
XVIII International Zhautykov Olympiad in Mathematics. Day 1. Solutions

�1. Non-zero polynomials P (x), Q(x), and R(x) with real coe�cients satisfy the identities

P (x) +Q(x) +R(x) = P (Q(x)) +Q(R(x)) +R(P (x)) = 0.

Prove that the degrees of the three polynomials are all even.

Solution. Let n be the largest of the degrees of the three polynomials. Denote by a, b, and c the
coe�cients of xn at P (x), Q(x), and R(x), respectively (some of those coe�cients might vanish).

The coe�cients of xn at P (x) +Q(x) +R(x), as well as of xn2
at P (Q(x)) +Q(R(x)) +R(P (x)), both

vanish. Hence,
a+ b+ c = 0 and abn + bcn + can = 0. (∗)

Further we make use only of the two equalities in (∗).
The �rst equality yields that at least two numbers among a, b, and c are nonzero. If the third number

(say, c) vanishes, then the second equality is violated. Therefore, all three polynomials have degree n, and
we need to prove n is even.

Assume the contrary, for the sake of contradiction. Without loss of generality, the numbers a and b
have the same sign. Changing the sign of all three numbers a, b, and c, if necessary, we achieve a, b > 0
(this change does not break (∗)). Then we have c = −(a+ b) < 0 and 0 < a, b < |c|; hence bcn and can are
negative, and therefore

|bcn + can| > |bcn| = |c| · b · |c|n−1 > a · b · bn−1 = abn.

This contradicts the secund equality in (∗).
Thus, all three degrees are equal to an even number n.

Marking scheme

The points provided for di�erenmt parts are automatically additive!

Part 1: degP = degQ = degR.
A proof that all three degrees are equal � 2 points

Only a proof that the two largest degrees are equal � 0 points

Part 2; all thjjree degrees are even.

A proof that the largest degree d is even � 5 points

A system (∗) is written down explicitly, with no subsequent essential advantage � 1 point instead of 5.



. . . . . . . . . . . .

�2. A ten-level 2-tree is drawn in the plane: a vertex A1 is marked, it is connected
by segments with two vertices B1 and B2, each of B1 and B2 is connected by
segments with two of the four vertices C1, C2, C3, C4 (each Ci is connected with
one Bj exactly); and so on, up to 512 vertices J1, . . . , J512. Each of the vertices
J1, . . . , J512 is coloured blue or golden. Consider all permutations f of the vertices
of this tree, such that (i) if X and Y are connected with a segment, then so are
f(X) and f(Y ), and (ii) if X is coloured, then f(X) has the same colour. Find the maximum M such that
there are at least M permutations with these properties, regardless of the colouring.

Solution. The answer is 22
7
.

First we ned a suitable terminology. Similarly to 10-level 2-tree we can de�ne a k-level 2-tree for k ≥ 1.
For convenience we suppose that all the segments between vertices are directed from a letter to the next
one. The number of the letter marking a vertex we call the level of this vertex; thus A1 is the only vertex
of level 1, B1 and B2 belong to level 2 and so on). We will also call descendants of a vertex X all vertices
which can be reached from X by directed segments.

Let T1 and T2 be two k-level 2-trees with coloured leaves. We call a bijection f : T1 → T2 isomorphism

when two conditions are satis�ed: (i) if two vertices X and Y are connected by an edge in T1, then f(X)
and f(Y ) are connected by an edge in T2, and (ii) if X has some colour in T1, then f(X) has the same
colour in T2. When T1 = T2, we call f automorphism of the tree. By χ(k) we denote the minimal number
of automorphism a k-level 2-tree with coloured leaves can have (the minimum is over all colourings). Our
problem is to �nd χ(10).

We start with almost obvious
Lemma 1. Isomorphism of trees preserves the level of a vertex.
Proof. Isomorphism f cannot diminish the degree of a vertex. Indeed, neighbours of each vertex X

become neighbours of f(X), therefore the degree of f(X) is not less than the degree of X. By pigeonhole
principle it also means that the degree can not increase. It follows that the last level vertices go to the last
level vertices. Therefore vertices of the previous level go to the same level, since they remain neighbours
of the last-level vertices, and so on.

Now we are ready to solve the problem.
First proof of the lower bound, by induction.

Proposition 1. For each k ≥ 2 we have χ(k) ≥ (χ(k − 1))2.
Proof. In a k-level tree the descendants of B1 (including B1) form a k−1-level tree T1. This graph has

at least χ(k − 1) di�erent automorphisms. The same is true for tree T2 formed by the descendants of B2.
Let g and h be automorphisms of T1 and T2 respectively. Now we can de�ne mapping f of the whole tree
applying g to descendans of B1, h to descendants of B2 and A to itself. Obviously f is an automorphism:
for X = A the condition holds since B1 and B2 were mapped to themselves (by Lemma 1), and for X in T1

or T2 because g and h are automorphisms. Thus for each pair (g, h) there is an automorphism f , di�erent
pairs produce di�erent f , and the number of pairs is at least (χ(k − 1))2.

Corollary. For k ≥ 3 we have χ(k) ≥ 22
k−3

.
Proof. This inequality is proved by induction, with Proposition 1 as induction step. It remains to

check it for k = 3. If in a 3-level 2-tree at least one of the vertices B1, B2 has two descendants of the same
colour, there is an automorphism exchanging these two vertices and preserving the rest. If each of B1, B2

has obe blue and one golden descendant, there is an automorphism exchanging B1 and B2 and preserving
colours of their descendant. In both cases the number of automorphisms (including the identical one) is
at least 2.

Second proof of the lower bound, without induction.

We already know that every 3-level 2-tree with (four) coloured leaves there are at least two colour-
preservin automorphisms. Now every n-level tree, n ≥ 3, has 2n−3 vertices of level n− 2, and the
descendants of each of these vertices form a 3-level tree. It is enough to consider automorphisms preserving
vertices of level n− 3 (and, a fortiori, of all lesser levels). Such an automorhism can act on the descendants
of each of 2n−3 vertices of level n−2 in at least 2 ways. Thus there are at least 22

n−3
such automorphisms.

It remains to construct for each k ≥ 3 a colouring of k-level tree a colouring admitting exactly 22
k−3

automorphisms. As it happens sometimes, we will prove somewhat more.



Proposition 2. For each k ⩾ 3 there are three colourings M1,M2,M3 of leaves of k-level 2-tree
such that the trees with these colourings are not isomorphic, and each of these colourings admits 22

k−3

automorphisms exactly.
Proof. For k = 3 let C1, C2 be the descendants of B1, and C3, C4 the descendants of B2. The three

colourings are the following: C1, C2, C3 blue, C4 golden; C1, C2, C3 golden, C4 blue; C1, C3 blue, C2, C4

golden. Obviously the trees with these colourings are not isomorphic and admit two automorphisms each.
The induction step. Let M1,M2,M3 be the desired colourings of k-level tree. Consider the following

colourings of the (k + 1)-level tree:

� M1 for descendants of B1 and M2 for descendants of B2;

� M2 for descendants of B1 and M3 for descendants of B2;

� M3 for descendants of B1 and M1 for descendants of B2.

