBI YKA3aHO 3HAYEHNE JIAHHOTO BBIPAYKEHUS,
3HaYeHne ¢ + 1 — OBBIYHO, HO HE BCEIVIa B HAIEM JIOKA3aTeIbCTBE Mbl OyJIeM CTPEMUThCS YTOOBI UMEHHO
TAKOE KOJIMIECTBO Pa3 OrPAaHNIMBAJIO yBEJMUYEHHEe pa3Mepa rpada 3a yKazaHHOe KOJIHYECTBO IMIAaroB — 1
snavenue k.)

ITpuBenem Takxke TabuIly 3HAYEHUI 9TOr0O BhIpazKeHus, JoMHOKeHHOro Ha 0.9442719100 (He6oiib-
¥
II0e KOJIMYECTBO CJIyuaeB, KOrja —————— Bce-Taku pasHO 0.9270509831 6ymer mMpOKOMMEHTHPOBAHO
<)0'U * O[U.*’U
[O3/IHEE ): MPUIOKEHIE [epserit cronbern, rjae k = ¢ + 1 > ¢ cOOTBETCTBYET KaK pa3 HAYAJIHLHOMY
YBEJUYEHUIO YUCIa Pa3sBWIOK (Korma Obuia 1, a craio 6oJiblne) U MOHAI0OUTCS B COOTBETCTBYIOIIEM J10-

Ka3aTeJIbCTBE.

Taxzke 3aMeTUM, 9TO 110 JAHHBIM TabauIaM (a Tak»Ke U3 OUeBUIHBIX COOOPaXKEeHU 0 NPOU3BOIHBIX )
JIETKO CIEeJIATH BBIBOILI O POCTE COOTBETCTBYIONINX 3HAYEHUIT 38 WX IIPEIeIaMu.

4.4 OpHOpa3BUJIKOBas CUTyalus

MsBectHo, uT0 d)y = dit1 = 1,225 + yr + 2k < ©kt1, Tk + Y + 2 < k. De3 orpannyenus obiiHocTH
BO3MOXKHBI JIB& CIYYad: T+l = Tk + Yk, Yh+1 = Tk + 2k, 2k+1 = 0 WM Tpp1 = T + 2k, Yet1 = Tk + Yk,
zg+1 = 0. B ynobom uz uux |Gri1| = 22k + yr + 2k < ©kt1, 2Ck+1 + Yer1 + 2er1 < 3xp + Yk + 26 +

maz(ye, zx) < 2xk + yp + 2k) + (@6 + yr + 26) < Qeg1 + Ok = Pht2

4.5 MHoropa3BuUJIKOBasi CUTyallusd

3aMeTuM, 4TO IOCJe JIF00OH OIEepaIui KOJIUIECTBO PAa3BWIIOK B Ipade MOXKeT JubO YMEHBITUTHCI Ha
1, mubo ocraTbesa TeM ke, OO yBesmunThcd Ha 1. IIpm srom pasmep rpada yBenmumanTcs Ha JJIHHY
CXJIOIIHYTOT'O IIyTH.
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Y MeHbIIIeHEe KOJNYeCTBa Pa3BUJIOK

Ecan xommaecTBO pasBMIOK MOCIE HEKOTOPOW OMEpaIlid YMEHDLIINIOCH Ha OJIWH, TO OIEHKA OCTAHETCS

BepHA: OYEBUIHO, JJITMHA HECAMOIIEPECEKAIOIIETOCs MyTH B Tpade He MOXKET MPEBBIIMIATEL ODIIEro KoJmtde-

ctBa pebep B HeM. Kak MBI y2Ke oTMedasn, 3a OJHY OIepaIluio pasMep rpada yBeIutunBaeTcsa Ha JJIUHY
Phtde+TIa,>1)—1 Ph+1)+dpr1+1

cxJtonHyTOro myTH, TO eCTh |Gri1]| = |Gi| + 5 < 2% |Gy = 2 % P e et (3mecn

oueBnHO (g, ~1) = 1).

SameTnM, ITO ecyin B rpade ocraHercs oOjiHa Pa3BHJIKA, TO y HAC OyJeT 3alac Ha OJHO Y/IBOCHHE
JJISE ACHMIITOTHKHU — 9TO HE CJIy9IaifHO. DTO HUCIIOIB3YeTCs JJIsd CIydast, Koraa dj ObLIO paBHO 2, U, COOT-

k+2
BETCTBEHHO, dj41 cTasio paBHO 1. MBI 3HaeM, 9TO T41 + Yk+1 + 241 < % < @k41- 13 aToro cienyer,

910 2Tk41 + Ykt1 + Zht1 < 2(Tpt1 + Yot + 2it1) < Qryo.

Oj1HaKO 3TO €el1ie He MOJIHOE JI0KA3aTeIbCTBO TOr0, ITO JIJIsl OHOPA3BUIKOBOIO I'pada OleHKa BCerja
BepHa. /les0 B TOM, 9TO y HAC MOIJIO HE OBITH MPOMEXKYTOIHON OCTAHOBKH Ha rpade ¢ OOJIbIe YeM OTHOM
Pa3BUJIKON ¢ BEPHOIl OIEHKOIl: ecsin ObUIA OJ[HA PA3BUJIKA, IOTOM CTAJIO GoJiblIe (U yCUIeHHAs OLEHKA He
BBIIIOJIHEHA), & I0OTOM 0OPaTHO OJ(HA. DTO CJydail 6yeT paCCMOTPEH B IOC/IE[HEN YacTH J[0Ka3aTeIbCTBA.

B cuty mpocToThl paccyKIeHus B 9TOM CJIyUIae YCJIOBUAMCS, IYTO €CJIU JJIsi HEKOTOPOTo Ipada OIeHKa
BepHa U B HEM eCTb llapa Pa3BUJIOK, IIOCJIE CXJIONBbIBAaHUA KOTOPOIl KOJIMYECTBO PA3BUJIOK yMEHbIIAeTCd
Ha 1 — MBI OyJIeM IPOU3BOJUTH ONEPAIMIO C Heil.

IIycts Temeps B rpade HET TaKUX Hap Pa3BUJIOK.

Kor‘,ua IIap pa3BMJIOK, KOTOPbI€ MO2KHO CXJIOIIHYTb MHOIO

PaccmorpuM HEKOTODBII Tekymuii rpad it KOTOPOro oreHKa BepHa. CXJIONHeM B HEM BCe Tapbl Pa3Bu-
JIOK KOTOPBIE €CTh (He CXJIONbIBas BHOBb 00pasoBapimecs ). B srux omepanusax pasmep rpada yBeImanTest
He GoJiee YeM B JiBa pa3a (T.K. IlyTH KOTOPBIE MbI CXJIOIHYJIM U TEM CAMBIM Y/JBOMJIHM OJHOBPEMEHHO IIPH-
CYTCTBOBAJIM B HAIIEM HadaJIbHOM Ipade u He nepecekasnch). [locmorpum Ha Ta6m/my To, aTo orenka
nepecrasa ObITh BEPHA O3HAYAET, YTO Mbl cAeiaau 1 wiu 2 onepanuu (IpudeM ecjiu 2 — TO KOJUIECTBO
Pa3BWIOK YBEJIMYUIIOCH POBHO Ha 2). Bo Bcex oCTANbHBIX CilydasX OLEHKa OCTAJIaCh BepHA. DTO 3HAUUT,
9TO OCTAIOTCS TOJBKO CJIydYan Korja B rpade B mape HaXOMIsTCs TOJbKO 1 mim 2 mapbl pa3sBuiiok. Ux u
OysieM paccMaTpUBATD.

SameTnM, 9T0 BOOOIIE He OBITH CXJIAIBIBAEMBIX MIap PA3BUJIOK B rpade He MOXKET: MofieM 1o pebpam
OT KaKON-HUOY/Ib BXOJIsIIell pPa3sBUJIKU B HaIpaBjeHWM OopueHTaluu. I1loka Ha 9TOM IIyTH BCTPEYAIOTCS
TOJIBKO BXO/IsIIIMe PA3BUJIKU IIyTh OJHO3Ha4YeH. VTn Beeria ecTh Kyjia — y HAC HET BEPINUH UCXOISIIIeil
crerrenn 0. Pa3 ecTb BxogsImme, 3Ha9UT €CTh U UCXOSIME. B cuty KoHeIHOCTH Tpada MBI KOTIa-HAOYIb
B HUX NPHUJEM — WHAYe MbI [TOJIYIUM [HKJ, B KOTOPBIA pebpa TOJHKO BXOJSIT. SHAYUT ITU BXOJSIINE
PA3BWJIKN HUKOLJIA ObI HE BCTPETHJINCH C MCXOJSIIAMU, U HUKOTJA HE MOTJIU Obl OBITH YHUYTOKEHBI —
nporTuBopedne, T.K. B KOHIIE MbI II0JIydJaeM L[I/IK.HI/ILIGCKI/II‘/JI Fpacb.

YBeindeHne KoJMIeCcTBa Pa3BUJIOK IIPpU CXJIOIIbIBAHUA

Cuauajia pacCMOTPUM CJIy4dail Korga nap pa3Bujok 2. CXJIOnmHeM OJIHY U3 Pa3BUJIOK.

Puc. 3
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ITo ommomy u3 myreii 1 u ly TOYHO ecTh Kakue-HUOYIb ApPyrue pas3sBUiIKU (JAPYroil [myTh MOXKET
HETIOCPE/ICTBEHHO BeCTH B BeprmHy 1 mwin 2, Ho 0ba — He MOryT, T.K. B rpade JApyrue pa3BUIKUA BCe-TaKH
ects). IofimeM mo 9TOMY IIyTH MOKa He BCTPETUM BXOJIIYIO Da3BUIIKY. EC/mM mepes STUM MBI BCTpeJaIn
UCXOISATINE PA3BUJIKU, TO, OYEBUIHO, MEXKIY TOI BXOIAIIEH U TOC/IeIHEN UCXOIAIIel HUIero HeT, U 3TO
Ta caMasl BTopasl Iapa, ITo eCTb B rpade U 4To TOKe CXJIONbIBaeTcs Oe3 3amnperoB. Ecim ner — To ceifvuac
HAYEro HeT MEXK/y ITOHW pa3BUJIKONW W PA3BWIKON B HAJYaJle HAIMEro myTh. Bo BTOPOM ciiydae mIpOCTO
CXJIOITHEM 3Ty [Mapy W mapy KOTOpas elne ecTh B rpade u3 Tex JAByX 4To Obutu B Hadaje. [losyawrcs,
aro rpad He Gosiee deM yABOW/ICS. 3a TPH Olepanuu. 3HAUUT, UCXOAs U3 Harell Tabmuupl [C| — orenka
ocTaJach BepHA. B mepBOM Ke Ciydae — caJjieM Tak: B 9Toil (BTOPOH) mape He HCXOJSIII OBICTPO
IpOBeJIEM KO BXOJIsitell, a Haobopor. To, 9To Tak mesars MOKHO — IMOYTH OYEBUIHO. BO-II€PBBIX, TOTOMY
9TO B CAMOM HadaJje Mbl MOIJIA PEIIATh OCTAHOBUATH HE BXOJSINNE, & UCXOJsIme. Bo-BTOPBIX, MOTOMY
9TO CTPYKTYPHO T'pad MEHHAETCS TOYHO TaK Ke, KAK €CJIU JIBUTATh MCXOIAILYI0 KO BXOISIIEH, a 3HAYUT
0CTaeTCsl TOJIHKO ITOHATH KOPPEKTHOCTD B CMBICJIE KOJIMIECTBEHHBIX XaPAKTEPUCTUK — KOJIMIECTBa pedep B
KOHEYHOM rpade. ITO MbI JJOKaXKeM 9y Th 11032ke. Ho MBI 3HAEM, 4TO JI0 CXJIOIHYTOI [TOC/Ie/IHEH NCXOSIIIe
Pa3BUJIKK Ha HAIlleM IIyTU 110 KOTOPOMY MBI K (B HAIPABJIEHUHA [IPOTUBOIIOJIOKHOM OpUeHTaIuK pebep)
ObLIN elle UCXOJSANME PA3BUIKU (MOXKET ObITh, TOJBKO OJHA — B CAMOM HAJaJie) SHAUUT, [IOCKOJIBKY Mbl
He 3ampemam pedbep mpu 000MX CXJIONBIBAHUSX, Cefidac ecThb elne OHAa Hapa pa3BmwIoK. CXJIOMHEM HX.
Tpu onepanuu, ne 6osiee yeM yuBoeHue (3acYer TOro YTO Mbl YABAMBAJIU TOJLKO Pebpa IPUCYTCTBOBABIIIAE
B rpade 710 HavaJa onepanuii) — OIeHKa BepHa.

Pue 4

/L,/mpa (wolan)

JlokazkeM TpOCTO, 9TO €CJIM B HEKOTOPBIII MOMEHT KaKyIO-TO BXOJSIIYIO Pa3BUJIKY MHOJIBUHYTH HA
1 BupaBo (0 HAIDPABJIEHUIO OPUEHTAIMH €€ HAIPABJSIONEro pebpa), a IOTOM BCe JeJaTh KaK OOBIYHO
(OHATHO, YTO TAK MOYKHO — T.K. CTPYKTYDPY rpada 3T0 He IOMEHsI0) — TO KOHEYHOE KOJINIeCTBO pebep
OyseT TeM ke caMbIM. JleicTBUTETHHO, KOTJIa MbI IIOJBUHEM 3TY Pa3BUJIKY, pasmep rpada yBeTuInTcs
va 1. Ho 3aTo Toii pasBujike, KOTOpasi CXJIOIHETCS C 9TOM OyJeT uiaru Ha 1 MeHbIe, U 3acUeT 3TOr0 MbI
niorepsieM 1. Korya aTu pa3BuIKu CXJIONHYTCsI, OCTAHETCSI CKOJIBKO-TO BXOJISIIIX U CTOJTBKO K€ UCXOJIATIIIX
Pa3BWIOK. 3aMETHM, YTO TEHePh BCEM UCXOIANUM UATH Ha 1 GOJIbINe, 9eM B OOBITHOM IIPOIIECCE, a TE€M
HCXOMIAINM, KOTOPBIE CXJIOIHYTCS ¢ 00PA30BABIINMICS BXOAAIMME — Ha 1 MeHbIte — basanc ousts 0. U
TaK Jajiee NI KazKJIOT0 CXJIAIIBIBAHUS, a BCE OCTAJILHOE OYEBUJIHO OyJIeT TakK 2Ke KaK OOBIYHO — 3HAYUT
B KOHIIE pebep CTOJIBKO Ke.

Ocraercs ciayd4ail OHOM mapbl Pa3BUJIOK. B 3ToM ciiydae rpad BBIIJISIIUT TaK:

Puc.D

IMosicnenue — ciieBa 3a BXOJAIIEH PAa3BHJIKON HEKOTOPOE JEPEBO BXOJAMNX pa3Bmiok. Crpasa 3a
UCXOJISIIEl — JIePeBO UCXOMSIUX. VIX JINCThsI COEIMHEHBI MEXKy CODON B HEKOTOPOM TopsiKe (mepecTa-
HOBKa 0).

Co0TBETCTBEHHO MBI MOYKEM TOJILKO CXJIOIIHYTB 9Ty ITapy Pa3BUJIOK. B sTom IIyHKT€ MbI paCCMOTPUM
CUTYaIlNIO, KOT'JIa IIPU 9TOM HE€ IIPOUCXOJIUT 3aIlIPpETOB U KOJINYECTBO PA3BUJIOK yBE/JINYINBACTCH. TOI‘,ZL&, 110-
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CKOJIBKY B rpade ceitaac 6osiee 07HON PA3BHIIKK, XOTs ObI 110 OJHOMY 13 IIyTeil (AHAJIOTUIHO IIPEIbIILY M
pucyHKaM {1 u o) Gyaer Bxojsiias passuika. CXJI0mHeM cooTBeTBYIOILYIo napy. Ise onepaiuu. Eciu Bo
BTOPOI pa3 3ampeTsl ObLIM — OlleHKa BepHa (CM. TabJIuILy . Ecau ner — mbI, ecsin B rpade 6110 H0sTEE
JIByX Pa3BUJIOK, MOXKEM OIISITh CXJIOIHYTh KAKyIO-HUOY/Ib BHOBb OOPA30BABIIIYIOCS IO OJHOMY W3 IIyTeil
mapy pa3Bmwiok. Tpu oneparuu. He 6osiee gem ynBoenne. OneHKa TOYHO BEepHA. JHAYUT OCTAETCs CJIydail
KOrJa B rpade POBHO JIB€ PA3BUJIKH.

Bes orpanmyenust oOIMHOCTH B 9THUX C/IydasX rpad MOXKET UMETh OJUH U3 JBYX CJIEIYIONUX BU-
JI0B (IOKA3bIBAETCs TPUBUAJILHBIM IIEPEOOPOM BO3MOXKHBIX [IEPECTAHOBOK C TOYHOCTHIO JI0 U30MOPQU3MA

rpadoB):

Puc 6.

Al

B o6oux ciydasx HauHeM ¢ TOro (C 4ero ke eme?) 94To CXJIOIMHEM €JUHCTBEHHYIO MUMEIOILYIOCd B
rpade mapy pasBUIOK MEXKIY KOTOPBIMUA HUYIETrO HeT.

Jlasee B epBOM ciIydae, IIOCKOJIBKY 3aIIPETOB II0 HAIIEMY IIPEJIIOIOKEHNIO He ITPOU3O0III0 — MBI
MOYKeM CXJIOMHYTH PasBUIKH 1, 2 u 3.

Puc ?

JIerko moHsTH, UTO Ipu 9ToM rpad yseamuurcs He 6osee veMm B 4 pasa. 3arsaem B Tabmuiy [C n
OCO3HAEM, YTO HAC WHTEPECYET TOJBKO CJIydail KOTJa 3a 3Th 4 oImeparyy IpOU30NLIO He GOJIBINe OHOTO
3anpera (B IPOTHUBHOM CJIydae OLEHKA CTAJIa BEPHA).

Puc 8

Tenepn cxji0mHEM Te U3 pa3BWIOK 1 u 2 (Ha HOC/EIHEM PUCYHKE) KOTOPbIE MOXKHO. DTO Jub0 OjHa,
6o nBe. OUsTh NOHATHO YTO B UTOTe BCE PABHO OyueT He Gojiee 4eM yderBepeHue (T.K. M0 KaXKIOMY
pebpy ucxoaHoro rpada Mbl Ipoexaiu B 00mieit cjoKHocTH He GoJiee YeM 4 pa3a). Eciu 910 ToabKO ofHa,
3HaunUT ObLI 3amper. 5 oneparmit, < +4 passuiku, He Gosee em yuerseperue. Cm. Tabumiy [C] — orenka
BepHa. nade — 6 omeparnuii, He OoJiee €M yUueTBEpEHNE — OIEHKA BEpHA.

Temeps BTOPOIt Cydaii.
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IIpeamonoxkum, 9T0 Pa3BUIKHU IPOHYyMepPOBaHbI Indpamu 1,2,3,4 B mopsijike cieBa HAIPABO KaK OHU
pacrosiaraiorcst Ha pucynke. CxyomHemM pa3sBuiku 2 u 3. 3anperoB He 6bL10. Tereps CXJIOMHEM PA3BUIIKY
1 ¢ eé moBoit mapoit. Eciim 3anmpersr Oblau, TO 2 omeparnuu, He OoJsiee deM +1 pa3Buiika, He DoJsiee ueMm
yJ/IBOEHIE — OIleHKa BepHa. Kcsim He OBLIO, TO CXJIONMHEM elfe U pa3BWiIKy 4 ¢ eé TeKylIeil mapoii, a 3aTem
Te J[Be PAa3BUJIKHU, OJHA U3 KOTOPBIX 00PA30BAJIACh IIPU ITON OIEpaInuu, a BTOpas — IIPU CXJIOIbIBAHUN
pasBuwiku 1. Ecim 3anperst 66w, TO 4 omepanum, < +3 pPa3BWIOK, He 0Oojlee I€M YTPOEHHE — OIEHKA
Bepra. Ecsin 3amperoB He OBLIO, TO CXJIONHEM TelEPh BCe MMeEIONuecs B rpade mapbl, KOTOPBIX TPH.
TTosyuum B mTore He OoJiee yeM ylllecTepeHue, 7 onepaiuii, He bojiee yeM +7 pa3Buiiok. OIeHKa BepHa.

HeunzmeHHOCTh KOJIMYECTBa Pa3BUJIOK IIPpHU CXJIallbIBaHUA

IlomMHM, 9TO B 9TOM IyHKTE HaM OCTAJIOCH TOJIBKO PACCMOTDPETH CJIydail Korja B rpade TOJIBKO OIHA
cxJanblBaeMasi apa pa3BuiIoK. Kcim mocsie mepBoii ollepaluy CXJIAlbIBAHUS OCTABIIAsCH Pa3BUiIKa (He
BaYKHO, BXOJISIIAsT MJIM UCXOJISIINAst) — TIOMAJIa Ha TIOJIEPEBO, TJie ObLIN ellle PA3BUJIKE — MBI IIPU TIEPBOIi
oIepaIuu JBUTAaeM PA3BUJIKY B COOTBETCTBYIOILYIO CTOPOHY U IIOTOMY CXJIAIILIBAEM HOBOOOPA30BaBIIYIOCS
mapy. [IBe oneparuu, He Gojtee YeM yIBOEHHE, 3AIPEThI ObLIN — OIEHKA BEpHA.

SHaYUT, OCTAeTCsI Cydail KOra ¢ KaxKJO0H CTOPOHBI OJHO n3 pebep n3 KOPHEBOIl BEpINWHBI BEJeT
cpa3y B JAPYrYIO BEPIIUHY, U HA 3TO PeOPO MOMAIAI0T 00 PA3BUJIKY ITOC/IE IEPBOTO CXJIAIBIBAHUS.

Puc 9

7\ )
Ty v of)
0) 5tv)

Buano, uro HOBBINM rpad mMeer CTPYKTYypy aOCOJIOTHO aHAJOTWYHYIO MpeablayiieMmy. Hy cHoBa
CXJIOITHEM €IMHCTBEHHYO UMEIOIIYIOCS PA3BUJIKY, U BOOOIIE OyIeM mTPOJOJIZKATE 3TO [e/IaTh MTOKA HE CJIy-
quTCA WHaYe. A KODJa CIAYYUTCS — CJejlaeM KaK OIMUCHIBAJIOCh DaHee — CXJIONHEM C KeM-HUOy/b U3
nozepesa. Eciu 9o npousornuio ¢ pas, To rpad ysesamdmics He 6osiee ueM B ¢ + 1 pa3 (HaI0 IOHUMATD,
9TO MBI KaK Obl 3apaHee ILIAHUPOBAJIN C KAKUM IIO/JIEPEBOM OYJEM CXJIAIIBIBATH IIOCJIEIHIOI0 PA3BUJIKY,
U B COOTBETCTBYIOILYI0 CTOPOHY CIBUTAJIM HAIY IPHU CXJIONBIBAHUSX). ¢ + 1 onepanus, ¢ > 2, He GoJee
yeM +2 passusiku. Onenka BepHa (OYEBHIHO U3 TAOJUIBI M AHAIM3A IIPOU3BOJHON COOTB. BBHIPAKEHU)
BCerJa KpoMe cirydas ¢ = 2, +2 pa3BUIKU. B 9TOM ciIydae CXJIOMHEM Iapy, aHAJOTUIHYIO TOM KOTOPYIO
y2Ke CXJIONHYJIU JiBa pa3a (OHa eCTb, T.K. IIOCIEIUX 3al[PETOB He ObLI0 — OTCIoNa ObLIO +2) — CMECTUIINCH
o Tabsuie Ha 1 BIpaBO BHU3 — OIleHKa BepHa. Tem 0oJjiee OlleHKa BepHa, €CJIM B KOHIIE HAIUX WJIEH-
TUYHBIX onepaiuii He +1 paseuika, a -1 (¢ omeparmit, —1 pasBuika, yBeandeHue He Gojee yeM B ¢ + 1
pa3). Ecaum Bapyr mocsie 1oro ,,-1“ ocraiach TOJIBKO OJHA PA3BHJIKA — TO AHAJOTUIHO JOKA3ATEIHCTBAM
[IPUBEICHHBIM PaHee — ITOCKOJIbKY BepHA yCUJIEHHAs OIEHKA Ha pa3Mep rpada — BEPHO U yTBEPXKICHHE
HaImeil OCHOBHOI OIEHKU IS OJHOPA3BUIKOBBIX IpadoB.

4.6 HauvanpHoe yBeJIMdueHUE KOJIMYECTBA PA3BUJIIOK

IIycte B G poBHO O/iHA pasBUJIKA, U JJjIsl HETO YTBEPXKIEHUE OIEHKU BEPHO. K/ mocjie CXJIONbIBAHUS
9TOI pa3BUJIKU HE MIPOU30MIET 3aIIPETOB, TO KOJUYIECTBO PA3BUJIOK YBEJUUNTCS U CTAHET PABHBIM JBYM,
a HaM Oy/eT HeoOXOIMMO CJIIeJIATh eIle HEeCKOJIBKO OIepaluii Tak, 9ToObl aCHMIITOTHKA pasdMepa rpada
OoTCTaja B HYKHOE KOJIMYECTBO Pa3 WU Mbl BEPHYJIUCH K OJHOPA3BUJIKOBONH CUTYAIMH U yTBEDKJIEHUE
orieHKH ObLTO BepHO. Be3 orpanndenust obiaOCTH Gy 1 Oy/IET BBINISIETH TaK:
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Puc 0

‘l.
Q4

Hawm usBectno, uro  + y < @r41, & ¢ +y + maz(z,y) < @rio (13 yrBepxkuenus onenku i Gy).
CxutonineM paszsuiiku 1 u 2. Iosyunres Takoit rpad (BozMoHKO, HEKOTOpbIe pebpa u3 i,j,k u | 3anperenst
— HO TOJIBKO OHH, MHAYe €CTh IMKJI CO BXOJSIIUME Pa3BUIKAMHU, HO 63 BXOJSIIMX, WK HA0BOPOT):

Ecsu 3anpemtenst pebpa i u j, TO MBI MOTUIA CXJIOITHYTh TOJIBKO PA3BWIIKY 1 U MOJIy9IUTh OHOPA3BUII-
KOBBIi1 rpad ¢ BEpPHBIM yTBEPKIEHUEM OLEHKU. AHaJIormgHo ecyu 3anpelnenbl pebpa k u 1. Eciu ocranace
passuika 1’ — cxsonnem eé. Ecimu 2/ ocranach — eé. AHAJIOMMYHO MOCJIE 3TOTO MOABATCS Pa3BUIKK 17 nim
2”. ByneMm mpojoJizKaTh CXJIOIMBIBATH STH PA3BUJIKU IOKA OHU OCTatoTcst. Korma-Hubyib 9T0 3aKOHUUTCS.
Iycrs ¢ passuikamu 1) sro npomsseneno ny pas, a ¢ passmixamu 2() ny pas. Tpad ysesmamics ne
6osiee uem B maz(ny, ng) + 1 pa3. Cuesnano ny + ng onepaimii. KosmdecrBo pa3susiok — crajio ne GoJiee
4yeM nq + ng (BCIOMHUM, 4TO OHO ompejeiser k B tabiuune). [losydaercs, uro B Tabiiune HAC UHTEPECYET
BTOPOIi cToJiber, koria ¢ = k. 3aMeTum, 4To N, ns > 1. Be3 orpanuyenust 06IIHOCTH MOXKHO IIPEIIIOJIO-
KATh, 9T0 N1 < Mg. [losyyaercs, uro rpad yBeaumuuics B no + 1 pa3. Torma oneHka He BepHa TOJIBKO
JUtst ciydaeB ny = 1,ng € [1,6];n1 = 2,n2 € [2,3]. Bamernm, 9T0 ecau 3a ITH N + N onepanuii GbLI
X0Tst OBl OJIMH 3aIpeT (KpoMe IOCIeIHIX JBYX ), TO OIEHKA He BEpHA TOJIbKO Korja ny = 1,ng € [2,5], a
ecau XoTs ObI JBa JINITHAX 3aIIPEeTa — TO B JIIOOOM CJIydae BEPHA.

Teneps cxjtomHeM Te n3 pa3BmwiIoK 3’ u 4’, KOTOpble MOXKHO, a 3aTeM — Te u3 pa3Buwjok 3~ u 4”7
KOTOpbIe MOXKHO (H& PUCYHKE [PHUBEJIEHBI PE3yJIbTATHI Ollepaluii CXJIONbIBaHUsS Pa3sBWIOK 1’ u 2° — ¢) u
cxyonbiBanus 3’ u 4 — d) ). Terepsb HauHEeM OIIEHMBATD YHMCJIOBBIE XaPAKTEPUCTUKU HAIIUX J€fiCTBUIL.

Puc 13

12
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Ecsin ma nepsom srane 6b11 poBao 1 3amper, To n; = 1,ns € [2,5]. Ilockosbky pebpa i u j Kak
MBI YCJIOBIJINCH OJHOBPEMEHHO OLITH 3allpPEIeHbl He MOIJIA, TO Pa3BUJIKa 3’ ecThb. Ilockonbky ny > 2, a
3arper ObLI POBHO 1, TO XOTsI ObI OJIHA U3 PA3BWJIOK H, 6 ecThb. 3HAYUT MOXKHO C HEHl CXJIONHYTDH HAIIY
pasBuiky 3’. YucjoBble XapaKTEPUCTUKKM KaK eCu Obl 71 OBLJIO paBHO 2 M OBLI XOTsI ObI OJIMH 3alperT,
3HAYUT OIEHKA BEepHA.

Eciin Ha mepBoM 3Tale 3alperoB He OBLIO — 3HAYUT BCE PA3BUJIKU eCTb. B wyacrHoctn — 3’ m 4’
Cxyiontaem ux. Ecym 3ariperst 6bLIN, TO YHCIOBBIE XAPAKTEPUCTUKNA KAK €CJIM N1, Ty > 2, 3HAYUT OIEHKA
BepHa. Ecnm 3amperoB He ObLIO ongTh, TO ecTh 37 u 47, cxjonneM ux. Ternepb YNCIOBbIE XAPAKTEPUCTUKA
KaK €CJIH N1,Ny > 3, U OLEHKA OISATh-TAKU BEPHA.

3aMeTnM, 9TO €CJIM B UTOTE CTaja OJIHA PA3BUIJIKA, TO JJIsi 9TOTO rpada BEpHA yCHJIEHHAS OICHKA,
a eciit ) — TO paccyzKJieHre OKOHYEHO.

4.7 3ameuyanue

Ilo cyrtm jmannoe Jl0Ka3aTeabCTBO — €CTh (opMajbHOe 00OCHOBaHWE TOro (haKTa, UTO €CIH PA3BUIIOK
MHOT'O, TO UX BCTPEYH IIPOUCXOAT OUYE€Hb YaCTO OTHOCUTENBHO nuameTrpa rpada. Ho mockombky B ciryuae
6OJIBIIIOTO KOJIMIECTBA PA3BUIIOK CTPYKTypa rpada CTAHOBUTCH HEIOHATHON M CJIOYKHOM, HEJIb3s yTBep-
JKJIATh 9TO HE CJIYYUATCS HACTOJBKO YIAYHON CHTyaIluu, YTO yBeJndeHne pasMepa rpada He OKyIUT BCe
peIbIIYINIe TTOTepu (& MCKYCTBEHHO CUTYAIMIO KOTJIAa Ha KayKI0e PA3MHOXKEHWE MPUXOIUTCS 110 YBOe-
HUIO IOCTPOUTH MOXKHO. BoJibIie yem yJiBoeHre — HET, T.K. JJINHA HeCAMOIIEPECEKAOIIErocs Iy TH B Ipade
OYEBH/IHO HE MOXKET IIPEBBIATH OBIIEro KojmdecTsa pebep B HeM). [109TOMY OPUXOAUTCA JE/IaTh TAKYIO
YCUJIEHHYIO OIEHKY B 3aBHUCHUMOCTHU OT TEKYIIEro KOJIMYIeCTBa IIePEKPECTKOB.

Pu
801) * OL’U.*’U
DTO BO3MOXKHO TOJILKO KOTJIa MBI Ha OCHOBaHUU OleHKHU st |Ga| mbrraemest onenuts |Gs|. Ecin B Gs
oflHa pa3Buiika — yTBepKuenue BepHo (B Gz B sobom ciyuae 3 pebpa), eciid HeT — MbI, [0 HALIEMY
JIOKA3aTeJIbCTBY, JeJIajld JOIOJHUTEIbHbIE mard (T.K. YCUJICHHAs OIEHKa Oblla He BepHa — T.K. BEPHA
TOJILKO CaMasl MsrKas OLEHKa — JIJIs OJHOPA3BUIKOBOIO CJLydast).

Paccmorpum ocrasinuiics ciry4aii, Korga BCe-TaK! PaBHO MUHUMaJIbHOMY 3Hadenuto 0.9270509831.

4.8 3akJroyeHue

Kak mbl jg0Ka3amm, Kak ObI MBI HH JeJIaJId HAIM OIEPAIMN — B KOHIE MOJIYYUTCs [UKJINIeCKuil rpad
C KOJIM4eCcTBOM pebep paBHBIM mepuoiay cyioBa. II0CKOIbKY 3a OJHY OIEpAINio KOJUIECTBO Pa3BUJIOK B
rpade ymeHbInaercs He 6ostee ueM Ha 1, a nurimaeckuit rpad — rpad 6e3 pa3BUIIOK, TO HA IPEIOCTE -
ueMm miare B rpade Gy 6b11a pOBHO 0O/iHA Pa3BUJIKA. SHAYUT JJIst 9TOr0 Tpada oreHka Obuta BepHa. Torma
|Grt1| = 2z, + Yk + 2k < Pr41, B 9EM U 3aKIIOTAETCS TeopeMa

5 ,Z[OKaISaTeJIbCTBO MMNHUMAJIbHOCTH OLEHKMN

HeciioxxHO cTponTCcst IpuMEp 1OCJIEI0BAETIIBHOCTH CJIOB ¢ 6ECKOHEYHO BO3PACTAIOIIIM [IEPUOJIOM 33/1aBa-
€MBIX COOTBETCTBYIOIIMM MUHUMAJIHLHO BO3MOXKHBIM KOJIMYECTBOM 3aIIPETOB: IIPOCTO Oy/IeM COXPAaHSITh B
rpadax Po3n oy pa3BUiIKy u Jie1aTh TaK, UTO Yi+1 = Tk, T+l = Tk + Y, — TOTJa pasmMep rpada Oyaer
YBEJIMYUBATHCA POBHO IO TTOCIeI0BaTesbHOoCTH (hrboragdn. Ha HeKOTOpOM 1mare yHUITOXKUM 00€ PAa3BUII-
KU U MOJIyIUM COOTBETCTBYIOIEe ¢JI0BO. HeGourbIme OTKIOHEHUST B 9TOM HPOIECCe TO3BOJISIIOT TIOJIY IUTh
CJIOBa C JIDYTHMHE [EPUOJIAME 33/[aBaeMble COOTBETCTBYIONIM MUHUMAJIBHBIM KOJIMIECTBOM 3aIIPETOB.
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6 Coaydait MHOrTOOYKBEHHOTO aJipaBUTA

Caydait MHOrOOyKBEHHOTO ajIipaBUTa JIOBOJBLHO YIAYHO CBOJUTCS K CIIYUAlO JIBYXOYKBEHHOIO. 3aMETHM,
qro B rpadax Poszm cioB comepxkarux k OyKB MOTYT BCTPEYATHCS BEPINUHBI BXOISIIEH U UCXOISIIEH
creniean oT 1 710 k. AHasOrUIHO JBYXOYKBEHHOMY CJIYYAlO0 BCE CBOJIUTCS K PACCMOTPEHHIO TpadoB, B
KOTOPBIX OHA M3 BXOJAIIEH W UCXOJAIIEH cTerneHeil o000l BepmuHbl paBHa 1.

Bepmmna Bxomstiieit crenenu | MoKeT OBITH [IPEJCTABJICHA KAK OUHADHOE JepeBo (He BaxKHO KaKOil
dopmer) nmerommee | kormoB (Hanpumep, | — 1 Mocie0BATENBHBIX BXOSIIMX PA3BUJIOK ), KasKI0€ peGpo
kotoporo umeer Bec (. JIerko moHsTh Kak IPOMCXOIUT 3BOJIONUs I'padoB Posu B ciydae k-OyKBeHHOrO
ajihaBUTa: PA3BUJIKU AHAJOIUYIHO €yT HABCTPEUY JPYT JAPYTY, a IPHU BCTpPEYe, JOMYCTUM, N-BAJEHTHON
BXOJISAINEHl PA3BMJIKA U M-BAaJEHTHONW MCXOMAIIEH, TOJTyIaeTCs I N-BAJEHTHBIX BXOJSIINX PAa3BUJIOK U N
m-BaJIeHTHBIX ucxosnmx. [locae 3Toro Kak-To IPOUCXOMAT 3AIIPETHI.

3aMeTnM, UTO €CjIM CHAYAJa CTOJKHYTh PA3BIJIKW, & IOTOM 3aMEHHUTH Ha OMHAPHBIE - IMOJIYIUATCS
m * (n — 1) BXOOAIMX JBOMYHBIX PA3BUJIOK, U 1 * (M — 1) MCXOIAIMX, a €CJU CHAYAJIA 3aMEHUTDb HA
JlePeBbsl, & IIOTOM CXJIOIHYTH BCE TH PA3BHJIKU JDPYL C JPYIOM, TO IOJIyYUTCs CTOJIBKO 2Ke (KaxKiasi
UCXOJISAIAS IIPU TPOXOXKJIEHUN Yepe3 KaXKJIyI0 BXOJSIIION JaeT +1 BXOAANIYI0 Pa3BUJIKY, TOECTb BCETO
+(m—1)*(n—1)). ToabKo BOT 3apeThl y2Ke HAJIO J€JIATh He B KOHIIE, & 110 XOJLy CXJIONBIBAHUS JBONIHBIX
- M TYT UX TOJIyIUTCS MEHbIIe, [IPU TOI YKe UTOrOBON KOH(UTYPAITAN.

ITonyuaercst, ecyin B ciiydae MHONOOYKBEHHOI'O B HAYAJIBHOM I'pade 3aMeHUTh MHOTOBAJIEHTHBIE pa3-
BUJIKYW Ha OMHAPHBIE JIEPEBbsl, U IPOBECTHU IBOJIIONNIO C AHAJIOTMIHBIMY 3AIIPENEHUSIME J10 KOHI[A, TO pedbep
OyIeT CTOJIBKO 2K€, & 3alIPETOB MEHbIIe. 3HAYUT, MAKCUMAJbHBI KOHEIHBI pa3Mep rpada yBeITnInBaeTCH
He ObICTpee YeM IKCIIOHEHTA ¢ OCHOBAHUEM 30JI0TOE CEUEHHUE U CTEIeHb - KOJIMYEeCTBO 3alPETOB, U WHTE-

peCHa TOJIbKO HaYaJIbHasl KOHCTaHTa (O‘{eBI/I,ZLHO, N3 U3JIO2KEHHOT'O paHee PAaCCyK/IeHNA, YTO B Ha9aJIbHOM
2

k—1
rpade k — 1 passBuiika, a ero pasmep — 1, TaKUM 00pa30M HadaJbHas KOHCTAHTA, (E) TIOZIXOJIT ).
ITpumep ke AHAJIOTUIHO CTPOUTCSI, €CJIH € CAMOTO HavdaJsa yOUTh BCe PA3BUIIKH (HE COBCEM C CAMOTO
- uHAdYe 3TO OyJIeT HpoCTo 3arpemnenne 6yks), Kpome 1 Bxogameii u 1 ucxondmeit, u gajblie cIeJaTh pocT
Kak I10CjIe10BaTe IbHOCTE OuboHadIn.

CirefoBaTe/IbHO, BOSHUKAET MHTEPECHBI BOIIPOC: ITOCKOJIbLKY TpebOBaHUe HAIU4us K OYKB 3JieMeH-
TapHo (110 KpaiiHeil Mepe Ha yPOBHE Uen) CBOJUTCA K CIIydaro Hajandus 2 OyKB Grarofaps yHUITOXKEHUIO
GOJILIMMHCTBA BAJIEHTHOCTEH Y PA3BUJIOK, MHTEPECHO HCCJIEIOBATH ACHMIITOTUKY POCTa MAKCHMAJILHOTO
pa3mepa rpada B 3aBUCUMOCTH OT KOJHYECTBA 3aIPETOB IIPU 0OJIee CTPOrUX ONPAHUYEHUX, JOIYCTUM,
TaKAX: CyMMapHas BaJEHTHOCTDH BXOJSIINX PA3BUIOK 338 BBIUETOM UX KOJMYECTBA BCET/a HE MEHbINe k
(o cyTH - 9TO KOJMYECTBO IKBUBAJEHTHBIX JBOUYHBLIX PA3BUJIOK).

Ona (acUMITOTHKA), 0UeBUIHO, ByIeT CYIECTBEHHO MEHbIIE — TO €CTh JIIs CJIOXKHBIX CJIOB Tpely-
ercsi OOJIBIIIOE KOJIMYECTBO 3aIllPpeTOB. BrpoueMm, MOXKeT ObITh, UTO OHA TOXKe OyJ1eT SKCIIOHEHIHAJIBHOIA.

7 3ameuaHue.

Kak mue craso uzsectHo ot A. 4. BeoBa anamornanbiii pe3ynbrar 6611 HesasucuMo nosryder .M. Bormanosbiv
u ["P.YennokoBeiM. Bymer mHTEpECHO CPABHUTH JOKA3aTEILCTBA KOTTA MOSBUTCS MX TEKCT.
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1.05902

2

2
1.38627

3

3
1.81465

4

4
2.37541

5

5
3.10945

6

6
4.07033

7

7
5.32813

8

8
6.97461

9

9
9.12988

10

10
11.9512

11

11

Tabauma 1

1.30902
2
1
1.71353
3
2
2.24303
4
3
2.93617

6.58593
8
7
8.62109
9
8
11.2852
10
9
14.7725
11
10

B Tabauma 2

1.000000
1.236068
1.145898
1.180340
1.167184
1.172209
1.170290
1.171023

0.8090170
1.000000
0.9270510
0.9549150
0.9442719
0.9483372
0.9467844
0.9473775

0.8726780
1.078689
1.000000
1.030057
1.018576
1.022961
1.021286
1.021926

1.61803

2

0
2.11803

3

1
2.77254

4

2
3.62931

5

3
4.75082

6

4
6.21891

7

)
8.14065

8

6
10.6563

9

7
13.9492

10

3
18.2598

11

9

0.8472136
1.047214
0.9708204
1.000000
0.9888544
0.9931116
0.9914855
0.9921066

2.
2
-1
2.61803
3
0
3.42705
4
1
4.48607
5
2
5.87234
6
3
7.68699
7
4
10.0624
8
5
13.1719
9
6
17.2422
10
7
22.5703
11
8

0.8567627
1.059017
0.9817627
1.011271
1.000000
1.004305
1.002661
1.003289

25

2.47214
2
-2
3.23607
3
-1
4.23607
4
0
5.54508
5)

1
7.25861
6
2
9.50164
7
3
12.4378
8
4
16.2813
9
5
21.3125
10
6
27.8984
11
7

/\A/_\ /\/_\

0.8530900
1.054477
0.9775541
1.006936
0.9957132
1.000000
0.9983626
0.9989880

0.8544891
1.056207

0.9791574
1.008588

0.9973463
1.001640
1.000000
1.000626

3.05573
2
-3
4.
3
-2
5.23607
4
-1
6.8541
5)
0

8.97214>
6
1
11.7447
7
2

20.1248
9
4
26.3437
10
5)
34.4844
11
6

0.8539542
1.055545
0.9785444
1.007956
0.9967219
1.001013
0.9993739
1.000000




Tabauma 3

1.

2

2
1.30902

3

3
1.71353

4

4
2.24303

5

5
2.93617

6.58593
9
9
8.62109
10
10
11.2852
11
11

1.23607
2
1
1.61803
3
2
2.11803
4
3
2.77254
5)

4
3.62931
6
5)
4.75082
7
6
6.21891
8
7
8.14065
9
8
10.6563
10
9
13.9492
11
10

1.52786
2
0
2.
3
1
2.61803
4
2
3.42705
5
3
4.48607
6
4
5.87234
7
)
7.68699
8
6
10.0624
9
7
13.1719
10
3
17.2422
11
9

26

1.88854
2
-1
2.47214
3
0
3.23607
4
1
4.23607
5
2
5.54508
6
3
7.25861
7
4
9.50164
8
5
12.4378
9
6
16.2813
10
7
21.3125
11
8

2.33437
2
-2
3.05573
3
-1
4.
4
0
5.23607

8.97214
7
3
11.7447

20.1248
10
6
26.3437
11
7

|
3
%

2.88544
2
-3
3.77709
3
-2
4.94427
4
-1
6.47214
5)

0
8.47214
6
1
11.0902
7
2
14.5172
8
3
19.0033
9
4
24.8756
10
5)
32.5626
11
6




C.7 Let X be the (non-empty) set of 2D words that can be formed. We
write ¢ < w if the finite pattern ¢ appears in u € X, and u < v if any finite
patterns of u € X also appears in v € X. A finite pattern ¢ of u € X is
said to be critical if there is a sequence (S,) of patterns of w which cover
arbitrarily large disks and such that, for any n, ¢ £ S,,.

1.

2.

A 2D word is quasiperiodic if and only if it has no critical pattern.

Assume that uy € X is not quasiperiodic. Let ¢q be a critical pattern
of ug and (.S,) be the associated sequence of patterns. We use B.4 to
build from (S,,) a 2D word u; € X. One has ¢y £ u; < .

. While u,, has a critical pattern ¢,, we find as above u,, .1 € X such that

Cn A Upi1 < U,. We moreover take for ¢, the smallest one among the
critical patterns of u,,. Note that ¢, is also critical for u; for £ < n.

If we eventually find u,, € X without critical pattern, then we are done.

Otherwise, we again use B.4 to build from (u,) a 2D word u., € X.
One has, for any n, us < u,. Let us show that u., is quasiperiodic.

If uy, has a critical pattern ¢, then c is a critical pattern of any wu,,.

One has ¢, ¢ {co,...,c,_1} because ¢, is also critical for uy, k < n.
The size of ¢, is thus not uniformly bounded. For ¢, larger than ¢, this
contradicts the minimality of ¢, among critical patterns of w,,.
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TOYKN BPOKAPA

1 Toukm Bbpokapa B TpeyrojbHHUKe

Han tpeyrobauk ABC'. Jlokaxkute, 9TO CyIIeCTBYeT eIUHCTBEHHAsT TOUKa P, Takas 9To
/{PAB = /PBC = /PCA = ¢y, u enuaCTBeHHas ToUKa (), Takas ato /QBA = /QCB =
LQAC = ¢s.

Omnpenenenne 1. Toukn P u () HazpBaoTcsa movwkamu bpoxapa Tpeyroibuuka ABC.

a) Jlokaxkure, 4ro ¢1 = ¢g = ¢.
b) Beipasure ¢ 1depes yribl Tpeyroiabanka ABC.

Omnpenenenue 2. Yros ¢ HasbiBaeTca y2aom bpokapa tpeyronbanka ABC.
JlokazkuTe, 9TO MPOEKIMKM TOYeK Bpokapa Ha CTOPOHBI TPEYrOJIbHUKA JeXKaT Ha OIHOI
okpykuoctu (Ha camom jiesie, 310 BepHO 1jist JIIOOBIX JBYX H30IOHAJIBHO COMPSI?KEHHBIX
TOYEK).

[Iycts O — nenTp onucannoit okpyzxuoctu ABC.
a) Hokaxure, uro OP = OQ).
b) Hokaxure, uro /POQ = 2¢.

Omnpenenenne 3. IIpsmvble, cuMMeTpUYHbIE MeIraHaM TPEYTroJIbHUKA OTHOCHTEIHHO
COOTBETCTBYIOIIUX OMCCEKTPUC, HA3BIBAIOTC cumeduaramu. MOKHO T0Ka3aTh, IYTO TPHU
CUMeJIUAHBI IEPECEKaIOTCsI B OJIHON TOUKe L, KOTOpas Ha3bBaeTCs mowkol Jlemyara Tpe-
YTOJIbHUKA.

Hokaxkure, uro P u () jexkar Ha OKpY:KHOCTH ¢ juamerpoM OL.

(K.Knom) PaccmorpuM jiBa TpeyroJibHUKA: OJIMH 00pa30BaH IEHTPAMU OMIMCAHHBIX OKPY K-

nocreit rpeyrosibiukoB PAB, PBC, PC' A; apyroit — 1ieHTpaMu OIMUCAHHBIX OKPY2KHOCTEM

tpeyrosbHUKOB QAB, QBC, QCA. JlokaxkuTe, 9TO 9TU TPEYTOJbHUKN

a) mogo6Hb! Tpeyronbauky ABC|

b) paBHBIL

c¢) Haiismre 1ieHTp 1 yroJs moBopoTa, MEePEBOJISIIEr0 OJIMH U3 STUX TPEYTOJIBHUKOB B JIPY-
oM.

[Iycrs C' — makast Touka Ha cropoHe AB, 4ro npsimasi AB siBisieTcsi BHeIHel Ouc-

cexkrpucoit yria PC'Q. Jokaxkure, uro CC' — cumeauana tpeyroibauka. (T.e. MoxKHO

MIOCTPOUTH JLIUIC ¢ POKycaMu B TOUKax Bpokapa, KacaroIluiicss CTOPOH TPeyroJbHUKa B

OCHOBAHUSIX €r0 CHME/INaH ).

[Iycrs T, Ty, — Takune Touku Ha rnpsamoit OL, aro /LPT), = /LPT, = 60°. Jlokaxkure, 910

MIPOEKITNN KarKJIOW U3 9TUX TOUEK Ha CTOPOHBI TpeyroibanKa A BC' 00pa3yioT mpaBuIbHbII

TPEYTOTBHUK (9T TOYKH HA3BIBAIOTCS Moukamu Anoaionus).
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2 Touku bpokapa B 4eTbIpeXyTroJIbHUKE

. ana Bemykiasg momanas ABCD. JlokaxXure, 9TO CyIIECTBYeT eIMHCTBEHHasT TOUKa P,

takas aro /PAB = /PBC = /PCD = ¢.
Onpenenenue 4. Touky P u yroa ¢ Oyliem Ha3blBaTb moukol u y2aom Bpoxapa
naomanoit ABC'D u oboznauars P(ABCD) u ¢(ABCD).
Beipasure ¢p(ABC D) [depes 1IMHBI 3BeHbEB JIOMAHON U YTIUIbI MEXKJLy HUM.
Hokazkure, aro ¢(ABCD) = ¢(DCBA) Torga u Tosibko Tora, kKorja rouku A, B, C, D
JIeyKaT Ha OJIHON OKPYKHOCTH.
B nmanbueiiinem Bce paccMaTpuBaeMble MHOTOYTOJIBHUKU MPEJIIOIATAI0TCS BIUCAHHDI-
MU.
[Iycrs Py = P(ABCD), Py = P(BCDA), Py = P(CDAB), P, = P(DABC). Jokaxure,
9TO YeThIPeXyroabHUK Py Py P3Py — BIUCAHHBI.
Ilycrs Q1 = P(DCBA), Q2 = P(ADCB), Q3 = P(BADC), Q4 = P(CBDA). [lokazxu-
TE€, 9TO PlPQ/QlQQ = BC/CD, PQPg/QQQg = CD/DA n T.1.
(d.benes) Ilyctes M, My — makue Touku Ha UpsiMbix AD;, AB COOTBETCTBEHHO, YTO
BM || CD, CM, || DA.
a) [okazkure, 9T0 OnmcaHHBIE OKPY’KHOCTH TpeyroibHukoB BAM; u BC M, nepeceka-
I0TCA B TO4YKe P.
b) Onuinure aHaaoruvaHOe OCTPOEHUe st Touek Py i =2,....4, Qi =1,... 4.
(d.Benes) lokaxkure, uro npsimeie C' Py, DP,, AP; u B P, niepecekaioTcst B OJHON TOUKE,
u npsimbie BQ1, CQy, DQ3 n AQ, Tak)ke MepeceKaroTcs B OJIHOM TOUKE.
(d.Bene) OboszHaunM TOYKHU, HOTyYeHHBIE B MIPEIBIAYINeH 3a1ade depes Py, Q.
a) Hokaxkure, 910 Sp, p,p, = S0,0:0Q0
b) JokaxKure, 4To0 ILIOMAIN I€TBIPEXYTOJbHUKOB Py Py P3Py 1 (Q10Q2(Q3(Q)4 paBHbL.
Hokazxure, aro p(ABCD) = ¢(BCDA) rorna n Toasko Tora, Korjga AB-CD = AD-BC.
Onpenenenue 5. Brncannblit 9eThIpexyrobHUK, TPOU3BEICHUS ITPOTUBOIIOIOKHBIX
CTOPOH KOTOPOT'O PABHBI HA3BIBAECTCH 2apMmorudeckum. VI3 ociieiHeit 3a1a4qm ciieryer, 9To
B TapMOHUYECKOM YETBIPEXYTOJbHUKE CYNIECTBYIOT Takue Touku P u @), uro /PAB =
(PBC = /PCD = /PDA = /QDC = /QCB = /QBA = /QAD = ¢. Toukn P, )
Oy/1eM Ha3bIBaTh moyukamu Bpokapa, a yroa ¢ yeaom Bpoxapa dervipexyronbanka ABCD.
Jlokaxkure, 4TO KaKJi0€ U3 CJAEIYIONUX YCAOBUN PABHOCUIBLHO TOMY, UYTO Y€THIPEXYTO/Thb-
Huk ABC'D rapMOHMYeCKUii.
a) KacarenpHble K omucanHoil oKpyzkHOCTH B Toukax A n C' mepecekarorcs Ha HPSMOit
BD.
b) duaronans BD sBisiercst cumeauanoii Tpeyrosbanka ABC.
c¢) Paccrosinust oT Touku 1epecedeHust JuaroHasieil L 10 CTOPOH YeThIPeXyrobHUKA TIPO-
MOPIIMOHAILHBI 9TUM CTOPOHAM.
d) CymecrByer unpepcus, nepesosiiias Touku A, B, C'; D B BepIIMHBI KBAIpaTa.
e) CymecrByer IeHTpaIbHasi MPOEKIUsI, TP KOTOPOH onucanHas OKpyzuocth ABCD
[IPOEKTUPYETCS B OKPYKHOCTh, a CaM YeThIPEXyTrOJLHIK B KBaJIPaT.
Bripazure yros Bpokapa depes yriibl rapMOHUYIECKOTO YeThIPEXyTOJIbHIKA.
Hokazxkure, auro OP = OQ u /POQ = 2¢.

Joxkaxute, aro P u () jgexkar Ha OKpyKHOCTH ¢ quamerpom OL.






3 Touku Bbpokapa B MHOroyroJibHuKax

22. Ilycrp laHa OKpYyKHOCTH, TOUKa P BHyTpHu Hee u yroJi ¢. [ljisg npousBosbHoit Touku X
OKPYZKHOCTU TIOCTPOUM TOYKY X1, JIJId KOTOPO# opueHTHpoBaHublii yron PXyX; paBen
¢. Anasiornano o X, nocrpoum To4uky Xo u T.1. JokaxKkure, uro, ecim X,, = Xg, TO 9TO
BBITIOJTHSIETCS U JIJTst JIIOOOH JPyTroit HavYa bHOM TOUYKU.

23. BeiBeuTe yciioBre 3aMbIKaHUs B TIPEIBIIYINEH 3a/1a9e.

Hamomunaem, 1To Bce paccMaTpuBaeMble MHOTOYTOJIbHUKKA BIIUCAHHBIE.
Onpenenenune 6. Muoroyrombauk A; ... A, Oyaem Ha3bIBaThb OPOKAPOBCKUM €CIIN
cymecTByer Takas Touka P, uro /PA1Ay = /PAyA3 =--- /PA,A = ¢.

24. Jlokaxkute, 9T0 B OPOKAPOBCKOM MHOI'OYTOJIBHUKE CYIIECTBYET TaKKe Takas TOUKa (), ITo
ZQ214114n = ZQ14nf4nfl = ZQ142141 = ¢

Omnpenenenune 7. Toukn P, () u yrosa ¢ OyjaemM Ha3bIBaTh moukamu u y2aom Bpokxapa
MHOTOYTOJIbHUKA Aj ... A,.

25. Jlokaxkure, 9TO0 OPOKAPOBOCTH PABHOCHIbHA KarKJIOMYy U3 CJIEIYIOIINX yCJIOBHIA.

a) CymecrByer TouKa L, pacCTOsIHUST OT KOTOPOM JI0 CTOPOH MHOTOYTOJIbHUKA, TIPOIIOPITH-
OHAJIbHBI STUM CTOPOHAM.

b) Cumemuanbl TpeyroibHUKOB Ay AgAg, AsA3Ay, ..., A, A1 Ay, IPOBeJIEHHBIE W3 BEPIITIH
Ay, Az, ..., A, IepecekaloTcs B OJIHON TOYKE.

c¢) Touku nepecevenns npsambix Ay Az, As Ay, ..., A, Ay ¢ KacaTeIbHBIMU K OITUCAHHON OKPY K-
HOCTH MHOIOYTOJIbHHKA B TOUKax As, As, ..., Ay jexkar Ha OIHOM IpsMOii.

d) CymecrByer uHBepcust, epeBojAImast Touaku Ay, ..., A, B BEPIIUHBI IPABUIBHOIO MHO-
rOyTOJIbHUKA.

e) CyIecrByer IeHTpasibHAsT TPOEKIHsl, TIEPEBOJISAIIAsT OMUCAHHYIO OKPY?KHOCTb MHOI'O-
YTOJbHUKA B OKPY2KHOCTD, & CAM MHOTOYTOJILHUK B ITPaBUJILHBIH.
26. /lokaxkure, uTo TOUuKM Bpokapa Jjexkar Ha oKpyzkHocTu ¢ jguamerpom OL u /POL =
(QOL = ¢.
27.
a) dokazkure, 9410 cymecTByoT aBe Touku 17, Ts, MHBEPCHsI C IIEHTPOM B KOTODPBIX Iepe-
BOJIUT TOYKK Ay, ..., A, B BEePIINHBI IPABUIHLHOIO MHOTOYTOJILHIKA.
b) Hokaxure, aro T, Ty sexar na npamoit OL u /T PL = /ToPL = =
28. Beipasure yron Bpokapa 4epes ornorenne OL/R.
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TOYKN BPOKAPA

Pernenusa

1 Touku bpokapa B TpeyrojbHUKeE

. Taxk xaxk /PAB = /PBC, /BPA =1 — /B, 1.e. P jexXut Ha OKPYKHOCTH, TTPOXOIATIENH

qepes A u B u xacatomeiics BC. Tak kak /PBC = /PCA, P neXurt Ha OKPYKHOCTH,
npoxoagameit yepe3s B u C' u xacamomieiicas C'A. CinenoBaresibHo, P — To4uKa IepecedeHust
9THUX OKpyzKHOCTell, ormaHast or B. Touka () cTpouTcsi aHAJIOIHYIHO.

. OtBer ctgp = ctgA + ctgB + ctgC' cieyer u3 GpopmyJibl, JTOKA3BIBAEMON HIKE.
. Iycrs A’ B', C' — mouku, cummerpuunbie P ornocurenbio BC, CA, AB. Tak kak

CA'=CP =CB un /PCA = /QCB, C@Q) — cepeuHHbBII MEPHEHJIUKYJISAP K OTPE3KY
A'B’, r.e. Q — nenrp onmcannoii okpyzxuoctu tpeyroiabiuuka A'B'C’. 3unauut, cepeau-
Ha P() — IeHTDP ONMCAHHOI OKPYKHOCTU TPEYTOJIbHUKA, 00PA30BAHHOIO IIpOeKnuamMu P
Ha cropoubl ABC'. Anajmormdno, cepeanaa P() — IEHTP ONMCAHHON OKPYXKHOCTH Tpe-
YyTOJIBHUKA, 00pa30BaHHOIO npoeKkiuamu (). OUeBnIHO, 9TO PAIUyChl STUX OKPYZKHOCTEIH
pPaBHBI.

