
THE 1997 ASIAN PACIFIC MATHEMATICAL OLYMPIAD

Time allowed: 4 hours
NO calculators are to be used.
Each question is worth seven points.
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where the denominators contain partial sums of the sequence of reciprocals of triangular
numbers (i.e. k = n(n + 1)/2 for n = 1, 2, . . . , 1996). Prove that S > 1001.

Question 2

Find an integer n, where 100 ≤ n ≤ 1997, such that

2n + 2

n

is also an integer.

Question 3

Let ABC be a triangle inscribed in a circle and let
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, lb =
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,

where ma, mb, mc are the lengths of the angle bisectors (internal to the triangle) and Ma,
Mb, Mc are the lengths of the angle bisectors extended until they meet the circle. Prove that

la
sin2 A
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+
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≥ 3,

and that equality holds iff ABC is an equilateral triangle.

Question 4

Triangle A1A2A3 has a right angle at A3. A sequence of points is now defined by the following
iterative process, where n is a positive integer. From An (n ≥ 3), a perpendicular line is
drawn to meet An−2An−1 at An+1.

(a) Prove that if this process is continued indefinitely, then one and only one point P is
interior to every triangle An−2An−1An, n ≥ 3.

(b) Let A1 and A3 be fixed points. By considering all possible locations of A2 on the plane,
find the locus of P .

Question 5

Suppose that n people A1, A2, . . ., An, (n ≥ 3) are seated in a circle and that Ai has ai



objects such that
a1 + a2 + · · ·+ an = nN,

where N is a positive integer. In order that each person has the same number of objects, each
person Ai is to give or to receive a certain number of objects to or from its two neighbours
Ai−1 and Ai+1. (Here An+1 means A1 and An means A0.) How should this redistribution be
performed so that the total number of objects transferred is minimum?
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*{r, .2R = ,t'tvtn

#;g .= nra)t'Ia

bc = n4r7.{,,.

So that
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silc:tr.ft ) Jr. All of the inequalitics luc cqualities it-1'rr ^- b: t:.

( I point)

Problcur {.

. (a) Consider ihe sequence of tr:iang:les on the plane..l,,{-.,4,..4;.,!,.1.,-4,.,!.4r....
It is easy to see that any pair oFthcm lre similar
Let's prove tJrat trianglcs,4y4.r4sand AJJ: &re similar.
Trianglcs ,4 24 yl a and A rrl y4,, arc sinrilar and tlreir altitrtdes rrc .-I r{., aud .4 n.4 ,. then

,4ztlt Ar.7sv;T =:lffi

Triangles A.t44: and ,4'tle4- are sintilar. then

.'{.r,{ s .,1 r,L s

l;:fr = m
Notv we can conclude that

.1 rA:. ,,1t4 <
-J_-"-,'ltAs - ,l 445

a.rrd u'i zu rg I es,4 1A yl 5 and .4 :,4,-4. arc si m i lar:.

Hencc. if P is the point rvhere line,4yl, mcets Ayl-, L A.r,lr1-= L P,4 j-: '\ tlp'le'l1 and
A t\-A,4,: L A-A1P * L Adylt, sr.r triangle .,1..1,P has a right an8le at P and lirres .4,.,4.1

anii,.ll, are perpendicular, in the same way lines,{r4. and,{s.{o are perpendicttliu ald lincs,{.r,{,
and..{..{71 are perpep<1iculiu, hence .4,, A:.le are collinear ;rrrd .4 ., .! 1i. Al irrc coilillcat. It f-ollorvs

ihat triangle A1A14;and A.,r4t,i11 are h11n1{)thetic aud the'ccntcr of ltoutotitety is P. I\4oreover, irll

triangles Fonr thc fumily, ,4,,1y'|,.;1.71,,.711.;),.,,11x,'1,,,...cre honrothetio. C)lcottrse tlrt'pr-rirlt.P is
an inlerior point to ant'of thcse tntrnglrrs, arld there is no other poir"rt distirlct fi'ott) P that is
interior tt) &nv of these triangles. So this is the point \\'e are looking tbr.