It is quite obvious that these three colourings are not isomorphic and have the desired number of
automorphisms.

Comment to the example. Note that in fact we solved the following problem: �nd a colouring of (n− 2)-
level tree in 3 colours such that only identical automorphism preserves the colours. Indeed, there are three
mutually non-isomorphic colourings of 3-level tree in 2 colours having only 2 automorphisms. We want the
colouring of the descendants of each vertex of level n− 2 to be one of these colourings. The correspondence
between vertices of level n− 2 and these three colouring must be the desired colouring of n− 2-level tree
admitting only identical automorphism.

Marking scheme

1. Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

2. Lemma 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

(and points are not deducted if Lemma 1 is not proved)

3. Example and lower bound: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 points each

not additive with (1)



�3. In parallelogram ABCD with acute angle A a point N is chosen on the segment AD, and a point M
on the segment CN so that AB = BM = CM . Point K is the re�ection of N in line MD. The line MK
meets the segment AD at point L. Let P be the common point of the circumcircles of AMD and CNK
such that A and P share the same side of the line MK. Prove that ∠CPM = ∠DPL.

Solution. Since CM = AB = CD, the triangle CMD is isosceles. Therefore, ∠CDM + ∠DMK =
= ∠CMD + ∠DMN = 180◦, and hence MK ∥ CD.

Let E be the re�ection of C in the line MD. Then both quadrilaterals DCME and ABME are rhombi
with equal side lengths, as ME ∥ CD ∥ AB and ME = MC = CD = AB = BM . Now, MK ∥ CD
implies that the point E lies on the line KL. Taking into account that AE = DE, we obtain ∠DKE =
= ∠DKM = ∠DNM = ∠NDE = ∠NAE. So the quadrilateral AEDK is cyclic in some circle ω1.
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ω1

ω2

ω3

Let ω2 and ω3 denote the circumcircles of the triangles AMD and CNK, respectively (since AE =
= DE = ME, the point E is the center of ω2). By symmetry in MD, the quadrilateral CKNE is an
isosceles trapezoid, so the point E lies on ω3. Let ω2 and ω3 meet again at Q. The point L = AD ∩ KE
is the radical center of the circles ω1, ω2, and ω3, so L lies on line PQ.

Let the ray EC meet ω2 at I. Then the arcs IM and ID in circle ω2 are congruent, so that I lies on the
internal angle bisector of ∠DPM . But the point I lies also on the internal angle bisector of ∠CPQ, since
∠QPI = ∠QEI/2 = ∠QEC/2 = ∠QPC/2. Therefore, the lines PM and PD are symmetric to each other
with respect to the internal angle bisector of ∠QPC, which yields the desired equality ∠CPM = ∠DPL.

Remark 1. The points M and D are isogonally conjugate with respect to the triangle CPQ, while I
is the incenter of that triangle.

Remark 2. The point M is the incenter of the triangle AKD.

Marking scheme

An un�nished analytical solution (by means of Cartesian coordinates, complex numbers, vectors,
trigonometric formulas, etc.): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Partial score

The points listed below are to be added to each other.

Let Q denote the second meeting point of the circles (AMD) and (CNK).

1. A proof that MK ∥ CD: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 point

2. A proof that the quadrilateral AEDK is cyclic: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 points

3. A proof that L lies on the line PQ: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

4. A reduction of the problem statement to the fact that L lies on PQ . . . . . . . . . . . . . . . . . . . . .3 points
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�4. In triangle ABC, a point M is the midpoint of AB, and a point I is the incentre. Point A1 is the
re�ection of A in BI, and B1 is the re�ection of B in AI. Let N be the midpoint of A1B1. Prove that
IN > IM .

First solution. Due to symmetry, we get IA1 = IA è IB1 = IB. Therefore,

4(IN2 − IM2) =
∣∣−−→IA1 +

−−→
IB1

∣∣2 − ∣∣−→IA+
−→
IB

∣∣2
=

(
IA2

1 + IB2
1 + 2IA1 · IB1 · cos∠A1IB1

)
−
(
IA2 + IB2 + 2IA · IB · cos∠AIB

)
= 2IA · IB · (cos∠A1IB1 − cos∠AIB).

So, to prove the required inequality IN > IM , it su�ces to show that cos∠A1IB1 > cos∠AIB.
Notice that ϕ = ∠AIB = 90◦ + ∠ACB/2 > 90◦. By symmetry again, we have ∠A1IB = ∠AIB =

= ∠AIB1 = ϕ. Therefore, if ϕ ≤ 120◦, then

∠A1IB1 = 360◦ − (∠A1IB + ∠AIB + ∠AIB1) = 360◦ − 3ϕ ∈ [0◦, ϕ),

since ϕ > 90◦. This yields the desired inequality.
Otherwise, if ϕ > 120◦, then

∠A1IB1 = (∠A1IB + ∠AIB + ∠AIB1)− 360◦ = 3ϕ− 360◦ ∈ (0◦, ϕ),

since ϕ < 180◦; this again yields the desired inequality.
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Second solution. Notice that the angle AIB is obtuse, since
∠AIB = 90◦ + ∠ACB/2. Clearly, A1 lies on the line BC, while
B1 lies on the line AC. Let D and E denote the midpoints of the
base sides BB1 and AA1 in the isosceles triangles BAB1 and ABA1,
respectively. Then ∠ADB = ∠AEB = 90◦, which means that AE
and BD are altitudes in the obtuse triangle AIB. Hence, the points
I andM share the same side of the line DE. Moreover, the points A,
B, D, and E lie on a circle centered at M .

The properties of a midline yield DN = BA1/2 = BA/2 =
= DM , so that DN = DM = AB/2. Similarly, we obtain EN =
= EM = AB/2. Consequently, the quadrilateral MDNE is a
rhombus, in which the line DE is the perpendicular bisector of
the diagonal MN . Since I and M share the same side of that line,
we have IM < IN . (Indeed, the semiplane of the perpendicular
bisector DE containing M is the locus of the points which are closer to M than to N . Since I lies in that
halfplane, we have IM < IN .)



�5. A polynomial f(x) with real coe�cients of degree greater than 1 is given. Prove that there are
in�nitely many positive integers which cannot be represented in the form

f(n+ 1) + f(n+ 2) + · · ·+ f(n+ k)

where n and k are positive integers.
Solution.

Let the leading term of f(x) be axm. If a < 0, the number of integer x with positive f(x) is �nite,
therefore sum f(n + 1) + · · · + f(n + k) is bounded and has �nitely many positive values. Thus we can
con�ne ourselves to the case a > 0. In this case f(x) takes �nitely many negative values for positive integer
x, and there is some d such that f(x+ 1) + f(x+ 2) + · · ·+ f(x+ d) is always positive.

Lemma. If P (x) is a polynomial of degree m with positive leading coe�cient, then P (x) > bxm for
some positive b and all x greater than some C.

Indeed, if r is the leading coe�cient of P , for each b < r the polynomial P (x)−bxm has positive leading
coe�cient and is positive for lare enough x.

