XVIII International Zhautykov Olympiad in Mathematics. Day 1. Solutions

Nel. Non-zero polynomials P(z), Q(z), and R(z) with real coefficients satisfy the identities
P(z) + Q) + R(z) = P(Q(z)) + Q(R(x)) + R(P(x)) = 0.

Prove that the degrees of the three polynomials are all even.

Solution. Let n be the largest of the degrees of the three polynomials. Denote by a, b, and ¢ the
coefficients of 2" at P(z), Q(x), and R(x), respectively (some of those coeflicients might vanish).
The coefficients of " at P(z) + Q(z) + R(z), as well as of 2 at P(Q(z)) + Q(R(x)) + R(P(z)), both
vanish. Hence,
a+b+c=0 and ab™ + bc" 4 ca™ = 0. (%)

Further we make use only of the two equalities in (x).

The first equality yields that at least two numbers among a, b, and ¢ are nonzero. If the third number
(say, ¢) vanishes, then the second equality is violated. Therefore, all three polynomials have degree n, and
we need to prove n is even.

Assume the contrary, for the sake of contradiction. Without loss of generality, the numbers a and b
have the same sign. Changing the sign of all three numbers a, b, and c, if necessary, we achieve a,b > 0
(this change does not break (x)). Then we have ¢ = —(a+b) < 0 and 0 < a,b < |c|; hence bc™ and ca™ are
negative, and therefore

lbc™ +ca™| > |bc”| = |c| b ||t >a-b- 0" = ab™

This contradicts the secund equality in (x).
Thus, all three degrees are equal to an even number n.

Marking scheme

The points provided for differenmt parts are automatically additive!

Part 1: deg P = deg (Q = deg R.
A proof that all three degrees are equal — 2 points
Only a proof that the two largest degrees are equal — 0 points

Part 2; all thjjree degrees are even.
A proof that the largest degree d is even — 5 points
A system (x) is written down explicitly, with no subsequent essential advantage — 1 point instead of 5.



Ne2. A ten-level 2-tree is drawn in the plane: a vertex A; is marked, it is connected

by segments with two vertices B; and B, each of By and B, is connected by

segments with two of the four vertices C1,Cy, C3,Cy (each C; is connected with

one B; exactly); and so on, up to 512 vertices Ji,..., Js12. Each of the vertices

J1, ..., J512 is coloured blue or golden. Consider all permutations f of the vertices

of this tree, such that (i) if X and Y are connected with a segment, then so are

f(X) and f(Y), and (ii) if X is coloured, then f(X) has the same colour. Find the maximum M such that
there are at least M permutations with these properties, regardless of the colouring.

Solution. The answer is 22

First we ned a suitable terminology. Similarly to 10-level 2-tree we can define a k-level 2-tree for k£ > 1.
For convenience we suppose that all the segments between vertices are directed from a letter to the next
one. The number of the letter marking a vertex we call the level of this vertex; thus A; is the only vertex
of level 1, By and By belong to level 2 and so on). We will also call descendants of a vertex X all vertices
which can be reached from X by directed segments.

Let T} and T be two k-level 2-trees with coloured leaves. We call a bijection f : T} — Ty isomorphism
when two conditions are satisfied: (i) if two vertices X and Y are connected by an edge in T3, then f(X)
and f(Y) are connected by an edge in Ty, and (ii) if X has some colour in T3, then f(X) has the same
colour in Ty. When T = Ty, we call f automorphism of the tree. By x(k) we denote the minimal number
of automorphism a k-level 2-tree with coloured leaves can have (the minimum is over all colourings). Our
problem is to find x(10).

We start with almost obvious

Lemma 1. Isomorphism of trees preserves the level of a vertex.

Proof. Isomorphism f cannot diminish the degree of a vertex. Indeed, neighbours of each vertex X
become neighbours of f(X), therefore the degree of f(X) is not less than the degree of X. By pigeonhole
principle it also means that the degree can not increase. It follows that the last level vertices go to the last
level vertices. Therefore vertices of the previous level go to the same level, since they remain neighbours
of the last-level vertices, and so on.

Now we are ready to solve the problem.

First proof of the lower bound, by induction.

Proposition 1. For each k& > 2 we have x(k) > (x(k — 1))

Proof. In a k-level tree the descendants of B; (including By ) form a k — 1-level tree T7. This graph has
at least x(k — 1) different automorphisms. The same is true for tree T, formed by the descendants of Bs.
Let g and h be automorphisms of 77 and 75 respectively. Now we can define mapping f of the whole tree
applying g to descendans of By, h to descendants of By and A to itself. Obviously f is an automorphism:
for X = A the condition holds since B; and By were mapped to themselves (by Lemma 1), and for X in T}
or Ty because g and h are automorphisms. Thus for each pair (g, h) there is an automorphism f, different
pairs produce different f, and the number of pairs is at least (x(k — 1))2.

Corollary. For k > 3 we have x(k) > 92" 7%

Proof. This inequality is proved by induction, with Proposition 1 as induction step. It remains to
check it for £k = 3. If in a 3-level 2-tree at least one of the vertices By, By has two descendants of the same
colour, there is an automorphism exchanging these two vertices and preserving the rest. If each of By, By
has obe blue and one golden descendant, there is an automorphism exchanging B; and B, and preserving
colours of their descendant. In both cases the number of automorphisms (including the identical one) is
at least 2.

Second proof of the lower bound, without induction.

We already know that every 3-level 2-tree with (four) coloured leaves there are at least two colour-
preservin automorphisms. Now every n-level tree, n > 3, has 2" vertices of level n — 2, and the
descendants of each of these vertices form a 3-level tree. It is enough to consider automorphisms preserving
vertices of level n — 3 (and, a fortiori, of all lesser levels). Such an automorhism can act on the descendants
of each of 2773 vertices of level n—2 in at least 2 ways. Thus there are at least 22""* guch automorphisms. [

It remains to construct for each £ > 3 a colouring of k-level tree a colouring admitting exactly 92"
automorphisms. As it happens sometimes, we will prove somewhat more.



Proposition 2. For each k£ > 3 there are three colourings M, My, M3 of leaves of k-level 2-tree
such that the trees with these colourings are not isomorphic, and each of these colourings admits 92"
automorphisms exactly.

