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ALGEBRA

A1. Consider the equation

1
2| —| — 1= (1 —
{ZxJ n+ (n+1)(1 — nx),
where n is a positive integer and z is the unknown nonzero real variable.

a) Solve the equation when: i) n = 8; ii) n = 51.

b) Prove that for some integer N and all integers n > N the equation has at least

2021 solutions.
(For a real number y with |y| we denote the largest integer K such that K <y.)

(Proposed by Bulgaria)

A1B'. Let n (n > 1) be an integer. Consider the equation

2. %J 1= (n+ D1 - na),

where z is the unknown real variable.
a) Solve the equation for n = 8.

b) Prove that there exists an integer k£ (k > 1) such that for all integers n > k the
equation has at least 2021 solutions.
(For any real number y by |y| we denote the largest integer m such that m < y.)

A2. Let n > 3 be a positive integer. Find all integers k such that 1 < k£ < n and for
which the following property holds:

If x1,...,x, are n real numbers such that z; + x;11 + ... + ;1,1 = 0 for all
integers ¢ > 1 (indexes are taken modulo n), then x; = ... =z, = 0.

(Proposed by Vincent Jugé and Théo Lenoir, France)

A2B2. Let n > 3 be an integer. Find all integers k (1 < k < n) for which the following
property holds:

If n real numbers are placed around the circle such that the sum of any k
consecutively placed of these numbers equals 0, then all these numbers are
necessarily 0.

Proposed by PSC (Problem Selection Committee).
2Proposed by PSC.
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A3. Let n be a positive integer. A finite set of integers is called n-divided if there is
exactly n ways to partition this set into two subsets with equal sums.

For example, the set {1,3,4,5,6,7} is 2-divided because the only ways to partition it
into two subsets with equal sums is by dividing it into {1,3,4,5} and {6,7}, or {1,5,7}
and {3,4,6}.

Find all the integers n > 0 for which there exists a n-divided set.

(Proposed by Martin Rakovsky, France)

A3B3. Let n (n > 1) be an integer. A finite set of integers is called n-divided if there
are exactly n different partitions of this set into two subsets with equal sums of their
elements.

For example, the set {1,3,4,5,6,7} is 2-divided because the are only two its partitions
into two subsets with equal sums, namely the first is: {1,3,4,5} and {6, 7}, the second
is: {1,5,7} and {3,4,6}.

Find all the integers n > 1 for which there exists a n-divided set.

(Two partitions of the set are considered to be different if at least one subset of one
partition does not coincide with any subset of another partition.)

3Proposed by PSC.
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GEOMETRY

G1. Let ABC be an acute scalene triangle with circumcenter O. Let D be foot of an
A-altitude in triangle ABC and let E denote intersection of lines BC' and AO. Let [ be
a line through F perpendicular to AO. Let [ intersect AB and AC at K, L respectively.
Denote by w circumcircle of triangle AK L. Line AD intersects w again at X. Prove that
circumcles of triangles ABC, DEX and w have a common point.

(Proposed by Boris Stankovié, Bosnia and Herzegovina)

G1B.* Let ABC be an acute scalene triangle with circumcenter O. Let D be the foot
of the altitude from A to the side BC. The lines BC' and AQO intersect at E. Let [ be
the line through E perpendicular to AO. The line [ intersects AB and AC at K and L,
respectively. Denote by w the circumcircle of triangle AK L. Line AD intersects w again
at X. Prove that w and the circumcircles of triangles ABC and DEX have a common
point.

G2. Let P be an interior point of the isosceles triangle ABC' with A=90°. If
PAB + PBC + PCA = 90°,

prove that AP | BC.
(Proposed by Mehmet Akif Yildiz, Turkey)

G2B5. Let P be a point inside the isosceles triangle ABC with ZBAC = 90°. Prove that
the lines AP and BC' are perpendicular if and only if

LPAB+ ZPBC + ZPCA = 90°.

G3. Let ABC' be an acute triangle with circumcircle w and circumcenter O. The perpen-
dicular from A to BC intersects BC' and w at D and E, respectively. Let F' be a point
on the segment AFE, such that 2- FD = AE. Let [ be the perpendicular to OF through
F. Prove that [, the tangent to w at E and the line BC' are concurrent.

(Proposed by Stefan Lozanovski, North Macedonia)

G3BS. Let ABC be an acute triangle with circumcircle w and circumcenter Q. The
perpendicular from A to BC' intersects BC' at D, and it intersects w again at E. Let F
be a point on the segment AF, such that AE = 2- FD. Let [ be the perpendicular to OF
through F'. Prove that [, the line BC' and the tangent to w at E have a common point.

4Proposed by PSC.
5Proposed by PSC.
5Proposed by PSC.
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G4. Let ABCD be a convex quadrilateral with /B = ZD = 90°. Let E be the point
of intersection of BC' with AD and let M be the midppoint of AE. On the extension of
CD, beyond the point D, we pick a pint Z such that MZ = ATE. Let U and V be the
projections of A and F respectively on BZ. The circumcircle of the triangle DUV meets
again AFE at the point L. If I is the point of intersection of BZ with AF, prove that the
lines BL and C1T intersect on the line AZ.

(Proposed by Cyprus)

G4B". Let ABCD be a convex quadrilateral with ZABC = ZADC = 90°. The perpen-
diculars from A and C to BD intersect BD at U and V', respectively. The perpendicular
from D to AC intersects AC' and BC at T and X, respectively. The circumcircle of
triangle TUV intersects AC' again at R. The lines AC and BD intersect at F. Prove
that the lines X F, BR and AD have a common point.

G5. Let ABC be an acute scalene triangle with circumcircle w. A line parallel to BC'
cuts AB and AC in P and @ respectively. Let L be a point on w such that AL || BC.
Denote by S the intersection of segments B(Q) and C'P. If K is the intersection of LS
with w, prove that /BKP = ZCKQ.

(Proposed by Ervin Macié, Bosnia and Herzegovina)

G5B8. Let ABC be an acute scalene triangle with circumcircle w. Let P and ) be interior
points of the sides AB and AC, respectively, such that PQ is parallel to BC'. Let L be
a point on w such that AL is parallel to BC. The segments BQ) and C'P intersect at S.
The line LS intersects w at K. Prove that /BKP = ZCKQ.

"Proposed by PSC.
8Proposed by PSC.
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NUMBER THEORY

NT1. Find all positive integers a, b, ¢ such that ab+ 1, bc + 1 and ca + 1 are all equal to
factorials of some positive integers.

(Proposed by Nikola Velov, North Macedonia)

NT2. The real numbers z, y and z are such that 22 +y? + 2% = 1.

a) Determine the smallest and the largest possible values of zy + yz — zz.
b) Prove that there does not exist a triple (x,y, z) of rational numbers, which attains
any of the two values in a).

(Proposed by Bulgaria)

NT2B?. The real numbers z, y and z are such that 22 + 4% + 22 = 1. Let s and L be the
smallest and the largest possible values of xy + yz — xz.

a) Determine s and L.
b) Prove that there does not exist a triple (x,y, z) of rational numbers, which attains
any of the two values s and L.

NT3. For given set A = {1, xs,x3, 24, x5} of five distinct positive integers denote sum
of its elements with S4. Let Ty denote number of triplets (7,7, k) with 1 <i<j <k <5
for which x; + x; + x;, divides S4. Among all sets of five distinct positive integers find,
with proof, maximum value that T4 can attain.

(Proposed by Boris Stankovié, Bosnia and Herzegovina)

NT3B'Y. For any set A = {x1, 2,73, 74,25} of five distinct positive integers denote
by Sa the sum of its elements, and denote by T4 the number of triplets (i, j, k) with
1 <t <j <k <5 for which x; +x; + 2 divides S4. Find the largest possible value of T'4.