Polynomials f(x
2
− 1) and f(x) have the same degree m, therefore there exists b > 0 such that f(x) >

> bxm, and f(x
2
− 1) > bxm for x > C.

Let us consider large enough M and evaluate the number of pairs (n, k) such that f(n + 1) + · · · +
+ f(n+ k) ≤ M .

If n >
√

M
b
(we take M large enough for the right-hand side to be greater than C), each term in the

sum is greater than bnm ≥ bn2 > M , thus the sum is greater than M .

If k > 3

√
2M
b

(we take M large enough for the right-hand side to be greater than 2d), at least k/2

among the numbers n+ 1, . . . , n+ k are no less than k/2− 1, therefore, the respective terms are greater
than bkm ≥ bk2, and their sum is greater than k

2
× bk2 = bk3

2
> M . The rest of the sum is positive (since

k > 2d), and the entire sum is again greater than M .
Hende the number of pairs (n, k) of positive integers such that f(n+1)+ · · ·+ f(n+ k) ≤ M does not

exceed 3

√
2
b
·
√

1
b
·M5/6, which is less than M/2 for large enough M . We see that there are at least M/2

positive integers without desired representation, and M can be arbitrarily large.



�6. Do there exist two bounded sequences a1, a2, . . . and b1, b2, . . . such that for each positive integers n
and m > n at least one of the two inequalities |am − an| > 1√

n
, |bm − bn| > 1√

n
holds?

Solution. Suppose such sequences (an) and (bn) exist. For each pair (x, y) of real numbers we consider
the corresponding point (x, y) in the coordinate plane. Let Pn for each n denote the point (an, bn). The
condition in the problem requires that the square {(x, y) : |x− an| ≤ 1√

n
, |y− bn| ≤ 1√

n
} does not contain

Pm for m ̸= n.
For each point An we construct its private square {(x, y) : |x − an| ≤ 1

2
√
n
, |y − bn| ≤ 1

2
√
n
}. The

condition implies that private squares of points An and Am are disjoint when m ̸= n.
Let |an| < C, |bn| < C for all n. Then all private squares of points An lie in the square {(x, y) : |x| ≤ C+

+ 1
2 , |y| ≤ C+ 1

2} with area (2C+1)2. However private squares do not intersect, and the private square of

Pn has area 1
n . The series 1 +

1
2 + 1

3 + · · · diverges; in particular, it contains some �nite number of terms

with sum greater than (2C + 1)2, which is impossible if the respetive private square lie inside a square
with area (2C + 1)2 and do not intersect. This contradiction shows that the desired sequences (an) and
(bn) do not exist.



XVIII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Ïåðâûé äåíü. Ðåøåíèÿ çàäà÷

�1. Íåíóëåâûå ìíîãî÷ëåíû P (x), Q(x) è R(x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè óäîâëåòâîðÿþò
òîæäåñòâàì

P (x) +Q(x) +R(x) = P (Q(x)) +Q(R(x)) +R(P (x)) = 0.

Äîêàæèòå, ÷òî ñòåïåíè âñåõ òð¼õ ìíîãî÷ëåíîâ ÷¼òíû.

Ðåøåíèå. Ïóñòü n � íàèáîëüøàÿ èç ñòåïåíåé äàííûõ òð¼õ ìíîãî÷ëåíîâ. Ïóñòü a, b è c � êîýô-
ôèöèåíòû ïðè xn â ìíîãî÷ëåíàõ P (x), Q(x) è R(x) ñîîòâåòñòâåííî (íåêîòîðûå èç ýòèõ ÷èñåë ìîãóò
áûòü íóëÿìè).

Êîýôôèöèåíòû ïðè xn â ìíîãî÷ëåíå P (x)+Q(x)+R(x) è ïðè xn2
â ìíîãî÷ëåíå P (Q(x))+Q(R(x))+

+R(P (x)) ðàâíû íóëþ, òî åñòü

a+ b+ c = 0 è abn + bcn + can = 0. (∗)

Äàëåå ìû áóäåì ïîëüçîâàòüñÿ òîëüêî ýòèìè ðàâåíñòâàìè.
Èç ïåðâîãî ðàâåíñòâà âûòåêàåò, ÷òî õîòÿ áû äâà èç ÷èñåë a, b, c íåíóëåâûå. Åñëè òðåòüå (ñêàæåì,

c) ðàâíî íóëþ, òî âòîðîå ðàâåíñòâî âûøå íåâåðíî. Ïîýòîìó âñå òðè ìíîãî÷ëåíà èìåþò ñòåïåíü n, è
íàäî äîêàçàòü, ÷òî n ÷¼òíî.

Ïðåäïîëîæèì ïðîòèâíîå. Áåç îãðàíè÷åíèÿ îáùíîñòè, ÷èñëà a è b îäíîãî çíàêà. Äîìíîæàÿ, åñëè
íàäî, âñå òðè ÷èñëà íà −1 (÷òî íå ìåíÿåò ðàâåíñòâ (∗)), áóäåì ñ÷èòàòü, ÷òî a, b > 0 è c = −(a+b) < 0.
Òîãäà 0 < a, b < |c|, è ÷èñëà bcn è can îòðèöàòåëüíû. Íî â ýòîì ñëó÷àå

|bcn + can| > |bcn| = |c| · b · |c|n−1 > a · b · bn−1 = abn,

÷òî ïðîòèâîðå÷èò âòîðîìó ðàâåíñòâó â (∗).
Èòàê, âñå òðè ñòåïåíè ðàâíû ÷¼òíîìó ÷èñëó n.

Êðèòåðèè. Áàëëû çà ðàçíûå ÷àñòè ñêëàäûâàþòñÿ!

×àñòü 1: degP = degQ = degR.
Äîêàçàíî, ÷òî âñå òðè ñòåïåíè ìíîãî÷ëåíîâ ðàâíû � 2 áàëëà.

Äîêàçàíî ëèøü, ÷òî äâå íàèáîëüøèõ ñòåïåíè ðàâíû � 0 áàëëîâ.

×àñòü 2; âñå ñòåïåíè ÷¼òíû.
Äîêàçàíî ëèøü, ÷òî íàèáîëüøàÿ èç ñòåïåíåé ìíîãî÷ëåíîâ P , Q, R ÷¼òíà � 5 áàëëîâ.

Âûïèñàíà ëèøü ñèñòåìà (∗) áåç äàëüíåéøèõ ñîäåðæàòåëüíûõ ïðîäâèæåíèé � 1 áàëë âìåñòî 5.



. . . . . . . . . . . .

