MeaurepaHcka MaTeMaTH4Ka OJIUMIIKjaaa

12.06.2020 roauua

3agaua 1. Hexa a,b,c ce mo3utuBHU peannu OpoeBu TakBu 1To a+b+C=4. Jlokaxu aeka
4
ab , _bc , ca o 4%12 _

Hac2a6  4zaZiae  Yaptas 3

3agaua 2. Heka S e MHOXecTBO o/ N>2 mpupogHu Opoesu. Jlokaku eka MoCTojaT HajMalKy

n? npUpoaHU OPOeBH KOM MOKAT Ja Ce 3amuiIaT BO OOMUK X+ Yz Kaae X,Y,Z€S.

3agaya 3. Onpenenu ru cCUTe IPUPOAHU OpoeBH M >2 3a KOW MOCTOU NMPHUPOJeH Opoj N>1 Takos
IITO
NzZD(m,n)=1 u NZD(m,4n+1) =1.

3agaua 4. Heka P,Q,R ce Touku ox kpyxHHIaTa K; TaKkBH IITO W} =PR u % >@. Hexka
k) e kpyxHuIa co nenrap Bo P koja ru coapxu Toukute Q u R . Heka mpermocraBume neka
KpY>KHHUIIaTa co IeHTap B0 Q koja MuHyBa HM3 R 10 BTOpmar ja ceue KpyxHuuara k; Bo Toukata X
U 10 BTOp HaT ja ceye K, Bo Toukara Y .

Toukure X um R nexar Ha pa3nuuHH CTpaHH Ha mpasata PQ .

Joxkaxu neka Toukute P, X u Y ce KOJIuHeapHH.

Cekoja 3aaua ce BpeIHyBa 10 7 MOEHHU.
Bpewme 3a pabora 4:30
Kopucremero Ha KanKynaTop He € TI03BOJICHO.
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Problem 1

Let a, b, ¢ be positive real numbers such that a +b+ ¢ = 4. Prove that

ab n be n ca < é Y75
V32 +16 v3a2+16 V32 +16 3 '
Solution. Squaring both terms, we get
ab be ca 2 39
( y + 5 + ) £ —+/8.
V3c2+1 V3a2+1 V3241 9

Applying CBS to vectors © = (\/%, Ve, m) and
. ab be ca
B V32 + 16"\ v3a2 + 16"\ V302 + 16

ab be ca &
+ +
( V32 +16  V3a2+16 /302 + 16)
< (ab+ bc + ca) (

we obtain

ab be ca
+ +
V32 +16  V3a2+16 302+ 16)
From a + b + ¢ = 4 and the well-known inequality (a + b+ ¢)? > 3(ab + be + ca)
immediately follows that ab+ be + ca < 16/3. Equality holds when a = b = ¢ = 4/3.

On the other hand,

\/§< be ) B be - be
V3a2 + 16 Va2 +16/3 = Va? +ab+be+ca
be 1( be be >
<= "
Viet+tb)(ate)  2\atbd atc

The last inequality holds on account of AM-GM inequality. Likewise,

ca 1 ca ca
- <= 4 -
\/§<\/3b2+16> =3 <b+c+b+a)

and

ab 1/ ab ab
3| — )<z +
\/_(\/302+16>_2<C+a c+b)
Adding the preceding inequalities, we obtain

3 ( ab . be N ca >
V32 +16  V3a2+16 32+ 16




1
:§(a+b+c):2.

<1 ca+c&+bc+bc+&b+ab
“2\b+e¢c b4+a a+b a+c c+a cH+b

Therefore,
ab be ca - 23

+ + <
V32 +16  V3a2+16 V302 + 16 3
Equality holds when a = b = ¢ = 4/3. From the preceding, we have

( ab n be N ca )2 - 16 2 V3 - 32 g
V32 +16 V3a2+16 v32+16/ — 3 3 9 "
from which

be ca ab 4
4 + 4 + 4 <3
V3a2+16 V32 +16 V32416~ 3

follows. Equality holds when a = b = ¢ = 4/3, and we are done.
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Problem 2

Let S be a set of n > 2 positive integers. Prove that there exist at least n? integers that can
be written in the form » + yz with z,y,z € S.

Solution

Let m denote the largest number in S. We claim that for all pairs (21,11), (22,92) € S X S

with (21,91) # (22,y2) we have 21 + y1m # 22 + yom. Indeed, suppose otherwise and rewrite
the equation 1 4+ y1m = 22 4 yom into

(3/1 —yg)m = T2 — 1.

If 41 = y2, we get x3 —x1 = 0 and the contradiction (x1,y1) = (x2,y2). If y1 # y2, we get
m = (22 —x1)/(y1 — y2). Since |y1 —y2| > 1 and |z2 — 21| < |m — 1], this inequality implies
m < m — 1 which is ridiculous.

Consequently, the n? integers of the form x +ym with (z,y) € S x S are pairwise distinct.



Problem 3

Determine all integers m > 2 for which there exists an integer n > 1 with
ged(m,n) =1 and ged(m,4n + 1) = 1.

Solution

The answer is all integers m > 2. We first discuss the cases where m is a prime number.

e If m is a prime with m # 3, then any number n with n = —1 mod m works: Indeed, let
n = km — 1. Then ged(m,n) = ged(m, km — 1) = 1 holds and furthermore

ged(m,4n + 1) = ged(m,4km —3) = ged(m,3) = 1.

e If m = 3, then any number n with n = 1 mod m works: Let n = km + 1. Then
ged(m,n) = ged(m, km + 1) = 1 and ged(m, 4n + 1) = ged(m, 4km + 5) = ged(m, 5) = 1.

Finally, let m > 2 be an arbitrary integer, and let p; < ps < --- < ps be an enumeration of the
prime factors of m. We construct a system of congruences for n with 1 <i <s: If p; = 3, then
we impose n = 1 mod p;. If p; #£ 3, then we impose n = —1 mod p;. By the Chinese Remainder
Theorem, there exists an integer n that simultaneously satisfies all these congruences and that
by the above discussion satisfies ged(m,n) = 1 and ged(m, 4n + 1) = 1 as desired.



Problem 4

Let P, Q and R three points on a circle k;, such that PQ = PR and PQ>QR. Let k; be
the circle with centre P that passes through Q and R. Suppose that the circle with
centre Q and passing through R intersect k; again at X and k, again at Y.

The points X and R lie on different sides of the line PQ.

Prove that P, X and Y lie on a line.

Solution 1
All the angles to be directed. The result follows immediately from
KLYPQ = XOPR = XXPQ .

The first equality is due to QR = QY, and so these equal chords subtend equal
angles in k;. The second is due to QR = QX, and so these equal chords subtend
equal angles at the centre of k> .m

Solution 2

We will need to prove that £QPX = ZQPY .

a) Since Q, Y, P, R are concyclic, ZOPY = ZORY and ZOPR = ZQYR.
b) Since the triangle QRY is isosceles, ZORY = ZQOYR .
c) Since the triangles QPR and QPX are congruent (3 equal sides), ~OPX = Z0PR.

From the 3 previous items, we obtain

ZQPY = /QRY = QYR = ZOPR = ZQPX,

and we are done.m