. I[Iyctp mpsimbre AP, BP, C'P BTOpuYHO IepecekaioT onmcanuyio okojao ABC okpyxk-

Hoctb B Toukax A, B, C'. Torma nyru BA', OB’ u AC' pasusl, T.e. Tpeyroyibuuk B'C'A’
nostyaaerca u3 tpeyroibanka ABC mnoBoporom Bokpyr O na yroa 2¢. Touka P jyis
rpeyrosbauka A'B'C" aBnsiercst Bropoit Toukoii Bpokapa, oTKymga ciegayor oba myHKTa
3a/1a9M.

. IIycrs C" — rouka mepecedenust npaMbix AP u B(Q). Tak Kak yros MexKjy 9TUMHU IIpsi-

MBIMH paBeH 2¢), TO 10 TPeJblLylneil 3aj1a4de noaydaeM, 9ro C! JIeKUT HA OKPYZKHOCTH
OPQ. Kpome Toro, odesuno, uro OC’ | AB. Ilosromy yTBep:KJeHHE 3aJa9i PaBHO-
cunbro Tomy, uto C'L || AB. Onpenermm touku A’, B’ ananmornano touke C'. Tak Kak
rpeyroibauku ABC', BC' A"’ u C AB' nono6usl, paccrosiaust or A, B', C' 1o coorBeTcTBY-
IOIIUX CTOPOH Tpeyrosbinka ABC mponopIrmoHaJIbHbl 3TUM CTOpOHAM. Tak »Ke OTHOCAT-
Csl U PACCTOSTHUS JIO CTOPOH TPEYTOJIbHUKA OT JINAMETPAIBLHO TPOTUBOIIOIOXKHOM O TOUKM
okpyxkuoctu OP(Q). Ho 5TuM ycioBusiM yI0BIETBOPSIET TOJBKO TOYKa JlemyaHa.

. a) , b) ¥Ykazanwue. Paccmorpure noBoporsbie romorernu ¢ rentpamu P (Q)), nepeBo/is-

mue @ (P) B O.
c¢) OrBert. Cepenuna orpeska OL, m — 2¢.

. Tak kak /PAC" = /QBC" = ¢ u /PC'A = /QC'B, tpeyroasuuku APC’" u BQC'

nonobubl, T.e. AC'/BC’" = AP/BQ. Ho u3 tpeyrosbuukos ACP, BC(Q AP/sin¢g =
ACsin A, BQ/sin¢g = BC/sin B. Cnenosaremsno, AC'/BC' = AC?/BC? u CC" —

cCUMeJInaHa.

. DTO YacTHBIH ciaydait 3aga4an 27.
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2 Touku bpokapa B 4eTbIpeXyTroJIbHUKE

JlokazaTe/ibcTBO Takoe Ke, Kak B 3aJade 1.
Tak xak /APB =n— /B, /BPC =7 — /C, TO IpUMeHssl TEOPpEMY CHHYCOB K TPEYTOJIb-
nukam APB u BPC|, nosydaem

PB AB PB BC

sin ¢ T sinB’ sin(C —¢) sinC’

PasniennB nepBoe ypaBHeHHE Ha BTOPOE, ITOCJIE TPe0OPA30BaAHNN TOJIyYaeM

AB | eC
BCsnB & &Y

Sanumiem ycinosue p(ABCD) = ¢(DCBA) B Buge

ctgg =

AB

- — B
BCsin B ctg

_CiD_ tC
~ BCsnC  O8%

[IpuBejiss 06e gacTH 3TOTO paBeHCTBa K OOIEMY 3HaMEHATE 10, BO3BE/Isd UX B KBaJIpaT W
IpUOABUB 110 €IMHUIIE, TTOJIYIIM

AB? + BC? —2AB-BCcos B CD*+ BC?—2CD - BC cosC
sin’ B a sin? C' ’

AC _ BD
Te 35 = g0 LTI

U3 noctpoenus touek P; ciemyer, aro derbipexyronbiauku BC' PPy, CD PPy, DAPs Py,
ABP, P, — suucannbie. OTcroja Jerko BuiBecty, Yo /Py PyPs+ /P3Py Py = (A+ /C = .

N3 Brucannoro yersipexyrosbauka BC P Py ogyvaem

BC  sin(C + ¢(ABCOD) — ¢(BCDA)  CD *

Cwm. http://jcgeometry.org/Articles/Volume2/Belev  Brocard points.pdf
Cwm. http://jecgeometry.org/Articles/Volume2/Belev  Brocard points.pdf
Cwm. http://jecgeometry.org/Articles/Volume2/Belev  Brocard points.pdf
Tak kak ¢(ABCD) = ¢(DCBA), Tpebyemoe paBeHCTBO MOYKHO 3AIICATH B BHJIE

+ ctgC = + ctgC.

B AD
BC'sin B DC'sin D
[Tockouibky sin B = sin D, 3T0 paBHOCUJILHO UCKOMOMY.
Tax kak ABC' D suucannsiii, AB-CD+ AD-BC = AC-BD, re. AB-CD = AC-BD/2.
[Iycte M — cepequna AC. Torma CM - BD = BC - AD, te. BC/CM = BD/AD.
[Tockoneky /BCM = /BDA, tpeyrospauku BCM u BDA nonobubl. CrienoBaTeibHO,
/MBC = /ABD u BD — cumennana tpeyrosibauka ABC, 910 J0Ka3bIBAeT IIl. a)-B).

st mokasaresbcTBa M. T) JOCTATOYHO 3aMETUTh, YTO JIOOble 4 TOYKM MOXKHO WH-
Bepcueil 1mepeBecTy B BEPIIMHBI HapaJiesiorpaMmva. [Ipu 3ToM BepImHbl BIUCAHHOTO te-
TBIPEXYTOJBHUKA TEPENIyT B BEPIIUHBI MPSIMOYTOJIBHUKA, a OTHOIIEHHE ITPOU3BEIeHU
IPOTUBOIOJIOKHBIX CTOPOH He u3MeHuTcs. Cie/IoBaTe/IbHO, BEPIIUHBI FaPMOHUYIECKOTO
YeTHLIPEXYTOJILHUKA TePEi/lyT B BEPIINHBI KBAIPATA.
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24.
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27.

J1st ToKa3aTeIbCcTBA 1. /1) PACCMOTPUM IEHTPATIHLHY IO TIPOEKIIUIO, COXPAHSIIOINLY IO OKPY K-
Hocth ABC'D u 1epeBOdINy0 TOUKY IepecevdeHusl IuaroHajell YeTbIPpeXyroJbHUKa B
1eHTp. Torga 4eTbpexyro/ibHUK IepeijieT B MpPAMOYTrobHUK. [[0CKOIbKY KacaTeabHbIe
K OKDPYZKHOCTH B IIPOTUBOIOJIOZKHBIX BEPITUHAX MPAMOYTOJIHHUKA JOJKHBI OBITH MapaJ-
JICJIBHBI €r0 JIMaroHaJd, IPAMOYTOJIbHUK ABJIACTCA KBaJIPATOM.

Tax xax ctgd = pagp +cteC = gy + ctgA, cte’e — ctg?A = o mm

L1
sin¢ sin?A  sin’B’

JlokazaTe/IbCTBO Takoe ¥Ke, Kak B 3aJiade 4.
JlokazaTebCTBO TaKoe Ke, KaK B 3aJiade d.

3 Touku Bbpokapa B MHOroyroJibHuKax

Ykazanwme. /lokaxkure, 9To Bee npsiMbie X; X; 1 KacaroTCs OTHOTO JLIUIICA.

OTsBer. )

RQ

Ykazauue. Paccmorpute 1moBopoThsl MHOTOYTOIBHUKA BOKPYT O Ha +¢.

T
+tglptg? = = 1.
n

JlokazaTeibecTBO Takoe ¥Ke, Kak mpu n = 4.

JlokazaTebcTBO TaKoe Ke, Kak Ipu n = 3.

Ykazanue. T}, T, — npejesibHble TOYKH Ty IKa, TOPOKICHHOTO OMMMCAHHO OKPYKHOCTBIO
MHOTOYTOJIbHUAKA U OKPYKHOCTBHI0O O PQ).
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Brocard points

1 Brocard points in triangles

. Let a triangle ABC' be given. Prove that there exists a unique point P, such that /PAB =

(PBC = /PCA = ¢, and a unique point @), such that /QBA = /QCB = /QAC = ¢s.
Definition 1. Points P and @) are called the Brocard points of triangle ABC.

a) Prove that ¢; = ¢o = ¢.
b) Find ¢ as a function of the angles of ABC'
Definition 2. Angle ¢ is called the Brocard angle of triangle ABC.

. Prove that the projections of Brocard points to the sidelines of ABC' are concyclic. (This

is true for any pair of isogonally conjugated points).

. Let O be the circumcircle of ABC.

a) Prove that OP = OQ.
b) Prove that /POQ = 2¢.

Definition 3. The reflections of the medians of a triangle in its correspondent bisectors
are called the symmedians. Three symmedians concur in point L, which is called the
Lemoine point of the triangle.

. Prove that P and @ lie on the circle with diameter OL.
. (K.Knop) Consider two triangles: one of them is formed by the circumcenters of triangles

PAB, PBC, PCA; the second one is formed by the circumcenters of triangles QAB,

QBC, QCA. Prove that these triangles are

a) similar to ABC;

b) equal.

c¢) Find the center and the angle of the rotation transforming one of these triangles to the
second one.

. Let C’ be a point of segment AB, such that AB is the external bisector of angle PC'Q.

Prove that CC" is the symmedian of ABC. (I.e. there exists an ellipse with foci P and @
touching the sides of the triangle in the bases of its symmedians).

. Let Ty, T5 be points of line OL, such that /LPTy, = /LPT, = 60°. Prove that the

projections of each of these points to the sidelines of ABC' form a regular triangle (these
points are called the Apollonius points).
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2 Brocard points in quadrilaterals

. Let ABCD be a convex broken line. Prove that there exists a unique point P, such that

({PAB = /PBC = /PCD = ¢.

Definition 4. We will call P and ¢ the Brocard point and the Brocard angle of broken
line ABC'D. We will denote them as P(ABCD) and ¢(ABCD).

Find ¢(ABCD) as a function of the lengths of segments AB, BC, C'A and the angles
between them.
Prove that ¢(ABCD) = ¢(DCBA) iff A, B, C, D are concyclic.

Now we will consider only cyclic polygons.

Let P, = P(ABCD), P, = P(BCDA), P = P(CDAB), P, = P(DABC). Prove that
PP, P3P, is a cyclic quadrilateral.

Let @1 = P(DCBA), Qs = P(ADCB), Q3 = P(BADC), Q4 = P(CBDA). Prove that
PlPQ/QlQQ = BC/CD, P2P3/Q2Q3 = OD/DA etc.

(D.Belev) Let M;, M, be points on lines AD, AB respectively such that BM; || CD,
CM, || DA.

a) Prove that the circumcircles of triangles BAM; and BC' M, meet in Pj.

b) Define the similar construction for P;,i =2,...,4, Q;,i=1,...,4.

(D.Belev) Prove that lines C'Py, DP,, AP3, BP, concur, and lines BQ1, CQ2, DQ3, AQ4
concur.

(D.Belev) Denote the points obtained in the previous problem as Py, Q.

a) Prove that Sp,p,p, = 50,000

b) Prove that the areas of P PoP3P, and Q1Q2Q3(Q4 are equal.

Prove that ¢(ABCD) = ¢(BCDA) ift AB-CD = AD - BC.

Definition 5. A cyclic quadrilateral with equal products of opposite sides is called
harmonic. From the last problem we obtain that in the harmonic quadrilateral there exist
points P and @), such that /PAB = /PBC = /PCD = /PDA = /QDC = /QCB =
/QBA =/QAD = ¢. We will call P, Q) and ¢ the Brocard points and the Brocard angle
of quadrilateral ABCD.

Prove that each of the following conditions is true iff ABC'D is harmonic.

a) The tangents to the circumcircle in A and C' meet on BD.

b) BD is a symmedian of ABC'.

c¢) The distances from the common point L of the diagonals to the sides are proportional
to these sides.

d) There exists an inversion transforming A, B, C', D to the vertices of a square.

e) There exists a central projection transforming ABC'D and its circumcircle to a square
and a circle.

Find the Brocard angle of a harmonic quadrilateral as a function of its angles.

Prove that OP = OQ and /POQ = 2¢.

Prove that P and @ lie on the circle with diameter OL.
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3 Brocard points in polygons

Let a circle, a point P inside it and an angle ¢ be given. For an arbitrary point X, on the
circle construct a point X, such that the oriented angle PXX; is equal to ¢. Similarly
for X; construct X, etc. Prove that if X,, = Xg, then this is true for any other initial
point.
Find the closure condition in the previous problem.

Remind that all considered polygons are cyclic.

Definition 6. We will call a polygon A;...A, a Brocard polygon if there exists a
point P, such that /PA;Ay = /PAyA3 =---/PA,A = ¢.
Prove that in a Brocard polygon there exists a point () such that /QA A, = /QA,A,_1 =
 LQAJA = .

Definition 7. We will call P, Q) and ¢ the Brocard points and the Brocard angle of
AL A,
Prove that each of the following conditions is true iff A; ... A,, is the Brocard polygon.
a) There exists a point L, such that the distances from it to the sides of the polygon are

proportional to these sides.

b) The symmedians of triangles A As A3, Ay A3Ay, ..., A, A1 As from As, As, ... Ay concur.

c¢) The common points of lines A; Az, A2 Ay, ..., A, Ay with the tangents to the circumcircle
in As, Az, ..., A; respectively are collinear.
d) There exists an inversion transforming Ay, ..., A, to the vertices of a regular triangle.

e) There exists a central projection transforming the polygon and its circumcircle to a
regular polygon and a circle.
Prove that the Brocard points lie on the circle with diameter OL and /POL = /QOL = ¢.

a) Prove that there exist two points 77, T such that the inversion with the center in any
of them transforms Ay, ..., A, to the vertices of a regular triangle.

b) Prove that T, 15 lie on OL and /TyPL = /To,PL = T.

Find the Brocard angle as a function of OL/R.
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Brocard points
Solutions

1 Brocard points in triangles

. Since /PAB = /PBC we have /BPA = m— /B, i.e. P lies on the circle passing through

A and B and touching BC'. Since /PBC' = /PCA, P lies on the circle passing through B
and C' and touching C'A. Therefore P is the common point of these circles distinct from
B. Point @) is constructed similarly.

. Answer ctgp = ctgA + ctgB + ctgC follows rom the formula which will be proved later.

Let A’, B’, C' be the reflections of P in BC, C'A, AB. Since CA’ = CP = CB’ and
/PCA = /QC B, we obtain that CQ is the perpendicular bisector to segment A'B’, i.e. )
is the circumcenter of A’B’C". Thus the midpoint of P(Q) is the center of the circle passing
through the projections of P to the sidelines of ABC. Similarly the midpoint of PQ is
the center of the circle passing through the projections of (). It is clear that the radii of
these circles are equal.

. Let AP, BP, C'P meet for the second time the circumcircle of ABC' in points A’, B', C".

Then the arcs BA’, CB’ and AC" are equal, i.e. triangle B'C’'A’ is the rotation of ABC
around O to angle 2¢. Then P is the second Brocard point of A’B’C" and this yields both
assertions of the problem.

. Let ¢’ be a common point of lines AP and B(@. Since the angle between these lines is

equal to 2¢ we obtain by previous problem that C’ lie on the circle O P@. Also it is evident
that OC’" L AB. Therefore it is sufficient to prove that C'L || AB. Let points A’, B’ be
defined similarly as C’. Since triangles ABC’, BCA', and C AB’ are similar the distances
from A’, B’, C' to the correspondent sides of ABC' are proportional to the lengths of these
sides. The ratio from the point of circle OP(Q) opposite to O to these sides are the same.
Thus this point coincide with L.

. a), b) Hint. Consider the spiral similarities with center P (Q), transforming @ (P) to

0.
¢) Answer. The midpoint of OL, m — 2¢.

. Since /PAC" = /QBC" = ¢ and /PC'A = /QC"B, triangles APC" and BQC" are similar,

i.e. AC"/BC" = AP/BQ. But from triangles ACP, BCQ we have AP/sin¢ = AC'sin A,
BQ/sin ¢ = BC/sin B. Therefore, AC'/BC" = AC?/BC? and C(’ is a symmedian.

. This is a partial case of problem 27.
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2 Brocard point in quadrilaterals

The proof is the same as in problem 1.
Since /APB =7 — /B, /BPC =1 — /C, we obtain using the sinus theorem to triangles

APB and BPC
PB AB PB _ BC

sing  sinB’ sin(C — ¢)  sinC"

Dividing the first equation to the second one we have

AB + ctgC
BC'sin B et

The condition ¢(ABCD) = ¢(DCBA) is equivalent to

ctgo =

AB ~ CD
BC'sin B - BCsinC
Adding the unit to the squares of both parts we obtain

ctgB — ctgC.

AB? + BC? —2AB - BC cos B B CD?+ BC? —2CD - BC cosC

sin’ B sin? C' ’

L AC_ BD g
sin sinC'? “"7
By the construction of P, we obtain that quadrilaterals BCP,P,, CDP,P;, DAP;P;,

ABP, P, are cyclic. From this /PiP,P3s + /PsPoP, = /A+ /C =T.
Since BC P, P, is a cyclic quadrilateral we obtain

BC  sin(C + ¢(ABCD) — ¢(BCDA)  CD *

See http://jcgeometry.org/Articles/Volume2/Belev  Brocard points.pdf
See http://jcgeometry.org/Articles/Volume2/Belev  Brocard points.pdf
See http://jcgeometry.org/Articles/Volume2/Belev Brocard points.pdf
Since p(ABCD) = ¢(DCBA), the sought equality is equivalent to

AB AD
BC'sin B DC'sin D
Since sin B = sin D we obtain the assertion of the problem.
Since ABC'D is cyclic, AB-CD+ AD - BC = AC' - BD, i.e. AB-CD = AC - BD/2. Let
M be the midpoint of AC. Then CM - BD = BC - AD, i.e. BC/CM = BD/AD. Since
/BCM = /BDA, triangles BCM and BDA are similar. Therefore, /M BC = /ABD
and BD is the symmedian of ABC, which yields a)-c).

For prove d) note that four arbitrary points can be transformed by an inversion to the
vertices of a parallelogram. If the given points are concyclic this parallelogram will be a
rectangle with the same ratio of the products of the opposite sides. Thus the vertices of
a harmonic quadrilateral will be transformed to the vertices of a square.

For prove e) consider a central projection conserving the circumcircle of ABC'D and
transforming the common point of its diagonals to the center. Then the image of the
quadrilateral will be a rectangle. Since the tangents to the circumcircle in the opposite
vertices of this rectangle are parallel to its diagonal the rectangle is a square.

+ ctgC = + ctgC.

2
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Since ctgp = A2 + ctgl = 25— + ctgd, ctg’¢ — ctg?A = 4 or

BCsin B sin“ B

L1
sin¢ sin?A  sin’B’

The proof is the same as in problem 4.
the proof is the same as in problem 5.

3 Brocard points in polygons

Hint. Prove that all lines X;X;., are the tangents to the same ellipse.

Answer. )

R2
Hint. Consider the rotations around O to +¢.
The proof is the same as for n = 4.
The proof is the same as for n = 3.

Hint. T3, T5 are the limit points of the pencil containing the circumcircle of the polygon
and the circumcircle of OPQ).

T
+tglptg? = = 1.
n






JInodpanToBbl ypaBHeHus—1

Teopema (T'aycc). HarypasbHoe 9mCIO HPEJCTABMMO B BHJE CyMMbI TPEX KBAJPATOB, €CJIA U
TOJIBKO €CJIM OHO He mpejicraBuMo B Buje 4" (8m — 1).

BBoanbie 3aga4un

Bamaua 1. /lokaxure, uto ypapHenus a) 22 + 2ry — y?> = 1, b) 22 — xy + y> = 2 He nmeror
PEIIeHMii B [EJIBIX YUC/IAX.

Bamaua 2. Jlokaxure, uto ypaphenns a) r? — 2y? = 1, b) 22 — 3y = 1, ¢) 22 — 6y = 1 nmeior
6ECKOHETHO MHOI'O PEIIEHUH B IEJIbIX YUC/IaX.

Bamaua 3. Jokazknte, aTo ypasaenne 2 + 1000xy + 1000y% = 2001 mMeeT GeCKOHETHO MHOTO
peH.IeHI/Iﬁ B IICJIBIX YUCJ/IaX.

Bamaua 4F @OukcupyeM HeISTHOE MPOCToe 9ucio p. JokaxkuTe, uTo ypasHenue x2 — py? = —1
UMeeT PeIleHre B IEeJIbIX YHUCJIaxX, €CJIM U TOJIHLKO €CJIU P UMeeT OCTATOK 1 mpu jejeHun Ha 4.

3apaua 5. JlokaxKute, 4TO JJjIs BCSIKOIO 1M KOJIMYECTBA PEIEeHUil B MEIbIX YUCIaX YpaBHEHU
2 2 2 2
r*—xzy+y " =m un 3x°+9zy+ Ty =m
OJINHAKOBDI.

3a,z;aqa 6. ,ZLOK&)KI/ITQ, 9TO JJId BCAKOI'O IEJIOT0 YrCJla TV YPaBHEHUE l‘2 + y2 = N UMeeT peluicHue
B IEJIbIX 9UCJIaX, €CJIM U TOJIbKO €CJIM OHO MMEET PCIIEHUA B PallMOHaAJIbHBIX YHUC/IaX.

3apaua 7. llpuBepure rnpumep KBaJIpaTUIHOrNO YPaBHEHUS C HEIbLIMU KOdhdUImenTaMu, nMeio-
1Iero pelieHns B PAIMOHAJIbHBIX YUC/IaX, HO He UMEIOIIEro PellleHnil B 1e/IbIX Juc/iax.

3amava 8. /lokaxkure, 9TO JJIsd JIIOOBIX TEJIBIX IMOJIOXKUTEILHBIX YUCET @ U b CYIIeCTBYeT OECKO-
HEYHO MHOT'O HATYPAJbHBIX YHCes m, JIJId KOTOPLIX ypasHenue ax? + by? = m ne umeer periennit
B IEJIBIX YHCJIaX.

Bagada 9. JloxkazkuTe, 9TO /I BCAKOrO IEJIOro Yucia m ypasaenue x2 + 2y% — 322 = m umeer
pellleHne B IeJIbIX YUCIax.

KBaaparunaabie GpopMbl

Ksagparuunasi popma — 310 0HOPOIHBIN MHOTOUWIEH crernedn 2. [1o ompemesrennto, KBaaparud-
Has dopma f npedcmasasem GUCIO M, ecau ypaBHeHue f = m uMeeT HEHYJIE€BbIE PEIICHUSA B
HEJIBIX IHUCIaX (TOHKOCTh: He Beskast (popma npezcrasiser 0). JIse kBajparudnabie (hopMbl Ha3bI-
BAIOTCA IKGUBANCHMHBLMU, €CJTU OHU TPEJICTABIAIOT OJIHO U TO K€ MHOXKECTBO JHCEI.

Bagaua 10. Onummre Bee nesble Yucia, KOTOpble mpejcrapisiorcea dbopMamu a) x2 + y?; b)

v =y o) 2+ ay +

Bagaua 11. Jlokaxkute, 9T0 KBapaTHIHbie POPMBI

f(xay)a f(x_yay)a f(l‘,y—l‘), f(—x,y) u f(ff,—y)

IIOIIaPHO 3KBUBAJICHTHBI.



Bagaua 12. a) Jlokaxure, aro Gopmbl 22 + 3> u 22 + 2y + > He SKBUBAJCHTHBI.
b) HMoxaxkute, uro dopma 4% — 6zy + 5y* He skBuBasenTHa opme Buja ax? + by? Hu jis
KaKUX TeJIbIX YUces a u b.

Onpenenenune 1. Kpagparnanas ¢popma HA3bIBACTCs
a) MOA0AHCUMENLHO ONPEOEAEHHOT, €CIU OHA TIPEJICTABJISET TOJBKO MOJIOKUTEIbHbIE THUCIIa,
b) neompuyamesvro onpedeaérnoti, ecim OHa MpeJCTABIAET TOJIBKO HEOTPHUIATEbHBIE YUCIA,
¢) neonpedesénnot, eciu OHa MPEJCTABIISIET U TIOJIOKUTEIbHbIe, 1 OTPUIATEIbHbIE THCIA.

3amavya 13. [IpuBeaure mpuMep HEOTPHUIATETILHO ONPEJIEIEHHON (POPMBI, KOTOpasd HE sIBJISCTCH
IIOJIOZKUTEJIBHO OIIPE/IESIEHHOIA.

Pacimmmpennas apudpmeruka: p-agndecKne 4ucjaa

Teopema (Jlexkanap). Beskoe mosioxKuTeI5HOE 1EJI0€ TUCIIO TIPEJICTABUMO B BUJIE CYMMbBI 9€THIPEX
KBaJpaTOB IEJIbIX YUCEeJI.

3amaua 14. I[lycts m u n — neJible 4uc/ia, cBOOOIHBIE OT KBajipaToB. Ecim ypaBaenue

22 —ma? —ny* =0 (1)

nMeeT HEHYJ/IEBOE DEHICHUE B PallMOHAJIbHBIX 9HCJIaX, TO BBIIIOJIHEHBLI CJICAYIOIIUE YyCJIOBUA
a) XOTs Obl OIHO M3 4dHuceJI 1M, 1l IIOJIOZKUTEJ/IBLHO,
b) m ABJIAETCA KBaAPAaTUIHbIM BbIY€TOM IIpU JI€JIEHWW Ha T,
C) n ABJIdEeTCA KBaJAPpAaTUIHbIM BBIYETOM IIpU JCJICHUU Ha 17.

Bamaua 15. Ceegure MeraTeopeMy Jyisi JBYX IIEPEMEHHBIX K DeIlleHnio ypapHeHuil Bua (1).

Onpenenenne 2. Bripazkenne BuIa
awp FHapap T L ap” + (2)

(k — mpousBoJIbHOE TIeJI0€ YuCI0, a; € 7) HasbiBaeTcst p-aduueckum wuciom. Eemn k < 0, 70 Mbl
HasbIBaeM (2) yeavim p-aJuIecKuM TUCIOM.

Sagada 16. Ypasrenue c neibivMu kKodddunuenramu f = 0 nMeeT pemnienue B Z,, €CJIM U TOJIBKO
€CJI OHO MMeeT pelleHne B OCTaTKaxX IPH JIeJIeHUN Ha p" JJIsd BCAKOTO N € Zq.

Bagaga 17. Koryna p-ajudeckoe aucio B dpopme (2) pasuo 07
3apaua 18. Jlokaxkure, 9TO IPOU3BEJIEHUE JIBYX HEHYJIEBBIX P-aJIMUeCKUX duces1 He paBHo (.

Bamaga 19. [okaxnre, aro Q C Q) /17151 BCIKOro MpocToro ducsa p (J0KazKuTe, IT0 JJIsA BCSIKON
Hapbl HEHYJIEBBIX IEJIBIX UUCEJI 11, I CYIIECTBYET P-aJInIeCcKoe YUCJIO T TaKOe, UYTO NT = m).

3a,z;aqa 20. ,Z[OKa}KI/ITe, 910 —1 SIBJISIETCA IIOJIHBIM KBa/IpaTOM B pP-aJIMYECKUX YHCJ/IaX TOI'Ja K1
TOJIBKO TOr'/la, KOT'la P UMEET OCTAaTOK 1 Ipua JeJIeHUU Ha 4.

Bamaua 21. [Ipugymaiite onmcanue Jid p-aJIundecKUX UUCeI, sIBSIONINXCs MOJTHBIMU KBaJpaTa-
M.

Bamaga 22. JlokaxkuTe, 4TO J060C HEHYJIEBOE 3-aJIMUECKOEe YNCJIO0 1 €CTh Wil X2, wim 222, niam
322, wm 62% 119 KaKOro-TO 3-adecKoro Incia .

3amaua 23. Ilyctb p — HeyéTHOE TPOCTOE YUCTIO, & T, . .., L5 — HEHYJIEBBIC P-aINICCKUE YUCTIA.
Jokaxmure, 9T0 ;/x; €CTb HOJHBIN KBaJpaT B P-aJMYeCKUX THCJIaX A Kakux-1o 4,7 (1 <@ <
Jj<5).



3agaua 24. /lokaxkuTe, 9TO I BCAKOIO HEYETHOTO IIPOCTOTO YUCIA P CYyIIECTBYIOT HEHYJIEBHIE
p-aJunvdecKue 4ucaa Ty, ..., Ty 1 TaKUe, 9TO x% +...+ %2)71 +1=0.

Bamaua 25. [lokaxknTe, uTo ypasHenne x2 + x + 1 = (0 mMeeT POBHO /IBa PENICHHS B IEJIBIX
T-aJINIeCKUX YUCIIAX.

Bamaua 26. [JokaxkuTe, uTo ypasaenue 12+ 4% = —1 uMeeT peleHns B p-aJIecKIX TUCIaX I/
BCSIKOTO HEYETHOTO IIPOCTOTO YUCTIA P.

Teopema (ITpunnun Munkosckoro-Xacce). Kpajaparrnoe ypashenune f = 0 OT HECKOJIBKUX Ie€pe-
MEHHBIX MMEET pelleHne B palllOHaJIbHBIX YHCJ/IaX, €CJIM U TOJIbKO €CJIM OHO OJHOBPEMEHHO MMeeT
pelieHud

® B BEIECTBEHHDBIX YHCJIAX,

e B p-ajndeckux duciax (:=Q,) s BCIKOrO IPOCTOTO HHCIA P.

Bapaua 27. Jlokaxkure npunimn MuHKOBCKOro-Xacce Jijisd ypaBHEHU OT OJIHO# U JBYX IIepeMeH-
HBIX.

Omnpegnenenne 3. [onoxum (a,b), = 1, ecim 22 — az? — by* = 0 umMeer p-aJuHuecKne pereHns,
u nosnoxuM (a,b), = —1 unade. Suavenue (a,b), HazpBaercs cumsorom Iurvbepma mapst (a, b)
OTHOCHTEJILHO TIPOCTOrO YUC/IA P.

Bamaua 28. lokaxkure, 9TO JjIs0 CUMBOJIA ['MIbOEpTa BBITOJIHEHDBI CASIYIONNE COOTHOIIECHUST

1) (a,b)p = (b, a)y, 2) (a,¢), = 1,
3) <a7 _a’)p =1, (CL, 1 - a’)p =1, 4) <a7 b)p = (CL, _ab)p = (CL, (1 - a)b>p'

Bamauga 29. Ilycrs (a,b), = 1. Torna (d¢',b), = (ad’,b), nra moboro o

Onpenenenne 4. YToObl KOMIIAKTHO 3alucaTh gBHYIO GopMmysly g cumBoja ['mibbepra, nam
z . .

norpebyercs cumeon Jlescandpa | — |, onpeaesiéHubIit s JIIOOBIX 1eJ0ro x u npocroro p. On
b

paBer 1, —1 wau 0 B 3aBUCHMMOCTH OT TOT'O, SIBJISIETCS & HEHYJIEBBIM KBAJIPATUIHBIM BBITETOM,
HEBBIYETOM WJIN HYJIEM IO MO0 p. st He9éTHOrO pocTOoro p cuMBOJI JIexKaHIpa BEIUUCISIeTC
o popmyJie

8
s
L

— | =a2 mod p).
. ( )

Bagaua 30. IIycts p — meuérnoe mpocroe uncio, a = p*u, b = p®v, re «, B, u,v — 310 NHEIBIC
YucIa TaKue, 9TO U U U B3aUMHO HPOCTHI ¢ p. lokaxkuTe, 94TO

@ = oo (1) (1)

Bamaua 31. Haiinure asuyio dopmymy st (a,b)y Ipu Beex MesbIxX 9ucIax a, b.

rie e(p) = p—gl.
Bamaua 32. [okaxure, uro (a,b),(a,b"), = (a,bl’), n1a mobeix messix ducer a, b, b

Bamaua 33. [lokaxkute, uto ypasuenue azr’ + by* = ¢ (a, b, ¢ — 970 napamerpbl; ,y — 9TO Tepe-
MEHHBIE) HUMeeT PelleHre B p-aIiuecKUX IHC/Iax, eC/IH U TOJIbKO ecan (¢, —ab), = (a,b),,.



Bamaua 34F @ukcupyeMm OJHOPOJHBIN MHOrOWIeH f = ai1x? + asxs + ... + a,x2(n > 2), e
ai,...,a, # 0. Iomoxum
d=aas....q,, 1 €= H(ai, aj)p- (3)
i<j

Jokazkure, uro ypasHenue f = 0 uMeeT HeHyJIeBOe PellleHue B p-aIM4ecKUX 4UcIax TOra U
TOJILKO TOIVIA, KOIVIA BBIIOJHEHO OJIHO U3 CJICAYIONUX YCIOBUIl

1) n =2, a unciao —d sBigeTcs HOJHBIM KBagpaToM B Q,;

2)n=3u(-1,d),=

)yn=4ud#o’, wmxked=c’ue=(-1,-1),;

4)n = 5. (T.e., ecim f 3aBucut ot 5 n 6oJee IEPEMEHHBIX, TO ypaBHenue [ = () UMeeT HeHyJIeBoe
petenue B Q, 11 so6oro p.)

Breiseiure u3 3aja4un 34 cieyroliee yTBepK/IeHUe.

Bagaya 35. QukcupyeMm OJHOPOJIHBLIN MHOrOWIeH f = ai1x? + agx3 + ... + a,22 (n > 2), e
ai,...,a, # 0, a rakxe 1eaoe anciao a # 0. Onpenesum d u & dopmysoii (3). Jokazkure, 4ro
ypaBHeHue [ = a UMeeT PellleHne B P-aJInIeCKuX Iicjax TOTJA U TOJILKO TOIJIA, KOIJIA BBIIIOJIHEHO
OJIHO U3 CJIE/IYIONIUX YCJIOBHIA:
1) n =1, a uncio a/d aBisgercsa noaHeiM KBagparoM B Q,;

2)n_2u( ,—d), =¢;

3) n = 3 u: ad He ABAAETCA TOIHBIM KBajgpaToM B Q, mwin ad sABISETCS TOUHBIM KBAPATOM I

= (L)

4) n > 4. (Te., eciiu f zaBucur or 4 u Gojiee nMepeMeHHBIX, TO ypaBHeHue [ = a uMeeT
HenyJieBoe pemtenne B Q, 1ist moboro p).

Bagaua 36. lokaxkure npunnun Munkosckoro-Xacce.

3amaua 37. Vcnosb3yd 3aga4dy 35 u npunnun MunkoBckoro-Xacce, JIOKaXKUTE, 9TO TEI0€ TUCTIO
n HpeILCTaBI/IMO B BHJIe CYMMBI TpéX KBaILpaJTOB paJ_[I/IOHaJ'IbeIX “H/Iceﬂ, €CJIn U TOJIBKO €CJIM OHO HeE
npejicraBuMo B Bugie 44(8b — 1), T.e. ecsim —n He sIBJIAETCS TOJTHBIM KBaIpaToM B Q.

3amauya 38. QukcupyeM 1ej10e IUcjao n. JJoKaxKuTe, 9TO €C/IM CYIECTBYIOT PAIMOHAILHBIC YUC/IA
x,y, 2 Takue, 410 x> + Y2 4+ 22 = n, TO CyIIECTBYIOT U Nejble uucia o', vy, 2’ Takue, 9To

(@) + (W) + () =n.
BriBeure u3 sToro yrBep:KjieHus reopemy laycca.

3agaua 39. BeiBenre n3 TeopeMbl Laycca Teopemy Jlexkanpa.



Baxkubie cBoiictBa cumBosia ['miinbepra (1Y-2)

[lesib 3TOTO paszjena — JloKa3aTh, UTO Jist (PUKCHPOBAHHON Mapbl HEHYJIEBBIX IEJIBIX Yuces (a,b)
cumBoa 'minbepra (a,b), pasen 1 s mourn Beex (=Bcex, KpOMe KOHEYHOTO HHCIIA) MTPOCTHIX
qucen p. Kak BOIUTCs, 3T0 yTBEpKICHIE ABIACTCA YaCTHBIM CJIydaeM 6oJee 0OIIero yTBep K IeHNs .

Bagaga 40. a) [lycrs f — 970 OJHOPOJHBIA MHOIOWIEH CTEHEHU T OT k IEepPeMeHHBIX, rjae k >
n. Torga wwmcio pemennit f (BKOUasi HyJeBoe) B OCTaTKaX IPHU JIEJEHUM HA P JIEJIUTCS HA P
(Ioxckaska: mpumenure Maayio Teopemy Pepma u paceMoTpure ciydail p = 2).

b) Ilycte f — 910 MHOrOUIEH crerern He Gojiee n OT k mepeMeHHbIX, Tae k > n. Torma aucio
pertennii ypasaenus f = () B ocTaTKax IpHU JIEJIEHUN HA P JIEIUTCS Ha P.

Bamaua 41. BuisenuTe n3 npeaplLymedt 3agaqm, 9To ypasaenue ax’+by?+cz? = 0 oT mepeMenHbIx
T,1, 2 IMEEeT HEeHYJIeBOe pellleHue B OCTaTKax IIPU JIeJIeHUU Ha P.

Bamaua 42. BeiBegure u3 mpepuiyIeit 3a1adu, 9To JJIs apbl HEHYJIEBBIX TeJbIX duces (a,b) u

HEYIETHOTO TPOCTOro 1ucsa p cumsost ['minbepra (a,b), pasen eaumnre, ecaun a,b /p. O6bachure,
noueMy cuMBos 'minbepra (a,b), pasen 1 mjis modru Beex p.

Bamaua 43. Busennte n3 3agaqn 41, uto ypasaenne ax?+by?+cz?+dv?+ew? = 0 oT mepeMenHbIx
x, Yy, 2, v, w (a, b, ¢, d, e — 370 1eJble TApaMeTPLl) uMeeT Hemysesoe pemtenne B Q, i Beex
IIPOCTBIX YUCEIT P.

Bamaua 44. Jlokaxkure, 9TO JJI BCSKOI apbl HEHYJIEBBIX IEJBbIX duces (a,b) mMeer MecTo pa-

BEHCTBO
H(aa b)p = ((1,, b)—17

p

rJie Ipou3BejieHrne DEPETCs 10 BCeM IIPOCTHIM YHUCIaM P, a

(a.b) 1, eciu ypasaenue z° — ax® — by? = 0 umeer pemrenue B R,
a,0)_1 =

—1 wunauve.

Nmeer mecTo crietyionmumii «J1ajaéKuii anajaor KUTaficKoii TeopeMbl 00 OCTaTKax»: OKa3bIBAETCs,
YTO 110 3HAYEHUSAM CUMBOJIA ['miibbepra MOXKeT ObITh IOCTPOEH SJIEMEHT C JIAHHLIMEI 3HAYECHUSIMU.

Bagaua 45. SadukcupyeM KOHEIHBIN HAOOP HEHY/IEBBIX IEJIbIX TUCEJT a; U JJISI KayK/I0TO IPOCTO-
ro p 3aJaJUM 3HadeHud €;, = £1. Torma cucrema ypaBHeHuit

(ai7 x)P = Eip V’l, Vp,

HMeEET PEIIeHNe, eCIIN U TOJIBKO eCJII
a) HOYTH Bce (=BCe KPOMe KOHEUHOI'0 YUCiIa) &, = 1,
b) /st KaxKJ0ro HPOCTOrO YUC/Ia P CYMIECTBYET HEHYJIEBOE P-aJIMdecKoe YUCIIO T, TaKoe, ITO

((li, IL'p) = Ei,p-



YpaBHeHHUs OT ABYX IepeMeHHbIX u KapThl (JIY-3)

PaccmarpuBaercs ypaBuenue
En: ax®+bry+cy>=m (4)

OT IEJIBIX [EePeMeHHbIX T, Y, TJe a, b, ¢, m — KaKue-To Iiejible ducia (mapaMeTpsl).

Bagaga 46 (Cymepsanaua). lokaxure, 910 eciu ypaBHeHue [, UMeeT pelIeHUs IPU KAKOM-
TO TMOJIOKUTEILHOM HYHCJIE M, ITPU KAKOM-TO OTPUIATETLHOM YHUCJIC M W He UMEET PEIIeHuil Ipu
m = 0, To Jj1gd Bcdkoro m win F,, He mMeeT pelieHuii, wim xke F, uMeeT OCCKOHEYHO MHOTO
perennii.

Bamaua 47 (Cynepsasiada). Bepro i, 9to ecin ypaBaerue F,, MMeeT PEIIeHUs B IEJbIX TUCIaX
pu
m =41, +2, 43,

To E,, uMeeT peleHus 1pu BCAKOM IEJIOM YUCIe M7
Bagaga 48 (Cymepsajgaua). Jlokaxkure, uro eciu ypapuenust Fy, Fy, F3, E5 umeror perienus B

OeJIbIX 9UCJ/laX, TO YpaBHEHUE Em HUMeeT pelleHud IIpU KaKOM-TO 1M < 0.

Pucyem kapTuHKHI
Bagaua 49. [Tokaxkute, uto ecim {wy, wy} — 310 Gazuc Z2, To napbl

{’LUQ,U}l}, {wl —'LUQ,U}Q}, {wl +w27w2}7 {_wluwQ} (5)
TaKzKe ABIAIOTCA basucaMu Z°.

Bamaua 50. [Tokaxkure, 9T0 npeobpazoBanusiMu (5) MOXKHO u3 06010 H6asuca MOy IUTh JOOOM
JApyroil.

3amaua 51. [lokaxkute, 9T0 KBaIparudnas opMa MOXKET 3aIUCHIBATHCA OJIMHAKOBO B HECKOJIb-
KX Pa3HbIX Oa3ucax.

Bamaua 52. YkaxKure KBaJIpaTudnyio popMy, Ui KOTOPOil JIOOLIM JIBYM pa3HbIM Oasucam Z>
COOTBETCTBYIOT Pa3/JIMIHbIC KBJIPATUIHBIE (POPMBL.

Vupaxkaenue 1. Boimumure Bee pacimmpenust Januoro 6asuca {wy, wy}. Bomummre Bee crienu-
aJm3anuy JanHoro cynepbasuca {+wy, twy, £(wq + wq)}.

Yupakuenue 2. Hapucyiite (opueHTHpOBaHHBIE) KAPTHI JIJIs KBAPATHIHBIX (DOPM
V=322 + 9uy + Ty, o= — 2%, fs =2 — 32

B crenxyromux asyx samadax uncia A, B, C, D, h orHOCATCS K KapTUHKE

A




Bagaua 53. Ilokaxkwure, aro jas ancen A, B, C, D, h BBIIIOJTHEHBI COOTHOIIEHUS:
C=A+B+h, D=A+B-—h.

Bagaua 54. Ilycte A, B, C nonoxurenbHbl, a pedpo h mampasieno or C' k D. Ilokaxkure,
YTO TOIJIA YUCJIO [ TaK¥Ke IMOJIOKUTE/IHHO, a CTPEJIKM Ha JIBYX OCTAJbHBIX PEOPAX, MHIIUJIEHTHBIX
Bepiune (), HAIPABJIEHBI IPOYb OT ().

3agaua 55. [okaxkure, uTo rpad, 3a/aBaeMblii TOUKaMu-cyliepbasucamMu 1 pédpamu-basucamu,
SIBJISIETCS JIEPEBOM, T.€. HE COJIEPXKUT ITUKJIOB.

Bagaua 56. [lycts () — eIMHCTBEHHBIH KOJIOIEI TOJIOKUATEHHO ONPEIEIEHHON KBaPATHIHON
dopmbl f, a p, g, r — 9T0 Uncsa, 3alKUCaHHble B 00JIaCTAX, NpuMblKaomux K (). [lokaxwure, 1o
B JIIOOOI Jpyroit objiacTu KapThl f HAIMCAHO YHUCJIO, DOJIbIIIee, YeM JII0DOe U3 UUCesI P, ¢, T.

Bapgaua 57. /lokaxkure, 4TO BCAKAs MOJOKUTEILHO ONpEJIeICHHAas KBapaTudanas dopma odJia-
JaeT KOJIOJIEM.

Bamaua 58. a) JlokaxKuTe, 9TO MOJOKUTENBHO ONpEJEIEHHAsT KBajJpaTHdHas GopMa MMeeT He
boJtee JIByX KOJIOJIIIEB.
b) Ykaxkure KBajparuduyio Gopmy, 0018 at0IyI0 JIBYMs KOJIO/IIAMHI.

Bagaua 59. O6bscnure, Kak pemuTh ypaphnenue ax? + bxy + cy®> = m (a, b, ¢, m — napamerpbl,
T, Yy, 2 — NepeMeHHbIC) B IPEOJNOKEeHNH, YTo dhopMa az? + bry + c2% MoI0KUTe/ILHO olpeie/ieHa.

Bamaua 60 (Kiaccudukariyst mogoKUTeIbHO OPE/IeJEHHBIX KBaIPATHIHBIX (HOpPM).
a) Ilokaxkure, 9T0 KaxKJasl IMOJIOKUTEIHLHO OIpPEIe/IEHHAsT KBaIpaTHdHas (popMa IKBUBAJECHTHA
KBaJ[paTU4IHON (hopMme BUIA

(p+ @)a® + 2qzy + (¢ +1)y° (6)

JIJIST KAKOT'O-TO HA0OPa MOJIOKUTETIBHBIX YUCET D, (, T.
b) [Mokazkure, 910 JBE KBaIpaTUIHble (POPMBI, COOTBETCTBYIOINIIE HAGOpaM

(ph(Jl,Tl) n (pza(h"f’z),

SKBUBAJICHTHBI TOTJIA U TOJILKO TOIJIA, KOIJIa 9TH HADOPLI COBIA/IAIOT KaK MHOXKECTBA.
c¢) Oupezenure, Kakue HAOOPHI (P, ¢, ) 33JAI0T MEJIYI0 KBAJAPATHIHYIO GOPMY.
d) Oupenenure, kKakue HAOOPHI (P, ¢, T') 38/1AI0T MOJIOKUTEIHHO OIPEJIETICHHYIO KBaIPATUIHYIO

dbopmy.



YHacrtp 3: Majnas madycangoBa dpopma

[esbio 9TOM YacTu ABJIAETCH JTIOKA3ATEIbCTBO CJICIYIONICH TEOPEMbI.

Teopema (Komnseit). Masas madycaunosa dbopma 22 + 2y? + yz + 42 npejcrabiger Bce ducia
ot 1 mo 30. Besgkast ipyrast moJIoKUTEIbHO onpeiesiéaaass popMa f, MPeICTABISIONAs BCe TNCIa
ot 1 o0 30, SKBUBaJIEHTHA ¢ TOYHOCTBIO JIO JIMHEHHOM 3aMeHbl MaJjioil MadycanaoBoit popme.

st Toro, 9ToObI JIoKa3aTh TeopeMy KomHBes, MBI IpejjiaracM y4acTHUKAM Pa3BUTh TEOPUIO
ITOJIOYKUTEJIHLHO OIPEJIEIEHHBIX KBaIPATUIHBIX (POPM OT TPEX ITePEeMEHHBIX, OTTAJIKUBAACH OT T€O-
PUH TTOJIOKUTEIHHO OIPEICIEHHBIX (DOPM OT JIBYX IIEPEMEHHBIX.

Hauném MbI ¢ 1popaboTKN HOBOI TOYKHU 3PEHUs HA ITOJIOXKHUTEIHHO OIPEIe/IEHHBIE KBaIPATHI-
ubie GopMbI OT JABYX HepeMenHbIX. Ilyers f(x,y) = ax?+bry+cy? — 9T0 HEKOTOPas MOJI0KUTEILHO
onpejieIeHHadA KBajpaTudnas ¢opma. Mbr OyjieMm 3a/1aBaTh TAKYIO (POPMY € IIOMOIIBIO TAOJIUIL 2X2

n 3x3 , ,
a b ) a 5 _<CL+ 5)
F:z(Q Z), F = 2 c —(c+3)
2 —(a+3) —(c+35) (a+d+c)
3agaua 61. Jlokaxkute, 4T0
b 2 by 5 by 5
floy) =~ =P+ (a+ 9 + (et D @

Bamaya 62. /lokaxkure, 9TO TaOJIUIIBI

(£0)

3a/1aI0T YKBUBAJICHTHDLIE KBa/JIpATUIHBIE (DOPMBI.

o Nl

ol O
Q Nl
N——
Y
| IS
o
O |
N
N—
—~
(070]
S—

o

3amauya 63. /[lokaxkure, 4TO KBaJpaTUIHbIe (DOPMbI, COOTBETCTBYIOIIUE TaOIUIIAM

< )’ (-(aa+§) ;fzﬁi)’ (—(Cig) ;f;—gi)’ (9)

SKBUBAJIEHTHBI (3aMeTHM, 9T0 Bee Tabmipl (9) momyvatorces us F BBIGOPOM 2 CTPOK U 2 COOTBET-
CTBYIOIIUX MM CTOJIOIIOB).

o Q
o o

Jlasee MbI 0TOXKIECTBIIAEM KBaIpaTuanyio (opmy f ¢ eé tabsmnavu F u F.

Banmaua 64. Vcnonssys (8) u (9), mokaxKuTe 9To BCsSKAs MOJOXKHUTEIHHO OIPEIeEHHAsT KBaIpa-
TraHasA (popMa SKBUBaJIEHTHA (hopMe

qist kKoropoit 0 < —b < d/ < . Jlns dopmbr Takoro Bujia npasasi 4acTh (7) mpejcTaBiser coboii
CYMMY TPEX HEOTPUIATEILHBIX TUCEI.



Bamada 64 gBistercss aHAJIOroM 3aa9u 60 BTOpoil 9acTu mpoeKTa. MbI XOTHM JI0Ka3aTh aHAJIOT
zajadn 64 st KBaApaTUIHBIX (OPM OT TPEX mepeMeHHbIX. Mbl OyaeM JgeificTBOBaTh 10 TO Ke
cxeMme, HO HaM IoTpedyercst 60Jibine obo3HadeHuit. PUKcupyeM KBaJIpaTUIHYIO (hopmy

flx,y,2) = e + ayyy2 +a,,2%+ Ay Y + QY2 + Ay X2,

Mpr 6y1em 3a1aBaTh Takyio (hOPMY C MOMOIIBIO CASAYIOMUX Tadul 3x3 u 4x4

IS]
8
<
8]
&
o2

Gze =5
R Qxy ayz
F= 2 Qyy 5 )
Q. Ayz
5 o Oz

doy a — Gzy | a
%:m: 2 agz <amm + a2 + a;Z)
) 5 Zyy 5 —(ayy + - + QZZ)
R a Yz a. Yz
F = 2z 2 Az _(a'zz + ;z + 2 )

Gz + 55 + %) —(ayy + 5 +75) (w4 F

a,x axz z
f($ayvz) = _Ty(x - y)2 - 9 (l‘ - 2)2 - %(y - 2)2+
Qg gy Gy Ay Qg Ay
b T (g ST T (e S 5 (10)

3amaya 66. /lokaxkure, 4TO KBaJpaTUIHbIe (DOPMbI, COOTBETCTBYIOIIUE TaOIUIIAM

Qay _ Gay gz
o g o : (et 545
-2y . -2y Yz
Gy ayz 2 Qyy (ayy + 5 + 5°)
A a asy | a Ugo + Qyy + et |7
a yz Ty a Ty vz Tx Yy 2z
55 G —(age + 5+ %57) —(ay, + 5+ F)

Qzy | Gyz | Qa2
+2+2+2

(11)

a
Qgy a;z (aa:a: ;y a;z )
a a a
SZ Azz (azz SZ ;Z )
’
a a Ay +a + azz+
_(a'ma: + % + a;z) _(azz + agz + yz) vy

Aoy | Qyz | Qzz
+2+2+2

(12)

Ayz _ Gzy Ayz
%yy 2 (ayy + 5" + 2 )
Yz . Az Yz
5 Qs (a.. + %= 4+ =2)

13
A + Qyy + Azt ’ (13)

Qry | Qyz | Qaz
+2+2+2

—(ayy + %5+ %) —(az. + % + %)

~

SKBUBAJIEHTHBI (3aMeTuM, IT0 Bce Tabsunbl (13) momyvatores u3 F BeIGOpoM 3 CTPOK U 3 COOT-
BETCTBYIOIINX UM CTOJIOIOB).

Jlasnee MbI OTOXKIECTBIIAEM KBaIpaTuanyio (opmy f ¢ eé tabsmnavu F u F.

Bagada 67. Vcnosnb3ys (13), oKaykuTe 9T0 BCsIKAst MOJIOKUTEIHHO OIPE/Ie/IEHHAS KBAIPATHIHAST
dopma sKBUBaAJICHTHA (DOpMe

’

1 ey ag
ez 73 3
axy a/ a’yz

2 vy 2 !
a"zz ayz a/

2 2 zz

9



JJI KOTOPOM

/!
rx

/

0<a <ayy<a’zz,

|y |, |0 ] < i, | fay.| < lal.].

Bamaua 68. Vcrosbsys 3azgady (67), mokazxKuTe, 9T0 BCIKasl MOJOKUTEIBHO OMPEIETIEHHAST KBA/T-
parnanas ¢opma f(z,y, z) IKBUBaJEHTHA KBajparudnoii dhopme f' ¢ rabiurneit 4x4

~
Q
g~

Ty a’zz _ / _xyY a’zz
a?m B) 2 (amx + 2 + 2 )
Qay / Gy (! oy | Gyz
A ) Gy L (ay, + p + )
F = a Ay / _ !/ a Ay
3 2 . gazz +/ 5 +/ 2 ) !
’ ’ / ’ , ’ a + a +a., _+
(A Ay [ (A Gy Ayz (A [ Ayz xx Yy zz
(amm + 2 + 2 ) (ayy + 2 2 ) (azz + 2 + 2 ) _'_a/ﬂ + ay., + al,,
2 2 2
(14)
JJI KOTOPOM
/ / /
Ay Qysy Gy <0,
(15)
/ / / / / /
a a a a a a
/ xy Tz / xy Yyz / xz Yz
(axx + 9 9 ) > 07 (ayy + 9 + 9 ) > 07 (azz + 2 + 2 ) 2 0. (16>

Hnsa dbopmbr Takoro Buja mpasas vacth (10) mpejcrapisier coboit cyMMy MOJOKHTETBHBIX
KBa/IpaTOB.

Ksaaparuansie opmbl, coorBercrBytoriue Tabsmie (14), yaosiaerBopsitomieii yeiousim (16),
MbI OyJieM U300pazkaTh C HOMOIIBLIO I'pada Ha YeThIPEX BEPIINHAX, KAK [T0KA3aHO HA PUCYHKE

_ Gzy
2

!/ /
azy a
+—2¥ 222

Ecmm ma KakoM-TO pebpe Hammcano yucyao 0, To 3To pedpo cTupaercs.

Bagaua 69. JlokaxkuTe, 9TO ecju Ha PUCYHKE J, MOCTPOEHHOM II0 KBaJpPaTwIHON (dopme f,
IIPUCYTCTBYIOT Bce pébpa, To dpopma f He mpejcrasiisier 1.

Bagaua 70. lokaxkure, 910 ecau Ha pucyHke J (opMmbl f ecTb BepiinHa, He COeINHEHHAsT PEO-
pamu ¢ 2 JIpyruME BepimnHaMu, TO [ SKBUBaJIeHTHA (DOpMe BHJA

az® + g(y, 2) (17)

JIJIsT KAKOTO-TO MOJIOZKATEJILHOTO TIEJI0T0 YUC/Ia ¢ U MOJOKUTEIHHO OIPEIEICHHON KBaIPATHIHOM
dopmMmbI g.

10



Bamaua 71. [lokaxkure, uro ecau dbopma f Buma (17) npeacrasisier Bee qucia ot 1 g0 30, To
OHa HKBHUBAJICHTHA MaJIOi MadycanioBoi ¢popme.

Haszosém dopmy f(z,y), B KAKOM-TO PHCYHKE KOTOPOW KazKJjasi BEPIIMHA COeJUHEHA C 2 WK
boJsiee pédbpamu, HepasnoAHcuMo.

Bamaua 72. Ouninure pUCYHKH BCeX HEPA3IOKUMBIX KBaJpaTudHbX dhopM f(x,y, z), npegcras-
JIAFOTIIX THCITA

a) 1;

b) 1, 2;

¢) 1,2, 3, 5.

3agaua 73. 3asepiuTe J0Ka3aTEILCTBO TeopeMbl Kompes.

11



JInopaHTOBLI ypaBHEeHUs BTOPOIl CTelleHN’

[IpoekT mOCBAIIEH U3y4YeHUIO TUOMAHTOBLIX ypaBHEHU BTOpOil crerernn. Mbl HajieeMcs, 4TO
YYIACTHUKM ITPOEKTa PA30BBIOT TEOPUIO, KOTOPAasi TIO3BOJIUT UM PeIaTh JIOCTATOTHO DOJIBINO KJ1ace
zasiad. Hanbosiee sipkue u3 9Tux 3a/a9 MPUBEJICHBI HUKE.

o mpomekyTouHoro ¢dpuHUIa Mbl Oyj1eM paboTaTh ¢ YPABHEHUSIMU BTOPOW CTEIIEHU B pally-
OHAJIBHBIX YUCIaX. MBbl BBINUIIEM SBHBII aJFOPUTM, C IIOMOIILI0 KOTOPOr0 MOYXKHO 3(h(MEKTUBHO
OIPEJIC/INTh, UMEET JIU JIAHHOE ypaBHeHue pernlenne i HeT. Kak rnpusiokenue pa3sBuTol TEXHUKH,
MBI JIOKaKeM CJIeIYIONLYI0 Teopemy, npunajiexkairyio Kapiay @punpuxy [ayccy.

Teopema (T'aycc). HarypasbHoe 9mCcIO HpeJCTaBMMO B BHJE CYMMbI TPEX KBAJPATOB, €CIHA U
TOJIBKO €CJIM OHO He IpejcraBuMo B Buge 4" (8m — 1).

[Tocie ipomMekyTOYHOTO (DUHUIIA MBI COCPEIOTOYNUMCH HA YPABHEHHAX B IEJIbIX YUCIAX OT
JIBYX ITlepeMeHHbIX. Mbl HayanMces 3(pEeKTUBHO pelaTh TaKue YpaBHEHUS , KCIIOJIb3Ys KapThl KBaJI-
paTtudHbIX opm. Takzke MbI JJOKaXKEM CJIEIYIONIee yTBEPKICHUE.

Teopema (/I:x. Kongeit). Cymmecrsyer euHcTBeHHbI 1 oHOpOHBI MHOTOUICH f(Z,Y, Z) cTe-

[eHu 2, st KOTOporo ypasHenue f(x,y,z) = m uMmeer perierne jjist Besskoro m = 1,...,30 u ne
umeer pemenuii upu m < 0.

BBoanbie 3agaun

B »1oit wacTu MbI cobpasin 3aj[adu Ha MEJTOYUCICHHbIE KBaJIpaTUIHbIEe (DOPMBbI, KOTOPbIE MOTYT
6bITb pemieHbl ¢ IIOMOIIBIO €JIMHOI'O 1 O6H_IeFO aJICOpUTMa pelicHrud KBaJdpPpaTUYIHbIX ypaBHeHI/Iﬁ
(KOTODBIii, KaK MBI HaJleeMcsi, OyJIeT MOCTPOeH ydacTHHKaMu). Brpodem, Bce 9TH 3a/a9u MOLYT
OBITH pEIIeHbl U HEIOCPEICTBEHHO. 3aMEeTHM, 9TO ODIINEro aJrOpuTMa PelleHus JIHMOpaHTOBBIX
ypaBHEHMI IIPOU3BOJILHON CTEIeHM He CYIIEeCTBYET M INPUHIUINAAILHO CYIIECTBOBATH HE MOXKET
(910 10-as mpobsrema ['mibbepra, pemennast orpunarenbao F0. MarusiceBudaem B 1970-Mm romy).

Sajgaun 1-9.

Ecnn kakume-To u3 3Tux 33,109 y Bac He Moy Inioch permnTh, CKaykeM, 3a 9ac — He OTOPYIaiiTeCh.
Bol Beeryia Moxkere BepHYTHCA K HUM IO3JHEe, UMesi OOJIbIe TEXHUIECKIX CPEJICTB.