�2. Íà ïëîñêîñòè íàðèñîâàíî 10-ýòàæíîå 2-äåðåâî: îòìå÷åíà âåðøèíà A1, îíà
ñîåäèíåíà îòðåçêàìè ñ äâóìÿ âåðøèíàìè B1 è B2, êàæäàÿ èç êîòîðûõ ñîåäè-
íåíà îòðåçêàìè ñ äâóìÿ èç ÷åòûðåõ âåðøèí C1, C2, C3, C4 (êàæäàÿ èç âåðøèí
Ci ñîåäèíåíà ðîâíî ñ îäíîé âåðøèíîé Bj); è òàê äàëåå âïëîòü äî 512 âåðøèí
J1, . . . , J512. Êàæäàÿ âåðøèíà J1, . . . , J512 ïîêðàøåíà â îäèí èç äâóõ öâåòîâ:
ãîëóáîé èëè çîëîòîé. Ðàññìàòðèâàþòñÿ âñåâîçìîæíûå ïåðåñòàíîâêè f ìíîæå-
ñòâà âåðøèí íàðèñîâàííîãî äåðåâà, òàêèå ÷òî (i) åñëè âåðøèíû X è Y áûëè ñîåäèíåíû îòðåçêîì, òî
âåðøèíû f(X) è f(Y ) òàêæå ñîåäèíåíû îòðåçêîì, è (ii) åñëè âåðøèíà X áûëà ïîêðàøåíà â êàêîé-òî
öâåò, òî âåðøèíà f(X) ïîêðàøåíà â òîò æå öâåò. Äëÿ êàêîãî ìàêñèìàëüíîãî M çàâåäîìî íàéäóòñÿ
õîòÿ áû M ðàçëè÷íûõ ðàññìàòðèâàåìûõ ïåðåñòàíîâîê?

Îòâåò: 22
7
.

Ðåøåíèå. Äëÿ íà÷àëà, ââåäåì óäîáíóþ òåðìèíîëîãèþ. Çàìåòèì, ÷òî àíàëîãè÷íî îïðåäåëåíèþ 10-
ýòàæíîãî 2-äåðåâà (ñ ïîêðàøåííûìè â äâà öâåòà ëèñòüÿìè), äàííîìó â óñëîâèè çàäà÷è, ìîæíî îïðå-
äåëèòü k-ýòàæíîå 2-äåðåâî äëÿ 1 ⩽ k. Äëÿ óäîáñòâà ìû áóäåì ñ÷èòàòü, ÷òî âñå îòðåçêè ìåæäó
âåðøèíàìè äåðåâà îðèåíòèðîâàíû îò ìåíüøåé áóêâû ê áîëüøåé. Íîìåð áóêâû, êîòîðîé ïîìå÷åíà
âåðøèíà äåðåâà, áóäåì íàçûâàòü ýòàæîì äàííîé âåðøèíû (òàê, A1 � åäèíñòâåííàÿ âåðøèíà ïåðâîãî
ýòàæà, B1, B2 � âåðøèíû âòîðîãî, è ò.ä.), òàêæå áóäåì ãîâîðèòü î ìíîæåñòâå âåðøèí, äîñòóïíûõ èç

âåðøèíû X � âåðøèíàõ, â êîòîðûå ìîæíî ïðèéòè èç X, èäÿ ïî ñòðåëêàì.
Ïóñòü íà ïëîñêîñòè íàðèñîâàíû äâà k-ýòàæíûõ 2-äåðåâà ñ ïîêðàøåííûìè ëèñòüÿìè. Áèåêöèþ f

èç ìíîæåñòâà âåðøèí ïåðâîãî äåðåâà â ìíîæåñòâî âåðøèí âòîðîãî äåðåâà áóäåì íàçûâàòü èçîìîð-

ôèçìîì äåðåâüåâ, åñëè âûïîëíÿþòñÿ äâà óñëîâèÿ: âî-ïåðâûõ, åñëè âåðøèíû X è Y áûëè ñîåäèíåíû
îòðåçêîì â ïåðâîì äåðåâå, òî âåðøèíû f(X) è f(Y ) ñîåäèíåíû îòðåçêîì âî âòîðîì äåðåâå, âî-âòîðûõ,
è åñëè âåðøèíà X áûëà ïîêðàøåíà â êàêîé-òî öâåò â ïåðâîì äåðåâå, òî âåðøèíà f(X) ïîêðàøåíà â
òîò æå öâåò âî âòîðîì äåðåâå. Â ÷àñòíîì ñëó÷àå, êîãäà â êà÷åñòâå ïåðâîãî è âòîðîãî äåðåâà âçÿòî
îäíî è òî æå äåðåâî, áèåêöèþ f áóäåì íàçûâàòü àâòîìîðôèçìîì äåðåâà. ×åðåç χ(k) îáîçíà÷èì ìèíè-
ìàëüíîå êîëè÷åñòâî àâòîìîðôèçìîâ ó k-ýòàæíîãî 2-äåðåâà ñ ïîêðàøåííûìè ëèñòüÿìè (ãäå ìèíèìóì
áåðåòñÿ ïî âñåì âîçìîæíûì ïîêðàñêàì). Íà ââåäåííîì ÿçûêå â çàäà÷å òðåáóåòñÿ íàéòè χ(10).

Íà÷íåì ñ ïî÷òè î÷åâèäíîé ëåììû:

Ëåììà 1. Èçîìîðôèçì äåðåâüåâ ñîõðàíÿåò ýòàæ âåðøèíû.

Äîêàçàòåëüñòâî. Èçîìîðôèçì f íå óìåíüøàåò ñòåïåíü âåðøèíû. Â ñàìîì äåëå, äëÿ ëþáîé âåð-
øèíû X âñå åå ñîñåäè ïåðåõîäÿò â ñîñåäåé âåðøèíû f(X), çíà÷èò ó f(X) ñîñåäåé íå ìåíüøå, ÷åì
áûëî ó X. Òîãäà ïî ïðèíöèïó Äèðèõëå ñòåïåíü íå ìîæåò è óâåëè÷èâàòüñÿ. Çíà÷èò, âåðøèíû ïîñëåä-
íåãî ýòàæà ïåðåõîäÿò â âåðøèíû ïîñëåäíåãî ýòàæà, ïîñêîëüêó òîëüêî ýòè âåðøèíû èìåþò ñòåïåíü
1. Çíà÷èò, âåðøèíû ïðåäïîñëåäíåãî ýòàæà ïåðåõîäÿò â âåðøèíû ïðåäïîñëåäíåãî, ïîñêîëüêó äîëæíû
îñòàòüñÿ ñîñåäÿìè ñîîòâåòñòâóþùèõ âåðøèí ñ ïîñëåäíåãî ýòàæà. È òàê äàëåå.

Òåïåðü ìû ãîòîâû ïðèñòóïèòü ê ñîáñòâåííî ðåøåíèþ çàäà÷è.
Ïåðâîå äîêàçàòåëüñòâî îöåíêó ñíèçó, ïî èíäóêöèè.

Ïðåäëîæåíèå 1. Ïðè ëþáîì k ⩾ 2 âûïîëíÿåòñÿ χ(k) ⩾ (χ(k − 1))2.