Proof. For k£ = 3 let C;, C5 be the descendants of By, and C3, Cy the descendants of By. The three
colourings are the following: C', Cy, C5 blue, Cy golden; C;, Cs, C3 golden, Cy4 blue; Cy, C3 blue, Cy, Cy
golden. Obviously the trees with these colourings are not isomorphic and admit two automorphisms each.

The induction step. Let My, Ms, M3 be the desired colourings of k-level tree. Consider the following
colourings of the (k + 1)-level tree:

e M, for descendants of B; and M, for descendants of Bs;
e M, for descendants of B; and M3 for descendants of Bs;
o M for descendants of B; and M for descendants of Bs.

It is quite obvious that these three colourings are not isomorphic and have the desired number of
automorphisms.

Comment to the ezample. Note that in fact we solved the following problem: find a colouring of (n — 2)-
level tree in 3 colours such that only identical automorphism preserves the colours. Indeed, there are three
mutually non-isomorphic colourings of 3-level tree in 2 colours having only 2 automorphisms. We want the
colouring of the descendants of each vertex of level n — 2 to be one of these colourings. The correspondence
between vertices of level n — 2 and these three colouring must be the desired colouring of n — 2-level tree
admitting only identical automorphism.

Marking scheme

L A WL ot e 1 point

2. LemIna L oo 0 points
(and points are not deducted if Lemma 1 is not proved)

3. Example and lower bound: ......... . 3 points each
not additive with (1)



Ne3. In parallelogram ABC'D with acute angle A a point N is chosen on the segment AD, and a point M
on the segment C'N so that AB = BM = C'M. Point K is the reflection of N in line M D. The line M K
meets the segment AD at point L. Let P be the common point of the circumcircles of AMD and CNK
such that A and P share the same side of the line M K. Prove that Z/CPM = ZDPL.

Solution. Since CM = AB = CD, the triangle CM D is isosceles. Therefore, ZCDM + ZDMK =
=/CMD + ZDMN = 180°, and hence MK || CD.

Let E be the reflection of C'in the line M D. Then both quadrilaterals DC'M E and ABM E are rhombi
with equal side lengths, as ME | CD || AB and ME = MC = CD = AB = BM. Now, MK || CD
implies that the point E lies on the line K'L. Taking into account that AE = DFE, we obtain /DKFE =
=/DKM =/DNM = ZNDFE = ZNAEFE. So the quadrilateral AEDK is cyclic in some circle w;.

Let wy and ws denote the circumcircles of the triangles AMD and CNK, respectively (since AE =
= DE = ME, the point E is the center of w,). By symmetry in M D, the quadrilateral CK NE is an
isosceles trapezoid, so the point E lies on ws. Let wo and w3 meet again at (). The point L = AD N KE
is the radical center of the circles wq, wo, and ws, so L lies on line PQ).

Let the ray EC meet wy at 1. Then the arcs M and ID in circle wsy are congruent, so that I lies on the
internal angle bisector of ZDPM. But the point [ lies also on the internal angle bisector of ZC PQ), since
LQPI = ZQEI)2 = ZQEC/2 = ZQPC/2. Therefore, the lines PM and PD are symmetric to each other
with respect to the internal angle bisector of ZQPC| which yields the desired equality Z/CPM = ZDPL.

Remark 1. The points M and D are isogonally conjugate with respect to the triangle C'PQ), while I
is the incenter of that triangle.

Remark 2. The point M is the incenter of the triangle AKD.

Marking scheme
An unfinished analytical solution (by means of Cartesian coordinates, complex numbers, vectors,
trigonometric formulas, etc.): ... .. 0 points
Partial score

The points listed below are to be added to each other.
Let () denote the second meeting point of the circles (AM D) and (CNK).

1. A proof that MK || CD: ..o e e e e 1 point
2. A proof that the quadrilateral AEDK is cyclic: ... 2 points
3. A proof that L lies on the line PQ: ... ... . i 1 point

4. A reduction of the problem statement to the fact that L lieson PQ ..................... 3 points
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Neq. In triangle ABC, a point M is the midpoint of AB, and a point [ is the incentre. Point A; is the
reflection of A in BI, and Bj is the reflection of B in AI. Let N be the midpoint of A;B;. Prove that
IN > IM.

First solution. Due to symmetry, we get [A; = IA u IB; = I B. Therefore,

A(IN® — IM?) = |TA; + IB|" — |TA+ 1B’
= (IA?+ 1B} 4+ 2[A, - IB; - cos LAIB,) — (IA* + IB*+2[A-IB - cos ZAIB)
=2IA-IB- (cos LA1IB; — cos LZAIB).

So, to prove the required inequality IN > I M, it suffices to show that cos ZAIB; > cos ZAIB.
Notice that ¢ = LZAIB = 90° + ZACB/2 > 90°. By symmetry again, we have ZA;IB = ZAIB =
= LAI By = ¢. Therefore, if ¢ < 120°, then

LAIBy =360° — (LAIB + LAIB + ZAIB;) = 360° — 3¢ € [0°, ¢),

since ¢ > 90°. This yields the desired inequality.
Otherwise, if ¢ > 120°, then

LAIBy, = (LAIB+ LAIB + ZAIBy) — 360° = 3¢ — 360° € (0°, ¢),

since ¢ < 180°; this again yields the desired inequality.

Second solution. Notice that the angle AIB is obtuse, since
LAIB = 90° + LACB/2. Clearly, A; lies on the line BC, while
B lies on the line AC. Let D and E denote the midpoints of the
base sides BBy and AA; in the isosceles triangles BAB; and ABA;,
respectively. Then ZADB = ZAEB = 90°, which means that AF
and BD are altitudes in the obtuse triangle Al B. Hence, the points
I and M share the same side of the line DE. Moreover, the points A,
B, D, and FE lie on a circle centered at M.

The properties of a midline yield DN = BA;/2 = BA/2 =
= DM, so that DN = DM = AB/2. Similarly, we obtain EN =
= EM = AB/2. Consequently, the quadrilateral MDNE is a
rhombus, in which the line DFE is the perpendicular bisector of
the diagonal M N. Since I and M share the same side of that line, % ’ M ’ B
we have IM < IN. (Indeed, the semiplane of the perpendicular
bisector DFE containing M is the locus of the points which are closer to M than to N. Since [ lies in that
halfplane, we have IM < IN.)