9Proposed by PSC.
10Proposed by PSC.
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NT4. Dragos, the early ruler of Moldavia, and Maria the Oracle play the following
game. Firstly, Maria chooses a set S of prime numbers. Then Dragog gives an infinite
sequence I, T, ... of distinct positive integers. Then Maria picks a positive integer M
and a prime number p from her set S. Finally, Dragos picks a positive integer N and the
game ends. Dragog wins if and only if for all integers n > N the number z,, is divisible
by p™; otherwise, Maria wins.

Who has a winning strategy if the set S must be:  a) finite; b) infinite?

(Proposed by Bulgaria)

NT4B!. Dragos and Maria play the following game. Firstly, Maria chooses a nonempty
set S of prime numbers. Dragos, knowing the chosen set S, gives an infinite sequence
X1, T, ... of distinct positive integers.

Dragos wins if and only if for any positive integer m and any prime number p € S,
there exists a positive integer k such that for any integer n > k the number z,, is divisible
by p™; otherwise, Maria wins.

Who has a winning strategy if:

a) the set S is finite; b) the set S is infinite?

NTS5. Find all pairs of integers (z,y) such that z2 + 5y* = 2021y.
(Proposed by Bulgaria)

NT6. Given a positive integer n > 2, we define f(n) to be the sum of all remainders
obtained by dividing n by all positive integers less than n. For example dividing 5 with
1,2,3 and 4 we have remainders equal to 0,1,2 and 1 respectively. Therefore f(5) =
O+14+2+1=4
Find all positive integers n > 3 such that f(n) = f(n —1) + (n — 2).
(Proposed by Cyprus)

NT6B'%2. Given a positive integer n > 2, we denote by f, the sum of all remainders
obtained by dividing n by all positive integers less than n. For example, dividing 5
with 1, 2, 3 and 4, we have remainders equal to 0, 1, 2 and 1 respectively. Therefore
=0+1+24+1=4

Find all positive integers n > 2 such that f,.1 — f, =n — 1.

HProposed by PSC.
12Proposed by PSC.
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NT7. Alice chooses a prime number p > 2 and then Bob chooses a positive integer
ng. Alice, in the first move, chooses an integer n; > ng and calculates the expression
s1 = ngy*' + ni°; then Bob, in the second move, chooses an integer ny > n; and calculates
the expression sy = ni? + nj'; etc. one by one. (Each player knows the numbers chosen
by the other in the previous moves.) The winner is the one who first chooses the number
ny such that p divides sj(s1 + 282 + -+ - + ksg). Who has a winning strategy?

(Proposed by Borche Josheuvski, North Macedonia)

NT7B!3. Alice and Bob play a game. At her initial move, Alice chooses a prime number
p > 2 and then Bob chooses a positive integer ng. After that, Alice, in her standard move,
chooses an integer n; > ng and calculates the expression s; = ng* +nj°. Then Bob, in his
standard move, chooses an integer ny > n; and calculates the expression sy = nj? + nj'.
They repeat one by one their standard moves. Each player knows the numbers chosen by
the other in the previous moves. The winner is the player who first chooses the number
ng such that p divides sy (sq + 282 + -+ - + ksg). Who has a winning strategy?

13Proposed by PSC.
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COMBINATORICS

C1+NT. In Mathcity, there are infinitely many buses and infinitely many stations. The
stations are indexed by the powers of 2: 1,2,4,8,16,... Each bus goes by finitely many
stations, and the bus number is the sum of all the stations it goes by. For simplifications,
the mayor of Mathcity wishes that the bus numbers form an arithmetic progression with
common difference r and whose first term is the favourite number of the mayor.

For which positive integers r is it always possible that, no matter the favourite number
of the mayor, given any m stations, there is a bus going by all of them?

(Proposed by Savinien Kreczman and Martin Rakovsky, France)

C1B+NT!". In Mathcity, there are infinitely many buses and infinitely many stations.
All stations are indexed by the different powers of 2: S = {1,2,4,8 16,...}, such that
each element of S is the index for some station. Each bus stops by finitely many distinct
stations, and the bus number is the sum of indices of all the stations it stops by. The bus
numbers form an arithmetic progression with common difference r and whose first term
is the favorite number of the mayor.

Find all positive integers r such that for any finite set of stations, no matter the favorite
number of the mayor, there is always a bus stopping by these stations (and, possibly, other
stations)?

C2. Let n be a positive integer. We are given a 3n x 3n board whose unit squares are
colored in black and white in such way that starting with the top left square, every third
diagonal is colored in black and the rest of the board is in white. In one move, one can
take a 2 x 2 square and change the color of all its squares in such way that white squares
become orange, orange ones become black and black ones become white. Find all n for
which, using a finite number of moves, we can make all the squares which were initially
black white, and all squares which were initially white black.

(Proposed by Boris Stankovié and Marko Dimitrié, Bosnia and Herzegovina)

4 Proposed by PSC.
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C3. We have a set of 343 closed jars, each containing blue, yellow and red marbles with
the number of marbles from each color being at least 1 and at most 7. No two jars have
exactly the same contents. Initially all jars are with the caps up. To flip a jar will mean
to change its position from cap-up to cap-down or vice versa. It is allowed to choose a
triple of positive integers (b;y;r) € {1;2;...; 7}® and flip all the jars whose number of blue,
yellow and red marbles differ by not more than 1 from b, y, r, respectively. After n moves
all the jars turned out to be with the caps down. Find the number of all possible values
of n, if n < 2021.

(Proposed by Bulgaria)

C3B'5. There are 343 closed jars, each containing blue, yellow and red marbles with the
number of marbles from each color being at least 1 and at most 7. No two jars have
exactly the same contents. Initially all jars are with the caps up. To flip a jar will mean
to change its position from cap-up to cap-down or vice versa. It is allowed to choose a
triple of positive integers (b, y, ) with b,y,r € {1,2,...,7} and flip all jars whose numbers
of blue, yellow and red marbles differ by not more than 1 from b,y and r, respectively.
After n moves all the jars turned out to be with the caps down.

a) Find the smallest possible value of n.

b) Is it possible that n = 2021 ?

C4. Alice and Bob play a game together as a team on a 100 x 100 board with all unit
squares initially white. Alice sets up the game by coloring exactly k of the unit squares
red at the beginning. After that, a legal move for Bob is to choose a row or column
with at least 10 red squares and color all of the remaining squares in it red. What is the
smallest k& such that Alice can set up a game in such a way that Bob can color the entire
board red after finitely many moves.

(Proposed by Nikola Velov, North Macedonia)

C4B'°. Alice plays a game on a 100 x 100 board with all unit squares 1 x 1 initially white.
First, Alice chooses k unit squares and colors them in red. After, at each her move, Alice
chooses a row or a column with at least 10 red squares (if there is) and colors in red all
of the remaining white squares (if there are) in this row or column. It is known that after
finitely many moves Alice succeeded to color in red all the unit squares of the table. Find
the smallest possible value of k.

C5. Let A be a subset of the set of 2021 integers {1,2,3,...,2021} such that whenever
a, b, c are three not necessarily distinct elements of A, then |a + b — ¢| > 10.
What is the largest possible number of elements of A?

(Proposed by Cyprus)

5Proposed by PSC.
16Proposed by PSC.
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C6. Given an m X n table consisting of mn unit cells. Alice and Bob play the following
game: Alice goes first and the one who makes move colors one of the empty cells with

1 [

one of the given three colors. Alice wins if there is a | or || figure having three
different colors. Otherwise Bob is the winner. Determine the winner for all cases of m
and n where m,n > 3.

(Proposed by Toghrul Abbasov, Azerbaijan)
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SOLUTIONS

ALGEBRA. SOLUTIONS

A1. Let n be a positive integer. Consider the equation

2{%J —n+1=(n+1)(1—-nz),

where x is the nonzero real variable.
a) Solve the equation when: i) n =8; ii) n = 51.
b) Prove that for some integer N and all integers n > N the equation has at least

2021 solutions.
(For a real number y, |y| denotes the largest integer K such that K < y.)

(Proposed by Bulgaria)
Remark.!” Feel free to remove/add suitable parts — e.g. if in your opinion b) becomes
too obvious after having solved a) ii), you could remove a) ii).