Äîêàçàòåëüñòâî. Äëÿ k-ýòàæíîãî äåðåâà ïîäãðàô íà âåðøèíàõ, äîñòóïíûõ èç B1 (âêëþ÷àÿ ñàìó
B1) ÿâëÿåòñÿ k − 1-ýòàæíûì äåðåâîì. Çíà÷èò, åñòü õîòÿ áû χ(k − 1) ðàçëè÷íûõ àâòîìîðôèçìîâ
ýòîãî ïîäãðàôà. Âûáåðåì îäèí èç íèõ, îáîçíà÷èì åãî g. Àíàëîãè÷íî äëÿ ïîäãðàôà íà âåðøèíàõ,
äîñòóïíûõ èç B2 âûáåðåì àâòîìîðôèçì h, ýòî òîæå ìîæíî ñäåëàòü õîòÿ áû χ(k−1) ñïîñîáàìè. Òåïåðü
ðàññìîòðèì ñëåäóþùåå îòîáðàæåíèå âåðøèí k-ýòàæíîãî äåðåâà: âåðøèíû ïîääåðåâà B1 îòîáðàçèì
ñ ïîìîùüþ g, âåðøèíû ïîääåðåâà B2 � ñ ïîìîùüþ h, A îòîáðàçèì â ñåáÿ. Î÷åâèäíî, ìû ïîëó÷èëè
àâòîìîðôèçì: äëÿ X = A óñëîâèå âûïîëíÿåòñÿ, ïîòîìó ÷òî B1 è B2 ïåðåøëè â ñåáÿ (ïî ëåììå î
ñîõðàíåíèè ýòàæà), äëÿ X â îäíîì èç äâóõ k− 1-ýòàæíûõ ïîääåðåâüåâ óñëîâèå âûïîëíÿåòñÿ, ïîòîìó
÷òî g è h áûëè àâòîìîðôèçìàìè. Èòàê, óïîðÿäî÷åííîé ïàðå (g, h) ìû ñîïîñòàâèëè àâòîìîðôèçì f ,
ïðèòîì ðàçíûì ïàðàì ñîîòâåòñòâóþò ðàçíûå f , à òàêèõ ïàð ìèíèìóì (χ(k − 1))2.

Ñëåäñòâèå 1. Äëÿ k ⩾ 3 âûïîëíÿåòñÿ χ(k) ⩾ 22
k−3

.



Äîêàçàòåëüñòâî. Äîêàæåì ÿâíûì îáðàçîì äëÿ k = 3, äëÿ áîëüøèõ çíà÷åíèé k Ïðåäëîæåíèå 1
äàåò â òî÷íîñòè øàã èíäóêöèè. Ðàññìîòðèì 3-ýòàæíîå 2-äåðåâî. Åñëè äëÿ õîòÿ áû îäíîé èç âåðøèí
B1, B2 äâå ñîåäèíåííûå ñ íåé âåðøèíû C ïîêðàøåíû â îäèí öâåò � òî ñóùåñòâóåò àâòîìîðôèçì, ïåðå-
ñòàâëÿþùèé èõ è îñòàâëÿþùèé âñå îñòàëüíûå âåðøèíû íà ìåñòå, òî åñòü àâòîìîðôèçìîâ ìèíèìóì 2
(åùå îäèí òîæäåñòâåííûé). Åñëè äëÿ îáåèõ âåðøèí B1, B2 ñðåäè ñîåäèíåííûõ ñ íèìè âåðøèí C åñòü
îäíà ãîëóáàÿ è îäíà çîëîòàÿ � åñòü àâòîìîðôèçì, ìåíÿþùèé ìåñòàìè B1 è B2, è èç ïîä÷èíåííûì
èì âåðøèí C ïåðåâîäÿùèé ãîëóáóþ â ãîëóáóþ, à çîëîòóþ â çîëîòóþ � èòîãî îïÿòü æå ìèíèìóì åñòü
äâà àâòîìîðôèçìà ñ ó÷åòîì òîæäåñòâåííîãî.

Âòîðîå äîêàçàòåëüñòâî îöåíêó ñíèçó, áåç èíäóêöèè.

Çàìåòèì, ÷òî äëÿ ëþáîãî 3-ýòàæíîãî äåðåâà, âåðøèíû êîòîðîãî ïîêðàøåíû â äâà öâåòà (íàïîì-
íèì, ó 3-ýòàæíîãî äåðåâà 4 âèñÿ÷èå âåðøèíû) ñóùåñòâóåò õîòÿ áû äâà àâòîìîðôèçìà, ñîõðàíÿþùèå
ðàñêðàñêó. Òîãäà çàìåòèì, ÷òî ó n-ýòàæíîãî äåðåâà ïðè n ⩾ 3 åñòü 2n−3 âåðøèí n − 2-ãî óðîâíÿ,
èç êàæäîé èç êîòîðûé äîñòóïíî ïî ñòðåëêàì 3-ýòàæíîå äåðåâî. Òîãäà äîñòàòî÷íî ðàññìîòðåòü àâòî-
ìîðôèçìû, îñòàâëÿþùèå íà ìåñòå âñå âåðøèíû óðîâíÿ n − 3 è ìåíüøèõ, è êàê-òî ïåðåñòàâëÿþùèå
âåðøèíû êàæäîãî èç ýòèõ 3-ýòàæíûõ äåðåâüåâ. Ïîñêîëüêó äëÿ êàæäîãî èç òàêèõ äåðåâüåâ åñòü õîòÿ
áû äâà àâòîìîðôèçìà, à òàêèõ ïîääåðåâüåâ 2n−3 � âñåãî ïîñòðîåíî ìèíèìóì 22

n−3
àâòîìîðôèçìîâ.

Îñòàëîñü ïî èíäóêöèè ïîñòðîèòü äëÿ êàæäîãî k ⩾ 3 ïîêðàñêó ëèñòüåâ k-ýòàæíîãî äåðåâà, äëÿ
êîòîðîé ó äåðåâà áóäåò ðîâíî 22

k−3
àâòîìîðôèçìîâ. Çäåñü åñòü îäíà õèòðîñòü: êàê ýòî èíîãäà áûâàåò,

÷òîáû óòâåðæäåíèå õîðîøî äîêàçûâàëîñü ïî èíäóêöèè åãî íàäî óñèëèòü.

Ïðåäëîæåíèå 2. Ïðè ëþáîì k ⩾ 3 íàéäóòñÿ òðè ïîêðàñêè M1,M2,M3 ëèñòüåâ k-ýòàæíîãî

äåðåâà, òàêèõ ÷òî äåðåâüÿ ñ ýòèìè ïîêðàñêàìè ïîïàðíî íå èçîìîðôíû, è êàæäîå èìååò ðîâíî 22
k−3

àâòîìîðôèçìîâ.

Äîêàçàòåëüñòâî. Áàçà äëÿ k = 3. Áóäåì ñ÷èòàòü, ÷òî B1 ñîåäèíåíà ñ C1, C2, ñîîòâåòñòâåííî B2

� ñ C3, C4. Ïîêðàñêè C1, C2, C3 � ãîëóáûå, C4 � çîëîòàÿ; C1, C2, C3 � çîëîòûå, C4 � ãîëóáàÿ; íàêîíåö
C1, C3 � ãîëóáûå, C2, C4 � çîëîòûå. Î÷åâèäíî, ÷òî äåðåâüÿ ïîïàðíî íåèçîìîðôíû, è àâòîìîðôèçìîâ
ðîâíî 2.