Ksaagparunuynabie popmbl

Onpenenenne 1. Mur HazbiBaeM k6adpamuyroti $opmoti OTHOPOIHBI MHOTOYJIEH CTEIIeHn 2 OT
KaKOTI'0-TO 4YHCJIa II€epEMEHHDBIX. HpI/IMepaMI/I KBa/JIpaTUYIHbBIX CbOpM ABJIAOTCA MHOT'OYJIEHBI

2% + 2zy — y? u 2? — w2 + y? — 222

J11s1 BCSIKOTO HATYPAIBLHOTO 9ucIa d MbI 0603HaMuM depes Z¢ MHOKecTBO Hab0pOB u3 d IIEJIBIX
grces. HammprMmep, MHOXKeCTBO Hap IeJIBIX drces obo3HauaeTcsd HaMmu Z2. Bedkas KBaJpaTnmdaHasd
dbopMa OT JABYX HEePEMEHHBIX T,y 331a6T PYHKIWMIO Ha Z2, T.e. COIOCTAB/ACT KazKJ0i mape dncelt
(z,y) uncro f(z,y). B nambueiimem, Mbl 9acTo Oy/1eM 3aMeHATD 31eMenT (z,y) € Z* onuoit 6ykBoit
(ckazkeM, v) u ucarb f(v) Bmecro f(x,y).

Onpenenenne 2. Mubr OyjieM TOBOPUTH, 9TO KBaIpaTudHas (hopMa npedcmasiiem Ueaoe HUcAO
n, ecmn Jv € Z4 | f(v) = n, mam, 94T0 TO e caMoe, eI ypaBHeHue

flr,y)=n

umMeeT penieHue B IeJIbIX IHcC/Iiax.

310 yreeprxkaenue dopMaabao HeBepHO. OHO GyIeT YTOUHEHO HO3XKe.



Samgaanm 10-11.

Onpenenienue 3. Mbl HA30BEM JIBe KBaJIpaTUIHbIC (POPMbBI IKEUBAAECHMHbLMU. €CJTU OHU TIPE]I-
CTABJIAIOT OJIHO M TO K€ MHOXKECTBO IIEJIBIX UHCET.

Sajgaqa 12.

C KaKMM#-TO KBaIPaATHIHBIMEU (DOpMaMu paboTaTh MPOIIE, & ¢ KAKUMUA-TO — CJIOYKHee. XoTe-
JIOCH OBbI HAWTHU I KarKJI0f KBaIpaTHIHON (POPMBI KAK MOXKHO 0oJiee yI00HOTO TPEICTABUTEIS
eé Kj1acca SKBUBAJIEHTHOCTH (CKazKkeM, KBajpaTuunyio dbopmy Bujia ax? + by?). st sToro noJes-
HO UMETh KaKWe-TO PasyMHble KPUTEPUU TOTO, KOI/a JIBe KBaJApaTUIHble (POPMbI SKBUBAJIEHTHBI.
Boutee Toro, mosie3ano uMerh KaKue-To JIETKO BBIYUC/IMMbIE HHBAPUAHTHI KBaIPATUIHBIX (hopM. Mbl
IPEJIJIOYKUM HEKOTOPBI HAOOP TaKUX WHBAPUAHTOR.

Omnpenenenne 4. Kpanparuunas dbopma [ Ha3BIBACTCS NOAOKHCUMEALHO ONPEJCAENHOT, e
f(v) > 0 aua Besxoro v # 0. Kpagparnunag dhopMa Ha3bIBAETCA HEOMPUYATNEALHO ONPEenéHHoT,
eciu f(v) = 0 st Beskoro v € Z2. Haxonerl, KeajipaTudanas popMa Ha3blBaeTcs Heonpedeaénnot,
ecm f(u) > 0wu f(v) < 0 mast HEKOTOPBIX U, v € Z2.

Samxauga 13.

Pacmmmpennast apndpmernka: p-agndeckKne Incaa

B sr1oit vacTu npoekTa MbI 3afiMEMCS JTOKA3aTEILCTBAMU CJICTYIONIEH TEOPEMbI.

Teopema (Merareopema). Kpajparnoe ypaBHeHne oT Mpou3BOJIBHOTO UHC/IA MEPEMEHHBIX HMe-
eT pellleHus B PallMOHAJbHBIX YHUCJ/aX TOI/a U TOJIBKO TOrJA, KOIJ[a K 9TOMY HET IPelATCTBUIA,
CBSI3aHHBIX C OCTATKAMU TP JIeJIEHUU Ha, TIPOCTHIE YUCTIA.

C momorrbio Merareopembl Mbl jiokazkem Teopemy (Laycca) u ciesyronyto Teopemy Jlexkampa.

Teopema (Jlexkanap). Bestkoe mostoxKuTeI5HOE 1EJI0€ TUCIIO TIPEJICTABAMO B BUJIE CYMMbBI 9€THIPEX
KBaJIPATOB LEJIBIX IUCEIL.

B mpoekTe MbI mpejiaraem mojpasouenne TeopeMbl (Kak u Teopembl aycca/Jlexanmpa) Ha
HECKOJILKO TOA3aJIaY, KasKJasd M3 KOTOPBIX MOXKET OLITh pellleHa caMocTodTeabHo. Jlia madasa
HAM HYKHO NPHJIATH KaKoi-Huby b hopMasbHbIil cMbICsT (hOpMAIbHO HeolpeaeéHnoi (1 nedop-
MaJIbHO HEBEPHOIi) MeTareopeme. Haquém Mbl ¢ TIpUMeEpa, & UMEHHO CO CJIEYIOIIEro yTBePK ICHMUsI,
ABJIAIOIICTIOCA 9aCTHBIM CJIyYaeM MeTaTeOPEMbI.

Omnpepenenne 5. Yuciio m Ha3bIBAETCA K6AOPAMUYHDIM 6BLIYEMOM B OCTATKAX IIPU JEJICHIN HA 1,
€CJIM CyHIECTBYET 1eJIoe 9uciIo ¢ Takoe, uro m = t2(mod n).

Sagaun 14-15.
Eciim HO/[(m,n) = 1, To u3 yciaoBuii a)-c) 3agaun 14 cjeyer CyIecTBOBAHUE HEHYJIECBOIO
PAIMOHAJILHOIO PEIeHs yPaBHeHMs
ar® + by? = c.

Ecmu HOI(m,n) # 1, To na napy (m,n) J0JKHBI OBITh HAJIOKEHBI JIONOTHATEIbHbBIE YCIOBHUS,
cBsi3aHHble ¢ pocThivu Jesurenavu HOJ(m,n). Dtu yeaoBus 10CTaTOYHO MPOCTHI, HO IPOMO3/I-
K. VI3AmubIil criocob 3alicu 3TUX YCJIOBUIA CBI3aH C MIOHATHEM p-aiudecKoro ducia. s sagasa
MBI OIIPEJIEIUM P-aJINUIECKUe YUC/Ia U BBIIBUM WX IpocTeiiniue (~ BayKHEMIIne) CBOCTBA.
JJ1sl KazKJI0ro IpOCTOro 4ucjia P ONpedeuM Z, KaK MHOXKeCTBO (DOPMAaJIbHBIX BBIDAKEHUI
BHUJIA
ap+ap+...+ap"+... (a; €7Z) (1)



(qEcsio caraeMbIX MOXKeT ObITh GeCKOHEYHO). JIBa TaKnuX BBIpAsKEHUsI CUUTAIOTCST PABHBIMU, €CJIN
OHM COBHAJIAIOT C TOYHOCTBIO JI0 “WIEHOB Iopsjika p™ jyid joboro n. K npumepy,

l=@(p+1)—@+p+@+1)p*—@+1)p*+....

Broipazkenus Buja (1) MOXKHO CKJIQ/BIBATH, BEIYUTATH U YMHOKATH. Takum 06pasoM, Jist KarxK-
qoro ypaHeHusi f = 0 ¢ koadduimeHTaMu B HMEeJIbIX YUC/IaX MOXKHO PACCMAaTPUBATh €r0 PelleHusT
B Z, (=: mesbIx p-ajndeckux dnciax). Ciefyrommast 3a1a4a yKa3blBaeT Ha CBA3b PELIeHNil B IeJIbIX
YUCIaX U PEIICHU B MEJIBbIX P-aIuIeCKUX IUCTIaX.

Samaga 16.

Henbie p-ajguvaeckne duciia MpeacTaBisioT coOO pacHimpeHne MOHSTHS IIeJI0r0 dnucia. Takoe
JKe p-pacIiipenne IMeeT U IMOHSITHe PAIMOHAIBHOro dnciia. st KaXKI0ro mpoCcToro p Ompe e/ iM
Q, KaK MHOXKeCTBO (POPMAJILHBIX BbIDAXKCHUIT BHJIA

a_wp Pt app TN+ anp" + . (2)

(k — mpousBosbHOE 11eJ10€ UnciIo, a; € 7). OUeBUIHO, 9TO BCSIKOE MEJI0e P-auIecKoe YUCI0 MMEeeT
Buj (2) cap=..=a_1=0.

JList TOro, 9ToOBI MOMOYb yYACTHUKAM IPUBBIKHYTH K ITOHSTHIO P-aJIMYECKOI0 UNC/Ia, HUKE
MBI IIPUBOJINM HECKOJIBKO 3a/1ad.

Samauan 17-26.

Tenepb MbI TOTOBBI K (popMasIbHON Bepcun MeTtaTeopeMbl.

Teopema (ITpunnun Munkosckoro-Xacce). Kpajgparrnoe ypashenune f = 0 OT HECKOJIBKUX Ie€pe-
MEHHBIX MMeEET pelieHrue B palllOHaJIbHBIX YHC/IaX, €CJIM U TOJIBKO €CJIM OHO MMeEeT pellleHud

a) B BEIIECTBEHHBIX YUCJIAX,

6) p-agmaeckux uuciax (:=Q,) It BCIKOrO IPOCTOrO MHCIA P.

Sagaqa 27.

[Ipuaiun MunkoBckoro-Xacce CBOJUT PeIleHre YPaBHEHUH B PAIMOHAIBLHBIX YUCIAX K Pelre-
HUIO TeX YK€ ypaBHEHU B YucIax p-aandeckux. IIpu aTom mogpasymeBaercsi, 9T0 periaTh ypaBHe-
HUsI B YUCJIAX P-aIMIeCcKuX MHOTO mporie. s Hagaia Mbr copmymupyeM B Buje Habopa 3a1ad
AJITOPUTM PEIeHrsT KBaJIPATHOTO YPaBHEHHUsI OT JBYX IEPEMEHHBIX B p-audecKnx dncjaax. Had-
HEM MBI C OJIHOPOJIHOIO ypaBHEHUs

22 —az® —by* = 0. (3)

Omnpepenenune 6. Ilomoxkum (a,b), = 1, ecam ypasnenue (3) uMeeT HEHYJIEBOE PEIICHUE B IIEJIBIX
p-aJidecKux dnciax. B nporusnom ciydae nosoxkuM (a,b), = —1. Snauenue (a,b), HasbiBaercs
cumeonom luavbepma napst (a,b) MO OTHOIIEHUIO K TIPOCTOMY IHCITY P.

Takum 00pas3oM, JIsd pelleHnst ypaBHenus (3) XO4eTcss HayInThCsS HAXOAUTH 3Hadenus (a,b),.
Samaan 28-29.
Y100BI KOMITAKTHO 3aIMCaTh ABHYIO (DOPMYITY I CUMBOJIA ['miibbepTa, HaM moTpedyeTcs cuMm-

xz . .
son Jleotcandpa | — |, onpemenéuublit J1yist JTIOOBIX 1es10r0 o 1 poctoro p. Ou pasen 1, —1 wm 0
p

B 3aBUCUMOCTH OT TOTO, ABJIAETCH T HEHYJIEBBIM KBaJIPATUIHBIM BBIYETOM, HEBBIUETOM HWJIN HYJIEM
1o MojtyJtio p. g neuéraoro mpocroro p cuMBoJI JIexKanapa BeIYucssgercd 1o hopmyJie

()=

I
8
S

(mod p).

Samaan 30-39.



ypaBHeHI/IH OT ABYX II€epeMEHHbIX N KapPThbl

B s70it yacTu poekTa Mbl pa30BbEM TEXHUKY, ITO3BOJIAIONLYIO 9P (HEKTUBHO PEMIATH B MEIbIX YUC-
JlaX ypaBHEHHE
E, :ax® +bry+cy* =m (4)

OT HEJIbIX IIEPEMEHHBIX T, Y, T a, b, ¢, m — Kakue-To 1eible unciaa (napamerpsr). st sroro
MBI COIOCTABUM KasKJIOH KBaJIpaTHIHONH (popMe OT JIBYX IEPEeMEHHBLIX KapTy U BBIPa3UM CBOIi-
crBa ypasHenust (4) depes cBoicTBa 3TOil KapThl. MbI HaJIeeMest, 9TO ¢ HOMOIIBIO 3TOTO MOJIX0JIA
YUACTHUKHU [TPOEKTA CMOIYT TaKzKe PEIlIUTh CJeyIolnue (Cyep)3aiadn.

Bagaga 46 (Cymepsagaua). lokaxure, 910 eciu ypaBHeHue [, UMeeT pelIeHUs PU KAKOM-
TO MOJIOKUTEJTHLHOM YHCJIEe 1M, ITPU KAKOM-TO OTPHUIATETHHOM YHUCJIE 1M U He UMEET PelleHuil Ipu
m = 0, To Jjgd Bcdkoro m win F,, He mMeeT pelieHuil, wim ke F,, uMeeT OCCKOHEYHO MHOTO
perennii.

Bamaua 47 (Cynepsasiada). Bepro i, ato ecin ypaBaerue F,, MMeeT PEIIeHUs B IEJbIX TUCIaX
pu
m =41, 42, +3,

TO Em nMeeT pemeHund 1Ipru BCAKOM HEJIOM YHUCJIE m?

Banmaua 48 (Cymnepsanada). [okaxkure, uro ecin ypashenus Fy, Fy, F3, E5 UMeOT perieHus B
LEJIBIX YUCJIaX, TO ypaBHeHue [, nMmeer perieHus mpu KakoM-1o m < 0.

Hauném ke MbI ¢ IpuMepa perennsi ypaBHEeHUs ¢ IIOMOIIBIO KAPTHI.

ITpumep paboThl ¢ KapTamu

[Hesb 3TOTO IIyHKTA — IMIOMaxaB PyKaMy, IOKa3aTh, YTO MHOTOYJIEHAM OT JIBYX ITEPEMEHHBIX MOYKHO
COIIOCTABJIATH KapThl. K mIpuMepy, MHOTOYJICHBI

202 + 22y — P =1mua? — oy +y? =2

O6JI&,H&IOT KapTaMn

19 |*=

/N /\

= 3

1 N3 9TUX KapPT BUJIHO, YTO COOTBETCTBYIOINE YPaBHEHUA HE UMECIOT pemeHHﬁ B IIE€JIbIX YHCJIaX.
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Pucyem KapTUHKY 2

st Toro, 9ToObI HAKTH YTO-TO O0IIEe CPeu MHOYKECTBA U€ro-TO OUY€Hb PAa3HOro, ObIBAET MOJIE3HO
PacCMOTPEHNE «BCErO U CPa3y» OJHOBPEMEHHO U CHAOYKEHHE STOTO «BCEroy KakKOH-Ir00 JOTOTHU-
TEJILHOW CTPYKTypoii. B cooTBercTBUM € 3TOi cTparerneil /s KaXKa0i KBaIpaTUIHON (hOpMBbI f
MBI PACCMOTPUM BCE KBaIpaTUIHBIE (DOPMBI, €if 9KBUBAJICHTHDBIE C TOYHOCTBIO JI0 TAK HA3bIBAEMOit
JIMHEHHON 3aMeHbl 6a3uca, u CHaOIUM UX JIONOJTHUTEIBHON CTPYKTYPOR (MBI PA3MECTHM «TOUYKH»
KBaIPATHIHBIX POPM HA IJIOCKOCTH U COCIMHUM UX oTpe3kamu ). Jljist ocyecTBIeHUsT 9TOTO TIaHa
HaM TI0TpeOyIoTCs TIoHATHs Gasuca u cynepbasuca, Z>2.

Onpenenenne 7. Basucom 72 nasbiBaercda Takoil Habop wi,ws € Z2, uto jyig moboro v € Z2
CYIIIECTBYIOT YUCTa M, N € Z, AJis KOTOPBIX

UV = muwi + nwsy.

Y nac ObL10 noHsgTHE dKBUBaJEHTHLIX (opMm. K coxkasenuio, npu padbore ¢ kapramu Oosee
MIPABUJIBHBIM SBJISETCS CJIEIyIoIIee TTOHATHE.

Onpenenenne 8. JIse bopmbl f1, fo HABBIBAIOTCS 9KEUBAAEHMHBIMU C MOYHOCTIDBIO 00 AUHETHOT
samenv, basuca, eciin 3 a, b, ¢, d, 1 kotopbix ad — bc =1 u

fi(z,y) = folaz + by, cx + dy).
Sanaqu 49-52.

Omnpenesenne 9. Cynepbasucom 7> nasvisaerca nabop {+twy, +wq, +(wi+ws)}, rae {wy, wy} —
Kakoii-To 6azuc Z?. Hazopém 6asuc {wy, wy} cneyuasusayueti cynepbasuca {+wy, ws, +(w; +
wy)}. Hasosém cynepbasuc {f+w;, tws, £(wy + we)} pacwupernuem 6asuca {wi, ws}.

VYupakaenue 1. Bomunmnmre Bee pacipenust gansoro 6asuca {wy, wp}. Boimummre Bee crerp-
asm3anuy jganHoro cynepbasuca {twy, fwy, £(wy + ws)}.

Tenepb MbI TOTOBBI HAPUCOBATH KapTy KBajpaTudHoit dopmel f. Hauném Mbl ¢ Toit eé yacru,
9T0 OT f HUKAK He 3aBHCHT:

(1) xaxkomy cynepbasucy {tw;, tws, £(w; + we)} MBI comOCTaBIITEM TOUKY Ha IJIOCKOCTH
(BeprmHy Oy/ryiero rpada),

(2) kaxaomy Gasucy {wi,wy} MBI comocTaB/isgeM OTPe30K Ha mtockoctu (pebpo rpada), co-
eJIMHSIONTIH TOYKHU-CYTepOa3nuchl

{j:wl, :l:’wg, j:(wl —|—w2)} n {iwl, :l:U}Q, :l:(iﬂl — ’wg)},

(6asucam {wy, wy}, {—wy, we}, {wy, —ws} u {—wy, —wy} coorBercTBYET O/HO U TO Ke PedPO),
(3) kaxoMy Habopy w € Z? Mbl COIOCTaBJAEM 00JIACTh MJIOCKOCTH, IPaHUIel KOTOPOTO siB-
JIFIOTCS OTPE3KN-0a3MChl, HAOOP W cojieprkariye (HabopaMm w U —w COOTBETCTBYET OJIHA U Ta JKe
06/1aCTD).
OxkazbIBaeTcs, ITO BCIO 3TY KAPTHUHKY MOXKHO HapPUCOBATH Ha ILJIOCKOCTU.

2Te, KTO XOUeT Cpa3y YBUJETh, KAK HADICOBATH KAPTY KBAIPATHIHON POPMBI, MOTYT 3aIJISHYTh B JOIOIHEHIE
K 9TO#l 4acTu IPOoeKTa. A IIOTOM IOLyMATh O TOM, KaK K€ JOKa3bIBAIOTCS CBOMCTBA 9TOH caMOii KapThbl.



AN .

Bamernm, aro (5) 0K HUKAK HE 3aBUCAT OT KBajapaTudHOH (hopmbl f. Mbl HanmIeM B Kax-
noit obmactu (5) (& HOTOM ¥ PSIIOM € KazK/JIbIM OTpPe3KOM (5)) 4ucsIa, U 10 9TOMYy HabOpy HHCe
KJIaCC 9KBUBAJECHTHOCTU ¢ TOUYHOCTBIO J0 JUHEHHON 3aMeHbl GopMbl f OyIeT OJHO3HAYHO BOCCTA-
HABIUBATLCA. MBI HCIIOJIBL3YEM CJIE/Ly IO IPABUIIA.

(1) B obaactu, coorercryiomeil Habopy w € Z?*, Mbl Hanuiem quciao f(w).

(2) Pagom ¢ orpeskom I, cOOTBETCTBYIONMM 6a3ucy {wi, ws}, Mbl HAIMIIEM TOJOKUTEIHHOE
9HCII0, IO MOJLYJIIO PABHOE

flwy +wa) — f(wr) — f(ws).

Ecin f(wy 4+ we) > f(w; — wse), HAUAIOM OTpe3Ka [ MBI cauTaeM TOUKY-CyIlepbasuc
{iwla :t'l,UQ, i(wl - wZ)})

a KOHIIOM CUHTaeM TOuKy-cynepbasuc {twy, +wy, £(w;+wsy)}. Ecn f(w; +ws) < f(w; —wq) —
to rHaobopor. Ecau f(w, + we) = f(w; — wy), T0 Hanpasienue Ha [ MbI He 33/aéM (M HUKAKOTO
qHCsIa PJIOM ¢ [ OOBITHO HE IHIIEM ).

Pesymbrar 3T0i#t mIporielyphl MBI Ha3bIBAEM OPUEHMUPOSAHHOT Kapmotl keadpamuyunot dop-
mo, f. Eciu ¢ auciamm okosto pébep n X HAIPABJICHUAME MBI HE 3aMOPAIHBAEMCsI, TO COOTBET-
CTBYIOIYIO KAPTUHKY MbI Ha3blBaeM xapmoti xeadpamuunoti gopmot. g dopm 222 + 2zy — y* un

2% — 2y + y? KapThl U300pazkeHbl Ha PUCYHKAX IEePBON CTPAHUIILI IPOEKTA.

Yupakuenue 2. Hapucyiite (opueHTHpOBaHHBIE) KAPTHI JIJIs KBAPATHIHBIX (DOPM

f1:3$2+9$?/+7yza f2:$2_2y2a f3:$2_3y2'

B crenxyromux asyx sagadax uncia A, B, C, D, h orHOCATCS K KapTUHKE




Sagaan 53-55.

Citetytoriee orpe/ieieHre SBJISeTCs KJIIOUEBbIM B PEIeHUN OOJIBITNHCTBA BOIIPOCOB O TOJIOZKU-
TEJILHO OIPEJIEJIEHHBIX KBaIPATUIHBIX (POPMAX.

Onpenenenne 10. Koaoduem Ha3bIBaeTCs BepIINHA OPUEHTHPOBAHHONW KapThl KBaPATHIHON
dopmbl, Bce pébpa, MHIMIEHTHBIE KOTOPOIi, HAIIPABJIEHbI He K Heil.

Sagaan 56—60.

Ham 6n1 x0Te10Ch 00paTUTh BHUMAHKUE Ha, CJIELYIONINE HECKOIHKO (DaKTOB:

1) uzeiino pemenus cynepsagad 1, 2 u obmero ypasuenus Buja (4) 6musku K 3agadam 59, 60.

2) B TSXKEBIX TPYIOBBIX MaTeMaTHIeCKUX OyjHAX HUKTO (Kpome Bac camux) ne Gyjer mu-
cath Jyisi Bac psiji (JIoCTATOYHO MPOCTBHIX) YIPasKHEHUil, KOTOPBIA BEI Obl K PEIIeHUIo TOH win
MHON CKOJIbKO-HUOY/Ib MHTEpecHOil 3aa4du. Bam odenb moBe3ér, eciim Bawm (ware Bcero, ycaoBHO
CJIY9aiiHO) PacCKayKyT CKOJIbKO-HUOY/b 3aMETHYIO0 YacTh HYKHBIX IPU DEIIeHUN 3aJadu uieil u
ITPUEMOB.

3) mesb JIaHHOM KOH(EPEHIMH — MMO3HAKOMUTH Bac B Toil wiu wHON (opMme ¢ TPYIOBBIMU
MATEMATUICCKUMU OYTHIMU.

Ecmm BBI emé He Jora/iaauch, K 9eMy MbI KJIOHHUM, TO Ha 3TOM YIIParKHEHWs, [TOMOTAIOIINe
Bawm crpaButhest ¢ cymep3agadamu 1, 2, 3 ¥ HAy9IUThCs permarh obinee ypapHeHue Bujga (4), 3a-
konumyinch. llbitascs emé nemnoro obsierants Barry y4acTb, Mbl IPUTOTOBUJIN HAPY KAPTUHOK,
KOTOpBIe (MOxKeT ObITh) MOryT Bam B (46M-HEOY/1H) OMOYDL WK (4TO-HUOY/Ib) I10/ICKA3aTh.



Pabo4ye-KpecThsIHCKOE onucaHne KapThl KBAJPATUIHON (POPMBI

Aunropurm f — I'y : PaccMorpuM GecKOHETHOE IIIIOCKOE TPOUTHOE J€PEBO (T.€. HAPHCOBAHHBIIA
Ha IJIOCKOCTH CBSI3HBIA rpad 6e3 MUKJIOB, CTeleHb KayKJ0il BepIInHbl KoToporo pasha 3). Yacrb
Takoro rpada uaeT HuxKe.

AN o

PaccMOTpUM KaKyio-TO BEpIIUHY 3TOrO rpada 1 BIUIIEM B TPU MHIMJICHTHBIE € TPAHN IHCTa
f(1,0), f(0,1) m f(1,1), Kak MOKA3aHO HA PUCYHKE.

f(1,1)

fo, 1) f{1, 0)

P )

3Ha4YeHUA BO BCEX OCTAJILHBIX I'paHAX OIIPEACTIAI0OTCA 110 IIPpaBUJIY




IIpaBusio 1: Eciu Tpu 3HaUeHHsT Ha TpaHIX OKOJIO OJHOIO pebpa (Kak IMOKa3aHO Ha PUCYH-
Ke (8)) m3BectHbI, TO YeTBEPTOE OlpeeAercs dhopmynoit 2(A+ B) = C + D.

Jlerko BHzeTb, 4TO 3TO mpaBuio ompedeisger Kapry I'y. Temeps o xkapre I'y Mbl HOCTpOHM
OPUEHTUPOBAHHYIO KapTy ff 10 CJIEJYIOIUM IpaBuiaM (cM. pucyHok (8)):

IIpaBusio 2: Haj pebpom h Mbl HAITHITIEM YUCJIO

((A+ B)—-C|=|(A+ B)— D|.

IIpaBusio 3: Ecm C < D, 1o Mbl 3amensiem pebpo h Ha crpenky n3 C' B D; ecsim C' <
D, o mbr 3amensiem pebpo h Ha crpenky u3 D B C; ecm C' = D, 1o MBI ocTaBjsieM pebpo h
HEOPUEHTUPOBAHHDIM.

CsoiicTBa KapThl:

1) roukam rpada I'y coorBercTByIoT KBagpaTHIHble GOPMBI, SKBUBaJIEHTHLBIE (hopme f ¢ TOUI-
HOCTBIO JI0 JIMHEHHON 3aMeHbl;

2) rpann I'; HAXOZATCA BO B3aNMHO OHO3HATHOM COOTBETCTBUM C HEHYJIEBBLIME DAIIMOHAIBHBI-
MU YHCIaMHA 7

3) BHYTpHU KaxKJIOf T'paHi HAIMCAHO YUCJIO, PABHOE 3Ha4YeHUIO f(7,n) HA COOTBETCTBYIOIIECH
" mape MesbIxX qucest (m,n);

4) kBagparudabie GOPMbI f U ¢ SKBUBAJEHTHBI C TOYHOCTHIO JI0 JIMHEHHOM 3aMEHBI, eCJIi U
T0JIbKO KapThl 'y u I'y o/iuHaKosBwl.
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BBoaubie 3amaun

2

Banaua 1. [loxaxkuTe, 9To ypapHenus a) 2x2 + 2zy — y? = 1, b) 22 — 2y + y? = 2 He nmeror pemennii B

TEeJIbIX YHCJIaX.

Jlokasameavcmeo. a) AHaIM3 OCTATKOB NPHU JI€JIEHAN HA TPU TOKA3LIBAET, ITO ypPABHEHUE
202 4+ 2zy —y? =327 — (y—x)* =1

HE UMEET PEIeHuil B IEeJIbIX YUCIIax.
2 2 _ 1(02 4 2 2y _

b) Jlerko Buners, uto ecim |x| > 3 mmu |y| > 3 ypasnenne x° — xy +y° = 5(z° +y° + (z —y)?) =2 me
MMEEeT peIleHuil B TeJIbIX duciaax. llepe6op ocTaBmmuxcs 25 BADMAHTOB IIOKA3BIBAET, YTO PEIEHUIT B IEJIBIX
YHCJIAX Y ITOTO yPABHEHHS HET.

b) Bamernm, uro z2 — zy + 2 = (v — y/2)? + 3/4y® = 2, 10 ectp y? < 8/3, |y| < 1, amanmormumo
quist x. OtHAKO XOTs OBI OJTHO U3 T U Y JIOJDKHO OBITH U8THOE, TO eCTh Hysesoe, mycTh © = 0, Torma y? = 2,
NPOTUBOPEYHE. O

Bamauga 2. JlokaxuTe, 9To ypasHenus a) 2 — 2y? = 1, b) 2 — 3y? = 1, ¢) 22 — 6y? = 1 mmMetoT GeCKOHETHO
MHOT'O pellleHnil B HeJbIX YUCIax.

Jokasameavemeo. a) Iljist BCIKOTO 1EJI0T0 1 HAGOPHI

(34 2v2)" + (3 —2v2)" (342v2)" — (3 —2v2)"

2 y 22

ABJISIIOTCSL PEIIEHUSIMI YPABHEHUSI.
b) lyist BCSKOTO 1EI0T0 1 HAGOPHI

2+ V3)"+(2-V3)" (2+V3)" —(2-V3)"

9 Y 23

SIBJISTFOTCSI PEIEHUsIMUA Yy PABHEHMUSI.
¢) st BCAKOrO 1esioro n Habopbl

(5+2V6)" + (5 — 23/6)" (5+2V6)" — (5 — 2/6)"

2 y 26

ABJIAIOTCS PENICHUAMI ypaBHEHUS. O

Bamaga 3. Jlokaxkure, uro ypasHenue 2 + 1000zy + 1000y? = 2001 umeeT GECKOHEUHO MHOTO PelleHuil B
TIEJIBIX TUCJIaX.

Jloxazameavcmeo. Huekpmvumant 10002 — 4 - 1000 ypasmenus 22 + 1000zy + 1000y2 = 2001 6ombme 0
He ABJIgeTca HOMHLIM KpagparoMm. CremosaTennno, dopma 2 4+ 1000xy + 1000y2 = 2001 Heompezerena, He
upezacrasisier 0 u npesacrasiser 2001 nmpu x = y = 1. Tlo 3amage 46 oTcioma ciieryer, 9T0 y ypaBHEHUS

x? 4+ 1000y + 1000y = 2001
OECKOHEYHO MHOTO PEITeHUil. O

Bagaua 4. OukcupyeMm HEIETHOE TPOCTOe YuCIo p. JJoKazkuTe, 9ro ypaBHenne 2 —py? = —1 umeer pemrenue
B IIEJIBIX YHUC/IAX, €CJIU U TOJBKO €CJIN P UMEET OCTATOK 1 mpwu jejieHuu Ha 4.

Joxasamenvcmeo. Ilycrs ypasrernne 22 — py? = —1 umeer nenoe pemenne. JloKazKeM, 9TO p IMeeT OCTATOK
1 mpu nenenun ua 4. JleficTBUTEIBHO, B 9TOM Ciiydae —1 SBJISETCS KBAIPATUIHBIM BBHIUIETOM IO MOJYJIIO P,
r.e. p =1 (mod 4).

Hao6opor, nycrs p = 1 (mod 4). ITo cynepsanade 46 cyiecTByeT HETPUBHAJIBHOE DEIIEHHE YDABHEHUS
2?2 —py? = 1.

I[Tyctsb S — MHOXKeCTBO permenuii (2o, yo) ypasaerns x> —py? = 1 Takux, 4to xg, yo > 0. Ilycts (70, %0) —
9TO perreHne u3 Sy ¢ HANMEHBIINM 3HAYEHUEM Yg. loraa

(zo — 1)(z0 + 1) = py3. (1)



U3 (1) caemyer, aro nim 2(xg+ 1), nnn 2(xg — 1) siBIIsIeTCsT MOJTHBIM KBaIpaToM. PaccMoTpuM 06a BapuaHTa.
ITycrb 2(x9+1) = d? 17151 KAKOTO-TO I1eJION0 HOJIOYKUTEIbHOro uncia d. Torma d SBIseTcs Y6THBIM YHCI0OM
u d | yo. Honoxxum d = 2dy. Tosnoxum

x1 = (20 +1)/d = do, y1 = yo/d.

Torna
1 2(xg +1
2t —pyt = 5 (w0 + 1) — pyg) = % =1

Taxum obpaszom, (z1,y1) Takxke npuHaAIEXRUT S4. O9eBUIHO, UTO ¥ < Yo, ITO IPOTUBOPEIUT IIPEIIIOIO-
JKEHUI0 0 MUHUMAJIbHOCTH Tapsl (Zo, Yo)-

ITycrs 2(x9—1) = d? 1151 KAKOTO-TO IeJION0 HOJIOYKUTEIHHOro unciia d. Torma d aBiseTcs Y6THBIM YHCI0OM
u d | yo. Honoxxum d = 2dy. Tomoxum

x1 = (2o — 1)/d = do, y1 = yo/d.

Torna
1 2(1 — xg)
3 —pyi = ﬁ((xo — 1% —pyy) = (T =-L

KM M, (21, 1)) FBIAETCS pellleHueM ypPABHEHHs T2 — = —1. Ero u TpeboBaoch HaHTH.
Ta ob6pazom, (1, eTcsl peleHne aBHE 2 2 1. Ero €60BaJIOCh Ha O

3anmada 5. Jlokaxkure, 9T0 JJjIs BCAKOTO 1M KOJMIECTBA PEIIEHUN B IEJIbIX UUC/IAX YPABHEHUN
2 —zy+yi=m u 322+9%2y+ 7y =m

OOWHAKOBBI.

Poaytyt=m

Loxazameavcmeo. Mbl moKaxkeMm, 9TO BCIKOMY IEJTOYHUCIEHHOMY PEIIEHUI0 YPABHEHUS T
COOTBETCTBYeT IeJIoYnCIeHHoe pelnenne ypasaerus 32 + 9zy + Ty? = m. U mao60por.
Ilycts v = o +y, u = —x — 2y, OUYEBHUHO, 3TU BhIpasKeHus nessle. Ilogcrasum B 22 — zy + y? BMecTo
2 BBIpasKeHHe U + 2v, BMECTO y BbIpazkeHue —u — v. Loayunm 3u? + 9uv + 7v?. Taxum o6pa3oM, BCIKOMY
pemmenmio ypasHenns 3x2 + 9zy + 7y? = m COOTBETCTBYeT pelllenue ypaBHeHHd 2 — xy + y2 = m.
O6patno, moactasuM B 3x2 + 9zy + 7y? BMecTo 2 BEIpasKeHHme u -+ 20, BMECTO Y BBIPAyKeHme —u — .
IMomyunm u? — uv + v2. TakuMm 06pa30M, BCIKOMY DEIICHHIO YPABHEHHS T2 — XY + y2 = M COOTBETCTBYET

penenne ypasHerus 3x2 + 9zy + 7y? = m. o

2

Bamaga 6. JloKayKuTe, UTO JJIsl BCIKOTO IeI0T0 UNC/IA N yPaBHEHHE T2 + Y2 = N UMeeT pellleHre B IIeIbIX
qUCIaxX, eCJIU U TOJBKO €CJIM OHO UMeeT PelleHUs] B PAIMOHAJIbHBIX UHUCJIaX.

Jlokasamenvcmeo. IlycTh pamuoHa bHbIe YUCHIA T, Y TAKOBBI, 9TO o2 + y? = n. 3HaMeHaTelb Yice] T U Y B
npuBenEcHHON bopme oauH U TOT ke. Mbr 0003HaYNM €ro d 1 HOIYyCTHM, YTO MbI BEIOPAJIHN T U Y TaK, ITOOBI d
OBII0 HAMMEHBIITIM BO3MOXKHBIM. [Ipemnosoxum, ato d > 1 (T.e. 9T0 T, i Hene bl  y ypasHenns x2 +y2 =n

HeT meibIx permenuit). Ilycrs ry, vy — 9T0 OGipKafimue K «, Y IeJble UHCIA COOTBETCTBEHHO, Sy = T — Tg,
8y =1y — 1y. Torma .
2 2 2 2

|s2], |8y < bR Syt 8, =n— (rz + Ty) — 2(8aTz + SyTy). (2)
ITosoxkum ) ) ) )

S se(n—ri—1y) S =1 sy(n—r3 —1ry)

—lx =™ T o o o5 —ly = = 5 5
s2 + 55 s2 + s%

Us (2) cremyer, uro s2 + si = d'/d, mpuaém 0 < d' < d. Orciona ciexyer, 9ro B NpuBeISHHON (opme

3HaMeHaTesab d apobeit x', y memur d, B wactHOCTH, MeHbine d. Nmeem /2 + y2 = n. CnemoBaressHo,
3HaMeHaTe b apobeit o', ¥’ MenbIine 3HaMeHaTe s npobeit x, y. IIporusopeune. Ciemosarenbho, d = 1, T.e.
ypasuenue x2 + 2 = n uMeeT peIleHns B IEeIBIX THCIaX. O

3anmaya 7. [IpuBemure mpumep KBaIPATUIHOTNO yPABHEHUS C IEIBIMEU KOI(MDUIIMEHTAMI, UMEIOIIErO Perre-
HUsI B PAIMOHAJIBHBIX IHCJIAX, HO HE MMEIOIIEro PEIeHN B MEJIbIX IUCIaX.



Jloxazamensvcmso. Pacemorpum ypasaerne 4z2 = 1. 3nadvenue % JAET paIMoOHAIBLHOE PENTEHNE STOTO yPaB-
HEHWsI, a BOT IEJIbIX PEIeHul Y 9TOro ypaBHEHUS HET. O

3amaya 8. Jlokaxkure, 4TO JJIsl JIOOBIX IEJIBIX TOJOXKUTEIBHBIX YHUCEJI ¢ U b CyIecTByeT 6ECKOHEYHO MHOI'O
HATYPAJIbHBIX THCEJI M, JJI KOTOPBIX ypaBHeHne ax’ + by? = m He UMeeT PeIIeHuit B Ie/IbIX YUC/IaX.

Jloxazamenvcmso. Ilycrs N — Kakoe-To Iesioe uncio. Ecim pis kakoro-to n < N ypasrenue ax’ +by? = n

AMeEET peIIeHue, TO
N N
| <= lyl </

a b

Takum o6pazom, ecim i Besskoro n < N ypasaenne ax? + by? = n umeer permenne, To cymectsyer N map

quceJ (m,y) Takux, 9T0o 0 < x < N <y < %. Torna

@’

N
N < —.
Vab
O4eBUIHO, YTO 9TO HEPABEHCTBO HE BBIMIOJIHEHO [IJTst JOCTATOYIHO Oosibmx N, ecim ab > 1. C yuérom sToro
OCTAJIOCh paccMOTpeTh ciay4ait ¢ = b = 1. Hu oxmo [wmciio, mmeromiee octaTok 3 mpu jejeHun Ha 4, He
npejcTaBIgeTcs B BUe T2 + y2, 9To 3aBepHIaeT J0KA3aTelbCTBO. O

Bamaga 9. JlokaxkuTe, 9TO A/ BCAKOTO IIEJIOTO 9IHCIa m ypasHenue r2 + 2y? — 322 = m mMeer permenue B
MEJIBIX YUCIaX.

Jlokasamenvcmeo. JlocTaTodHo moKazaTh, uTo o2 + 2y% — 322 npencrasaser 0, Bce HEYETHBIE YHCIA U Bee
YUCiIa, UMEIOIIE OCTATOK 2 TPH JeJIeHud Ha 4.

Ioncrasum & = y = 2z = 1 B 22 4+ 2y% — 322. INosyunm 0. Crreoparensho, 22 4 2y2 — 322 npencrasaser 0.

Iogcrapum ¢ = u+ 1, y = u, z = u B 22 + 2y — 322. Hoayumm 2u + 1. CremosaTensno, 22 + 2y? — 322
IpeJICTaB/IsIeT BCe HEYETHBIE THUCIIA.

Ioncrasum . = u, y = u+ 1, z = u B 22 + 2y? — 322. [Momyunm 4u + 2. Crenosarensuo, 2 + 2y? — 322
NpeCTaB/IsIeT BCe YNCIa, UMEIOIIIE OCTATOK 2 TPH JeJIeHun Ha 4.

Ecmu m genures Ha 4, TO TOAEJAM BCe TIEPEMEHHBIE Ha 2 U CBEJAEM 3aJ1a9y K OJHOMY M3 Paso0paHHBIX
CIIyIaeB. O

KBagparnaabie popMbl

3agavya 10. Onumunre Bce mesble 9HCIa, KOTOPBIE MPEJCTABIAIOTCS (DOpMaMu a) x? + y2; b) % — y2; c)
z% + xy + yQ.

Jlokasamenvcmeo. a) n = w2 +1y? ecam U TOIBLKO €CITN B PA3JI0KEHUN 1 Ha TIPOCThIe MHOYKUTEH BCE TTPOCThIE
JIeJINTENN, BXOJAIME B 1 B HEYETHOI CTEIICHH, UMEIOT OCTATOK 1 Ipu meeHun Ha 4.

b) (u+1)? —u? = 2u+ 1. CesioBaTe bHO, Bee HEIETHBIE YHCIa TpecTaBssioTcs dopmoit 12 — y2. Takske
(u+1)% - (u—1) = 4u.

Kaxk wuror, Bce mesible umcia, umetomue octatku 0, 1, 3 npu jgenenun Ha 4 TIpejcTaBIAoTCsa (POPMOit
2?2 — y?. AHanm3 ocTaTKOB IPH JIEJHUN Ha 4 TIOKa3BIBAeT, 9TO YHCJA C OCTATKAMH 2 IpH JeJeHnH Ha 4 He
HpeCTABUMEL B BHAE 2 — y2.

¢) QukcupyeMm 4ucio n. Paccyskjenue, aHAJOTUYHOE PACCYKJICHUIO, TIPUBEGHHOMY B 3ajade 6, moKa-
3bIBaeT, uTo o2 + ry + y? = N UMeeT pelleHHe B PAIMOHAJBHBIX YHC/IAX €CJH U TOJBKO €CIH OHO MMeeT
pelllenye B YMCIaxX TedbIX. B panmoHagbHBIX uncaax dopma r2 + xy + y? sksusasentHa dopme 2 + 3y2
(2 +ay+y? = (z + %)% + 3(4)?). Ilokaxewm, uro dpopma z? + 3y? mpeCTaBIsIeT UCIO N B PAIHOHAID-
HBIX 9mCJIaxX (CM. TaCTh PO CHMBOJ ['mibbepTa), eCiu W TONBKO €CJIM B PA3JIOXKEHUH TUCIa N Ha TPOCTHIE
MHOXKATEJN BCE TIPOCTBIC JIEINTENHN, BXOAAIIIE B HEUETHONM CTENeHn, UMEIOT oCTaToK 1 min O IIpu JiesleHun
Ha 3.

HeitcrBuTenbHo, 2 4+ 3y> = n umeer pemenne B Q Torna u TOJIBKO TOTMA, KOTJIA x% + Sy% —nz2 =0
UMEeT pellleHue B 7 ¢ HEeHyJEeBBIM z. DTo ypasHenue (0 Teopeme MHUHKOBCKOro-Xacce) MMeeT pelleHue
TOIZIa ¥ TOJBKO TOLJA, KOrja cuMBosl ['mibbepra (n,—3), pasBeH 1 i BCex IPOCTHIX p. Bbramesnm ero
HEIOCPEICTBeHHO.



[Iycts p > 3. Bammmem n = p* - u, 3 = p° - (—3). Ilpu nomomu sBHO#H bOpMyIIBI i cuMBosTa ['uibbepTa
U KBaJIpATHUIHOTO 3akoHa B3amMHocTH Laycca (Cepp, Tnasa 1, § 3 Teopema 6) moaydaem, ato

wo=(3) =) G) -G (o= @)
n, — = [ — = [ —— — = [ — . — 2 = ,
b p p p p 3
TO €eCTb JaHHOE BBIpa}KeHI/Ie paBHO 1 BCGI‘)I&, ecJin qéTHO, a HpI/I HeLIéTHOI\/I Q OHO paBHO (g), TO €CThb

paBHO 1 TOria U TOJIBKO TOT/IA, KOIJIa P UMeeT ocTaToK 1 npu Aesiennu Ha 3. Ilosryunim, 9ro eciu ypaBHeHHe
r] + 3y —nz? =0

MMeeT PeIleHUs 110 MOJYJIIO P, IPU 3TOM p uMeeT BuJ 3k + 2, TO B Pa3/IoXKEHUe YUCJIa 7. COMHOXKUTEb P
BXOJIUT B YETHOM CTEIEHN.

Cay4ait p = 2 OCTAaBUM YUTATENIO B KAUECTBE YIIPAKHEHUS.

Cayuaait p = 3. Ilpegmosmoxxum, aro n = 3% - u, upu 3rom § = 1, v = —1. Nmeem:

o= () () - ()

9T0 BBIpaykeHne paBHO 1 TOrma M TOJILKO TOIJA, KOrIa u uMeeT octarok 1 npu genenuu uHa 3. Ho eciam Mbl
yKe 3HAaeM, 9TO BCE MPOCThIE AEIUTEIN BUAa 3k + 2 BXOAAT B YETHON CTEIEHHM, TO 3TO YCJIOBHE HEe TAET
HUYEero HOBOTO. O

Onpenenenune 1. HazoséMm nBe HOpMBI 9K6UBANEHMHBIMU, €CIT OHU TPEIACTABJISIOT OJUH U TOT 2Ke HAabOP
[IEJIBIX IUCET.

3amaua 11. /lokaknuTe, 9T0 KBaIPATHIHBIE (POPMBI

f($7y>a f('rfyvy)a f(:L',y*:L'% f(*l',y) n f(zafy> (3)

IIOITaPHO 3KBUBaJICHTHDI.

Jokasameavemeo. Ecim aucio m upencrasisiercs dopmoit f(x,y) upu & = o, y = Yo, TO M IPEJCTABIISIET-
cst popmoit f(x—y,y) npu x = xo+yo, ¥ = Yo, opmoit f(z,y—1x) upu x = xg, y = Yo+ o, bopmoit f(—z,y)
upu x = —xo, ¥ = Yo, popmoii f(x,—y) upu x = xo, y = —yo. Takum o6pa3oM, Bce IHUCIIA IIPEICTABIIsIE-
Mmbie opmoii f(x,y) npeicrapisiorcd u apyruMu dbopMamu cuucka (3). AHAJOIMYHO [O0KA3BIBAETCS U TO,
YTO BCE YUCJIA, IIPEeJICTaBIsieMble JI000i Apyroil dhopmoii ciucka (3), IPeJCTaBIgIOTCd U BCEMU OCTAJIbHBIMU
dopmamu crimeka (3). Takum o6pasom, Bee popMel ciincka (3) IKBUBAJEHTHBI. o

Bagaua 12. a) Joxaxkwure, aro dopmsr 22 + y? n 22 + 2y + 32 He IKBUBATCHTHEL.
b) Jlokaxure, aro dopma 4w — 6y + 5y He sxBuBasenTHA bopMme ax? +by? HI /I KAKUX TIE/bIX THCe
a ub.

Jlokasamenvcmeo. a) ®opma x? + y? npencrasiser 2, a 2 + xy + y?> — Her. CiiesoBaTebHO, OHU He
9KBUBAJICHTHBI.

b) 3naueHns BOKPYT eJIMHCTBEHHOTO Kostoima dbopmbl 422 — 6xy + 5y? pasuwr 3, 4, 5. Crenosaresnsho,
uncia 3, 4, 5 ABJIAIOTCS TpeMs HAMMEHBIIME 3HadeHusMu (hopMel 422 — 6xy + 5y,

IIycrs a,b > 0. Torya TpeMs HANMEHBITAMU 3HAUEHUSIME (POPMEL a2 + by? MOTYT ObITH HAGOPE! YHCEJ

{a, b, a+b}, {a, 2a, b}, {a,d, 20}, {a, 2a, 4a}, {b, 2b, 4b}. (4)

OueBuzno, 9To HAOOD 3, 4, 5 He gBjsercd HU oguuM U3 (4) HU g KakuX a u b.
CremosaTennno, opMsl 422 — 6xy + 5y u ax? 4 by? He SKBUBAIEHTHDLI HU IIPH KAKIX HEOTPHIATEILHBIX
quciaax a, b. O

3amaua 13. Ilpuseaure mpuMep HEOTPHUIATEIHHO ONPEACTEHHON (POPMBI, KOTOPas HE SABJISIETCS TOJIOKU-
TEJILHO OIPEIeJIEHHOM.

Jokazamenvcmeo. Tpumep: f(x,y) = 2. O



Pacnmpennas apudmeruka

3amava 14. Ilycts m u n — 1eble 9ucia, CBOOOIHBIE OT KBaIpaToB. Eciu ypaBHeHue

2 2 2
25 —mz® —ny° =0 (5)
MMEeT HEHYJIEBOE DEIEeHNE B PAIIMOHAIBHBIX YUCIAX, TO BBITOJTHEHBI CJIEIYIONHAE YCIOBUI

a) XOTs OBl OIHO W3 TUCEJ MM, 7 TIOJOKATEIHHO,

b) m sBIgETCA KBaIPATUIHBIM BBIYETOM NPH JICJICHAN HA 11,

C) N ABJISETCA KBaJIPATUYHBIM BBIYETOM IIDH JICJICHUU HA 1.

Jokasameavemeo. OUKCUpyeM HeHyJIEBOe DAIOHAJIBHOE pernerne (Zo, Yo, 2o) ypaBHeHus (5). Mbl MokeM

CHUTaTb (I/I C‘{I/IT&GM), 9TO YuCJaa T, Yo, 20 B3aAaUMHO IIPOCTHI B COBOKYITHOCTH.

a) Econ m,n < 0, To 23 — my3 — nzg > 0, u paBeHCTBO JOCTUTAETCS TOJIBKO TIPU To = Yo = 29 = 0.

IIporuBopeune.
b) JdocrarodHo J0Ka3aTh, YTO JJId BCAKOTO IIPOCTOrO JEJUTEIsI P 9UCIa M GUCIO N SBJISIETCS TOJIHBIM
KBaJIpATOM B OCTaTKaX IPHU JIEJIEHUU Ha P.

ITycTh p — 3TO KaKoil-To MpocToit JAenutesib m. Eciu n @ p, TO yTBep:KjeHue 3a/1a491, OUeBUJIHO, BBITIOJI-
neno. Ilycts n /p. PaccMoTpuMm Ba caydas: yo - p 4 Yo /P

Homycrum, ato 1o - p. Torma g, 2o TaKzKe AEIATCA Ha P, 9TO HPOTUBOPEYUT TOMY, ITO

HOI(zo, Y0, 20) = 1.
Crnenosatennno, yo /p. Torma B ocTaTKax IIpn JeJIeHHH Ha P BLIIOIHEHO PABEHCTBO
_ 2
n = (z/y)” (mod p),

YTO 3aBEPINAET JOKA3aTEIbCTBO IyHKTA b).
ITyHKT ) JOKA3bIBAETCSI AHAJIOTUYHO IIyHKTY D). O

Bapaua 15. Ceequre MeTaTeopeMy JUisl JBYX IIepEMEHHBIX K PEIIeHno ypasHeHuit Bua (5).

Jlokazamenvcmeo. Besikoe KBajIpaTHOE ypaBHEHIE MMEET BIL
f(X1, X2) = fa( X1, Xo) + f1(X1, X2) + fo =0,

rze fo — 910 OMHOPOMHBIA MHOTOUIEH crenenu 2, fi — crenenu 1, fo — cremenu 0 (T.e. KOHCTAHTA).
Hauném ¢ HEKOTOPOro OBIIEero yTBEPXKICHUS: YPABHEHUST

f(Xl,Xg) =0u f(X1 +cXo + t,Xg) =0

b0 OJJHOBPEMEHHO UMEIOT pelIeHUd, b0 OJITHOBPEMEHHO HE UMECIOT peH_IeHI/Iﬁ B pallMOHAJIbHBIX YUCJIaX JIJIA
BCAKHNX PallMOHAJIbHBIX YHCeJI C, t. MbI ocTaBisieM 3TO YTBeEp2KJAeHUE B Ka9eCTBE IIPOCTOr'0 yIPparKHEHU .
()‘leBI/I,Z:LHO7 9TO 3aMEHBbI BUJIa

f(X1, X2) = f(X1 +cXa, Xo) (6)

JefICTBYIOT HE3aBUCUMO Ha KOMIIOHEHTHI f1, fo W COXpaHLAOT fo.
[IpejgcraBum fo B Bue
2 2
c1 X7 + c12X1 Xo 4 0 X5,

Tae ¢1, C2, Cl2 — ITO IMapPaMeTPHI.
Ecnu fy # 0, 10, ciesaB HecKoIbKO 3amed Buza (6), Mbl MOXKEM CUUTATD, 9TO €1 7% 0.
Pacevorpum ymkmmo
C12
f(X1 = =X, Xo). (7)
201

Jlerko BuzeTs, uro (7) mMeer BUJ
2 7 y2
1 X2 + ¢y X3



JJ1s HEKOTOPOI'O palMOHaJIbHOT'O YUCJIa CIQ. MTaK, MBI MOZKEM CUHUTaATh
f2(X1, Xo) = a1 X7+ 2 X3
2(A1, A2) = C1A] T C2A4
JIJIST KAKUX-TO PAIMOHAJIBHBIX YHUCeJI C1, Co. Ecimum co = 0, a ¢; # 0, To ypaBHenue f = 0 IpuHUMAET BUJ,
X2 = —rX, —
aXy =-rXo— fo

U peraercs saemMenTapuo. Takum 06pa3om, fastee Mbl cantaeM, 9to ¢; 7 0. [lo anamornaabiv coobpazkeHusiM
MBI CYUTAEM, 9TO C # 0.
Jluneitnas dyuxims f1(X1, X2) npegcrapuma B Buse 11 X1 + 72 X2. Pacemorpum 3ameny

1 72
X1, X0) = f (X1 — 2 Xy — 2 ).
PO X0) -+ £ (X1 g e 72 )

Y dbyuxmun f(X; — 70 X2 — ;TZZ) gacth f1 paBHa 0. B aTom ciyuae ypaBuenue f = 0 npuHEMAaeT BUJ

X2+ X2+ fo=0.

DTO ypaBHEHNE SKBUBAJECHTHO OJHOPOJHOMY yPABHEHUIO
C2 Jo
2+ =y + =27 =0.
C1 C1
Yro u TpeboBaJIOCh JI0KA3ATh. O

3anaga 16. YpasHenue ¢ nesnbivu kodddurmerramu f = 0 uMeeT peleHue B Zy, €CJIU U TOJBKO €CIH OHO
uMeeT PeNIeHre B OCTATKaX IPU JeJeHUN Ha P™ JJId BCAKOTO N € Zxq.

Hoxazamensvcmso. Ilycts x1,...,2, — 9T0 pemenne B Z, ypasuerus f = 0. Torma kmaccel 21,...,%, B
ocTaTKax IIpH JeJIeHnn Ha p" SBJISIOTCS PEIleHUsIMA B OCTaTKaX Ipu JejeHud Ha p”. B gacrHocTH, f = 0
MeeT pelleHre B OCTaTKaX IIPH JeJIeHUH Ha P IJI BCAKOIO IEJI0r0 HOJOXKHUTEILHOIO YUC/Ia 1.

Haobopor, mosoxkum, aro ypasuenne f = (0 uMmeeT pelreHne B OCTATKAX IpH AeJEHUN Ha P [AJsT JIOO60TO
LIEJIOTO ITOJIOXKUTEIbHOro yrcia m. ObozHauuM depes Sy, s KaxKIO0Iro 11 MHOXKECTBO PEIleHNil B OCTaTKaX
nipu jejiennn Ha p'" ypaBHenusi f = 0. 1o npeosioyKeHno 9T0 MHOXKECTBO OCTATKOB He IIyCTO JIJIsi BCAKOTO
m > 0.

Taxk Kaxk Jit000O# OCTATOK [P JIeJIEHUN Ha, P MOXKHO PacCMOTPETH 110 MOJLYJIIO P, TO MMeeTcst 0Tobpa-
keHne Spy1 — Spy. Obo3HATNM Uepes SOY mepecedenne 00pa3oB Sy, 4k It Beex k > 0. Tak kax Sp,1x # 0,
To S5 # 0. s KaxKmoro S, € S5° CymecTBYeT Spy41 € Spoyq TAKOU, UTO S, €CTh 00pa3 Sp41. Takum
06pa3oM, MOXKHO TTOCTPOUTH OECKOHETHYIO IEMOYKY

m+1

STyenvsSmyenn, (8)

Te S, €CTb HAabOp M3 M OCTATKOB IPHU JeJeHUHN Ha P"' U S, €CTb HPOEKIUS Sp,41 B OCTATKU IPHU JEJICHUN

Ha p™. TlocaenoBaTeabHOCTH (8) 3a/AET €IMHCTBEHHBIN HAGOD M3 1 IEJBIX P-aJUIeCKUX TUCEIl T, . .., Tn,
00/18/TAT0NNX 33 TAHHBIMA HAOOPAMU OCTATKOB S1, .. ., Sy, - . . IPU JIGJICHUH HA D, ..., P ", . . ..

Yucna 1, .. ., T, SBJIAIOTCI pelleHusiMu ypaBHenus: f = 0. O

Bapaua 17. Korpa p-agunueckoe uncio B dbopme (2) pasao 07
Lloxazameavcmeo. OTBer, cieayromuii u3 onpejesenns: «Kormga a_g+. . .+a_k+ipi = 0(mod p“‘l) Vi». O
3amava 18. Jlokakure, 9TO IIPOU3BEJIEHNE JIBYX HEHYJIEBBIX P-aINUeCKUX 4duces He pasHO 0.

Joxazameavcmeo. PaccMoTpuM 1Ba HEHYJIEBBIX p-aamdecKux dmciaa a,b. Bes orpanmvenus: obmHOCTH MBI
cuauraeM, 4ro a,b € Z, u a,b #Z 0(mod p). Torma ab # 0(mod p) u, crenosarenbro, ab # 0. O

Banmaga 19. Hdokaxkure, uto Q C Q, A BCSIKOrO mMPOCTOro 4HCIa p (ZOKAXKUTe, UTO AJIA BCAKON Mapbl
HEHYJIEBBIX IEJIBIX YHCEJT M, I CYIIECTBYeT P-aJudecKoe YUCsI0 & TaKoe, 9TO NT = m).

Loxazameavcmeo. Bes orpanndenust 0OMIHOCTU CIUTAEM, UTO 17, 2 B3AUMHO IPOCTHI ¢ p. B aTOM mpesmosio-
2KeHun 3aja4a 16 ciremyer u3 3agaqm 20. O



3a/:[aqa 20. ﬂOKa)KI/ITe, 910 —1 SIBJISIETCSI TTOJITHBIM KBa/JIpaTOM B p-aJIUIECKUX YHCJIaX TO'/ZIa U TOJIBKO TOTr/1a,
KOrJla p uMeeT OCTaTOK 1 IIpu JIeJIEeHNn Ha 4.

Lloxazameavcmeo. Cnemyer u3 3agaun 21. O
3amadva 21. Ilpuaymaiite onucanue Jjis p-aJudecKUX YHCEJI, SIBJISIOIUXCS TOJTHBIMU KBaJIPATAMU.

Hoxazamesvcmeo. Mbl paccMoTpuM JBa ciydas: p =2 u p # 2.
ITycrs p = 2. Besikoe 2-agmdeckoe 9ucsio & pecTaBuMo B Buge 2" (2m + 1), rue n — 910 1esioe uco,

a m — 310 1esioe 2-ajmdeckoe aucio. Umeem x? = 227 (1 + 8@) TTosnoxum m' = W Torna
z? = 2%"(1 + 8m’), (9)

rae m’ — 3TO MesIoe 2-aJMmIecKoe IuCIo.