Solution. Let A = Lij — then the equation gives x = 721(?;?) and now substituting in
the definition of A yields
A= {n(n +1) J

4(n — A)
The latter equality is a necessary and sufficient condition for the corresponding x to be a
solution to the equation. Let us also observe that A is an integer and that 1 < A <n-—1
for n > 3 — indeed, if A = 0, then 0 = L”T“J > 1; if A = n, the right-hand side is
undefined; and if A < 0 or A > n, then the sides have different signs.

a) i) For n = 8 we want A = [;]. By the above, A is an integer between 1 and 7

inclusive. A direct verification shows that only A = 3 and A = 4 are solutions, with the
corresponding z being r = 2 and x = 1

36 9°
ii) For n = 51 we want A = [2%] for integers 1 < A < 50. This holds if and only if
A< 38 < A+ 1. The left inequality is equivalent to (24 — 51)? + 51 > 0 and holds for

all A. The right one is equivalent to (4 — 25)? < 13 and hence has only 22 < A < 28 as

solutions. Hence all solutions are z = % for 22 < A < 28.

b) It suffices to have at least 2021 integer solutions 1 < A <n—1to A < Z((:ji)) < A+1
whenever n > N for some suitable N. The left inequality is equivalent to (2A—n)*+n > 0
and holds for all A. The right inequality is equivalent to (24 —n+1)? < n+1 and hence
holds precisely for %ﬁ <A< %ﬁ Observe that this range for A is tighter
than 1 < A<mn—1forn>6as(n—3)?>n+1and (n—1)*> > (n+ 1) for these
n. Finally, the difference between the endpoints of the interval (”_I_ZM, ”_1+2‘/m) is
v/n + 1 and hence for sufficiently large n this interval must contain at least 2021 integers.

This completes the proof. O

17 All remarks are made by the problem authors.
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A2. Let n > 3 be a positive integer. Find all integers k£ such that 1 < k£ < n and for
which the following property holds:

If x1,...,x, are n real numbers such that z; + x;.1 + ... + x;.x_1 = 0 for all
integers ¢ > 1 (indexes are taken modulo n), then z; = ... =z, = 0.

(Proposed by Martin Rakovsky, France)
Answer: All integers k such that 1 < k& < n and k is coprime with n.

Solution. First, if some integer d > 2 divides both k£ and n, the sequence

T1, Ty ... 2y =1,0,...,0,—1,1,0,...,0,—1,...,1,0,...,0,—1
d numbers d numbers d numbers

is such that z; + z;4.1 + ... + ;41 = 0 for all integers ¢ > 1, but it contains non-zero
terms. Thus, if £ is not coprime to n, it cannot be a solution of the problem.

Now, consider some integer k € {1,2,...,n} that is coprime with n, and let 1, 2, ..., x,
be real numbers such that x; +x;41 + ... + ;041 = 0 for all integers ¢ > 1. Given any
integer i, we have

Ti=—Tjt1 — -+ = Titg—1 = Titk-

Thus, the sequence (z,,)m>1 is periodic, with period k. Since k is coprime with n,
there exists an integer ¢ such that k¢ = 1 (mod n). It follows that x; = x; 3 = ;41 for
all 7 > 1, i.e., that the real numbers z; are all equal. Hence, 0 = z1 + 29+ ... + xp = k2
and 0=z =29 = ... =x,.

In conclusion, the solutions are the integers k such that 1 < k < n and k is coprime
with n. 0
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A3. Let n be a nonnegative integer. A finite set of integers is called n-divided if there
are exactly n ways to partition this set into two subsets with equal sums.

For example, the set {1,3,4,5,6,7} is 2-divided because the only ways to partition it
into two subsets with equal sums is by dividing it into {1,3,4,5} and {6,7}, or {1,5,7}
and {3,4,6}.

Find all the integers n > 0 for which there exists a n-divided set.

(Proposed by Vincent Jugé and Théo Lenoir, France)

Answer: All integers n > 0.

Solution. First, note that the set {1} is 0-divided and the set {1,2, 3} is 1-divided.
Now consider an integer n > 2 and let us show that the set

E={k:3n<k<4n—-1}U{k: dn+1 <k <5n}U{8n(n—2)}

is n-divided. Indeed, if X x denotes the sum of the elements of a set X, choosing a way
to divide the set F into two subsest with equal sums corresponds to selecting a subset X
of E containing the number 8n(n — 2), and for which

1

Yx = Cuat <8n(n —2) + ; ((4n —£€) + (4n + E))) = % (8n(n —2) + 8n*) = 8n(n—1).

In other words, it corresponds to selecting a subset Y of the set ' = E'\ {8n(n —2)} for
which Xy = 8n.

Since max F/ < 8n < 3min F’, such a set Y contains exactly 2 elements. So the
corresponding sets Y are the sets of the form {4n —¢,4n+ ¢} with 1 < ¢ < n. There exist
n such sets, so F is n-divided as desired. Il
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GEOMETRY. SOLUTIONS

G1. Let ABC be an acute scalene triangle with circumcenter O. Let D be foot of an
A-altitude in triangle ABC' and let E denote intersection of lines BC' and AO. Let [ be
a line through E perpendicular to AO. Let [ intersect AB and AC at K, L respectively.
Denote by w circumcircle of triangle AK L. Line AD intersects w again at X. Prove that
the circumcircles of triangles ABC', DEX and w have a common point.

(Proposed by Boris Stankovi¢, Bosnia and Herzegovina)

Solution 1.

Let us denote angles of triangle ABC' with «a, 3,7 in a standard way. We easily get
that ZBAD =90° — = ZOAC and ZCAD = ZBAO = 90° — 7.

Using the fact that lines AF and AX are isogonal with respect to ZK AL we can
conclude that X is an A-antipode on w. (This fact can be purely angle-chased, for
example we have ZKAX +/ZAXK = /KAX +/ZALK = 90° — 3+ = 90° which implies
ZAKX = 90°) Now let us denote F' point on line AE such that XF L AFE. Using that
AX is a diameter of w and ZEDX = 90° it’s clear that F'is the intersection point of w and
the circumcircle of DEX. Now it suffices to show that ABF'C'is cyclic. Now we have that
LKLF = /ZKAF = 90° — v and from ZFFEL = 90° we have that /ZEFL =~ = /ZECL
so quadrilateral EFCL is cyclic. Now we have that ZAFC = /EFC = 180°— ZFELC =
/ZELA = (3 (where last equality holds because of ZAEL = 90° and ZFAL = 90° — (3).00
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Solution 2.

As in the first solution we have that Z/BAD = 90° — = ZOAC' and that AX is the
diameter of w. Also we note that ZALK = (3, /KLC = 180° — 3 = ZKBC so BKCL
is cyclic. Let AO intersect circumcircle of ABC again at A’. We will show that A’ is
the desired concurrence point. Obviously AA’ is the diameter of circumcircle of triangle
ABC so ZA'CA = 90° which implies that A’CLE is cyclic. From power of point F we
have that EK - EL = EB- EC = EA- EA’ so we can conclude that A" € w. Now using
the fact that AX being the diameter of w implies ZAX A" = 90° we have that DX A'E is
cyclic because of ZEDX = 90° which finishes the proof. U
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G2. Let P be an interior point of the isosceles triangle ABC' with A=90°. If
LPAB+ ZPBC + ZPCA = 90°,

prove that AP | BC.
(Proposed by Mehmet Akif Yildiz, Turkey)

Solution.

Let D be the point on BC with AD 1 BC. If AP is not perpendicular to BC,
without loss of generality, assume P is inside the triangle ABD. Write Z/PBC = x +y
and ZPCB = y. From the given angle equality, it is easy to see that ZPAD = x. Let
F be the point on AD with |PA| = |PF|. Firstly, we have ZPF D = x. Then, when we
consider the triangle PBC', we have

|[FB| = |FC| and /PFC — /PFB =2z =2-(/PBC — /PCB)

This implies F is the circumcenter of the triangle PBC, and hence we get |FB| = |F'P].
On the other hand, let K be the point on AB such that PK 1 AD. Since ZAKF = 90°
and KP 1| AF, we get |F'B| > |FK| > |FP|, which leads to a contradiction. As a result,
we conclude that AP 1 BC. 0

G2B!'8. Let P be a point inside the isosceles triangle ABC with ZBAC = 90°. Prove
that the straight lines AP and BC are perpendicular if and only if

LPAB+ ZPBC + £ZPCA = 90°.

