Problems of 4th Iranian Geometry Olympiad 2017 (Elementary)

1. Each side of square ABCD with side length of 4 is divided into equal parts
by three points. Choose one of the three points from each side, and connect the
points consecutively to obtain a quadrilateral. Which numbers can be the area of

this quadrilateral? Just write the numbers without proof.

c

Proposed by Hirad Aalipanah

2. Find the angles of triangle ABC.
A

4 '
=

Proposed by Morteza Sagha fian

3. In the regular pentagon ABC'DE, the perpendicular at C' to C'D meets AB
at F. Prove that AE + AF = BE.

Proposed by Alireza Cheraghi




4. Py, Py..... Pyop are 100 points on the plane, no three of them are collinear. For
each three points, call their triangle clockwise if the increasing order of them is in
clockwise order. Can the number of clockwise triangles be exactly 20177

Proposed by Morteza Sagha fian
5. In the isosceles triangle ABC (AB = ACY), let | be a line parallel to BC' through
A. Let D be an arbitrary point on . Let £, F' be the feet of perpendiculars through
A to BD, CD respectively. Suppose that P, () are the images of E. F' on l. Prove
that AP + AQ < AB.

Proposed by Morteza Saghafian




Problems of 4th Iranian Geometry Olympiad 2017 (Intermediate)

1. Let ABC be an acute-angled triangle with A = 60°. Let E, F be the feet of
altitudes through B, C respectively. Prove that CE — BF = g(AC — AB).

Proposed by Fatemeh Sajadi

2. Two circles wy, w; intersect at A, B. An arbitrary line through B meets w;,
wy at ', D respectively. The points E, F are chosen on w), wy respectively so that
CE = CB, BD = DF. Suppose that BF meets w, at P, and BE meets w; at Q.
Prove that A, P, @ are collinear.

Proposed by Inan Maghsoudi

3. On the plane. n points are given (n > 2). No three of them are collinear. Through
each two of them the line is drawn, and among the other given points, the one nearest
to this line is marked (in each case this point occurred to be unique). What is the
maximal possible number of marked points for each given n?

Proposed by Boris Frenkin (Russia)

4. In the isosceles triangle ABC (AB — AC), let | be a line parallel to BC' through
A. Let D be an arbitrary point on I. Let I, I be the feet of perpendiculars through
A to BD, C'D respectively. Suppose that P, € are the images of £, I on [. Prove
that AP + AQ < AB.

Proposed by Morteza Sagha fian

5. Let X, Y be two points on the side BC of triangle ABC' such that 2XY = BC.
(X is between B, Y) Let AA’ be the diameter of the circumecircle of triangle AXY .
Let P be the point where AX meets the perpendicular from B to BC', and @ be
the point where AY meets the perpendicular from C to BC'. Prove that the tangent
line from A’ to the circumecircle of AXY passes through the circumcenter of triangle

APO.

Proposed by I'man Maghsoudi




Problems of 4th Iranian Geometry Olympiad 2017 (Advanced)

1. In triangle ABC, the incircle, with center I, touches the side BC' at point D,
Line DI meets AC at X. The tangent line from X to the incircle (different from AC')
intersects AB at Y. If Y1 and BC intersect at point Z. prove that AB = BZ.

Proposed by Hooman Fattahimoghaddam

2. We have six pairwise non-intersecting circles that the radius of each is at least
one. Prove that the radius of any circle intersecting all the six circles, is at least one.

Proposed by Mohammad Ali Abain— Morteza Saghafian

3. Let O be the circumeenter of triangle ABC. Line C'O intersects the altitude
through A at point K. Let P, M be the midpoints of AR, AC respectively. If PO
intersects BC at Y, and the circumcircle of triangle BOCM meets AB at X, prove
that BXOY is cyclic.

Proposed by Ali Dacinabi — Hamid Pardazi

4. Three circles wy. wy. wy are tangent to line [ at points A, B, C' (B lies between
A, C) and w; is externally tangent to the other two. Let X, Y be the intersection
points of wy with the other common external tangent of wy, ws. The perpendicular
line through B to | meets w, again at Z. Prove that the circle with diameter AC
touches ZX, ZY.

Proposed by Iman Maghsoudi — Siamak Ahmadpour

5. Sphere S touches a plane. Let A, B, ', D be four points on this plane such
that no three of them are collinear. Consider the point A’ such that S is tangent to
the faces of tetrahedron A'BC'D. Points B, C', D' are defined similarly. Prove that
A, B', ", ) are coplanar and the plane A'B'C'D' touches S.

