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VI onmumnujana

a) OnpeIeNH I cuTe NPUPOIHU GpoeBH N , Takeu mro 7 | (2" —1) .

6) Joxaxu nexa 7 f (2" +1) , 3a cekoj Ne N,

Pemenue. a) Ako n=0(mod3) , roram n=3k, ke N, T.e.
2" = (2%)*=1(mod7),
ma 23k -1 e genuB co 7.
Axo n=3k+i, 3a i=12 toram 2% _1=2 (23k —l)+2i —1. Bunejku e

23k—1 e menuB co 7, a 2'—1 He e menuB co 7 qoOuBame neka 23k+'—1, 3ai=1,2
HE € JIeTINB co 7.

n
Bnaun, 2" —1 e geauB co 7 aKo M caMO aKko N € JIEJIUB CO 3.

6) Cekoj mpupozeH 6poj N Moxke ma ce 3amwmiie Bo oomukor 3k +i, 1=0,1,2,

keN. Toram 2" +1=2' (23k -1 +20 41, ITpBHOT COOHMPOK € JEeIHB CO 7, a BTO-
PHOT COOMPOK HE € JIeTHB CO 7.

3naun, 2" +1 He e nenuB co 7, 3a cexoj Ne N.

Heka a, b u ¢ ce gomxunuTe Ha CTpaHWTE HA POU3BOJICH TPUATOIHUK. JIoKaxu
JIeKa

a?(b+c—a)+b?(c+a—b)+c?(a+b—c)<3abc. *)
Pewmenne. /Ipg nauun. BoBegysame cMeHU

b+c-a=x, c+a-b=y, a+b-c=z
T.€.

a=L% b= =Y

bunejkn a,b u C ce IO/KMHM Ha CTpaHW Ha TPUArONHUK, X, Y, Z>0. Cera He-
PaBEHCTBOTO I'o AOOHMBA OOIUKOT

O x+ (B Py + (G 2 <30 2X Y
Mo cpenyBarme Ha OBa HEPABEHCTBO J0OHUBaMeE

2 2

6xyz£xy2 +yx2+yz2 +zy2+zx +Xxz°,
KO€ € CKBUBAJICHTHO HA HEPABECHCTBOTO
x(y—z)2 + y(z—x)2 +2z(x— y)2 >0.
HOCJ‘IGL[HOTO HEPABCHCTBO OYMUIJICAHO BAXKU 3a CCKOU X, y, Ze ]R+ .

Bmop nauun. O HepaBEeHCTBOTO HA TPUATOJHHK CIIEAyBa
a+b>c, b+c>a, c+a>b. @
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Axo HCPABCHCTBATa (1) COOABETHO I'l IOMHOXKHUME CO HCHECTATUBHUTC MHOXUTCIIU
(a— b)2 >0, (b- C)2 >0, (c— a)2 >0 ru g00MBaMe HEpPaBEHCTBATA

(a+b)(a—b)? = c(a—b)?,

(b+c)(b-c)®> = a(b-c)?,

(c+a)(c-a)® >Db(c—a)’.

I'u cobmpame HepaBeHCTBATa (2) U 110 CPEIyBAKETO TO T0OMBaMe HEPaBEHCTBOTO

().

Bo AABC co momkuHa Ha cTpaHuTe a, b U C BhOHMIIAHA € KPy)KHHIA ¥ Ha Hea ce

TIOBJICYCHN TAHI'CHTH HapaleIHH CO CTPAHUTE Ha TPHUArOJHHUKOT, Ko ox aABC
OTCEKyBaaT TP HOBH TPHUATOJHHUIIM BO KO CE BIHUIIAHU KpyxHHUIU. [IpecMeTaj TO
30MpOT Ha IJIOIITHHUTE Ha YeTUpUTe Kpyral