Solution 1. ” =" Let D be the midpoint of the side BC. Then the straight lines AD
and BC are perpendicular. Suppose that the straight lines AP and BC' are perpendicular.
It follows that the point P is a point of the segment AD (see figure).

8Proposed by PSC.
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Because AD is the perpendicular bisector of the segment BC we obtain two pairs of
congruent triangles: BDP and CDP, ABP and ACP. If we denote /PBC = /PCB =
a, then /PBA = /PCA =45°— a and ZPAB = ZPAC = 45°. We have

/PAB+ /PBC + ZPCA =45+ a4+ 45° — a = 90°.
" <" Suppose that the point P lie inside of the triangle ABC such, that
/PAB+ /PBC + ZPCA =90°.

Let D be the midpoint of the side BC. It follows that the straight lines AD and BC
are perpendicular. If AP is not perpendicular to BC, without loss of generality, assume
that P is inside of the triangle ABD (see figure).

A

Let F' be the point on AD with |[PA| = |PF| and Q is the intersection point of the
segments PC' and AD. Denote ZPAF = /PFA = 5 and ZQBC = ZQCB = 450%. We
obtain that ZPAB = 45° — 3, ZPCA = 4507_@’.. From the given angle equality, it is easy
to see that ZPBQ = 5. Because ZPBQ = ZPF(Q = 7, it follows that the quadrilateral
BPQF is cyclic and ZPQB = ZPFB = 45° + y. We have
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135° — y

LFBP = ZFPB= "%  /FCP=/FP(C= By -z-y

2

From the isosceles triangles BPF and F'PC we obtain the equalities |F'B| = |FP| =
|FC|. This implies that F' is the circumcenter of triangle PBC.

On the other hand, let K be the point on AB such that the line KP and AF are
perpendicular. Since ZAKF = 90°, we get |FB| > |FK| > |FP|, which leads to a
contradiction. As a result, we conclude that the lines AP and BC' are perpendicular. [J

Solution 2. 7 =7 The same proof as in the Solution 1.
" <" We apply the trigonometrical version of Ceva concurrence theorem: The lines
AP, BP and CP are concurrent in P if and only if

sin/PAC sin/ZPBA sin/PCB B
sin /PAB sin /PBC sin/PCA

1.

By using the angles notations from Solution 1 we obtain the equality

i ) s = (G4 d) sn(E el
(@5 —3) sin(5+(5+4) sin(F -4

Let m = tan %, n = tang, p = tany. The numbers m,n,p satisfy the relations

0 <m,n,p < 1. By applying trigonometrical calculus we obtain the equalities

sin(45°+ %)  14n sin(43° +

sin(45° — £)  1—n’ sin(%* —

) m+p
) m-—p

N [N

sin(32-— (5+4) m-—n—p—mnp

sin(£° + (2+ %) m+n+p—mnp’

The Ceva relation has the following form:

1+n m—n—p—mnp m—i—p_l

l-n m4+n+p—mnp m-—p

From the last equality we obtain the factorization
2n[m(1 —m) + (1 +m)p* + (1 +m?)np] = 0.

Because m(1 —m) + (1+m)p®+ (1 +m?)np > 0, then n = tan = 0. So, z = 0. It follows
that the point P lie on the altitude AD and the lines AP and BC' are perpendicular. [J
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G3. Let ABC' be an acute triangle with circumcircle w and circumcenter O. The perpen-
dicular from A to BC intersects BC' and w at D and E, respectively. Let F' be a point
on the segment AD, such that 2- FD = AE. Let [ be the perpendicular to OF through
F. Prove that [, the tangent to w at E and the line BC' are concurrent.

(Proposed by Stefan Lozanovski, North Macedonia)
Solution 1. Let [N BC = G. We will prove that GE is tangent to w. Let H be the

orthocenter of ABC. It is well-known that HD = DE. From 2FD = AE we get that F
is the midpoint of AH.

Let M be the midpoint of BC. It is well known that M H passes through A’ - the
antipode of A in w. If S is the second intersection of M H and w, then ZHSA = LA'SA =
90°, so S lies on the circle with diameter AH, which is centered at F'. Therefore, F'S = FH

- (1)

Since ZMSA = ZA'SA = 90° we have MH 1. AS. But since O and F' are centers
of ABC and (ASH) and AS is their common chord, we have OF 1 AS. Therefore,
MH | OF ... (2)

Since FH and OM are both perpendicular to BC', we get FH || OM. Using (2), we
get that OF HM is a parallelogram. Therefore FH = OM. (This can alternatively be
proven by the well-known fact that AH = 20M). Using (1), we get that F'S = OM.
Using (2) again, we get that OFSM is an isosceles trapezoid and therefore it’s cyclic.
Using that OFGM is also cyclic (ZOFG = 90° = ZOMG), we get that OF SGM is
cyclic and therefore ZOSG = ZOFG = 90°. We have HS || OF and OF 1 FG, so
HS 1 FG. Using (1), we get that F'G is the side bisector of SH, so GS = GH. Since
HD = DFE, we also get GH = GE. Therefore GS = GH = GE. Finally, we get that
AOSG = AOEG (by SSS), so ZOEG = ZOSG = 90°, i.e. GE is tangent to w. O
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Solution 2. Let H be the orthocenter of AABC and M the midpoint of BC (thus
OM 1 BC). Since 2F'D = AFE, we get that F' is the midpoint of AH. It is known that
HD = DE and AH = 20M. Since FH = JAH = OM and FH || OM, we obtain
that FHMO is a parallelogram, hence FO = HM. Since H and E are symmetric with
respect to the line BC', we obtain that EM = HM = FO, which shows that FOM FE is an
isoscelles trapezium, hence cyclic. Let G be the intersection point of BC' with the tangent
tow at E. Then/GEO = 90° = ZGMO, hence OG is the diameter of the circumcircle
of FOME, and therefore we must have ZGFO = 90°. [l
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G4. Let ABCD be a convex quadrilateral with /B = ZD = 90°. Let E be the point
of intersection of BC' with AD and let M be the midppoint of AE. On the extension of
CD, beyond the point D, we pick a pint Z such that MZ = ATE. Let U and V be the
projections of A and F respectively on BZ. The circumcircle of the triangle DUV meets
again AFE at the point L. If I is the point of intersection of BZ with AF, prove that the
lines BL and C1T intersect on the line AZ.

Solution.

Since MZ = =AM = MFE then ZAZE = 90° and A, B, E, Z belong to a circle
with center M.

Let O be the projection of M on BZ. Then BO = OZ. Since AUFEV is a trapezium,
and M is the midpoint of the diagonal AE, then O is the midpoint of UV. Thus UO =
OV'. Since also BU = ZV, then BO = OZ.

Let J be the point of intersection of C'D with the circumcircle of the triangle DUV.
Since ZLDJ = 90°, then L and J are antidiametric points of the circle and so the points
L, O, J are collinear with OL = OJ. Since also Z/Z0J = ZLOB then the triangles ZOJ
and BOL are equal.

We deduce that Z0ZJ = ZLBO and therefore ZD is parallel to BL. Since ZD is
perpendicular to AF, it follows that BL is also perpendicular to AFE.

Let T be the point of intersection of BL with AZ. Since the triangles ABL and CED
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are similar, then

BL AL

_= = 1

ED CD (1)
Since the triangles ALT and ZDFE are similar, then

LT AL

ED ~ 7D @
From (1) and (2) we deduce that

BL ZD

LT CD

from which it follows that C'I passes through T
Alternative Approach: We can also show that BL is perpendicular to AE as follows.

