MareMaTUYKU TaJICHT

Januen BenuHon
Ckomje

HEKOU KAPAKTEPUCTUYHMU 3AJAYHN
O KOMBUHATOPUKA

OBpze ke OMmaT WIyCTPUPAHN HEKOJKY MPUMEPH, YHH TEXHUKH Ha pelIaBambe MOXKAT
Jla TIOCITYXKAT 32 PellaBamke Ha CIMYHH, HO U MOKOMIUTMIPAHH IPOOIEMH Ol KOMUHA-
TOpHKa, KOja e aen o MeryHapoJHUTEe MaTeMaTHIK{ OJIUMITH]a/Iu.

1. (Bay Area Math circle, 1999) Heka m u N ce npupoauu 6poeu. Heka ¢ naneH
[PaBOArONHUK KOj MOXE Jia ce IOKpHE CO KOMOWHAIMja O XOPH3OHTAIHH 1xM
JeHTH W BepTHKaaHu Nx1 neHtH. J[oKaku Jeka HMCTHOT HMCTHOT MPaBOAroJHUK
MOJKE JIa Ce TIOKpUE KOPUCTEjKH CaMo eJIeH THII O OBHE JICHTH.

Pemenne. Ja mpeTrnocTaBiMe JeKa NPaBOArOJIHUKOT UMa auMensud axb. Jacho e
neka & u b ce mpupoanu Gpoesu. IToTpeOHO € Ja MOKaKEMe JIeKa WK & € JENHB
co M wmm b e menms co N.

Heka gzcosz—n’]wisinz—n’]‘ u T’|=0052—r15+isin2—r:C ce M-Ti U N -TH KOMIUIEKCHH KO-
PEHM Ha eMHUIATA COOABETHO. [0 MenmuMe mpaBoaroJHUKOT Ha ab) eIMHEYHH KBa-

JpaTy ¥ BO KBaJpaT4yeTo o] X -TaTa KOJIOHAa M Y -TaTa pelula ro 3amnuiryBame Opo-

jor £*nY . 3a cexoja BepTHKaHA NeHTA, 30MPOT Ha GPOEBUTE 3AIHIIAH BO JICHTATA &
X 2 n-1y _ex yn'-1
ENY @+ +.. 4" =¢ ny?]—_l=0,

KaJie UICKOPUCTUBME JI€Ka T € N -TU KONIMJIEKCEH KOPCH Ha eAuHHIaTa. Cocema

AHAIIOTHO 30MpOT Ha OpPOEBUTE BO ceKoja xopu3oHTasHa jenrta ¢ 0. Buaejku
[PABOATOJIHUKOT MOXE JIa C€ TIOKPUE CO OBUE JICHTH, 30UPOT Ha cuTe GpOeBU
3anuIany Bo npaoaronHukot e 0. Toram nmame

(&+a2+...¢a)(n+n2+.--nb)=%ﬂ§—-1“31b——_11:°'

Orryka, mopa £ =1 wmm nb =1 on xane nobusame nexka M|a wiu N|b co mrro

JAOKa30T € 3aBpPLICH.

2. (China, 1994) Hajau ro 6pojor na noamuoxectsa ox {L,2,...,2000}, taka na cyma-

Ta HA HUBHUTE €JIEMEHTH € JeJIUBa CO D.
Pemenne. Jla ro pasrienamMme nmoJIMHOMOT

f(X) = L+ X)L+ X)L+ X3) - (1+x2090)
Torau nocrou GUeKIMja Mely CeKoe HOAMHOXeCTBO {&,ay,...,an} oa {L..., 2000}

u wienor XAx%2 . -x3  Ila, Hue ke ro Gapame 30UpOT Ha KOE(UITMEHTUTE TIPE]
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unenosute XK Bo f(X), xkane KeN. Heka co S ja o3naunme Taa cyma. Heka