Proposed by Alexey Zaslavsky ( Russia)

[}



Solutions of 4th Iranian Geometry Olympiad 2017 (Elementary)

1. Each side of square ABCD with side length of 4 is divided into equal parts
by three points. Choose one of the three points from each side, and connect the
points consecutively to obtain a quadrilateral. Which numbers can be the area of
this quadrilateral? Just write the numbers without proof.

A B

L ]
)

C

Solution.

To find the area of the quadrilaterals, it’s enough to find sum of the areas of four
right triangles and subtract it from area of the square. Finally, these numberes will

be found:
6, 7, 7.5, 8, 85, 9, 10




2. Find the angles of triangle ABC.
A

B 4 t Cv

Proposed by Morteza Sagha fian

Solution.

Let ZACB = x. The quadrilateral with equal sides in triangle ABC is a rhom-
bus so it has parallel sides.

According to the angles shown in the figure, we can say that sum of the angles of
triangle ABC is equal to 180°.

(90° — %) +2+x=180° = g=236°

= ZA=T2° ;, LB=T2 ; LC =3¢




3. In the regular pentagon ABC'DE, the perpendicular at C' to C'D meets AB at F.
Prove that AE + AF — BE.

Proposed by Alireza Cheraght
Solution.

Suppose that P is the intersection of AE and FC'. We know that:

LECD=368° = JLECP=i", LAEC=T2° = [LEPC =054
Therefore. C'F = PE. On the other hand, we know that ZFECB = ZEBC =
Therefore, BE = CFE = PE. Alsowe have ZEAB = 108" so ZAFP = ZAPF =
It means that AF — AP,

78e,
54°.
==

AE + AF = AE + AP

= PE=CE

-BER




1. Py, Ps..... Pigp are 100 points on the plane, no three of them are collinear. For
each three points, call their triangle clockwise if the increasing order of them is in
clockwise order. Can the number of clockwise triangles be exactly 20177

Proposed by Morteza Saghafian
Solution.
First, suppose that Py, Ps,..., Pigo are located on a circle in a counter-clockwise order.
In this case, the number of clockwise triangles is zero. Now, start to move the points,
when a point F; passes through a line PPy, the state of triangle P;P; P, (clockwise
or counter-clockwise) changes and the state of the other triangles does not change
(assume that the points move in such a way that no point passes through two lines
at the same time). So the number of clockwise triangles changes by one. Suppose
that the points Py, Ps...., Pigo move to obtain their clockwise order on a circle. In this
case, the number of clockwise triangles is ( '20) which is greater than 2017. In this
process, the number of clockwise triangles changes one by one. So there is a moment
in which the number of clockwise triangles is exactly 2017. B




5. In the isosceles triangle ABC (AB — AC), let [ be a line parallel to BC' through
A. Let D be an arbitrary point on I. Let E, F be the feet of perpendiculars through
Ato BD, CD respectively. Suppose that P, Q are the images of E, I' on [. Prove
that AP + AQ < AB.

Proposed by Morteza Sagha fian

Solutionl.

Suppose that M, N are the midpoints of AB , AC respectively. We have:

LAEB = LAFC =90° = ME:NF-%g_i;

Let X.Y be the feet of perpendiculars through M, N to line [ respectively. We know
that two triangles AMA and ANY are equal so AX — AY.

AB y
XP = AX + AP < ME %}.x@-AY YQSNFA%;

= AP+ AQ< AB W

10



Solution2.

Let P'. E’. be the reflection of P, E with respect to the perpendicular bisector
of BC'. Therefore, we have ZAE'C' = ZAP'E = %° and AP' = AP. We have:

AP + AQ = AP' + AQ = QP < FE' < AC = AB W

11



Solutions of 4th Iranian Geometry Olympiad 2017 (Intermediate)

1. Let ABC' be an acute-angled triangle with A = 60°. Let E. F be the feet of
altitudes through B. (7 respectively. Prove that CF — BF = _f—;(/\(' - AB).

Proposed by Fatemeh Sajadi

Solution.