Since /ZVE =90° = LZDEFE, then D, E, Z V are concyclic. Then ZIDV = /ZIZFE
and ZIVD = /ZIEZ. So the triangles ZIFE and IV D are similar.

Since A, B, E, Z are concyclic, then the triangles ZIE and AIB are similar. Since
D, U, L,V are concylic, then the triangles IV D and IUL are concyclic.

From the above, it follows that the triangles AI B and IU L are similar. Then ZI LU =
ZABI, and so A, B,U, L are concyclic. Thus ZALB = ZAUB = 90°, i.e. BL is perpen-
dicular to AF. O

Comment!'’. The initial problem statement is not correct for the case when A lies
between B and E. Furthermore, the addition of point Z and the framing of the problem
in terms of quadrilateral ABC'D is artificial and the first step used to get rid of Z is too
simple and omitting it doesnt reduce at all from the complexity of the problem. In the
first solution, it is not proven that O is the circumcenter of circle (DUV'), and proving
this would replicate the same ideas presented in the second solution. The second solution
is based on angle chasing, yet the similarity arguments seem extraneous.

19 All comments are made by PSC.
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G4B?. Let ABCD be a convex quadrilateral with ZABC = ZADC = 90°. Let U and
V' be the projections of A and C' onto BD. Suppose that the perpendicular from D to
AC' intersects AC' and BC' at T and X, respectively. The circumcircle of triangle TUV
intersects AC again at R. If F' is the intersection of AC and BD, prove that the lines
XF, BR and AD are concurrent.

Solution.

C

Since ZDVC = ZDTC = 90°, DVTC'is cyclic. We have

£LDBA=/DCA (since ABCD cyclic)
=/TVB (since DVTC cyclic)
= /TRU (since VTUR cyclic)
and therefore /DBA = /TRU, which shows that ABUR is cyclic. In particular,

ZARB = ZAUB = 90°, which shows that BR is perpendicular to AC, hence BR is

parallel to X D.
Let P be the point of intersection of BR with AD. Since triangles ABR and XCT

are similar, we have

BR AR (1)
CT XT'
Since triangles ARP and DTC are similar, we have
RP AR
T ~ DT 2)

From (1) and (2) we deduce that
BR DT RP BR RF
RP_ XT XTI DI FT
Hence, APRF ~ AXTF, from which it follows that P, X and F' are collinear. [

20 Alternative formulation and solution proposed by PSC.
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G5. Let ABC be an acute scalene triangle with circumcircle w. A line parallel to BC'
cuts the sides AB and AC at points P and @ respectively. Let L (L # A) be a point on
w such that AL || BC. Denote by S the intersection of segments BQ) and C'P. If K is
the second intersection point of LS with w, prove that /BKP = ZCKQ.

(Proposed by Ervin Macié¢, Bosnia and Herzegovina)

Solution 1.

Denote the intersection of SL with PQ as R. We prove BK RP and C'K R() are cyclic
(this is a direct consequence of Reim’s theorem): ZALR = ZALK = 180°ZABK =
1804PBK but also ZALR = ZLR(Q) = ZPRK. Now obviously ZK RQ) = 180°ZKCQ.
Now notice that we need to prove /ZBRP = ZCR() since /BRP = /BKP and ZCKQ =
ZCRQ. This is equivalent to proving BR = CR (/BRP = ZRBC and ZCRQ =
ZRCB). Notice that we would need PR and RM to be the interior and exterior angle
bisectors of ARS. This would mean AR and LR are symmetric w.r.t. bisector of BC,
which is sufficient. From here we can proceed in multiple ways:

Let U and V be the intersections of circles CKR(Q) and BKRP with CP and BQ
respectively. Since S lies on the radical axis of these two circles, we must have US - SC' =
VS - SB so quadrilateral BUV C'is cyclic and thus PUV Q) is cyclic (ZUVB = ZUCB =
ZCPQ). Since PUVQ is cyclic we get ZQUC = ZPVB = /ZPRB = ZCRQ, and we're
done. O
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Solution 2.

Let M be the midpoint of BC and D the midpoint of AL. The intersection of AS
with PQ is T. We have A, S, M are collinear by Ceva or similar triangles (Thales). We
need to prove M, R, D are collinear. This is equivalent to proving 37 MT = Ik _ QTR but

g—f = gi’; so it suffices to prove %5 = QgAT and here we are basically done 51356 A, T S, M
lie on one line: &ZQS_T{:) _&:1—29_71
MA MT MA MT
@MS:MS—ST{:)MT:MS—STzl_S_T
MA MT MA MS MS
ST AT
]\/[S MA
which is true since ﬁg = g—g. U

Solution 3. Same notations as Proof 2: We need to prove that M, R, D are collinear.
By Menelaus it’s enough to prove

AD LR MS e AT MS 1 AT MA

DL RS MA TV TS mMA T TS Ms

AQ _ PQ
which is true since 96 = Bo- O
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Solution 4.

Let R’ be the point on PQ such that BR' = CR'. We'll prove S, R', L are collinear.
Let M be the midpoint of BC. By Thales we know A, S, M are collinear. Denote by
T the intersection of AS with PQ. We prove that R'T is the interior angle bisector of
ZAR'S by

Lemma. For a given triangle ABC, let P, € BC, such that Q € (BC) and B € (PQ).

If i—g = g—g and ZPAQ = 90°, then AP, AQ) are the exterior and, respectively, interior

angle bisectors of ZBAC.

Proof. Let X and Y be the intersections of the line through ) perpendicular to AQ) with
AB and AC respectively. By similar triangles (ABX@Q ~ AAPB and AQYC ~ APAC.
We get these since XY is parallel to AP) we have QX = BQ - ?,—g and QY = QC - ;‘—g.
Now obviously g—if = 1, by the condition, hence by SAS congruence (AAXQ and AAY Q)
the conclusion follows.

Apply this lemma on triangle AR’'S and the segments RT and RM. From here the
collinearity is obvious since ZAR'P = ZLR'Q = ZPR'S. (The condition 4= = Z5 can
be checked to be true by simple similar triangles or Thales). O
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NUMBER THEORY. SOLUTIONS

NT1. Find all positive integers a, b, ¢ such that ab+ 1, bc + 1 and ca + 1 are all equal to
factorials of some positive integers.

(Proposed by Nikola Velov, North Macedonia)

Solution. Because of symmetry, we can assume that a > b > ¢. In particular, this means
that ab+ 1 > ac+ 1. Now if ac+ 1 = z! and ab+ 1 = y!, we have

l=ac+1<ab+1=y!
So z!| y! or ac+ 1| ab+ 1. From here we obtain:
ac+ 1| (ab+1)— (ac+ 1) =a(b— c).

Using that ac+1 and a are relatively prime, this means that ac+1 | b—c. We conclude
that either b = c or ac+ 1 < b — ¢. However, we also see that 0 < b—c<b<a < ac—+1,
which means that we must have b = c.

Let bc+ 1 = 2! for some positive integer z. Because b = ¢, this means that b* +1 = 2!,
but this is only possible if z = 2 and b = 1. Indeed, if 2 > 3, then 3 | z!, so 3 | b* + 1.
However, this would mean that b* = 2 (mod 3), which is not possible. Checking z = 1
directly we see that this is not possible as well, so b=c = 1.

Finally, a + 1 = ac+ 1 = 2!, so a = x! — 1 for some positive integer x. Because a
is also a positive integer, we must have x > 2. Taking symmetry into consideration we
obtain that all solutions (a, b, ¢) are of the form (z!—1,1,1), (1,z! = 1,1) or (1,1,2! —1)
for some positive integer x > 2. We can easily see that all such triples indeed satisfy the
condition of the problem. O
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NT2. The real numbers x, y and z are such that 2 +y% 4+ 22 = 1.

a) Determine the smallest and the largest possible values of zy + yz — xz.
b) Prove that there does not exist a triple (x,y, z) of rational numbers, which attains
any of the two values in a).