E_,:COSZ—5TE+iSin2—57E € MeTTH KOMIUIEKCEH KOPeH Ha eAMHMIara. Torari, &5 =1lwu

1+g+E2+&%+£% =0. Crenypa siexa S =1 i f(&l).
=1
Ja 3abenexume aexa &, E_,Z, &3, E:,A', §5 =1 ce nyau Ha g(X) = x° —1, oHOCHO
g() =x° ~1=(x-)(x-E*)(x - (x-£)(x~E%).
Cnenysa jaexa,
9(-1) =-2=(-1-8)(-1-&)(-1-)(-1-gH(-1-¢),
01 Kajzie
LRI+ E)A+E)A+EN L) =2,
na cnenysa aeka f (&) = 2%00  Ananorno, f (?;J )= 2400, j=2,3,4 . Koneuno,
f(E%)=f@ =222
ITa, noOuBame
S = % (4' 2400 + 22000) _ % (2402 +22000) .

. Hexa AAy..A> e npasunen gsanaeceraronuuk co O kako Heros nenrap. Tpu-
aromaniure OAA L, 1<i<12, xane A3=/A ce 000CHH LPBEHO, CHHO, 3¢ICHO

WJIM JKOJITO Taka IITO COCEIHUTE PErMOHHU ce 000eHM cO pasinyHu Oou. Ha xoixy
HaYyMHHA MOKE OBa J1a CE HampaBu?
Pemenune. Ke pemmme moomimiTa CUTyanuja Kora HMaMe IMPaBUICH N - arojHHUK

AA ... A, xane N>3 co O kako HeroB ueHrap. Tpuaromuuimre OAA,,
1<i<n, (Ay1=A) ce oboecun Bo Hekoja ox K-te Gom (K>3) Taka mro
COCE/IHUTE PerHoHu ce 000eHn BO pasnuunu Oou. Heka pn e Opojor Ha cure
TakBu Goema. Hue cakame na onpenennme Py 4. Iocrojar K Haumuu ja ce o6ou
pernosor OAA, a noroa Ha K—1 HaunHu Moxe 1ga ce 000jaT peruoHMTE
OAA3,OAgAy,... . Mopa 1a GuzeMe BHMMATEIHH OKOJNY OOCH-ETO Ha PErHOHOT
OA, A, bunejku e MoxHO Jna uMa ucta 0oja kako pernonor OAA,. Ho, toram
3aBpIIyBaMe CO MPaBUIHO Goetse riaenajku ro peruonor OA Ay kako perroH 06oeH
co ucra 6oja. [1a, BKymHHOT OpOj Ha TO3BOJIEHH OOCHa €

Pk =KK=D"" g -
Jla 3abenexxume aeka

P3k =k(k-D(k-2).

Cnenysa jaexa,
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Pk =k(K-D)" T —k(k-D)"2 +k(k-)"3 -
— (D)™ *Kk(k -1)3 + (-D)"3Kk(k -1)(k —2)

T\ A 1\3 _
= D () Bk(k-D(k-2)

=(k-D)" +(-D)"(k-1)° + ()" Tk (k -1)(k —2)
=(k=D)" +(-)"(k-D((k-1)* - (k—2)k)
=(k-D" +(-D)" (k1.
OTTyKa, CUTC MOXHH HAYMHHU Ha 606&;6 Ha HpaBI/IJIHI/IOT JABaHacCeTOAr OJIHUK

APy Ay ce pp4=32+3=531144.

(USAMO 1989 mpemior) [Iaecer u Tpojlia MaXXH CO MacH KOH CE€ HPHUPOIHU
OpoeBn oryumie na urpaat ¢ynban. Twe m3dupaar emeH 3a cymdja, a ImoToa ce
JIeTIaT BO JBa THMa OJi CIMHACCET MaXKH, TaKa IITO TUMOBHTE nMaaT mcra maca. Ce
MTOKaKaJIo JIeKa € HeOWTHO KOj Ke m30epar na Ouze cyamja 3a moaendaTa Ha THMOBH
€O UcTa BKyMHa Maca. J[oKaxu Jieka CUTe ABAECET M TPOjlla MaXKH MMAaT KCTa Maca.