JlokaxkeM, 9TO BCSIKOE 2-aJINUECKOe IUCII0 BUA (9) SIBJISETCSI TIONHBIM KBaJIPATOM B 2-4/ITIECKUX THCIIAX.
JIj1st 3TOrO MOCTATOYHO TOKA3aTh, YTO BCAKOE MEJI0E 2-aMIeCKOe TUCI0 1M’ MPEICTABUMO B BUIE w

Buaromaps 3amage 16, gocrarodso mokasarb, 4yTo cpashenue x(x + 1) = 2m’ umeer perenus B Z Jjist
BCAKOIO ¢ € Zx0. MBI IOKazkeM 9TO yTBEpKICHUE 110 MHIYKITHH.

Baza: ¢ = 1, o4eBuIHO, BBIIOIHEHA.

Hepexos: i — i+ 1. [Tyets m; € Z — 70 pemtenue ypasrenus z(z + 1) = 2m/(mod 2%). Boimosueno oo
U3 IBYX yCJIOBHIA

1) mi(m; +1) = 2m/ (mod 2°+1),

2) m;(m; +1) = 2m’ + 2° (mod 2¢+1).

B cayuae 1) m; siasiercst pererneM cpabrenus 2(z+1) = 2m’ (mod 2“‘1). B ciygae 2) m;+2° apisercs
permennem cpasaenust z(x + 1) = 2m/ (mod 27+1).

[Iycte p # 2, T.e. p — HEYETHOE ITPOCTOE TUCJIO0. Besikoe p-auaeckoe IrcIo & MPEeJACTaBUMO B BHjE p''m,

re n — 3TO IeJoe WHCIO, a M — 3TO IeJoe p-adutdecKoe Tncio, He Aeidmeecd Ha p. Umeem 2 = p?"m?2.
Hosozxxum m’ = m?. Torma
2 2 /
x=p"m, (10)
rae m’ — 3TO IeJioe p-aJIMdecKoe UHCJIO0, OCTATOK IIPH JIeJIeHHH HA P KOTOPOI'O SIBJISETCS KBaIPATHIHBIM

BBIYETOM U He paseH 0.

JlokaxkeM, ITO BCIKOE P-aIMIECKOe TUCII0 BUA (9) ABIAETCS TOJTHBIM KBAIPATOM B P-aITIECKAX TACITAX.
JLJIst 3TOTO TOCTATOYHO IIOKA3aTh, 9YTO BCAKOE MEJIOe p-aJudecKoe YHCIo m’ Takoe, 94To

3) m' He mesmurcs Ha p,

4) ocTaToK NpH JeseHn m’ Ha P ABISETCS KBAJPATUYHBIM BHIYETOM U He paseH 0,
HpeJICTaBUMO B BHIe m>.

Baaronaps 3amade 16 moctaTodno noKazaTh, 9To ypaHenne r2 = m’ (mod p') mmeer pemtenust B Z s
BCAKOIO ¢ € Zx0. MBI IOKaykeM 9TO yTBEpKICHUE 110 MHIYKITHH.

Baza: ¢ = 1 BbIoJIHEHA, TAK KAK OCTATOK IIPH JEJCHUN Ha P 9ACIa M’ ABIAETCI KBAAPATHIHBIM BEIYETOM.

Ilepexos: @ — i + 1. Ilyets m; € Z — 310 pemenne ypasaerus 2 = m’ (mod p'). Tora

mi =m' +rp (mod ptt),

e r € Z — 3T0 Kakoe-To 4ucjo. Tak Kak m’ He jeiurca Ha p u p # 2, To cymectsyer r' € Z Takoe,
aro 2m;r’ = r (mod p'*t). Homoxkum miy1 := m; — r'p'. Torna m?_; = m/ (mod p*'). Uro sasepmaer
epexo/I. O

2

Bamaga 22. JlokazkuTe, IT0 mT060e HEHYIEBOE 3-aIu<IecKoe THCIO M eCTh WaH T2, win 222, mwmm 322, mwim

6.%'2 JJ1dd KaKOT'0-TO 3-a.ILH‘{€CKOFO qucJja I.

Joxazamesvemeo. 3aMeTum, 9TO JJIs JIOOOTO P IPOU3BOIBHOE P-aIMIeCKOe TUCJIO MIPEJICTABIISIETCS B BUJIE
p'-a-y, e a — menoe uucyo or 1 10 p — 1, p* — cremens p, a y — IeJI0e P-aMIECKOe UHCII0, CPABHIMOE C
esuHUIEHR 0 MO0 p (110 3a71a49e 21 OHO ABTOMATHYECKH SIBJISIETCS TIOJHBIM KBajpaToM). Torma, mojcras-
A8 p = 3, HOMYdaeM, ITO B 3aBHCHMOCTH OT IETHOCTH FHC/IA i THCJI0 p' — WM KBAAPAT, WIH YTPOSHHLIH
kBagpat, a € {1, 2}, y — rounslii kBazgpar. [losroMy UX IIPOU3BEIEHUE ABJISAETCA OJHUM U3 IIPEJIOKEHHBIX
BapUAHTOB. O



3amaya 23. Ilycrs p — HEUETHOE IIPOCTOE YUCIIO, & X1, - - . , L5 — HEHYJIEBbIE p-ajudecKue yucia. /Jlokaxkure,
9TO %;/%; €CTh HOJHBIA KBAJApaT B P-aJU<IeCKUX THCIaX [yl Kakux-To 4,j (1 < i < j < 5).

Jlokasamenvcmeo. AHAIOTHYIHO PENMIeHHIO peIbILy el 3a1a491 JIF060e YCI0 MPeCTaBIAeTCs B BUIE p'-a 1.
Pazo6ném uncna wa 2 rpynmsr. B mepBoit rpytre ¢ 9eTHO, BO BTOpOoit — HedeTHO. [locse gero pazodbém Kax-
Y10 Ha 2 MOATPYIILL: B IEPBO MOJATPYIIIE @ SABJISIETCS KBAIPATUIHBIM BBIYETOM, 8 BO BTOPOIl — HET. 3ame-
TUM, 9TO 10 npuHIuy Jupuxie Xors Obl 2 u3 B3AThIX HAMH YUCEJI TOMaJeT B OfHy rpymy. VX oTHOmEHNE
vMeeT BUJL:

j Y1
p] *Qpew *
Y2

riae j JeJINTCA Ha 2, Apew ABJIAETCA KBaJAPATHIHBIM BbIYETOM (KaK OTHONICHHE JIBYX BBIYCTOB b0 JABYX
HeBI)I‘IeTOB), a Y gpngerca P-aaAvIeCKUM YUCJIOM, HAYUHAIOIMUMCA C €JIUHUIIDLI. Tenepb O4Y€eBHUJIHO, ITO 3TO
Y2

9HUCIIO ABJIAETCA KBaJpaToM, KaK IIPOU3BEJICHUE TPeX KBaJIPaTOB. O

3amaya 24. Jlokaxkure, 9TO JJIsi BCAKOTO HEYETHOI'O IIPOCTOT'O YHUCJIA P CYIIECTBYIOT HEHYJIEBBIE P-aINIECKHEe
YUCIA X1, ..., Tp_1 TaKUe, 9TO :I:% + ...+ x§71 +1=0.

Joxasamenvcmeo. 3amernm, 9To 110 3a1a9¢e 21 amucsio 1 — p ABJIAETCA MOJHBIM KBaJIPATOM B P-aIMIECKUX
qucest. Caemosarensuo, —1 = 14+ 1... 4+ 1 (p — 2 egununpi)+1 — p ecrb cymma (p — 1)-ro KBajpara B
P-aIUIeCcKuX 9ucjaaX. dTo u TpebOBAJIOCH TOKA3ATH. O

Bamaga 25. Joxaxkure, uTo ypaBHeHHEe 2 + = + 1 = 0 UMeeT POBHO J[Ba, PEINEHMs B IEJbIX 7-aIIUeCKIX
JUCJIAX.

Jokazamenvcmeo. Pemenus ypasnenust r2 + x + 1 = 0 Boipaxkaercsa Gpopmysoit 1 9 = % V=3 Tak Kax
V=3 € Z7 (em. 3amaay 21), To 22 + z + 1 = 0 uMeer /iBa Pa3/IUIHBIX PerieHus B Z;. O
Bamaga 26. JJokaxxure, uTo ypasHenne 2 4 y? = —1 nMeeT peIleHns B p-aJTIecKHX TUHCIAX IS BCIKOTO

HEYETHOTO ITPOCTOTO YHUCTIA P.

Joxazameavemeo. JJocraTodno moKa3aTh, 9TO ITO ypaBHEHNE UMeeT PelleHne mo Moy o p. IlpoBepum sTo.
Bripaskenne x? mMoxkerT npuHUMaTh (p + 1)/2 pasmuuHbIX 3HAYEHHIl: HOMb U BCe KBAJPATHIHDLIC BBIYETHI.
IepeuncuM Bce 3HaYEHMs BhIpaxKeHust —22 — 1. Ecsi xoTs 6B OJHO U3 HUX MOYKET OBITH IIPEJICTABJICHO B
BHje Y2, To 3a7a4 pemena. Ecam ¥e HE OJHO M3 HUX He UMeeT BUJL Y2, TO /s BO3MOMKHBIX 3Hadenuit 42 (B
ocTaTKax 0 MOYJIO p) umeeTcst MakcuMyM (p — 1)/2 Bo3moxkubIx 3uadenuii. [Iporusopeune.

Bropoe pemrenne. JJocTaToOuHO MOKa3aTh, UTO ypaBHeHme z2 + y? = —1 nmMeeT HeHyJIeBOe pelleHue B
Z/p. Besakuit kBapaTuanbiii BbraeT npejictasuM B suje 22 + y2. Ecm B Buje 22 + y? npejicTaBuMBI TOJTEKO
KBa/IPATUYHbIE BBIYETHI, TO B BUJE T3 + ... + 55,2971 NIpeCTaBUMbI TOJBKO KBaJIpaTU4HbIe BbrdeThl. Ho B
Buge 2 + ...+ 33;27—1 HpeJICTAaBUMBI BCe OCTATKY Ipu gesenun Ha p. Ciremosaresnnno, x2 4+ y? npencrasiser
KBaJpaTuanbie Hepbraersl. CreoBaTenbho, r2 + y? mpeactapiasgeT Bee sqeMenTsl Z/p. B Tom uncre, —1. 0O

3amava 27. okaxkure npusiun MuHKOBCKOro-Xacce Jijisi ypaBHEHUN OT OJIHOM U JIBYX II€pEMEHHBIX.

Jlokazamenvcmeo. A) YpaBHeHUsI OT OJHON TilepeMeHHOi. YpapHenue umeer Buj ax® = b. JloctaTouno j10-
Ka3aTh 4TO, €C/Ii ypaBHeHNe He uMeeT perrernil B (Q, To oHO He uMmeer pemrenuit wm B R nm B Q, ajist
Kakoro-to p. Eciim ax? = b e nmeer pemennit 8 Q, To b/a He sBASeTCA MOMHBLIM KBajpaToM B Q, T.e. mmm
b/a < 0, mam Kakoif-ToO TPOCTOi JeMUTeNb P BXOJUT B b/a HewéTHOe 4mcyio pa3. B mepsom ciaydae ax? = b
He uMeer pernenuil B R, a Bo Bropom — B Q).

B) Vpasuenus or asyx nepemenubix. 1o 3amade 15 Begkoe ypaBHEHNE B PAIMOHAJBHBIX YUCIaX OT JIBYX
HepeMEeHHbIX SKBUBAJIEHTHO ypaBHeHMIO ax> + by? = 1. IIpu 5TOM MOKHO CUMTATb, YTO

1) gucna a, b uesble u cBOGOJHBI OT KBAJIPATOB,

2) |al < [b].

JIoCTATOMHO JOKA3aTh, YTO ecii ypaBHenne ax? + by? = 1 uMeer pemrenue B Qp ama seakoro p u B R, To
oHo umeer perterne B Q. Ionoxum m(a, b) := |a| + |b|. Bynem mokaseiBaTh Hallle yTBepKI€HAE WHIYKIHEH
no m(a,b).

Baza: m(a,b) = 2 upoBepsieTcst HEIIOCPECTBEHHO.

IMepexom: m — m + 1. Ilycrb a, b — 910 Kakue-To Yucia, yaoBIeTBOpsONue yeaosusm 1), 2) u Takue,
9TO

em(a,b)=m+1



e ypasnenue az? + by? = 1 uMeeT peleHnust B p-aIAUECKUX YUCIaX I BCIKOTO P U UMeeT perenue B R.
Paccmorpum siBa cayuas: |a| = |b| u |a| < |b|. Ecim |a| = |b|, To ypasrenue az? + by? = 1 sxBuBajeHTHO

YDABHEHHIO
—(b/a)y?® + az® = 1. (11)

Bouee Toro, ypaenenne (11) nmeer pemenns B Q, R, Q,, ecim u TobKo ecn ypasaerne az? + by? = 1 umeer
peIIleHre B TOM Ke MHOXKECTBe dnces. Tak Kak m(fg, a) < m(a,b) =m+1, ro —(b/a)y? + az? = 1 umeer
pemtenus B Q o npejnonoxennio naaykinun. CireloBaTeILHO, M UCXOAHOE YpaBHEHNEe nMeeT pernenne B Q.

ITycrs Teneps |a| < |b|. VI3 ycaoBusi e ciiesiyer, 9TO a sIBJISIETCsI TIOJHBIM KBAJPATOM B OCTATKAX IIPU
JeneHun Ha b, T.e.

a+bb =t
/ /
e b, t — 310 Kakme-TO 1esible uncyaa u b > 0. Be3 orpanntdenust OOIIHOCTH CIUTAEM, UTO

It] < 1l
2

Vpaenenne az? + by? = 1 nmeer pemennus 8 Q, R, Q,, ecin 1 TOIBKO €C/IM B TeX JKe MHOMKECTBAX THCEIT
UMeET pellieHne ypaBHeHne
2 2 ,_tP—a
ax®+by- =1, b= —
b
b
Nmeem |V'| < ‘Tl u, crenosareasao m(a,b’) < m(a,b) = m + 1. Tak m(a,b’) < m, To az® + b'y? = 1 umeer
pertenust B Q o mpeimostozkennto wHyKiuu. CreoBaTeIbHO, U UCXO/IHOE YpaBHeHne nMeeT perienne B Q.
JlokazaTesbcTBO 3aBEPIIEHO. O

3anmadva 28. lokaxkure, 9TO JjIsi CUMBOJIA | MiibOepTa BBIIOTHEHBI CJIEIYIONINE COOTHOIEHUS

1) (a,b)p = (b, a)p, 2) (a,c?), =1,
3) (a,—a)p =1, (a,1—a), =1, 4) (a,b)p, = (a,—ab), = (a, (1 — a)b).

Jlokasamenavcmeo. 1) 0UeBUIHO U3 ONIPe/IeIeHUSL.
2) Vpasnenne 22 — ax? — c*y? = 0 umeer nHemynesoe pemtenne z = ¢,x = 0,y = 1.
3) Ypasmenue 22 — ax? + ay? = 0 nmeer Hemymnesoe pemenne 2z = 0,7 =y = 1.
Vpasrenne 22 — az? — (1 — a)y? = 0 nMeer HemysTeBoe pemenne r =y = z = 1.
4) Crnenyer u3 nmynkra 3) u 3aga4n 29. O

Banaga 29. Ilycrs (a,b), = 1. Torma (a’,b), = (ad’,b), mus yxoboro a'.

Joxasamenvemso. Ilycrs b sBisiercs monueiM KBaaparoM. Torma (a,b), = (ad’,b), = 1.
ITycrs Teneps b He sBIAETCS MOIHBIM KBaAPaTOM. MBI BOCIOJIB3yeMCsl CIIeyIOMIeH IeMMOiL.

Jlemma 1. Ecimn
e b He ABJIACTCA HOJTHBIM KBaJIPaTOM,
o (a,b)p=1um(a',b), =1,

To (aa’,b) = 1.

BasepmuM, ucnonb3ys gemMy 1, pernenue sanaau 29. Eciu (a/,b), = 1, to (ad’,b), = 1uo semme 1. Ecin
(ad’,b), =1, To (a’,b), = (a®a’,b), = 1 mo memme 1. Takum obpasom, ecam oo u3 wucen (aa’,b),, (a’,b),
paBHO 1, To m BTopoe pasuo 1. Cre0BaTeNbHO, 9TH IUCIa PABHBL.

2 2 2 _
LHoxazamesvcmso semmuv 1. IlycTs g, Yo, 20 — ITO HEHyJIeBOe pellleHNe ypaBHeHH:s 2; — axg — byg = 0.
Tak xak b He sIBIsIeTCsI TOJHBIM KBagpaToM B Q,, To 29 # 0. Torma MbeI MOXKeM cUMTATh, YTO To = 1 U
a = 22 — by?. Tlo aHATOTHYIHBIM COOBPaAYKEHHUsAM CYECTBYIOT 21, Y1 Takue, uto a’ = 27 — by?. Torna

aad’ = (2021 — byoy1)? — b(zoy1 + 2190)°.

Caenosarensso, (aa’,b) = 1. O



Y100l KOMITAKTHO 3alMCATh ABHYIO (popMymy st cumBojia ['mnbbepra, HaM moTpedyeTcs cumson Jle-
x . "
arcanopa (— , OTIPEIEEHHDIN s JTIOOBIX Tes10ro x 1 mpoctoro p. Ou pasen 1, —1 win 0 B 3aBUCUMOCTH OT
p

TOTr'O, ABJIACTCA T HEHYJIEBBIM KBaJAPAaTUYIHBIM BbBIY€TOM, HEBBIYIE€TOM HJIN HyJIéIVI IO MOIYJIIO P.

Bamadga 30. Ilycrs p — meudrHOe MpocToe UnCo, a = p®u, b = pPu, Tae a, B,u, v — 3TO TeIbIe YNCIa TAKIe,
9TO W ¥ U B3AWMHO IIPOCTHI ¢ p. Jlokaxkure, 910

@i = 0 () (3)'

Joxazameavemeso. JokazareancTBo 3Toro hakTa MokHO mpounTtarh B KHIKKe 2K.-I1. Ceppa “A course in
arithmetic”, [maBa 3, § 1, Teopema 1. O

e e(p) == 1’2;1.

Bapaua 31. Haitnure sisayto dopmyy st (a,b)e Ipu Beex IEbIX IUCAAX @, b.

Jlokazamenvcmeo. Ilycers a = 2%u, b = 2°v, tne o, f,u,v — 9T0 TeIBbIe YnCIA TAKWE, YTO U U U HEYETHDL.
Cumpou T'usnbbepra (a,b)s 3amaéress GpopmMyoi

(7 1 >E(u)6(v)+aw(v)+ﬂw(u) ,

— 2_
rue £(u) = “Tl, aw(u) = “Tl. JlokazarebeTBO 3TOro (hakta MOXKHO mpounTarh B KHmKKe 2K.-I1. Ceppa

“A course in arithmetic”, I'1aBa 3, § 1, Teopema 1. O
Bamada 32. [okaxure, uro (a,b)py(a,b’), = (a,bb’), mms mobbIx mensx Tucer a,b, b'.

Jloxaszamenvcmeo. JlokazaTeabcTBo 3TOro hakra MOXKHO npountarh B KHIKKe 2K.-II. Ceppa “A course in
arithmetic”, Imapa 3, § 1, Teopema 2. O

Banaua 33. [loxkaxkute, 9ro ypasHenue ar? + by? = ¢ (a,b,c — 9TO mapaMeTpwl; T,y — 9TO HepeMeHHbIE )
UMeeT ellleHne B p-aJAndecKuX UUCiIax, eCIu U TOJIBKO ecau (¢, —ab), = (a,b),.

Jloxazamesvcmeo. Ecmu ypasnerne ax? + by? = ¢ mMeerT pelmenye, TO ypaBHeHIe

a b
282 ey
c c

TaKKe UMeeT peleHre. ITo 0 ompeieseHuIo 3Ha4ut, 4ro (a/c,b/c), = 1. IIpeobpasys, umeeM

1= (a/c, b/c)P = (a’ b);D (a’ C);D(ba C)P(Ca c)p = (aa b)p(ab’ C);D (C, _1)1)' (12)

Otxkyna (a,b), = (¢, —ab),.

Teneps nosoxum, uro (a,b), = (¢, —ab),, u jokaxem, uTo ypasHenue az’ + by*> = c umeer HemyJeBoe
pemenue. Torxa u3 Beikasox (12) creayer, aro (a/c,b/c), = 1. Torga ypasuenne 2% — 222 — ¢y = 0 umeer
pemenus. O6o3HauUM 0JHO Takoe perenue (g, Yo, 20). Eciu zg # 0, To (2—8, Z—g) — 9TO pellleHne ypaBHEHUsT
ax® +by? =c.

Takum obpaszoM, eciu zp # 0, To 3amada peutena. dasee Mbl cunraeM, 9ro 2o = 0. s BCAKHUX T4, Ty
PACCMOTPHM ypPaBHEHHE

a(txo + TI)Q + b(tyo + Ty)2 =c.

OHO 3KBUBAJIEHTHO YPaBHEHUIO
(ar? + bri) + 2t(axory + byors) = c. (13)

c—(ar? +b7"§)

st obmieit mapsl panuoHaJbHBIX IUCET (T4, 7y) UMeeM (aZory + byors) # 0 1ty = Hazory Thyors) ABIACTCH
pemenuem ypasuenus (13). CooTsercTBenno, ypasaenne ar? +by? = ¢ umeer 6eCKOHETHO MHOTO PAITHOHAITb-
HBIX PEITeHNnI. O

Wcnonways cBoiicTBa cumBoJjia ['minbepra, penuTe CIeayolyo 3a1ady.
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3amava 34. QukcupyeM OJHOPOIHBII MHOTMOUJIeH f = ale + agx% +...+ anq:% (n>2), rme ay,...,a, #0.
TTonoxxum
d=aay....an © {—::H(ai,aj)p. (14)
i<j

Hoxaxkure, yro ypaBHenue f = ( mMeeT HEHyJI€BOE PEIeHHE B P-aJIUYECKMX YUCJIAaX TOTJA U TOJBKO
TOIJ[A, KOIJIa BBIIIOJHEHO OJIHO U3 CJIEJYIOIINX YCJIOBUM

1) n =2, a aucio —d ABIISETCS MOIHBIM KBAIpaToM B Qp;

2)n=3u(-1,d), =¢;

)yn=4ud#o’>, wmxed=a?ne=(-1,-1),;

4) n = 5. (re., ecau f 3aBucur ot 5 u 6oJIee IEPEMEHHBIX, TO ypaBHeHHe f = ( MMeeT HeHyJIeBOe PEIlleHre
B Q, ms mmo6oro p.)

Jloxasamenvcmeo. JlokazaTeabcTBo 3TOro hakra MOXKHO npountarh B KHIKKe 2K.-II. Ceppa “A course in
arithmetic”, I'napa 4, § 2, Teopema 6. O

BriBemure u3 3amadu 34 ciemyroriee yTBepKIeHIE.

Bagava 35. OuKcUpyeM OJHOPOHBI MHOTOWIEH f = 125 + as®3 +. .. +a,22 (n > 2), v1e a1, ..., a, # 0,
a takxke nesioe ancyio a # 0. Oupenenum d u e dbopmysoii (14). Hokaxure, uro ypaBHeHue f = a umeer
pellieHne B p-aJiIecKnX 9NCJIaX TOTJA U TOJBKO TOT/A, KOT/Ia BBIMOJHEHO OTHO U3 CJIETYIOIINX YCIOBUIL:

1) n =1, a uucio a/d ABisieTcss NONHBIM KBagpaToM B Q);

2)n=2u(a,—d), =e¢;

3) n = 3 u: ad He sABIAeTCA TOYHBIM KBazpaToM B Q, mnu ad sBIsAETCS TOYHBIM KBAJPATOM U £ =
(717 7d)pa

4) n > 4. (T.e., eciiu f 3aBucur or 4 u GoJiee IEPEMEHHBIX, TO YPaBHEHNE [ = a4 UMEET HEHYJIEBOE DellleHne
B Qp ms moboro p).

Jloxasamenvcmeo. 1) a12? = a & 23 = i O1eBuIHO, y HETO €CTh PEIIeHUsI B P-aUIECKUX IUCIAX TOTIA

U TOJBKO TOTJa, KOTIa ail ABJIAETCS TOIHBIM KBaJpaToM B Q.

2) a1z} + a2x3 = a. Yenosme (a,—d), = & sKBHBaJeHTHO (a,—ajaz), = (ai,asz), 9TO COBIAJAET C

zagadeit 33 a1 a = a1, b = ag, ¢ = a.
3) Tpebyercs pemuTh ypasHeHue a1rs + asx3 + azzri —a = 0. O4eBUIHO, OHO SKBUBAJIEHTHO yPABHEHHIO

ale + agx% + a3x§ — ami = (, IOCKOJIbKY HOJIy4daeTcs 3aMeHot

1 T2 I3
($1,$2,$3,l‘4) o (— 1 s
Ty Ty T4
a 9TO ypaBHEHUC MMeeT PCHICHUHA B p-aJUICCKUX IUCIAX.
Tenepb JOKazKeM, UYTO €CJ/JIM €CThb HETPHUBUAJIbHOE PEIIEeHUE C Tg4 — 0, TO CYIIECTBYET M HETPHUBHUAJIHLHOEC

pemrenue ¢ x4 # 0. Bes orpanmdenust obmmoctn 21 # 0. Ilyers (O, D) — pentenne ypasuenus C? — D? = —-%

ay
(wanpmyiep, € = 1=4/2t p = ~loeloy)

Od4eBuUIHO, MOYXKHO YMHOXKUTH HAIIE DEIeHNEe Ha %, noayuurca (C, xa, x3, 0). Jlerko nposeputhb, 910

f(Ca $25$3;O) = f(Da:EQa:E?n 1)3

U MBI CBEJIM 3371a1y K 3ajade 34c.
epsbrit cyqait: ad # —m? B Q. Do sxuBanento d # m?.
Bropoit cayuait: ad = —m?2.
Tpebyercst: (a1, a2)p(ar, az)p(az, as)p = (=1, —a1a2a3)p < (a1, a2)p(a1, as)plaz, az)p(—a,d) = (-1, —1),.
OueBuiHO, 1Uisl pelliennst 3a1aun Buja ¢ = b < ¢ = d, e (a, b, ¢, d) u3 muoxkecrsa {1, —1}, nocraTouno
mpoBepuTh ac = bd, To ecTh

(_aad);u = (_L_d)zi(_la_l)p A (_a’d)p = (_1’_1)p(_1’_1)p(_1’d)p A
& (—a,d)p=(-1,d)p, < (-1,d)p(—a,d)p=1 & (a,dp=1 <&

d
s (a,a)pla,=)p=1 & 1-1=1,
a

IIOCKOJIbKY % ABJIAeTCA TOYHBIM KBa/JIpaTOM B @p'
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4) Kak u B 3), Tpebyercsi pelnTh ypaBHEeHNe
2 2 2 2 2
a1y + axxy + azrz + asxy — axs = 0.

Ho y nero Bcerya ectb pemenus 1o 3agade 34d.
Takke JOKA3aTEIHCTBO TOTO (hakTa MOXKHO npounTaTh B KHIKKe 2K.-T1. Ceppa “A course in arithmetic”,
T'nasa 4, § 2, Ciiencreue Teopemsr 6 O

3amaua 36. loxkaxkure npuriun MunkoBckoro-Xacce.

Joxazameavemeso. JokazareancTBo aToro dhakTa MoxkHO mpountaTh B KHIKKe 2K.-I1. Ceppa “A course in
arithmetic”, I'napa 4, § 3, Teopema 8. O

Bamaya 37. Vcnonb3ys 3amgaay 35 n npuanun MuHKOBCKOro-Xacce, JTOKaXKATE, 9TO IEJI0€ TUCIO 1 Ipejl-
CTAaBUMO B BHJIE CYMMBI TPEX KBaJIPATOB PAIMOHAJIBHBIX UUCEJI, €CJIN U TOJHKO €CJIU OHO He TPEJICTAaBUMO B
Bujzie 4%(8b — 1), T.e. ecim —n He sIBJISIETCsI TOJMHBIM KBagpaToM B Q.

Jloxazamenvcmso. Ilo Teopeme MuHKOBCKOro-Xacce JOCTATOYHO IIPOBEPHUTD, €CTh JIU y ypaBHEeHHs 2 + y2 +
22 = n p-agmdeckne pemenns mwin HeT. CoxpaHgeM 0603HAYMEHHS PelleHnsd 3a0a4H 35. a; = az = a3 = 1,
d=1,e=(1, l)f’7 = (1,1)p, a = n. CHavyasa ZOKayKeM, ITO AJI p > 2 yPaBHEHHE PEIIaeTCs B P-aIiIeCKuX
YUCTIAX.

Eciu n we umeer sug —m?, To Beé jgokazano. Ecm n = —m?, to € = (1,1), = [Problem30] = 1 =
[Problem30] = (-1, —1),, TO €CTb y HErO €CTL PEIICHHUSI.

Ocrasoch paccMoTpeTh caydait p = 2. Ecim n # —m?, 1o 3ama4a pemena. Tenepnb mycts n = —m?.

Ecnn y ypaBHeHns €CTh pemenne, To

2

g = (1, 1)2 = (—1, —1)2,
9TO IPOTUBOPEYNT 3a1a4€e 31. o

3anmaya 38. Qurcupyem 1esi0e aucyao n. Jloka)kKure, 9TO €C/id CYIMECTBYIOT PAIMOHAIbHBIE YHUCIA T, Y, 2
taxue, 4o 2 + y% + 22 = n, To cymecTByOT 1 MENBIe YnCTa z',y’, 2’ Takue, 9TO

(@) + () + () =n.
Briseaure u3 aToro yreepxkaenus TreopeMmy Laycca.

Joxasamenvcmeo. IlycTh paruoHaIbHbIE YUCTA T, Y, 2 TAKOBEL, uT0 22 + Y2 + 22 = n. Ilycth d — 310 06IIMIl
3HAMEHATEJb 9NCeN X, Y, 2. BeidepeM x,y, z Tak, 9T00bI d OBLIO HAMMEHBIINM BO3MOXKHBIM. JlomycTuM, 9T0
d > 1 (T.e. 9TO OJHO W3 WHCEN T,y WU 2 HENeso W TeJBbIX pemmennii y ypasnenns z2 + y2 + 22 = n mer).
IlycTs 74,1y, 7, — 9TO GIMXKANIINE K T, Y, 2 UNCJIA COOTBETCTBEHHO, Sy = & — 'y, Sy 1=y — Ty, S, i= 2 — I';.
Torna

1
|5m|7|sy|v|sz| < 57 S§+S§+S§:nf(TJQC+r§+7€)72(Szrm+sy7"y+sz7"z>' (15)
ITomoxxum
;L se(n—713 =1y —712) ;o sy(n—r2 —r2 —7r?) , s:(n—12 =12 —12)
T =Tz = ’ Yy =Ty — ’ Z =Tz —

52 + 52 + 52 52 + 52 + 52 52+ s2 + 82
s (15) creayer, uro s3 + so + 52 = d'/d, npuuém 0 < d’ < d. Orkyna ciejyer, 410 06U 3HAMEHATETH
2.y, 2" nemur d', To ects Menbmme d. 3amerum, uro x'2 + y'2 + 2/ = n. Ilporusopeune. Cieg0BaATEIBHO,
d = 1 u ypasrenue x2 + y? + 22 = n UMeeT peleHEe B IEJIBIX YHCIAX.

ITo zamaqe 37 060e 1eioe mosoKUTEIbHOE dncyao N, He upeicrasumoe B Buje 4" (8m — 1) asisercs
CyMMO#1 TPEX KBaJIpaToB PallMOHAILHBIX 4Hcel. Biarogapst TekyIei 3a1a4e, Takoe uncjao N ecTb U CyMMa

TPEX KBAJIPATOB IIEJIBIX YHUCEJI. |

3anada 39. Boisemure us reopemsl I'aycca Teopemy Jlexkanmapa.
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Loxazameavcmeo. N3 Teopemsr ['aycca ciemnyeT, 4T0 BCSAKOE ITOJIOKUTEIHHOE [I€JI0€ YNCII0, UMEIOITee OCTATKA
1,2, 3,5, 6 1pu jieleHNE Ha 8 IPEJICTABIMO B BUJIE CYMMBI TPEX KBAJIPATOB (&, 3HAUUT, M BUJIE CYMMBI 9€THIPEX
kBaapaToB). Takum 06pa3oM, JOCTATOYHO JIOKA3aTh, YTO JIOOOE MOJOXKUTEIbHOE II€JI0€ UUCJIO0, UMEIOIIee
octatku 0, 4, 7 mpu JesleHnn Ha 8 TPEJICTABUMO B BUJEe CYMMBI 4 KBaIPATOB.

Ecin aucimo n npemcraBuMO B BHIE CYMMBI 9€TBHIPEX KBaJIpaTOB, TO 4n Toxe mpeactaBumo. OTcioma
CJIEJTyeT, UTO JIOCTATOYHO JOKA3aTh, YTO JII0O0OE YHCJIO, NMEIOIee OCTATOK 7 IIPHU JIeJIEHNN Ha 8 IIPEJICTaBUMO
B BHUJIE CYMMBbI Y€TBIPEX KBAJIPATOB.

PukcupyeM HOJIOKHUTETIBHOE IIEJI0e YHUCJIO N, UMEIOIee OCTATOK 7 IpH JeseHnn Ha 8. Tak kak n — 1 umeer
octaTtok 6 mpu genenun Ha 8, TO N — 1 mpeacraBuMo Mo Teopeme [aycca B Buie CyMMBI TPEX KBaJIpPATOB.
CrenoBaresibHO, N TIPEACTABUMO B BIJE CYMMBI UETHIPEX KBAIPATOB. O
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Baxknblie cBoiictBa cumBoJia ['nibb6epra

Iess sTOTO pasjena — J0Ka3aTh, YTO JIsd (PUKCUPOBAHHON MapPbl HEHYJIEBBIX IEJbIX duces (a,b) cumBos
T'unsbepra (a, b), pasen 1 mis mourn Beex (=BCex, KpOMe KOHEIHOIO UUCIIA) IPOCTHIX duces p. Kak Bogurcd,
9TO YTBEPKJIEHUE SIBJISIETCS YaCTHBIM CJIydaeM 0oJiee OOIEro yTBEPKICHUS.

Bagaua 40. a) IIycrs f — 9T0 OJHOPOAHBI MHOrOYWIEH CTElneHu 1 OT k 1epeMeHHbIX, rae k > n. Torma
qucsio perteHnii f (BKIFOUYAs HyJIEBOE) B OCTaTKaxX pu jeseHnn Ha p penurcs Ha p ([lofckaska: npumMenure
Mautyto Teopemy Pepma u paccMorpure ciaydail p = 2).

b) Ilycre f — 10 MHOrOWIEH crenenu He GoJjiee n OT k 1epeMeHHbIX, The k > n. Torma qucsio pernexuii
ypasuenus f = 0 B ocTaTKax IPH JIEJEHAN HA P JEJUTCA HA P.

Jokasameavemeo. 13 myHkTa b) IyHKT a) oueBuHO caepyer. Mbl jokaxkem myHKT b). PacemoTpum MHOTO-
wren f(21,...,x)) crenenu n. PaccMoTpum cyMmmy

S flanm)P (16)

rIe T1,...,T, TPOGEraloT BCe OCTATKU NPU JeJEeHUA Ha P. 3aMETHM, UTO BCe JIeMEHTHI cyMMbI (16) paBHBI
0 wmn 1 B ocrarkax npu Jenernn Ha p. CoOTBETCTBEHHO, 3HaYeHNEe CyMMbI (16) ompesiessier OCTATOK TpH
JIeJICHAU HA P YUCJIa penenuii ypasaenus f(x1,. .., &) B OCTATKAX DU JICJIEHUU HA P. 3AMETUM YTO CTEIeHb
muoroutena f(z1,...,x5)P~! pasna (p — 1)n. Cnemosarenbho, B Kaxkapiit MouoM f(Z1,...,Tx)P 1 xoTa
OBl OtHA M3 k > 1 TIEPEeMEHHBIX BXOJUT B CTEIIEHW MeHbIneid p — 1. 3amMeTrwM, 9TO B Il TAKOTO MOHOMA
cymmvuposanue (16) 1aér HOJb, T.K.

Z:ci =0 (mod p),

eciu | < p — 1. CaenoBaresnsno, (16)= 0 (mod p) u uucio pemenuit ypasuenus f(z1,...,T,) = 0 cpaBHAMO
¢ 0 mo mojysio p. O

Bamaga 41. Brieaure u3 npeabLIyIeii 3aaun, 4To ypasHenue ax’ + by? + cz2 = 0 oT IepeMeHHBIX T, Y, 2
nMeeT HEHYJIEBOe PellleHne B OCTaTKaX IIPU JCJIEeHUHN Ha P.

Jloxazamenvemeso. Muorouren ax? + by? + cz? uMeer creneHb 2 U 3aBUCAT OT TPEX mepeMeHHbIX. Cireso-
BATEJILHO, YNUCJIO pelleHuil ypasHenus azx’ + by? + cz?2 = 0 cpasruMo ¢ 0 o Momyio p. B uacTHOCTH, 9TO
3HAYUT, 9TO y ypaBHeHHd ax’ + by + cz? = 0 ecTh HeHyJIEBOE PellleHNe. O

3agauya 42. BoiBeaure u3 npeabLLymieil 3aJadu, 9TO JJid Iapbl HEHYJIEBBIX IeJbIX dnces (a,b) cuMBOI

T'wisbepra (a,b), pasen eguaune, ecau a,b /p. Obbsicanre, nouemy cumsos I'mibbepra (a,b), pasen 1 s
[IOYTH BCEX P.

Jloxazamenvcmeo. Puxcupyem p # 2 u TaKoe, IT0 a, b He mesmurcs Ha p. Jokaxkewm, 1ro (a,b), = 1.
I[Iycts (70, Yo, 20) — Kakoe-To pemienne ypasHenus z2 — ax® — by? = 0 (mod p) Takoe, aTo

(1'0; Yo, ZO) = (07 0, 0) (mOd p)

(Takoe pererne cymiecTByer 1o 3aaqe 41). Bes orpannuennst obiHOCTH cuntaeM, uto zg Z 0(mod p). Torma
B cuty 3ajadu 21 uucio az? + by? aBiseTcs NOMHBIM KBaJIPATOM B p-aJIddecKuX YUCIaX U, CJIe/J0BATeIbHO,
ypasrenne z2 — ax? — by? = 0 uMeeT HeHyseBOe PellleHNe B P-aIMUeCKIX YHCIaX, T.e. (a, b), =1. o
3amaua 43. Bemeaute us 3agaqm 41, ato ypasaenne ax? + by? + cz? + dv? + ew? = 0 oT mepeMeHHLIX T, ¥,
z, v, w (a, b, ¢, d, e — 910 IE/Ible IApAMETPHI) UMeeT HeHyJleBoe pernenue B Q) JUIst BCeX IPOCTBIX YHCEI P.

Loxazameavcmeo. Bes orpanmdenns: OOIIHOCTH CIUTAEM, UTO UHCIA A, b, ¢, d, € Tiesible U CBOOOIHBI OT KBAJI-
paToB. JlokakeMm, 9TO MbI MOXKEM CIUTATD, UTO HUKAKIE TPU U3 YHUCEII 4, b, ¢, d, € He UMEeIOT ODIIero JeTuTes.
JleficTBUTEILHO, IIyCTh P — 9TO OOl MPOCTON AesnTesb TPEX miam Oojee dmces. Torga, yMHOXKAS ypaB-
HeHne ax’ + by2 + c2? + dv? + ew? = 0 Ha P U COKpalliasl IIOJIHbIe KBaJpaThbl, IIPUXOJUM K YPaBHEHUIO, B
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KOTOPOM p JiesiuT He Gosiee 2 u3 uwmcen a,b,c,d,e. O4eBUIHO, 9TO 3Ta MPOIELYyPaA «COKPAIIEHHST TPOCTOTO
JIeJINTEIA> [PUMEHNMa HEe3aBUCUMO KO BCEM IIPOCTBIM JIEJIUTEJISIM JHCeJl a, b, ¢, d, e. Takum obpasom, Jjist
Ka2KJIOro IIPOCTOrO 9HCIa P MO Kpaitneil mepe 3 u3 ducen a, b, ¢, d, e ne nensarcs Ha p.

QukcupyeM mpocToe Iucyo p. bes orpanndenns: OOIMHOCTA CAUTAEM, UTO @, b, C HE NENIATCA HA P.

Eciz p — meuérHOE mTpOCTOE YUCIIO, TO, UCHOJNIB3Ys 3a7ady 42, moydaeM, YTO ypaBHEHUE

ar® + by +c22 =0

(a, ciemosarenbho, n ypasuenue ax? + by® + cz% + dv? + ew? = 0) umeer uemnysesoe pemenue B Q.
Eciz p = 2, To 33124y MOXKHO peIaTh 1epebopoM OCTAaTKOB JHCeJ a, b, ¢, d, e 1o MoJyJtio 8. O

3a;[aqa 44. I[OK&}KI/ITG7 q9TOo JJIdA BCAKON ITapbl HEHYJIEBBIX IIEJIbIX YUCEJI (a, b) nMeeT MeCTO paBE€HCTBO

H(a’ab)}’ = (a’ab)*la (17)

P
rJe Ipom3BeieHre OePETCs 0 BCEM IIPOCTBIM YHCJIaM P, a

2

1, ecmm ypasHenue 22 — azx? — by? = 0 mmeeT pemenne B R,

(a,b)_

—1 wuHage.

Joxazamesvcmeo. B cuity MynbTHIUIMKATHBHOCTH cuMBoJia ['mibbepra (3amada 32), JI0CTATOYHO IIPOBE-
purh (17) mig ciaydas, Korga a,b — 310 upocTble Yncsa wim — 1.
Hauném co ciydas, B koropoM a = b = —1. Torza (a,b), = (—1, —1), MoxKeT GbITHL HE PABHO 1, TOJIBKO
eci p = 2. B 9T0M ciIyuae HEOCpeACTBEHHO mposepsiercs, 4to (—1,—1)9 = (=1, —-1)_1 = —1.
Crenyromuii ciayuait: a = —1, b — aro npocroe uncio. Torga (a, b) = (—1,b), MoxkeT OBITH He PABHO 1,
TOJILKO ecaid p = b wim p = 2. B STOM CJIytae HeIOCPEeICTBEHHO IpoBepsgeTcs, ITo (—1,p), = (—1,p)s maa
p#2u(—1,2)2 = 1. Orkyua caeayer, uro jesas 9actb (17) paBua upasoit gactu (17) u paBua 1. O

Nmeer mecro cremyromuil «Taq€Kuil aHAJIOT KUTARCKONW TEOpEMBI 00 OCTATKAX»: OKA3BIBAETCs, UTO IIO
3HAYEHUSIM CUMBOJIA | mipbepra MOXKET OBITH TOCTPOEH JIEMEHT C TAHHBIMU 3HAYCHUSMU.

3anaya 45. 3adukcupyeM KOHEIHBIIT HAOOP HEHYJIEBBIX MEJIbIX TUCEJI G; U JIJIsI KaXK0T0 IIPOCTOrO P 338 TAM
3HaUeHus €; , = +1. Torma cucrema ypapHeHnit

(aiv'r)p = E’L',p V’Lv va

MMeeT pEIIeHNe, €CIIH U TOJIBKO eCJTH
a) TOITH Bce (=BCe KPOMe KOHETHOTO UHCiIa) & p = 1,
b) 711 KaXKZOro MPOCTOro WHC/IA P CYILIECTBYET HEHyIeBOe p-aIudecKoe INCIO T, TaKoe, ITO

(ai, ZL'p) = Ei,p-

Zloxazameavcmeo. lokazareabcTBo 3T0ro pakTa MOKHO npounTarh B KHKKe 2K.-I1. Ceppa “A course in
arithmetic”, I'napa 3, § 2, Teopema 4. O
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YpaBHeHusi OT AByX IiepeMeHHbIX u KapThl (Y-3)

PaccMaTpuBaeTcs ypaBHEeHIe
E,: az’+bxy+cy’ =m (18)

OT EJIBIX TIEPEMEHHBIX I, Y, TJ€e @, b, ¢, M — KaKue-To Tejble Jucia (apaMeTpsl).

Bapaua 46 (Cynepsanaua). Jlokaxknre, 9To eciu ypasHeHue F,, nMeer perieHus: Ipu KAKOM-TO IIOJIOXKH-
TeJTLHOM YHUCTIE M, IPU KAKOM-TO OTPUIIATETLHOM UHCJIE M U He IMeeT perteHuit mpu m = 0, TO I BCAKOTO
m wm F,, He umeer pernenuit, nin xe F,, nMmeer OECKOHEIHO MHOTO DEITICHUH.

Jlokasamenvcmeo. U3 yenosus sanaun ciaeayet, ato f(x,y) = ax? + bry + cy? aBigerca sHaKoIepeMeHHOI
KkBasipaTuaHoit popmoit u e npeacrasisier 0. CiremoBaTebHO, KapTa [ pas3fesercs Ha IMOJIOKUATEIHHYIO
U OTPHUIATEJBHYIO YacTh Iepuojmdeckoit pekoil. CieoBaresbHo, KapTa f HepuogndHa U, CJIeI0BATEIHHO,
sa060e 3HaYEHNE, BBIMUCAHHOE HA KapTe, MOBTOPsIETCsS Ha Heil 6eckoHedHo MHOro pas. OTKyda U ciemyer
YTBEPXKJIEHNE CYIIEP3aIaH. O

Bapaua 47 (Cynepsanaua). BepHo awm, uTo ecin ypasHeHue F,, UMeeT pelleHns: B 1eJIbIX IUCIaX IIPH
m = +1, £2, +3,
10 F,, UMeeT perieHnst Ipu BCSIKOM IeJIOM ducye m?
Jloxasamenvcmeo. Nnmeercs xontprpumep: f(x,y) = 22 + zy — 18y O

3agaua 48 (Cynepsamaua). lokaxkure, uyro ecau ypasuenus Fp, Eo, F3, Es5 UMeOT pelleHus B IEIbIX
quciax, To ypaBuenue F,, nmMeer perienusi Ipu KakoM-To m < 0.

Loxazameavcmeo. domycrum obpaTHOE, TO €CTh JOIYCTUM, UTO f MTOJIOYKUTEIHHO OMpEIesIeHa I HEOTPH-
[ATEJHHO Ompe/iesieHa. Mbl pacCMOTPUM 3TH J[BA CJIydasi OTJIEIHHO.

[lycts f HeorTpunaresnbho onpesenena. Torya f(z,y) = r(px + qy)? A1 KAKUX-TO MEJBIX TUCET T, D, .
Tak kak f npeacrasisier 1, To r = 1. Ho Torma f He npejcrasiser 5.

[Iycte Temeps f monokuTesbHO OmpesieeHa. be3 orpannaenns: OOITHOCTH CINTAEM, UTO

f=p2*+qy® +r(z—y)?

JUTsT KAKMX-TO HEOTPUIIATENIbHBIX IHCeN P, ¢, 7 (eM. 3amady 60). Hucna p, g, 1 nam OJHOBPEMEHHO TIEJIbIE M
O/THOBPEMEHHO IIOJIyIIesible. Be3 orpannyeHust OOITHOCTH CYUTAEM, UTO P > q > T

Haumenbinee venyseBoe 3uadenne f pasuo g+ r. Tak kak f npesacrasiser 1, ¢+ r = 1. CiaenoBaTesbHo,

_ _ .1

wm q=1,r =0, nm ¢ =r = 5. Mpl paccMoTpuM 062 3TUX CIIydas.

[Tomoxum, ato ¢ = 1, r = 0. Tak kak f mpezncrasiser 2, To p = 1 wm p = 2. B nepBom cayuae f ne
[IPEJICTABJISIET 3, & BTOPOM cjaydae [ He MPEeICTaBISeT 5.

ITosmoxkum Temneps, 4TO ¢ =7 = % Torya 1715 BceX MOJIOXKUTETBHBIX P NMeeM

flzy) > a® —ay + 9>

Tax xax f npezacrapager 2, To f(z,y) = 2 AT KaKIX-TO MeJBIX 9HceT T,y. B gactnoctn, 2 — zy + 2 < 2.
DT0 HEPABEHCTBO BBIIOJIHEHO ISl CJIELYIONMX Hap (X, y):

(0,1), (1,0), (1,1).

Tax kak f(0,1) =1, ocraérca nsa Bapuanta: f(1,0) =2, f(1,1) = 2. MbI paccMoTpuM 068 9THX BAPUAHTA.

Honoxxum f(1,0) = 2. Torma p = 2, f = y?> — 2y + 2y>. B s10oM ciaydae f me npeacrabiser 3.
)

IMosoxum f(1,1) = 2. Torma p = % = y? — zy + 2y2. B srom cayuae f He IpeAcTaBgeT 3. O

16



Pucyem kapTuHKN

Banaua 49. I[lokazkure, aT0 ecim {w;,ws} — 3T0 Gazuc Z?2, To maphI

{wg,wl}, {w1 —’LUQ,’LUQ}, {wl—l—wg,wg}, {—wl,wg} (19)
TaKIKe ABJIAI0TCS Oasucamu Z2.
Loxazameavcmeo. 1lo anamoruu ¢ pemrennem 3ama<n 11. O
3agaua 50. ITokaxkure, yro npeobpazoBanusamu (19) MoKHO U3 J1060r0 Hazuca MOMYIUTh JIOOO0H IPYroii.

Joxasamenvcmeo. Ilycrs {u,v} = {(a,b), (c,d)} — xakoii-To 6azuc Z2. MbI q0KazkeM, 9TO TpeobpazoBa-
My (19) MOKHO mosyunTh U3 J06oro Gasuca {u,v} 6asuc {(1,0),(0,1)}. PaccMoTpuM KBaJpaTHIHyO
dopmy f(x,y) := 22 — 2y + y>. B coorsercTBum ¢ 3a1aueit 60 B Kakom-To Gazuce {u’,v’}, nogyTaemom u3
{u, v} npeobpazosarusmu (19) dbopma f Gymer sxsuaseHTHa HOPMe BUIA

pz® + qy® +r(z +y)?, (20)
2p = f(v') + f(u' +2") = f(u') >0,
2= f(u') + f(u' +0") = f(v) >0,
2r = f(u' +0") = f(u') = f(v') > 0.

Haumenbriue 3uauenus popmbl (20) mocrurarorcs Ha mapax (x,y) paBHBIX

(0,1), (1,0), (1,1), (21)

1 3HAUEHHe Ha JTo6oit IpyToit mape (x, 1) 60IbITe XoTs 651 0THOTO U3 9TuX 3Havenuit. Tak kak 22 —zy+y? no-
JIOXKUTEJIBHO olpe/ierieHa, 3Haderne (20) Ha Bcex napax, KpoMme nap crnucka (21), 6osbie 1. CiieoBaTessHo,
suadenne (20) ma napax (21) pasuo 1. UrTo BiIeUéT 0HO YyTBEPXKICHHUE U3 TPEX HJYIIUX HUKE

{UI’UI} ={(0,1),(1,0)}, {UI’UI} ={(0,1), (1, 1)}, {UI’UI} ={(1,0), (1, D}. (22)
Caenosarenbho, 6a3uc {u, v} sKBuBajeHTeH OfHOMY 13 6asncos (22). Yro n TpeboBaIOCh JOKA3aTh. O

3amaua 51. [Toxkaxkure, 9T0 KBaIpaTwdIHas (pOpMa MOXKET 3alMCHIBATHCS OJNHAKOBO B HECKOJIBKUX PA3HBIX
Oasncax.

Joxasameavcmeo. Popma x? — 2y? umeer ojuu u TOT 3Ke Bu B Gasucax {(3,2),(4,3)} u {(1,0),(0,1)}. O

Bamaga 52. YKaKuTe KBaJIPATHIHYIO (DOPMY, JIsl KOTODOIl JIOOEIM JBYM Pas3HEIM OasmcaM Z2 COOTBET-
CTBYIOT Pa3JITIHbIE KBaIPATUIHBIE (DOPMHBI.

Jokazamenvcmeo. Tonoxxum f(z,y) = 222 — zy + 3y?. TlokaxkeM, 9TO PasHBIM 6a3MCAM COOTBETCTBYIOT
pasubie ¢popmbl. JlomycTuM obpaTHOe, T.e. 9TO CYIIECTBYIOT JBa Pa3HbIX Oasnca, B KOTOPBIX (opMa MMeeT
OIMH W TOT K€ BHUJ. DymeMm mocjeqoBaTelbHO U CHHXPOHHO BOCCTAHABJIMBATDH IO ITUM Da3MCaM BCIO KApTy
kBaipaTuaHoit popmbl. PaccmoTpum mepBoe miepecedenne obracTeit BOCCTAHOBJIEHUsI. DTO IIEPECEIEHne eCTh
mi pebpo Wik BepIuHa. PaccMOTPUM 3TH CJIydard OTIAEIBHO.

IIycre 310 nepecevenne — BepiuHa. Toraa KapTa KBaJIpaTUIHON (POPMBI, CHMMETPUYIHA OTHOCUTEHHO
OJIHOTO U3 PEGEP, BBIXOAIINX U3 3TOH TouKH. KaK cie/IcTBIe, eUHCTBEHHEI Koso/er, hopMbl 222 — xy + 312
TakyKe CHMMETPUYIEH OTHOCUTEIBHO OJTHOTO U3 pEbep, BBIXOASAINX U3 HEro. UTO HEBEPHO, TAK KAK 3HAUCHUS
BOKDYT KOJIOJIIIA PaBHHI 2, 3, 4.

IIycts oT0 Mepecedenne — pebpo. Torma Kapra KBaApaTHIHONR (POPMBI, COXPAHAETCS IIPH TTIEpEMEHE MeCTa-
MH BepInuH pebpa. Kax ciiecTsre, BepImuHaMi pebpa. SIBJIAIOTCS KOJIOAIBI, B 9aCTHOCTH, (popMa 222 — xy+ 31>
uMeeT JiBa KOJIo/ra. IIporuBopeune.

CremoBaTennno, popma 222 — zy + 3y? IMeeT pasHLII B B PAa3HBIX Oas3ncax. O

VYupaxkaenue 1. Boummure Bce pacmupenus ganHoro 6asuca {wq, ws}. Boimmure Bee cnenuannzanuu
JaHHoro cynepbasuca {twi, tws, £(wy + wa)}.
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Yupaxkuenune 2. Hapucyiite (opneHTHpOBaHHBIE) KAPTHI JIJIs KBAJPATHIHBIX (GOPM
f1=32+ 92y + 7Y%, fa=a"—2¢°, fy=2a"—3y>

B caenytomux nByx 3amadax unciaa A, B, C, D, h oTHOCATCS K KAPTUHKE

Bagaua 53. Ilokaxkure, uro qs aucea A, B, C, D, h BBIIOJHEHBI COOTHOIIECHUS:
C=A+B+h, D=A+B-h
oxazamenvbemeso. Y TBepKJEHNE 381291 SKBUBAJIEHTHO CJIE LY IOIIEMY TOXKJIECTBY JJIs KBAIPATUIHBIX (POPM.

flz+y)+ fle—y) =2(f(z) + f(y))
O

3amaya 54. Ilycts A, B, C nosioxkurebHbl, a pedbpo h HanpasieHo ot C Kk D. [Tokaxkurte, 4T0 TOr/a YUCIIO
D Takzke HOJIOXKHUTEIBHO, a CTPEJIKA Ha, JIBYX OCTaJbHBIX PEOpax, MHIMIEHTHBIX BepIIuHe (), HaIlpaBJIEHbBI
poYs oT Q.

Joxasamenvcmeo. Tak kak D,h > 0, C = D + 2h > 0. Yucna B 0061aCTIX, MHIIAIEHTHBIX pEOpaM, MHITA-
JIEHTHBIM BepiiuHe [ paBHBI

4A+2h+ B,4AB +2h + A (> A, B). (23)

CrenoBaresibHO, OCTABINNECS IBE CTPEJIKNA HAIIPABJIEHBI OT BePIMTUHBI D. O

3anmaya 55. [lokaxwure, aro rpad, 3a7aBaeMblii TOYKAMU-CyepbasucamMu n pédpaMu-0a3ncamu, SBISETCS
JIepeBOM, T.e. HE COJIEPIKUT ITUKJIOB.

Jokazamenvcmeo. Pacemorpum Keaaparuuanyio dopmy f(x,y) = 22 + xy + y?. Eé kapra obmamaer eaun-
CTBEHHBIM KOJIO/IIeM () 1 110 3a71a19e 54 Bce CTPEJIKHU 9TO KaPThl HAIPABJIEHBI IPOYb OT (). Ecu 661 HA KapTe
CyIIIECTBOBAJI IIUKJI, TO BCE CTPEJKH HEe MOIJIN ObI OBITH HampaBieHbl npodb oT (). CiieroBaTebHO, KapTa
dopusbr f He comepxkut nukioB. Ho cam rpad xapTsl He 3aBucuT 0T DOPMBI, TOITOMY [IJis JII000# f oH Oymer
JIEPEBOM. O

3amada 56. IlycTb () — eIMHCTBEHHBIN KOJIOJIEI [TOJIOKUTEIBHO OIIPE e/ IEHHOM KBAIPaTHIHON POpMEL [, &
P, q, T — 3TO YUCJIA, 3alUCAHHBIE B 00JIaCTsIX, IpUMbIKatomux K (. [Tokakure, uro B j1r060ii ipyroii obiacTu
KapThl [ HAIMCAHO YUCJIO0, HOJIbIIee, YeM JIHO0e U3 duces p, g, 7.

Zloxazameavcmeo. @ukcupyem 06/1acTh A TaKyro, 94TO

a) A He IDAHUYHUT C KOJIOJIIEM,

b) suavenue f Ha A HaumMeHbIee cpeau Beex 00JACTEH, YIOBIETBOPIONINX a).
Mur gokazkeM, aro f(A) > p, g, r. DTo 3aBepiIuT pelieHue 3a1a4u. BplgearuM HanMeHbIuii 1o jyimae myTs W
ot A 1o konoxna Q. Tak kak W kpargaiimmii, To on ynupaercs B A. Tlo onpeieieHnio Kooia Bce CTPeIKn
C HUM I'paHUYaIle HalpaBJjeHbl OT Hero. U3 aroro u 3amaun 54 ciemgyer, 9To Bce cTpesiku W HallpaBJIeHbI OT
Q. CaenosaresbHO, NOCEHSIs cTpesika B Iyt W ykaseisaer Ha A. B cuuty yenosuit a), b), 9T0 BO3MOXKHO
ToJIbKO ecau W cocrouT u3 omaoro pebpa. s obmacreil, coemuHEHHBIX PEOPOM C KOJIOMIEM, YTBEPKIEHUE
3a71a9U IpOBepseTCs HermocpeacTBeHuo (eM. dopmyiy (23)). O

3amaya 57. [lokaxkure, 9T0 BCAKas MOJOKATEIHLHO OMPEIEIEHHAS KBaApaTuIHas (hopma 00Ia1aeT KOIOI-
eMm.
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Zloxazameavcmeo. Beibepem BeprinHy KapThl (), Jijisi KOTOPOil CyMMa 3HaYeHUI B COCEIHUX ODJIACTSIX HAM-
Menbinas. OHa u Gyer Kojo/ameM (CM. TakxKe 3a1ady 53). o

3amayga 58. a) Jlokaxkure, 4TO MOJOKUTETHHO ONPeIeIEHHAsT KBaIpaTudHas (hopma uMeer He Gojiee 1ByX
KOJIO/ITIEB.
b) Vkaxkure KBaapaTudayio Hhopmy, 0BJIaIAIONIYIO JABYMS KOJOIIAMH.