(Proposed by Bulgaria)

Solution. a) We have zy+yz—xz > —(2?+y*+2%) = —1 & (x+y)*+(y+2)*+(x—2)* > 0

and equality holds only for (:I:\/L§7 :F\/ig,:lz\/ig). On the other hand, (z +2 —y)? > 0 &

xy+yz —xrz < % and equality holds for example when (0, \%, \%)

b) The minimum case is ruled out since v/3 is irrational. For the maximum case, it is
enough to consider 22 +y?+2? = 1 with y = x4z — that is, the equation 2%+ 2%+ (x+2)* =
1. Suppose the latter has a rational solution and write it as x = £, 2 = %, where p,q,r # 0
are integers. Then p> +¢®> + (p+¢)?> =1? & (2p + q)? + 3¢®> = 2r%. Now modulo 3 gives
that 2p + ¢ and r are divisible by 3, whence ¢ (and thus p) is divisible by 3. Writing
p = 3p1, ¢ = 3q1, r = 3ry, we reach (2p; + ¢1)? + 3¢7 = 2r?, which is the same equation
as the above one for p, ¢ and r. Finally, if the integer s is such that 3**! does not
divide r, then performing the above s more times will yield an equation of the form
(20" + ¢')* + 3¢ = 2r"?, with the right-hand side not divisible by 3, which is impossible.[]
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NT3. For a given set A = {x1,x9,x3, 24,25} of five positive integers denote the sum of
its elements by S4. Let T4 denote the number of triples (i,j,k) with 1 <7< j <k <5
for which z; +x; + x;, divides S4. Among all sets of five positive integers find, with proof,
the maximum value that T4 can attain.

(Proposed by Boris Stankovié, Bosnia and Herzegovina)

Solution. We will prove that maximum value T}y can attainis 4. Let A = {x1, x9, x3, x4, 25}
be set of five distinct positive integers such that xy < z9 < 3 < 24 < x5. Call triple
(i,7,k) with 1 <i < j <k <5 good if x;+x;+ ), divides S4. Obviously by size argument
triplets (3,4,5), (2,4,5),(1,4,5),(2,3,5), (1,3,5) aren’t good because for example

ZL’5+.T3+£L’1’SA<:>I5+ZC3+I1|$2+LU4

which is impossible since x5 > x4 and x3 > x2. Analogously we can show that any triple
of form (z,y,5) where y > 2 isn’t good.

Because of that number of good triplets is at most 5 and only triplets (1,2,5), (2,3,4),
(1,3,4), (1,2,4), (1,2,3) can be good. But if triplets (1,2,5) and (2,3,4) are simultaneously
good we have that:

$1+$2+JI5’JI3+ZL’4:>.T5<.T3+JI4 (1)

and

(1)
To+ T3+ 2y |01+ 25 =22+ 23+ 24 <21+ 25 < 01+ 23+ T4 < Tp+ T3+ 24,

which is impossible. Therefore, Ty < 4.
To show that Ty = 4 is possible consider numbers 1,2, 3,4,494. This works because
6| 498, 7| 497, 8 | 496, and 9 | 495. O

Remark. Motivation for construction is to realize that if we choose x4, x2, x3, 4 We can
get all the conditions x5 must satisfy. Let S = z; + x5 + 23 + x4. Now only restrictions
for our choice of xj is that the following must be true: S — z; | z; + x5 «— x5 = —ux;
mod (S —uz;)Vi € {1,2,3,4}. If someone is familiar with the Chinese Remainder Theorem
it is obvious that if all numbers S —x1, S —x9, S — x3, S — x4 are pairwise coprime, such x;
must exist. To make all these numbers pairwise coprime it’s natural to take x, xs, x3, 24
to be all odd and then solve mod 3 issues. Fortunately it can be seen that 1,5,7,11 easily
works because 13,17, 19, 23 are pairwise coprime.

However, even without the knowledge of this theorem it makes sense intuitively that
this system must have a solution for some w1, x9,23,24. By taking (zq,x2,23,14) =
(1,2,3,4) we get pretty simple system which can be solved by hand rather easily.

There are many other possible constructions and they don’t really require knowledge
of CRT but they all require some kind of insight which often very important for senior
number theory problems. Therefore we can consider this problem a great transition from
junior to senior olympiad problems because it has some bounding ideas which are pretty
standard for junior problems while finding example requires more senior approach.
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NT4. Dragos, the early ruler of Moldavia, and Maria the Oracle play the following game.
Firstly, Maria chooses a set S of prime numbers. Then Dragos gives an infinite sequence
X1, To, . .. of distinct positive integers. Then Maria picks a positive integer M and a prime
number p from her set S. Finally, Dragos picks a positive integer N and the game ends.
Dragos wins if and only if for all integers n > N the number z, is divisible by p*;
otherwise, Maria wins. Who has a winning strategy if the set S must be:  a) finite b)
infinite?

(Proposed by Bulgaria)

Solution. We show that in both cases Dragos can win.

Suppose firstly that Maria chooses the finite set S = {p1, ps, ..., pr}, where p; < ps <
... < pg. Then Dragos can use the sequence x,, = (p1ps---px)"™ (which is increasing and
hence consists of distinct terms). Now, no matter what M and p Maria picks, Dragog can
give N = M in order to win — indeed, z,, is divisible by p" for each p in S and hence by
pM for all n > N.

Now consider the case when Maria chooses the infinite set S = {p1,ps,...}, where
p1 < p2 < .... Then Dragog can use the sequence x, = (pips - - p,)" (which is increasing
and hence consists of distinct terms). Now, no matter what M and py Maria picks, Dragos
can give N = max(M, k) in order to win — indeed, zj is divisible by p} for each pj in S
whenever n > k and hence by p™ for all n > max(M, k). O
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NTS5. Find all pairs of integers (z,y) such that 22 + 5y* = 2021y.
(Proposed by Bulgaria)

Answer. (0,0), (£390,100), (£408,289)

Solution. The cases x = 0 and y = 0 are immediate; we can without loss of generality
treat © > 0 and hence y > 0. Clearly, 2> = y(2021 — 5y) and the greatest common
divisor of the multipliers on the right divides 2021 = 43 - 47. Since 2021 — 5y > 0, i.e.
y < 404, we have the following possibilities: 43 | y, 47 | y and GCD(y, 2021 — 5y) = 1.
If y = 43z, then x = 43t and we get t* = 2(47 — 52), z < 9 and a direct verification
shows there is no solution. If y = 47z, then x = 472 and we get t* = 2(43 — 52), 2 < 8
and a direct verification shows there is no solution. In the last case we necessarily have
y = m? and 2021 — 5y = n? for positive integers m and n, i.e. n? + 5m? = 2021. Now
we get 5m? < 2021, i.e. m < 20; moreover m is not divisible by 3 (else n? = 2 (mod 3))
and does not give remainder 0, 2 or 5 when divided by 7 (else n? = 5,6 (mod 7)).
The remaining ones are m = 1,4,8,10,11,13,17,20 and for 2021 — 5m? we calculate
442 < 1941 < 2016 < 45% (so m = 1 and m = 4 do not work), 412 < 1701 < 422 (so
m = 8 does not work), 1521 = 39? (respectively y = 100), 37? < 1376 < 1416 < 382 (so
m = 11 and m = 13 do not work), 576 = 24* (respectively y = 289) and 4* < 21 < 52 (so
m = 20 does not work). O
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NT6. Given a positive integer n > 2, we define f(n) to be the sum of all remainders
obtained by dividing n by all positive integers less than n. For example dividing 5 with
1,2,3 and 4 we have remainders equal to 0,1,2 and 1 respectively. Therefore f(5) =
O+14+2+1=4.
Find all positive integers n > 3 such that f(n) = f(n — 1) 4+ (n — 2).
(Proposed by Cyprus)

Solution. Given any d < n we write ayg for the remainder when n — 1 is divided by d and
by for the remainder when n is divided by d.
If d|n then we have a; = d — 1 and by = 0. If d t n then we have by — a, = 1. Thus

f) = fn—=1) = (ba— aq) + Y _(bs — aa)

din dln
DY
din dln
DR
d dln
— (n—1) = [o(n) — 7]
=2n—1—o0(n)
Here, all sums are over all integers d € {1,2,...,n — 1} satisfying the claimed properties,

o(n) is the sum of all positive divisors of n (including n) and d(n) is the total number of
positive divisors of n (including n).