Pemrenne. /la pernoctaBuMe CIIPOTHBHO, OHOCHO JieKa CHTe 23 -Ta MaKd HeMaat
HCTa Maca, a Cemak I'M 33J0BOJyBaaT yCJOBHTE Ha 3amadaTa. Torain moMmery cute
MHOXECTBA A MMa MHOXECTBO CO HajMala BKYNHa Maca =& +ay+...+ay3.

Ako g e cynuja, Toram ©—g =2Sj, kajge Sj ¢ BKyIHATa Maca Ha CEeKOj O THMO-
Bute. CrenyBa 8 =m(M0d2), oqHOCHO & HMaaT HCTa MapHOCT. AKO CHTE & Ce

TIIapHU TOramt A K€ T'0 3aMEHUME CO MHOKECTBOTO
{1 az a3
2

CO TOMaJia Maca Koe I'l 33JI0BOJTyBa YCIIOBUTE Ha 3aJa4aTa u OuJejkn & He ce Cute

CO HCTa Maca ClieyBa JeKa 1 al? He ce cuTe co ucta Maca. OBa € BO KOHTPaIHKIIHja

CO TOa A€Ka A e MHOXeCTBO €O HajMana BKYIIHa Maca.
Ako al CC CUTC CO HETIapHa Maca, MOXEME 1a I'0 HCKOPHUCTUME MHOKECTBOTO

{al +1 az +1 3.23 +]}

CO JIMCKYyCHja HCTAa KaKo Kora @; Oea mapHM OpOEBH, MOBTOPHO J0OHMBAMe KOHTpa-

JOUKIHja. 3HA4X CUTE UTPAady MOpa J1a IMaaT HCTa Maca.

(IMO Shortlist 1998) Oapeau ro HajManmuoT O6poj N, N>=4 3a Kkoj MOXe Aa ce
uzbepar uetwpu pasnudnu OpoeBu @,b,C,d ox N pasmuusu GpoeBH Taka WITO

a+b—c—d e nenuBo co 20.
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Pemrenune. HajnpBo ke ro pasrienyBamMe MHOKECTBOTO OJT I[N OPOEBU CO pa3jind-
Hu ocrartond Moxyn 20. 3a TakBO MHOXKECTBO O K eleMEeHTH MMa BKYIIHO

k(k= k(k=
(5): (21) (21)

nsamapa (a,b) u (c,d) taka mro a+b=c+d(mod20) u a,b,c,d ce pazmuann.

> 20, ogaocuo K >7 toramr mocrojar

naposu. Criopes Toa ako

Onuwro Heka pasriiefiaMe MHOXKeCTBO of 9 pasmuund uenu GpoeBd. AKO momery
HUB UMa [ IITO MMAaT PasIMdHH OCTAaTOIHN MpH neneme co 20, Toraimr ox ropHaTa
JMCKYyCHja TIOCTOU pellleHre Ha 3anadara. Heka cera umame 6 pasnuunu ocratouu
npu menerse co 20, 0OAHOCHO HeKka MMaMe TPHM OCTaTOLHM KOW CE MOBTOPYBAar.
Toram uma 4 Gpoesu (a,b,c,d) Taxsu mro a=b=c=d(mod20) mwm nma nBa
napa 6poesu (8,C) u (b,d) Taka mro a=Cc u b=d(mod20). Bo xsara ciyuan

MOJKEMe [1a ja HajueMe OapaHaTa 9eTBOpKa.
He e Temko ma ce Hajae MHOKECTBO 01 8 GpOEBH KOM IO HeMaar 6apaHOTO CBOj-
creo {0,20,40,1,2,4,7,12}. Ocrarouure npu aenewse co 20 ce 0,0,0,1,2,4,7,12.
OBHe OCTaTolM IO UMAaaT CBOjCTBOTO JIEKA CEKO] HEHYJTH OCTATOK € IOMaj O
cymara Ha OMJIO KOW JiBa IMOMAM M CyMara Ha OWI0 KOM IBa OJ HUB € MoMaja OJ
20. Heka a,b,c,d ce coonsetno ocraronure Ha 4 pasnuynu OpoeBM Ha OBa
MHOeCTBO. be3 ry0eme Ha OMIITOCTA, MOXEME Jia MPETIOCTaBHMeE Jeka a ¢
HajroneM (@ MOXeE J1a ce CMeHH co b mmu co C m d co MHOXeme co —1, mTO He
ja menysa nemuBocta co 20). 3HauM & € HEeHYJITH OCTATOK U
O<a—-c—-d<a+b-c-d<a+b<20.
Cnenysa a+b—c—d ne e menuso co 20. Ila, Gapanara MMHMMAJIHA BPEIHOCT Ha
ne9g.

