MeaurepaHcka MaTeMaTH4Ka OJIUMIIKjaaa

29.04.2018 roguna

3agaua 1. llemmor Opoj a>1 ro HapekyBame unmepecew, aKo 3a CEKOj MpUpoAeH N>1

n+2

Oopojor a +3a%2+1 e cnoxken. Jokaxu naeka MHOXectBoro {1,2,3,...,2018} conpxu

HajManky 500 uHTEpeCHN OpOCBH.

3apaua 2. Heka ag,ay,...,a,, N=2 ce peannu O6poeBu TakBu mro 0<g; S%. Hokaxu

JeKa

>S5

n
1 1 s ooUn
(mi 11+sinai)(1+i1:[1(sma') )<1.

Kora Baxxu 3HaK 3a paBeHCTBO?

3agaua 3. Onpenenu ro HajroseMuot npupoaeH 6poj N 3a koj moctom 6xN Tabdema T
3a K0ja Ce MCITOJHETH CIICHUBE CBOjCTBA!

i) Cexkoja KOJIOHA BO HEKO] peaocie/] ru coapxu opoesute 1,2, 3,4, 5u 6.

i) 3a cexou aBe KOJOHM |# j moctou pex r rtakamro T(r,i)=T(r,]).

iii) 3acexou aBe KoIOHM | # | moctom pex S Taka mro T (S,i)=T(S, J).

3abenemxa. Co T(m,K) e o3HaueH eIEMEHTOT KOj Ce Haora BO MPECEKOT Ha M —THOT pejl

n K —Tara konona.

3amaua 4. Jlanen e ocrpoaroien aABC. Heka npasure AE u AF, (E,FeBC) ce

CHMETPUYHHM BO OfHOC Ha cumerpanata Ha XA. [lpaBute AE um AF mo Bropmar ja cedar
onuinanara kpyxnumna okonmy aABC Bo toukure M u N, coomerHo. Toukmre P m R
npunaraar Ha mnomynpaBute AB u AC , coomserHo u mpuroa Baxu XAER=XC wu
XPEA=xXB.Heka L=AENPR u D=BCNLN. dokaxu aeka

1.1 _4

MN EF ED

Cekoja 3ajaua ce BpeIHyBa MO 7 MOSHHU.
Bpewme 3a pabora 4:30
Kopucremero Ha KankynaTop He € TI03BOJICHO.
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Problem 1.
An integer a > 1 is called Aegean, if none of the numbers a™2 + 3a™ + 1 with n > 1 is prime.
Prove that there are at least 500 Aegean integers in the set {1,2,...,2018}.
Solution

We identify two infinite families of Aegean integers a. The first family consists of the integers
of the form a = | (mod 5), as then all n > 1 satisfy

(@G> +3)a+1 = (124 3)-1%+1 = 5 =0 (mod5).

Consequently a = 5b+ 1 is Aegean for b= 1,...,403,

The second family consists of the integers of the form a = —1 {mod 15). Indeed ifn = 2k +1
is odd, then a = —1 (mod 3) implies
(@®+3)a+1 = (-1 +3)(-D*" 41 = —4+1 =0 (mod 3).
On the other hand if n = 2k is even, then a = —1 (mod 5) implies

(@2 +3)a"+1 = ((-1)243(-1)*+1 =441 = 0 (mod 5).

This yields that a — 15¢ — 1 is Aegean for ¢ — 1,...,134.
Altogether, these two (disjoint) families yield at least 403 + 134 = 537 Aegean integers in
the range {1,2,...,2018}.



Problem 2.
Let ay,as,....a, ben > 2 real numbers such that 0 < a; < w/2. Prove that

1« 1 - y
— E R — I I si A/ < !
il sinm) 1-+]](sina;) =

i—1

Solution. First, we write the inequality claimed in the equivalent form

n
TR ST
£~ 1t singg ~ 1+ TIE (sinag)

and using induction, we will prove it for all n = 27, where j is a positive integer. Indeed,
for j — 1 the inequality claimed is
1 1 2
- g - < : :
L +sinay 1 fsinay = 14 y/sina; sinaz

or

2(1 +sinay)(1 +sinaz) = (2 +sina; + sinay) (1 + v/sina; sinay),
sina) + sinay + 2sinaysinas > (2 4 sinay + sinay) v/sinay sinas.

(sinay | sinag) (1 — v/sinay sinay) — 2 y/sina; sinaz (1 + \/sina; sinay)
from which
(v/sinay — \/sinaz)? (1 — /sinay sinay) >0

follows and the inequality holds.