Pemenne. Co I na ro o3HayMMe paanycoT Ha Kpyrot Bmumaln Bo aABC, a co

ra,rb,rc paanyCcuTe Ha KPYIOBUTC BIIMIIAHW BO TPHUArOJIHHUIUTC ,Z[O6I/IeHI/I (¢10)
KOHCTpYHUpPAKE Ha TAHICHTHUTC Ha BIHWIIAHUOT KPYT. Heka P e mmomruHa Ha

aABC, a S:a+Tb+° HEroBUOT moiynepumMerap. Crnopen O3HakuTe Ha IPTEKOT
tpuaronnuure AB,C, u ABC ce ciuyHu, na pajuycure Ha BIMILAHUTE KPY-

TOBU C€ OJIHECYBAAT KaKO BUCUHUTC ha u ha KOHU COOABETCTBYBAAT HA CTPAHUTC

B,C, u BC . 3naun,
h

— _a

r _Ta
fa h

Bunejin hy = hy —2r , noGusame

h,—2r
a="h T
AHaJorso,
h—2r
L= R r, i=b,c ‘ '
., p 2P (?b c
bunejkun r=5 u h; =4, Ol mper-

XOAHUTE PABCHCTBA ,HO6I/IBaMe

P(sei
= (SS2 i)

,1=a,b,c.

Axo uckopuctume aeka a+b+c=2s wu P2 = (s—a)(s—h)(s—c)s, mobuame

JCKa

2
S=rn+rlrn+in+rin =P (s2+(s—a)? +(s-b)’ +(s—¢)?) n
S

=Z—j(4sz+a2+b2+02—25(a+b+c))n
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=S%(s—a)(s—b)(s—c)(a2 +b?+c?)sn

A CRTTEN

Cexoj on 17 HayYHHIM ce JOMHUIIYBA CO CEKOj IMpeocTaHaTute. Tue ce AONHMIIyBa-
aT Ha TPU TEMH M CEKOj map ce JOIMUIIYBa caMo Ha eqHa TeMa. JJOKaxku Jexa mo-
crojatr O6apeM TpojIa HAYYHHIM KOM Mel'yceOHO ce MOmWIIyBaaT Ha €qHa HCTa
TeMa.

Pemenue. I136upame enen Hayunuk, A . buaejku toj ce gomnwminysa co 16 npyru
HAay4YHUILM, O NMPUHLUIOT Ha [upuxie cielayBa mocrojat O0apem 6 Apyru Hayd-
HHLM KOU CO HAYYHUKOT A ce IONHMINYBAaT HA UCTA TeMa.

AKko Mery miecTe Hay4HHUIH, moctojar aeajiia B u C , kou mery cebe ce qomuiry-
Baar Ha Taa ucta teMa, Toram (A, B,C) e Gapanara Tpojka.

AKO 0] OBHE IIIECT HAYYHHIIM OWJIO KOH JIBajlla HE Ce JOMMIIYBaaT Ha Taa TeMa,
Toraml THe MefyceOHO ce MOMHUINYBaaT Ha MpPEOCTaHaTUTE JABe TeMu. M3Gupame
elleH oj uiecTMuHarta u Heka Toa ¢ D . Toj Gapem co Tpojua oj mpeocTaHaTHTE
MEeTMHUHA Ce JIOMUIIYBa Ha eHa ucta Tema. Ako O0apem nBajia oq uus, E u F , ce
JONMIIyBaatT Ha Taa Tema, Toram (D, E,F) e Gapanata Tpojka. Ako o1 Taa Tpojka

OwI0 KoU /iBajlia HE ce JOIMIIYBaaT Ha Taa TeMa, TOrall THE Ce JOIMIITYBaaT Mery
ce0e Ha IpeocTaHaTara TpeTa TeMa.
3Haum, CEeKOTralll MOCTojaT TPOjIia HAyIHHUIM KOH Ce JONHIIYBaaT Ha McTa TeMa.