6. (AIME, 2001) ommrap Hocu momTa Ha 19 kykw ox exna ynuna. [Tomrapor 3a0e-
JIeKa Jieka OMII0 KOU JIBE€ COCETHU KYKH He T0OMBaar IOIITa UCT JIeH, HO IeKa HeMa
IIOBEKE OJ1 IB€ COCEIHU KyKH KOM He 0o0MBaatr momTa uct AeH. Ha kosky HauwHN
MOe J1a 10O0MBaat MmoiTa KyKuTe Ha Taa yiauma?

Pemenne. Heka pasriename N -uudpenu 6poesu cocrasenu camo ox 0 u 1, miro
MOKa)KyBaaT Jajiu KykaTa He JoOuBa Wi 100KMBa MOIITa COO/IBETHO. TakoB Opoj ke
ro HapexkyBame npudarius ako He ce nojasysaar 11 mwm 000. Heka f,, e 6pojor
Ha npudartnmuu N - ubpenn 6poesn, @, € 6pojorT Ha mpudarTnuBu N -KMdpeHn
opoesu Bo kon 00 ciean mo Hajneara 1 mro ce nosaByBa Bo GpojoT 1 Heka b, e
Opojor na nmpudarmusu N -uudpenn 6poesu Bo kou 01 cneam mo majmesara 1. Jla
3abenesxnme neka f, =a,+0, 3a N>5. Bpuurejku ro HajueBoto nojaByBame Ha

100 npoGusame nexa &, = f,,_3 u Opuurejku ro 10 ox HajneBoTO TOjaBYBae Ha

101 poGusame nexa by, =f, . Orryka, f,="f, o+ f,_3, N=5. Jlecuo ce
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yrBpayBa geka f; =2, f, =3, f3 =4, f; =7 . Kopucrejku ja pexypentHara penanuja
umame jexka fjg =351.

(AIME, 2000) Ha 2000 kaprtuiuku ce Hanwmianu opoesute ox 1 mo 2000. IMotoa ce
CTaBeHHU Ha KyIT4e, OTKaKO IPETXOJHO ce M3Melanu. HajropHara kapTHuka e n3Ba-
JIeHa O] KyIT4eTO M € cTaBeHa Ha Macara. HapenHaTa kapTHUKa € W3BaJeHa Of KyIl-
YeTo U € CTaBeHa HajJoNy BO Kymuero. HapeqHaTa HajropHa KapTHUKa € M3BajieHa U
€ CcTaBeHa Ha Macara O] JICHa CTpaHa Ha BeKe W3BJICUYEHAaTa KapTH4Ka, a 1oToa
Hape/HaTa KapTH4Ka € CTaBeHa Ha THOTO Ha Kymiyero. OBaa mocTanka Ha BaJeme Ha
HajropHaTa KapTHYKa U CTaBambe Ha MacaTa HajJleCHO O/l BeKe N3BJICYEHUTE KapTHy-
KH, a [I0TOA Hape/IHaTa HajropHa KapTHiKa ce CTaBa Ha JHOTO Ha KYyITYeTO MPOJaoiI-
XKyBa ce JJoJIeKa He ce OCTaBeHH CHTE KapTH Ha Macara. 3a0ele)xaHo ¢ JAeKa YHTaj-
KM O] JIeBO KOH JIECHO, OpPOjKHUTE HAa KapTHIKUTE Ce BO pacTeuku pepocnen: 1, 2, 3,
...,2000. Konky kapTHYKH BO TOYETHOTO KyIde Omiie Hajx KapTuakara co 6poj 19997
Pemenne. Buznejku oBaa mocramnka NpHAOHECYBa OpOSBUTE Ha KapTHUKaTa Ja ce
I0jaBaT BO PacTeUKH penocie]], kKapTiuakarta co 0poj 1999 e mpermocnenna Ha mMaca-