Assume that it holds

2 :
1 27

Z 1 S af

— 1t+sina: = | */sinay sinag - - - sinay,

Then, for 27! we have

2+1 24

1 1 1
S © B e i)
= 1 + sina; = 1 +sinay_1 |+ sinay

24 |
< 2
= ; 1 + \/sinag;—y sinay;
97+l
< 2

1+ "'{/\/sinal SIag /sin ay sinay ...\/sin (pitt_y SINAgs+1

21+l

ad+1 v v v
I+ *7\/sinay sinag - - sindg+1

Thus, by PMI the inequality holds for n = 27,



Finally, we will use Backward induction. That is, we prove P(k) = P(k — 1) for all
k =3, Putting

sinag = “/sinay sinag - --sin ag_.

we have
k k-1
1 |

— -y
R B + . =
; I + sina; = I +sina; 1+ *¥/sina; sinaz - sinag_,
k
<
14 {‘/sina, coesinag—y - Fy/sinay sinag - - sinag_
k

L+ */sina) sinay - sinag_;

from which
k=1

k=1 }
Y s S
£ 1 4 sina; — 1 + “/sinay sinaz - -sinag_,

follows. Equality holds when ay = ay = ... = a,, and we are done.,



Problem 3.

Determine the largest integer N, for which there exists a 6 x N table T that has the following
properties:

(i) Every column contains the numbers 1,2,...,6 in some ordering.
(ii) For any two columns i # j, there exists a row r such that T(r,i) = T(r, j).

(iii) For any two columns ¢ # j, there exists a row s such that T(s.1) # T(s.7).

Solution

We show that N = 5! — 120 is the largest such integer. The lower bound construction is as
follows. For every permutation of the integers 1....,5 create a corresponding column whose
first 5 entries agree with the permutation and whose last entry {in the 6th row) equals 6.

The upper bound argument is as follows. Consider a 6 x N table 7" with the desired
properties. For each of its columns ¢ and for every integer @ — 1,2,....6 we define a new
column ¢, that consists of the Gentries

T(l,¢) +z, T(2,¢)+a, TB.e)+a, T4, e)ta, T(H,e)+a, T(6,¢)+ .

Now consider two columns i and j, and two integers o and y with 1 < x,y < 6, and assume
that the columns i, and j, agree componentwise modulo 6. By condition (ii) there exists a
row r such that T(r, i) = T(r,j). This means

T(ri)+a = iz(r) = jy(r) = T(nj) +y = T(ni) +y (mod 6),

which implies 2 = y mod 6 and hence @ = y. If i # j, then by condition (iii) there exists a row
s such that T'(s,i) # T'(s,j). By using  — y this then would imply the contradiction

T(s,i) +x = i.(8) = jyls) = T(s,4)+y = T(s,j) +a # T(s,i) +2 (mod 6).

Hence whenever two columns i, and j, agree componentwise modulo 6, then i = j and z = y
must hold. This implies that the 6N columns ¢, with ¢ € T and 2 — 1.2,...,6 must be
pairwise distinet. By condition (i), these pairwise distinct objects correspond to pairwise
distinet permutations of 1,2,...,6. Therefore 6N < 6!, so that N < 5.



Problem 4.

ABC is an acute triangle. AE and AF are isogonal cevians, where E € BC and F € BC. The straight
lines AE and AF intersect again the circumcircle of ABC at points M and N, respectively. In the rays AB and
AC we get points P and R such that XPEA=xB and XAER=4C . Let L=AENPR and
D =BC LN . Prove, with reasons, that

Solution 1

Consider the following diagram:

The following couples of triangles are clearly similar:

aAEF and s AMN , because a general property of isogonal show that MN and BC are parallel;

then we have /:—:l = % (1). By the same rason, oLED and a/MN are also similar, and so we
X )
have LE _ED (5
IM  MN

The following couples of triangles are similar, too:

aAPE and s ABE = AE® = AP- AB

AP AL a
aAPL and aABM > —="—"=AM Al = AP-AB = AL
AM AB
And so we get
iM  AE
/_‘ = (3) 3
AE AL

Then using (2),



1 LE

MN IM-ED’

And using (1),

AM _ AM LE
AE-MN  AE IM-ED’

1
EF

Therefore,

i 0 '-lf(,J_Mj
MN EF ED|IM\  4r£ )|

and so we need just to prove that the last bracket equals 1. To this, we will use (3):

LE ( AM )
—| 1+ =
M AE

! ] ] D 7\ e o 7 AL
[u, (HAM]J_ LE (HALJZ(AL ALNAE + ALY AE* - AL

77 RE T | TV T (AM - AL)- AL AM-AL-AL®

AE — Al
=—————, and we are done.m

AE° - Al
Observation
PE and BE are antiparallel with respect to AM and AB, so P and B are homologous in the
inversion of pole A and power AE?, The same reasoning applies to PL and BM. This means that

AP-AB = AL- AM = AE*, and continue as in the featured solution.



