THE 1997 ASTAN PACIFIC MATHEMATICAL OLYMPIAD

Time allowed: j hours
NO calculators are to be used.
FEach question is worth seven points.

Question 1

Given
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where the denominators contain partial sums of the sequence of reciprocals of triangular
numbers (i.e. k =n(n+1)/2 forn =1, 2, ..., 1996). Prove that S > 1001.
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Question 2
Find an integer n, where 100 < n < 1997, such that
2" 42
n

is also an integer.

Question 3

Let ABC' be a triangle inscribed in a circle and let
e me
a — Ma ) b — Mb ) Mc )

where m,, my, m. are the lengths of the angle bisectors (internal to the triangle) and M,,

M, M, are the lengths of the angle bisectors extended until they meet the circle. Prove that

la lb lc > 3
sinA  sin?B  sin?C T

and that equality holds iff ABC' is an equilateral triangle.

le.=

Question 4

Triangle A; A3 As has a right angle at As. A sequence of points is now defined by the following
iterative process, where n is a positive integer. From A, (n > 3), a perpendicular line is
drawn to meet A, oA, 1 at A,i1.

(a) Prove that if this process is continued indefinitely, then one and only one point P is
interior to every triangle A, _>A,_1A,, n > 3.

(b) Let A; and A3 be fixed points. By considering all possible locations of A on the plane,
find the locus of P.

Question 5

Suppose that n people Ay, As, ..., A,, (n > 3) are seated in a circle and that A; has q;



objects such that
a1+a2+---—|—an:nN,

where N is a positive integer. In order that each person has the same number of objects, each
person A; is to give or to receive a certain number of objects to or from its two neighbours
A;_1 and A;, ;. (Here A, 11 means A; and A, means Aj.) How should this redistribution be
performed so that the total number of objects transferred is minimum?
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Solutions

Note: The points to be awarded for cach part of the solution are indicated on the right side.

Problem 1.
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which is easily shown by induction.

(up to 3 points)

Now § is the sum of the reciprocals of these numbers where the last, 1993006 =
1216_2;’__1_3511

= fiwe . Thus we have
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un e 3 points)
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= 3 (1996 + 6)

(1 puint)
= 1001

Problem 2. Note that 2" + 2 = 2(2' + 1) so that p is of the form 2r with r odd. We will consider
two cases. . .
1) n=2p with p prime. 2p| 2% + 2, unplies that p | 2% + | and henge , hence p | 2% -2 -1, On the
. nmane Bt o
other hand Fermat's little theorem guarantees that p | 2 -7 -1 Let d = g.c.d. '(p 1, 4pq 2 I"t
follows thatp} 29 -1. Butd| p-1and d| dp-2=AHp-1)+2 Henced|2and sincep-1,4p-2
areevend =2. Thenp=3and n =6 < 100, '
(up to 2 points)



i) n = 2pq where p , g are odd primes. p “qand pg < "*2"'* Now n |27+ 2 implies that pj 2~-1
+ 1 and therefore that p)22-2. ] = 24%4-2_ |, OQpee again by Fermat’s theorem we have p| 2n-1.

I which implies that p -1 | 4pq - 2. The sume holds true for q so that b
pl2'

q-1]4pq-2 W
Bothp-1andq- | are thus multiples of 2 but not of 4 so that EE g= 3 (mod 4),

(2 points)

Taking p =3 ,we huve 4pq-2=12q-2 . Now from (1) we have
2. 12¢-12 12g-2 ( _\} Y. A el 1
©T o g- g~T = g1 B L B
12¢ — 2
ifq2 11, and clearly —q‘_—y— =13 if q=11. But this gives n = 2(3)(11) = 66 < 100.

Furthermore (p, g) = (3, 7) does not satisfy (1).

Taking p =7 we observe that 4pq - 2 = 28q -2, and from (1) we have

;- 2(g-1) +26 .
28 < 2—3—%_—1—-2— = (q(—%_ = 28 4 (/:_0 <

ifq2 27 and clearly ‘711_:[— = 29if q = 27. But 27 is not prime and the cases (p. q) = (7.
11), (7.19) and (7, 23) do not satisty (1).

(9

Taking p=11, thcn dpg -2 =44q-2,and

44g - 2 44¢ = 2 U
44 < lﬂl and 4’1_1 < 45ifq 2 43,

4d4g - 2 e ik
Now clearly '7{1:'1‘— =45 when ¢ = 43. In this case we have n = = 2pq =2 (11) (43) = 946,

2946 L 9 .
Furthermore, ﬁmg“‘ is indeed an integer. The cases (p, q) = (11, 19), (11. 23) and (11,31)do

not satisfy (1).
(2 points)
. I 18g ~ 2 ;
[Additionally for completeness, if p = 19 then dpq - 2 = 76q -2 and 76 < =T = Tlifq
2 75.Now 75 is not prime and tor the cases (P, q) =(19,23),(19,31).(19, 43) and (19, 471, q

=1 is not a divisor of 74 = 2 x 37.



ez o 929 ~ 2 :
Similacly, if p=23 then 4pq-2=92¢-2and 92 < 2~ < 93ifq = 91 and
2g - 2 .

T]*j— =93 ifq=91. But 91 is not prime and of the cases (p, q) = (23, 31), (23, 43). when q

71426 4 9

=31 all of the conditions are satisfied. But, n= 2pq = 1426 is not a solution because d35=
is not an integer.

No other pairs of p, q yield numbers withiu the required range.]
1 point)

Problem 3.