Ïåðåõîä èíäóêöèè. Ïóñòü òðè ïîêðàñêè M1,M2,M3 äëÿ k-ýòàæíîãî äåðåâà ïîñòðîåíû. Ðàññìîò-
ðèì ñëåäóþùèå ïîêðàñêè ëèñòüåâ k + 1-ýòàæíîãî:

� ëèñòüÿ, äîñòóïíûå èç B1 ïîêðàñèì ñ ïîìîùüþ M1, äîñòóïíûå èç B2 � ñ ïîìîùüþ M2;

� ëèñòüÿ, äîñòóïíûå èç B1 ïîêðàñèì ñ ïîìîùüþ M2, äîñòóïíûå èç B2 � ñ ïîìîùüþ M3;

� ëèñòüÿ, äîñòóïíûå èç B1 ïîêðàñèì ñ ïîìîùüþ M1, äîñòóïíûå èç B2 � ñ ïîìîùüþ M3.

Î÷åâèäíà êàê ïîïàðíàÿ íåèçîìîðôíîñòü, òàê è íóæíîå êîëè÷åñòâî àâòîìîðôèçìîâ.
Êîììåíòàðèé ê ïîñòðîåíèþ ïðèìåðà â äóõå âòîðîãî äîêàçàòåëüñòâà îöåíêè. Çàìåòèì, ÷òî ôàê-

òè÷åñêè ìû ðåøàëè ñëåäóþùóþ çàäà÷ó: ïîñòðîèòü òàêóþ ðàñêðàñêó âèñÿ÷èõ âåðøèí n− 2-ýòàæíîãî
äåðåâà â òðè öâåòà, ÷òîáû òîëüêî òîæäåñòâåííûé àâòîìîðôèçì ñîõðàíÿë ïîêðàñêó. Â ñàìîì äåëå:
åñòü òðè âçàèìíî-íåèçîìîðôíûõ ïîêðàñêè 3-ýòàæíîãî äåðåâà â äâà öâåòà, òàêèõ ÷òî ïîêðàñêà èìååò
ëèøü äâà àâòîìîðôèçìà. Òîãäà ìû õîòèì, ÷òîáû â ïîêðàñêå n-ýòàæíîãî äåðåâà ïîêðàñêà êàæäîãî
3-ýòàæíîãî ïîääåðåâà, äîñòóïíîãî èç êàêîé-òî âåðøèíû n − 2-ãî óðîâíÿ, áûëà îäíîé èç ýòèõ òðåõ
ïîêðàñîê. Òèï ýòîé ïîêðàñêè ïðèïèøåì ñîîòâåòñòâóþùåé âåðøèíå n − 2-ãî óðîâíÿ � ïîëó÷èëè ïî-
êðàñêó âåðøèí n− 2-ýòàæíîãî äåðåâà â 3 öâåòà. Ìû âñåãî ëèøü õîòèì îò ýòîé ïîêðàñêè, ÷òîáû îíà
íå èìåëà àâòîìîðôèçìîâ êðîìå òîæäåñòâåííîãî.

Ñõåìà îöåíêè.

1. Îòâåò: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

2. Ëåììà 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ
(çà îòñóòñòâèå äîêàçàòåëüñòâà ëåììû 1 áàëëû íå ñíèìàþòñÿ)

3. Ïðèìåð è îöåíêà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ïî 3 áàëëà
(íè òî, íè äðóãîå íå ñóììèðóåòñÿ ñ (1))



�3. Â ïàðàëëåëîãðàììå ABCD ñ îñòðûì óãëîì A íà îòðåçêå AD îòìå÷åíà òî÷êà N , à íà îòðåçêå
CN � òî÷êà M òàê, ÷òî AB = BM = CM . Òî÷êà K ñèììåòðè÷íà òî÷êå N îòíîñèòåëüíî ïðÿìîé
MD. ÏðÿìàÿMK ïåðåñåêàåò îòðåçîê AD â òî÷êå L. Ïóñòü P � îáùàÿ òî÷êà îïèñàííûõ îêðóæíîñòåé
òðåóãîëüíèêîâ AMD è CNK, ïðè÷åì òî÷êè A è P ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîé MK. Äîêàæèòå,
÷òî ∠CPM = ∠DPL.

Ðåøåíèå. Òàê êàê CM = AB = CD, òðåóãîëüíèê CMD ðàâíîáåäðåííûé. Ïîýòîìó ∠CDM +
+ ∠DMK = ∠CMD + ∠DMN = 180◦, òî åñòü MK ∥ CD.

Ïóñòü òî÷êà E ñèììåòðè÷íà òî÷êå C îòíîñèòåëüíî ïðÿìîé MD. Òîãäà ÷åòûðåõóãîëüíèêè DCME
è ABME �ðîìáû ñ ðàâíûìè ñòîðîíàìè, òàê êàê ME ∥ CD ∥ AB è ME = MC = CD = AB = BM .
Ïîñêîëüêó MK ∥ CD, ïîëó÷àåì, ÷òî E ëåæèò íà ïðÿìîé KL. Ó÷èòûâàÿ, ÷òî AE = DE, èìååì
∠DKE = ∠DKM = ∠DNM = ∠NDE = ∠NAE. Ïîýòîìó ÷åòûðåõóãîëüíèê AEDK âïèñàí â
íåêîòîðóþ îêðóæíîñòü ω1.
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ω1

ω2

ω3

Îáîçíà÷èì ÷åðåç ω2 è ω3 îïèñàííûå îêðóæíîñòè òðåóãîëüíèêîâ AMD è CNK ñîîòâåòñòâåííî
(ïîñêîëüêó AE = DE = ME, òî÷êà E ÿâëÿåòñÿ öåíòðîì ω2). Èç ñèììåòðèè îòíîñèòåëüíî MD
ïîëó÷àåì. ÷òî CKNE �ðàâíîáîêàÿ òðàïåöèÿ, ïîýòîìó òî÷êà E ëåæèò íà ω3. Ïóñòü ω2 è ω3 âî
âòîðîé ðàç ïåðåñåêëèñü â òî÷êå Q. Òî÷êà L = AD ∩ KE �ðàäèêàëüíûé öåíòð îêðóæíîñòåé ω1, ω2 è
ω3, ïîýòîìó L ëåæèò íà ïðÿìîé PQ.

Ïóñòü ëó÷ EC ïåðåñåêàåò ω2 â òî÷êå I. Òîãäà äóãè IM è ID â îêðóæíîñòè ω2 ðàâíû, òî åñòü I
ëåæèò íà áèññåêòðèñå óãëà DPM . Íî I òàêæå ëåæèò íà áèññåêòðèñå óãëà CPQ, òàê êàê ∠QPI =
= ∠QEI/2 = ∠QEC/2 = ∠QPC/2. Ñëåäîâàòåëüíî, ïðÿìûå PM è PD ñèììåòðè÷íû îòíîñèòåëüíî
áèññåêòðèñû óãëà QPC, îòêóäà è ñëåäóåò ∠CPM = ∠DPL.

Çàìå÷àíèå 1. Â òðåóãîëüíèêå CPQ òî÷êè M è D èçîãîíàëüíî ñîïðÿæåíû, à òî÷êà I ÿâëÿåòñÿ
öåíòðîì âïèñàííîé îêðóæíîñòè.