Bo pamuuHa ce ganenu 5 touku. [IpaBuTe KOM ce ONMpEEIEHH CO OBHE TOYKHU CE
pa3nuuHu ¥ Mel'y HUB HeMa HUTY MapajeiHd, HUTY HopMaliHu npaBu. Hus cekoja
€ MoBJIeYeHa HOpMala KOH CeKoja IpaBa OmpejielieHa cO MPeoCTaHaTuTe 4 TOYKH.
Ompeneny o HajroJEMUOT OpPOj MPECEUYHH TOYKHA Ha OBHE HOPMAJIH, HE CMETajKu
T JaACHUTEC TOYKH.

Pemenne. BkynHo nma (g) =10 npaBu. Hu3 cekoja Touka, Ha npumep A, MUHY-

BaaT yetupu npasu. Criopex Toa, HU3 CEKOja TOUYKAa MUHYBAaT IIECT HOpMaiH (Ha
ceKkoja mpaBa Koja He MUHyBa HH3 Toukata A ). PasrmenyBame OuIo KOW JIBe
Touku, Ha pumep A u B . Ke ro nmpecmerame 6pojoT Ha mpecel Ha HOPMAJUTe
on roukata A u HopmanuTe o Toukata B . Hopmana Hu3 ToukaTa A KOH mpaBa
HHU3 Toukata B, ru cede cute Hopmanu Hu3 Toukata B . Hus Toukara B mu-
HYBaaT TPH MPaBH KOW HE MUHYBaaT HU3 Toukata A .Toa 3Ha4M JeKa HU3 TOYKaTa
A KOH HHMB MOJXeE Jia Ce MOBJieyaT TpU HOpMau. Tue ce ceyar co HOpMaInuTe HU3
toukata B Bo 3-6=18 Touku. Cekoja apyra HopMmajia HH3 TOukata A Ha mpe-
OCTaHATHTE TPU MPaBU, KOM HE MUHYBaaT HU3 TOYKaTta A, cede MeT HOpMalk HU3
toukata B . Co emHa onm HUB He ce cede OuIejku e mapajienHa co Hea. Ha Toj
HauuH ce JoOuBaar ymre 15 Touku. 3Haum, HOPMalUTE HU3 THE ABE TOYKU CE
ceuat B0 18+15=233 rtouku. Ox merre TOYKH MOXxe aa ce cocraBaT 10 maposw.
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3aroa, OpojoT Ha mpecedHu TOYKH He ¢ moroseM on 33-10=330. Ho, Hekou of
THE TOYKH C€ MOBTOpyBaar. VIMEHO, cexou TpW TOYKH OJ] JaJCHUTE 5 TOUKH ce
TEMHIba Ha TPUAroJHHK. [IpaBuTe HA KOM JIeKAT BUCHHHUTE Ha CEKOj TPUATOIHUK
ce cedaT BO enHa Touka. OBaa Touka € OpoeHa 3 matu. TakBHM TpUAroJHUIM UMa

(g) =10, ma cmopej; Toa BKYHNHHOT OpOj HA MPECEYHU TOYKH HE € MOTOJEM O]
330-30+10=310.

Hanen e terpacmap ABCD. Bpeor D e moBpsan co texwumrero D; Ha sumot
ABC . TIpaBute Hu3 Temumara A,B,C kou ce mapanennu co DDy ru ceuar pam-
HUHHTE Ha CIPOTHBHUTE SUAOBHU Bo Touku A, B; n C;. Jlokaxxu nexa BOTyMEHOT
Ha Terpaeaapor ABCD e Tpu matu moman oJf BOJYMEHOT Ha TeTpaecqapoT
AB,C,D,. Manu TBpAemeTO Baxku ako ce u3depe Omio koja Touka D; Bo BHa-
TpEmHocTa Ha TpraroHukoT ABC ?

Pemenue. Ke ro nokaxeme oBa TBpJeH-e BO OIIIT CIydaj, T.¢. 32 CeKoja Touka Dy
o] BHaTpemnHocta Ha TpuaronHukor ABC, (Bumum uprtex). Hexa AA || BB, || CC;
|| DDy, xame A, B;,C; ce TOUKH BO CIIPOTHBHUTE PaMHHHH.