Ta. 3a /14 rO CIICMME TPArOT Ha Taa KapTa, 1a 3abelIexnMe aeKa, Kora Kymae og 2
KapTUYKH Ce JIeJIM Ha OBOj HAYMH, IPETIIOCIEAHATa KAPTHUKA HAa MacaTa IOYHyBa O]

MO3HUI[H]ja 2™ o kymdyero. [loroa mporiecoT ro mpuMeHyBaMe Ha 21 = 2048
kaptuuku. OTkako 48 o KapTHUYKUTE ce ITOCTAaBeHW Ha Macarta M 48 kapTuuku ce
MIOMECTeHH Ha JHOTO Ha Kymuerto, ocranyBaat 2000 kaprtuuku. I'm Tprame
KapTHYKHTE LITO ce Ha Macara. [IpeTnocnenHara kapTHiKa IITO ke Oune mocTaBeHa
Ha MacaTa ox kymdetro co 2000 kapTHuku e KapThykaTa mrTo moyHana Ha 1024- ta
mo3unyja Bo Kymaero co 2048 xapruuku. [lo3umujara Ha KapTHYKaTa BO KYITYETO CO
2000 kaprnuku e 1024 —(48+48) =928, na 6pojor Ha kapTuyku oxo3ropa € 927.

(AIME 1988) Bo enna kaHienapuja, BO pa3jinyHO BpeMe Ha JIEHOT, me(oT U JaBa
Ha CeKpeTapkaTa Ja 00pabOTH eNeKTPOHCKH IMUCMO, CEKOjIaT CTaBajKH ro MACMOTO
Ha BpBOT Ha KYINOT Kaj cekperapkara. Kora mma Bpeme cekperapkata ro 3ema
OHCMOTO IITO € Hajrope BO KyHoT W ro obpaborysa enekrporcku. Mma 9 mucma
KoM Tpeba ma ce o0paboTar MpeKy NeInoT JAeH W medoT TH IaBa BO pen
12,34,56,7,89. Jloneka 3aMmuHyBa Ha pydeK, ceKpeTapkara KaKyBa Ha KoJjerara
Jexa mucMoTo 8 e Beke 00paboTEeHO, HO HE KaXKyBa HHMILITO JPYrO 3a TOA LITO €
3aBpmieHo yrporo. Komerara ce mpamyBa kou on 9 -Te mmcMa ocTaHaie Ja ce
00paboTaT Mo Py4YEeKOT W MO KOj pemocien ke Oumat oOpaboreHu. Bp3 ocHoBa Ha
ropHara MH(pOpMaNHja, KOJKY MHOJpeNeHH OO0pabOTKM MOCie pydeK ce MOXKHHU?
(Hema ocranaTo nucMa 3a 00paboTKa € €1Ha 01 MOXKHOCTHTE).

Pemenne. Bo 6miio koe Bpeme, mucMaTa BO KyIOT C€ BO OHaradkd Pemociiell 0
rope kKoH 1nHOTOo. Hu3zara ox mmcmara BO KyIOT € €JHO3HAYHO OIpelesieHa OJ1
nucMmarta Bo Kynot. Mmame zBa ciyyau:




MareMaTUYKU TaJICHT

Ilpe cryuaj.bunejku mucMoro 9 NPUCTHUTHATO Hpes PYYeKOT, HeMa MUCMa LITO Ke
CTHTHAT TIOAOITHA M OpOjOT HAa MOXKHH pacmopeny € OpojoT Ha MOIMHOKECTBA O]
T={,2,..,6,7,9 wro ceymre Moke Aa ce BO KyTHjara. BcymHocT cexoe

MOIMHOXKECTBO OJ 1 € MOXKHO, OMIEjKH ceKpeTapkara MOXe ja ru 00paboTmia Ka-

KO ITO mpucTurHyBane. bunejku T wuma 8 enementu, mma 28 =256 noammo-
’KecTBa (BKIIyUyBajKH I'O M MPa3HOTO TOAMHOKECTBO).