AB - AC
g 2 2

LA=60° = LABF=ACF=30° = AE=

= C(CFE—-BF=(AC - AFE)—- (AB - AF)

= (AC — AB) + (AF — AE) = %(A(" —AB) W

12



2. Two circles wy, w, intersect at A, B. An arbitrary line through B meets w;, ws
at C', D respectively. The points E, F are chosen on wy, wy respectively so that
CE = CB, BD = DF., Suppose that BF meets w, at P, and BE meets ws at Q.
Prove that A, P, @ are collinear.

Proposed by Iman Maghsoudi

Solution.

We know that:
ZBFD =/ZDBF = I180° - ZCBP = ZCEP

= /CEB+ /BEP = /BFQ+ LQFD
/CEB = /CBE = Z/QBD = ZQFD
= J/BEP=/BFQ = /BAP=/BEP=/BFQ=/BAQ

So A, P, Q are collinear. B

13



3. On the plane, n points are given (n > 2). No three of them are collinear. Through
each two of them the line is drawn, and among the other given points, the one nearest
to this line is marked (in each case this point occurred to be unique). What is the
maximal possible number of marked points for each given n?

Proposed by Boris Frenkin (Russia)

Solution.

The case n = 3 is obvious. For n > 4, take a regular n-gon and slightly deform

it to make the assumptions of the problem valid. Each vertex is the nearest to the

line connecting two adjacent vertices (this is directly proved by computing angles).
If n = 4 then two cases are possible.

1) The given points form a convex quadrilateral (say ABC D). Since for each side
the nearest vertex is unique. no two sides are parallel. Let lines AD and BC' meet
beyond A and 8. and lines AB and C'D meet beyond B and €' respectively. Then
points A, B and C' are marked. Suppose [ is marked as well. Then it is the nearest
vertex to AC, and the area of A AC'D is less than that of & ACB. On the other
hand. draw the line through C parallel to AD. Let it meet AB at point E. Then
CE < AD. 30 Sa acp > Sa Ack = Sa acn. a contradiction.

2} One of the given points (say Q) is inside the triangle ABC formed by the re-
maining points. Obviously O is nearest of the given points to lines AB, BC' and AC.
Without loss of generality, the nearest point to line AQ is 2, If the nearest point
to line BO is A then €' cannot be marked. Suppose the nearest point to line BO is
C. If the remaining point A is also marked then it is nearest to line CO. Let line
AO intersect BC' at point Ay, and let points By, ') be defined similarly. We have
SA ANMB < SA AMC hence AlB < A]C. Similarly B|C < BlA. ClA < ClB. Then
AB-BC-C\A< AC-BA-C B, a contradiction with Ceva theorem. B

In fact, it is not necessary to apply Ceva theorem. Let My, Mg, M be the bases
of the corresponding medians, and M be the centroid. Then O must belong to the
interior of each of triangles MM B, MMgC, MMoA which is impossible.

14



4. In the isosceles triangle ABC' (AB — AC), let | be a line parallel to BC' through
A. Let D be an arbitrary point on [. Let E. F be the feet of perpendiculars through
A to BD, CD respectively. Suppose that P, Q are the images of E, F on l. Prove
that AP + AQ < AB.

Proposed by Morteza Sagha fian

Solutionl.

Suppose that M. N are the midpoints of AB , AC respectively. We have:

LAEB = LAFC =90° = AH?—ATV'ﬁgffié

Let X, Y be the feet of perpendiculars through M. N to line | respectively. We know
that two triangles AMA and ANY are equal so AX — AY.

AB AC
g ¢

XP=AX+AP < ME = AQ —AY =YQ < NF = =

=+ AP+ AQ < AB R

15



Solution2.

Let P', E’', be the reflection of P, E respect to the perpendicular bisector of BC.
Therefore, we have ZAE'C' = ZAP'E = 90° and AP" — AP. We have:

AP+ AQ = AP + AQ = QP < FE'< AC — AB B

16



5. Let X, Y be two points on the side BC' of triangle ABC' such that 2XY = BC,
(X is between B, Y) Let AA" be the diameter of the circumcirele of triangle AXY,
Let P be the point where AX meets the perpendicular from B to BC, and Q be
the point where AY meets the perpendicular from €' to BC'. Prove that the tangent
line from A’ to the ciremmncirele of AXY passes throngh the circumcenter of triangle

APQ.

Proposed by I'man Maghsoudi

Solution.