Ne5. A polynomial f(x) with real coefficients of degree greater than 1 is given. Prove that there are
infinitely many positive integers which cannot be represented in the form

fln+1)+f(n+2)4+--+ f(n+k)

where n and k are positive integers.

Solution.

Let the leading term of f(x) be ax™. If a < 0, the number of integer x with positive f(x) is finite,
therefore sum f(n + 1)+ -+ + f(n + k) is bounded and has finitely many positive values. Thus we can
confine ourselves to the case a > 0. In this case f(x) takes finitely many negative values for positive integer
x, and there is some d such that f(z + 1) + f(z +2) +--- + f(z + d) is always positive.

Lemma. If P(z) is a polynomial of degree m with positive leading coefficient, then P(z) > baz™ for
some positive b and all z greater than some C'.

Indeed, if r is the leading coefficient of P, for each b < r the polynomial P(x)—bx™ has positive leading
coefficient and is positive for lare enough .

Polynomials f(§ — 1) and f(x) have the same degree m, therefore there exists b > 0 such that f(z) >
> bx™, and f(5 —1) > ba™ for v > C.

Let us consider large enough M and evaluate the number of pairs (n, k) such that f(n+1) 4 --- +
+ fin+k) <M.

Ifn > % (we take M large enough for the right-hand side to be greater than C), each term in the
sum is greater than bn™ > bn? > M, thus the sum is greater than M.
If k> {/2L (we take M large enough for the right-hand side to be greater than 2d), at least k/2

among the numbers n+ 1, ..., n+ k are no less than k/2 — 1, therefore, the respective terms are greater
than bk™ > bk?, and their sum is greater than g X bk* = % > M. The rest of the sum is positive (since
k > 2d), and the entire sum is again greater than M.

Hende the number of pairs (n, k) of positive integers such that f(n+1)+---+ f(n+k) < M does not

exceed {’/% \/% M?®/6 which is less than M/2 for large enough M. We see that there are at least M /2
positive integers without desired representation, and M can be arbitrarily large.



Ne6. Do there exist two bounded sequences aq,as, ... and bl, bs, ... such that for each positive integers n
and m > n at least one of the two inequalities |a,, — ay| > = =, b — bn| > — 77 holds?

Solution. Suppose such sequences (a,) and (b,,) exist. For each pair (z, y) of real numbers we consider
the corresponding point (x,y) in the coordinate plane. Let P, for each n denote the point (a,,b,). The
condition in the problem requires that the square {(x,y) : |z — a,| <= =, |y —bn| < f} does not contain
P, for m # n.

For each point A, we construct its private square {(z,y) : |z — a,| < ﬁﬁ, ly — b,| < ﬁﬁ} The
condition implies that private squares of points A, and A,, are disjoint when m # n.

Let |a,| < C, |b,| < C for all n. Then all private squares of points A, lie in the square {(z,y) : |z] < C+
+ %, ly| < C+ %} with area (20+ 1)2 However private squares do not intersect, and the private square of

P, has area . The series 1 + + + - -+ diverges; in particular, it contains some finite number of terms

with sum greater than (2C + ) , Wthh is impossible if the respetive private square lie inside a square
with area (2C' + 1)? and do not intersect. This contradiction shows that the desired sequences (a,) and
(b,) do not exist.



XVIII Meostcoynapooras 2Kaymukosckas orumnuada no mamemamure. [lepeviti dens. Pewenus 3aday

Nel. Henyuesbie muorowtenst P(x), Q(z) n R(z) ¢ BemecTBeHHBIME KOIMDbUIMEHTAME Y/I0BIETBOPSIOT
TOXKIECTBAM

P(z) + Q(z) + R(z) = P(Q(z)) + Q(R(z)) + R(P(z)) = 0.
JlokazKuTe, 9TO CTENMEHN BCEX TPEX MHOTOUJIEHOB YETHHI.

Pemienne. [lycts n — manbosbiasg u3 crerneHeil JaHHBIX TPEX MHOTOo4wIeHOoB. [lycrh a, b m ¢ — k03-
dbunments! npu " B Muorowrenax P(z), Q(z) u R(x) cooTBeTCTBEHHO (HEKOTOPBIE M3 STHX UUCEJ MOTYT
OBITH HYJISIMH).

Kosddunmentsi upu " B muorowiene P(z)+Q(x)+R(x) n npu 2 8 muorounene P(Q(z))+Q(R(z))+
+ R(P(x)) paBHBI HYJIIO, TO €CTb

a+b+c=0 u ab™ + bc" 4 ca™ = 0. (%)

Jlajee Mbl OyaeM 10JIb30BAThCS TOJIBKO STUMU PaBEHCTBAMMU.

13 mepBOro paBeHCTBa BBITEKAET, U4TO XOTsI ObI JBa W3 4nces a, b, ¢ HeHysieBble. Ecim Tperhe (ckazkeMm,
¢) PABHO HYJIIO, TO BTOPOE PaBEHCTBO BBIIIE HeBepHO. [109TOMY BCe TpH MHOTOWIEHA UMEIOT CTEeNeHb 7, U
HaI0 A0Ka3aTb, YTO 71 IETHO.

[Ipeanonoxkum nporuBHoe. Bes orpanudenus obuHOCTH, Yncjaa a u b ogHoro 3uaka. Jlomuoxkas, ecan
HaJI0, BCe TPH 4YncIa Ha —1 (ITO He MeHsIeT paBeHCTB (*)), OyJaeM caurarth, 9o a,b > 0u c = —(a+0b) < 0.
Torma 0 < a,b < |c|, n aucia bec™ u ca™ orpunarenbusl. Ho B 9TOM Cydae

lbc™ + ca™| > |bc™| = |c|-b-|e|" T >a-b-b" = ab”,

YITO TPOTHBOPEYHUT BTOPOMY PABEHCTBY B ().
Nrak, Bce Tpu creneHu paBHbl YETHOMY YHCILY 7.

Kpurepuu. Laasve 3a paznvie wacmu ckaadvsaromcs!

Yacmo 1: deg P = deg () = deg R.
Jlokazano, 9TO BCe TPU CTENEHU MHOTOUJICHOB PABHBI — 2 060444,
JlokazaHo JIHIIb, 9TO /IBe HAMOOJBIINX CTENeHN PABHBI — () 6a.4.108.