So f(n) = f(n —1) 4 (n — 2) if and only if o(n) = n + 1. But since 1,n are divisors
of n, then o(n) > n + 1 with equality if and only if n is a prime number.

Note: Several other modifications are possible. E.g. one can ask to find all n for which
f(n) > f(n—1)+ (n—+/n—2). This results to finding all n for which o(n) < n+1++/n
which again gives that n must be a prime number. (Otherwise it has 1,n and another
number greater or equal to y/n as divisors.)

Another modification is to ask to find all n such that f(n) = f(n — 1) — 1. This
happens exactly when n is a perfect number. Il
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NT7. Alice chooses a prime number p > 2 and then Bob chooses a positive integer
ng. Alice, in the first move, chooses an integer n; > ng and calculates the expression
s1 = ngy*' + ni°; then Bob, in the second move, chooses an integer ny > n; and calculates
the expression sy = ni? + nj'; etc. one by one. (Each player knows the numbers chosen
by the other in the previous moves.) The winner is the one who first chooses the number
ny such that p divides sj(s1 + 282 + -+ - + ksg). Who has a winning strategy?

(Proposed by Borche Josheuvski, North Macedonia)

Solution. We will prove that for any prime p > 2, Bob can win by choosing ng = (p—1).
Then
- o 1 ifp|m
s1=mny +n’ = . #Z0 (mod p) for any ny > ny.
2 ifptmy
We will use the following two properties:
1) If p | ng then it is obvious that for ng,1 = png > ny, we have plsgi1.
2) If ptny and ny is odd then for ng 1 = (p — 1)(pnk + 1) > ny we have

ngp = —1 (mod p), and spy1 = n" " +npt =1+ (=1)" =0 (mod p).

From 1) and 2) it follows that: If one of the players chooses n; to be odd or even
number divisible by p but does not win in his current move then the other can win in the
next move. If the player cannot chose n; for which he wins, then it is clear that the only
possibility not to lose is to choose ny to be an even and p { ny.

Let ngj = (p — 1) for j = 1,, ;%1’ where my; is chosen so that ng; > ng;_1.

Then

s - 1 if pfn;_in,
s;i=n.",+n’ "= I 200 (mod
J j—1 j {2 ifp)(nj_lnj * ( p)

and for £ < p— 1 we have s; +2sy + + ks, =

2(1 42 -1 if ’ it
{(+ t k=1 +k ifp[n _ {k 1p|nk¢0 (mod p)

20+2+ +k) if p{ng k(k+1) if pfnyg

and s1+2s5+ +(p—1)sp1 =2(1+2+ ...+ (p—1)) =0 (mod p).
As p — 1 is even, we get that the winning move belongs to Bob. O
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COMBINATORICS. SOLUTIONS

C1+NT. In Mathcity, there are infinitely many buses and infinitely many stations. The
stations are indexed by the powers of 2: 1,2,4,8,16,... Each bus stops by finitely many
(distinct) stations, and the bus number is the sum of indices of the stations it stops by.
The bus numbers form an arithmetic progression with common difference r and whose
first term is the favourite number of the mayor.

For which positive integers r is it certain that, no matter the favourite number of the
mayor, there is a bus stopping by any given m stations (and possibly, other stations)?

(Proposed by Savinien Kreczman and Martin Rakovsky, France)

Solution. If r is even and the favourite number of the mayor is 2, no bus will ever go by
the station number 1. Thus, even numbers r do not satisfy the problem requirement.

If r is odd, consider m bus stations with numbers 291, ..., 2% such that a; < as < ... <
am, and let f be the favourite number of the mayor. Since r is odd, it is coprime with
20m+1 “and thus there exists a positive integer ¢ such that r¢ = 1 (mod 2%»*!). Then,
let s be a positive integer such that s = —1 — f (mod 2%"*1). According to the problem
statement, there is a bus with number f + r(gs).

Since f+7r(qgs) = f+s=—-1=20+21+ ... 4+ 2% (mod 2%~ *1), this bus will go by
each of the stations 2°,2!, ..., 2% In particular, it goes by each of our initial m stations,
and thus r satisfies the problem statement.

In conclusion, the solutions of the problem are the odd integers 7. O
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C2. Let n be a positive integer. We are given a 3n x 3n board whose unit squares are
colored in black and white in such way that starting with the top left square, every third
diagonal is colored in black and the rest of the board is in white. In one move, one can
take a 2 x 2 square and change the color of all its squares in such way that white squares
become orange, orange ones become black and black ones become white. Find all n for
which, using a finite number of moves, we can make all the squares which were initially
black white, and all squares which were initially white black.

(Proposed by Boris Stankové and Marko Dimitrié, Bosnia and Herzegovina)

Solution 1. (by proposers) Firstly, observe that if we change the color of one square 3
times, it goes back to its original color. As the final configuration does not depend on the
order of moves and placing a move on a square 3 times does not change the configuration,
we can suppose that a move is placed on any square exactly 0, 1 or 2 times. This further
implies that a white square must change its colour 2 (modulo 3) times and that a black
square must be changed 1 (modulo 3) times.

Suppose we can reverse the colours of the squares, as required in the problem state-
ment, for some 3n x 3n board.

Claim: n cannot be odd.

Proof. Let us associate each 2 x 2 square with its top left unit square. Let’s take a look
at the first column. Its top square is white and is included in only one 2 x 2 square, so
that square has to be placed 2 times. The second square in this column is also white and
is included in its 2 x 2 square as well as in the one associated with the first unit square in
the column. This square has already been turned black by taking the 2 x 2 square of the
first unit square in this column twice, so its own 2 x 2 square has to be taken 0 times.
We use similar arguments to show that next four 2 x 2 squares have to be called 1,1,1 and
0 times. After that we have the white square included only in its own 2 x 2 square and
in the one above it, which has been taken 0 times, so we have the same situation we had
in the beginning. That means that in the first column numbers of times successive 2 x 2
squares have to be taken make a cycle (2,0,1,1,1,0). Now take a look at the last square
in this column. It is obviously black. Also, its 2 x 2 square is not included in the board,
so this unit square is included only in the 2 x 2 square of a unit square above it, which
has been taken 0 times if 6 | 3n 4+ 3 and 1 time if 6 | 3n. We know that this square must
change its color once and that is only possible if 6 | 3n, which means that 2 | n. Here is
the construction for n = 2:
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Here the number inside the unit square denotes the number of times the 2 x 2 square
with that unit square as its top left square is taken. Now for n = 2k, k > 1, we can
partition the board into several disjoint 6 x 6 boards, which we can solve separately,
which will solve the entire board (it is trivial that those 6 x 6 boards are colored the same
way the board in case n = 2 is colored). 0J

Solution 2. (by Milica Vugdeli¢, Serbia) As in the first solution, we can assume that a
move is placed on every square 0, 1 or 2 times. Also, use the same fact that white squares
must be change colour 2 (modulo 3) times and that black squares must change colour 1
(modulo 3) times. Use the same construction for even n. Suppose that we can obtain the
required board for some n.

Claim 1: The number of moves is divisible by 3.

Proof. Fix a sequence of moves and assign to each unit square the number of times
it has changed colour in the sequence. Then the sum of all assigned values is equal to
2W + B modulo 3, where B and W are the number of black and white squares on the
initial board, respectively. It is easy to see that 3 | W and 3 | B so 3 | 2W + B. On
the other hand, the sum of all assigned values is just 4 times the number of moves (every
change of colours of a 2 x 2 square adds 4 to our sum). So the number of moves is divisible
by three. O

Claim 2: n cannot be odd.