Çàìå÷àíèå 2. Òî÷êà M ÿâëÿåòñÿ òî÷êîé ïåðåñå÷åíèÿ áèññåêòðèñ òðåóãîëüíèêà AKD.

Ñõåìà îöåíêè.

Íåäîâåäåííîå ñ÷åòíîå ðåøåíèå (â êîîðäèíàòàõ, â êîìïëåêñíûõ ÷èñëàõ, â âåêòîðàõ, òðèãîíîìåò-
ðè÷åñêîå, è ò.ä.): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

×àñòè÷íûå áàëëû.

Ïðèâåä¼ííûå íèæå áàëëû ìîãóò ñêëàäûâàòüñÿ äðóã ñ äðóãîì.

×åðåç Q îáîçíà÷àåòñÿ âòîðàÿ òî÷êà ïåðåñå÷åíèÿ îêðóæíîñòåé (AMD) è (CNK).

1. Äîêàçàíî, ÷òî MK ∥ CD: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

2. Äîêàçàíî, ÷òî AEDK � âïèñàííûé ÷åòûðåõóãîëüíèê: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 áàëëà

3. Äîêàçàíî, ÷òî L ëåæèò íà ïðÿìîé PQ: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

4. Óòâåðæäåíèå çàäà÷è âûâåäåíî èç òîãî ôàêòà, ÷òî L ëåæèò íà PQ . . . . . . . . . . . . . . . . . . . 3 áàëëà



XVIII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Âòîðîé äåíü. Ðåøåíèÿ çàäà÷

�4. Â òðåóãîëüíèêå ABC òî÷êà M � ñåðåäèíà ñòîðîíû AB, à I � öåíòð âïèñàííîé îêðóæíîñòè.
Òî÷êà A1 ñèììåòðè÷íà òî÷êå A îòíîñèòåëüíî ïðÿìîé BI, à òî÷êà B1 ñèììåòðè÷íà òî÷êå B îòíîñè-
òåëüíî ïðÿìîé AI. Ïóñòü N � ñåðåäèíà îòðåçêà A1B1. Äîêàæèòå, ÷òî IN > IM .

Ïåðâîå ðåøåíèå. Èç ñèììåòðèè ïîëó÷àåì IA1 = IA è IB1 = IB. Ïîýòîìó

4(IN2 − IM2) =
∣∣−−→IA1 +

−−→
IB1

∣∣2 − ∣∣−→IA+
−→
IB

∣∣2
=

(
IA2

1 + IB2
1 + 2IA1 · IB1 · cos∠A1IB1

)
−
(
IA2 + IB2 + 2IA · IB · cos∠AIB

)
= 2IA · IB · (cos∠A1IB1 − cos∠AIB).

Çíà÷èò, äëÿ ðåøåíèÿ çàäà÷è äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî cos∠A1IB1 > cos∠AIB.
Çàìåòèì, ÷òî ϕ = ∠AIB = 90◦+∠ACB/2 > 90◦. Èç ñèììåòðèè èìååì ∠A1IB = ∠AIB = ∠AIB1 =

= ϕ. Ïîýòîìó, åñëè ϕ ≤ 120◦, òî

∠A1IB1 = 360◦ − (∠A1IB + ∠AIB + ∠AIB1) = 360◦ − 3ϕ ∈ [0◦, ϕ),

ïîñêîëüêó ϕ > 90◦. Îòñþäà ñëåäóåò òðåáóåìîå íåðàâåíñòâî.
Åñëè æå ϕ > 120◦, òî

∠A1IB1 = (∠A1IB + ∠AIB + ∠AIB1)− 360◦ = 3ϕ− 360◦ ∈ (0◦, ϕ),

ïîñêîëüêó ϕ < 180◦; îòñþäà îïÿòü æå-òàêè ñëåäóåò òðåáóåìîå.
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Âòîðîå ðåøåíèå. Çàìåòèì, ÷òî óãîë AIB òóïîé, òàê êàê
∠AIB = 90◦+∠ACB/2. Ïîíÿòíî, ÷òî A1 ëåæèò íà ïðÿìîé BC,
à B1 �íà ïðÿìîé AC. Ïóñòü D è E � ñåðåäèíû îñíîâàíèé BB1

è AA1 ðàâíîáåäðåííûõ òðåóãîëüíèêîâ BAB1 è ABA1 ñîîòâåò-
ñòâåííî. Òîãäà ∠ADB = ∠AEB = 90◦, òî åñòü AE è BD�
âûñîòû òóïîóãîëüíîãî òðåóãîëüíèêà AIB. Ïîýòîìó òî÷êè I è
M ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîé DE. Êðîìå òîãî, òî÷êè A,
B, D è E ëåæàò íà îêðóæíîñòè ñ öåíòðîì M .

Èç ñâîéñòâà ñðåäíåé ëèíèè òðåóãîëüíèêà èìååì DN =
= BA1/2 = BA/2 = DM , òî åñòü DN = DM = AB/2. Àíàëî-
ãè÷íî ïîëó÷èì EN = EM = AB/2. Ñëåäîâàòåëüíî, MDNE �
ðîìá, â êîòîðîì ïðÿìàÿ DE ÿâëÿåòñÿ ñåðåäèííûì ïåðïåíäèêó-
ëÿðîì îòðåçêà MN . Ïîñêîëüêó I è M ëåæàò ïî îäíó ñòîðîíó
îò ïðÿìîé DE, ïîëó÷àåì IM < IN . Ïîñëåäíåå íå ñëîæíî äî-
êàçàòü. Ïîëóïëîñêîñòü îòíîñèòåëüíî ñåðåäèííîãî ïåðïåíäèêóëÿðà DE, â êîòîðîé ëåæèò M � ýòî
ãåîìåòðè÷åñêîå ìåñòî òî÷åê, êîòîðûå áëèæå ê M , ÷åì ê N . Ïîñêîëüêó I ëåæèò â ýòîé ïîëóïëîñêîñòè,
òî IM < IN .



�5. Äàí ìíîãî÷ëåí f(x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè ñòåïåíè âûøå 1. Äîêàæèòå, ÷òî ñóùå-
ñòâóåò áåñêîíå÷íî ìíîãî íàòóðàëüíûõ ÷èñåë, íå ïðåäñòàâèìûõ â âèäå

f(n+ 1) + · · ·+ f(n+ k)

ñ íàòóðàëüíûìè n è k.
Ðåøåíèå. Ïóñòü ñòàðøèé ÷ëåí ìíîãî÷ëåíà f(x) ðàâåí axm. Ïðè a < 0 ñðåäè çíà÷åíèé f(x) â

öåëûõ òî÷êàõ ëèøü êîíå÷íîå ÷èñëî ïîëîæèòåëüíûõ, ñëåäîâàòåëüíî, ñóììà f(n+ 1) + · · ·+ f(n+ k)
îãðàíè÷åíà è ïðèíèìàåò òîëüêî êîíå÷íîå ÷èñëî íàòóðàëüíûõ çíà÷åíèé. Ïîýòîìó ìû îãðàíè÷èìñÿ
ñëó÷àåì a > 0. Â ýòîì ñëó÷àå f(x) ïðèíèìàåò ïðè íàòóðàëüíûõ x ëèøü êîíå÷íîå ÷èñëî îòðèöà-
òåëüíûõ çíà÷åíèé, è ñóùåñòâóåò d òàêîå, ÷òî f(x + 1) + f(x + 2) + · · · + f(x + d) âñåãäà áîëüøå
0.

