Y. IMO2023

/&/ Chiba. JAPAN Macedonian (mac), day 1

caboma, 8. jynu 2023

3amaya 1. Ormpenenu ru cUTe CI0KEHH LEU OpOeBH 12 > 1 KOM ro 33/10BOJTyBaar CJIeTHOBO CBOJCTBO: aKO
di,ds, ..., dy ce cuTe MO3UTHUBHU JIeTIe M Ha N U BaXH 1 = dy < dy < --- < dj = n, TOTaI d; € ACIHUTEI
Had; 1+ diso3aceko) 1 <@ < k— 2.

3anauya 2. Hekxa ABC e octpoaroneH TpuaroiHuk Bo koj AB < AC. Heka () e onumianara KpyxHHIQ
okoiry ABC'. Heka S e cpennara touka Ha nakot C'B ox €2 koj ja conpxu A. Hopmanara cnymrena ox A
Ha BC jaceue BS Bo D, a ) o Brop mar Bo F # A. IlpaBara au3 D napanenna Ha BC' ja cede mpaBara
BE Bo L. Onumianara Kpy>XKHHIIA OKOJTY TprUaroaHukoT BD L ja o3HauyBaMe co w. Heka w ja cede €2 mo
BTOp mat Bo P # B.

Jlokakul ieka TaHreHTaTa Ha w Bo P ja cede mpaBata BS Bo To4ka Ha BHaTpelnHara cumerpaia on ZBAC.

3apaua 3. 3a cekoj 1ien 6poj k > 2, omnpenenu T cuTe OECKOHEYHU HHU3W O] MO3UTHBHU IEJIU OpOEBH
ai,ds, . . . 32 KOM ITIOCTOM IMOJIUHOM P 01 00JIHK P(m) = gk —|—ck_1xk_1 +---+C1x+co, Kame co, C1y - - ., Cp—1
C€ HEeHETaTUBHHU 11eJI1 OPOEBH, TAKBU IIITO

P(a'n) = Qp4+1Qp+42 * ° * Aptk

3a cekoj uen opojn > 1.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.
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Bamaua 4. Heka x1, 29, . . ., Top23 C€ MOMNAPHO PA3TUYHU MO3UTHBHU PEaTHU OPOEBU TaKBH ILTO

1 1 1
an = (x1+x2+ - +2,) x——l—x——}—"'—i—x—
1 2 n

e 1en opoj 3a cexkoe n = 1,2, ...,2023. Jlokaxu JaeKa asgzz = 3034.

3apaua 5. Heka n e nosutuseH 1en 6poj. Janoncku mpuazonnux ce cocton o 1 + 2 + - - - 4+ n KpyroBu
pacmnopeieHu Bo (popMa Ha paMHOCTPAH TPUATOJIHUK, TaKa IITO 3a Cekoj ¢ = 1,2, ..., n, i~-THOT pe COAPKHU
TOYHO ¢ KpyTa, O]l KOM TOYHO €/IeH € 000€eH IpBeHO. HuHya namexa BO JallOHCKU TPUATOIHUK € HU3A O 1.
KpPYTOBH JI00MEHA TIOYHYBajKU OJ HAQJTOPHUOT pejl, Ma MOCIEOBATEIHO IBUKE]KU C€ O KPYT, BO €ICH O
JIBaTa Kpyra HeImoCpeIHO MO HeTo, 3aBPIyBajKu BO HajHoaHHUOT pel. [lomomy € naieH npumep 3a janoHCKH
TPHUATOJTHUK 3a 1. = 6, CO HUHIJA ITaTeKa BO HETO KOTa COJPIKH JIBA I[PBCHH KPYTOBH .

W3pazeHo npexy n, Haju ro HajToJIEMHUOT & TaKOB IIITO BO CEKOj jalTOHCKU TPHATOJTHHUK ITOCTOW HUHIJA [TaTeKa
KOja COZIP>KU HajMaJIKy k LIPBEHU Kpyra.

3amaua 6. Hexa ABC' e pamHocTpan Tpuaronauk. Heka Ay, By, C| ce Touku Bo BHarpemHocta Ha ABC
takBu mto BA, = A,C,CBy = B1A, AC; = C1Bn

LBAC+ LCOB1A+ LAC, B = 480°.

Hexa BC, u CB; ce ceuar Bo Ay, C Ay u ACY ce ceuar Bo By, a AB; u BA; ce ceuar Bo ().
Jlokaxy fieka ako TpuaroaHukot A, B e pa3HOCTpaH, TOraill TPUTE ONHUIIIAHU KPYKHHUIIU OKOJY TPHATOJI-
nurure AA; Ay, BBy By u CC,Cy MUHYBaaT HU3 JIBE 3a¢THUYKH TOYUKH.

(3abenernika: TPUArOTHUK € PA3HOCTPAH aKO HEMa JIB€ CTPAHU CO €IHAKBA JOJDKHHA. )

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja moyno pewena 3a0aua ce dobusaam 7 NOeHU.
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Problem 1. Determine all composite integers n > 1 that satisfy the following property: if di, ds, . .., dx
are all the positive divisors of n with 1 = d; < dy < --- < dj, = n, then d; divides d;;1 + d; o for
every 1 <i < k—2.

Problem 2. Let ABC be an acute-angled triangle with AB < AC'. Let Q2 be the circumcircle of
ABC'. Let S be the midpoint of the arc C'B of {2 containing A. The perpendicular from A to BC
meets BS at D and meets ) again at E # A. The line through D parallel to BC' meets line BE
at L. Denote the circumcircle of triangle BDL by w. Let w meet €2 again at P # B.

Prove that the line tangent to w at P meets line B.S on the internal angle bisector of ZBAC.

Problem 3. For each integer k£ > 2, determine all infinite sequences of positive integers a, as, . . .
for which there exists a polynomial P of the form P(z) = 2* + ¢;_12*! + - + c1@ + ¢o, where
Co,C1, - .., Cp_1 are non-negative integers, such that

P(an) = Qp4+1Qp+42 * ° * Aptk

for every integer n > 1.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.
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Problem 4. Let xq1,xo,...,To023 be pairwise different positive real numbers such that
1 1 1
an =@tz +-Fw,) | —+—+ -+ —
T X Tn

is an integer for every n = 1,2,...,2023. Prove that asgs > 3034.

Problem 5. Let n be a positive integer. A Japanese triangle consists of 1 4+ 2 + --- + n circles
arranged in an equilateral triangular shape such that for each i = 1,2,...,n, the i*® row contains
exactly 7 circles, exactly one of which is coloured red. A ninja path in a Japanese triangle is a
sequence of n circles obtained by starting in the top row, then repeatedly going from a circle to one
of the two circles immediately below it and finishing in the bottom row. Here is an example of a
Japanese triangle with n = 6, along with a ninja path in that triangle containing two red circles.

In terms of n, find the greatest k£ such that in each Japanese triangle there is a ninja path containing
at least k red circles.

Problem 6. Let ABC be an equilateral triangle. Let Ay, By, C; be interior points of ABC such
that BAl = AlC, CBl = BlA, ACl = ClB, and

£LBAC+ LCOB1A+ LAC, B = 480°.

Let BC:7 and C'B; meet at A,, let C'A; and ACY meet at B, and let AB; and BA; meet at Cj.
Prove that if triangle A;B;C] is scalene, then the three circumcircles of triangles AA;A;, BBy B>
and C'C1C5 all pass through two common points.

(Note: a scalene triangle is one where no two sides have equal length.)

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