Bmop cayuaj.bunejku nmucMoto 9 He NPUCTUTHANIO NPeN PYYEKOT, MPAIIAKETO €
Kajie ke Ouae CTaBeHO, Koj ke Oume penocienor? Buiuo koj pacmopen € MOKeH 3a
cexoe noamuoxectso ox U =4, 2,...,6, 7} koe Moxe na Guzie 0OCTaBEHO BO KYIIOT 32
BpEME Ha Py4eKkoT (Bo omaradku pepocien). Ha mpumep, ako micMmaTa 3a Bpeme Ha
pyuekor ce 6,3,2 Toram penociaenor 3a obpaborka moxke ga 6ume 6,3,9,2 ako
medoT To JoHEeCe IMUCMOTO OTKAKO IMUCMOTO 3 € oOpadoreHo. Uma K +1 mecto na
KO€ MOxe na ce mocraBu mucmMoro 9 Bo Hmza ox K muema. Kako m ma e, ako
nucMoTo 9 € CTaBeHO Ha IOYETOKOT of Hu3ara ( Ha BPBOT OJ KYIOT, IIPEX
CeKpeTapKkara Ja Ce BpaTH OJ pydYeK) Toraiml HHE o AyluidpaMe OpojoT Ha
pacropeay O NPBUOT ciaydaj. Ako K MucMa ce OCTaHaTH MOCe BPakarmeTo Of

pydYeK U cekperapkara 3amoynana co oOpaborka umame K mecra xame moxe 1a ce

7
BHece muemoto 9 . Toram go6usame Y k({)=7-2""1=448.
k=0
ITa BkynmHUOT Opoj HA MOKHU pacnopenu € 256+448 =704 .

3agaum 3a caMocTOjHA padoTa

1. Cekoe MHOXXECTBO 0OJ1 KOHEYHA (haMHUITHja OJ1 TIOIMHOXECTBA OJT peajHaTa IpaBa ¢
yHHja O]l IBa 3aTBOPEHU MHTEPBAJIH. [IONONHUTENHO, OWIIO KOM TPH MHOXKECTBA OJ1
Taa hamMuiIMja UMaat 3aeJHUYKA TOUKa. Jlokaxkn Jiexa Koja e 3ae/JHUYKa 32 HajMaJIKy
TIOJIOBHHA OJT MHO)KECTBATA OJ1 Taa (haMuJIHja.

2. Heka &,8y,8g,... € Heomarayka H13a O MO3UTHBHY LieTH Opoesr. 32 M=>1,

nebunupame by, =min{n:a, >m}, oxsocHo by, e Hajmanara BpexHocT Ha N 3a

Koja 8, =M. Ako &g =85, Hajau ja MaKcHMallHATa BPEIHOCT Ha CyMaTa

& +ay+..+a9+0b +by +...+bgs.

3. Ezxen mareMaTuuku HaTnpesap ce coctou of asa aena: Jen 1 u Jlen 2 kowu 3aemHo
umaar 28 npobiemu. Cexoj HATIpeBapyBad pemun { mpobIeMu 3a€1HO0 O] JBaTa
Jiena. 3a cekoj map Ha mpoOJIeMu, MOCTOjaT TOYHO JBa HATIIPEBAPYBaYH KOU TH
pemmte U aBata npobiaemu. JIokaxu JeKa IOCTOM HAaTIpeBapyBad Koj, Bo Jen 1, He
peInI HUTY €1eH MPpobJieM WM HajMalIKy YeTHPH MpoOIeMH.

4. Enna opranusainyja uMa M 4IeHOBHM U Taa iMa M+1 KoMuTETH CO MO TpH WieHa, U
HUKOH JIBa OJI HUB HEMaaT UCTO WICHCTBO (CUTE TPH WICHA Ce 3acTHIYKN). JloKaxu
JCKa HOCTOjaT JABAa KOMHUTCTHU KOM UMaAaT TOYHO €ACH 3aCIHUYKU YJICH.
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