Jlokasamenvcmeo. b) @opma x2 + y? TOTOKHATETHHO ONpe/ieseHa 1 061a1aeT BYMs KOJIOIAMH.

a) Ilycrs (Q — 9T0 KAKOU-TO KOJIOJEI, & P > ¢ = I — 9TO 3HaYeHUs B 0BJACTIX BOKDPYT Hero. Ecrb nBa
caydast ¢ +7 > p uaa g + 7 = p. MBI pacCMOTPUM 3TH CJIydad OTIEIbHO.

IMomoxkum, uro ¢ + r > p. Torma Bce TpU CTPENIKH, BBIXOIAIIUE 3 (), HaIpaBJeHbl poub oT (. Puk-
cupyeM BepHiMHy (' M IIpenoJIOzKHUM, UTO OHa sBJsAeTcs KojomaueM. Ilycts W — aro kpaTyaiimuii myThb,
coequustionii Q u Q. Tlo 3agmage 54, Bce crpenknm W manpasnenst or Q k (. Cnemosarensro Q' — He
KOJIOZIEII.

[Tomoxkum, ato g+ r = p. Torma Bropoit KoHer pebpa F, OTJIe/SIOmero sHa9€HIe ¢ OT 3HATEHUS T, TAKZKE
ABJISIETCST KOJIOAIEeM, 1 MbI 0603HaanM ero ()'. Ha6opwr uncen sokpyr Q u Q' onunakosbl. Ilycrs cymecryer
emé ogun Kosozen, Q7 u mycrb W — sT0 KpaTwaitmuii nz myreii, coegunsronmx Q" nmbo ¢ @, mbo ¢ Q’.
Torgpa W He mpoxomuT Yepes BTOPOi Kosozen. bes orpaamuennst 0OOITHOCTH MBI cauTaeM, 9o W coemaunsier
Q ¢ Q". Torna Bce pébpa Ha W HampabieHbl oT (), U, CIegIoBaTeIbHO, ()" He ABIAETCS KOJTOMIEM. O

Banaua 59. O6bsicHUTe, KaK pemmTh ypasuenne axr? + bry + cy? = m (a, b, ¢, m — mapaMerpsl, T, Y, 2 —
HepeMeHHble) B IIPe/IIoIoxkenun, aTo dbopma ax? + by + cz? ToI0KITETBHO oTpe/iesIeHa.

Jlokasamenvcmeo. Tlocie 3aMeHbI TIEPEMEHHBIX, MBI MOYKEM CUHTATDL, uto f = pr? + q(z — y)? + ry? ana
HOJIOKUTENBHBIX InCe P, ¢, (cM. 3amaay 60). Ecou f(x,y) = n uMeer pemeHne B IeJbIX 9UCIAX, TO

pr? < n,ry? < n. (24)

Yucso map 1esbix ancest (2, y), JJis KOTOPBIX &, Y YAOBJIETBODSIIOT HepaBeHCTBaM (24), koHeuHo. [Iposepus
uX BCe, Mbl OIIPEJIeJIUM, UMeeT Jid ypaBHerue f(x,y) = n pelleHne Wiu HeT. O

3agaua 60 (Kuaccudukanust m0I0KUTEIBHO OIPEIEIEHHBIX KBAIPATUIHBIX (HOPM).

a) TTokaxkure, 9TO KazK/1asl IOJIOKUTEIHHO ONPEEEHHAS KBaJApAaTUIHas (POPMA IKBUBAJIEHTHA KBAJ[Pa-
TUIHON hbopMe BUIA
2 2
(p+a@)a” + 2qzy + (g + )y (25)
JJI KAKOTO-TO HADOPA TOJIOKUTEIBHBIX 9UCEN D, ¢, T

b) IMokaxkure, 4To ABE KBAAPATHIHBIE (DOPMBI, COOTBETCTBYIOIIHE HADOPAM

(P1,q1,71) 7 (P2, G2, 72),

SKBHMBAJIEHTHBI TOT/Ia U TOJBKO TOT/IA, KOTJA 3TU HAOOPHI COBIIAAI0T KAK MHOXKECTBA.
¢) Ompezenure Kakue HAGOPHI (P, ¢, T) 33JAFOT HEJIYIO KBAJIPATHIHYIO POPMY.
d) Onpeznenure kakue HAGOPHI (P, ¢, T') 3aJAIOT IIOJIOKUTEIHHO ONPEJEIEHHYIO KBAIPATHIHYIO (DOPMY.

Lloxazameavcmeo. Ilycrs (Q — 310 Kakoii-To Kosoger [, a m, n, k — 31o yucia Bokpyr kKoJojana. [lomoxum

m+n—=k m+k—n k+n—m
p= g = = —.
2 2 2

Torma f skBuBaslenTHA HOpME
pr? +qy +r(z —y)* = (25).

[TynxT b) B HAIMX 0603HAMeHUsX HeepeH. Konrprpumep: 12 + 3y? u 22 + vy + y2. B yciosun Tpebyercs
WCIIPABUTH «IKBUBAJEHTHBI» HA «JINHEHHO SKBUBAJIEHTHBI.

OTBer IyHKTa €): KOTJa YUCIa P, ¢, T 1eJIbl, UM KOJa JUCIa P — %, q— %, r— % IEJTBI.

Orser nynkra d): dopMa f 10JI0KUTEILHO OlpejiesieHa, eciau p, ¢, 7 > 0 u xors Obl JBa U3 YUCEN P, ¢, T
otaugHb! oT (. O
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Diophantine equations—1

Theorem (Gauss). A positive integer d can be written as a sum of three squares if and only if d
cannot be represented in the form 4™(8m — 1).

Introductory problems
Problem 1. Prove that the equations a) 22% + 2zy — y*> = 1, b) 22 — zy + y* = 2 have no integer
solutions.

Problem 2. Prove that each of the equations a) z? —2y* =1, b) 2> —3y?* = 1, and ¢) 2 —6y* = 1
has infinitely many integer solutions.

Problem 3. Prove that the equation x? 4+ 1000zy + 1000y? = 2001 has infinitely many integer
solutions.

Problem 4% Fix an odd prime p. Prove that equation 2% — py? = —1 has an integer solution if
and only if p =1 (mod 4).

Problem 5. Prove that for every integer m, the numbers of integer solutions of equations
P —ay+y*=m and 32°+9xy+ Ty =m
are equal.

Problem 6. Prove that for every integer n the equation x? 4+ y? = n has an integer solution if
and only if it has a rational solution.

Problem 7. Provide an example of a quadratic equation with integer coefficients which has a
rational solution but has no integer solutions.

Problem 8. Prove that for every positive integers a and b there exist infinitely many positive
integers m such that the equation ax? + by? = m has no integer solutions.

Problem 9. Prove that for every integer m the equation z? + 2y?> — 32> = m has an integer
solution.

Quadratic forms

By definition, a quadratic form is a homogeneous polynomial of second degree. We say that f
represents an integer m if the equation f = m has a nonzero integer solution (thus not every form
represents 0.) Two quadratic forms are called equivalent if they represent the same set of numbers.

Problem 10. Describe all integers which are represented by forms a) x? + 3% b) 2? — y?; c)*
z% + Ty + y2.
Problem 11. Prove that the quadratic forms

f(:c,y), f(x_y7y>7 f(l’,y—ﬂ?), f(—:c,y), and f(ﬂ?, _y>
are equivalent.

Problem 12. a) Prove that the forms 22 + y? and 22 + xy + y? are not equivalent.
b) Prove that the form 42% — 6xy + 5y is not equivalent to any form ax? + by? with integer a
and b.

Definition 1. A quadratic form is called
a) positive definite, if it represents only positive integers,
b) non-negative definite, if it represents only non-negative integers,
c) indefinite, if it represents the set of integers containing both positive and negative ones.

Problem 13. Provide an example of a non-negative definite form which is not positive definite.



Extended arithmetics: p-adic numbers

Theorem (Legendre). Any integer is a sum of four squares.

Problem 14. Let m and n be square-free integers. Assume that the equation

22 —ma® —ny* =0 (1)

has a nontrivial rational solution. Prove that
a) either m or n is positive,
b) m is a quadratic residue modulo n,
¢) n is a quadratic residue modulo m.

Problem 15. Reduce Metatheorem for the equations in two variables to the case of equations of
the form (1).

Definition 2. An expression of the form
—k —k+1 n
a_pp "+ a_pp +..Fap"+ ... (keZ, a;€Z) (2)
is called a p-adic number. Such an expression is a p-adic integer if k < 0.

Problem 16. Let f be a polynomial with integer coefficients. Prove that the equation f = 0 has
a solution in Z, if and only if it has a solution modulo p" for every positive integer n.

Problem 17. When is a p-adic number in the form (2) equal to 07
Problem 18. Prove that the product of two nonzero p-adic numbers is also nonzero.

Problem 19. Prove that Q C Q, for any prime p (i.e., prove that for every pair of nonzero
integers m and n there exists a p-adic number z such that nx = m).

Problem 20. Prove that —1 is a square in Q, if and only if p =1 (mod 4).
Problem 21. Find a description of all perfect squares in Q,.

Problem 22. Prove that for any nonzero 3-adic number m there exists a 3-adic number = such
that m is equal to one of the numbers 22, 222, 322, or 622

Problem 23. Let p be an odd prime, and let x1,..., x5 be nonzero p-adic numbers. Prove that
there exist indices ¢ and j with 1 <14 < j <5 such that z;/z; is a perfect square in Q,.

Problem 24. Prove that for every odd prime p there exist p-adic numbers z4,...,z,_; such that
i+ Fa  +1=0.

Problem 25. Prove that the equation 22 + x + 1 = 0 has exactly two solutions in Z-.
Problem 26. Prove that the equation 22 + y? = —1 has a p-adic solution for every odd prime p.

Theorem (the Hasse-Minkowski principle). A quadratic equation f = 0 in several variables has
rational solutions if and only if the equation f = 0 has simultaneously solutions

e in real numbers,

e in Q, for every prime p.

Problem 27. Prove the Hasse-Minkowski principle for equations in one and two variables.



Definition 3. Set (a,b), = 1 if the equation 2* — az* — by? = 0 has a nonzero solution in p-adic
integers; otherwise set (a,b), = —1. The value (a,b), is the Hilbert symbol of the pair (a,b) with
respect to the prime p.

Problem 28. Prove the following properties of the Hilbert symbol:

1) (a,b)p = (b, a)y, 2) (a,¢), = 1,
3) <a7 _a’)p =1, (CL, 1 - a’)p =1, 4) <a7 b)p = (CL, _ab)p = (CL, (1 - CL)b)p'

Problem 29. Let (a,b), = 1. Show that (a,b), = (ad’,b), for any a'.

Definition 4. To write down an expression for the Hilbert symbol in a compact form, we will
use the Legendre symbol <£> defined for any integer x and prime p. It equals to 1, —1, or 0
p

depending on whether x is a nonzero quadratic residue, a quadratic non-residue, or zero. For an
odd prime p, one may calculate it using the formula

<ﬁ) — 2" (mod p)

p

Problem 30. Let p be an odd prime; let a = p®u, b = p’v, where «, 3, u, v are integers such that
u and v are not divisible by p. Prove that

=07 () (5)

Problem 31. Find an explicit formula for (a, b)s for every nonzero integers a and b.

where £(p) = &1

Problem 32. Prove that (a,b),(a,t), = (a,bb’), for every nonzero integers a, b, b'.

Problem 33. Prove that the equation az? + by? = c in variables x and y (with parameters a, b,
and ¢) has a solution in p-adic numbers if and only if (¢, —ab), = (a,b),.

Problem 34% Let us fix a homogeneous polynomial f = ayz? + as23 + ... + a,r2 with n > 2,
where aq,...,a, # 0. Set

d=aay...a, and e= H(ai, aj;)p- (3)

i<j

Prove that the equation f = 0 has a nonzero p-adic solution if and only if one of the following
conditions is satisfied:

1) n =2 and —d is a square in Qy;

2) n=3and (—1,d), =¢;

3yn=4andd+# o’ ord=a?and € = (—1,—1),;

4) n > 5. (i.e., if f depends on 5 or more variables, then f = 0 has a nonzero solution in Q,
for any p.)

Deduce the following problem from problem 34.



Problem 35. Fix a homogeneous polynomial f = a12? + asx3 +. .. +a,z2, where ay, ..., a, # 0,
and an integer a # 0. Define d, e by formula (3). Then the equation f = a has a p-adic solution
if and only if one of the following conditions is satisfied:

1) n =1 and a/d is a square in Qy;

2) n=2and (a,—d), = ¢;

3) n =3 and ad is not a perfect square in Q,, or ad is a perfect square and € = (=1, —d),;

4) n > 4. (i.e., if f depends on 4 or more variables, then the equation f = a has a nonzero
solution in Q, for any p.)

Problem 36. Prove the Hasse-Minkowski principle.

Problem 37. Using problem 35 and the Hasse-Minkowski principle, show that an integer d is a
sum of 3 squares in rational numbers if and only if the number d cannot be represented in the
form 4%(8b — 1), i.e. if —d is not a perfect square in Q.

Problem 38. Fix an integer n. Prove that if there exist rational numbers z, y, and z such that
22 + y? + 22 = n, then there also exist integers 2/, ¥/, and 2’ such that (2/)? + (y')? + (2')® = n.
Deduce the Gauss theorem from this statement.

Problem 39. Deduce the Legendre theorem from the Gauss theorem.



Some properties of the Hilbert symbol (DE-2)

The goal of this section is to show that, for a pair of nonzero integers (a,b), the Hilbert symbol
(a,b), equals 1 for almost all (=all except finite number) primes p. We deduce this statement
from a more general statement presented below.

Problem 40. a) Let f be a homogeneous polynomial of degree n, depending on k variables, where
k > n. Then the number of solutions of the equivalence f = 0 (including 0-solution!) modulo p is
divisible by p (Hint: apply the little Fermat theorem and consider case p = 2).

b) Let f be a polynomial of degree n depending on k variables, where & > n. Then the number
of solutions of the equivalence f = 0 modulo p is divisible by p.

Problem 41. Deduce from the previous problem that for any integers a, b, ¢ the equivalence
ax® + by? 4 cz? = 0 in variables z, y, 2 has a nonzero solution modulo p .

Problem 42. Deduce from the previous problem that, for a pair of nonzero integers (a,b) and an

odd prime p, (a,b), = 1if a,b /p. Explain why (a,b), = 1 for all primes p except a finite number.

Problem 43. Deduce from Problem 41 that the equation az? + by? + cz? + dv? + ew? = 0 in
variables ., y, z,v,w (a,b, ¢, d, e are parameters) has a nonzero solution in Q, for any odd prime p.

Problem 44. Prove that, for any pair of nonzero integers (a,b), we have

H(av b)p = (a’a b)—h

p
where the product is taken over all primes p and

2

(a,b) { 1, if the equation 2% — az? — by? = 0 has a real solution,
a,0)_1 = .

—1  otherwise.

As a last problem of this list, we mention an “analogue” of the Chinese Remainder Theorem:
it turns out that one can construct a rational number with the prescribed values of the Hilbert
symbol.

Problem 45. Fix a finite set of nonzero integers a; and for every prime p define the values
€;p = £1. Show that the system of equations

(ai? x)p = 8i,p7 V’l, vpa

has a solution if and only if
a) almost all (=all except finite number) ¢; , = 1,
b) for any prime p, there exists a nonzero p-adic number x, such that

(a;, Tp) = €ip.



Two variables: maps of quadratic forms (DE-4)
In this section we study the equation

En: ar®+bxy+cy>=m (4)
depending on integer variables x, y, where a, b, ¢, m are integer parameters.

Problem 46 (Superproblem). Prove that if the equation E,, has a solution for some positive m,
has a solution for some negative m, has no non-trivial solutions for m = 0, then for every m either
FE,, has no solutions, or F,, has infinitely many solutions.

Problem 47 (Superproblem). Is it true that if the equation FE,, has solutions for
m==+1, +2, 43,
then in this case F,, has solutions for any integer m?
Problem 48 (Superproblem). Prove that if the equations F;, E,, E3, E5 have integer solutions,

then the equation F,, has an integer solution for some m < 0.

Drawing a map
Problem 49. Prove that, if {w;, wsy} is a basis of Z?, then pairs

{w27w1}7{w1 _w27w2}7{w1 +w27w2}7{_w17w2} (5)
are also bases of Z2.

Problem 50. Show that, using transformations (5), it is possible to transform any basis to any
other one.

Problem 51. Show that a quadratic form can have the same representations in several different
bases.

Problem 52. Find a quadratic form which has different representations in any two different bases
of Z2.

Excercise 1. Write down all the extensions of a basis {wy, ws}. Write down all the specializations
of a superbasis {d+w;, Twq, +(w; + ws)}.

Excercise 2. Draw (oriented) maps of the following quadratic forms:
fi=322+ 92y + 7%, fo=a =27 fy =23y

In two problems below, the values A, B, C', D, and h are related to the following picture.
N A
h .
D ‘CI




Problem 53. Show that A, B, C, D, and h satisfy
C=A+B+h, D=A+B-—h.

Problem 54. Assume that A, B, C' are positive and the edge h goes from C' to D. Show that
in this case D is also positive and that the arrows on two other edges which are incident to Q) go

out of Q.

Problem 55. Show that the graph determined by the points-superbases and edges-bases is a tree,
i.e., it has no cycles.

Problem 56. Let () be a unique well of a positive definite quadratic form f, and p, g, r be
integers written in the regions adjacent to (). Show that the number in any other region of a map
related to f is strictly greater than max(p,q, ).

Problem 57. Prove that every positive definite form has a well.

Problem 58. a) Prove that a positive definite form has not more than two wells.
b) Find a positive definite form with two wells.

Problem 59. Provide an algorithm which solves the equation ax? + bxy + cy* = m (a, b, ¢, m are
parameters, x, y, z are variables), under the assumption that az? + bxy + c2? is positive definite.

Problem 60 (Classification of positive definite quadratic forms).
a) Show that any positive definite quadratic form is equivalent to the form
(p+q)a® +2qzy + (¢ + 1)y (6)

for some non-negative numbers p, ¢, r.
b) Show that the quadratic forms corresponding to

(p17 q1, Tl) and (p27 42, TZ)

are equivalent if and only if these triples coincide as multisets.
¢) Find out which triples (p, ¢,r) determine an integer quadratic form.
d) Find out which triples (p, q,r) determine a positive definite quadratic form.



Part 3: Little Methuselah form

The goal of this section is to prove the following theorem.

Theorem. (Conway) Little Methuselah form z? + 2y* + yz + 42? represents all the integers from
1 to 30. Any other positive definite form f(z,y, z) which represent all the integers from 1 to 30 is
linearly equivalent to the little Methuselah form.

To prove the Conway theorem, we try to develop a theory of positive definite quadratic forms
in three variables. First we revisit the theory of quadratic forms in two variables.
Let f(x,y) = ax®+ bry + cy? be a quadratic form. We assign the following 2x2 and 3x3 tables

b ) a 5 —(a+§)
F:=< ;), e ¢ (et B
+

2
—(a+2) —(c+%) (a+b+o)
to such a form. It is easy to see that f may be uniquely recovered from the tables F' and F.

nio

Problem 61. Prove that

b

Fle.) = —gle—0)* 4 at ) + (e 2 @

Problem 62. Prove that the tables

(£5)

determine equivalent quadratic forms.

o Nl

oo O
Q Nl
N——
Y
| =
N
Q |
NS
N—
—~
(0]
N—

o Q

Problem 63. Prove that the quadratic forms corresponding to the tables

(00) (Ll 2) (Ll 25) e

are equivalent (note that tables (9) can be obtained from F by a choice of 2 rows and corresponding
2 columns).

Nl
o o

Below, we identify a quadratic form f with its tables F' and F.

Problem 64. Using (8) and (9), show that any positive definite quadratic form is equivalent to

a form y
/ _
/

5 C

for which 0 < —b < a’ < . Note that under this restriction, the right hand side of (7) is a sum
of 3 non-negative numbers.



Problem 64 is an analogue of Problem 60. We wish to prove the analogue of Problem 64 for

quadratic forms in three variables. We will use the same scheme but we need more notation. Fix
a quadratic form

flx,y,2) = e + ayyy2 +a,,2%+ Ay Y + QY2 + Ay X2,

We identify the form f with the following 3x3 and 4x4 tables:

IS]
8
<
IS)
&
o2

Zxx 2 a%z
=173 Qyy =5 |
gz g aZZ
% R o
R 5 (yy 5 —(ay, + - + éz)
F = s o sz —(az: + %= + %)
_ Qzry Qxz _ Qzy QAyz _ [ ayz gz a'yy + a'ZZ+
(amm+2+2) (ayy+2+2) <a22+2+2) +a%+a3212+a§z
Problem 65. Prove that
a/{L' aZBZ a z
f(x,y,z)——f(x—y)Q— 9 (x_Z)Q_%(y Z)2+
gy Gz o Ty Qyzy 9 Qg Qyzy\ 2
e + 7+ )0+ (agy + 57+ 7)Y (e + =+ )27 (10)
Problem 66. Prove that the quadratic forms
U apz 5 Ayy —(ay, + -+ ;z>
azz Ayz 2 ’ [ [ [ Qyz Qg + a + a'zz+ ’
2 % Azz _<a:m:+7y+7) _<ayy+Ty+%> +‘1% +y312/z + a;z
(11)
Arz % _<a:m: + a% + %)
a% Ay _(azz+%+%)
[ [ [ Ayz Qg + a + azz+ 7
(O + ) (0 AT e e e
(12)
C;yy a;z —(ayy + a% + Z%z)
R Qs —(as. + % + ) (13)
Qg Ay = Qg Qyz a’xx + a + azz+
_<a’yy + Ty + %) _<azz + ) + ; ) i

Qzy ayz QAxz
_'_2_'_2_'_2

are equivalent (note that tables (13) can be obtained from F by a choice of 3 rows and 3 corre-
sponding columns).

Problem 67. Using (13), show that a positive definite form f is equivalent to a form

a/ alﬂ agCZ

Tx 2 2
Gay 1 Oy

2 a;/y 2 ’
a’/zz ayz a/

2 2 zz

9



for which

O0<a <d, <ad

zr — Yyy — Y2z

|y |, |0 ] < g, |, fay.| < lal.].

Problem 68. Using Problem 67, show that every positive definite quadratic form f(x,y, 2) is
equivalent to

a, 3 5 —(al + 5 + %)
A ., () + 2+ %)
= . (. + %+ )
, , / / , / al a, +a. _+
et ) B et TR
(14)
such that
Uy oy Uy, <0,
(15)
/ a';y a’;:z / a'l$y a;?«’ / a’;:z a;?«’

Note under these conditions the right hand side of (10) is a sum of squares.
To every quadratic form (14) satisfying conditions (16), we assign a graph with 4 vertices as
it is shown on Figure below.

If the number on some edge is 0, then we delete this edge.
Problem 69. Prove that if the graph F has all possible edges, then f does not represent 1.

Problem 70. Prove that if some vertex of F is incident to strictly less than 2 edges, then f is

equivalent to a form
az’® + g(y, 2) (17)

for some positive integer a and a positive definite quadratic form ¢ in 2 variables.

Problem 71. Prove that if a quadratic form (17) represents all the integers from 1 to 30, then
(17) is equivalent to the little Methuselah form.

10



We say that f is indecomposable if any vertex of F is incident to at least 2 edges.

Problem 72. Describe the graphs of all indecomposable quadratic forms f(x, y, z) which represent
a) 1;
b) 1, 2;
c) 1,2, 3,5.

Problem 73. Finish the proof of the Conway theorem.

11



Diophantine equations of second degree

In this project we study some properties of Diophantine equations of second degree. Those
who advance in the project will develop a theory allowing one to solve a large (and interesting)
class of problems. Some exciting examples are presented below.

We start with second degree equations in rational numbers. We will elaborate an algorithm
which effectively determines whether an equation has a solution. As an application of this theory,
we prove the following theorem by Carl Friedrich Gauss.

Theorem (Gauss). A positive integer number d can be written as a sum of three squares if and
only if d cannot be represented in the form 4™(8m — 1).

After the semifinal, we will focus on integral solutions of degree 2 equations in two variables.
To investigate the solutions of these equations, we will introduce the maps of quadratic forms. We
will also prove the following statement.

Theorem (J. Conway). There exists a unique! homogeneous polynomial f(z,y,z) of degree 2
such that all the equations f(x,y,2) = m with m = 1,...,30 admit integral solutions, but any
equation of the form f(z,y,z) = m with m < 0 has no integral solutions.

Introductory problems

In this subsection we collect several easy problems on (integral) quadratic forms. These problems
may be solved using a general algorithm of solution of such equations; we believe that some
participants will construct such an algorithm. Nevertheless, all these introductory problems may
be solved in a direct way.

Notice that there is no such algorithm for Diophantine equations of an arbitrary degree; the
fact that it cannot exist was proved by Yu. Matiyasevich in 1970; by proving this fact he has
solved the 10th Hilbert problem.

See Problems 1-9.

If you are stuck on some of these problems, you may proceed to the next sections and return
to these problem later, after obtaining some technical background.

The quadratic forms

Definition 1. A quadratic form is a homogeneous polynomial of degree 2. Here are two examples:
202 + 22y — y? and 2% — xz +y? — 222

For every positive integer d, we denote by Z? the set of d-tuples of integers. E.g., the set of
pairs of integers is denoted by Z2. Any quadratic form in two variables  and y determines a
function on Z? mapping a pair (z,y) to the number f(z,y). Hereafter we will frequently denote
a pair (z,y) € Z* by one letter (say, v) and write f(v) for f(z,y).

Definition 2. We say that a quadratic form f represents an integer m if there exists a pair v € Z>
with v # (0,0) and f(v) = n. In other words, f represents m if the equation f(z,y) = n has a
nonzero integer solution (thus not any quadratic form represents 0).

See Problems 10-11.

Definition 3. We say that two quadratic forms are equivalent if each number represented by one
of these forms can also be represented by the other one.

!Formally, this statement is wrong; this polynomial is unique up to some equivalence which will be described
later.



See Problem 12.

It appears that some quadratic forms are easier to deal with than some other ones. One of our
aims is the following: Given a quadratic form f, we wish to find some convenient form equivalent
to it (e.g., a form like ax?® + by?). For that, we need to work out some necessary and sufficient
conditions on the two quadratic forms to be equivalent. In particular, we will find some explicitly
computable invariants of quadratic forms.

Definition 4. We say that a quadratic form f is
a) positive definite if f(v) > 0 for all v # 0,
b) non-negative definite if f(v) > 0 for all v € Z?,
c) indefinite if f(u) > 0 for some u € Z* and f(v) < 0 for some v € Z>.

See Problem 13.

Extended arithmetics: p-adic numbers

The main goal of this section is to impart some sense to the following Metatheorem.

Theorem (Metatheorem). A quadratic equation has a solution in rational numbers if and only
if there are no obstacles modulo any prime p.

Using this Metatheorem, one can prove, for instance, the Gauss theorem and the following
theorem by Legendre.

Theorem (Legendre). Every positive integer is a sum of four squares of integers.

In our project we split the proof of Metatheorem (as well as of theorems by Gauss and Legendre)
into several problems. Any such problem can be solved independently. To start with, we need to
impart a formal sense to our Metatheorem (in the previous formulation, it is ambiguous; moreover,
it remains wrong after any easy attempt to formalize it). Let us present some example.

Definition 5. We say that m is a quadratic residue modulo n if there exists an integer t such
that m = t*> (mod n).

See Problems 14-15.
In the case ged(m, n) = 1, the conditions a)—c) of Problem 14 imply that the equation

ar® +by* =c

has a rational solution. On the other hand, in the case ged(m,n) # 1 one needs to introduce
additional conditions on m and n which are related to prime divisors of ged(m,n). If one writes
them down directly, these conditions would look a bit long, although simple.

An elegant (and short) way to present such conditions is based on the notion of p-adic numbers.
We follow this approach.

For any prime p, a p-adic integer is defined as any formal sum of the form

ag+ap+...+ap” + ... (a; € Z) (1)

where the number of summands may be infinite. Two p-adic integers are assumed to be equal if
they coincide modulo p™ for any n. For example,

l=(p+1)—(p+Dp+{+1)p* =@+’ +....

The set of p-adic integers is denoted by Z,.



One may add, subtract, and multiply p-adic integers in an obvious way. Therefore, given an
equation f = 0 with integer coefficients, one may consider its solutions in Z,. The following
problem provides a connection between the sets of solutions of f = 0 in integers and in p-adic
integers.

See Problem 16.

The notion of a p-adic integer is an extension of a notion of an integer. A similar extension
exists for the rational numbers. Namely, for any prime p we define a p-adic number (or a p-adic
rational) as a formal expression of the form

awp P apap N Fap (ke€eZ, a; €l (2)

the equality of two p-adic numbers is defined as above. The set of all p-adic numbers is denoted
by Q,. Obviously, any p-adic integer can be represented in the form (2) with a_ = ... =a_; =0
(or with k& <0).

In order to get acquainted with the notion of p-adic numbers, it is useful to solve the following
problems.

See Problems 17-26.

Now we are ready to present a formal version of Metatheorem.

Theorem (the Hasse-Minkowski principle). A quadratic equation f = 0 has a rational solution
if and only if it simultaneously has solutions

e in real numbers,

e in p-adic numbers for every prime p.

See Problem 27.

The Hasse-Minkowski principle reduces solving an equation in rational numbers to solving the
same equation in p-adic numbers. The advantage is that equations in p-adic numbers are much
easier to solve. To show this, we first describe an algorithm which allows one to check whether an
equation in two variables has a rational solution. Let us first deal with an equation of the form

22 —azx® —by* = 0. (3)

Definition 6. Consider a prime p and a pair of integers (a,b). Let us define the Hilbert symbol
(a,b), of a pair (a,b) with respect to p as follows: If the equation (3) has a nonzero solution in
p-adic integers, then we set (a,b), = 1; otherwise we set (a,b), = —1.

Thus, for finding the solutions of (3) it is helpful to learn how to find (a,b),.
See Problems 28-29.
To write down an expression for the Hilbert symbol in a compact form, we will use the Legendre

symbol (E) defined for any integer x and prime p. It equals to 1, —1, or 0 depending on whether
p

x is a nonzero quadratic residue, a quadratic non-residue, or zero. For an odd prime p, one may
calculate it using the formula
€T —
<—) =2"7 (mod p)

p
See Problems 30-39.



Two variables: maps of quadratic forms

In this section of the project we develop a technique which allows us to solve the equation
E,, :az® +bry +cy®> =m (4)

effectively, here x and y are integer variables and a, b, ¢, m are integer parameters. To do this,
we assign a map to any quadratic form in two variables and show how to read properties of the
form out of this map. We believe that using this approach the participants will be able to solve
the following (super)problems. By a solution in this section we always mean a nonzero integer
solution if not mentioned otherwise.

Problem 46 (Superproblem). Assume that the equation E,, has a solution for some positive m,
for some negative m and has no solutions for m = 0. Prove that in this case either F,, has no
solutions, or F,, has infinitely many solutions for any m.

Problem 47 (Superproblem). Is it true that if the equation FE,, has solutions for
m==+1, +2, 43,
then in this case F,, has solutions for any integer m?

Problem 48 (Superproblem). Assume that the equations Ej, Fs, E3, Es have solutions. Show
that in this case the equation F,, has solutions for some m < 0.

Now we treat two examples to show how the map of a quadratic form may help to solve
equations.

Examples of maps

The goal of this subsection is to show that it might be interesting to consider maps of quadratic
forms. Given two polynomials

22° + 2xy —y* =1 and 2% — xy +9° = 2, (5)
we assign the following pictures to them, they are called maps:

19 |*=

From these maps we see that equations (5) have no integer solutions.

4



Drawing a map 2

To find something common in a variety of something very different it was a good idea (from time
to time) to consider all this different (some)things simultaneously and providing this “all” by some
additional structure. Following this approach, we consider all forms which are linearly equivalent
(see definition below) to a form f and provide this set with an oriented graph structure (we put
points of quadratic forms on the plane and connect them by edges in some way). To do this we
need a notion of basis/superbasis of Z2.

Definition 7. A basis of Z? is a pair wy, wy € Z? such that for any v € Z? there exist m,n € Z,
for which
UV = muwi + nwsy.

Before semifinal, we had the notion of equivalent forms. Unfortunately, if we work with maps
of quadratic forms, it is more natural to use the following notion.

Definition 8. Two forms f;, fo are called linearly equivalent, if 3 a, b, ¢, d, such that ad —bc =1
and

f1<x7y) = f2(ax + by7 CT + dy)
See/solve Problems 49-52.

Definition 9. A superbasis of Z? is a collection {£w;, +wy, +(w; +ws)}, where {wy, wy} is a basis
of Z?. We say that a basis {wy,ws} is a specialization of a superbasis {#wy, Fws, +(w; + ws)}.
We say that a superbasis {£w;, tws, +(w; + wy)} is an extension of a basis {wy, ws}.

Example 1. Write down all the extensions of a given basis {w;,ws}. Write down all the special-
izations of a given superbasis {tw;, £ws, £(w; + we)}.

Now we are able to describe the map f. We start from a part of this map which does not
depend on f at all:
(1) to any superbasis {£w;, *ws, +(w; + wsy)}, we assign a point on the plane (the vertex of
the graph),
(2) to any basis {w;,ws}, we assign a segment on the plane (the edge of the graph), which
connects
{£wy, fwy, £(wy + we)} and {£wy, fwy, +(wy —ws)}

(we assign the same edge to {wy,ws}, {—wy, we}, {wy, —ws}, and {—wq, —ws});

(3) to any w € Z?, we assign the region on the plane such that its border consists of edges
corresponding to bases containing w (we assign the same region to w and —w).

It turns out that it is possible to draw the following picture without self-intersections on the
plane.

(6)

2If you wish to see a much shorter way to draw a map of a form you could go to the appendix of this section.
Try to prove why a map defined in this way satisfies the desired properties.




Note that (6) does not depend on f. Now we will mark the graph with integers depending
on f. Integers will be assigned to every region and to every edge of (6) in such a way that it
will be possible to restore the class of f up to linear equivalence in the unique way. We use the
following rules.

(1) If a region corresponds to w € Z?, then f(w) will be assigned to it.

(2) If an edge I corresponds to a basis {ws, wsy}, then we assign to it the positive integer

|f (w1 +w2) = fwi) = f(w2)]-
Also, we make I directed: if f(wy + wg) > f(w; — we), then edge I starts at vertex-superbasis
{iwl, :l:U}Q, :l:(iﬂl —UJQ)}

and ends in
{twy, fwy, £(wy +ws)};

if f(wy+wq) < f(wy —wy), then otherwise. If f(w; +wy) = f(w; —ws), then we do not determine
the direction of I (and usually omit 0 at I).

The resulting picture will be called the oriented map of a quadratic form f. If we omit
numbers attached to the edges in this picture, then it will be called the map of a quadratic form.
For example, the maps of the forms 222 + 2xy — y? and 22 — xy + y? are presented on page 4.

Example 2. Draw the (oriented) maps for the quadratic forms
f1:3$2+9$y+7?/2> f2:$2—2?/2> f3:$2_3y2-

In two following problems, the integers A, B, C, D, h are related to the picture

See/solve Problems 53-55.

For positive definite quadratic forms, the following definition plays a key role.

Definition 10. A well is a vertex () of the oriented map of a quadratic form such that all the
edges which are incident to () go out of Q.

See/solve Problems 56-60.

We want to give you an advice:

1) The ideas of proofs of Superproblems 1, 2, and even of every equation of type (4), is very
close to Problems 59, 60.

2) In real mathematical life, no one (except yourself) would give you a sequence of (relatively
simple) exercises which lead to a proof of any mathematical Problem. You will be very lucky
if you learn (most probably, occasionally) a significant piece of the desired methods and ideas
somewhere.

3) The goal of this conference is to let you know something about real mathematical life.

If you did not guess, we end up with problems helping you to solve Superproblems 1, 2, 3
and determine when equations (4) have solutions. To simplify your life, we have prepared several
pictures which can help you to solve or to guess something.




A quick way to describe the map of a quadratic form

Algorithm f — I'y : We consider an infinite tree (a connected graph without cycles) on the
plane such that every its vertex is incident to exactly 3 edges. A part of such a tree is presented

below

(7)

We take any vertex of this graph and write integers f(1,0), f(0,1), and f(1, 1) on three regions

which meet at this vertex.

f{0, 1)

(1, 0)

The values at all the other regions are determined by the following rule




Rule 1: For a given edge, if 3 values which are adjacent to it (see Figure (9)) are already
known, then the fourth one is determined by the formula 2(A + B) = C' + D.

It is easy to see that Rule 1 determines the map I'y. Now we need to construct the oriented
map ff. We use the following rules (see Figure (9)):

Rule 2: We write [2(A+ B) — C| = |2(A+ B) — D| at the edge h.

Rule 3: If C' < D, then the edge h is replaced by an arrow from C to D; if C' < D then h is
replaced by an arrow from D to C'; if C' = D then the edge h is unoriented.

Some properties of I'y:

1) the points of I'y correspond to quadratic forms which are linearly equivalent to f;

2) the regions I'y are in one-to-one correspondence with the nonzero rational numbers 7*;

3) if the region corresponds to a reduced fraction ™, then integer f(m,n) is written in it;

4) two quadratic forms f and g are linearly equivalent if and only if their maps I'y and T,
coincide.
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Introductory problems

Problem 1. Prove that the equations a) 222 + 2zy — y? = 1, b) 22 — 2y + y? = 2 have no integer solutions.

Proof. a) Analyzing residues modulo three, we see that the equation
20% + 2zy —y? =322 — (y—2)? =1

has no integer solutions.

b) First solution. Notice that 22 —zy +y? = (v —y/2)% +3/4y? = 2, hence y? < 8/3, |y| < 1, analogously
for z. From the other hand, at least one of x and y must be even, so it must be zero; if we put = 0 then
y? = 2, we get a contradiction.

Second solution. Clearly, if [z| > 3 or |y| > 3, the equation 2% — zy + y* = 2 (22 + y? + (z — y)?) = 2 has
no integer solutions. A case-by-case consideration of the remaining 25 possibilities shows that this equation
has no integer solutions. O

Problem 2. Prove that each of the equations a) 2% — 2y?> = 1, b) 22 — 3y = 1, and ¢) 2% — 6y? = 1 has
infinitely many integer solutions.

Proof. a) For every integer n the pair

(3+2V2)" + (3 — 2v2)" (3+2v2)" — (3—2V2)"

2 Y 22

is a solution of the equation.
b) For every integer n the pair

2+ V3)"+(2-V3)" (2+V3)" —(2-V3)"

5 Y 23

is a solution of the equation.
c¢) For every integer n the pair

(5+2V6)" + (5 — 23/6)" (5+2V6)" — (5 — 2v/6)"

2 y 26

is a solution of the equation. O

Problem 3. Prove that the equation 22 4+ 1000xy + 1000y? = 2001 has infinitely many integer solutions.

Proof. The discriminant 10002 — 4 - 1000 of the equation z? + 1000zy + 1000y? = 2001 is greater than 0
and is not a perfect square. Hence, the quadratic form z? + 1000zy 4+ 1000y = 2001 is indefinite, does not
represent 0 and represents 2001 for x = y = 1. From Problem 46 it follows that the equation

x2 4 10002y + 1000y> = 2001

has infinitely many solutions. O
Problem 4. Fix an odd prime p. Prove that equation 22 — py? = —1 has an integer solution if and only if
p=1 (mod 4).

Proof. Suppose that the equation 22 — py? = —1 has an integer solution. Let us prove that p is equivalent

to 1 modulo 4. Indeed, in this case —1 is a quadratic residue modulo p, i.e., p =1 (mod 4).

Now let us prove the converse, let p = 1 (mod 4). By Problem 46, the equation 2% — py? = 1 has a
nontrivial solution.

Define by S, the set of solutions (zg,9o) of the equation z2 — py? = 1 such that xo,yo > 0. Let (z0,%0)
be a solution from S; with minimal yy. Then

(zo — 1)(zo + 1) = pyp. (1)

It follows from (1) that either 2(xo + 1) or 2(zp — 1) is a perfect square. Consider two cases.



First, assume that 2(zo+ 1) = d? for a positive integer d. Then d is even ands d | yo. Let d = 2dp, and let

r1 = (20 +1)/d = do, y1 = yo/d.

Then ) 2 3
o +
1‘% _py% = ﬁ((l'o + 1)2 _pyg) = 2
Hence, (21,y1) also belongs to Sy. Clearly, y; < yo, which contradicts the minimality of the pair (xq, yo)-
Now consider the second case, let 2(zg — 1) = d? for some positive integer d. Then d is even and d | yo.
Let d = 2dy, and let

=1.

x1 = (2o — 1)/d = do, y1 = yo/d.

Then ) 21 )
—
2t —pyi = 55 (w0 = 1) —pyg) = ——— = -1,
We see that (z1,%1) is a required solution of 2 — py? = —1. O

Problem 5. Prove that for every integer m, the numbers of integer solutions of equations
2> —zy+y =m and 322+ 92y+ Ty =m
are equal.

Proof. Let us show that there is a bijection between integer solutions of the equation 22 — zy + y> = m and
integer solutions of 322 4+ 9xy + 7y% = m.

Let v = x + y, u = —x — 2y, clearly, they are integers. Substitute by u + 2v, and y by —u — v in
2% — 2y +y2. We get 3u? + 9uv + Tv2. So for every solution of 3x2 + 9xy + Ty? = m there is a corresponding
solution of 22 — zy + y> = m.

Conversely, u and v in u? —uv +v? can be replaced by an appropriate integer linear combination of z and
y. Hence, for every solution of the equation 2 — zy + y> = m we can produce the solution of the equation
3x2 + 9zy + Ty? = m. O

Problem 6. Prove that for every integer n the equation 22 + y? = n has an integer solution if and only if
it has a rational solution.

Proof. Let x, y be rational numbers such that 2 4+ 2 = n. Reduce = and y to a common denominator d
and choose the pair (x,y) with the minimal possible d. We assume that d > 1 (this means that x, y are not
integers and the equation 2? + y? = n has no integer solutions). Let r,, 7, be the integers closest to z and
Yy, respectively. Denote s, :=x — 1y, sy :==y — ry. Then

1
|52, |Sy| < 9 5§+532;:nf(rgjLT?;)*Q(sxrxﬁLSyry)' (2)
Let ) ) ) ,
S _sz(n—rx—ry) i _sy(n—rm—ry)
¥ 52+ s2 ’ Y Y 52 + 52

It follows from (2) that s3 + s7 = d’/d, and 0 < d’ < d. Hence, if we write 2’, 4 with common denominator
d’, then it divides d, in particular, it is less than d. Meanwhile ' 4+ y'2 = n. It contradicts the minimality
of (z,y). Hence, d = 1, i.e., the equation x? + y? = n has integer solutions. O

Problem 7. Provide an example of a quadratic equation with integer coefficients which has a rational
solution but has no integer solutions.

Proof. The equation 422 = 1 is the required example. It has a rational solution z = % Clearly, it has no
integer solutions. U

Problem 8. Prove that for every positive integers a and b there exist infinitely many positive integers m
such that the equation az? + by? = m has no integer solutions.



Proof. Let N be an integer. If the equation az? + by? = n has integer solutions for some n < N, then

ol <X, i< y/S
HARSS av Yl x b

If the equation az? + by? = n has an integer solution for each n < N, then there exist N pairs (z,y) such
that 0 < x < \/%, 0<y < %. ‘We obtain

N
Vab’
Clearly, if ab > 1, then this inequality is not held for N great enough. So it remains to consider the case

a =b=1. But if n is equivalent to 3 modulo 4, then it cannot be represented in form z? + y2, which ends
the proof. O

N <

Problem 9. Prove that for every integer m the equation 22 4 2y? — 322 = m has an integer solution.

Proof. Tt is enough to show that x2 4 2y? — 322 represents 0, every odd number and every number equivalent
to 2 modulo 4.

If r =y =z=1, then 2 + 2y% — 322 equals 0. Hence, x? + 2y% — 322 represents 0.

frxr=u+1,y=u,2z=u,then 2 + 2y? — 322 equals 2u + 1. Hence, 22 + 2y? — 322 represents all the
odd numbers.

fzx=u,y=u+1, z=u, then 22 + 2y — 322 equals 4u + 2. Hence, z2 + 2y — 322 represents all the
numbers equivalent to 2 modulo 4.

If m is divisible by 4, then we factor it out and reduce the problem to one of the already considered
cases. O

Quadratic forms

Problem 10. Describe all integers which are represented by forms a) x2 + y?; b) 22 — y2; ¢)* 2% + xy + 2.

Proof. a) n = x? + y? if and only if in the factorization of n into primes, every prime divisor entering in n
in odd power, is equivalent to 1 modulo 4.

b) (u+1)? —u? = 2u+ 1. Hence, 2% — y? represents all the odd numbers. Also (u+1)% — (u —1)? = 4u.

We see that 22 — y? represents all the integers equivalent to 0, 1, and 3 modulo 4. Analyzing this form
modulo 4, we see that residue 2 cannot be represented .

c) Let us fix n. Analogously the proof of Problem 6, we can show that the equation 22 + xy +y> = n
has integer solutions if and only if it has rational solutions. In rational numbers, z? 4+ zy + y2 is linearly
equivalent to % + 3y* (2% + 2y +y? = (z + £)? + 3(%)?). We show here (read the section about the Hilbert
symbol!), that x? + 3y? represents n in rational numbers if and only if every prime entering in n in odd
power is equivalent to 0 or 1 modulo 3.

Indeed, 22 + 3y% = n has solutions in Q if and only if z? + 3y? — nz?2 = 0 has solutions in Z with
nonzero z. By the Minkowski-Hasse theorem, this equation has solutions if and only if the Hilbert symbol
(n,—3), equals 1 for every prime p. Let us find it.

Consider p > 3. Let n = p®-u, 3 = p' - (=3). Using the formula for the Hilbert symbol and the quadratic
reciprocity law (Serre, Chapter 1, § 3, Theorem 6) we get that

-3\“ -1\ /3\* —1\“ p=1 /D)@
o= (- Q) - ) e
P p P P 3
so it always equals 1 for even «a, and for odd « it equals (%), i.e., equals 1 if and only if p has residue 1
modulo 3. So, if the equation
224+ 3y —nz2 =0

has solutions modulo p, for p of the form 3k + 2, then p enters in pair degree into the decomposition of n
into primes.
The case p = 2 is let to the reader.



Consider p = 3. Let n = 3% - u, here 8 =1, v = —1. We have:

o= () () - )

This expression equals 1 if and only if u has residue 1 modulo 3. But we have already checked that all the
prime divisors of the form 3k 4 2 enter in even degree, so this condition gives nothing new. O

Definition 1. Two quadratic forms are called equivalent if they represent the same set of numbers.

Problem 11. Prove that the quadratic forms

f(xay)a f(x_yay)’ f(xay_x)a f(_xay)a f(xa_y) (3)
are equivalent.

Proof. If m is represented by the form f(z,y) for © = zo, y = yo, then m can be represented by the form
flx—y,y) for x = x9 + yo, y = yo, by the form f(z,y — ) for x = 9, y = yo + xo, by the form f(—z,y) for
T = —xg, Y = Yo, by the form f(z, —y) for x =z, y = —yo. Hence, every integer which can be represented
by the form f(x,y) can also be represented by any other form from the list (3). One can analogously prove
that every integer represented by one of these forms can be represented also by any other form from the
list (3). We obtain that all the forms (3) are equivalent. O

Problem 12. a) Prove that the forms 2?2 + y? and 2% + xy + y? are not equivalent.
b) Prove that the form 422 — 6xy + 5y? is not equivalent to any form az? + by? with integer a and b.

Proof. a) The form z2 + y? represents 2, while 2% + xy + y? not. Hence, they are not equivalent.

b) The form 42% — 6xy + 5y* has a unique well, and the values around it equal 3, 4, and 5. Hence, 3, 4,
and 5 are three minimal values of the form 422 — 62y + 5y2.

Let a,b > 0. Then three minimal values of the form az? + by? can be the following sets of numbers:

{a, b, a+b}, A{a, 2a, b}, {a, b, 2b}, {a, 2a, 4a}, {b, 20, 4b}. (4)

Clearly, we cannot find a and b to represent the set {3,4,5} in any of forms (4).
We conclude that there do not exist nonnegative integers a and b such that the form 422 — 6zy + 532 is
equivalent to az? + by?. o

Problem 13. Provide an example of a non-negative definite form which is not positive definite.

Proof. Example: f(x,y) = 2. O

Extended arithmetics: p-adic numbers

Problem 14. Let m and n be square-free integers. Assume that the equation

22 —ma® —ny* =0 (5)
has a nontrivial rational solution. Prove that

a) either m or n is positive,

b) m is a quadratic residue modulo n,

¢) n is a quadratic residue modulo m.

Proof. We fix a nonzero rational solution (zg, 3o, 2z0) of equation (5). Let us assume that zo, yo, 2o have no
common divisor greater than 1.

a) If m,n < 0, then 22 — my2 — nz¢ > 0, and the equality can be obtained only for o = yo = 2o = 0.
We get a contradiction.

b) It is enough to show that for every prime divisor p of m, the integer n is a quadratic residue modulo p.

Fix a prime divisor p of m. If n : p, then there is nothing to prove. Now let n /p. Consider two cases:

Yo : pand yo /p.



First let yo : p. Then xg and 7y are also divisible by p, which contradicts our assumption that
ged(zo, Yo, 20) = 1.

Hence, yo /p. Then the following equivalence is true modulo p:

n = (z/y)* (mod p),

which ends the proof of b).
The proof of ¢) is analogous. O

Problem 15. Reduce Metatheorem for the equations in two variables to the case of equations of the form (5).

Proof. Every quadratic equation has form
f(X1, X2) = fo(X1, Xo) + f1(X1, X2) + fo =0,

where f5 is a homogeneous polynomial of degree 2, fi of degree 1, fj is a constant.
First let us prove a general statement: either both

f(Xl,Xg) =0 and f(X1 +cXo + t,XQ) =0

have rational solutions, or have no rational solutions for all the pairs of rational numbers (¢, t). We leave the
proof of this fact as an exercise.
Clearly, the following changes of variables

f(Xl,Xg) — f(X1 + CXQ,XQ) (6)

change f1 and f5 independently and preserve fj.
Let us present fs5 in the form
a X7+ 12 X1Xo + 2 X3,

where ¢y, c2, and c1o are parameters.
If fo # 0, then we can perform several changes of the form (6) and assume that ¢; # 0.
Consider the function

(X1 = %Xsz)- (7)

It is easy to see that (7) has form
a1 X? 4 b X3

for some rational number c¢}. Hence, we may assume that
f2(X1, Xo) = a1 X2+ e X2
for some rational numbers c1, co. If co = 0, but ¢; # 0, then the equation f = 0 can be written as
aXi=-rXs— fo

which can be easily solved. So from now on we assume that ¢; # 0. Analogously, we may assume that co # 0.
The linear part f;(X7, X2) has the form r; X7 + r3X5. Counsider the following change of variables:

r T
f(Xl,XQ)—)f Xl——l,XQ——2 .
201 262

If now we expand the function f(X; — 5%, X5 — 52 ), we obtain that its linear part f; equals 0. Now the

2cy? 2co
equation f = 0 takes the form
61X12 + CQX22 + fo =0.

This equation is equivalent to a homogeneous equation
c
22+ —2y2 + é212 =0.
C1 C1

This ends the proof. o



Problem 16. Let f be a polynomial with integer coefficients. Prove that the equation f = 0 has a solution
in Z, if and only if it has a solution modulo p™ for every positive integer n.

Proof. Let x1,...,Zn,... be the solution of the equation f = 0 in Z,. Then for every n the residue of z,
modulo p™ is a solution of the equivalence modulo p™. In particular, f = 0 has a solution modulo p™ for
every positive integer n.

Now prove the other implication. Suppose that the equation f = 0 has a solution modulo p™ for every
positive integer m. For every m, we denote by S, the set of solutions of the equation f = 0 modulo p™. By
our assumption, S, is non-empty for every m > 0.

Since every residue modulo p™*! can be treated as a residue modulo p™, we have a projection S,,41 —
Sm. Let us denote by S5° the intersection of images of Sy, 1« for all £ > 0. Since Sy,4+x # 0, the set So° # 0.
For every s, € S;7 there exists a s;,41 € Spyyq such that s, is the image of 5,41 with respect to the
projection defined above. Proceeding in such a way, we can construct an infinite chain

S1yenvsSmyeney (8)
where s, is a set containing n residues modulo p" and s,, is the projection of s,,4+1 to the residues modulo
p™. The sequence (8) defines the unique set of n p-adic integers x1,...,z,, having the prescribed sets of
residues S1,...,Sm,... modulo p,...,p™,....

The numbers z1, ..., x, are the solutions of the equation f = 0. O

Problem 17. When is a p-adic number in the form (2) equal to 07
Proof. The answer follows from the definition: If a_j + ...+ a_g;p* = 0 (mod p'*1) Vi. O
Problem 18. Prove that the product of two nonzero p-adic numbers is also nonzero.

Proof. Consider two non-zero p-adic numbers a, b. We assume without loss of generality that a,b € Z, and
a,b # 0(mod p). But it means that ab # 0(mod p), hence, ab # 0. O

Problem 19. Prove that Q C Q, for any prime p (i.e., prove that for every pair of nonzero integers m and
n there exists a p-adic number x such that nx = m).

Proof. Without loss of generality we may assume that m,n are coprime with p. But now the statement of
Problem 16 follows from Problem 20. o

Problem 20. Prove that —1 is a square in Q, if and only if p =1 (mod 4).
Proof. Tt follows from Problem 21. O
Problem 21. Find a description of all perfect squares in Q,,.

Proof. We consider two cases p = 2 and p # 2 separately.

First consider p = 2. Every 2-adic number z can be represented as 2™(2m + 1), where n is an integer,

and m is an integer 2-adic number. We have z? = 22"(1 + 8%) Let m' = w Then

x? = 22"(1 4 8m/), (9)

where m' is a 2-adic integer.

Let us prove that every 2-adic integer of the form (9) is a perfect square in 2-adic numbers. It is sufficient
to show that every 2-adic integer m’ can be represented in the form W

By Problem 16, is is enough to show that the equivalence z(x + 1) = 2m’ has solutions in Z for every
1 € Zx0. We will prove this by induction.

Base ¢ = 1 is true.

The step of the induction: i — i + 1. Let m; € Z be a solution of the equation z(z + 1) = 2m/(mod 2%).
There are two possibilities:

1) mi(m; +1) = 2m/ (mod 2°+1),

2) m;(m; +1) = 2m’ + 2° (mod 2¢+1).

In Case 1), m; is also the solution of the equation x(x + 1) = 2m’ (mod 2+1). In Case 2), m; + 2 is the
solution of the equation x(z + 1) = 2m’ (mod 2¢1).



Now let p # 2, i.e., p is an odd prime. Every p-adic number x can be represented in the form p™m, where
n is an integer and m is a p-adic integer which is not divisible by p. We have 2 = p>"m?2. Let m’ = m?2.
Then

1,2 — p2n7n/7 (10)

where m/ is a p-adic integer such that its residue modulo p is a nonzero quadratic residue.

Let us prove that every p-adic number of the form (9) is a perfect square in p-adic numbers. It is enough
to show that every p-adic integer m’ such that

3) m' is not divisible by p,

4) the residue of m’ modulo p is a nonzero quadratic residue,
can be represented in the form m?2.

Using Problem 16, it is enough to prove that the equation z2 = m
1 € Zx0. We prove this statement by induction.

Base i = 1 is fulfilled since the residue of m’ modulo p is a quadratic residue.

Step: i — i + 1. Let m; € Z be the solution of the equation 22 = m’ (mod p*). Then

" (mod p?) has solutions in Z for every

mi,, =m' +rp’ (mod p'th),
for some 7 € Z. Since m/ is not divisible by p and p # 2, there exists a 7’ € Z such that 2m;r’ = r (mod p**1).
Let miyq1 := m; — r'p*. Then mfﬂ =m’ (mod p**1), which ends the proof of the induction step. o

Problem 22. Prove that for any nonzero 3-adic number m there exists a 3-adic number x such that m is
equal to one of the numbers x2, 222, 322, or 622.

Proof. Note that for every p, any p-adic number can be represented in the form p’-a -y, where a is an integer
from 1 to p—1, p® is a power of p, and y is a p-adic integer, equivalent to 1 modulo p (by Problem 21, it is a
perfect square). In our case p = 3, and we obtain that, depending on parity of i, p’ is either a perfect square
or 3 times a perfect square, a € {1, 2}, and y is a perfect square. Clearly, their product has the required
form. O

Problem 23. Let p be an odd prime, and let z1,...,2x5 be nonzero p-adic numbers. Prove that there exist
indices ¢ and j with 1 <4 < j < 5 such that x;/z; is a perfect square in Q,.

Proof. As in the proof of the previous problem, every p-adic number has the form p’ - a - y. Divide the given
numbers into 2 groups: in the first group 7 is even and in the second odd. Now divide each group into two
smaller groups depending on whether a is a quadratic residue or not. By pigeonhole principle, since we have
5 numbers and 4 groups, there are two numbers in the same group. Their ratio has the form

j Y1
p] *Qpew *
Y2

where j is even, ane, 1S a quadratic residue (since it is the ratio of either two quadratic residues or two
quadratic non-residues), and z—; is a p-adic number starting with 1. So this ratio is a perfect square as a

product of three perfect squares. O
Problem 24. Prove that for every odd prime p there exist p-adic numbers z1, . ..,z,_1 such that 23 +...+
2
T +1=0.
p—1

Proof. By Problem 21, 1—p is a perfect square in p-adic numbers. Hence, —1 =1+1...41 (p—2 ones)+1—p
is a sum of (p — 1) perfect squares in p-adic numbers. o

Problem 25. Prove that the equation 22 4+ x + 1 = 0 has exactly two solutions in Zs.

Proof. The solutions of the 22 +x+1 = 0 can be found with the help of the standard formula z; » = %‘/TP’

Since v/—3 € Z7 (see Problem 21), the equation 22 + 2 + 1 = 0 has two distinct solutions in Z-. O

Problem 26. Prove that the equation 2 4+ y?> = —1 has a p-adic solution for every odd prime p.



Proof. First solution. It is enough to show that this equation can be solved modulo p. Indeed, z2 can take
(p + 1)/2 different values: zero and all the quadratic residues. Now write down the list of all the values of
—22 — 1. If any of them has the form y?, we are done. But if no one of them has the form %2, then there are
at most (p — 1)/2 possible values for 42, a contradiction.

Second solution. It is enough to show that this equation can be solved modulo p. Every quadratic residue
can be represented as x2 4 y2. If only quadratic residues can be represented in the form z? + y2, then for
every i we show by induction that only quadratic residues can be represented in the form 23 +...+x?. But by
Problem 24 every residue modulo p can be represented in the form z? + ...+ xf,_l. Hence, z? +y? represents
also quadratic non-residues. It means that z2 + y? represents all the elements of Z/p, in particular, —1. O

Problem 27. Prove the Hasse-Minkowski principle for equations in one and two variables.

Proof. A) Equations in one variable. Any such equation has the form az? = b. It is enough to show that
if it has no solutions in Q, then either it has no solutions in R, or it has no solutions in Q, for some p. If
ax? = b has no solutions in Q, then b/a is not a perfect square in Q, i.e., either b/a < 0, or there exists a
prime number p which enters in b/a in odd power. In the first case ax? = b has no solutions in R, in the
second in Q.

B) Equations in two variables. By Problem 15, every equation (of degree two!) in two variables in rational
numbers is equivalent to the equation az? + by? = 1. We may assume that:

1) the coeflicients a, b are square-free integers,

2) |a] < [0
It is enough to show that if the equation az?® + by? = 1 has a solution in Q, for every p and in R, then
it has solutions in Q. Let m(a,b) := |a| 4 |b|. We prove this statement by induction on m(a,b).

Base m(a,b) = 2 can be verified directly.
Step: m — m + 1. Let a, b be some integers verifying the conditions 1), 2) and such that
em(a,b)=m+1
e the equation az? + by? = 1 has solutions in p-adic numbers for every p and has a solution in R.
Consider two cases: |a| = |b] and |a| < |b]. If |a] = |b|, then the equation az? + by? = 1 is equivalent to
the equation
—(b/a)y?® + az® = 1. (11)

Moreover, the equation (11) has solutions in Q or R or Q,, if and only if the equation az? + by*> = 1 has
solutions in the same set. Since m(—2,a) < m(a,b) = m+ 1, the equation —(b/a)y* + az? = 1 has solutions
in Q by the induction assumption. Hence, the initial equation has solutions in Q.