Yacmo 2; Bce cTelleHN YETHHI.
JlokazaHo JIUIb, YTO HAUOOJIbINag U3 cTeneHeil Muorowtenos P, (), R uéraa — 5 6a.anr086.
Beinucana jiunib cucrema (x) 6e3 jJajibHeRIINX CoJepzKaTe/IbHbIX POJABUKEHUN — 1 baan smecmo 5.



Ne2. Ha miockoctn HapucoBano 10-3TakHoe 2-71epeBo: oTMedeHa BepmuHa Ap, OHA
coeJIMHEHa OTPEe3KaMU C JABYMsS BepImmHaMu B u Do, KayKaasg U3 KOTOPBIX COeJIH-
HeHa oTpe3Kamu ¢ aByMs u3 derbipex Bepumn Cp, Cy, C3, Cy (KaxKaas u3 BepIinH
C; coeuHeHa POBHO ¢ OAHOI Bepuiuuoil B;); 1 Tak jajee BIUIOTH 10 512 Bepuinn
Ji, ..., J519. Kaxxmas sBepmuna Ji, ..., 519 nOKpaineHa B OJWH U3 JBYX I[BETOB:
rory6oit mm 3010ToM. PaccMaTpuBarOTCsT BCEBO3MOYKHBIE TEPECTAHOBKU [ MHOXKe-
CTBa BEPIIMH HAPUCOBAHHOTO JiepeBa, Takue 4ro (i) ecu Bepumabl X U Y ObLIN COEJUHEHBI OTPE3KOM, TO
sepiunbl f(X) u f(Y) Takxke coequnensl orpe3koM, u (ii) ecin Bepimmaa X OblIa MOKPAIIEHA B KAKOMH-TO
user, To BepumHa f(X) nokpamena B Tor xke nser. s kakoro MmakcumaibHoro M 3aBejoMo HailLyTcst
X0Tst Ob1 M pa3IuYIHBIX PACCMATPUBAEMBIX MEPECTAHOBOK?
Orser: 22"
Pemenne. [[1s nauasa, BBegeM ya00HYIO TEPMUHOJIOTHIO. 3aMETHM, 9TO aHAJOTUIHO onpesenennto 10-
9TayKHOTO 2-7iepeBa (¢ MOKPAIIIEHHBIME B JIBA [[BETA JTUCThSAMI), TAHHOMY B YCJIOBUH 3a/1a9H, MOXKHO OIpe-
JeITh k-3TazkHoe 2-gepeBo aiudg 1 < k. Jlng ymobcrBa Mbl OyjgeM CUHTATh, 9TO BCE OTPE3KU MEZKIY
BEepIINHAMHI JIepeBa OPUEHTUPOBAHBI OT MeHbImeil OYKBHI K Oosbimeit. Homep OYKBBI, KOTOpOil moMedeHa
BEDIIUHA JePeBa, Oy/1eM HAa3bIBATh IMAHCOM JTAHHON BepumHbl (Tak, A — e JMHCTBEHHAs BEPIIMHA IEPBOTO
sraxka, By, By — BepIIUHBI BTOPOTO, U T.JI.), TaK:Ke GyJeM TOBOPUTH O MHOYKECTBE BEDIIUH, JOCMYNHuT u3
sepwutb, X — BEpITHHAX, B KOTOPbIe MOKHO MPUATH u3 X, s MO CTPEJTKAM.

[IycTh HA MIOCKOCTH HAPHCOBAHBI JBA Kk-ITayKHBIX 2-7epeBa ¢ MOKPANIEHHBIMU JUCThIMU. Bueknuio f
13 MHOYKECTBA BEPIIWH TEPBOTO /IePeBa B MHOXKECTBO BEPIIUH BTOPOTO JepeBa OyIeM HA3bIBATL U30MOP-
Pu3mom TePEBHEB, €CJTH BBIMOJTHIIOTCS JBA yCJIOBUS: BO-TIEPBBIX, ecyii Bepiiuabl X u Y ObLIN COeUHEHbBI
OTpPe3KOM B mepBoM Jiepese, 10 Bepiuabl f(X) n f(Y') coeaunens 0Tpe3KOM BO BTOPOM JiepeBe, BO-BTOPBIX,
u ecsin BeprmHa X OblIa MOKpalieHa B KAKOH-TO 1BET B MepBOM JiepeBe, To BeprmHa f(X) mokpariena B
TOT 2Ke IBeT BO BTOPOM JepeBe. B wacTHOM ciIydae, KOT/Ia B KadecTBe IEPBOTO M BTOPOTO JepeBa B3ATO
OJTHO ¥ TO K€ NIepeBo, Oueknuio f Oymem HA3BIBATL asmomopdusmom nepesa. Hepes x (k) obo3HATHM MUHH-
MaJIbHOE KOJIMYECTBO aBTOMOP(MU3MOB Y k-3TazKHOIO 2-Ji€peBa ¢ IIOKPAIICHHBIMU JTUCThsIMU (11 MUHEMYM
Gepercsi MO BceM BO3MOXKHBIM TMOKpackaM). Ha BBejeHHOM s13bIKe B 3a1a4e Tpebyercs nHaiitu x(10).

Haunem ¢ mouTn o9eBUIHON JIeMMBI:

Jlemma 1. Hzomoppusm depesves coOTpansem amatc 6epuiHbL.

HoxkazaresbcTBo. l30Mopdusm f He ymenbmaer crenenb Bepmunbl. B camom jesie, st J1i000it Bep-
muabl X Bce ee cocenu mepexonsaT B coceleil Bepmunbl f(X), snaunt y f(X) coceneit He MeHbIne, dyem
ob10 y X. Torga mo npunnuny JIupuxie crenenh He MOXKET W YBEJIMUNBATHCS. SHATUT, BEPITHHDBI OCJIEI-
HEro 3Tayka HepexoidT B BEPIIMHBI MOCJEIHEr0 9Tazka, HOCKOJIbKY TOJIBKO 3TH BEPIIMHLI UMEIOT CTEIEeHb
1. BHaunT, BEpPIIMHBI IPEANOCAeIHEr0 3TazKa MePeXoAAT B BEPIIUHLI IPeIN0CIeIHEer0, MOCKOIbKY TOIKHBI
OCTATHCHA COCEIAMHU COOTBETCTBYIOIIMX BEPIIUH C MOC/IEHero sraxa. Ul Tak naJee.