; : Led AX e
Itis known (see Geometry Revisited) or easily derivable that . 1
. , \ 2\
méi = (AL)" = bc(l - (\7)—_({_‘7: I3 Than
a(

(I point)
Fromd ADL~ & MAN we have

ha ® 2R = .‘1L J ;‘14\'[ = Mg * A’Iu



3
("BC) “ 2R = maM, (apc) = abc

ahe
Mjﬁ = Mg,

d

be = m AL,

So that

. m3 _ T
-1 (o)

with similar cxpressions for /, and /..
(2 points)

7 i i i
5w . etc. the expression we are working with becones

- Given that sin A = =
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+YR(4BC) so that this last expression becomes

3Ra + b +¢) - _}R 75 ~ 1. K <

But abe =

(3 points)



since K2 2r. All of the inequalitics are equalities ilf ¢ = b = ¢,

(1 point)

Problem 4.

() Consider the sequence of trinngles on the plane .44, A0,4,, dd ., .
It is easy to see that any pair of them are similar.
Let's prove that triangles 4.4, dsand A4 - are similar.
Triangles 4,44, and 4 1.4, are similar and their altitudes arc A4 .4« and 4,4 -, then

Aads  Adads
1‘14..2; - 4‘{()/‘17

Triangles 4 u4,45 and A4 4,4 - are similar. then

Agds _ Axds

40*4#7_ - *{ .17
Now we can conclude that

1 14_3_ _ A3ds

dads = Aads

and triangles 4,4 .1; and 4,4 .4~ are similar.

Hence, if P is the point where linc 4,4, meets dud-, & Adod-= & Pdd-= A At and
A Addd, =L AP =054 A, sotriangle 4-4.P has a right angle at £ and lines 4,4
and .44 - are perpendicular. In the same way lines 4,4~ and A o4, are perpendicular and lines 4.4,
and .4-4,, are perpendicular, hence 4,, A;. 4, are collinear and A4-, 4,,. A; are collinear. It follows
that tnangle 4,445 and 4.4 ,44,; are homothetic and the center of homothety is P. Moreover, all
triangles from the family A .41y Awdwl, 1, Ayl ..are homothetic. Of course the point P is
an interior point to any of these triangles and there is no other point distinet from £ that is
interior to any of these triangles. So this is the point we are looking for.

(up to 4 points)
(b) Since & A,P:4, 90" then P lies on the circle with diameter A;4;. Let A4, = 1, Adud; = 5, Ay

=r, and Jet 4,4 .4, be clockwise. Triangles A 4.4, and Aud Ay are similar, thus .45 r=5:1,
and so 45 = rs. Besides 4,4, = rv 1 + 5= {Pythagoras), and area of triangle A ,4,4; =

IrT st T +sY =451 Thus » = T+ 50 i 57 - By the arithmetic-geometric mean

T+ & 3 .thus” < + and the set of all possible values of » consists of two real intervals
o) (q 11 . g . -

[-7..0jand Oy 11 . & A.4,P takes the maximum value when 7 = T thus the lucus of P



consists of two continuous arcs trom the circle with diameter .4,4; with two extreme positions

corresponding to 7 = -~ + and r = ¥

(up to 3 points)

N

éf/)\h‘ o \_\__\_\

S
Figure showing the construction for
finding point P.

N

r=05 A, r=03

Figure showing the locus of P.




Problem 5.
A redistribution can be written as (x1 o gy B2 ,x,,) where x, denotes the

number of objects transferred from A4, to A,,. Our objective is to
minimize the function

F(-xn-xza'”:xn) :Z

After redistribution we should have at each 4, a -x +x_ =N for

x|

i €{12,...,n} where x, means x,. ( 1 point)
Solving this system of linear equations we obtain:

% =% —[(i— )N —a, —a3~...—a,.]

forie {l,2,...,n} :

Hence

F(x,,%y,...,%,) = || +]x, = (N = a,)|+]x, - 2N - a, - a;|

+...+‘x1 - [(n ~1)N -a, -a, ——...—a,,]

Basically the problem reduces to find the minimum of F(x) =" |x—a|

i=]

where o, = (i —1)N - Z':aj . (up to. 3 points)
J=2

First rearrange «,,a,,...,&, in non decreasing order. Collecting terms

which are equal to one another we write the ordered sequence
,81 < ﬂ2 geoed B, €ECN ,BI. occurs ki times in the family {al, ay,os an}.

Thus k1 + k2 +---+km = n.

Consider the intervals (—oo,ﬂl]’[ﬂ B }[ﬂ B ][ﬁ ,oo>
, 1 2 m-1 m m

n m
the graph of F(x) = ‘21 = -Zlki
1= 1=

linear graph define in the following way:

x - a X - ﬂi’ is a continuos piece wise

rkl (ﬂl - x) + k2 ([32 - x)+---+km(ﬁm - x)if xE (-—oo,ﬂl]
Flx) = k(e = 8,) + by (8, %) v (B - )iF 5 [ 51,8, ]

\kl(x —ﬁ1)+k2<x ‘,32+"'.“"km)(x —ﬂm)if XE [ﬂma"o)



(up to 4 points)

The slopes of each line segment on each interval are respectively:
SO = _kl == k2 = k3"‘"'—km
8y =k — by =~ pg— =k,

S2 = kl +k2 = k3—"'—km

Note that this sequence of increasing numbers goes from a negative to a
positive number, hence for some ¢ > 1 there is an

St :OOrSt_l <O<St

In the first case the minimum occurs at x = B, or 'Bt+1 and in the second

case the minimum occurs at x = ,Bt
(Up to 7 points)

We can rephrase the computations above in terms of a, o nig By rather

a
3 2 b
than ,31 ,,[32,--- , B, After rearranging the «'s in non decreasing order,

pick x = « ifnisoddandtake x = a or a if nis even.
n+1 n n
= -+
2 2 2

If no justification is given for the choice of x, give up to 4 points.