Now let |a| < |b]. It follows from the condition e that a is a perfect square modulo b, i.e.,

a+bb =t
where V', t are some integers and b’ > 0. We assume without loss of generality that

n<ll
2
The equation az?® + by* = 1 has solutions in Q or R or Q, if and only if the equation

t?—a

b

az® + b’y2 =1, b =

has solutions in the same set. We have [b/| < ‘Til and m(a,b’) < m(a,b) = m + 1. Since m(a,b’) < m, the

equation az? 4+ b'y? = 1 has solutions in Q by the induction hypothesis. Hence, the initial equation also has
solutions in Q. O

Problem 28. Prove the following properties of the Hilbert symbol:

1) (a,b)p = (b, a)p, 2) (a,c?), =1,
3)(a,—a)p=1, (a,1-a), =1, 4) (a,b)p = (a, —ab), = (a, (1 — a)b),.



Proof. 1) Obvious from the definition.
2) The equation 22 — az? — ¢®>y? = 0 has a nonzero solution z = ¢,z = 0,y = 1.
3) The equation z? — az? + ay? = 0 has a nonzero solution z = 0,7 =y = 1.
The equation 22 — az? — (1 — a)y? = 0 has a nonzero solution r =y = z = 1.

4) Using Problem 29, one can deduce it from 3). O
Problem 29. Let (a,b), = 1. Show that (a’,b), = (aa’,b), for any a'.

Proof. Let b be a perfect square. Then (a,b), = (aa’,b), = 1.
Now suppose that b is not a perfect square. We need the following lemma.

Lemma 1. If

e b is not a perfect square,

e (a,b), =1 and (a/,b), =1,
then (aa’,b) = 1.

Finish the proof of Problem 29 using Lemma 1. If (a’,b), = 1, then by Lemma 1 we have (ad’,b), = 1.
If (aa’,b), = 1, then by Lemma 1 (a’,b), = (a*a’,b), = 1. Hence, if one of the numbers (ada’,b), and (a’,b),
equals 1, then the second one either equals 1. Hence, they are equal.

Proof of Lemma 1. Let (x0,y0,20) be a nonzero solution of the equation 2% — az? — by? = 0. Since b is not
a perfect square in Q, zo # 0. So we may assume that zo = 1 and a = 2% — by3. By the similar reasoning,
there exist z1,y; such that o’ = 22 — by?. Then

aa’ = (2021 — byoy1)? — b(zoy1 + 2190)°.
Hence, (ad’,b) = 1. O
O

To write down an expression for the Hilbert symbol in a compact form, we will use the Legendre symbol
T
<—> defined for any integer x and prime p. It equals to 1, —1, or 0 depending on whether z is a nonzero
p
quadratic residue, a quadratic non-residue, or zero.

Problem 30. Let p be an odd prime; let a = p®u, b = p®v, where «, 8, u, v are integers such that u and v

are not divisible by p. Prove that
B «
0 b), = (_1)eB<®) (i) (E) ,
(a,b)p = (=1) o) 5

Proof. The proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 3,
§ 1, Theorem 1. O

where (p) = 172;1.

Problem 31. Find an explicit formula for (a,b)s for every nonzero integers a and b.

Proof. Let a = 2%u, b = 2°v, where «, 8, u, v are integers such that u and v are odd. The Hilbert symbol

(a,b)2 is given by the formula
(71)€(u)5(v)+aw(v)+ﬁw(u)

)

where e(u) = 51, and w(u) = “le . The proof of this fact can be found in the book “A course in arithmetic”

by J.-P. Serre, Chapter 3, § 1, Theorem 1. O

Problem 32. Prove that (a,b),(a,b’), = (a,bd’), for every nonzero integers a, b, v'.

Proof. The proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 3,
§ 1, Theorem 2. O

Problem 33. Prove that the equation ax? + by? = ¢ in variables x and y (with parameters a, b, and ¢) has
a solution in p-adic numbers if and only if (¢, —ab), = (a, b),.



Proof. If the equation axz? + by? = ¢ has a solution, then the equation

a b
2 %2 22
c c

also has a solution. By definition, this means that (a/c,b/c), = 1. We can re-write it as follows.

1= (a/c, b/c)P = (av b)P (av C)P(ba C)P(Ca C)P = (a’a b)P(abv C)P (C, 71)}7' (12)

So (a,b)p, = (¢, —ab)p.

Now let (a,b), = (¢, —ab), and show that the equation az?® + by? = ¢ has a non-zero solution. It follows
from (12) that (a/c,b/c), = 1. Hence, the equation 2% — %2 — £y? = 0 has a solution. Let us denote by
(20,Yo, 20) one of its solutions. If zy # 0, then (ﬁ—g, Z—s) is a solution of the equation az? + by? = c.

We have solved the problem if z5 # 0. Now we assume that zp = 0. For any r,,r, consider the equation
a(trg + 1) + b(tyo +1,)° = c.
It is equivalent to the equation
(ar? + bri) + 2t(axory + byors) = c. (13)
cf(arierri)

2(axzory+byors)
solution of the equation (13). Hence, the equation az? + by? = ¢ has infinitely many rational solutions. O

For a generic pair of rational numbers (r,7,), we see that (azory + byors) # 0 and ty = is a

Using the properties of the Hilbert symbol, solve the following problem.

Problem 34! Let us fix a homogeneous polynomial f = alx% + agxg + ...+ anxi with n > 2, where
ai,...,a, # 0. Set
d=aaz...a, and €= H(ai,a]—)p. (14)
i<j

Prove that the equation f = 0 has a nonzero p-adic solution if and only if one of the following conditions is
satisfied:

1) n =2 and —d is a square in Qp;

2) n=3and (—1,d), = ¢;

3)yn=4andd#a* ord=a?and e = (—1,—1),;

4) n > 5. (i.e., if f depends on 5 or more variables, then f = 0 has a nonzero solution in Q, for any p.)

Proof. The proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 4,
§ 2, Theorem 6. O

Deduce the following problem from problem 34.

Problem 35. Fix a homogeneous polynomial f = a;12? + agz3 + ... + an2?, where a1, ...,a, # 0, and an
integer a # 0. Define d, e by formula (14). Then the equation f = a has a p-adic solution if and only if one
of the following conditions is satisfied:

1) n =1 and a/d is a square in Qp;

2) n=2and (a,—d)p, =¢;

3) n =3 and ad is not a perfect square in Q,, or ad is a perfect square and ¢ = (=1, —d),;

4) n > 4. (i.e., if f depends on 4 or more variables, then the equation f = a has a nonzero solution in

Q,, for any p.)

Proof. 1) a12? = a < 22 = 2. Obviously, it has solutions in p-adic numbers if and only if o= Is a perfect

square in Q. “
2) a2} + asrd = a. The condition (a,—d), = ¢ is equivalent to (a,—ajaz), = (a1,az) which is just
Problem 33 for a = a1, b=as, c = a.
3) We are solving the equation a;z? + asx3 + azx3 — a = 0. Obviously, it is equivalent to the equation
a17? + asx + azx — axi = 0 because of transformation
T1 T2 T3

($1,$2,$3,$4) ___31 ’
Ty Ty T4
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which is solvable in p-adic numbers.
Now we prove that if there is a nontrivial solution with x4 = 0, then there exists a nontrivial solution
with 4 # 0. Without loss of generality z; # 0. Let (C, D) be a solution of the equation C? — D* = — £ (for

example, C' = %’ D= A—fa/al))

Obviously, we can multiply our solution to %, and we get (C, z2, x3, 0). It is easy to check that
f(ca Z2,T3, 0) = f(Da Z2,T3, 1)7

so we reduced this problem to Problem 34c.
First case: ad # —m? in Q. It is equivalent to d # m?.
Second case: ad = —m?2.
We need: (a1, a2)p(a1,a3)p(az, as)p = (=1, —arazas), < (a1, a2)p(a1,a3)p(az, as)p(—a,d) = (=1, -1),.
Obviously, if we have a problem like a = b < ¢ = d where (a, b, ¢,d) from {1, —1}, then we need to prove
ac = bd, so we need

(70’ad>}0 - (71, 7d)P(71a 71)? A (7a7d)}7 = (717 71)}7(717 71)}7(717d)}7 A
& (—a,d)p=(-1,d)p, < (-1,d)p(—a,d)p=1 & (a,dp=1 <&

d
s (a,a)pla,=)p=1 & 1-1=1,
a

because £ is a perfect square in Qp-

a
4) As in 3), we only need to solve the equation
alac% + agac% + a3x§ + a4xi — aac?) =0.

But by Problem 34d this equation is always solvable.
Also, the proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 4,
§ 2, Corollary of Theorem 6. O

Problem 36. Prove the Hasse-Minkowski principle.

Proof. The proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 4,
§ 3, Theorem 8. O

Problem 37. Using problem 35 and the Hasse-Minkowski principle, show that an integer d is a sum of 3
squares in rational numbers if and only if the number d cannot be represented in the form 4%(8b — 1), i.e. if
—d is not a perfect square in Q.

Proof. By the Hasse-Minkowski principle, we only need to consider whether the equation z? + y? + 22 = n
has a p-adic solution or not. We work in terms of Problem 35. a1 = a2 = a3 =1,d=1,¢ = (1, 1)13) =(1,1),,
a = n. First, we prove that if p > 2, then it is solvable in p-adic numbers.

If n is not a —m? then we are done. If n = —m? then £ = (1,1), = [Problem30] = 1 = [Problem30] =
(—1,—1),, so a solution exists.
It remains to consider the case p = 2. If n # —m? then we are done. Now let n = —m?. If a solution

exists, then

€= (15 1)2 = (715 71>25
which leads to a contradiction by Problem 31. o
Problem 38. Fix an integer n. Prove that if there exist rational numbers z, y, and z such that 22 +y?+2% =

n, then there also exist integers z’, 3/, and 2’ such that (z)? + (y')? + (2')? = n. Deduce the Gauss theorem
from this statement.

Proof. Let rational numbers z, y, z be such that 22 + y? + 22 = n. Denote by d the common denominator
of z, y, z. Choose a triple (z,y, z) with the minimal value of d. Let us assume that d > 1 (i.e., that one of
¥, y, and z is not integer and that the equation 22 + 4% + 22 = n has no integer solutions). Let 7, Ty, Tz be
the integers closest to z, y, z, and let s, :=x — 1y, sy :=y — 1y, 5, := 2 —7,. Then

1
|5m|7|sy|v|sz| <5, Si+52+53:nf(Ti+r2+7€)72(Szrm+sy7"y+sz7"z)' (15)
2 Yy Yy
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, sz(nfri—rz—rf)

T =71y —
2 2 2
83 + sy + 82

, sy(nfri—rzfrﬁ)

; y =Ty - 2. 21 2
83 + sy + 8%

, sz(nfri—rzfrﬁ)

Z=r, —
’ z 2 2 2
83 T8y + 8%

It follows from (15) that s3 + s 4 s2 = d’/d, and moreover 0 < d’ < d. It means that the least common
denominator of 2/, ¢, 2’ divides d, i.e., is less than d. Notice that z'2 4+ y'2 + 2’2 = n. We get a contradiction.
Hence, d = 1, and the equation 22 4+ y2 + 22 = n has integer solutions.

By Problem 37, every positive integer N which does not have the form 4™(8m — 1) is a sum of three
squares of rational numbers. But we proved above that in this case N is also a sum of three squares of
integers. O

Problem 39. Deduce the Legendre theorem from the Gauss theorem.

Proof. Tt follows from the Gauss theorem that every positive integer, equivalent to 1, 2, 3, 5, or 6 modulo 8,
can be represented as a sum of three (and, consequently, of four) perfect squares. It remains to show that
every integer which is equivalent to 0, 4, or 7 modulo 8, can be represented as a sum of 4 perfect squares.
If n can be represented as a sum of four squares, then 4n either. So it is enough to consider the case
n =7 mod 8.
Fixn,n =7 mod 8. Since n — 1 is equivalent to 6 modulo 8, by Gauss theorem n — 1 can be represented
as a sum of three squares. Hence, n can be represented as a sum of four squares. O

Some properties of the Hilbert symbol (DE-2)

The goal of this section is to show that, for a pair of nonzero integers (a,b), the Hilbert symbol (a,b),
equals 1 for almost all (=all except finite number) primes p. We deduce this statement from a more general
statement presented below.

Problem 40. a) Let f be a homogeneous polynomial of degree n, depending on k variables, where k > n.
Then the number of solutions of the equivalence f = 0 (including 0-solution!) modulo p is divisible by p
(Hint: apply the little Fermat theorem and consider case p = 2).

b) Let f be a polynomial of degree n depending on k variables, where k > n. Then the number of solutions
of the equivalence f = 0 modulo p is divisible by p.

Proof. Obviously, case b) is a generalization of case a). We prove here b). Consider a polynomial f(z1,...,x)
of degree n. Consider the following sum:

> flan,. @) (16)

where x1,...,2, run all the residues modulo p. Note that every element of the sum (16) equals 0 or 1
modulo p. The key idea is that the residue modulo p of the number of solutions of the equation f(z1,...,z;) =
0 equals (16) modulo p. But the degree of the polynomial f(x1,...,2;)P~! is (p — 1)n. Since we have k > n
variables, for every monomial of f(x1,...,x;)P~! there exists a variable entering in this monomial in degree
less than p — 1. But for such a monomial, the summation in (16) gives 0, because

in =0 (mod p)

for all I < p — 1. Hence, the sum in (16) is equivalent to 0 (mod p), and the number of solutions of the
equation f(x1,...,x,) = 0 has residue 0 modulo p.

O

Problem 41. Deduce from the previous problem that for any integers a, b, ¢ the equivalence ax?+by?+cz? =
0 in variables z,y, z has a nonzero solution modulo p .

Proof. The polynomial az? + by? + cz? has degree 2 and depends on three variables. Hence, the number of
solutions of the equation az? + by? + cz?> = 0 has residue 0 modulo p. In particular, this means that the
equation ax? 4 by? + cz? = 0 has a nonzero solution. O

12



Problem 42. Deduce from the previous problem that, for a pair of nonzero integers (a, b) and an odd prime
p, (a,b), =1if a,b /p. Explain why (a,b), =1 for all primes p except a finite number.

Proof. Let us fix p # 2 and relatively prime with a and b. We prove that (a,b), = 1.
Let (20, Y0, 20) be a solution of the equation 2% — az? — by? = 0 (mod p) such that

(20, Y0, 20) # (0,0,0) (mod p)

(by Problem 41, such a solution exist). We assume without loss of generality that zp #Z 0(mod p). Then by
Problem 21 the value aacg + byg is a perfect square in p-adic numbers, hence, the equation 22 — az? —by? = 0
has a nonzero solution in p-adic numbers, i.e., (a,b), = 1. o

Problem 43. Deduce from Problem 41 that the equation az? + by? + cz? + dv? + ew? = 0 in variables
x,y,2,v,w (a,b, ¢, d, e are parameters) has a nonzero solution in Q, for any odd prime p.

Proof. We may assume without loss of generality that a,b,c,d, e are integer and square-free (i.e., every
prime divisor enters in the 1st power). First we show that we may assume that no three of a,b, ¢, d, e have a
nontrivial common divisor. Indeed, let p be a prime divisor of three or more parameters.Then we multiply
the equation az? + by? + cz? + dv? + ew? = 0 by p and factor out perfect squares, thus obtaining an equation
in which p divides at most 2 of the parameters a, b, ¢, d, e. Clearly, we may apply this procedure for all the
prime divisors of a, b, c,d, e. Finally we may assume that for each prime p, at least three numbers among
a, b, c,d, e are not divisible by p.

Fix a prime p. Without loss of generality a, b, ¢ are not divisible by p.

If p is odd, then we use Problem 42: the equation

ar® + by +c22 =0
(and, consequently, the equation ax? + by? + cz? + dv? + ew? = 0) has a non-zero solution in Qyp-

If p = 2, then one has to consider case-by-case all the residues of a, b, ¢, d, e modulo 8. O

Problem 44. Prove that, for any pair of nonzero integers (a,b), we have

H(aa b)p = (a,b)—1,

p

where the product is taken over all primes p and

(a,b) 1, if the equation 22 — ax? — by? = 0 has a real solution, (17)
a,b)_1 = ) .
! —1 otherwise.

Proof. Since the Hilbert symbol is multiplicative (Problem 32), is is enough to check (17) in the case when
a, b are prime numbers or —1.

Consider the case a = b = —1. Then (a,b), = (-1, —1), is not 1 only if p = 2. But in this case one can
directly verify that (—1,—1), = (-1,—-1)_1 = —1.

The next case: @ = —1, b is a prime number. Then (a,b), = (—1,b), is not 1 only if p = b or p = 2.
The direct check shows that (—1,p), = (—1,p)s2 for p # 2 and (—1,2), = 1. It means that the left-hand side
of (17) equals the right-hand side of (17) and equals 1. O

As a last problem of this list, we mention an “analogue” of the Chinese Remainder Theorem: it turns out
that one can construct a rational number with the prescribed values of the Hilbert symbol.

Problem 45. Fix a finite set of nonzero integers a; and for every prime p define the values €; , = £1. Show
that the system of equations
(aiax)p = E&i,ps V’La VPa

has a solution if and only if
a) almost all (=all except finite number) ; , = 1,
b) for any prime p, there exists a nonzero p-adic number z,, such that
(ai, ZL'p) = E&i,p-

Proof. The proof of this fact can be found in the book “A course in arithmetic” by J.-P. Serre, Chapter 3,
§ 2, Theorem 4. O
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Two variables: maps of quadratic forms (DE-4)
In this section we study the equation

En: ar? +bxy+cy>=m (18)
depending on integer variables z, y, where a, b, ¢, m are integer parameters.

Problem 46 (Superproblem). Prove that if the equation E,, has a solution for some positive m, has a
solution for some negative m, has no non-trivial solutions for m = 0, then for every m either E,, has no
solutions, or F,, has infinitely many solutions.

Proof. Tt follows from the problem statement that f(x,y) = az? + bxy + cy? is an indefinite quadratic form
which does not represent 0. Hence, the map of f splits into a positive domain and a negative domain by a
periodic river. Consequently, the map of f is periodic; it means that every value written on the map appears
infinitely many times. O

Problem 47 (Superproblem). Is it true that if the equation E,, has solutions for
m=+1, £2, +3,
then in this case F,, has solutions for any integer m?
Proof. We give a counterexample f(x,y) = 2 + zy — 18y>. O

Problem 48 (Superproblem). Prove that if the equations E;, Fa2, F3, F5 have integer solutions, then the
equation F,, has an integer solution for some m < 0.

Proof. Suppose the contrary. Then there are two cases: either f is positive definite or f is non-negative
definite. We consider these cases independently.

Let f be non-negative definite. Then f(z,y) = r(px + qy)? for some integers r, p, q. Since f represents 1,
we have r» = 1. But then f does not represent 5.

Now let f be positive definite. Without loss of generality we assume that

f=p2" + gy +r(z —y)?
for some non-negative integers p, ¢, r (see Problem 60). The values p, ¢, r are either all integers or all
semi-integers. Without loss of generality we assume that p > ¢ > r.

The minimal nonzero value of f is ¢ + r. Since f represents 1, ¢ +r = 1. Hence, either ¢ =1, r =0, or
q=1r= % We consider both these cases.

In the first case ¢ = 1, = 0. Since f represents 2, either p = 1, or p = 2. In the first case f does not
represent 3, in the second case f does not represent 5.

In the second case ¢ = r = % Then for all positive p we have

flz,y) =2 — oy + 42

Since f represents 2, f(z,y) = 2 for some integers z,y. In particular, 2 — xy + y? < 2. This inequality is
held for the following pairs (z,y):
(0,1), (1,0), (1,1).
Since f(0,1) = 1, there are only two cases: f(1,0) =2, f(1,1) = 2. Let us consider both these cases.
Let f(1,0) =2. Then p = 2, f = 4% — 2y + 2y>. In this case f does not represent 3.
(1,1) = 2. Then p = %, f =1y%— 2y + 292 In this case f does not represent 3 neither. O

14



Drawing a map

Problem 49. Prove that, if {w;, w2} is a basis of Z2, then pairs

{wa, w1}, {ws —wa,wa}, {wr + wa,wa}, {—wr,we} (19)
are also bases of Z2.
Proof. Analogous to the proof of Problem 11. O
Problem 50. Show that, using transformations (19), it is possible to transform any basis to any other one.

Proof. Let {u,v} := {(a,b), (c,d)} be a basis of Z?. We show that by transformations (19) we may send every
basis {u, v} to the basis {(1,0), (0,1)}. Consider the quadratic form f(z,y) := 22 — xy +y>. By Problem 60,
in some basis {u/, v’} which can be obtained from {u,v} via a series of transformations (19), the quadratic
form f will be equivalent to a quadratic form of the form

pr’ 4+ qy +r(z +y)?, (20)
2p=f(v') + f(u' + ) = f(u)
2q = f(u) + fu' +2) = f(v))
2r = f(u' + ') — f(u') — f(v')

3

0
0,
0

\\/ \\/ WV

The least values of the quadratic form (20) are attained for (x,y) equal to

(0,1), (1,0), (1,1), (21)

and the value on any other pair (z,y) is greater than at least one of these values. Since 22 — zy + y?2

positive definite, the value (20) is greater than 1 on all the pairs besides the pairs of the list (21). Hence, the
value (20) on the pairs (21) is equal to 1. This implies one of the three statements below:

{0} ={(0,1),(1,00},  {u',v'} ={(0,1), (1, 1)}, {0} ={(1,0),(1,1)}. (22)
Hence, the basis {u, v} is equivalent to one of the bases (22). O
Problem 51. Show that a quadratic form can have the same representations in several different bases.
Proof. The quadratic form 2% — 2y? is the same in bases {(3,2), (4,3)} and {(1,0), (0,1)}. O
Problem 52. Find a quadratic form which has different representations in any two different bases of Z2.

Proof. Let f(x,y) := 22? — zy+ 3y?, and let us show that for different bases, this form is written differently.
Suppose the converse: assume that there exist two different bases such that this quadratic form has the
same form in these bases. Let us reconstruct the map of this form step by step, starting from these bases,
synchronously. Consider the first moment when the reconstructed domains intersect. Their intersection is
either an edge or a vertex. Consider these cases independently.

If this intersection is a vertex, then the map of f is symmetric with respect to one of the edges incident
to this vertex. Hence, the only well of the form 222 — xy + 3y? is also symmetric with respect to one of the
edges incident to it. But this is not true since the values around the well are 2, 3, and 4.

If this intersection is an edge, then the map of f does not change, if we interchange the vertices of the
edge. Hence, the vertices of this edge are wells, in particular, the form 222 — zy + 332 has two wells. We get
a contradiction.

We proved that the quadratic form 222 — zy + 3y? is different in different bases. O

Exercise 1. Write down all the extensions of a basis {w;,w2}. Write down all the specializations of a
superbasis {+wq, wq, (w1 + ws)}.

Exercise 2. Draw (oriented) maps of the following quadratic forms:
fi =322 +9zy + 7Y%, fo=2® —2y%, f3=2" -3y

In two problems below, the values A, B, C, D, and h are related to the following picture.
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Problem 53. Show that A, B, C, D, and h satisfy
C=A+ B+h, D=A+B-h.
Proof. The problem statement is equivalent to the following identity for quadratic forms:

flz+y)+ fle—y)=2(f(z) + f(y))
m

Problem 54. Assume that A, B, C are positive and the edge h goes from C' to D. Show that in this case
D is also positive and that the arrows on two other edges which are incident to @) go out of Q.

Proof. Since D, h > 0, C = D + 2h > 0. The values in the regions incident to the edges incident to D equal
4A+2h+ B,4B+2h+ A (> A, B). (23)
Hence, two remaining arrows go out of D. O

Problem 55. Show that the graph determined by the points-superbases and edges-bases is a tree, i.e., it
has no cycles.

Proof. Consider the quadratic form f(x,y) = 22 + zy + y°. Its map has a unique well @, and by Problem 54
all the arrows of this map go out of Q. If there were a cycle on this map, then it would be impossible that all
the arrows go out of (). Hence, the map of the quadratic form f does not contain cycles. But the underlying
graph does not depend on the quadratic form, so for every f its map is a tree. O

Problem 56. Let () be a unique well of a positive definite quadratic form f, and p, ¢, r be integers written
in the regions adjacent to Q). Show that the number in any other region of a map related to f is strictly
greater than max(p, g, 7).

Proof. We fix a region A such that

a) A is not adjacent to a well,

b) the value of f on A is minimal among all the regions satisfying a).
We are going to prove that f(A) > p,q,r. It will end the proof. Let us find the path of the smallest length
W from A to the well ). Since W is the shortest, its last arrow bottoms at A. By the definition of the well
all the arrows incident to it go out of it. This together with Problem 54 implies that all the arrows of W are
oriented from Q. Hence, the last edge of W is oriented to A. So it follows from the conditions a) and b) that
W contains only one edge. The statement of the problem for the regions connected with a well by an edge
can be verified directly (see formula (23)). O

Problem 57. Prove that every positive definite form has a well.

Proof. Choose a vertex @ of the map, for which the sum of values of the neighbor regions is minimal. This
vertex will be a well (cf. also Problem 53). O

Problem 58. a) Prove that a positive definite form has not more than two wells.
b) Find a positive definite form with two wells.
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Proof. b) The form 22 + 32 is positive definite and has two wells.

a) Let @Q be a well, and p > ¢ > r be the values written in the regions around it. There are two cases:
g+ r > porq+r=p. Consider these cases independently.

Let g + 7 > p. Then all the three arrows incident to @ go out of Q. Fix a vertex Q" and assume that it
is a well. Let W be the shortest path joining @ and Q’. It follows from the proof of Problem 54 that all the
edges of W are directed from @ to @’. Hence, Q’ is not a well.

Now let ¢ + 7 = p. Then the second vertex of the edge F, separating the value g from the value r, is also
a well. We denote it by Q’. The collections of values around @ and around @’ coincide. Assume that there
exists one more well Q”, and let W be the shortest path, joining Q" either with @ or with Q’. Then W does
not pass through the second one. Without loss of generality we assume that W joins @ with Q”. Then all
the edges of W are directed from @, hence, Q)" is not a well. O

Problem 59. Provide an algorithm which solves the equation az?+bxy+cy? = m (a, b, ¢, m are parameters,
¥, y, z are variables), under the assumption that az? + bzy + cz? is positive definite.

Proof. After an appropriate change of variables we may assume that f = pz? + q(z — y)? + ry? for some
positive values p, q,r (see Problem 60). If f(x,y) = n has integer solutions, then

pr? < n,ry® < n. (24)

The number of pairs of integers (x,y) for which x, y satisfy (24) is finite. If we check them all, we will detect
whether the equation f(x,y) = n has solutions or not. O

Problem 60 (Classification of positive definite quadratic forms).

a) Show that any positive definite quadratic form is equivalent to the form
(p + @)a® + 2qzy + (¢ + )y (25)

for some non-negative numbers p, ¢, 7.
b) Show that the quadratic forms corresponding to

(pla q1, 7”1) and (an q2, TQ)

are equivalent if and only if these triples coincide as multisets.
¢) Find out which triples (p, g,r) determine an integer quadratic form.
d) Find out which triples (p, ¢, r) determine a positive definite quadratic form.

Proof. Let @ be a well of f, and m, n, k be the values around this well. Let

m+n—=k m+k—n k+n—m
b= ,q = = .
2 2 2

Then f is equivalent to the form
pr? +qy® +r(z —y)* = (25).

In the case b) there is a counterexample in our notation 22 + 3y u 2% + zy + 42. In the statement of the
problem, “equivalent” must be replaced by “linearly equivalent”.

The answer of ¢): when either p, ¢, r are integers, or p — %, q— %, r— % are integers.

The answer of d): the form f is positive definite, if p,q,r > 0 and at least two of numbers p, g, r are
nonzero. o
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[ToroBunuaTsie rpadbl

Bamauy npeacrasisior . Bormanos, K. Koxach

B sr0it cepun 3aa1 Mbl 6yJ1eM UMETD JIEJI0 C 2€0MEMPUHECKUMU 2papamu, T. e. ¢ TpadamMu, n300pazKeHHBIMU Ha TIJIOCKOCTH.
B reomerpudeckoM rpade HUKaKHe TPU BEPIIMHBI He JiexKaT Ha OJHOI NpsIMOii, a pebpa n306parkaloTcst oTpe3kaMu (KOTOpbIe
MOTYT TIEPECEKAThLCs HE B BepIuHe ). BOT /1Ba mprMepa reoMeTpuIecKux rpadoB, IIPEJICTABIIAIONIAX JJIS HAC OCHOBHOI HHTEPEC.

Oupenenenne. 1) Iosrosunwamowm rpadom G(n) HasoseMm rpad, momydaomuiics ciaemyomeil Koucrpyknuei. Ilycrs
HA IJIOCKOCTH HAPHUCOBAHO M (YETHOE YHCJIO) TOYEK, HUKAKNE TPU U3 KOTOPBIX HE JIe’KaT Ha OJHOI NIpsSMON. DTO BEPIIUHBI
rpada. Pebpo coemuHsier /Be BepIIWHBI, €CIU MpsiMasi, COMIEpIKAIast 9TO0 pedpo, JEJTUT MHOXKECTBO BEPIIUH HA JBE PABHBIE
gacTH (T. €. B €€ MOJIYIJIOCKOCTSX TIOPOBHY OCTABIIUXCS BEPIIHH).

2) Paccmorpum Gosee obuiyto curyanuio — oupenenanM k-omdeasowut epagp Gr(n). Ilycts k u n — HaTypasbHbIe YUCIa,
n > 2k + 2 (upm sTOM n y>ke He 00a3aTENBHO YeTHOE). HapucyeMm Ha IIOCKOCTH MHOXKECTBO S W3 1 TOYEK, HUKAKHE TPU
U3 KOTOPBIX He JIeXKaT Ha OfHOM mnpsmoii. OpueHTupoBanHoe pebpo coemunser jBe Touku A u B, ecsm upsimas AB nenur
MHOXKECTBO TOYEK Ha JIBe YaCTH, B OJIHOWM M3 KOTOPBIX k TOYEK. DTa YacCTh JOJKHA HAXOAUTHCS B HOJIYIJIOCKOCTH, KOTOPAast
PACIIOJIOKEHA CNPasa OT MPAMOM, ecau asurarbes oT A kK B. Muoxkectso Beprmmn rpada Gi(n) — 9TO Te TOIKH MHOMXKECTBA,
S, U3 KOTOPBIX BBIXOJUT WJIM B KOTOPBIE BXOJUT XOTsl ObI 0JiHO pe6po. Kcimm HyKHO MOI4epKHYTh 3aBUCUMOCTD TIOCTPOEHHOTO
rpada Gi(n) or HavaIbHON KOHMUIYpanuu To4eK, yaeM ero o6o3nadars Takxke G (S).

1 Bepwunnvt

1.1. JlokaxkuTe, YTO B HOJOBUHYATOM rpade HET N30JUPOBAHHBIX BEPIIHH.

1.2. Ecau n — uucio Todek KoHuUrypanun — GUKCUPOBAHO, TO KaKue 3HAUYEeHUs MOXKeT UMeTh CTelleHb 110 3a/[ade
BepumHbl B rpade G(n)?

1.3. Mozxker s ososuHIaThH rpad G(50) nmers posro 50 BepimuH: 25 BepiiuH crenenn 1 u 25 BepiiuH crenedn 37
1.4. Jokaxkwure, uro y06oii k-oraessiomuii rpad Gi(n) comepkut He Menee 2k + 3 BepInuH.

1.5. a) Jlokaxure, 9T0o npu n > 6 mojoBuHYATEIA rpad umeer He 6Ojiee TPEX BEPIIUH CTEHEHU 1 — 3.
b) CKOJIBKO MMEHHO BEPIIHMH CTENEHU N — 3 MOXKET UMETh [OJOBUHYATHINA rpad?

1.6. CymecTByer Ju moJIOBUHYATHIH rpad, y KoToporo 8 BeprimH u 9 pebep?

1.7. Hokakure, 4yTo B mososuadaToM rpade co 100 Bepmunamu we 60see 60 BepmmH nMeioT cremnennb 41.

2 (Cesoticmsa epagos

2.1. Jlokaxkure, uro ecju B nojosundaroMm rpade G(2n) posHo n pebep, TO orTpe3ku, umzobpazkaomue pedpa,
IIOIIAPHO MEPECEKAIOTCH.

2.11. Ha miockocT HADHCOBAH IeOMETPHYECKHI OpHeHTHpoBaHHbL rpad. JJoKaKuTe, 4TO HU IIPU KAKHX N U 7/
OH He MOXKeT OKa3aThCsl OMHOBpeMeHHO rpadom Gip(n) u rpadbom Gis(n’).

2.2. JJokazKuTe, 9TO B MOJOBAHIATOM rpade He MOKET ObITh FAMIJIBTOHOBA Iy TH (T.€. Iy TH, IIPOXO/IAIIETO 110 BCEM
BEPIIMHAM POBHO IO OJIHOMY Pa3y).

2.3. IIycrs n = 103. IIpu kakux k MOXKHO yTBEPKJIaTh, 9T0 k-oTmessiommit rpad Gi(n) 3aBemoMo gBJseTcst
CBSI3HBIM !

2.4. [okaxkure, 94T0 KaxK/as KOMIOHEHTa CBs3HOCTH k-oTnessiomero rpadga Gi(n) umeer siiepos 1myThb (IyTh,
LIPOXOJIAIIMI 10 BceM pebpaM 110 OJHOMY Da3y).
2.5. JlokaxkuTe, ITO €C/Ii MIPU HEKOTOPOM 7 ITOCTPOEHBI TOJIOBHHYATHIE Tpadbl ¢ k1 u ko pebpamu, TO st JTIOO0TO
m, k1 < m < ks, cylecrByer MOJIOBUHYATHINA Ipad ¢ 1 BEPIIMHAMU U 1M PeOpaMu.
2.6. a) IlycTh Ha mutockocTH HapucoBaH k-otiesstonuit rpad G (S) n nycrs 8’ — MHOXKecCTBO ero BepiinH. Jloka-
xutre, 4ro 3ror rpad ecrb rpad Buga Gy (S’) npu noxxomgmem Boibope k'

b) Hdokaxkure, 9T0 KazK/as KOMIIOHEHTa casnoctu rpada Gi(n) asnsercsa rpadom suma G (n').

2.7. a) okaxure, 410 J1060ii rpad sBigeTcs moarpadoM MOAXOILINEro HOJ0BUHIATOrO Tpada.
b) Jokaxkute, uro 060ii rpad sBISETCS MHIYIMPOBAHHBIM TOATrPadOM MOAXOAIIErO TOJIOBUHIATOrO Tpada.
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3 Bunykasie 4enouwku u MeAbHUuUbL

Pazobrem mosioBuHYATHI Ipad Ha <«BBIMYKJbIE IENOUYKW». J[IsT 9TOro pa3BepHeM €ro Tak, 4ToObl HUA OJHA U3 MPSIMBIX,
COEIMHAIONUX BEPIINHBI, HE ObLIA BEPTUKAILHON, N MPOBEJIEM BEPTHKAIBHYIO NIPAMYIO (HE IPOXOIAILYIO YePe3 BEPIIUHBI),
10 CTOPOHAM OT KOTOPOIl PACIOJIOKEHO MOPOBHY BepiinH rpada. Tenepb npoBeeM BepTHKAJIbHYIO IPAMYIO £ depe3 caMyio
JeByto BepiuHy Vi. Bynem Bpamarh mpsimyro £ 1O 49acoBOil CTpesiKe BOKPYr Vi, TIOKa OHa He COBIAJET C KAKUM-HHUOYIb
pebpom mosoBuHYIATOTO rpada, ckaxem, ¢ Vi Va. [Ipomomkim Bpamenne npsamoil Teneps y2Ke BOKPYT BEPIIMHBI Vo, TOKa OHA
He HATKHeTCs Ha cieiymomniee pebpo VoVs u 1. n. Ecin B KaKoii-TO MOMEHT IIpsiMasi CHOBA CTAHET BEPTUKAJILHOM, OCTAHOBUM
[IPOIIECC, M CKaXkeM, 4UTO HocTpoeHHast jiomanas ViVaViz... aBiaserca swnykaol yenowkod. Ilocse sToro HavMHeM CTpPOUTH
HOBYIO IEIIOYKY, B3B B Ka4eCTBE CTAPTOBOW TOYKM CAMYIO JIEBYIO M3 BEPIIHUH, Y KOTOPOH ecTh pebpo, He MPUHAJIEIKAIIEE
HU OJHOHN M3 y2Ke ITIOCTPOEHHBIX IIeroveK. B pesysibrare Bech rpad oKaxKeTcs pa3dbuT Ha BBIYKJIbIE IIENIOYKH. DTO pasbueHune
3aBUCUT OT TOTrO, KAKOE HAIIPABJIEHNE Mbl M3HAYAJIBHO BHIOPAJIM B Ka9eCTBE BEPTUKAJIBHOTO.

3.1. Jokaxkure, 9TO B pe3y/bTraTe OMMCAHHOIO IIPOIECCa MMOJIOBUHIATHIN rpad OyIeT mpeIcTaBiisiTh cOO0M 06be -
HeHue 1/2 BBILYKJIbIX MEI0YeK, KaxKas U3 KOTOPbIX HAYUHAETCs B JIEBOH IOJIYILJIOCKOCTH, 3aKAHIUBAETCS B IIPABOIA,
U IIPH 3TOM HHKAKHKE [IBE IEeMOYKN He UMEOT O0mux pedep.

3.2. JlokaxKuTe, UTO JJIsl JIOOBIX JIBYX BEPIIUH MOJOBUHYATOIO rpada cyMMa WX CTeleHel He MPEBOCXOIUT N.

B crenyromux 3aa9ax Mbl CIMTAEM, UTO HA IJIOCKOCTH JAHO KOHEYHOE MHOXKECTBO TOUYEK S, HUKAKHME TPU U3 KOTOPBIX HE
JIe¥KaT Ha OJTHOM HNPSMOM.

Onpepnenenue. Meavhuyeld OylieM Ha3bIBATH CJIELYIONIMIA mporecc. Buibepem mpsiMyio ¢, IPOXOISNIyI0 Yepe3 POBHO
onny touky T € S. ByseMm Bpamars 3Ty IPsIMyIO 10 9aCOBO CTPEJIKE JI0 TOr0 MOMEHTA, KOIJa Ha Heil BIEePBbIE TOSBUTCS €I
OJIHA TOYKA U3 MHOXKeCTBa S, HazoBeM ee U. Jlanee GymeM mpoI0/KaTh BpalllaTh IPSIMYIO IO YaCOBOI CTPesIKe, HO Tenephb YK
BOKpPYT TouKM U, MOKa Ha Heil He MMOsIBUTCS ellle OJIHAa TOYKa MHOXKeCTBa S U T. II.

3.3. JlokaxknTe, 9TO MOYXKHO BBIOpATh TOUKY 1 ¥ HAYAJIHHYIO MPAMYIO ¢ Tak, 9TO KaKJIas TOYKA MHOXKECTBA S
MOOBIBAET IEHTPOM BPAIEHUST MEJIbHUIIBI OECKOHETHO MHOTO Pas3.

3.4. Jlokaxkure, 9TO JJIs JIIOOOIO MHOXKECTBa S MOYKHO TaK 3aIyCTUTh MEJIBHUILY, 9TO KaXKJjas TOYKa IIJIOCKOCTH
B KaKOW-TO MOMEHT MOOBIBAET Ha MIPSIMOi £.

3.5. Jlokakure, 9TO B JIIOOOM MHOXKECTBE S €CTh TaKast TOUKA, ITO JI0OAsT MEJILHUIA, 3AITyIEHHAS U3 Hee, MOCeIaeT
BCe BEPIINHBI.

3.6. Ilycrs Ha IIOCKOCTH OTMEYEHBI TOYKH OOINETO MOJIOKEHNS U IPAMAast ¢, He MPOXOAAIas Jepe3 Hux. [lokpacum
TOYKH C OJHOW CTOPOHBI OT Hee (mycTb ux K IMITYK) B KpacHbIl IBeT, a ¢ APyroit cropousl (mycTb ux M mryk) —
B cunwuit. Jokaxkure, uro mia mobeix k < K, m < M cymecTByer npsiMast b Takasi, 9TO II0 OJHY CTOPOHY OT Hee
JIeXKaT POBHO k KPaCHBIX U POBHO 7 CUHHMX TOYEK.

4  IxcmpemasvHuvie 3adavu

4.1. a) Moxer jin npu KakOM-HHOY/Ib N MOJIOBUHYATHIA Tpad ¢ n BepmuHaMu uMeTh Gosbine 2013n pebep?
b) Moxer s rpad G1o(n) npu kakoM-HEOY B 1 umeth 2013n pebep?

4.2. Kaxkoe naubouibliiiee 9ucsio pebep MOXKET UMeTh IIyTh B mosoBuruaroM rpade G(n)?

4.3. Kakoe nau6Gosbliee Iucjo pebep MOXKeT UMeTh IUKJI B nojiosuHvaroM rpade G(n)?

4.4. Jokaxkure, 9TO MOJHBIN ToArpad ¢ k BepImHAME MOYXKET OBITh MOArPadOM IMOJIOBUHYIATOrO rpada, B KOTOPOM
a) mopsaaKa k® BeprmH; b) mopsiaka k? Beprmmm.

4.5. JlokaxkuTe, 9TO OIEHKA M3 IIyHKTA D) HpeablIyIell 3a1adi aCUMIITOTUIECKH TOYHAs, 8 UMEHHO, eCJId I0JI0-
BUHYATHIN rpad ¢ 1 BEPIIMHAMU COJIEPXKUT KJIMKY C k BEPITUHAMM, TO 1 > [k;2 /2].

4.6. O6o3naunM depes ey, HanboJbIIee Ynucao pebep, KOTOpoe MOXKET UMeTh k-ornessiomuii rpad Gi(n). Joka-
JKUTE, 9TO €2y, 2k+1 = 2€n i + M.

4.7. Jloxaxute, aro B rpacde Gy (n) upn k < (n — 2)/2 ne 6omee 41/(k + 1)(n — k — 1)n pebep.

5 Kpyeosvie nocaedosamenvrocmu

B sTolt cepum 3a51a MBI IpejiaraeM OJWH TOAXOM K 3ajade 4.7; OH CBsA3aH ¢ NMepedOpMyJINPOBKON Ha JIPYTOM S3bIKE.
TTosToMy 3amaum 3TOM Cepuy MOYTH HE CBA3AHBI C OCTATLHBIMA 33/ Ta9aMU.

Oupenpenenune. 1) Kpyzosoi n-nociedosamenrvrocmoio 6yeM Ha3bBATh (KOHEUHYIO) IIOCIIE0BATEILHOCTD II€PECTAHO-
BOK MuOXKecTBa {1,2,...,n}, cocroantyro u3 C2 + 1 mepecTaHoBOK, B KOTOPOit

a) KaxKJas CJELyomas IIEPECTAHOBKA OTINIACTCA OT IPEABIAYINEH TOJBKO MOJIOXKEHUEM KAKUX-TO JBYX DSJIOM CTOSIIAX
quces1, OyzeM Ha3bIBATH 3TO U3MEHEHUE TOPsIKa YUCe Paunom; MJIAI, MEPECTABISIONINAN JIEMEHTH Ha MECTaX ¢ HOMEpaMu
k u k4 1, 6ynem HasbiBaTh k-@aunom;
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6) B IOCJIE/IHEN TIEPECTAHOBKE BCE HJIEMEHTBI PACCTABJIEHDBI B IIPOTUBOIIOIOXKHOM TODsijiKe (B CPABHEHHUHM C IIEPBOIi epecTa-
HOBKOI1);

B) JIOOBIE JIBa IHMCJIA U3 UCXOIHOTO MHOXKECTBA TIPUCYTCTBOBAIM BMECTE POBHO B OJHOM JIuIe.

2) Jlsotinas xpy206a4 n-nocaedo8amesbHOCMb — 3TO IIOCIIEA0BATEILHOCTD [IEPECTAHOBOK MHOXKecTBa {1,2,...,n}, cocros-
mast u3 2C2 + 1 nepecranoBoK, B KOTopoi nepsbie C2 + 1 I1epecTaHOBOK IPEICTABIISIOT cOB0ii KPYTrOBYIO HOC/IEI0BATELHOCT,
a nocseane C2 4 1 MepecTaHOBOK — ee «3epKaJlbHOe OTpaskeHnes. TouHee roBopsi, €CIIH B i-if IIePECTAHOBKE 3I€MEHTHI MHO-
JKECTBa OBbLIM PACCTABJIEHBI B HEKOTOPOM IOPSIJIKE U BBIMOIHSIICS k-(JIUIl, MEHSIIOIMUIA MeCTaMu Yucja a u b, To B (C’,QL + 1)-i
[IEPECTAHOBKE 3JIEMEHTHI MHOXKECTBA PACCTABJEHBI B IMPOTHBOIIOJOXKHOM MOPsiZiKe U BbinoiaHercs (n — k)-dann, mensommit
MeCTaMHU ITH Ke JHucja a u b.

HexoTopsie KpyroBble OCIEI0BATEIBHOCTH MOT'YT OBITDH IIOJIyY€HBI T€OMETPUYECKN: PACCMOTPUM B IIJIOCKOCTH MHOXKECTBO
S u3 n Todek OOIIEro IMOJIOXKEHUsI; MBI MPENOJIAraeM, YTO MPsSIMbIE, COEIUHSIIONINE 9TU TOYKHU, MOTAPHO HENapaJslIeTbHBI.
Bynem npoekTtupoBarh HalM TOYKK HA MPSIMYIO, TOBOPAYUBAIONLYIOCS BOKPYT (DUKCHUPOBAHHOTO IeHTpa. llopsmok mpoekimit
TOYEK MpHU MOBOPOTE TPsiMoit Ha 180° — 3TO0 Kpyrosasi MOCJIEI0BATEILHOCTh, & TIPU MIOBOPOTE NMpsiMoii Ha 360° — mBoiiHas
KpyroBasl MOCJIe0BATETbHOCT.

3) Muoxecreo P C {1,2,...,n} GyieM Has3bIBATh NOAYNAOCKOCMbI0 (OTHOCUTEIBHO KPYTOBOI n-10C/1e10BaTeabHOCTH T ),
€CJIN 3JIEMEHTHI MHOXKECTBA P, PaCIIOIOKEHHBIE B HEKOTOPOM TOPSIIKE, SBIISTIOTCSH HAYAJIBHBIM (DPATMEHTOM XOTsI OBbI OHOM 13
[IepecTaHoOBOK, cocTaBisiionux 7. Eciu muoxkecrBo P cocrout u3 k ajemeHTOB, OyZeM Ha3bIBATH €0 TaKKe k-MHOXKECTBOM.
KoumaecTBO k-MHOXKECTB B JJBONHOI KpyroBoil mocsenosarebHoctd 7 OyneMm ob6o3Hadars Sk (7).

5.1. Jlokaxkute, 4TO B JI0OOM JBOINHON KPYTrOBOii HOCIe10BaTe/ IbHOCTH T 9uciIo k-(IUIIOB B TOYHOCTU PABHO YUCILY
k-muoxects si(T).

n—1
5.2. [okaxKkure, 4ro0 iyist JI0OOH IBONHO KPYIOBOIl N-110CII€10BaTEILHOCTH T BBIIOJHEHO paBeHcTBO Y. Sk (7T) =

k=1
n(n —1). .

5.3. Ilycrb Sk(n) — nauboubinas u3 cymm Buga . S;(7T), rue MakcuMyMm Gepercd 1O BCeM JBOMHBIM KPYTOBBIM
i=1

n-miocsiesioBaTeabrocTsaM 7. Jokaxure, 9to Si(n) = kn upu 1 < k < n/2.

5.4. Ilycrs aBoiinasg Kpyrosas n-noc/eIoBaTeIbHOCTL T MOCTPOEHA 110 MHOXKECTBY S. JloKaxKuTe, 4T0 KOJIUIeCTBO

pebep B rpade G (S) pasuo sp41(7T) mpu 1 < k < (n—2)/2.

5.5. Bepno jim, 4T0 BCgKag KPYroBas N-MOCIEA0BATELHOCTD PEATUIYETCA TeOMETPUIECKH?

5.6. Ilycts 7 — Kpyroasi n-I1ocjieloBaTeIbHOCTb, P — mnepBas nepecraHoBka u3z 7, P = XY Z, upudem jjmHa

nojcrpoku Y passa y (a mogcrpoku X u Z MOryT ObITH U IIyCTBIME), HakoHell, mycTh 1 < k < n — 1. Tokaxnre,

YTO KOJUYIECTBO k-(hJiunos B T, 3aTparuBamonux Jucjia u3 Y, He MPEeBOCXOIUT C’; + 2k.

5.7. Jlokazkute, 9TO CyIecTByeT Takoe uuc/o C, 9To Jijist BeeX JBOMHBIX KPYTOBBIX N-TIOC/IeI0BaTebHocTeli T npu
1 < k < n/2 Beimosmeno uepasenctso s;(7T) < Cnvk .

6 Ilepeceuenus u marcumasvHbvle Koauwecmaa pebep

Onpepnenenune. HazoBem nepecevenuem napy pebep reOMeTpraecKoro rpada, MMEIOINUX OOILYI0 TOUKY, He SIBJISIOILYIOCS
X OOIUM KOHIIOM. B 9TOit cepuu MBI n3ydaeM BO3MOXKHOE KOJIMIECTBO Iepecedenunii B rpadax.

6.1. IIycrs V — MHOXKeCTBO BepiinH nosiosuH4aToro rpada, |V| = n, n — uernoe. st Kaxk10it BepmuHel v € V
oboznaunmM 4depes d, creneHb 3Toi BepmuHbl. [lycts X — kosmmdecTBO niepecevenuit B atom rpade. lokaxkure, a0

X+ Z C(Zd,u+1)/2 = 0721/2-
veV

6.2. Ilyctn 101 < e < 107 %n2. Jokaxkure, 9TO CymIecTByeT reoMeTPHYIeCKHit Tpad, B KOTOPOM N BEpIIHH, e pedep,
a KOJMMYecTBo mepecedennit e mpesocxomut 10%e3 /n2.

6.3. Jlokaxkure, 9TO CyIecTByeT Takoe ducyo ¢ > 0, uro npu e > 100n B reomerpudeckom rpade ¢ 1 BepITHHAMA
1 e peGpaMu mMeeTcss He Memee ¢ - €3 /n? mepecedenmit.

6.4. JlokaxkuTe, 9TO 9HCJIO peGep B MOJOBHHYATOM Ipade ¢ 1 BepIIMHAME He npeBocxomut Cn/?

koHcTaHThl C, He 3aBUCAIIEH OT N U OT rpada.

, U1l HEKOTOPOil



[ToroBunuaTsie rpadbl

Bamauy npeacrasisior . Bormanos, K. Koxach

B sr0it cepun 3aa1 Mbl 6yJ1eM UMETD JIEJI0 C 2€0MEMPUHECKUMU 2papamu, T. e. ¢ TpadamMu, n300pazKeHHBIMU Ha TIJIOCKOCTH.
B reomerpudeckoM rpade HUKaKHe TPU BEPIIMHBI He JiexKaT Ha OJHOI NpsIMOii, a pebpa n306parkaloTcst oTpe3kaMu (KOTOpbIe
MOTYT TIEPECEKAThLCs HE B BepIuHe ). BOT /1Ba mprMepa reoMeTpuIecKux rpadoB, IIPEJICTABIIAIONIAX JJIS HAC OCHOBHOI HHTEPEC.

Oupenenenne. 1) Iosrosunwamowm rpadom G(n) HasoseMm rpad, momydaomuiics ciaemyomeil Koucrpyknuei. Ilycrs
HA IJIOCKOCTH HAPHUCOBAHO M (YETHOE YHCJIO) TOYEK, HUKAKNE TPU U3 KOTOPBIX HE JIe’KaT Ha OJHOI NIpsSMON. DTO BEPIIUHBI
rpada. Pebpo coemuHsier /Be BepIIWHBI, €CIU MpsiMasi, COMIEpIKAIast 9TO0 pedpo, JEJTUT MHOXKECTBO BEPIIUH HA JBE PABHBIE
gacTH (T. €. B €€ MOJIYIJIOCKOCTSX TIOPOBHY OCTABIIUXCS BEPIIHH).

2) Paccmorpum Gosee obuiyto curyanuio — oupenenanM k-omdeasowut epagp Gr(n). Ilycts k u n — HaTypasbHbIe YUCIa,
n > 2k + 2 (upm sTOM n y>ke He 00a3aTENBHO YeTHOE). HapucyeMm Ha IIOCKOCTH MHOXKECTBO S W3 1 TOYEK, HUKAKHE TPU
U3 KOTOPBIX He JIeXKaT Ha OfHOM mnpsmoii. OpueHTupoBanHoe pebpo coemunser jBe Touku A u B, ecsm upsimas AB nenur
MHOXKECTBO TOYEK Ha JIBe YaCTH, B OJIHOWM M3 KOTOPBIX k TOYEK. DTa YacCTh JOJKHA HAXOAUTHCS B HOJIYIJIOCKOCTH, KOTOPAast
PACIIOJIOKEHA CNPasa OT MPAMOM, ecau asurarbes oT A kK B. Muoxkectso Beprmmn rpada Gi(n) — 9TO Te TOIKH MHOMXKECTBA,
S, U3 KOTOPBIX BBIXOJUT WJIM B KOTOPBIE BXOJUT XOTsl ObI 0JiHO pe6po. Kcimm HyKHO MOI4epKHYTh 3aBUCUMOCTD TIOCTPOEHHOTO
rpada Gi(n) or HavaIbHON KOHMUIYpanuu To4eK, yaeM ero o6o3nadars Takxke G (S).

1 Bepwunnvt

1.1. JlokaxkuTe, YTO B HOJOBUHYATOM rpade HET N30JUPOBAHHBIX BEPIIHH.

1.2. Ecau n — uucio Todek KoHuUrypanun — GUKCUPOBAHO, TO KaKue 3HAUYEeHUs MOXKeT UMeTh CTelleHb 110 3a/[ade
BepumHbl B rpade G(n)?

1.3. Mozxker s ososuHIaThH rpad G(50) nmers posro 50 BepimuH: 25 BepiiuH crenenn 1 u 25 BepiiuH crenedn 37
1.4. Jokaxkwure, uro y06oii k-oraessiomuii rpad Gi(n) comepkut He Menee 2k + 3 BepInuH.

1.5. a) Jlokaxure, 9T0o npu n > 6 mojoBuHYATEIA rpad umeer He 6Ojiee TPEX BEPIIUH CTEHEHU 1 — 3.
b) CKOJIBKO MMEHHO BEPIIHMH CTENEHU N — 3 MOXKET UMETh [OJOBUHYATHINA rpad?

1.6. CymecTByer Ju moJIOBUHYATHIH rpad, y KoToporo 8 BeprimH u 9 pebep?

1.7. Hokakure, 4yTo B mososuadaToM rpade co 100 Bepmunamu we 60see 60 BepmmH nMeioT cremnennb 41.

2 (Cesoticmsa epagos

2.1. Jlokaxkure, uro ecju B nojosundaroMm rpade G(2n) posHo n pebep, TO orTpe3ku, umzobpazkaomue pedpa,
IIOIIAPHO MEPECEKAIOTCH.

2.11. Ha miockocT HADHCOBAH IeOMETPHYECKHI OpHeHTHpoBaHHbL rpad. JJoKaKuTe, 4TO HU IIPU KAKHX N U 7/
OH He MOXKeT OKa3aThCsl OMHOBpeMeHHO rpadom Gip(n) u rpadbom Gis(n’).

2.2. JJokazKuTe, 9TO B MOJOBAHIATOM rpade He MOKET ObITh FAMIJIBTOHOBA Iy TH (T.€. Iy TH, IIPOXO/IAIIETO 110 BCEM
BEPIIMHAM POBHO IO OJIHOMY Pa3y).

2.3. IIycrs n = 103. IIpu kakux k MOXKHO yTBEPKJIaTh, 9T0 k-oTmessiommit rpad Gi(n) 3aBemoMo gBJseTcst
CBSI3HBIM !

2.4. [okaxkure, 94T0 KaxK/as KOMIOHEHTa CBs3HOCTH k-oTnessiomero rpadga Gi(n) umeer siiepos 1myThb (IyTh,
LIPOXOJIAIIMI 10 BceM pebpaM 110 OJHOMY Da3y).
2.5. JlokaxkuTe, ITO €C/Ii MIPU HEKOTOPOM 7 ITOCTPOEHBI TOJIOBHHYATHIE Tpadbl ¢ k1 u ko pebpamu, TO st JTIOO0TO
m, k1 < m < ks, cylecrByer MOJIOBUHYATHINA Ipad ¢ 1 BEPIIMHAMU U 1M PeOpaMu.
2.6. a) IlycTh Ha mutockocTH HapucoBaH k-otiesstonuit rpad G (S) n nycrs 8’ — MHOXKecCTBO ero BepiinH. Jloka-
xutre, 4ro 3ror rpad ecrb rpad Buga Gy (S’) npu noxxomgmem Boibope k'

b) Hdokaxkure, 9T0 KazK/as KOMIIOHEHTa casnoctu rpada Gi(n) asnsercsa rpadom suma G (n').

2.7. a) okaxure, 410 J1060ii rpad sBigeTcs moarpadoM MOAXOILINEro HOJ0BUHIATOrO Tpada.
b) Jokaxkute, uro 060ii rpad sBISETCS MHIYIMPOBAHHBIM TOATrPadOM MOAXOAIIErO TOJIOBUHIATOrO Tpada.
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3 Bunykasie 4enouwku u MeAbHUuUbL

Pazobrem mosioBuHYATHI Ipad Ha <«BBIMYKJbIE IENOUYKW». J[IsT 9TOro pa3BepHeM €ro Tak, 4ToObl HUA OJHA U3 MPSIMBIX,
COEIMHAIONUX BEPIINHBI, HE ObLIA BEPTUKAILHON, N MPOBEJIEM BEPTHKAIBHYIO NIPAMYIO (HE IPOXOIAILYIO YePe3 BEPIIUHBI),
10 CTOPOHAM OT KOTOPOIl PACIOJIOKEHO MOPOBHY BepiinH rpada. Tenepb npoBeeM BepTHKAJIbHYIO IPAMYIO £ depe3 caMyio
JeByto BepiuHy Vi. Bynem Bpamarh mpsimyro £ 1O 49acoBOil CTpesiKe BOKPYr Vi, TIOKa OHa He COBIAJET C KAKUM-HHUOYIb
pebpom mosoBuHYIATOTO rpada, ckaxem, ¢ Vi Va. [Ipomomkim Bpamenne npsamoil Teneps y2Ke BOKPYT BEPIIMHBI Vo, TOKa OHA
He HATKHeTCs Ha cieiymomniee pebpo VoVs u 1. n. Ecin B KaKoii-TO MOMEHT IIpsiMasi CHOBA CTAHET BEPTUKAJILHOM, OCTAHOBUM
[IPOIIECC, M CKaXkeM, 4UTO HocTpoeHHast jiomanas ViVaViz... aBiaserca swnykaol yenowkod. Ilocse sToro HavMHeM CTpPOUTH
HOBYIO IEIIOYKY, B3B B Ka4eCTBE CTAPTOBOW TOYKM CAMYIO JIEBYIO M3 BEPIIHUH, Y KOTOPOH ecTh pebpo, He MPUHAJIEIKAIIEE
HU OJHOHN M3 y2Ke ITIOCTPOEHHBIX IIeroveK. B pesysibrare Bech rpad oKaxKeTcs pa3dbuT Ha BBIYKJIbIE IIENIOYKH. DTO pasbueHune
3aBUCUT OT TOTrO, KAKOE HAIIPABJIEHNE Mbl M3HAYAJIBHO BHIOPAJIM B Ka9eCTBE BEPTUKAJIBHOTO.