Tenepb MbI TOTOBBI IPUCTYNUTH K COOCTBEHHO PENICHUIO 3a/1a4H.

ITepBoe mOKa3aTEbLCTBO OLEHKY CHU3Y, 110 WHIYKIUN.

Ipennoxenune 1. Ipu awbom k > 2 swnoanaemes x(k) = (x(k — 1))

HoxkazareascTBo. lisi k-31azkHOro jgepesa noarpad Ha BepIIMHAX, JOCTYIHBIX U3 B (BK/IHOYas camy
By) siBisiercst k — 1-sTazkHbIM JepeBoM. 3Ha4YUT, ecTh XoTst Obl X(k — 1) pasamanbix aBTOMOpGhU3MOB
sToro nojarpacda. Beibepem omgma u3 Hux, o603HaUMM ero ¢. AHaIOrmvuHO st moArpada Ha BEpIIMHAX,
JOCTYTHBIX U3 By BoiGepeM aBToMOpdu3M A, 9TO TOKE MOKHO ¢jie1aTh XoTs 061 X (k—1) cnocobamu. Temepnb
PaAcCCMOTPHUM CJIeyIoniee 0ToOparKeHrne BepInH k-3TaKHOTO JepeBa: BepPIINHBI MOJaepeBa B oTobpasum
C TIOMOIIBIO ¢, BEPIHIMHBI 1o iepeBa By — ¢ nomornipio h, A orobpaszum B cebst. O4ueBuHO, MbI TOJIY YT
apromopdusm: mis X = A ycjaoBue BBINOIHSETCs, MOTOMY 4T0 By u By mepenum B cebst (110 JiemMme 0
COXpaHeHWN Taxa), 1t X B OJHOM W3 JABYX k — 1-3TaKHBIX MOJIEPEBHEB YCJIOBHE BHITTOIHSIETCSI, TTOTOMY
aro g u h 6eltn aBromopdusmamu. Vrak, ynopsaodenuoi nape (g, h) Mbl conoctaBuiun aBroMopdusm f,
IIPUTOM PA3HBIM MapaM COOTBETCTBYIOT pasubie f, a Takux map munumyM (x(k — 1))2.

Caencrue 1. Jlaa k > 3 swnoanaemes x (k) > 2277



HokazarenbcTBo. Jlokaxkem siBHBIM oOpasoMm st k = 3, aisa Oosbmux 3uadennii k Ilpemgnoxenne 1
JIaeT B TOYHOCTHU IHar uuayknuu. Pacecmorpum 3-3raxkuoe 2-yepeBo. Ecim jutg XoTs 661 0/iHOIT U3 BepIIUH
By, By n1Be coequneHHble ¢ Heit Bepiiuabl C' MOKpaIeHbl B OJINH IIBET — TO CYIIECTBYeT aBTOMOP(U3M, Iepe-
CTABJILIONIUNA UX ¥ OCTABJISAIONIMI BCe OCTAJIbHbIE BEPIIMHBI HA MECTE, TO €CTh aBTOMOP(MU3MOB MUHUMYM 2
(emme opmH TOXKAecTBeHHBI). Ecan ais obenx sepmun By, By cpenn coepnHeHHbx ¢ HuMu BepiH C' ecTb
oJ/iHa TOJIyDOast M OJHA 30J10Tasi — €CTh aBTOMOpduU3M, MeHsifomuit MmectamMmun By u By, 1 U3 MOAINHEHHBIM
uM BepmuH C' MepeBOaAIIIil roJyOyo B royOyio, a 30J0TYI0 B 30JI0TYI0 — HTOIO OIIATD K€ MUHUMYM €CTh
JIBa aBTOMOPGHU3MA ¢ YIeTOM TOXK/IeCTBEHHOTO.

Bropoe moka3aTeabCTBO OMEHKY CHU3Y, 0€3 MHIYKIAN.

3ameTnM, 9To JJIs 10000 3-3Ta’KHOIO JlepeBa, BEPITHHBI KOTOPOTO MOKPAIIEHbI B JIBa 1BeTa (HamoM-
HUM, Yy 3-9TazKHOTO JiepeBa 4 BHCSUIHe BEPIUHBI) CYIIECTBYeT XOTs Obl JBa aBTOMOpPdHU3Ma, COXpaHSIIOIINe
packpacky. Torma 3aMeTHM, 4TO y n-3TayKHOTO JepeBa IMpU 1 > 3 ecTh 2" 2 BepmmH 1 — 2-TO YPOBHI,
13 KaxKJ0i# U3 KOTOPBIil JJOCTYITHO 110 CTpeaKaM 3-3TazkHoe JiepeBo. Torjaa J0cTaTouHo pacCMOTPETh aBTO-
MOPMU3MBI, OCTABJILIONIIAE Ha MECTE BCE BEPIIMHBLI YPOBHS N — 3 ¥ MEHBIINUX, U KAK-TO HEePECTABILAIONINAE
BEPIIUHBI KAZKJIOTO U3 ITUX 3-9TaXKHBIX JiepeBbeB. [[0CKOJIbKY /s KazK/I0I0 U3 TaKUX JIEPEBHEB €CTh XOTs
OB 1Ba aBTOMOP(U3Ma, a TAKIX HOIePeBbes 2™ 2 — BCero mocTPOeHO MIHIMYM 22" ? aBTOMOppu3MOB. [

Ocrajoch M0 UHAYKIME MOCTPOUTDH /I KazKJI0To k > 3 MOKpacKy JINCTHEB k-3TaKHOTO JiepeBa, JIIs
KOTOpOii y JepeBa Oy1eT pOBHO 92" aBTOMOP(hU3MOB. 3J1eCh €CTh 0JHA XUTPOCTh: KaK 9TO HHOIIa OBIBAET,
YTOOBI YTBEPKIECHIE XOPOIIO JTOKA3BIBAIOCH 0 UHAYKIIUKA €ro HAJA0 YCHIUTh.