Bo tpunaromaukor ABC ru mosnekyBame mpasute AD;,BD;,CD; 1o HuBHHMOT
npecek co crnpoTuBHUTE cTpanu Bo Toukute A',B',C', coomserno. Toukara A'
nexu Ha npaBata A D, 6unejku A D e Bo pamannata ABC u AA || DD . Ana-
JIOTHO ce MoKkaxyBa jeka toukure B' u C' ce na mpasure BjD u C/D.

Bo temumara Ha Tpuaromaukor ABC crasa-

"ll. C‘I
M€ TOYKEeCTH Macu X,Y,Z, Taka INTO Te-
L
XKUIITETO Ha OBaj CUCTEM Ja € Toukata Dy . . D
Ha npumep, neka
AC _z BA_Y CB _x y
CB x'"AC z'BA y’
JloBosHO € 1a 3eMeme
x=C'B, y=BAAC', z=AC".
Y=%c¢ B
Crnopen Toa 4 c
Pwc _ ABUAC 3 c A
Pagc AB-AC (X+y)(x+2)
M aHAJIOTHO B
Paca __ x Feap %y
Pasc  (yHX)(y+2) " Pagc  (z+Y)(z+X)
Crnopen Toa
PA'B'C' — PABC_PAB'C'_PBA'C'_PCA'B' — 2XyZ
Prec P asc (x+y)(x+2)(y+2) ’

ITonaramy,
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'D_A x CD__z BD_Y

ﬁ_my’ Digl_x+z’

(D; e Texwumre Ha cUCTEMOT co Maca X Bo A um y+z Bo A' uTH.). bunejku
npoctoprute armu DA'B'C' u DABC; ce enHaksu, BOITyMEHHTE Ha TeTpae-
apure A'B'C'D n AB,C,D ce nponopuuoHaiHy Ha IpOU3BOAOT Ha AOKHMHUTE

Ha OogyHmTE paboBH, T.€.

Vagsco _ ADBD-DC _ xyz
VaBiciD DA-DB-DC, (x+¥)(x+z)(y+2)’

I1a criope Toa

Vaecp _ 2xyz _oVascoD
VaBcD (x+y)(x+2)(y+2) Vg

1.e. Vagc,D =2Vagcp- Cera 1a ru npemectime macure Bo aABC 1 103, Bo A’

+Z ' ' X+
Mmaca yT’ Bo B' maca X% mBo C' maca Ty JacHo, IOBTOPHO TEXMILNTETO €

D, . TToToa, Bo Temumata A, B;,C, crasame macu %,¥ Z . Toram TexumTeTO Ha
1 2'2'2

cekoj map touku (A, A"), (B;,B"), (C;,C’) e Bo Toukara D, 6unejku
AD _AD _ 5 _y+z
X X

DA' DA

2
U aHAJIOTHO 3a OCTaHATUTE JABa Iapa. 3aToa TEXHUIITETO HA LIEIUOT CHUCTEM € BO
toukara D . Opn npyra crpana, TexuiureTo Ha cucremor Toukn A',B',C' e Bo

TOYKara Dl M HEroBara maca € X+Yy+1Z. TexxumTeTo Ha CHUCTEMOT TOYKH

A, B;,C; e Bo pamuunata AB/C; u Ha mpaBata DD;, T.e. Bo Toukata D', a

X+y+z

HEroBara Maca € > - On oBnie noOuBamMe
bb_1 ,DD _3
DD' 2 D'D 2

Toa 3naumn JC€Ka OJHOCOT Ha BUCHUHUTE, ITOBJICYCHHN OJ] TOYKUTE Dl n D Bp3 paMm-

HuHata A B,C; e eqnakos Ha %.TeTpaeﬂpme AB,C,D u AB,C D umaar 3aex-

Vapiciny
Y

_3 ., _ ]
mecp 27 a Gunejkn Vagc,p 2 pgcp > A06H

Huuka ocHoBa A B,C;. 3atoa

BaMe VAiBlchl = 3\/ABCD .