Let O, M. N be the cirenmeenter of triangle APQ. midpoint of AP, midpoint of AQ
respectively, We know that ZOMA = ZONA = 9 so the quadrilateral AMON is
cyclic. We have to prove ZOA'A = 90°. Therefore, we have to show that AMOA'N
is cyvelie. It's enought to show that the quadrilateral AMA'N is cyclic. We should
prove ZA'XM = ZA'NY. We will show that AA'NY ~ AA'X M.

A

N

=

P

We know that the quadrilateral AXA'Y is cyelic so ZA'XM = ZA'YN. Therefore,
it’s enough to show that:
AX AY

ux ~wy Y

17



Let H, K. M'. N’ be the feet of perpendiculars through A, A, M, N to B(C respec-
tively. We know that M. N are the midpoints of AP, AQ so we have:

b1
BM'=HM' = XM'=HM'-XH= [—)H - XH (2)

CN'=HN' = YN =HY—-HN =HY - % = (=K 2C =EH 3 b
=% CYNI={XY — 1‘_{-_) + (ﬁ—'f - XH)= Bl wn (3)
2 2 2
A

o : N

M X LAY C
Bt; . C

AI

M

P

According to the equations (2). (3) we can say that XA’ = Y N’. On the other hand.
we have AA’ is the diameter of the cirenmeirele of triangle AXY . Therefore:

LAYA=LAXA=90" = LKAY =4NYN' , LKAX=ZMXM
= AAKX~AXMM , AAKY ~AYN'N
A'X  AK AK  AY s AX AY
MX XM' ' NY' NY MX — NY
So equation (1) is proved. B

18



Solutions of 4th Iranian Geometry Olympiad 2017 (Advanced)

I. In triangle ABC', the incircle, with center I, touches the side BC' at point D.
Line DI meets AC' at X. The tangent line from X to the incircle (different from AC”)
intersects AB at Y. If Y7 and BC' intersect at point Z. prove that AB = BZ,

Proposed by Hooman Fattahimoghaddam

Solution.
In triangle AXY. the point [ is excenter so ZX1Y = 90° — -_}

= /DIZ = 90F —f—; = Z1ZB=:

| =

= £LBAI

T~

I

Also we know that ZIBZ — ZIBA and BI — Bl so two triangles ABI and ZB1I are
equal. Thus, AB —~ BZ. R

19



2. We have six pairwise non-intersecting circles that the radius of each is at least one.
Prove that the radius of any circle intersecting all the six circles, is at least one.

Proposed by Mohammad Ali Abam~— Morteza Sagha fian

Solution.

Call the centers of these six circles Oy, O,...., Oy, and their radii Ry, R;...., Hs. Sup-
pose that a circle with center O and radius R intersects these six circles. Obvionsly
there exist 4, j such that O;00; < 60°. The length of O;0; is at least R;+ R; and the
lengths of OO, OO0; are less than or equal to R; + R, R; + R, respectively. If R < 1
then considering R;. B; > 1 we conclude that in triangle O;00; the longest side is
0,0, so O;00; > 60° which yields a contradiction. So we must have # > 1. B




3. Let O be the circumcenter of triangle ABC'. Line C'O intersects the altitude
through A at point K. Let P, M be the midpoints of AK., AC respectively. If PC
intersects BC' at Y, and the circumecircle of triangle BOM meets AB at X, prowve
that BXOY is cyclic.

Proposed by Ali Daeinabi — Hamid Pardazi

Solution.

We want to show that ZXOP = ZB. We know that:
LB =ZXMA = LXMO =90°"—-4B=/XAK

We will prove that two triangles XOP and XM A are similar. It’s enough to show
that two triangles X PA and XOM are similar. We have ZXMO = ZXAK so it’s
enough to prove:

AX AP
XM OM

A




The quadrilateral BXMC is cyclic. Therefore AAXM ~ AACB.

i f‘/\, /1(] (l)
XM BC

The point O is the circumeenter of triangle ABC. Thus, ZOCA = 90° — ZB and
ZAKC = 180° — ZA. According to law of sines in triangles AKC., OMC and ABC
we can say that:

AC AK 0C OM
sinZA  sin(90° — ZB) '  sin(90° — ZB)
AK AC AP AC AC

= —

OM OCsinZA ~ OM 20CsinZA BC )

According to equations (1) and (2), we can conclude that two triangles X PA and
XOM are similar. Therefore two triangles XOP and X M A are similar so:

LXBP=4ZXMA=4B N




4. Three circles wy. wy. wq are tangent to line [ at points A, B, (" (B lies between
A, (") and wy is externally tangent to the other two. Let X, Y be the intersection
points of w, with the other common external tangent of wy, ws. The perpendicular
line through B to | meets ws again at Z. Prove that the circle with diameter AC'
touches Z X, ZY.