3.1. Jokaxkure, 9TO B pe3y/bTraTe OMMCAHHOIO IIPOIECCa MMOJIOBUHIATHIN rpad OyIeT mpeIcTaBiisiTh cOO0M 06be -
HeHue 1/2 BBILYKJIbIX MEI0YeK, KaxKas U3 KOTOPbIX HAYUHAETCs B JIEBOH IOJIYILJIOCKOCTH, 3aKAHIUBAETCS B IIPABOIA,
U IIPH 3TOM HHKAKHKE [IBE IEeMOYKN He UMEOT O0mux pedep.

3.2. JlokaxKuTe, UTO JJIsl JIOOBIX JIBYX BEPIIUH MOJOBUHYATOIO rpada cyMMa WX CTeleHel He MPEBOCXOIUT N.

B crenyromux 3aa9ax Mbl CIMTAEM, UTO HA IJIOCKOCTH JAHO KOHEYHOE MHOXKECTBO TOUYEK S, HUKAKHME TPU U3 KOTOPBIX HE
JIe¥KaT Ha OJTHOM HNPSMOM.

Onpepnenenue. Meavhuyeld OylieM Ha3bIBATH CJIELYIONIMIA mporecc. Buibepem mpsiMyio ¢, IPOXOISNIyI0 Yepe3 POBHO
onny touky T € S. ByseMm Bpamars 3Ty IPsIMyIO 10 9aCOBO CTPEJIKE JI0 TOr0 MOMEHTA, KOIJa Ha Heil BIEePBbIE TOSBUTCS €I
OJIHA TOYKA U3 MHOXKeCTBa S, HazoBeM ee U. Jlanee GymeM mpoI0/KaTh BpalllaTh IPSIMYIO IO YaCOBOI CTPesIKe, HO Tenephb YK
BOKpPYT TouKM U, MOKa Ha Heil He MMOsIBUTCS ellle OJIHAa TOYKa MHOXKeCTBa S U T. II.

3.3. JlokaxknTe, 9TO MOYXKHO BBIOpATh TOUKY 1 ¥ HAYAJIHHYIO MPAMYIO ¢ Tak, 9TO KaKJIas TOYKA MHOXKECTBA S
MOOBIBAET IEHTPOM BPAIEHUST MEJIbHUIIBI OECKOHETHO MHOTO Pas3.

3.4. Jlokaxkure, 9TO JJIs JIIOOOIO MHOXKECTBa S MOYKHO TaK 3aIyCTUTh MEJIBHUILY, 9TO KaXKJjas TOYKa IIJIOCKOCTH
B KaKOW-TO MOMEHT MOOBIBAET Ha MIPSIMOi £.

3.5. Jlokakure, 9TO B JIIOOOM MHOXKECTBE S €CTh TaKast TOUKA, ITO JI0OAsT MEJILHUIA, 3AITyIEHHAS U3 Hee, MOCeIaeT
BCe BEPIINHBI.

3.6. Ilycrs Ha IIOCKOCTH OTMEYEHBI TOYKH OOINETO MOJIOKEHNS U IPAMAast ¢, He MPOXOAAIas Jepe3 Hux. [lokpacum
TOYKH C OJHOW CTOPOHBI OT Hee (mycTb ux K IMITYK) B KpacHbIl IBeT, a ¢ APyroit cropousl (mycTb ux M mryk) —
B cunwuit. Jokaxkure, uro mia mobeix k < K, m < M cymecTByer npsiMast b Takasi, 9TO II0 OJHY CTOPOHY OT Hee
JIeXKaT POBHO k KPaCHBIX U POBHO 7 CUHHMX TOYEK.

4  IxcmpemasvHuvie 3adavu

4.1. a) Moxer jin npu KakOM-HHOY/Ib N MOJIOBUHYATHIA Tpad ¢ n BepmuHaMu uMeTh Gosbine 2013n pebep?
b) Moxer s rpad G1o(n) npu kakoM-HEOY B 1 umeth 2013n pebep?

4.2. Kaxkoe naubouibliiiee 9ucsio pebep MOXKET UMeTh IIyTh B mosoBuruaroM rpade G(n)?

4.3. Kakoe nau6Gosbliee Iucjo pebep MOXKeT UMeTh IUKJI B nojiosuHvaroM rpade G(n)?

4.4. Jokaxkure, 9TO MOJHBIN ToArpad ¢ k BepImHAME MOYXKET OBITh MOArPadOM IMOJIOBUHYIATOrO rpada, B KOTOPOM
a) mopsaaKa k® BeprmH; b) mopsiaka k? Beprmmm.

4.5. JlokaxkuTe, 9TO OIEHKA M3 IIyHKTA D) HpeablIyIell 3a1adi aCUMIITOTUIECKH TOYHAs, 8 UMEHHO, eCJId I0JI0-
BUHYATHIN rpad ¢ 1 BEPIIMHAMU COJIEPXKUT KJIMKY C k BEPITUHAMM, TO 1 > [k;2 /2].

4.6. O6o3naunM depes ey, HanboJbIIee Ynucao pebep, KOTOpoe MOXKET UMeTh k-ornessiomuii rpad Gi(n). Joka-
JKUTE, 9TO €2y, 2k+1 = 2€n i + M.

4.7. Jloxaxute, aro B rpacde Gy (n) upn k < (n — 2)/2 ne 6omee 41/(k + 1)(n — k — 1)n pebep.

5 Kpyeosvie nocaedosamenvrocmu

B sTolt cepum 3a51a MBI IpejiaraeM OJWH TOAXOM K 3ajade 4.7; OH CBsA3aH ¢ NMepedOpMyJINPOBKON Ha JIPYTOM S3bIKE.
TTosToMy 3amaum 3TOM Cepuy MOYTH HE CBA3AHBI C OCTATLHBIMA 33/ Ta9aMU.

Oupenpenenune. 1) Kpyzosoi n-nociedosamenrvrocmoio 6yeM Ha3bBATh (KOHEUHYIO) IIOCIIE0BATEILHOCTD II€PECTAHO-
BOK MuOXKecTBa {1,2,...,n}, cocroantyro u3 C2 + 1 mepecTaHoBOK, B KOTOPOit

a) KaxKJas CJELyomas IIEPECTAHOBKA OTINIACTCA OT IPEABIAYINEH TOJBKO MOJIOXKEHUEM KAKUX-TO JBYX DSJIOM CTOSIIAX
quces1, OyzeM Ha3bIBATH 3TO U3MEHEHUE TOPsIKa YUCe Paunom; MJIAI, MEPECTABISIONINAN JIEMEHTH Ha MECTaX ¢ HOMEpaMu
k u k4 1, 6ynem HasbiBaTh k-@aunom;
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6) B IOCJIE/IHEN TIEPECTAHOBKE BCE HJIEMEHTBI PACCTABJIEHDBI B IIPOTUBOIIOIOXKHOM TODsijiKe (B CPABHEHHUHM C IIEPBOIi epecTa-
HOBKOI1);

B) JIOOBIE JIBa IHMCJIA U3 UCXOIHOTO MHOXKECTBA TIPUCYTCTBOBAIM BMECTE POBHO B OJHOM JIuIe.

2) Jlsotinas xpy206a4 n-nocaedo8amesbHOCMb — 3TO IIOCIIEA0BATEILHOCTD [IEPECTAHOBOK MHOXKecTBa {1,2,...,n}, cocros-
mast u3 2C2 + 1 nepecranoBoK, B KOTopoi nepsbie C2 + 1 I1epecTaHOBOK IPEICTABIISIOT cOB0ii KPYTrOBYIO HOC/IEI0BATELHOCT,
a nocseane C2 4 1 MepecTaHOBOK — ee «3epKaJlbHOe OTpaskeHnes. TouHee roBopsi, €CIIH B i-if IIePECTAHOBKE 3I€MEHTHI MHO-
JKECTBa OBbLIM PACCTABJIEHBI B HEKOTOPOM IOPSIJIKE U BBIMOIHSIICS k-(JIUIl, MEHSIIOIMUIA MeCTaMu Yucja a u b, To B (C’,QL + 1)-i
[IEPECTAHOBKE 3JIEMEHTHI MHOXKECTBA PACCTABJEHBI B IMPOTHBOIIOJOXKHOM MOPsiZiKe U BbinoiaHercs (n — k)-dann, mensommit
MeCTaMHU ITH Ke JHucja a u b.

HexoTopsie KpyroBble OCIEI0BATEIBHOCTH MOT'YT OBITDH IIOJIyY€HBI T€OMETPUYECKN: PACCMOTPUM B IIJIOCKOCTH MHOXKECTBO
S u3 n Todek OOIIEro IMOJIOXKEHUsI; MBI MPENOJIAraeM, YTO MPsSIMbIE, COEIUHSIIONINE 9TU TOYKHU, MOTAPHO HENapaJslIeTbHBI.
Bynem npoekTtupoBarh HalM TOYKK HA MPSIMYIO, TOBOPAYUBAIONLYIOCS BOKPYT (DUKCHUPOBAHHOTO IeHTpa. llopsmok mpoekimit
TOYEK MpHU MOBOPOTE TPsiMoit Ha 180° — 3TO0 Kpyrosasi MOCJIEI0BATEILHOCTh, & TIPU MIOBOPOTE NMpsiMoii Ha 360° — mBoiiHas
KpyroBasl MOCJIe0BATETbHOCT.

3) Muoxecreo P C {1,2,...,n} GyieM Has3bIBATh NOAYNAOCKOCMbI0 (OTHOCUTEIBHO KPYTOBOI n-10C/1e10BaTeabHOCTH T ),
€CJIN 3JIEMEHTHI MHOXKECTBA P, PaCIIOIOKEHHBIE B HEKOTOPOM TOPSIIKE, SBIISTIOTCSH HAYAJIBHBIM (DPATMEHTOM XOTsI OBbI OHOM 13
[IepecTaHoOBOK, cocTaBisiionux 7. Eciu muoxkecrBo P cocrout u3 k ajemeHTOB, OyZeM Ha3bIBATH €0 TaKKe k-MHOXKECTBOM.
KoumaecTBO k-MHOXKECTB B JJBONHOI KpyroBoil mocsenosarebHoctd 7 OyneMm ob6o3Hadars Sk (7).

5.1. Jlokaxkute, 4TO B JI0OOM JBOINHON KPYTrOBOii HOCIe10BaTe/ IbHOCTH T 9uciIo k-(IUIIOB B TOYHOCTU PABHO YUCILY
k-muoxects si(T).

n—1
5.2. [okaxKkure, 4ro0 iyist JI0OOH IBONHO KPYIOBOIl N-110CII€10BaTEILHOCTH T BBIIOJHEHO paBeHcTBO Y. Sk (7T) =

k=1
n(n —1). .

5.3. Ilycrb Sk(n) — nauboubinas u3 cymm Buga . S;(7T), rue MakcuMyMm Gepercd 1O BCeM JBOMHBIM KPYTOBBIM
i=1

n-miocsiesioBaTeabrocTsaM 7. Jokaxure, 9to Si(n) = kn upu 1 < k < n/2.

5.4. Ilycrs aBoiinasg Kpyrosas n-noc/eIoBaTeIbHOCTL T MOCTPOEHA 110 MHOXKECTBY S. JloKaxKuTe, 4T0 KOJIUIeCTBO

pebep B rpade G (S) pasuo sp41(7T) mpu 1 < k < (n—2)/2.

5.5. Bepno jim, 4T0 BCgKag KPYroBas N-MOCIEA0BATELHOCTD PEATUIYETCA TeOMETPUIECKH?

5.6. Ilycts 7 — Kpyroasi n-I1ocjieloBaTeIbHOCTb, P — mnepBas nepecraHoBka u3z 7, P = XY Z, upudem jjmHa

nojcrpoku Y passa y (a mogcrpoku X u Z MOryT ObITH U IIyCTBIME), HakoHell, mycTh 1 < k < n — 1. Tokaxnre,

YTO KOJUYIECTBO k-(hJiunos B T, 3aTparuBamonux Jucjia u3 Y, He MPEeBOCXOIUT C’; + 2k.

5.7. Jlokazkute, 9TO CyIecTByeT Takoe uuc/o C, 9To Jijist BeeX JBOMHBIX KPYTOBBIX N-TIOC/IeI0BaTebHocTeli T npu
1 < k < n/2 Beimosmeno uepasenctso s;(7T) < Cnvk .

6 Ilepeceuenus u marcumasvHbvle Koauwecmaa pebep

Onpepnenenune. HazoBem nepecevenuem napy pebep reOMeTpraecKoro rpada, MMEIOINUX OOILYI0 TOUKY, He SIBJISIOILYIOCS
X OOIUM KOHIIOM. B 9TOit cepuu MBI n3ydaeM BO3MOXKHOE KOJIMIECTBO Iepecedenunii B rpadax.

6.1. IIycrs V — MHOXKeCTBO BepiinH nosiosuH4aToro rpada, |V| = n, n — uernoe. st Kaxk10it BepmuHel v € V
oboznaunmM 4depes d, creneHb 3Toi BepmuHbl. [lycts X — kosmmdecTBO niepecevenuit B atom rpade. lokaxkure, a0

X+ Z C(Zd,u+1)/2 = 0721/2-
veV

6.2. Ilyctn 101 < e < 107 %n2. Jokaxkure, 9TO CymIecTByeT reoMeTPHYIeCKHit Tpad, B KOTOPOM N BEpIIHH, e pedep,
a KOJMMYecTBo mepecedennit e mpesocxomut 10%e3 /n2.

6.3. Jlokaxkure, 9TO CyIecTByeT Takoe ducyo ¢ > 0, uro npu e > 100n B reomerpudeckom rpade ¢ 1 BepITHHAMA
1 e peGpaMu mMeeTcss He Memee ¢ - €3 /n? mepecedenmit.

6.4. JlokaxkuTe, 9TO 9HCJIO peGep B MOJOBHHYATOM Ipade ¢ 1 BepIIMHAME He npeBocxomut Cn/?

koHcTaHThl C, He 3aBUCAIIEH OT N U OT rpada.

, U1l HEKOTOPOil
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Pemenuga

1.1. Tpebyercs noka3arh, 9T0 Yepe3 KaxkKIyio Bepumny rpada G(n) MOKHO IPOBECTH HPAMYIO, JEJISIILYI0 MHOKECTBO
BEPIIHH TT0NoJaM. Bo3bMeM IPOM3BOIBHYIO BepIuHy V, IpoBeeM depe3 Hee psMmyto £, u OyeM BpaIlaTh MPAMYIO
¢ Boxkpyr Touku V. Ilpu Bpaltennn apyrue Bepiinab! rpada 1o 0IHOM IepeXosiT U3 JIEBON HOJIYILIIOCKOCTH B IIPABYIO
niau n3 npasoil B jesylo. Ilocse nmoBopora na 180° sieBast u IpaBasi MOIYIIJIOCKOCTH OMEHSIOTCsT MecTaMu. [losTomy
B KAKOH-TO MOMEHT B 9THX HOJIyILIOCKOCTSX OyleT IIOPOBHY BepinuH (M, MOCKOJIBbKY OOIIee YUCJIO BEPIIMH YETHO,
Hala npsiMas OyIeT COIepKaTh ellle OJHY TOUKY HAIero MHOXKeCTBa, Kpome V).

1.2. OTBeT: creneHb BEPIIMHBI BCEry[a HEUETHA; OHA MOXKET OBIThH JIOOBIM HEYETHBIM YHCJIOM OT 1 110 1 — 1.

Kak MblI IIpoBepu/In B IpeJpuLyieil 3a1ade, depe3 Kaxyo BepmmHy rpada G(n) MOXKHO NPOBECTH IIPSIMYIO,
JIEJTSATITY IO MHOXKECTBO BEPIIIIH TOT0J1aM. [109TOMYy cTereHb BEPITUHBI He MOYXKET OBITh paBHa HyJIi0. [Ipu s3ToM B 11060M
rpade ¢ 1 BepIInHAMU CTENeHb BEPIIUHBI He TPEBOCXOIUT 1 — 1.

Jokaxkem, 4ro crenennb 060l Bepuinnbl rpada G(n) nederna. BosbMeM npou3BosibHYO Bepinuny V', mpoBeeM
qepes Hee IPaMyTo £, eIy 0 MHOYKECTBO BepIIHH 1orrosiaM. Bepruna V' et 5Ty npsMyio Ha JIBa JIyda, Ha OJHOM
13 KOTOPBIX €CTh eIlle OJIHa BepIinHa, ckaxkeM, Py . JIyd, comepxkarniuii P, TOKpacuM B KPACHBI IBET, & BTOPOii JIyd —
B CHUHUI.

Jlemma. Ilycte VP, VP, ..., VP, — npsiMble, 1IOCJI€I0BATEIbHO IOy YaIOIUECs] [IPU BPAIEHUH TPIMOii £
BOKDYT' TOUKH V| JessIue MHOXKeCTBO BepiuH rpada momosam. Torna mobble JBe cocenune Toukn P; u Piyq
HaXOAATCd Ha JIydaX pa3HoOro IBeTa.

HoxazaresnbcTBo. [IpoBepum, uro ecin Touka P; HaXouIach Ha KPAaCHOM JIyte, TO CJIEIyommas Touka P yq
OKasKeTCsl Ha CHHEM Jiyde. DTO TaK, IIOCKOJIbKY, TOBEPHYB HEMHOIO IIpaMyIo £ n3 noJsiozkenust V P;, Mbl yBeIndInBaeM
Ha 1 9mciio 9ucso BepuinH rpada B TOM MOJIYILIOCKOCTH, Ky1a nomnaJta Touka P;. K npu Bpammennn ere kakasi-iu0o
BepIINHA [ePEXOIUT B APYTYIO IMOIYILUIOCKOCTh Yepe3 KPACHBIN JIyd, PA3HOCTH KOJIMIECTB BEPIIUH B IOJIYIIJIOCKOCTIX
erfe OOJIbINIE YBEJIMYNBAETCH, & €CJIM Yepe3 CUHUN — yMeHbIIaeTcd. B MOMeHT, Korja To4ka Fjyj IOSBIISETCS Ha
npsiMoit £, 3Ta Pa3HOCTH OMSITh CTAHOBUTCS PaBHOM Hys0. O4UeBHIHO, 9TO COOBITHE MOYKET HMPOU30NTH TOJBKO Ha
CHHEeM JIyde. U

ITocsie moBopora Ha 180° mnpsiMast £ osiTh BCTPETUT TOYKY P, HO Temepb yKe Ha cuHeM Jiyde. [losromy gucio k
HEYEeTHO.

Ocrasock onucaTh KOHCTPYKIIUIO, KOTOPAst IS KaxK0ro k < n/2 mososser nocrpouts rpad G(n), comepkaniuit
BepmuHy crernenn 2k + 1. [jist 3T0r0 HaM MoHaI00SITCS JIBE T€OMETPUIECKUE KOHCTPYKITHH.

1) «Toacman aunusy. V300parkas Kakoh-HUOY b reoMeTpriecKnii rpad (Ha OrpaHUYEHHON YACTH TLIOCKOCTH ),
MBI MOXKEM M3MEHUTH MaciiTab KapTUHKH 110 BEPTUKAJIU, B pe3y/IbTaTe Yero OHa CTaHeT OYeHb y3KOil, IOJOBUHYATHIE
[IpsIMbIE TTOYTU COJIBIOTCSI, ¥ BCsl KAPTUHKA CTAHET II0X0XKA HA CJIErKa yTOJIIEHHYIO, IIPOPUCOBAHHYIO HECKOJIBKO pa3
suauio (puc. |1)).

2) «Kpecm». BozbMeM jiBe KOHMUIYpaIMH, 3aa10MIUX H0JI0BUHYaThE Tpadbl G u Ga, n300pasuM KaxK Iyl U3
HUX B BHUJIE TOJICTOH JIMHUM, HAMETUM HA KAXKJOH JIMHUU <«CPEIHIOK TOYKY» (IO CTOPOHAM OT KOTOPOIi IIOPOBHY
TOYEK JAHHON KOHMUIYDAIMH) U IIepecedeM TH J[Be TOJICThIE IPSMbIe B CPEJHUX TOYKaX (PHUC. . B pesynbrare mbr
MOJIyYMM KOHMUTYPAIMIO TOYEK, MOJIOBUHYATHIN rpad KOTOPOil COCTOUT M3 JIBYX KOMIIOHEHT cBsizHocTu G1 1 Ga.

Bosspamasch K PeIeHuo 3a7a49u, 3aMeTUM, 9TO KPECT, OJIHA U3 KOMIIOHEHT KOTOPOro «3Be31a» ([IpaBUJIbHBII
(2k 4 1)-yrosbHUK ILIIOC OJ(HA BepIIUHA B LEHTPE), a Apyras — BBILYKJIbIA (n — 2k — 2)-yroJabHuK, gaeT HaM rpad,
B KOTOPOM OfHa Bepinuna crenenn 2k + 1, a ocrajgbHble — CTENeHn 1.

1.3. OrseT: na.

Mg B3stiin 970 yTBepKaeHue B [0l semma 5.4]. TIpusesiem jBa BOSMOXKHBIX [IPUMEDA.

Opuna mpumep TakoB. Bo3bMeM BepIUHBI TPABUILHOTO 25-yTOJBHUKA; TAKXKE BO3bBMEM BEPIIMHBI €ro obpasa
[IpX TOMOTETHH C IIEHTPOM B IleHTpe 25-yrosbHuka n Kodddunmentom, bimskum K 1. Bee Bepmumnb BHemnero 25-
YTOJbHUKA UMEIOT CTeleHb 1, Bce BEPINUHBI BHYTPEHHEIO0 — CTEIeHb 3.

ot b, cere— e

Puc. 1. Toscras nunus Puc. 2. Kpecr
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Puc. 3. 8 Beprun, 9 pedep

Jpyroit mpumep TakoB. J{oCcTaTOYHO B3ATH «KPECT» JIBYX KOH(MUTYpAIHil: IepBast KOH(PUTY DAL — U3 PENTeHUs]
3a/1a9u upu n = 28 (Bce BepuimHbl V-00pa3HOro MyTH, MOCTPOEHHOIO B TOH 3ajade, KpOMe KpaiflHUX, UMEIOT
CTeIleHb 3 B IOJIOBUHYATOM rpade), & BTopasi — BEPIINHBI BBIIYKJIONO 22-YIOJIbHUKA (BCE BEPIIUHBI II0JIOBUHYATOTO
rpada 370l KOHPUrypaIul UMEIT CTEIEeHb 1).

1.4. Mur B3sum 910 yTBepKAeHue B [Bl, Teopema 3.3].

JTemma. Ilycte S — koudwuryparus uz n Touek. Touka A € S TOrJa W TOJBKO TOTJA SIBJSIETCSI BEPITUHON
rpada G (S), Korma cymecTByer npsiMast £, TPOXosias depe3 A, 71st KOTOPOH OlHA U3 MOy INIOCKOCTEN COMEPIKUT
He Gousee k Touek. (Hanomuum, aro n > 2k + 2.)

HokaszarenabcTBo. Bogay cropony (ecin A — BepiinHa, TO CYIIECTBYET IPSIMAsT) 9TO YTBEPKIEHIE OYEBHUIHO.
B sipyryio cropony oHO Joka3biBaeTcss BpaiieHueM mpsimoii £ Bokpyr A. Opuentupyem mpsimyio £. B HagabHBIR
MOMEHT B OJIHOW M3 TOJIyIJIOCKOCTEH, JJisi ONPEIeIeHHOCTH, CJieBa, HAXOMUTCca He Oosiee k TOUek, a crmpaBa — He
menee k + 1 rouxu. Ilocse nopopora na 180° 1mosymiocKOCTH MOMEHSIUCH MeCTaMH. 3HAYMT, ObLI MOMEHT, KOIjla
mpsiMast TPOXO/IUJIA Yepes ele OJHY TOYKY B U B HMOJIyIUIOCKOCTH cjieBa ObLI0 poBHO k Touek. 3uaunt, BA — pebpo
Harero rpada, u, B 9aCTHOCTH, A — ero BepIinHa. (]

Teneps joxaxem yrsepxjienne 3ajaunu. Bosbmem npoussosibHyio Bepumny A BBIIyKJIOH 0OOJIOUKH HCXOJIHOTO
MHOKECTBa TOYEK. Y 3TOH BEPIIUHBI €CTh BXOJdIee pPedbpo CA n ncxozsiee pedbpo AB (3TO JIErKO JIOKA3aTh,
pPacCMOTPEB ONOPHYIO IpaAMyIo B Touke A u noseprys ee ua 180°). IIpambie AB u AC orcekaior oT KoHMUrypamu
2k + 3 Touku, Brimodaa A, B u C. ITo semme, Kaxkaas U3 9TUX TOYEK siBjgeTcsd BepruuHoii rpada Gi(n).

1.5. a) M1 B3sin 910 yTBep:KIeHue B [0, semma 5.2].

SlcHo, UTO KaxKas BEPINUHA BBILYKJIOH 0DOOJOYKU UCXOJHOrO HAbOpa TOYEK UMEET B IOJIOBUHYIATOM Ipade cre-
nenb 1. [TockoNbKy BBITyKJIas 060JI0YKA MPEICTABIAET COOON BBITYKJIbI MHOTOYTOJBHUK, OH COJEPKAT HE MEHEe
Tpex BepIVH, U 3HAYNT, He MEHee TPEX BEPIIMH MOJOBUHYIATOTO rpada mMmeroT crenedb 1 («mcr»). ITockombky
n > 4, BepIINHBI CTENEHN N — 3 He sIBJSIOTCS JIMCTaMU; 00Jiee TOro, KayK/Iasi U3 HUX COEJIMHEHa CO BCEMH JINCTAMU,
KpoMe KaK MakcuMyM nByX. CJiesoBaTeibHO, KOJUYeCTBO BEPIIUH CTEHEHHN 1 — 3 HEe MOXKeT ObITh GoJibIne 3.

b) Orset: 0 wm 1.
To, 9TO KOIMYIECTBO BEPIIMH CTENEHN 1 — 3 He MPEBOCXOUT 1, cpasy caemyer u3 yreepxkaenuii 3anad [3.2) u [6.1}
Iocrpoenue rpada ¢ opHOl BepmuHOil crenedn n — 3 (1 ¢ HyJeM TaKuX BEPIIUH) 00CYZKIAJI0Ch B 3a/a4e

1.6. Orset: ma, cM. puc. 3 Mol B3sin 91 Kapruuku B [4].

1.7. 9o cpasy ciueayer u3 yrBepxKaeHus 3a1a4u [6.1] Ho MBI mpuBeeM mpocToe paccyKIeHne ¢ BBITYKJIBIMUA [IEII0Y-
kamu [0, remma 6.3].

Bosbmem pasbuenue rpada Ha BBIIYK/IbIE HEMOUKH. 110 yTBEPIKICHMIO 33124 [3.1] KasKaasl BepPIINHA SIBJISIeTCST
KOHIIOM POBHO OJIHOH IENOYKH. YTIOPSIOYNM BEPIIAHBI JIEBOH IOJIYIIOCKOCTH CJIeBa HAmpaBo. Torma camasi jieBast
BepminHa uMeeT creneHb 1. Bropas BepimHa mMmeer creneHb He Oojiee 3, TaK KaK 4Yepe3 Hee MOYKET IPOXOIUTH
[IEIIOYKA, BBITYIIEHHAs] U3 [I€PBOIl BEPINMHBI, ¥ KPOMe TOTO B HEll HaYMHAETCs BTOPas IEIOoYKa. 1peThsl BepIInHA
VMeeT CTelleHb He OoJiee 5, Tak Kak depe3 Hee MPOXOIUT He HoJiee JIBYX IEMOYeK U eIlle OJHA B Hell HAYMHAETCs, U T. 1.
Taxum o6pazom, B JieBoil mosrymiockocTu Jmiib 30 Bepiue — BepiiuHbl ¢ 21-it mo 50-10 — MoryT umers cremneHb 41.
AHayIornIHO B MPaBO MOJIYIIOCKOCTH.

2.1. Do yrBepxkaenue us [7].

3amMeTnM, 9TO HUKAKHUE 1Ba pedpa He UMEIOT ODIIero KOHIa, NHAYe HAILIACH Obl M30JMpOBaHHas BepinuHa. [Ipe-
motoxKuM, 910 pebpa Py P, u P3P, He mepecekaiorcst. Toraa MOXKHO CINTATh, ITO OTPe30K P3P, e mepecekaeTcs
¢ npsimoii Py Py; jajiee, MOKHO CUMTaTh, 4TO IpsiMas £ = P; P, ropusoHTalibHa, TOYkd P3 u P, jiexkaT BbIlle Hee,
u BepmnHa P, Haxojurcs masbire oT £, uem P3. Bynem Bpamars npsimyto P3Py BOKpyr Touku P3 IpOTHB 4acoBOi
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CTPEJIKH, TIOKa OHa He cTaHeT mapasieabia . Cpa3y mocje Hadajga BPAIEHWs CIpaBa OT IpsAMOit OymeT GosbIme
[IOJIOBUHBI TOYEK, & B KOHI[E — MEHBIIe [OJOBUHBI. JHAYHUT, Yepe3 TOUKY Ps MpOXOAuT elre 0JHO pebpo, OTIHMIHOe
ot P3Py. IlpornBopeyne.

2.1%. ITo nemme u3 perenust 3aga9n KaXKJiasi TOYKA MCXOMHON KOH(UTypaIluu, OTCeUYeHHasT peOPOM, sIBJISIETCS
BepumHoil rpada. Ilosromy uucio k onnoznauno onpenenserca no rpady Gg(n).

2.2. Kak MbI oT™MeYasn B peleHun 3a/a4u [1.0) B mojoBuHYaTOoM rpade nMeercs He MeHee TPeX BEePINUH CTEIeHH
1. Ecim 651 cymiecTBOBaJ raMHJIBTOHOB IIyTh, TO y KaXXJ0H BePIIHHBI I'pada, KpoMe, ObITh MOXKET, KOHIIOB IIyTH,
crereHb ObLIa ObI HE MEHBIIE 2.

2.3. OrBeT: TonbkO mpu k = 50.

Sror croxker B34T B [0, Teopemsr 2.3, 2.4].

IIpu k = 50 rpad cBaA3eH, KAK [TOKA3aHO B PEIIEHUN 33/1a491 (meueTHbIil cirydaii).

ITycrs Teneps k < 50; mocrponM Hecssi3ubIil rpad Gi(n). Iycrs ) — okpyxHocTs ¢ nertpom O, a AA’, BB’
u CC’ — Tpu ee nuamerpa. BuibepeM J0CTATOYHO MaJIeHbKUil TpeyroabHuk XY Z cO CTOPOHAMM, ITapPAJIIe IbHBIMY
9THM JaMeTpaM, Kak nokasaHo Ha puc. [@} rouku X, Y u Z — nepsble Bepumebl Hamell KoHbUryparmm.

Xy

Z2

X: X
3 X, 1

Puc. 4. Hecsazusrit rpad Gi(n): 3mece k=5=14+(2+1+1)

Tenepsb pazioxum k B cymMMmy k = 1+ p + ¢ + r ¢ HeOTPUIIATEILHLIMU LIEJILIMU p, ¢ U 7. Buibepem Ha ayre C'B
Touk X1, ..., Xpt+1 (YHOpsiioueHHBIE IO 4acoBoil crpesike), a 3areM BbGepeM Ha ayre CB Touknm X7, ..., XZ’]
TaK, 91006l Toukn O n X Jjiexkajin BHYTPH KasKJIOro u3 TpeyroJbHUKOB X; X[ X, 1 (9T0 BO3MOXKHO, ecji TOYKa X
Jocrarodno 6uska K O). AHATIOIHYIHO MBI BBIOepeM TOUKH Y7, ..., Y41 Ha gyre A'C, u T. i.; Bce BHIOpAHHBIE TOUKH
TaKXKe SBJISIOTC BeplmHaMu Hameil kondurypamnun (Ha puc. 4| upeacrasien ciaydait p = 2, ¢ = r = 1). Hakonern,
nocraBuM ocrasimecs 1 — (2k +4) > 0 Todek gocraTodHo 6/m3Ko K nenTpy O.

HerpynHo nposeputh (HAIpUMEp, 3aIlyCTHB IOJXOJSAILYI0 MEJBHHUILY), UTO BCe Pebpa COOTBETCTBYIONIErO Tpa-
da Gg(n) pasbusaiorcsa Ha aBa mukiaa: X Y -7 — X n

Xi=2XoXo=> X=X~ = = 2 Y12 Y 5 5 Y — Xy

Sameuanue. B ucxonuoii pabore [5| upumep HecsizHoro rpada ObLI HEBEPHBIM. 31€Ch MbI [IPUBEIEM 3TOT
npuMep (MCTIpaBJIEHHBIH Tak, ITOOBI OH TIOJXOIMII) U OOCYANM, JIUIS KAKUX Kk OH He TOIXOJIUT.

Iycrs k < (n—3)/2, u myctb d — HEKOTOpOE HATYpasbHOe Yncsio. OTMETHM BEPIIMHBI HEKOTOPOTO TIPABIIILHOTO
(2k 4 2 + d)-yroabruka (npegmonaras, uro 2k + 2 + d < n) U HECKOJIBKO TOYEK JIOCTATOYHO OJIM3KO K €ro IEeHTPY
TakK, 4To0BI BCEro IIOJIydujIoch N Todek. Torga BepriuHamu coorBercrByomero rpada Gi(n) OyayT Bce BepIIMHBI
(2k 4+ 2 + d)-yrosbHuka; 3aHyMepyeM MX OPOTHB 4acoBoil crpesku. Bee pebpa GyayT BBINISIETh KaK

i— (+k+1) (mod 2k+ 2+ d);

TaK ITO 3T pebpa 06pasyIT HECKOJIBKO «3Be3.»; nx Kosmaectso pasHo HOI(2k+2+d, k+1) = HOL(k+1,d), Tak
9TO MUHUMAJIbLHOE BO3MOXKHOE d, IIPU KOTOPOM rpadd HECBI3€H — 9TO HAMMEHBIINIA IIPOCTOH JeauTeanb dnciaa k + 1.
Bynem cuanrars, uto d U ecTh 3TOT IEJIATED.
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Urak, sta koucrpyknus e padoraer upu 2k + 2+ d > n. B caygae n = 103, TakuMu UCKIIIOYEHUAMHE SIBJIATOTCS

k = 36, 40, 42, 46 1 49.

2.4. CymiecTBoBaHME MJIEPOBA UKJIA B KaXK [0l KOMIIOHEHTE CBSI3HOCTHU BBITEKAET U3 TOI'O, UYTO y KaXKJI0 BEPIITHHEI
v rpada G (n) KOINIECTBO BBIXOJSAIINX U BXOAAIMX pebep opuHakoso. JlokaxkeM 310, cieays [, Teopema 2.5].

Bribepem kakyro-imb0 OpHEHTHPOBAHHYIO TPAMYIO £, TPOXOIAIILYIO Yepe3 v, U Oy/IeM BPAIATh ee IMPOTUB IaCOBON
cTpesKu. JJocTaToqHO IPOBEPUTH, ITO MEXK/TY JBYMSI ITOJIOKEHUSIMU MPSIMOii £, B KOTOPBIX OHA COJEPIKATIA UCXOISIINE
pebpa, 0bs3aTesbHO OBLIO [OJIOXKEHNe, B KOTOPOM OHA cojeprKajia BXojsdinee pebpo (1 HaobopoT, MexIy ABYMs
«BXOJISAIIUME» TIOJIOXKEHUSIMA OBIIIO XOTsI OBl OJIHO <HCXOISAIIEE> ).

Ilycre ¢ u f5 — nBa «uCXOAAIUX» TOJIOKeHus. [Ipu BpalleHnu oT moJIoKeHus £1 K IIOJIOXKEHUIO {9 KOJIMIECTBO
TOYEK CIpaBa OT MPSMOil £ MOIJIO MEHSIThCSI: €CJIU TpsiMasi MPOXOJIMJIA Ye€pe3 BEpPINUHY BHYTPU OPUEHTUPOBAHHOIO
yria Z (€1, £3), 9uci0 TOYEeK BO3PACTAJIO HA 1, a P NPOXOXKJIEHUN Y9epe3 BePTUKAJIbHBIN yrosi £(—{1, —fs) — yMeHb-
maJioch Ha 1. BOumsu mosiozkeHust £1 9UCJIO TOYEK clipaBa oT HpstMoii £ ObL1o paBHO k + 1, a BOJM3U IIOJIOKEHUS
f2 — 310 4mcyI0 paBHO k. 3HAYNT, B KAKOI-TO MOMEHT, KOJIMYECTBO TOYEK JOJI2KHO ObLI0 yMeHbIuThCst ¢ k + 1 110 k.
Bepmuna u, 4epe3 KOTOPYIo B 3TOT MOMEHT IIPOIILIA psiMast, 3aJaeT BXOJsInee pedbpo uv.

2.5. D10 yrBepKaenue u3 [0, reopema 3.5].

Hapucyem nBa nannbix rpada Tak, 9T00bl HIKAKAE TPU BEPITUHBI UX 00HEIMHEHNUST HE JIeXKAJIN Ha OHON IPIMOi.
MoxkHo canTarh, 9TO BepiuHbl rpada MPOHYMEpOBaHbI. By/ieM 10 OJIHOM MepeIBUraTh KayK [yi0 BEPIIIHY IepBOro
rpada Ha MeCTO, 3aHUMaeMOe COOTBETCTBEHHON BepImnHON BrOoporo rpada. IIpu Takom mepeiBukeHun pebpa mo-
JIOBUHYATOrO rpada MOryT UCYe3aTh WJIU IOSIBJISIThCSI TOJBKO B MOMEHT, KO/ JBHUXKYIIAsICS BEPIINHA, II€PECeKaeT
IPSIMYTO, TPOXOSINYI0 Yepe3 IBe JIpyrue BepIinHbl. Kak HeTPYIHO BUIETh, KOJIMIECTBO pebep IIpU TAKOM Iepece-
YeHUM M3MeHSAETCsl He Gosiee yeM Ha 1 (IIpuMep TAKOro U3MEHEHHs HOKA3aH Ha PHC. .

Urak, rpadbl, MOTyTIAIONIIECT B 9TOM IIPOIECCe, NMEIOT JII000e KOJIIMIecTBO pedbep oT ki 10 ko.

2.6. OunieM «MeJbHUYHY0» KOHCTPYKIHio mocrpoenust rpada G (S) us [5l §2].

BosbMeM IpoM3BOJIBHYI0 OPUEHTUPOBAHHYIO MPsIMyIO £, cipaBa OT KOTOpOil Jiexkut k + 1 Touka mMHOX)ecTBa S.
ITonBuneM npsiMyIo BJIEBO, YTOOBI OHA HATKHYJIACh Ha OJmkaiiiyio cieBa Touky P € S. danee OyneM neiicTBOBaThH
KaK B OIPEJIEJICHIN MEJLHUIILE: OyeM BpaIaTh IpsaMyto £ IPOTHB YacOBOM CTPEJIKU JIO TOIO MOMEHTa, KOTJa Ha Hell
BIIEPBBIE MTOSIBUTCS €Iie ojHa Touka Py € S. Ilpojomkum Bpammars npsaMyio £ IPOTUB YacOBOI CTPEIKH, HO Teleph
y2Ke BOKDYT TOUKM Ps, moka Ha Hell He MOSBUTCH eIle OJHAa TOYKa MHOXKecTBa P3 € S u T.1. B pesysnbrare Mbl
IIOCTPOUM TIOCJIeI0BaTeIbHOCTh TOUeK Py, Ps, ...

fcHo, 9TO B KaXKIbIil MOMEHT, KOTja MpsiMas ¢ IMPOXOJUT JIAIIL Yepe3 OIHY TOUKy P;, cipaBa oT Hee JIEXKHUT
k + 1 Touka MHoxkecTBa S; Korja ke npsiMas £ coBrajaer ¢ upsmoit P;P;y 1, ciipaBa OT Hee MOXKeT Jexarb k + 1
win k Todek. Kak HeTpYIHO POBEPUTH, ecau 6exkmop Piy1P; conanpasaen nanpasaeruro npamot £, mo cnpasa om
£ aestcum k mouex u, caedosamenvho, ImMom 6eKmMop ecmv pebpo nawezo epada, a B IPOTUBHOM CJIyUae CIIpaBa
or { jiexkur k + 1 Touka. Ilpu BbIOJIHEHUU TOJTHOrO 0OOpOTa IpsiMasi £ rpoberaeT Bce BO3MOXKHbBIE HAIIPABJICHUSI;
GoJiee TOTO, U3 ONUCAHHBIX €€ CBOWCTB CJIEIYET, U4TO, KOIJa OHA coHAIpasieHa ¢ pebpom rpada Gi(n), ona moyKHa
ero cojiep:KaTh. 3HAUUT, cpeau BekTopoB P;y1 P; Berpevatorcsa Bee pebpa rpada Gi(S), u 910 B TouHOCTH pebpa,
onucaHuble B npeapiayiem npeokenuu. (HerpyHo 3aMeTuTs, 90 BCe oCTajbHble BeKTOPBI Buga P11 P; — 310
poBHO Bce pebpa rpada Gri1(S).)

Tenepn BepHeMcs K 3a7ade. Mbl perraeM OJHOBPEMEHHO MYHKTBI a) U b); Pa3HUIA B PEIICHUAX 3aKJIOUEHA B
crepyiomeM obosnadenuu. B myukre a) mbl 0603nadnm yepe3 G u S’ rpad G (S) u MHOXKECTBO €ro BepIIuH, COOT-
BercrBeHHO. B miynkTe b) Mbl 0603HaunM depe3 G u &’ Hallly KOMIIOHEHTY M MHOXKECTBO €€ BEPIIUH, COOTBETCTBEHHO.

BbImosiauM MEJIbHIYHYIO KOHCTPYKIIUIO, JOHMOJHATEILHO OTCIEKABasd, CKOJIBKO TOUEK n3 S’ JIEKHT cipasa OT
upsimoit £. TIpoBepuM, 9TO 3TO UMCIO HE MEHSETCS HPU BPAIEHAH MPSIMO (KpOMe CJIydaeB, KOTJa OHa ITPOXOIUT
gepe3 JBe TOUKH). IIycTh B HAUAJIBHBIA MOMEHT, KOIjia IpsiMast { IPOXOJIUIa TOJIBKO Yepe3 TouKy P, ciupasa or £
nexkano k'+1 touka n3 S’. PaccMOTpEM MOMEHT, KOTIa IeHTP BpallleHud MeHgeTcs ¢ ) Ha Ps. BO3MOXKXHBI HECKOIBKO
CJIy4JaeB.

—_—

1) Hycrb BekTOp P2 Py He sBagercs pedpom rpada G u nporusonanpasyien ¢ £. Torma Touka P jiexkania cieBa
or £, a Touka P yXomuT BIeBO OT £ MOCJe CMEHBI NeHTpa. TakuM o6pa3oM, KoJmaecTBo ToueK u3 S’ crpasa or £ He
MEHSIeTCs.

2) ITycrs BekTOp PP He saBisercs: pebpom rpada G, HO Ternepb OH COHALIPABJIEH ¢ £. DTO HEBO3ZMOXKHO B IIYHKTE
a) COIVIACHO OIMCAHWIO MEJIbHUYHON KOHCTPYKIUM; B ILyHKTE b) 970 3HauuT, 40 Po P — pebpo B G (S), Ho He B G,
Tak uro 00e BepmmHbl Py m Py He nexar B ', 3HAUUT, NCCIIEMYEMOE YNCIIO HE M3MEHSETCS.

3) Ilycrs, nakownen, Py P; — pebpo B G; Torga Py, Py € 8’ rouka Py 6bL1a cupasa oT £ 110 CMEHbI HEHTPa, a MOCJIe
Hee TouKa Py yxXomuT BIpago oT £. 3HAYMT, KOJIMIECTBO TOUEK n3 S’ cupasa OT £ ONAThb Ke He M3MEHSETCS.

Wrak, kommuectBo Touek u3 S’ crupasa ot £ Beerma pauo k' + 1, KpoMme ciaydaes, Korja £ IIPOXOIAT Yepes3 JBe
Touku n3 S’, coeMHEHAbBIE peOPOM. B 3THX Ke CIydasx 3TO YUC/IO CTAHOBUTCS paBHLIM k'. 3HAUMT, B HAIIEM IIPOIIECCe
pebpa rpada G/ (S') nosisioTest oHOBpeMenno ¢ pebpamu rpada G. Hakomer, mpu 3ToM MBI TIOSTyIaeM 6ce pebpa
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Puc. 5. lobasisiem ToUKn

rpada G/ (S'): npsiMasi NIpUHUMAET BCce BO3MOXKHbBIE HAIIPABJIEHHs, M B JIOOONH MOMEHT, KOIJ[a OHA IapaJljiebHa
KakoMy-10 pebpy B G/ (S'), ona nosmkHa comepKarh 310 pebpo.

2.7. JTocTaTOMHO MPOBEPUTH yTBEPKIeHHE b). DTO yTBepKIenue u3 [6, Teopema 5.8].

Hapucyem tpeGyemsbiii rpad Ha miockoctn (BepIIMHBI — B OOIIEM IOJIOXKeHUH, peGpa — orpeskn). IIposenem
KpacCHbIe IPsIMble, IIPOXO/IsiIe Yepe3 pebpa, a CUHEe IPsiMble — 4Yepe3 BCe Iapbl TOYEK, He COEeJMHEHHBIX PeOpoM;
MOXKHO CYUTATh, YTO CPEJIA ITUX MPSIMBIX HET MMapaJlIe/bHBIX. BhiOepeM HACTOJBKO MEJIKUil MaciiTad, 9To B Pe3yilb-
TaTe KAPTUHKA OYJEeT BBITJISIIETh KaK HAOOD MPSMBIX, IEPECEKAIONINXCS «IIOYTH B OIHOM TouKe». JlobaBiss, ecym
HAaJ0, OJHY TOYKY, MOXKHO CIHTATH, IYTO OOIIee INCIO TOYEK IETHO.

Teneps pa3sHOCTH KOJTMYECTBA BEPIIUH B IIOJIYIJIOCKOCTIX KaXKJOW MPsIMOil ToXKe deTHA. Bynem mocsenoBaresbHO
JI06aBJISITh TOYKM TaK, YTOOBI KaKJas U3 KPAaCHBIX IPSMbBIX CTaJia [TOJIOBUHHON, a KaXKJasl CHHsIS CTaJa HEoJIo-
punHON. Jlj1si 9TOr0 3amerum, 4TO Jist JiF0OOM TIPsiMON £ MOYXKHO J00aBUTH YETHOE UHCJIO TOYEK C OIHONU CTOPOHBI
or Hee (U OueHb GJU3KO K Heil) Tak, 4To0bI JjId APYTUX IPIMBIX PA3HOCTH KOJMYECTB TOYEK B HOJIYILUIOCKOCTAX He
n3menmnack. [Ipumep rakoro nobasienus mokasan Ha puc. | — mobasistrores 4 Toukn. fICHO, UTO HOC/IE CepHH TAKIX
JT00aBIEHN MBI TTOJTYIUM TPeOyeMyIo KOH(MUTYPAITHIO.

3.1. Do yrBepxkaenue us [6].

Tlo slemme w3 pernenust 3a7a9u it Jiiobbix aByxX pebep AC u BC BHyTpu yria R, BEpTHKAJILHOTO K YTJIy
AC B, nexut ere X0Ts1 ObI 0JJHO pebpo Halero rpada. 1o 3HAYUT, YTO BEPIITUHBI BLITYKJION emouku Vi, Vo, ... uiayT
caeBa HampaBo. Jlajee, OTCIONA ¥Ke CJIeAyeT, 9YTO PasHble MEMOYKH He MOT'YT MMeTh ObIuX pebep: eciiu, HalpuMep,
nge nenouku cozpepxkar pebpa AC u BC' (3pecs C' nexur npasee Bepiiud A u B), T0 onHa U3 9THX IEIOYEK
[IPOJIOJIZKAETC pedbpoM, JiexKalnuM B yryie R, a apyras — Her.

Kcraru, orciofa e cjielyer, 9ro MOCTPOeHHE IEN0YKU 06paTuMo (HY2KHO IPOCTO BPAIIATH IIPAMYIO B 0OPATHYIO
CTOPOHY ). AHAJIOTUYHO IIPOBEPSAETCS, 9TO B OJHOM BepIIUHE HEe MOI'YT HAYUHATHCS JBE Ienodku. JleficTrBuTesibHO,
ecyi 6bI ITO MTPOUBOIIIIO, MBI MOIJIA ObI OJIHY U3 9TUX MENOYEK MOJXO/ISIIIM 00pa30M MTPOJIOJIZKUTE BJIEBO.

Hasiee, opueHTHpYeM BPAIIAIONLYIOCH IPAMYIO B OIIPEJIEJIEHUU BBIIYKJIOH HEII0YKY (M3HAYAIBHO OHA HAIIPABJICHA
BBepx ). HermocpeieTBeHHO Tiepes TeM, Kak OHA IMIPUXOAUT B mosiozkenne Vi Va, KOJIMUECTBO TOUEK CJIeBa OT Hee MeHbIIIe,
JeM CIIpaBa, a JI0 TOr0 OHa He MPOXOJUJIa depe3 pebpa IMOJIOBUHYATOrO rpada; 3HAYNT, ¥ U3HAYAIBHO KOJIMIECTBO
cJIeBa MEHbBIIE, TO €CTh TOYKa Vi JIeXKUT B JIEBOI NOJIOBUHE BCell KOHMUTrypaluu. AHAJIOIIYHO, PACCMATPUBAS I10-
caesiaee pebpo, yOerxK1aeMcsi B TOM, YTO BBIIYKJIAs IIEMI0YKa 0OsI3aHa 3aKAHIUBATHCS B IIPABOIi TIOJIOBHUHE.

B pesyabrare kKaxkmoe pebpo MpUHAIIEKUT KaKOH-am00 1emodke. Hakomer, Kak Mbl 3HaeM U3 PeIIeHus 3aa-
an[[.2] cTenens KaxKI0il BEPIINHBI HEUETHA, II0ITOMY KaXKasl BEPIINHA CJIeBa, CIIy?KUT HAMAIOM HEKOTODOIT IETTOUK,
OpUYIeM, Kak Mbl yKe TIPOBEPHJI, POBHO OJHOHN (a KaxK/iasi BepIIMHA CIIPAaBa — KOHIOM POBHO OfIHOH n3 Hux). Takum
06pa30M, KOJUYECTBO IIEIIOUEK PABHO 7./2.

3.2. D10 yrBepxaenue u3 [0, reopema 6.10].

IIycts P u () — npous3BOJILHBIE BEPIIMHBI [T0J10BUHYIATOro rpada. IToseprem rpad tax, 4robbl orpesok P cral
[TOYTH BEPTUKAJILHBIM, U IIPOEKINN Ha TOPU30HTAIb BCEX OCTAJILHBIX BEPIIUH Ipada Jieykasn Obl BHE 0TPE3Ka MEXK Ly
poeknusiMu BepmuH P u Q.

Ecm P u () He npunajjiexar OHOIN IEIOYKe, TO KaxK/asl MEMOYKa IMTPOXOIUT MAKCUMYM Y€pe3 OJHY W3 ITUX
TOYEK, TIO9TOMY OHa JAeT BKJAJ, He IPEBOCXOAANMil 2, B cyMMy ux crerneneii. Kpome Toro, jiBe 1emnoyku, KOTOpbe
HAYUHAIOTCS WM 3aKAHIMBAIOTCS B BepmmHax P u @), mator Briaj 1. Toro mosmydaem, 94To cymMMa crTerneHeil He
6ostee n — 2.

Econ xxe P u () npuHa/JIe’KaT OHOM IeNovuKe, TO OHa COIepKuT pebpo PQ (1 mosroMy Takas [Ernovka eJuH-
CTBEHHA). DTa HEIoYKa JaeT BKJIAJ 4; 3HAYUT, K HOJCIUTAHHON OLEHKE CJelyeT IpubasuTh 2.

3.3. D10 — 3amaua 2 ¢ IMO-2011, aBrop x. Cmur.
3aMeTuM cHavasa, YTO KayKJIask MeJIbLHUIA TPOI0JIKAETCs OHO3HAYHO KaK B Oy/IyIiee, TaK U B IPOIILIOE; 3HAUNT,
OHa 9UCTO TepuoanvHa. 1105ToMy JOCTATOYHO MOCTPOUTH MEJBHUILY, MTOCEIIAIOINLYI0 BCe TOUKHU XOTsI ObI TI0 pasy.
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Cayuat 1. Mycrs |S| = 2n + 1. BosbMem kakyro-Hubyib npsaMyio ¢, KOTopas JeJUT MHOXKECTBO S Ha JIBe DaB-
Hble HOJIOBUHBL. Takasi IpsiMasl OJHO3HAYHO 3aJaeTCsl CBOUM HallpaBjieHHeM (KpOMe KOHEUHOI'O YHCJIa HAllPABJIEHU
MPSIMBIX, COEJMHSIIONINX JIBé TOYKK U3 S) U MPOXOIUT Yepe3 KaKyro-HuOyab Touky 1 € S.

3alrycTuM MeJIbHUILY, HAUUHAsl C ITON MPSIMOIi, OHY U3 IOJIYILJIOCKOCTEH JIis ya00cTBa Oy/1eM KpPacuTh B Y€PHBIT
1BeT, Apyryio — B Gesbiit. Ecu mpu Bpariennn npsiMoii £, ckakeM, BOKpYT ToUku A npsiMast £ HATKHYJIACh Ha TOUKY
B, 10 TOro HaXOIUBILYIOCs B GEJIOH IOy IUIOCKOCTH, TO IPU MPOJIOJKEHUY BPAINEHUs IIPAMOil (Telepb y:Ke BOKPYT
roukn B) Touka A «yiiger> B Gesyio ¥Ke MOJYIUIOCKOCTh. TakuMm 00pas3oMm, mpu pabore MeJIbHUIBI HpsiMas { Bce
BpEMsI JIEJIUT MHOXKeCTBO S Ha JiBe paBHbIe 1oJ0BUHBI. CliefoBaTesIbHO, Korja mnpsiMas moBepHercs Ha 180°, oma
BEPHETCsl B MCXOJHOE IOJIOXKEHWE, HO YepHas U Oejiasi MOJIYIIOCKOCTU TIOMEHSIFOTCS MeCTaMU. 3HAYUT, B KaKOH-TO
MOMEHT KazKJiasl U3 OCTAJbHBIX TOUYEK IIePEelIa U3 IMOIYILIOCKOCTH OHOTO IIBETA B APYIYI0. DTO MOIJIO OBIThH, TOJIBKO
€CJI OHA TOOBIBAJIA IIEHTPOM BPAIEHUsT MEJIbHUIIHL.

Cayuati 2. Ilycrs reneps |S| = 2n. 3anycrum MesbHUILY, HAYMHAS C KAKOH-HUOY b NPAMOii, Ipoxosieii yepe3
HEKOTOPYIO TouKy 1T € S, mo cropoHaM OT KOTOpOi jexar m u n — 1 Touek. Ilociie mosopora Ha 180° mnpsmMas
OyZeT IpPOXOAUTHL Yepe3 HEeKOTOpYyIo To4uky R, mpudem Bce Touku, kpome 1T u R, mpu BpaIlleHUN CMEHUJIH I[BET
MTOJIYILIOCKOCTU. TakuM 0Opa30M, OIATh KazKJasl TOYKa IMOObIBaJIa IEHTPOM BPAIIEHUS] MeJIbHUIIH.

3.4. B kadecTBe TAKOW MEJILHUIBI MOYKHO B3STh MPAKTUYECKH TY YK€ KOHCTPYKIIUIO, 9TO U B IPEIbIIYINEH 3a1ade.
Hast cnyuas |S| = 2n + 1 Boobie He TpebGyeTcst M3MEHEHNsT PACCYKIeHNH, 100 dbpasa «KaxKaasi TOUKA IEPeIIa
13 HOJIYIUIOCKOCTU OJIHOTO IIBeTa B JIPYTYIO» MOYXKeT ObITh OTHECEeHa K JII0OOH TOUKe IJIoCKOCTH BooOIne. B ciydae
|S| = 2n gocTaTOUHO 3amyCTUTH MEJBHHUILY, HAUaB ¢ Kakoi-Hubyapb npsmoi TR, 10 cTOPOHAM OT KOTOpPO# 1mo n — 1
TOYKE; TOI/[a BBIMIEYIIOMSHyTas (ppa3a OKa3bIBAETCS BEPHA M B 9TOM CJIydae.

3.5. D1a 3amada Gblia onmybiukoBana B 3anadnuke «Ksamras [I].

Badukcupyem touky A € S. s kaxa0il npsMoit, mpoxojsineit yepe3 A v He MPOXOJAIIEH Yepe3 Apyrue TOUYKN
MHOXKeCTBa S, MOJICIUTAEM, CKOJIBKO TOYEK MHOXKECTBA S OKa3ajloCh B «MeHbIIeil» M3 JIBYX IOJIYILJIOCKOCTEH 3TOM
npsimoii. Haumenbliee U3 TakKux 9uces HA30BEM 24Yy0uHot TOIKH A.

IIyctb Tenepp A — 5T0 TOYKa ¢ camoil OOJIbIION rryouHON m. IIpoBepum, 4TO Jit0Oasi MeJIbHUILA, 3aILyIEHHA
u3 TOYKU A, MPOXOIUT 10 BCceM ToYKaMm MHOxKecTBa S. Kak u B permennn 3aa4au [3.3] cuuraeM 4TO MOJIYIIJIOCKOCTH
MeJIbHUIIBI PACKPAIIEHBL B JIBA IIBETA, IPUYEM MEHbBINAS [OJIYILIOCKOCTh — GeJtast (110 OIpPeIe/IeHHIO IIyOUHbL, B GeJ10i
HOJIYIUIOCKOCTH HE MEHbIIIe, YeM M ToYeK ). PaccMorpuM npousBosibhayo Touky B € S. Tinybuna rouku B He Gobiie
M, 3HAYUT, CylIeCTByeT (OpHEeHTUPOBaHHAs) IpsaMasd £, IPoXo/sinas Yyepe3 B u He npoxojsiias depe3 JApyrue TOUKK
MHOXKeCcTBa S, cjieBa OT KOTOPOH JiexkuT He OGojiee m Todek. Cierka mopamias npsiMyio ¢ BOKPYT TOYKHA B, MbI
MOXKEeM CYHUTATh, ITO HpsiMas ¢ He HapaJuieJbHa HUKAKOW IPsIMOl, coenuusiomeil nse Toukn u3 S. asee Oymem
CUYNTATh, YTO BhIOpaHHAs MpsiMast { HaIpaB/IeHa BEPTUKAJBHO BBEPX.

Pacemorpum MomenT, Korja MesibHUIA ObLIa MmapaJsiiebia IpsaMoil £ u 6eliasi MOJIYIIOCKOCTD ObLIa, TOXKE CJIeBa.
Ecsin MenbHUIA B 9TOT MOMEHT He IIPOXOIMIIa Yepe3 ToYKy B, 1o B jexaia B 6eJ1oil moJryiockoctu (Tak cjiesa ot £
He GOJIbIIE T TOYEK, & B 6eJI0l OJIYIIIIOCKOCTH — HE MEHBIIIe M). A B TOT MOMEHT, KOI/Ia MeJIbHUIA ObliIa apasiieibHa
npsiMoit £ u Gesrast MOJIYIIJIOCKOCTE ObLIa CIpaBa, TOUYKa B JI0/KHA HAXOJUTHCS B YEPHON MOJIYILIOCKOCTH, TaK KaK
cupaBa or { jie2KuT O6JIbINas TOJIOBUHA BCEX TOUEK MHOXKecTBa S, a B 0o MOJIyIJIOCKOCTH — MeHbInas. Takum
obpazoM, Touka B mobbiBasa u 6es10i MOJIyIJIOCKOCTH U B YE€PHOM, CJIeI0BATENILHO, Yepe3 Hee IPOXO/IUIa MeIbHUIIA.