IMpennoxkenne 2. Ilpu awbom k = 3 natidymes mpu nokpacku My, Mo, M3 aucmoes k-amaostcrozo

k—3
depe6a, makus 4mo 0epevba ¢ IMUMU NOKPACKAMU NONAPHO He U3oMopPHbL, U Kascdoe umeem posno 27
asmomopPhuU3Mos.

HoxkazarenbcTBo. basza mis k = 3. Bygem cuurarb, uro B; coeaunena ¢ C7, Cy, coOTBETCTBEHHO Ba
— ¢ U3, Cy. Tlokpacku C4, Cy, C3 — roayosie, Cy — 30m0tas; O, Cy, C3 — 3010THIe, Cy — TOIYyDast; HAKOHEI]
C1, Cs — ronyosie, Cy, Cy — 3010TBIe. OUEBUIHO, UTO JIEPEBBST MOMAPHO HEM30MOP(HBI, 1 aBTOMOPMU3MOB
POBHO 2.

[Tepexom unayknuu. [Iycts Tpu mokpacku My, My, M3 nia k-stazknoro aepea nmoctpoenbl. PacemoT-
pUM CJIeIyIONIe MOKPACKH JINCTheB Kk + 1-3TaykHOro:

® JINCThs, JOCTYIHBIE U3 B mokpacum ¢ noMoibio My, pocrymmble u3 By — ¢ nomonisio Mo;
® JIMCThs, JOCTYIHBIE U3 B moKpacum ¢ noMoIibio My, poctymmble u3 By — ¢ nomonisio Ms;
® JINCThsI, JOCTYIHBIE U3 B MOKpacuM ¢ moMoIbio My, noctymnHabie u3 By — ¢ momoibo Ma.

OueBnHA KaK MomapHasd HEH30MOP(MHOCTD, TaK U HYZKHOE KOJUIECTBO aBTOMOP(MU3IMOB.

Kommenmapui x nocmpoenuto npumepa 6 dyxe 6mopozo doka3amesvbcmasa 0uenku. 3aMeTM, 910 hak-
TUYECKH MBI PEeajn CAeAyIONyo 3aa49y: HTOCTPOUTDH TaKyl0 PACKPACKY BUCIYUX BEPIIUH N — 2-9TAyKHOTO
JiepeBa B TPHU I[BeTA, 9TOOBI TOJIHBKO TOXKJIECTBEHHBINH aBTOMOP(MU3M cOXpaHsI MOKpacKy. B camoMm jere:
€CThb TPHU B3aUMHO-HEH30MOPMHBIX MOKPACKH 3-3TazKHOI'O JIepeBa B JIBa I[BeTa, TAKUX YTO IMOKpACKa HMEET
JINIIB JBa aBTOMOpdu3Ma. Torma Mbl XOTHM, 9TOOBI B IMOKpAacKe n-3TayKHOTO JiepeBa IMOKpacKa KazKI0ro
3-3TazKHOTO TOJIepeBa, JMOCTYITHOTO U3 KaKOW-TO BEPITUHBI N — 2-TO YPOBHS, ObLTa OIHON M3 3TUX Tpex
noKpacoK. Tun 3Toit HoOKpacKu MNpUITUIIIEM COOTBETCTBYIONIEH BepiluHe N — 2-10 yPOBHS — MOJIyYUJIU T10-
KPACKY BEpINUH N — 2-3TazKHOTO JiepeBa B 3 1iBeTa. Mbl BCero Jiiirb XOTUM OT ITOIl MOKPACKHU, YTOObI OHA
HEe ¥MeJIa aBTOMOP(MU3MOB KPOMe TOYKIECTBEHHOTO.

Cxema OIlleHKH.

L O BOT: .ot 1 6amxn

2. JLeMIMA L o 0 60aJJ10B
(3a oTcyTCcTBHE JOKA3ATENIbCTBA JeMMbI 1 GAJLIBI HE CHUMAIOTCS)

TR 103 5] 0B 0 £ (15§ mo 3 Gasma
(au TO, HU Apyroe He cymmmupyercs ¢ (1))



Ne3. B nmapamnenorpamve ABC'D ¢ octpeim yriom A Ha orpeske AD ormedena Touka N, a Ha OTpe3Ke
CN — touka M tak, uto AB = BM = CM. Touka K cuvmMerpmdHa To4dke N OTHOCHTETHLHO IPAMO
M D. Tlpasmas M K nepecekaet orpe3ok AD B Touke L. [Iycts P — 0611as TOYKa OMUCAHHBIX OKPYKHOCTEI

rpeyrojabaukoB AM D u C'N K, upudyem touku A u P jiexkar 110 oany cropony ot upsamoii M K. Jlokaxkure,
aro /CPM = Z/DPL.

Pemenne. Tak kak CM = AB = CD, tpeyronsauk C'M D pasuobeapennstii. [Tostomy ZCDM +
+ /DMK = ZCMD + ZDMN = 180°, To ectb MK || CD.

[Iycth Touka F cumMerpuuna Touke C' oTHOCHTEbHO psiMoit M D. Torma detbipexyronbauku DC M E
n ABM E — pom6sI ¢ paBabIMHE cTOpoHamHu, Tak Kak M E || CD || ABu ME = MC =CD = AB = BM.
[Mockoibky MK || C'D, nosyuaem, uro E jexur na upsmoii K L. YuurbiBas, uro AE = DE, umeem
DKE = /DKM = /DNM = ZNDE = ZNAE. Tlostomy uerbipexyrospank AEDK Bnucan B
HEKOTOPYIO OKPYKHOCTH W1.

O0603HaYMM Yepe3 Wy M W3 OHUCAHHBIE OKPYKHOCTH TpeyroabHukoB AMD u C'NK coorBeTCTBEHHO
(mockosbky AE = DE = ME, touka E sBisiercst HeHTPOM ws). VI3 cummerpuu orHocuTeabHo M D
nosiydaem. uto C'KNE — paBHoOoKasi Tparmemnusi, mo3ToMy Touka F jgexutr Ha wsz. Ilycth wy m w3 BO
BTOPOii pa3 mepecekyuch B Touke (). Touka L = AD N K E — pajukaabHblil EHTP OKPYZKHOCTEH Wy, Wy 1
w3, modTOMy L Jiexkut Ha mpamoit P(Q).