Proposed by Iman Maghsoudi — Stamak Ahmadpour

Solution.

Let § be the intersection of XY and [. Suppose that w;, w, are tangent to each
other at point F and ws, ws are tangent to each other at point /. We know that S is
the external homothetic center for w;, wq and F, F' are antihomologous points so F,
F'. S are collinear. Suppose that XY meets wy, wy at P, @ respectively so we have:

SE.-SF=8P-5Q=8A-5C

Therefore, the quadrilaterals PEFQ and AEFC are cyelic. Let T be the midpoint

of are XY in circle wy (the are which has not Z).We know that the line tangent to

wy at T is parallel to XY so T, I, P are collinear. Similarly 7', Q. I are collinear,
TE:TP=TF-TQ = PBulT)= Pl (1)

On the other hand, the line which is tangent to w, at Z is parallel to [ so Z, . A

are collinear, Similarly 7, I, (' are collinear.

ZE-ZA=ZF-2C = P,(Z)="P.(Z) (2)

23



According to the equations (1), (2) we can say that ZT is the radical axis of w;, ws.
Therefore, if M is the midpoint of AC' then Z, T'. M are collinear because M lies on
radical axis of wy, ws too. Let D be the intersection of ZM, P and H be the feet
of perpendiculars through 7 to PQ. We know that:

ZHZD = 2ZMZB = [ZXY — LZYX] _ a

2

Let z =ZY,y=7ZX,t= XY. We can say that:

o _(‘0311—%_2/1 YT ZH z+y 5

To prove the problem, it's enough to show that the distances of M from two lines
ZX. ZY are equal to 2€, Thus, we have to show that:

Al i SELY_ AC

2 2
. (£XZY) ZB 2xy e
AM - s = C— g XZY)=AC
<~ 2AM :sin 5 70 T4y sin(ZXZY)=A

On the other hand. we have:

BXF = %’ L= %J'ysm(z.x'zr) = p=TYSD %1\ ZY)

So it's enough to show that:

w-ZB
B r—+uy

AC




We know that:
LBFZ={BEZ=%" = ZB*=ZE-ZA=2ZF-ZC
Therefore, lenghts of tangents from Z to wy, ws are equal to ZB. Now, According
to Casey’s theorem (generalization of Ptolemy’s theorem) in two cyelie quadrilaterals
ZYw X and ZXwyY we can say that:
ZYun X iz - PX+y -+ PX)=t-ZB = (r+yPX+yt=1-ZB

ZXwY 1y -YQ+z-(t+YQ)=t-ZB = (z+y)YQ+at=1t-ZB

20-7ZB . 2-ZB
= AC=
Tty r+y

= PX+YQ+t= ]




5. Sphere S touches a plane. Let A, B, C', D be four points on this plane such that
no three of them are collinear. Consider the point A’ such that S is tangent to the
faces of tetrahedron A'BC'D. Points B, ', D' are defined similarly. Prove that A’,
B, ', D' are coplanar and the plane A'B'C'D' touches S.

Proposed by Alexey Zaslavsky ( Russia)

Solution.

Let S touch the plane at point P. D is the point of concurrency of the planes
passing through AB. BC, C'A and touching S (similarly for A, B', '). Suppose
that the plane passing through X, Y and touching S, touches it at P,,. The points
P. P, P,.. F.q are on a circle W, because when we connect them to P, the resulted
line touches S. Similarly we can find other triples which are concyelic with P, name
the circles with Wy, W,.. W, Now use inversion with center P and arbitrary radius,
we get 4 lines with three points on each line. Considering the concurrency of four
circles at Michels Point we conclude that the circles Puy P FPeay PatPod Pias PocPra Paa,
Py PraPay (call them W), W, W), W!) are concurrent on S at a point P'. W} is
the locus of feet of tangencies from D' to S, so D'P' is tangent to S and D' is on
the tangent plane at P’ to S. Similarly we conclude that A’, B, €' are also on the
tangent plane at P’ to S. So A', B', €', D' are coplanar and this plane is tangent to
S.n