3.6. Asropsl 3agaun — JI. Pajsusuiutosckuii, /1. Kapmow.

IlycTe npsimasi a BepTUKaJbHA, a KpacHbIe TOYKU JIEZKAT CJIE€BA OT Hee. 3aIlyCTHM MeJIBHUILY, B OeJIOi MmosIyioc-
KOCTH KOTOPOIT 00braHO HaxomutTcst k + ¢ Touek. Korma mpsiMast MebHUIBI BEPTUKAJIBHA, & Oejiasi MOJIYILIOCKOCTD
HAXOJUTCs CJIeBa, TO B 9T0# 6es10ii mosyiockocru Haxoaures min(k + ¢, K) > k kpacubix Touek. Korma xe npsivast
BePTHKAJIbHA, HO OeJsias [IOJIyIUIOCKOCTh — cJIeBa, B Heil Haxoaurcs min(k + ¢, L) > ¢ cunux Touek. [TockoubKy Kosu-
YeCTBO KPAaCHBIX TOYEK B OeJION MOJIYIJIOCKOCTH U3MEHSIeTCsl KaXKIblil pa3 He OoJiee, 4eM Ha 1, B HEKOTOPBII MOMEHT
B 6eJ10it mostyrtockocTu Oyer k KpacHbiX u £ cuHux To4yeK. CABUHYB IPSAMYIO TakK, YTOOBI OHA HE COJIEPIKAJIA TOYEK
Habopa, mosydaeM Tpedyemoe.

4.1.a) OTBeT: xa.

Omumrem «Y -00pa3Hyio0 KOHCTPYKIIAIO», KOTOPasi MO3BOJISIET CTPOUTH IOCIEI0BATEIFHOCTh IPAdOB, B KOTOPHIX
KOJIMIECTBO pebep pacTeT ObicTpee KosmdecTBa BeprmuH. [lycTs mosoBuruaTeiit rpad G uMeer v BepminH u e pebep.
Pacemorpum Tpu kommm rpada G U pazMecTHM WX HA TOJICTBIX JIy9YaX, PACIOJOXKEHHBIX 1moj yrsiom 120° mapyr
K Jpyry (pwuc. @ Bce crapere pebpa ocraHyTCs IIOJIOBUHYATHIMU, HO j00aBaTca 3v/2 pebep MeXKIy BepIInHAMU
pasHbIX Jydeil. VTak, mosyausiiasics KoHGUrypamnust cogepkut 3v Bepumd u 3e + 3v/2 pebep.

Teneps OyreM moc/IeI0BATEILHO IPUMEHSITh 3Ty KOHCTPYKIINIO, HAUMHAS ¢ KOH(UTYPAIUHN U3 JBYX TOYEK: Uy = 2,
eop = 1. MbI OyzeM mosrygaTh MOJIOBUHYATHIE IPAMBI B KOTOPBIX

v =23 e1 =6, vy=2-3% ey =27,

HO I/IHILyKILI/II/I JIETKO l'IpOBepE[eTCE[7 9gTOo
v, =2-3% e, =k 3"

Taxum o6pa30M, OTHOIIIeHHue ek/Uk MOXKET OBITH CKOJIb YI'OJJHO BEJIUKO.
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Puc. 6. Y-obpasnas KoHCTpyKIus Puc. 7. V-obpasubiit nyTh JiauHbI 1 — 1

b) OTBeT: HE MOXKET.

TIposepuwm, ciemys [Bl, reopema 4.2], uro crenenu Bepimu B rpade Gi(n) (cyMMapHO UCXO/SIIIUE ILIIOC BXOJSIIIIE)
He upeBocxoidar 2k + 2. g mameii 3agaun 910 o3uavaer, 9ro B rpade Gio(n) e Gosee 11n pebep. 3amerum, 4To
9TO TaKKe BbITEeKaeT u3 3ajauu [5.9}

ITycrs crauasa n 1etHo. BosbMeM npousBosibHy0 Bepriuty P rpada Gy (n). Tak xak 1epes3 P poxoauT XoTst 6bt
OJTHO MOJIOBUHYATOE PEOPO, CPeI OTPE3KOB, COEINHSONMUX P ¢ IpyruMu BepiuimHamMu, He 6oJiee 1 — 2 OTPE3KOB MOTY T
ObITh pedpaMu X0Thb B KakoM-HuOyab u3 rpados Gy (n), 1 < k' < ”774. IIo memme u3 perrenust 3a7a49u Touka P
ABJIACTCS BEPIIMHOH Kaxk10ro u3 rpados Gri1(n), Gria(n), ..., Gn_4)/2(n) 1 IMeeT B KayKJI0OM U3 HAX CTENEHb
e MenbIne 2. [TockonbKy 3Ti rpadbl He IMEIOT 00IIX pebep, MbI TOIydaeM OTEHKY Ha CTEIeHb BEPITUHBI P:

n—4

degP<n—2—2( —k):2k+2.

711 HeYeTHOrO M B 9TUX PACCYKJIEHUAX CJIeJlyeT 3aMeHUTb N —2 Ha N — 1, a "7_4 Ha "7_3

4.2. OTBeT: MaKCUMAJbHBII BO3MOXKHBIH IIyTh COIEPKUT 1 — 1 pebpo.

Mg B3ststn 970 yTBEp:KaeHue B [0l semma 5.5].

ITo yTBepxkaennio 3anaun [2.2] Hukakoit myTh B mosoBuHIATOM rpade He MOXKeT cogepxkarh n Bepmut. C apyroit
CTOPOHBI, HETPY/IHO TPEIbIBATH KOHCTPYKIINIO IyTH ¢ 1 — 1 Bepmmaoil. Pacemorpum (n — 2)/2 Toukn, Jeskarmue Ha
rpaduke BorayToit byukiuu. Peasmsyem 3Ty KOHMUIYpaIuio B BUE TOJICTON JIMHUH, UIIYINEH BIIOIb IPAMOil y = T
B IIEPBOM KBaJpaHTe. AHAJOIMYHYI0 KOH(MUIYPAIMIO PA3MECTHM BJOJb IPIMONH Y = —& BO BTOPOM KBaJIpaHTe.
Hobasum ase rouku: (0; —1) u (0; —2). IosoBunuarsiii rpad Takoit kondurypamuu cogepxkur V-o0pa3Hblii myThb,
IpoxodAIIuil Yepe3 Bee Bepruubl, kpome (0; —2) (puc. E[)

4.3. OrBer: npu geraoMm n ¢ {2, 8} MakcHuMa/IbHAS BO3MOXKHASL JIIMHA UK/ DABHA 1 — 3.

Kak mbI 3Ha€M, Ipu 1 > 2 10 KpaiiHeil Mepe TpU BEPUIMHBI MOJOBUHYATOrO rpada (KpalHue TOYKA BITYKJION
0060109KK) uMeoT crernedb 1. [ToaToMy HUKAKOW HUKJI HEe MOXKeT UMeTh GoJibiie n — 3 pebep.

Tlpusenem npumep mia n = 6k, k > 2 [0, reopema 5.7]. Bozbmem V-06pasuyio KOHCTPYKIMIO Ha 2k TOYKAaX,
OIMCAHHYIO B MPEIbIIYINeH 3ajade; MOCTPOUM €€ Tak, 4TOObI BCsl jieBasi BeTBb myTH A—B mpu mMpoekInu Ha BepTH-
KaJIb 1I0MIaJIaJ1a B [IPOEKIIMIO [IEPBOrO OTPE3Ka IIPABOil BeTBH (pHC. . Peanmuzyem 3 onnHaKOBBIX 9K3EMILISIPA TAKOM
V-o6pas3noit KOHCTPYKIINKA B BUJIE «TOJICTBIX JIUHUI», mepeceKaronuxcs moxa yriaom 120°. Pebpa stux Tpex myTeit
OCTAIOTCsl TTOJIOBUHHBIMU peOpaMU ITOCTPOEHHOH KOHMUTypaIun Todek. Kpome Toro, coeIMHUM TOUKY B KaXK10ro
Iy THU € TOUKO#H A CJIe/IyOIIero no 4acoBoii CTpeJike Iy TH — ITU OTPE3KU TOXKe Gy/IyT MOJOBUHHLIMU pebpamu (puc. E[)
Tonyanncs muka gmmasr 6k — 3.

Puc. 8. Ilogrorosum V-00pasHyro KOHCTPYKITHIO Puc. 9. Cxirenm 3 myTu
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[Tokarkem, KaK MOYXKHO MOAMMUIINPOBATE Ty KOHCTPYKITHIO, YTOOBI Oy IUICa npumep g n = 6k + 2, k > 2.
Jobasum jBe HOBble TOUKH — (7 um (3, IOMECTUB WX BHYTPH 3aKPAIEHHBIX CEKTOPOB BOIM3M OTpE3KOB By Ajg
u B3Ap, Kak IOKa3aHO Ha PHC. Kak HeTpyHO BUIETDH, JJIsi TOJIYYEHHONW KOH(DUIYpAIMK [TOJIOBUHHBIE pebpa,
HaXO/IUBINMECS BHYTPHU TOJICTBIX JIMHUIT, TAK M OCTAJIUCH IIOJJOBUHHBIMU PeOpaMHU.

Samenum pebpo Bo Az ma mapy pebep BoChy, CyAsz, a B3A; — ma napy pebep B3Ci, C1A;. Ecou Touka Co
JocraTodno 6sm3Ka K Be As, 7o cHu3y oT npsiMoii BoCo HAXOMSITCS T YKe TOYKH, 9TO U CHU3Y oT By A3, a TakKe TOUKa
As, a cBepxy or Bs(Cy HaXOJdTCs Te Ke TOYKH, ITO CBepXy oT By As, a Takke HoBasi Touka Cp. Takum obpasom,
By(Cy — mnosioBuHuaToe pedpo HOBOI KoHurypanuu. Anajoruuno, CyAz, B3C1 u C1A; — TOXKe IOJIOBUHYATHIE
pebpa.

Hawm ocrasioch mo3aboTuThest 0 ToM, 91066l pebpo Ao B TakKe CTAJIO MOJIOBUHYATHIM, TOTOMY YTO MPSMO ceiiuac
cHU3Y OT mpsiMoit As By Ha JBe TOUKM OOJIbINE, 9eM CBEpXY. 3aMeHUM (GparMeHT Bo—Ao HAIEro MyTH, HA UyTh-IyTh
UCIIPABJIEHHBI BAPUAHT UCXOMHON V-KOHCTpYKUuH (pHUC. , a UMEeHHO, moTpebyeM, 9ToObI BCsl JieBasl MOJIOBUHA
nytu A By, Kpome Touku Ao, TIPU MPOEKIMHM Ha BEPTUKAJD IOMaJaa BHYTPh HPOEKIHH 1epBoro 3Bena DiDo
[IpaBOii IIOJIOBUHBI, & IIPOEKIUs TOYKUA As NPy IPOEKIuU Ha BEPTUKAJB I0MaJajia Obl BHYTPhb IIPOEKIUUA BTOPOIO
3Bena Dy Ds3. Temepsb, 10 cpaBHEHHMIO C CUTyallueil 10 UCIIPAaBJIEHUs, OJIHA TOYKA CHU3Y OT UCIPABJIEHHOIO pebpa
B As (Touka Ds) meperuia B BEPXHIOI MOJIYILIOCKOCTb, U pe6po By As Toxke CTaao MOJOBUHHBIM.

By
Ds
Ao Dy
D,
Puc. 10. Hobasum nBe ToUKU Puc. 11. IIpunoguumem Touky A

TToxoxkum 06pa3oM MOXKHO HOCTPOUTH MK g n = 6k — 2. Orpanuunmes npumepom g n = 10 (puc. .
B obmmem ciyuae Bmecto pparmentos B1—Ci1—A;p, Bo—Cy—As, B3—C3—A3 cienyer B3aTh V-006pasHbie KOHCTPYKIUT
u3 2k Touek. Cieryer NpaBUILHO MOJ0OPATH BBICOTY OT/EILHBIX MTOJIOBUHOK 3TUX KOHCTPYKINi, 9T00BI pebpo A By
CTAJIO TIOJIOBHHIATHIM.

7 & Cy” e

- - ~

Puc. 12. Cayuait n = 6k + 4

Pazbop cityuas n = 8 ocraBiisieTcst YUTATEIIO; B 9TOM CJIyYae MAKCHMAJIbHBII BO3MOXKHBII ITUKJI UMEeT JJIHHY 4.

4.4. a) B pemenun 3ajaqn ) OIMCAaHO, KaK JIsl JIF0OOro 3ajiaHHoro rpada K 1mocTpouTh MOJIOBUHYATHIN rpad,
comepxkaruit K kak wHIAynupoBaHHBIH moarpad. KoHcTpykius cocrouT B TOM, YTO cHadaja pucyior rpad K,
a TIOTOM JIJIsE KaxKJI0ro ero pebpa (uiu anrupebpa) g1006aBisiorT HOBbIe TOYKH. Ha KaxKioM mare 4uc/io g06aBjisieMbiX
TOYEK He MPEBOCXOAUT Uncia BepimuH rpada K. B3gs B 3Toit KOHCTPpYKIMU B KadecTBe K TOJHBIN rpad Ha k
BEPHIMHAX, MBI IIOCTPOUM HOJOBHHYATHIH rpad, B KOTOPOM He 6obiue k® HOBBIX BepIIIH.

b) Do yrBep:xkaenue u3 [6, reopema 5.9].
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Moxmo cunrarh, uT0o k dernoe. st Hadajga pacmookuM k Todek OyAayieil KJINKA B BEPITUHAX TPABUILHOIO
k-yronbuuka. Torma cTOpOHBI U AUArOHAIN MHOTOYTOJIBHUKA Pa30UBAIOTCA Ha Kk TPYII HapaslIeIbHBIX MEXK Iy COOO
sHui 1o k/2 wim k/2— 1 nuanit B ogHoit rpynme. CrenaeM MpoeKTUBHOE TpeobpasoBaHue, IPH KOTOPOM GECKOHETHO
yJlaJIeHHas IpsiMasl IIEPEXOJIUT, CKayKeM, B BEPTUKAJIbHYIO JHHHUIO {, PACIIOJIOKEHHYIO «JAJIEKO» CIpaBa OT o0pa3a
MHOTOyTOJIbHUKA. TOr1a BepITUHBI MHOTOYTOTFHIKA OKAXKYTCH B ODIIEM ITOJIOXKEHUN, 8 CEMEHCTBO MPSIMBIX, KOTOPBIE
paHbIlie OBLIO MAPAJUIETBHBIM, TEHEPh OyIeT <«IOYTH MapasijIeIbHBIM» U OYIEeT MePeceKaTbCsd B KAKOW-TO TOYKe
npsamoit £. OmnumreM, Kak J00ABUTH K 3TOH KOH(MUIYPAIMH HEKOTOPOE KOJUIECTBO TOYEK, UTOOLI BCE CTOPOHBI U
JIMaroHaJM k-yroJbHUKA CTAJIN TOJOBUHYATHIMA JIMHUSIMU.

Puc. 13. Crpoum kiuky

Paccmorprum oHO ceMelcTBO MOYTH HAPAJUIEBHBIX HPAMBIX. MeKIy KaXKIbIMU ABYMS COCEIHUMHE IIPIMBIMU
9y Th CIIPABA OT MPSMOii £ TOCTABUM IIO JIBE JOMOJHUTEIbHbIE TOYKH — BCEro uX Oyer k—2 ninu k—4 B 3aBUCHMOCTH OT
cemeiicrsa (Ha puc. [13|k = 8 u cupasa go6asieHo k — 2 Toukn). B pesysbraTe KaxKaast npsiMast U3 HAIIEro ceMeiicTsa
craJia IOJIOBUHYATON, HO HYKHO €II[e MM03a00TUTHCS O TOM, YTOOBI BBIITOJTHEHNE STOI KOHCTPYKIUH HE MEIIAJIO JIeJIaTh
[TOJIOBUHYATHIMU MIPSIMbIE U3 IPYTUX CEMEHCTB.

st sToro nobasuMm erne k — 2 uian k — 4 TOYKU JAJIEKO CJIeBa OT MHOTOYTOJIBHUKA. DTU TOYKHU JTOOABUM JBYMSI
PaBHBIMU IIOJIOBUHAMHU — IIOJIOBUHY TOYEK YYyThb CBEPXY OT CaMOU BEepxXHEH IPAMOU pacCMaTpUBAEMOI'O CEeMECTBa,
JPYTYIO TOJIOBUHY — 9UyThb CHHU3y OT caMoil HuKHeil (Ha puc. creBa o6asieno 1o (k — 2)/2 = 3 Tovek cBep-
Xy W CcHH3Y). B pesyibraTe 5TOro IpsiMble HAINErO CeMefCTBA TaK U OCTAJIUCH MOJOBUHUYATBIME, & 1O OTHOIICHUIO
K OCTAJIbHBIM IIPSIMbBIM PA3HOCTH KOJUYIECTBA TOYEK B IMOJIYILIOCKOCTSX IIOCTIE BCEX ITUX JI00aB/IEHUN HE N3MEHUIACD.

BeimosHuM 9Ty KOHCTPYKITHIO /i KayKIOTO CEMENCTBA MOYTH MMapaJUIeIbHBIX MPAMBIX. B pe3yabraTe Mbl MO-
crponM k-KJnKy, 106aBuB B cCyMMe MeHee 2k2 TOUex.

4.5. 910 yrBepxaeHue u3 [0, caencreue 6.13].

IpencraBum cebe, uro npsimas ¢ nepecekaer m pebep mososuHuaroro rpada. Crenaem ee BepTUKAIBHON U
nocTponM pasbueHre Halero rpada Ha BBILYKJIbE Ierodkn. Torna pebpa, repecedeHHble NpsMOil £, IpuHaIexKaT
pasHBIM BBIIYKJIBIM I€IIOYKaM. 3HAYNT, B Ipade He MeHee M IENOYeK, W CJIeJ0BATEIbHO, He MEeHee 21 BepIInH.
J1st perenust 3a/ja4 OCTAJIOCHh B Ka4eCTBe NpsAMOit  BBIOpATH HIPSMYIO, HE IPOXOAMANLYIO depe3 BepInHbl rpada,
B MOJIYTIJIOCKOCTSIX KOTOPO# HaxomsTces 1o k/2 Touek Kaukw, ecan k wetHoe, n 110 (k & 1)/2 Touek, ecin k HeveTHoe.
Takast npsimast iepecekaet k2 /4 pebep (coorsercrsenno, (k% — 1)/4 pebep), OTKy/a TOIyHdaeM, 9TO YUCIIO BEPIIHH
rpacda ne menbie [k2/2].

4.6. 1o yreepxienue u3 [5, reopema 4.5].

Cuauasia 3ameruM, 910 B rpade G (S) ¢ MaKCUMAIbHBIM YUCJIOM pebep JI0KHO ObITh 1 BepinuH. JleficTBuTesIbHO,
ecin Touka A He sBiistercst Bepiuuuoil rpada Gi(S) (1o jeMMe U3 pelleHus 3a/a4u 9TO 3HAYHUT, ITO TOYKA
A sexur «ray6oko BHYyTpu» KoHbwurypanum S), HAUHEM JBUTATh €€ «HAPYXKY», KaK 9TO JIEJAJIOCh B DEIeHUN
3aJ1a9u DTO0 NpUBEET K yBEJIUIEHUIO IHCIa pedep.

Yrobbl niepeiitu or Kouduryparun S K KOHMUIYPAIUH € YIBOEHHBIM YHCIOM TOYEK, COIMMOCTABUM KaXKJIO# Bep-
mure P Kakoe-HHOY/1b BRIXOJsAmee n3 Hee pedbpo Ep. Temepp samennm kaxayio sepumny P kondurypanmn S na
jaBe Ommskune Touku Py u P Tak, uTo0nl BekTOpa PP u PP, Oblin coHampaBiieHbl ¢ Fp U UMeIn MaJjyio JITHHY.
IIycrs 8’ — nosyueHHOE MHOMKECTBO TOYEK. .

Pacemorpum rpad Gagy1(S’). Iyers Ep = P(Q), Torma juimb ofHa U3 ToYeK ()1, Q2 sexur cupasa ot Ep,
mycTh 310 Oyaer Q1. OueBuiHO, PP, — pebpo rpada Gap41(S’), TaK KaK MbI YABOWJIM YHCJIO TOYEK B KaXKION
TOJIYIJIOCKOCTH 110 CTOPOHaM OT npsiMoii PQ), u emle cupasa oT Hee jobasunach Touka (1. Hasee, ]TQI u m —
roxke pebpa Gogt1(S’). Do Tak, nanpumep, s PoQ1, HOCKOIbKY npamas Po(Q)q nouru napaJuiesabaa npaMoit Py Py
1 HabOpbl TOYeK m3 S cjeBa OT TUX NPsMbIX OnuHaKoBbl. Hakomern, ecimn PR #* ]36 — elre Kakoe-HuOyIb pebpo
rpacda G (S), To cpenu BekTopoB P;R; HETPYAHO OTHICKATS elne Hapy pedep rpada Gagt1(S’) (ma puc. 14310 pebpa
PoRy u PyRy).
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Puc. 14. YaBanBaeMm BepIuHbI

Urak, KaxkjoMy crapomy pebpy B HOBOM rpade cooTBeTCTBYeT jiBa pebpa, a jiist pebep Buja Fp (4UCI0 KOTOPBIX
paBHO unciy Bepuut P, T.e. n) — gaxke tpu pebpal IlosroMmy e 2k1+1 = 264 i + N.

4.7. 9ro — Teopema 4.3 B [5]. B nponecce nanucanus pemenus ONeHKa HECKOJIBKO yIIydlInIaCh; 60jee TOro, u 9To
peIlleHne emé MOXKHO IyTh YLy dIIUTh.

[Tycrs S — koudurypanus, 3anamomas ai rpad G (n). o 3a11aqe MOYKHO CUATATD, IYTO MHOXKECTBO BEPIITNH
rpacda — Takxke S. MOXKHO cUUTaTh, 9TO HU OJHA U3 NPSIMBIX, COEIUHSIONNX TOYKU S, He BepruKajbHa. [IpoBe-
JgeMm 1 — 1 BepTUKAJIBHBIX OPAMBIX {1, ..., {y_1, JEJSIIAX IJIOCKOCTHb HA 71 YACTeil, COJAepXKAIlUX 10 TodKe u3 S.
Cnenyromast emma — 310 0600meHne HAOIIOAEHNs U3 pentenust 3anaan [1.5]

JTemwma. Ilpsamas ¢; nepecekaer posHo m; = min{i,k + 1,n — i} pebep rpada Gi(S), nuaymux cupasa HaJIEBO,
7 CTOJIBKO 2Ke pebep, WAyIuxX CJIeBa HAIIPABO.

JlokazaTeabCTBO. 3AIyCTUM IIPOIECC, AHAJOTUIHBIN TOCTPOEHUIO BBIITYKJIBIX IEMIOYEK, B HAIIeM rpade; Bpa-
HIAOIIAsCS IPsiMast OyIeT OPUEeHTUPOBAHHON (B HAYAJIE NEIIOYKHY — BBEPX, B KOHIIE — BHU3), U MbI OyZI€M [IE€PEXOIUThH
K CJeyIoleit Bepinne mo pebpy, JexKalneMy Ha Halleil mpsaMoit u npomusonanpasserhomy ¢ meit. Torma, anaro-
T'MIHO PeHIeHuIo 3a/lavun MOZKHO ITIOKa3aTb, YTO HavdaJIbHbI€ TOYKHU IEIIOYEK — 3TO POBHO JIEBbIE k + 1 TOYEK,
KOHEUYHBbIE — POBHO IpaBble k + 1 Todek, u Kaxkjoe pebpo, uiyliiee ClipaBa HaJeBO, JIEXKUT POBHO B OJHOMN IEIIOYKE.
(ITpu 9TOM MCHOJIB3YETCsl TOJHBIA AHAJIOT JIEMMbI U3 DPEIICHUS 3378491 ) Wrak, xaxgast «cpefHsiss» nupsmas {;
(mpu k+ 1 < i < n—k —1) nepecekaer poBao k + 1 1enouky; kaxjas «jiepasgy» upamas {; nupu i < k — POBHO
1 TETI0YeK, HAYNHAIOIIIXCS JIeBee; HAKOHEIl, KayKJasl «IpaBasy npsiMast {; Ipu i > n — k — POBHO N — i IENOYeEK,
KOHYAoImxcs npasee. OTciona u ciie/lyeT yTBEPK/ICHIE JIEMMBbI. (]

CorutacHo JiemMe, 0611iee KOJIMIeCTBO nepecedeHnit npsamMbix £; ¢ pebpamu rpada (uaymumu B 06e CTOPOHBI) PABHO
N=2mi+-+mp_1)=2-2-14+24+--+k)+(n—-2k-1)-2(k+1)=2k+1)(n—k-1).

Badukcupyem Temeph HEKOTOPOE HATYPaJbHOE {; MycTh F1 — MHOXKECTBO pebep, KarKJ0e M3 KOTOPBIX MePeceKaeT
xorst Obl ¢ psiMBIX, a Fy — MHOXKecTBO Beex ocrasabHbix pebep. Torma xosmdaectso pebep B Ey e npesocxogut N /2,
a KOJIMIeCTBO pebep B Fo He MPEBOCXOIUT KOJIMYECTBA [1ap BEPIIMH, MEXKJIy KOTOPBIMHU MEHbIIE £ MPSIMBIX, TO €CTh
n(l—1)—£0(0—1)/2 < n(f —1) (3amern™, 4TO KaxKJas napa CoeJuHeHa MAKCUMyM OjHUM pebpom). Urak, obmee
ancno pebep ne npesocxomur n(f — 1) + N/¢. Hakonen, nonaras ¢ = [\/N/n |, Mbl nomyuaem, aro obmee 4o

pebep He MPeBOCXOINUT
ny/N/n+

N o/Nn= 2v/2n(k +1)(n — k — 1).

VN/n

5.1. HCHO, qTo k—MHO}KGCTBO MEH{AETCA POBHO TOT'/1a, KOT'Ja IIPOUCXOJIUT k}-(l)JII/IH; 3HA4YUT, KOJINIECTBO k—MHO}KGCTB
HE IIPEBOCXOUT KOJIMIecTBa k-(pJinumos (HOCKOJIbe B HadaJle U B KOHIE ABOMHON KPYrOBOH IIOC/IE€N0BATE/IBHOCTUA
CTOUT OJHa U Ta 2Ke HepeCTaHOBKa).

Ocrajioch MOKa3aTh, YTO MOCJE BCeX k-(DJIUIOB MOSBISIOTCS PA3Hble MHOYXKECTBA. DTO CJEyeT W3 IYHKTA B)
OIIpejieJIeHUsl KPYTOBO# I10C/Ie/10BaTeIbHOCTU. JlefiCTBUTEIbHO, IIyCTh HEKOTOpOe k-MHOXKECTBO A IOSIBUJIOCH JiBa-
JKJIBI, U IIyCTh IIOCJIE €0 IIEPBOI'O IOsIBJIEHHs IIepPBbIi k-(JIuI MeHsiJI MecTaMu 4ucjia r € A u y g_f A. Yrobbr
MHO2>KECTBO A IIOABNJIOCH ITOBTOPHO, YUCJIO T AOJI2KHO CTaThb JieBee, 9€M Y, TO €CTb OHU JO0JI2KHBI ITIOMEHATHCS CIIe
pa3, 9TO IPOU30IIeT TOJIBKO 4Uepe3 C’% duunos. Takum 06pazomM, MeKIY MOSIBJIEHUSIMA MHOXKECTBA A MPOU3OIILIO
XOTsI OBl CEL + 1 dmunos. Ho Torma, ecin mpoao/RKuTh HAITY ABOWHYIO ITOCJIEIOBATEILHOCTD MIEPUOIUIHO, MBI yBU-
JIAM, 9TO MEXKJy BTOPBIM U TPETHUM IOSBJICHUSAMU A IPOXOIUT MEHbBIIE, 9eM Cg GbIUIoB; 3TO HEBO3MOXKHO, KaK
IIOKa3aHO BBIIIIE.

5.2. DTo BompoOC Ha mMOHMMaHWe omnperesnennii. [lo onpemesrennio, BeaKas IBOITHAST KPYTroBasi IMOCJIEI0BATEIbHOCTD
nostygaercs ¢ omontbio 202 bauos. A 1o yTBep:KIeHHI0 Mpe bl Tyeil 3aJa91 9ucyio k-hIumos B IBOMHON Kpy-
roBoil nocsiegoBaTesbHOCTH T paBHO 4yuciay k-MHOXKeCTB Sk (7). Takum o0pa3oM, JOKa3bIBAEMOE PABEHCTBO JABYMSI
CIrocobaMu MOJICYUTHIBAET KOJIMIECTBO (DJIUIIOB.
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Puc. 15. Coorsercriue pebep rpada Gi(S) u (k + 1)-mHOKecTB

5.3. 1o yreep:kaenne u3 |3, Teopema 3.14].

JJ1s1 BBIIIYKJIOTO N-yTOJBHUKA IIPU KaxKI0M k umeercst n k-muOXKecTB. Iloaromy Sk(n) > kn.

Jokaxkem nepaserctso Si(n) < kn. Ilo yTBepKaeHuio 3ajadu BMECTO Kk-MHOXKECTB MOYKHO IOJCYUTHIBATH
k-daunbr. BozbMeMm mpOM3BOJIBHYIO ABOMHYIO KPYTOBYIO IOCJIEI0BATEIbHOCTD. Kaxaoe (hUKCUpOBAHHOE UUCIO M1,
1 < m < n, TOy9acTBOBAJIO B 3TOH MOCJIEIOBATEILHOCTH POBHO B 21 — 2 (bJIIax, MOCKOJIbKY OHO JIBAYKIBI MEHSIJIOChH
MECTaMU C KaXKJIbIM U3 OCTAJbHBIX Yuces. KpoMe Toro, B CHIy CHMMETPHE BTOPOH IIOJIOBUHBI [TOCJIEI0BATEIHHOCTH
[0 OTHOINEHUIO K [IePBOii OJIOBUHE, M yIACTBOBAJIO i-(hJINIIAaX CTOIBKO YKe Pa3, CKOJIBKO OHO TI0yIacTBOBAJIO (N — i)-
dumax.

O603HaYNM Yepe3 p HOMEP CAMOrO JIEBOTO MECTa, Ha KOTOPOM IMOOBIBAJIO YUCJIO 171, TOTIA HOMEP CAMOIO IIPABOIO
ero noJioxkenus — 310 (n—p+1). IlockoibKy Hac uaTEpECy 0T JUIb i-biuib 1pu ¢ < k, pazbepemcs, 9To IPOUCXOIUT,
ecsim p < k < n/2. B sToM ciydae 9uciao m 1o jopore or p-it mosunuu K (n — p)-it m 06paTHO 1O KpaitHeil Mepe
JIBaXKJIbl IOOBIBAJIO B cTojibrax ¢ Homepamu k + 1, k + 2, ..., n — k. 3HAYUT, OHO IOYYACTBOBAJIO HE MeHee YeM
B 1ByX i-ummax juisi Bcex i, k+1<i<n—k—1, e Bcymme B 2n — 4k + 2 dbuunax (13 2n — 2 BO3MOKHBIX).
Takum 06pazomM, 9mcJIo M MOydacTBOBAJIO He Oosiee ueM B 4k i-bummax misg ¢ < k u i > n — k. Torma B cuny yxke
YIOMSHYTON CHMMETPHUH TOJyIaeM, 9TO Mjid ¢ < Kk 9UCJIo m MoydacTBOBajo He Oosee deMm B 2k i-dimmax. Takum
obpazom, obiree KomdaecTBo (ymmoB He 6ostee 2kn. Ilpn 3TOM KazKabIit (DI MBI TOACIATAINA JBAYKIBI, ITOCKOJIBKY
BO umIe yIacTBYIOT 2 JHCJIA.

5.4. Dra 3aaua — HEIOCPEJICTBEHHOE CJICJICTBUE U3 3a/aun HOCKOJIBKY JIBE BEPINWHEIL, yuacTByomue B (k + 1)-
duune, Kak pas u onpezenaoT pebpo rpada Gi(n). Tem He MeHee, Mbl IPUBEIEM €€ HEIIOCPEICTBEHHOE PEIICHHUE.

Paccmorpum npoussosibroe (k 4 1)-muoxkecrso A, nycrs B = S\ A. Torma muoxkecrsa A u B jiexkar B pasHbIX
MTOJIYTIJIOCKOCTSIX,, UX BBIITYKJIbIe 0DOJIOYKY HE MIEPECEKAIOTCS, U 3HAYUT, UMEIOT J[BE BHYTPEHHUE COBMECTHBIE OTIOPHBIE
upgamble, ckazkeM, Ay By n A By. OpuenTupyem oTpesku Tak, 4T0ObI MHOXKECTBO A J1e2Kaslo clipaBa OT 3THX HPSIMBbIX.
Toryia JIMIIB OJIMH U3 OTPE3KOB OKAYKETCs OPHEHTUPOBAH B CTOPOHY BepinuHbl u3 A (Ha puc. |15|310 orpesok BaAj),
U 9TOT OTPe30K siBjgercsa pebpom rpada Gi(S).

Mbpr1 conocrasuin kaxkaomy (k + 1)-muoxkecTBy pebpo B rpade Gi(S). HerpysHo moHATH, 9T0 9TO COOTBETCTBHE
B3aMMHO OJIHO3HAYHO.

5.5. OrBeT: Her. 3aMernM, uTO (IBOIHASI) KPYroBasi MOCJIEI0BATENBHOCTD, TIOCTPOEHHAS TI0 MHOXKECTBY TOYeK S,
TO3BOJIsIET BOCCTAHOBUTH MHOI'HE CBOiicTBa MHOXKecTBa S. [IpuBenem nBa TaKuxX CBOWCTBA.

(1) Touka a sBIASIETCS BEPIIUHON BBITYKJIOH 0G0IOYKY MHOZKECTBA S POBHO TOT/IA, KOTJIA B OJHON M3 EPECTAHOBOK
OHA& CTOUT C Kpalo.

(2) yist Tpex IpsIMBIX, COEIMHSIIONINX MAPbl TOYeK i U j, k u £, p U ¢, MOXKHO OUDPEJIEIUTb UX <IIOPSIOK» IO
4aCcoBOii CTpeJIKe (TO eCTh, MOXKHO yCTAHOBHUTD, HAIIPABJIEHHUE KAKOIl U3 BTOPOIi U TPeThell IPsIMOil II0JIy YUTCsl PaHbIILe,
€CJIM HAYATh BPAIATDh IIEPBYIO [0 YacOBOi cTpeske). JIeficTBUTEHHO, 9TO — IPOCTO IOPAIOK, B KOTOPOM B HAIlei
KPYTOBOH II0CJIE/IOBATEILHOCTU IIPOUCKOIAT (DIIUIIBI COOTBETCTBYIONIUX AP TOYEK.

Urax, 1yisi IOCTPOEHUS IPUMEPA Mbl PACCMOTPUM (IHIIOTETUIECKYIO) KOHMUIYPAIUIO TOUeK S ¢ HECOBMECTUMBI-
MH CBOWCTBAMH ¥ TOCTPOMM KPYTOBYIO IOCJIEA0BATEIHHOCT MO Hell. DTH KOH(UTyparys W IOCIeA0BATEIbHOCTh
M300parkKeHbl HA PHC. U3 cpoiicrs (1) u (2) Mbl noHEMAaeM, 4T0 TOYKH 1-5 06pa3yioT BBIMYKJIBI OATHYTOIBHUK
(MMEHHO B 3TOM TODSIZIKE ), ¥ OTMETEHHBIE TOUKH TIEPECEUEHUS MPSIMBIX HAXOJATCS UMEHHO TaM, T7e 0003HATEHO Ha
JepTexKe.

OcTaJsoch IOKa3aTh, 9TO 3TO HEBOZMOYXKHO. PacCMOTPHUM IATH TPEyTroJbLHUKOB, 00Pa30BaHHBLIX TPEMs MOC/IeI0Ba-
TeJbLHBIMU BEPIIMHAMHA ISATHYTOJBLHUKA; IIyCTh, HAIpUMep, 125 — TpeyroJbHUK HauMeHblneil miomaau. Torma ayq
53 HEe MOXKET IepeceKaTh MpsaMyo 12 — IpoTUBOpedne.

5.6. Dro yrBepxkaenne u3 |3, smemma 3.16).
Konuyectso k-daunos ¢ ygactueM cpaly ABYX 4ducesa u3 Y, OYEBHUJ/IHO, HE IIPEBOCXOJUT C; (na camom neute,
KOJIMYECTBO BCEX TaKUX (DIIUIIOB PABHO Cg) Onennm uncyio k-hiumnos, 3aTparuBaonux JUIb OJJHO YHCIO U3 Y .
ITokpacum Bce umcsia n3 X B Oesblil 1BeT, Bce uncia u3 Z — B 4epHblil. [asee Oynem canrarhb, 9TO MBI HE
pasamyaeM MeXKy coboil pasjindHble Gejible U pas/indHble YepHbIE JYUC/a. PeopranusyeM Moc/aIe0BaTeIbHOCTb 7T .
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(2135 4
(23715 4)
(23145
(23 415
(32415
(3421 5
(34251
(34521
(43521
(45321
(45312

Puc. 16. Tak ne ObiBaer

Cuadajia BeIOpOCHM 13 Hee Bce (DJIMIBI, KOTOPbIE MEHSIIOT MEeCTaMU JBa OesIbIX WJIM JBa 4YepHBIX uncia. Ilocie
9TOrO 3aHOBO IPOHYMEPYeM B IepPBOil IlepecTaHOBKe Bce Gesible U YepHBbIe uncia (M IepeHyMepyeM Yucia BO BCeX
OCTAJIbHBIX IEPECTAHOBKAX TaK, YTOOBI ITOJIyYEeHHBIE IMEPECTAHOBKU OTJIMYAIUCH HA (DJIUIBI C TEMU K€ HOMEDAMH,
49T0 U panbiie). Torua Npyu BHIIOJIHEHUN TOCTIEAYIONMX (haunoB Gesibie ucia GyayT CTOITh B MOPsKE BO3ZPACTAHUS
HOMEDOB W YepHBIE YHCIa OYIyT CTOATH B MOPSJIKE BO3PACTAHUS HOMEPOB; 0ojiee TOro, OeJible YhCyIa JIBUTAIOTCS
TOJIBKO BIPABO (MEHSIACH C YEPHBIMU U C YUCJIaMU U3 Y ), a YepHbIE — TOJIbKO BJIEBO.

Tlosryyennast ocIe0BaTE/IBHOCTD IEPECTAHOBOK T * SIBJISIETCSI HaYa IbHBIM KYCKOM HEKOTOPOIl KPyIroBOil mocCjIe-
JIOBATEJIbHOCTH, B KOTOPOI OCTAJIOCh BBIMOJHUTH (DJIUIMBI MEXKIY O€JIBIMU YUCIAMU W MEXKJy YEePHBIMHU YHCJIaMH.
TTockobKy Oestble 4mCIIa JBUTAIOTCS TOJBKO BIIPABO, KAaXKJ0€ YE€PHOE M KayKoe Oejioe YhCjIo ydacTByeT He Oolee,
qeM B omHOM k-dmmne. Bosiee ToaHO, UL k CAMBIX JIEBBIX OEIBIX IUCET W k CAMBIX JIEBBIX UE€PHBIX UHCEJ MOTYT
y4aacTBOBaTh B k-dure. Takmm o6pa3om, aucio k-GanmnoB, 3aTparuBaionnX JUIIb OHO TUCTIO U3 Y , He IIPEBOCXOINAT

2k.

5.7. Dro yreepxkaenue u3 [3, reopema 3.17].

IIycTh KPyroBas MOC/IEI0BATEIBHOCTE T — 9TO HepBast MOJIOBHHA, ocaegoBarenbaoctn T . O6oznaumy r = [k .
Pazobrem 71 Ha m = [n/r]| nomuocienoBareabHOCTEl, KayKjias U3 KOTOPBIX MMeer JUuHy r (KpOMe IOCJIeIHeld,
KOTOpasi KOPOUe); 3JIEMEHTHI KarK/ [0l [OIII0C/Ie0BATEILHOCTH — II0CJIe/I0BaTeIbHbIe IlepecTanoBKu. 110 yTBepXK IeHuo
TIPEIBIIYINEH 3aJIa9u 3JIEMEHTHI OJIHOM MOJICTPOKU B CyMMe yYacTBYIOT He 6ojiee UeM B 03 + 2k < 3k k-daumnax.
CemoBaTesibHO, 061Iee Yncsio k-(OInUIoB He TPEBOCXOIUT

e, < 3/4(% + 1) — 30k + 3k < 4nVk.

Torua Bo Bceil mocie10BaTEILHOCTH ] KOJIUYECTBO k-(JIMIIOB HE ITPEBOCXOIUT 8nvk.

6.1. D10 yTBep:KIeHUE NOKa3aHO B [2].

IIpoBepsiem, 4TO JieBasi 4acTb HE MEHSIETCH, €CJIU JIBUTaTh TOYKA. DyleMm JBUraTh BEPINUHY T IOJOBHHYATOIO
rpada G. Kak HerpymHo Bumers, rpad He MEHSIETCS, €CJIU IPU JBUXKEHUU BEPIIUHA T HE OKA3bIBAETCH HA MPSIMOiA,
MIPOXOJISATIIE Yepe3 JIBe JIpyTHe BEPIIMHBI — P U ¢. A ecyin 5T0 cOOBITHE TTPOUCXOINUT, M3MEHEHUsT KACAIOTCS TOJHKO
pebep, MPOXOISIIIX MEXK/Y BEPIIUHAMU P, ¢ U T

Paccemorpum cragasia cirydait, Korma pg — pedbpo B rpade GG, a BeplinHA T IIPU JBUXKEHUU [IEPECEKAET OTPE3OK Pg
(puc. . Torna 10 MOMeHTa IIepecedeHusi OTPE3KU T U Pr He ObLIN, & MOCJIe IepeceveHnsl CTajIn pedpaMu HAIIEro
rpada. B To Ke BpeMmsi 10 MOMEHTa TTepecedeHns OTPe30K pg ObLI pedpoM rpada, a mocsie mepecedeHnss — IepecTat
M 6b1Th. CTremenn BepinH rpada B pe3ysibrare He H3MEHWINCh, KPOME BEPIIUHBI ',  KOTOPOI CTENEHb YBEININIACD
Ha 2, Te. d, = d, + 2, rye d,. — CTemneHb BEPIMHBI ' IOCJE MOMEHTA TTEPECETEeHMNs.

Kak n3menunioch KojimuecTBo nepecedennii pebep? st pebep, He MHIMIEHTHBIX BEPIIUHE T, YUCJIO [I€PECeUYeHUi
HE U3MEHUJIOCh: [lepecedeHne ¢ pedpoM pg, €Cjau OHO ObLIO, 3aMEHHUJIOCh Ha IepecedeHne ¢ pebpoM pr wiam qr. A
BOT 9HCJIO TIePECeYeHNl, B KOTOPBIX YYaCTBYIOT pebpa, BBIXOJSIINe U3 7', M3MEeHWI0Ch. [IpoBeieM depes r mpsiMyro
¢, mapautesibay0 pq. 1lpn ABMXKEHWW BEPINWHBI 7' B MOIYILIOCKOCTH OTHOCUTEIBHO ¢, COIEp:KaIneil p m ¢, BCEraa
HAXOUTCS HA OJIHY TOUYKY OOJIbINE, UeM BO BTOPOil MOJIyIIOCKOCTH. IIycTh 10 MOMEHTa, [TepecevdeHrsi U3 BePITUHbBL T
B 9Ty BTOPYIO MOJIYILUIOCKOCTh BBIXOJMJIO & pebep (KOTOpble JaBaju & HEYUITEHHBIX TOUEK IepecedeHus ¢ pq). Kaxk u
B pemrenun 3aa4u [1.2] 310 3HAUMT, YTO BO BTOPYIO IOJIYILJIOCKOCTh U3 BEPIIUHBI T BBIXOAUIO T — 1 pebep. Takum
obpazom, T = %. B pesynbrare mBuKeHUSI BEPIIUHBI T 3TH T TOYEK IEPECEUYEHUs UCUE3/IM, U HUKAKAX HOBBIX
TOYEK MEePECEeYeHnst He TTOABUIOCh. MTak mocie MOMEHTa IepecevdeHnst KOJIMIECTBO nepecedennii pasuo X' = X — .
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Puc. 17. zmenenne rpada npu IBUKEHUN BEPITUHBI

Torma
X+C(2dv+1)/2:X+Of:X_m+c.f+1:X/+C(2dl+l)/2

CirenoBare/ibHO, B pacCMaTpPUBAEMOM CJIydae CyMMa B JIEBOI YacTH JOKA3bIBAEMOI'0 DABEHCTBA HE MEHSIeTCsI IIPU
JBU2KEHUH TOYKH.

Ocranoch 3aMeTUTDb, ITO TOJBKO PA300PAHHBIN CIydail M «[IPOTUBOIOJJOXKHBINY €My BJIHAIOT Ha U3MEHEHUE IDa-
da G u koudburypanun nepeceuenuii. (B curyaium, korga r nepecekaer, ckaxkeM, IPOJIOJKEHIE OTPe3Ka P 3a TOY-
KY ¢, MOYKHO JIOKAJLHO CUUTATh, UTO ¢ JBUKETCS, & I OCTAETCsl HEMOJBUKHOMN. ) JIJisi 3aBepIleHns T0Ka3aTeabCTBa
IepeJIBUHEM UCXOJIHbIE BEPIIUHBI B BBIILYKJIOE TIOJIOXKEHUE U 3aMETUM, YTO B 3TOM CJIydae JJOKa3bIBAEMOE PABEHCTBO
TPUBHUAJIHHO.

6.2. Dra koHcTpyKiws B3ara u3 [§]. Mbl 1poBeieM «KadecTBEHHOE» PACCYKJIEHUE, OCTABJIs] KOJIMIECTBEHHbBIE OIIEHKU
YUTATEJTIO.

BosbMeM Bee y3JIbl KBaJIPATHON PEIETKU B KBAJPATE /7 X 1/1; €r0 MOXKHO BBIOPATDH TaK, YTOOBI TOYEK OKA3AJI0CH
|v/n]? < n. BriocsiesicTBun Mbl J06aBUM HECKOJIBKO 30/ IMPOBAHHLIX BEPITIHH.

Hasee, coeuuuM Bce Hapbl y3JI0B, HAXOIAIIMEC HA paccTodHuu He Goubine d = +/2e/n. I3 kaxnoro yana,
HAXOIAIIEToCs JAJEeKO OT BEPIINHEI KBaIPaTa, BRIXOAUT He MeHee d2 pebep, TaK €UTO BCero pebep OymeT He MeHbIIe
€; BLIKHHEM HECKOJIbKO pebep Tak, ITOOBI OCTaloCh poBHO e. Jlajee, KaxKmoe pedpPo MMeeT B OKPECTHOCTH PaJIYCa
d mopsika d? y3,10B, TaK 9UTO €ro IepeceKaeT KaK MaKCHMyM mopsiaka d! pebep, n obirmee KOJIMTECTBO IepecedeHmit
110 nopsAIKy He Gosbine ed* ~ €2 /n?. Ocranoch 106aBUTH HECKOIBKO BEPHIUH, ITOOBI X UHCI0 CTAJIO PABHO 7.

6.3. DT0 — KJIaccuIeCcKast TeOpeMa JIUCKPEeTHOH reomerpun; e€ mokasaau 1. Leighton u, HezaBucumo, geThipe aBTOpa:
M. Ajtai, V. Chvital, M. Newborn, E. Szemerédi. CyTb 3T0ro J0Ka3aTejibcTBa — BEPOSITHOCTHAS; MBI H3JIOKUM €TI0
Ha KOMOMHATOPHOM $I3bIKE. YICHO, YTO JOCTATOYHO MOJIYYIUTH OIEHKY TOJBKO s OOIbINX 3HaAYeHni n. Mbl HadneM
¢ ropa3zo bosiee c1aboil OIEeHKH.

JlemMma. Ilycts B reomerpudeckom rpade n BepruH u e pebep. Torma B HeM He MeHee e — 3n [epeceveHuit.

HdoxazaTrenbcTBO. IlycTh KOMMYecTBO IepecedeHunil paBHO d. YaJauB U3 KaKJOrO IIepecevdeHust 1o pedpy,
MOJIy9nM TLTOCKWIT rpad Ha n BepnmHax ¢ € > e — d pebpamu. IlycTs f — KoamuecTBO TpaHeil B HEM; TOTJA,
MOCKOJIBKY BCEe OHH — XOTsI ObI TpeyronbHuKE, nMeeM 3f < 2e’, a us dbopmysbr Ditepa (117151, BO3MOKHO, HECBSIZHOTO
rpacda) nonygaem 0 <n —e' + f <n—e€'/3; urak, n > €'/3 > (e — d)/3, orkyna d > e — 3n. O

Ilepeiigem k pemenuto 3agaqau. [lycts H — mpou3Bo/IBbHBIN HHAYIMPOBaHHI moarpad B G Ha k BepIIMHAX; YUCIIO
k mbr BoiGepeM nosxe. Ilycrs e(H) — uucio pebep B H. Ilo nemme, B aToM rpade xora 661 e(H) — 3k nepecedenmuii.
Temeps MbI coOMpaeMcst OIEHUTH 9UCIIO Ttepecedennii B (G, MPOCYMMHUPOBAB 3Ty OIEHKY 1o BceM rpadam H.

Komuuectso Takmx rpacos pasno CF. Kasxioe pe6po ns G ydacTByeT B C,’f:g Takux rpadax, TaK 4TO CyMMa

Bcex BesnunH e(H) pasHa e - CS:g . Hakomerr, kaxXjas mapa IepeceKkaronmuxcst pebep BoiaeT B Cs:i‘ rpados, ubo

BCe 4 X BepIIUHBI JOJKHBI Tyna Boittu. VToro, unciio nepecedenuit B G He MEHbIIE, IeM

c-Cp3=3k-Ck e(n—2)(n-3) 5 (=1 —2)(n—3) _ ekn®—3n*
ck—1 (k—2)(k—3) (k—1)(k—2)(k—3) B
Tonaras k ~ 4n> /e, TojIydaeM, 9TO Hallle KOJUIECTBO He MEHbIIE, YeM

An* — 3n?t _ e3
64n6/e3  64n2’

9TO0 U TPeOOBAJIOCH.

6.4. 13 zamgaan CJIEJIyeT, YTO KOJIMIECTBO Iepecevdernit X B HOJIOBUHYIATOM I'pade He IPEBOCXOIUT 0721 /2 < n?/8.

ITo npesbyTyIeit 3a1aue, OHO He Menblne ¢ - €3 /n?; sHaunt, e < ¢/cn? /8, uro u TpeboBaIoCh.
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Halving graphs

I[. Bogdanov, K. Kokhas

In this set of problems we deal with geometrical graphs, i.e. graphs drawn in the plane. We assume that no three vertices
of a geometrical graph are collinear, and all the edges are depicted by segments; these segments may have common points
different from vertices. The following two geometrical graphs are of the main interest.

Definition. 1) A halving graph G(n) is a graph constructed as follows. Consider a set S of n points in the plane (where
n is even), no three points being collinear; they form the set of vertices of our graph. A pair of vertices is connected by an
edge exactly if the line passing through these points splits the whole set of vertices into two equal parts (that means that
each open halfplane defined by this line contains (n — 2)/2 points).

2) Consider also a more general case; let us define a k-separating graph Gi(n). Let k and n be nonnegative integers with
n > 2k + 2 (now n is not necessarily even). Consider a set S of n points in the plane, no three of them being collinear. An
oriented edge is drawn from A to B exactly if one of the two (open) halfplanes defined by the line AB contains exactly k
points; this halfplane must be to the right of the line, when we go along the line from A to B. The set of vertices of the graph
G (n) consists of those points that have at least one edge (either ingoing or outgoing one). Sometimes we will also denote
this graph by G(S), when we wish to stress its dependence of the initial set S.

1 Vertices

1.1. Prove that a halving graph contains no isolated vertices.

1.2. For a fixed value of n, determine all the values a degree of a vertex in a graph G(n) can attain.
1.3. Does there exist a graph G(50) containing 25 vertices of degree 1 and 25 vertices of degree 3?
1.4. Prove that each k-separated graph Gi(n) contains at least 2k + 3 vertices.

1.5. a) Prove that a halving graph contains at most 3 vertices of degree n — 3.
b) How many vertices of degree n — 3 a halving graph may contain?

1.6. Does there exist a halving graph containing exactly 8 vertices and exactly 9 edges?

1.7. Prove that any halving graph G(100) contains at most 60 vertices of degree 41.

2 Properties of graphs

2.1. Assume that a halving graph G(2n) contains exactly n edges. Prove that each two of the segments representing
these edges have a common point.
2.11. A geometrical oriented graph is drawn in the plane. Prove that it cannot have both types G1o(n) and Gy5(n’).

2.2. Prove that no halving graph G(2n) contains a Hamiltonian path (i.e. a path that passes through every vertex
exactly once).

2.3. Let n=103. Find all k£ for which a k-separated graph Gj(n) is necessarily connected.

2.4. Prove that each connected component in a k-separated graph Gi(n) contains an Eulerian path (i.e. a path
that passes along every edge exactly once).

2.5. Assume that there exist two halving graphs on n vertices that contain k; edges and ko edges, respectively.
Prove that for each m with k; < m < ko there exists a halving graph on n vertices having m edges.

2.6. a) Consider a k-separated graph G (n) depicted on the plane; let 8" be the set of its vertices. Prove that this
graph coincides with the graph Gy (S’) for some &'
b) Prove that each connected component of a graph G (n) is also of the form Gy (n’) for some k" and n’.

2.7. a) Prove that each (abstract) graph is a subgraph of some halving graph.
b) Prove that each (abstract) graph is an induced subgraph of some halving graph.
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3 Convex chains and windmills

We will group all the edges of a halving graph into several convex chains. For this, let us first rotate a graph so that
none of its edges is vertical, and draw a vertical line (not passing through the vertices) that has equal number of vertices on
both sides of it. Now, we draw a vertical line £ through the leftmost vertex V. Rotate this line clockwise around Vi until it
passes through some edge, say V1 V2. Next, we continue rotation of the line ¢ around the vertex Va2 clockwise until it passes
through a next edge, say V2V, and so on. If the line becomes vertical, we terminate the process. Now we say that a polyline
ViVaVs ... is a conver chain. After that we start a new process taking as a starting point the leftmost vertex that contains
no edge lying in the chains yet constructed.

As a result, after there are no more unused edges, all the edges will be partitioned into several convex chains. Notice that
this partition depends on the direction initially chosen as vertical.

3.1. Prove that the process above partitions the edges of a halving graph into exactly n/2 convex chains, each
chain starting in the left halfplane and ending in the right halfplane; moreover, no two chains have a common edges.

3.2. Prove that the sum of degrees of any two vertices of a halving graph does not exceed n.

In the next series of problems we deal with a finite set S of points in the plane, no three of which are collinear.

Definition. A windmill is the following process. Choose a line ¢ that passes through a single point T' € S. This line
rotates clockwise about the pivot T until the first time that the line meets some other point belonging to S. This point, U,
takes over as a new pivot, and the line £ now rotates clockwise about U, until it next meets a point of S, and so on.

3.3. Prove that one can choose a point 7" and a starting line ¢ so that the resulting windmill uses each point of S
as a pivot infinitely many times.

3.4. Prove that for each set S there exists a windmill such that the windmill line sweeps all the points of the
plane.

3.5. Prove that for each set S there exists a point in it such that each windmill starting from this point passes
through all the points of S.

3.6. Consider a finite set of points in the plane, no three being collinear, and a line a that passes through no points
of the set. Let us colour all the points on one side of a in red, and all the other marked points in blue; assume that
there are K red and M blue points. Prove that for each k < K and m < M there exists a line b such that one of
halfplanes defined by b contains exactly k£ red and m blue points.

4  Extremal problems

4.1. a) Does there exist a positive integer n and a halving graph with n vertices and 2013n edges?
b) Does there exist a positive integer n and a graph Gio(n) with n vertices and 2013n edges?

4.2. Find the maximal number of edges in a path in a halving graph G(n).

4.3. Find the maximal number of edges in a cycle in a halving graph G(n).

4.4. Prove that a clique of size k can be a subgraph of a halving graph that has

a) O(k3) vertices; b) O(k?) vertices.

4.5. Prove that the statement b) of the previous problem is asymptotically exact; more exactly, prove that if a
halving graph with n vertices contains a clique of size k, then n > |k?/2].

4.6. Denote by ey, the maximum of number of edges in a k-separated graph Gy (n). Prove that

€2n,2k+1 = 2€p 1 + 1.

4.7. Prove that a graph Gy(n) for k < (n — 2)/2 contains at most 4,/(k + 1)(n — k — 1)n edges.

5 Clircular sequences

In this section we suggest some approach to problem 4.7; in this approach, we rephrase our problem in different terms.
Thus, problems in this section look quite different from the other ones.

Definition. 1) A circular n-sequence is a sequence of (Z) +1 permutations of the set {1, 2, ..., n} satisfying the following
properties:

a) for every two consecutive permutations, one of them may be obtained from the other by swapping two neighboring
numbers (such a swapping hereafter is called a flip, more specifically a k-flip if it swaps the numbers on kth and (k + 1)st
positions);
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b) the last permutation of a sequence is obtained from the first one by reversing the order of all elements;

¢) every two numbers from the set {1,2,...,n} participate in exactly one flip of the sequence.

2) A double circular n-sequence is a sequence of 2(721) +1 permutations of the same set, such that the first (;) +1 its elements
form a circular n-sequence, and the last elements form the “reflection” of this sequence. I.e., the ((g) + 7)th permutation is
obtained from the ith one by reversing the order of all elements; thus, if the ith and (i + 1)st permutations differ by a k-flip,
then their reflections differ by a (n — k)-flip, and these flips swap the same numbers.

Some circular sequences may be constructed in the following geometrical way. In the plane, consider a set S of n points
in a general position (we assume also that the lines connecting these points are pairwise non-parallel). Let us take some line
and project these points onto this line; we will obtain some permutation of our points on the line. Now, we start rotating the
line around some fixed center; the order of the points will sometimes change by a flip, so we will receive some sequence of the
permutations. When a line rotates at 180° (360°), we will get a (double) circular sequence.

3) Let 7 be some (double) circular sequence. A set P C {1,2,...,n} is a halfplane (with respect to T) if there exists a
permutation o in 7 such that the elements of P (in some order) form the leftmost piece of o. A halfplane consisting of k
elements is also called a k-set. Denote the number of k-sets in a double circular sequence T by s, (T).

5.1. Consider a double circular sequence 7. Prove that the number of its k-flips coincides with the number of its
k-sets.

n—1
5.2. For every double circular sequence T prove that Y sx(7) =n(n —1).
k=1,

5.3. Let Si(n) be the maximal possible sum of the form Y s;(7), where T is a double circular n-sequence. Prove
i=1

that Si(n) = kn for all 1 <k <n/2.

5.4. Assume that a double circular n-sequence 7T is constructed from a set of points S. Prove that the number of

edges in a graph Gy (S) is equal to sgy1(7T) (for every k, 1 < k < (n — 2)/2).

5.5. Determine whether every circular sequence arises from some set of points in the plane.

5.6. Consider any circular n-sequence 7. Let P be its first permutation, and let P = XY Z with |[Y| =y > 0 (the
substrings X and Z may happen to be empty). Prove that for every k with 1 < k < n — 1, the number of k-flips
in 7 involving at least one element of Y does not exceed (g) + 2k.

5.7. Prove that there exists a constant C' (depending on none of n and k) such that for every double circular
n-sequence and for every 1 < k < n/2 the inequality s;(7) < Cnvk holds.

6 Intersections and the maximal number of edges

Definition. We say that a pair of distinct edges in a geometrical graph is an intersection if these edges have a common
point (different from a common vertex). In this section, we investigate the number of intersections.

6.1. Let V be the set of vertices of some halving graph with |V| = n (surely, n is even). Denote by d,, the degree
of a vertex v € V. Let X be the number of intersections in our graph. Prove that

S ((dv +21)/2> _ @2)

veV

6.2. Assume that the numbers n and e satisfy the conditions 10n < e < 107%n2. Prove that there exists a
(geometrical) graph on n vertices having e edges and at most 10%¢3/n? intersections.

6.3. Prove that there exists a positive constant ¢ such that every geometrical graph on n vertices with e > 100n
edges has at least ¢ - e®/n? intersections.
6.4. Prove that the number of edges in a halving graph on n vertices does not exceed C'n*/3

absolute constant (not depending on n).

, where C' is some
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