[Tycts siya EC unepecekaer wy B Touke [. Torma ayru IM u [D B OKPyKHOCTH Wy PABHBI, TO €CTb [
jgexut Ha Ouccekrpuce yrota DPM. Ho I takxke jexut na duccexkrpuce yrina C'PQ), tak kak LQPI =
= /ZQFI/2 = ZQEC/2 = ZQPC/2. Caenosarensno, npsivibie PM w PD cuMMeTpUYHBI OTHOCHTETHHO
ouccexkrpucel yria Q PC, orkyna u cienxyer ZCPM = ZDPL.

Sameuanne 1. B Tpeyrospauke C'PQ toukun M u D M30roHAJBHO CONpPSIZKEHBI, & TOUKa [ sBJIg€TCS
IEHTPOM BIIUCAHHON OKPYZKHOCTH.

Sameuanune 2. Touka M gBiasgeTcsa TOUKOIl mepecedenns GuccekTpuc Tpeyronbauka AKD.

Cxema OIlleHKH.
HejoBeiennoe cuerHoe penienue (B KOOp/UMHATAX, B KOMILJIEKCHBIX YUC/IAX, B BEKTOPAX, TPUIOHOMET-
03 (L6 (X0 T 7 s 1 ) P 0 GassioB
YacTuunbie 06aJLIbI.

Ipusedénmnvie Husce barrvl Mo2ym cKAaOLEAMbEA 0pYye ¢ Opy2oMm.

Hepes @ obo3Hadaercss Bropast To4Ka nepecedenusi okpyzxuocreii (AM D) u (CNK).

1. Jokazano, 910 MK || CD: ..o e 1 6ann
2. Jlokazano, 4r0 AE DK — BOUCAHHBIA T€TBIPEXYTOMBHIK: .\t etteeteeeeeaeeneennnnns 2 basia
3. Hokazano, 910 L jgeKuT Ha TPIMOTT PG ... e 1 6ann

4. VTBep:KIeHHEe 3aJIa9d BbIBEJICHO U3 TOro daxra, 4ro L jexkur vHa PQ ................... 3 bamma
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Neq4. B rtpeyrosnpanke ABC touka M — cepemnuna croponbt AB, a [ — 1eHTD BIUCAHHOW OKPYKHOCTH.
Touka A; cummverpudHa ToOuKe A OTHOCHTENBHO TpsaMoit BI, a Touka B cuMmMerpuvHa ToYKe B OTHOCH-
resibHO mpamMoit Al. [lycte N — cepenuna orpeska A B;. Jlokaxure, aro IN > I M.

ITepBoe pemrenne. 113 cuvmverpun nonyaaem [A; = IA u IB; = I B. ITostomy

A(IN® — IM?) = |TA; + IB|" — |TA+ 1B’
= (IA?+ 1B} 4+ 2 A, - IB; - cos LAIB,) — (IA* + IB*+2[A-IB - cos ZAIB)
=2IA-IB - (cos LA1IB; — cos ZAIB).

BHaYNUT, /I pelleHns 3a0a9l JTOCTATOYHO J0Ka3aTh HepaBeHcTBO cos LA1IB; > cos LZAIB.
Bamerum, uyro ¢ = LAIB = 90°+ZACB/2 > 90°. I3 cummerpuu umeem LA IB = ZAIB = ZAIB, =
= ¢. lloaromy, ecsin ¢ < 120°, To

LA1IB; =360° — (LAIB + LAIB + ZAIB;) = 360° — 3¢ € [0°, ¢),

noCKOJIBKY ¢ > 90°. Orcroma cieayer Tpebyemoe HEPABEHCTRO.
Ecmm xe ¢ > 120°, To

LAIBy, = (LAIB+ LAIB + ZAIBy) — 360° = 3¢ — 360° € (0°, ¢),

MOCKOJIBKY ¢ < 180°; oTcroa onsTh yKe-TaKu CJaeayeT Tpedyemoe.

Bropoe pemtenue. 3amerum, aro yroa AlB Tymoii, Tak Kak
LAIB = 90°+ ZAC B/2. TloustHo, uto A; nexut Ha npsmoit BC,
a By —mna upsamoit AC. Ilycrs D u E — cepeaunbl ocnoBanuii B By
n AA, paBHOOenpenubix TpeyroabuukoB BAB; u ABA; coorser-
crBenno. Torma LADB = ZAEB = 90°, o ectb AE uw BD —
BBICOTBI TYIOYTroJibHOro Tpeyroibauka Al B. Ilostomy Ttouku [ u
M nexat mo omHy cTOpoHy OoT npsamMoii DE. Kpome Toro, Touku A,
B, D u E nexar Ha OKpyKHOCTH ¢ 1ieHTpoMm M.

N3 coiicrBa cpejneit junuum TpeyrojbHuka uveem DN =
= BA,/2 = BA/2 = DM, 10 ectrb DN = DM = AB/2. Anaio-
ruano noayuuMm EN = EM = AB/2. Caenosarensuo, M DNE —
poM0, B KoTopoM mipsiMast D E aBisgeTcs cepeInHHBIM MePHeHTIKY -
nspom orpeska MN. Tlockonbky I m M jexar mo OfHy CTOpomy % ’ M ’ B
or nupsamoit DFE, nonydaem [M < IN. Ilocieanee He CJI0XKHO J10-

Ka3aTh. [[oJIyIJIOCKOCTh OTHOCUTEILHO CepeIMHHOro nepnenaukyiaspa DE, B koropoit jexutr M — 310
reoMeTPUIeCKOe MeCTO TOUeK, KoTopbie Otnzke Kk M, gem k N. [TockosibKy [ JIe2KUT B 9TOiH MOTYTLIOCKOCTH,
to IM < IN.




Ne5. JTan muorowsren f(x) ¢ BemectBenHbIME Kodbdunmentamu crenenn Bbite 1. Jfokazkure, 9410 cyIie-
CTByeT OECKOHEYHO MHOT'O HATYPAJTbHBIX YHCE], He TPeJICTAaBUMBIX B BUJIE

fin+1)+--+ f(n+k)

C HATYpaJbHBIME N 1 k.