(uP to 4 i.roints)

G)SinceA rllP.llg00ihenPliest-rrrthecirclewitlrdianreterA;,4,.Letl,At:1,.tip'|1:s.,4y4s
=r.artdletl,-.lo.lrbeclockrvise.TriangleS .{gl1l1anr)Au7*.1.: aresintila[,thus,4,,Jr:r'=.s;1.
snd so,.l+,{.r =.r.s. Besi<lcs At4, : r./TJ:;T (l']ythagr-rras), irntl area c',f triangie rl1,'11,4; =
jr.,T +F, .i-l-JJ)' = Js.l .'llrus ,'= T+rT ,Bytheitrithmctic-gcotnett'ictueart

T+T, < + ,thus r .: ! olrcl the set rrf all possil.rle,,,alues of r consists (tf t\r'ir renl intervcis

[-i,,0)anO (0. ;] . L ,4;.,p lakes the maximurn value u,lrcn /' = { thus the lt:cus of P
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cottsists of t\&,o continuous -'". flor. thc,.:irclc. rvith dirurreter,.11.{r with two extremc'Posit.iotrs

cr)rrespondingtor = --| *t.1 , = !

(up to 1 pointsl

F'igurc shol'.'ing the c(,nstRrction lbr
finding point P,

A3 As

r=-0,5 A-r r=0.5

Figure sho,,r'ing the loctts of P.
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Problem 5.

A redistribution can be written 
"r 

(X, ,Xrr,., ,X,) wnere x, denotes the

number of objects transferred from A, to A,*r. Our objective is to
minimize the function

After redistribution we should have at each A,, a, -r, *x,_r =N for

i e{1,2,...,n} where ro means .r,. ( 1 point)

Solving this system of linear equations we obtain:
ri = xr - [(, - t),af - dz - dt-...-o,f
for i e {I,2,...,n\.
Hence

F(x,,xr,...,t,) = lr,l+lr, -(lr -or)l*lr, - zN -a, -arl
*...*lr, - [(" - t)i/ - dz - dt-...-",]l

Basically the problem reduces to find the minimum of f(x) = Ilr-cr,l
,=l

where cr, = (t - l)il -to, (up to. 3 points)
j=2

First rearrange crr,crz t...ten in non decreasing order. Collecting terms

which are equal to one another we write the ordered sequencet 
,)

Thus k, + kr*...+k* = tt.

consider the intervats (-*,p,],[r, ,Or), . ,lO * - r,F *],1r.,.")
the sraph or r(,) = ,!J, - ",1= ,t{,1. - O,l i. , continuos piece wise

linear graph define in the following way:

.,,r= 

{

kr(Br- ,) * or(Br- ,)*. --+kmj^ - *)i7 *.(-*,Br]
or(* - gr) * or(Br- ,)*. .-+kmj* - ')6 *.lpr,pr)

:

or(, - Fr) * or(, - Bi*- 
'+kmx, 

- B),f *.19*,*)



]" .

r'.
d:

(up to 4 points)

The slopes of each line segment o;r each interval are respectively:

So=-&1 -k2-4-"'-km
51 =tl -kz-k3-"'-k^
Sz=kt+kr-h-"'-km

Sm = kr+ k, + kr+"'*km

Note that this sequence of increasing numbers goes from a negative to a
positive number, hence for some r > I there is an

St =0otSr_l .0.S,

ln the first case the minimum occurs at r = 0, or 0 r*t "nd 
in the second

case the minimum occurs al x = Ft
(UP to 7 Points)

We can rephrase the computations above in terms of a, d2, -. , dtt rather

than p, ,F2,... ,frrn. After rearranging the a's in non decreasing order,

pickx=a ifnisoddandtaker=a of a ifniseven.n+l n L*l-222

lf no justification is given for the choice of x , give up to 4 points.