Ëåììà. Åñëè P (x) � ìíîãî÷ëåí ñòåïåíè m ñ ïîëîæèòåëüíûì ñòàðøèì êîýôôèöèåíòîì, òî P (x) >
> bxm ïðè íåêîòîðîì ïîëîæèòåëüíîì b è âñåõ x, áîëüøèõ íåêîòîðîãî C.

Äåéñòâèòåëüíî, åñëè r � ñòàðøèé êîýôôèöèåíò ìíîãî÷ëåíà P , òî ïðè ëþáîì b < r ìíîãî÷ëåí
P (x)−bxm èìååò ïîëîæèòåëüíûé ñòàðøèé êîýôôèöèåíò è ïîýòîìó ïîëîæèòåëåí ïðè âñåõ äîñòàòî÷íî
áîëüøèõ x.

Ìíîãî÷ëåí f(x
2
− 1) èìååò, êàê è f(x), ñòåïåíü m, ïîýòîìó ìîæíî âûáðàòü ïîëîæèòåëüíîå b òàê,

÷òîáû ïðè âñåõ x > C âûïîëíÿëèñü îáà íåðàâåíñòâà f(x) > bxm, f(x
2
− 1) > bxm.

Ðàññìîòðèì äîñòàòî÷íî áîëüøîå ÷èñëî M è îöåíèì êîëè÷åñòâî ïàð (n, k), äëÿ êîòîðûõ f(n+1)+
+ · · ·+ f(n+ k) ≤ M .

Åñëè n >
√

M
b
(ìû âçÿëè M òàêèì, ÷òîáû ïðàâàÿ ÷àñòü áûëà áîëüøå C), òî êàæäîå ñëàãàåìîå â

ñóììå áîëüøå, ÷åì bnm ≥ bn2 > M , ïîýòîìó ñóììà áîëüøå M .

Åñëè k > 3

√
2M
b
(ìû âçÿëè M òàêèì, ÷òîáû ïðàâàÿ ÷àñòü áûëà áîëüøå 2d), òî õîòÿ áû k/2 èç ÷èñåë

n+1, . . . , n+ k íå ìåíüøå k/2− 1, ñëåäîâàòåëüíî, ñîîòâåòñòâóþùèå ñëàãàåìûå íå ìåíüøå bkm ≥ bk2,
à ñóììà ýòèõ ñëàãàåìûõ íå ìåíüøå k

2
× bk2 = bk3

2
> M . Ñóììà îñòàëüíûõ ñëàãàåìûõ ïîëîæèòåëüíà

(òàê êàê k > 2d), è âñÿ ñóììà ñíîâà áîëüøå M .
Òàêèì îáðàçîì, ïàð íàòóðàëüíûõ ÷èñåë (n, k), äëÿ êîòîðûõ f(n+1)+· · ·+f(n+k) ≤ M , íå áîëüøå

3

√
2
b
·
√

1
b
·M5/6, ÷òî ïðè äîñòàòî÷íî áîëüøèõ M ìåíüøå, ÷åì M/2. Ìû âèäèì, ÷òî ñóùåñòâóåò íå ìåíåå

M/2 íàòóðàëüíûõ ÷èñåë áåç òðåáóåìîãî ïðåäñòàâëåíèÿ, è M ìîæåò áûòü ñêîëü óãîäíî áîëüøèì.



�6. Ñóùåñòâóþò ëè äâå îãðàíè÷åííûå ïîñëåäîâàòåëüíîñòè a1, a2, . . . è b1, b2, . . . òàêèå, ÷òî äëÿ ëþáûõ
íàòóðàëüíûõ m > n âûïîëíåíî õîòÿ áû îäíî èç äâóõ óñëîâèé

|am − an| >
1√
n

èëè |bm − bn| >
1√
n
?

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî òàêèå ïîñëåäîâàòåëüíîñòè (an) è (bn) ñóùåñòâóþò. Äëÿ íàãëÿäíîñòè
ïàðó äåéñòâèòåëüíûõ ÷èñåë (x, y) áóäåì íàçûâàòü òî÷êîé íà äåêðàòîâîé ïëîñêîñòè ñ êîîðäèíàòàìè
(x, y). Äëÿ íàòóðàëüíîãî n ÷åðåç An îáîçíà÷èì òî÷êó ñ êîîðäèíàòàìè (an, bn). Ïåðåôîðìóëèðóåì
óñëîâèå çàäà÷è: äëÿ ëþáîãî n â êâàäðàò {(x, y) : |x − an| ≤ 1√

n
, |y − bn| ≤ 1√

n
} íå ïîïàäàþò òî÷êè

Am ïðè m ̸= n.
Òîãäà ñîïîñòàâèì êàæäîé òî÷êå An êâàäðàò {(x, y) : |x−an| ≤ 1

2
√
n
, |y−bn| ≤ 1

2
√
n
}, êîòîðûé áóäåì

íàçûâàòü ëè÷íûì êâàäðàòîì òî÷êè An. Èç ïåðåôîðìóëèðîâàííîãî óñëîâèÿ ñëåäóåò, ÷òî ëè÷íûå
êâàäðàòû òî÷åê An è Am íå ïåðåñåêàþòñÿ (åñòåñòâåííî, ïðè m ̸= n).

Ïóñòü ìîäóëè ÷ëåíîâ ïîñëåäîâàòåëüíîñòåé (an) è (bn) îãðàíè÷åíû êîíñòàíòîé C. Òîãäà âñå ëè÷íûå

êâàäðàòû òî÷åê An ëåæàò â êâàäðàòå {(x, y) : |x| ≤ C + 1
2 , |y| ≤ C + 1

2}, òî åñòü â êâàäðàòå ñ

ïëîùàäüþ (2C + 1)2. Íî ëè÷íûå êâàäðàòû íå ïåðåñåêàþòñÿ, è ïëîùàäü ñîîòâåòñòâóþùåãî òî÷êå An

ðàâíà 1
n . Çàìåòèì, ÷òî ðÿä 1+ 1

2 +
1
3 + · · · ðàñõîäèòñÿ, òî åñòü íàéäåòñÿ åãî êîíå÷íûé îòðåçîê, ñóììà

êîòîðîãî áîëüøå ÷åì, â ÷àñòíîñòè, (2C+1)2, ÷òî íåâîçìîæíî åñëè ñîîòâåòñòâóþùèå ëè÷íûå êâàäðàòû
ëåæàò âíóòðè êâàäðàòà ñ ïëîùàäüþ (2C +1)2 è íå ïåðåñåêàþòñÿ. Ýòî ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî
ïîñëåäîâàòåëüíîñòåé (an) è (bn) ñ òðåáóåìûì ñâîéñòâîì íå ñóùåñòâóåò.