Pemenne. [lycrs crapmmii wien muorowrena f(x) pasen ax™. Ilpu a < 0 cpenn 3navennit f(x) B
IIEJIBIX TOYKAX JIMIIb KOHEYHOE YHCJIO MOJOKHUTEIbHBIX, cJegoBaresbo, cymma f(n+ 1)+ -+ f(n+ k)
OrpaHrYeHa ¥ IPUHUMAET TOJHKO KOHEYHOE YUCJ/I0 HATYPaJbHBIX 3HadeHuii. [109TOMy MbI OrpaHuduMCst
caygaeM a > 0. B stom cayvae f(x) npuHMMaer mpH HATYPAJbHBIX X JIHITH KOHEYHOE YHCJIO OTPHIA-
TeJbHBIX 3HAYeHHi, u cymecrByer d taxkoe, uro f(z + 1) + f(z + 2) + --- + f(z + d) Bcerna Gosbmre
0.

JIemma. Eciin P(x) — MHOrOY/IEH CTEHEHH M ¢ MOJOXKHUTEbHBIM cTapimM Kodhduuenrom, ro P(z) >
> bx™ mpu HEKOTOPOM MMOJIOKHUTETbHOM b u Beex x, 6osbmux Hekoroporo C'.

JeificTBuTe/ibHO, eciiu 1 — crapiuit Kodgdunuent MaorodaeHa P, To npu Jo06oM b < r MHOTOYIEH
P(z)—bx™ umeer HOIOKUATENbHBII cTapini KO3GMUIHEHT U TOITOMY TIOJOKATETEH IPU BCEX JOCTATOTHO
OOTBITNX .

Muorowien f(§5 — 1) umeer, kax u f(), crenenns m, HO3TOMY MOXKHO BHIOPATH HOJI0XKUTEILHOE b TaK,
aTobpl 11pu Beex > C' BbinoansIuch oba nepasencrsa f(x) > ba™, f(5 — 1) > ba™.

Pacemorpum gocratodno 6osbiioe uncao M u onennm Kosmdectso nap (n, k), mas koropeix f(n+1)+

Foot f(n+ k) < M.

Ecmm n > @/% (M B3stt M makuM, 9TOOBI MpaBas 4acTh Oblia 6oubine C'), TO KazKIoe ciaraeMoe B

cymMme Gosbie, yem bn™ > bn? > M, mostomy cymma Gosbire M.

Ecmu k > ¢/ % (mMbI B3stim M TakuM, 9TOOBI TpaBast 9acThb ObL1a 60bIne 2d), TO X0Ts ObI k/2 U3 quncen

n+1,..., n+k ne Menbiue k/2 — 1, ciiejioBaTebHO, COOTBETCTBYIONIUE caraeMble He MeHblre bk™ > bk?,
a CyMMa 3THX CJaraeMbIX He MeHbIIe g X bk? = % > M. CymMa OCTAIbHBIX CJIATAeMBIX TOJOXKATETbHA
(tak Kak k > 2d), u Bca cymma cHoBa 6osbime M.

Taxum 06pa3om, ap HaTypaabHbIX duces (n, k), mis koropsix f(n+1)+---+ f(n+k) < M, ue 6osbiie

\3/% . \/% -M?®/6 410 pm mocrarouno 6opmux M Menbie, dem M /2. Mbl BUIUM, 9ITO CYIIECTBYET He MEHee

M /2 narypanpubix dncesn 6e3 TpeGyemMoro npejctaBienus, u M MoxeT OBITh CKOTb YTOTHO GOJTBIIIM.



Ne6. CyriecTBYIOT Ju JiBe OTpaHUYEeHHbBIE MTOCIE0BATETbHOCTH A1, 3, . .. U by, by, ... TaKWe, 9TO JJIsT JIIOOBIX
HATYPAJTbHBIX 1M > N BBIIOJHEHO XOTs ObI OJTHO U3 JABYX YCJIOBHUIl

(O — ] > —— by — | > —?
vn Vi

Pemenue. IIpemonokum, 4To TaKue MOCTIeI0BATEIHOCTH (ay,) u (by,) cyrmecTByoT. i HATISHOCTH
uapy JeficrBuresibHbix unces (z,y) Oyaem Ha3bBaTh MOuKol Ha Jekpamosoti nAOCKOCU ¢ KOODJAUHATAMU
(x,y). Jns narypasnbHoro n depe3 A, 0603HaYMM TOUYKY ¢ KoopJuHaTamu (a,,b,). [lepedopmyaupyem
ycsioBre 3ajaan: s io6oro n B kBagpar {(x,y) 1 |z — a,| < \/Lﬁ, ly — bn| < \/Lﬁ} He TIOMAJA0T TOYKH
A, ipu m # n.

Torpa conocraBuM Kazk1oit Touke A, kBagapar {(x,y) : |[r—a,| < ﬁﬁ? ly—b,| < ﬁ}, KOTODBIi Gyjiem
HA3BIBATD AUYHLLM K6aIpamom TOUKH A,. 113 mepedopMyJInpOBAHHOTO YCJIOBHS CJIEIYeT, UTO JIMIHBIE
KBaJpaThl To4eK A, u A, He IepeceKalTcs (eCTeCTBEHHO, IPU M 7 n).

[TycTs MOIyH WieHOB HoCsIea0BaTebHoCTel (ay,) 1 (by,) orpanmdenst koncranroit C. Torma Bee ndambie
KBaJpaThl Touek A, jexar B kpaapare {(z,y) : |z|] < C + %, ly| < C + %}, TO €CTh B KBaJpaTe C

wiomapo (2C + 1)2. Ho nuvnble KBaJpaThl He MEPeCeKaloTCs, U IO b COOTBETCTBYIONETro TOYKe A,
paBHa % Samerum, 4aTo psia 1+ % + % + -+ - pacXoaUTCH, TO €CTh HAWJeTCd ero KOHeYHblil OTPe30K, CyMMa
KOTOPOTO 00JIbIIe UeM, B dacTHocTH, (2C —|—1)2, YTO HEBO3MOXKHO €CJIX COOTBETCTBYIOIINE JUIHbIe KBaPAThI

JlexKar BHYTPH KBajpata ¢ miomaapio (2C + 1)% u He nepecekatorcs. DTo IPOTUBOPEUME J0KA3BIBACT, 4TO
nocsesoBareabuocTeit (a,) u (b,) ¢ TpebyeMbIM CBOHCTBOM HE CYIIECTBYET.