Proof. Consider the set of every other square in every other row of the board (if we set
the coordinate sysem with the top left square as (1,1) and the bottom right as (3n,3n),
we see that these squares are just the ones with both coordinates even).Observe that every
move changes the colour of exactly one of these squares, so the sum of assigned values of
these squares must be equal to the number of moves. If 2{n (n =2k + 1,k > 0) then we

have 37712 = (3k+1)? squares with both coordinates even, of which b = 2(3k)?+3 = 6k+3

are initially black and the rest are white. But the sum of assigned values of these squares
will be 2((3k 4+ 1)? — b) + b modulo 3 and since 3 | b we see that this is not divisible by
three. But then the number of moves is not divisible by three, a contradiction. O
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Solution 3. (by Mateja Vukeli¢, Serbia) As in the first two solutions, we can assume
that a move is placed on every square 0, 1 or 2 times. Also, use the same fact that white
squares must be change color 2 (modulo 3) times and that black squares must change
color 1 (modulo 3) times. Use the same construction for even n. Let power of each
square be 0 if it is white, 1 if it is orange and 2 if it is black. Now color the board as a
chessboard in blue and red, and let the top left square be red. Define the PowerO f Red
as the sum of powers of all red squares.We define the PowerO f Blue the same way. Let

S = PowerO f Red — PowerO f Blue.

Claim 1: After each move, S stays the same modulo 3.

Proof. 1t is obvious that each move affects exactly 2 red squares and 2 blue ones.
Notice that, when looking at powers of squares modulo 3, in each move we add 1 to the
power of each square. That means that each move increases both the PowerO f Blue and
PowerO f Red by 2 each, so S increases by 2 — 2 = 0, which means it stays the same. [J

Claim 2: n cannot be odd.

Proof. Let n = 2k + 1. The number of red squares is R = (3k + 1)(6k + 3) + 3k + 2
and the number of blue squares is B = (3k + 1)(6k + 3) + 3k + 1. Notice that, at the
beginning if some square blue square is black, its entire diagonal is black and it contains
3m squares, so the number of all black blue squares is divisible by 3, which means that the
PowerO f Blue is divisible by 3. We use the same argument to show that, at the beginning,
the PowerO f Red is divisible by 3 as well. This means that the S is divisible by 3. Now
let’s take a look at our desired endboard. Now the number of black blue squares is the same
as the number of white blue squares on the starting board, which is B minus some number
divisible by 3. This equals 3k + 1 modulo 3, so now PowerO fBlue = 2 x (3k + 1)(mod
3). We use the same argument to show that now PowerO fRed = 2 x (3k 4 2)(mod 3), so
S =2%(3k+2—3k—1) =2(mod 3). However, we already proved that after each move
S stays the same modulo 3, so there is no way to apply some sequence of moves which
will turn our starting board into desired endboard. [

Remark. The problem can be solved for every n x n board, not just 3n x 3n, but
for choices of n not divisible by 3 the board looks rather ugly, so we chose to focus on
this subproblem. However, if one wishes to solve the general problem, our period/cycle
argument can quickly show that for every positive integer k, n = 6k + 1,n = 6k + 4 and
n = 6k + 5 doesnot work. This leaves us with n = 6k + 2.
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Here we have 8 x 8 board. Again, the number inside the unit square denotes the number
of times the 2 x 2 square with that unit square as its top left square is taken. We can
get that this must be part of correct strategy if one exists simply by starting from the
top left square, seeing how many times its square must be changed so that it turns black,
and going down the column and repeating the process for the second column. However
we now get that the bottom square in the second column has changed its color 2 times,
but since the board is (6k + 2) x (6k + 2), we know that this square is black, so it has to
change its color 1 time. This is enough to say that 8x8 board does not work. For other
(6k +2) x (6k +2) boards we get the completely same situation because numbers in each
column form a cycle with the length 6 Thus, we proved that even in general case, only
boards which work are 6k x 6k ones. U
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C3. We have a set of 343 closed jars, each containing blue, yellow and red marbles with
the number of marbles from each color being at least 1 and at most 7. No two jars have
exactly the same contents. Initially all jars are with the caps up. To flip a jar will mean to
change its position from cap-up to cap-down or vice versa. It is allowed to choose a triple
of positive integers (b, y,r) with b,y,r € {1,2,...,7}, and flip all the jars whose number
of blue, yellow and red marbles differ by not more than 1 from b, y, r, respectively. After
n moves all the jars turned out to be with the caps down. Find all possible values of n.

(Proposed by Bulgaria)

Solution. Call a jar important if each of the quantities of blue, yellow and red marbles
in it is 1, 4 or 7. There are 3 - 3 -3 = 27 important jars. It is easy to check that any
move flips exactly one important jar. Thus, after an even number of moves, the number
of flipped jars is even. Therefore, the required outcome can appear only after an odd
number of moves which is no less than 27. In order to achieve any such number, make a
move for each of the 27 important jars, followed by any number of parasite pairs of moves
with (say) (b,y,r) = (1,1,1). Thus n can be any odd number which is at least 27. O
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C4. Alice and Bob play a game together as a team on a 100 x 100 board with all unit
squares initially white. Alice sets up the game by coloring exactly k£ of the unit squares
red at the beginning. After that, a legal move for Bob is to choose a row or column
with at least 10 red squares and color all of the remaining squares in it red. What is the
smallest k such that Alice can set up a game in such a way that Bob can color the entire
board red after finitely many moves.

(Proposed by Nikola Velov, North Macedonia)

Solution. We will show by induction on m + n the following:

Fix integers m,n > 1 and 0 < a < n, 0 < b < m. Assume that the game is being
played on a board with m rows and n columns, but assume that a row is a legal move for
Bob if it has at least a red squares and a column is a legal move for Bob if it has at least
b red squares. Then if it is possible to win the game, there must be at least ab squares
initially red (colored by Alice at the beginning of the game).

The base case m =n =1 and a = b = 0 is trivial.

Assume the contrary. This means that there are strictly less than ab red squares
initially. If @ = 0 or b = 0 this is trivially not possible. Otherwise, provided the game
can be won by the children, there is either a row with at least a red squares or a column
with at least b red squares (if this is not the case then there are no legal moves). Assume
without loss of generality that Bob’s first turn is a row. Now make a new board by cutting
out this row (which is now completely red).

We obtain a new board with a1 = a and b; = b — 1, because all columns from the first
board now have at least one red square (from the row we cut out). The total number of
red squares on the new board is less than ab — a = a(b — 1) = a1by, while the board is
(m —1) x n. We also have 0 < a; < n and 0 < by < m — 1. But this board cannot be
won by induction (we have (m —1)4+n < m+n), so the original board cannot be won as
well. We conclude that we must have at least ab squares which are initially red.

Now taking n = m = 100 and @ = b = 10 we see that we need at least 10 x 10 red
squares, or in other words, £ > 100. To show that this is indeed possible, notice that
Alice can color the upper left corner 10 x 10 subsquare red. Now Bob first makes moves
on the top 10 rows, then on all the columns, in this order. This makes the entire board
red, so k = 100. U
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C5. Let A be a subset of {1,2,3,...,2021} such that whenever a,b,c are three not
necessarily distinct elements of A, then |a + b — ¢| > 10.
What is the largest possible size of A?

(Proposed by Cyprus)

Solution. The set A = {1016,1017,...,2021} has the necessary property as a,b,c € A
implies that a +b— ¢ > 1016 + 1016 — 2021 = 11. Notice that this set has 1006 elements.
We will show that this is optimal.

Let k be the minimal element of A. Then k = |k + k — k| > 10. For every m, at least
one of m,m + k — 10 does not belong to A, since k +m — (m + k — 10) = 10.
Claim 1: A contains at most £ — 11 out of any 2k — 22 consecutive integers.
Proof: We can partition the set {m + 1,m + 2,...,m + 2k — 22} into k — 11 pairs as
follows:

{m+1,m+k—-10},{m+2,m+k—-9},....{m+k—11,m+ k — 22},

It remains to note that A can contain at most one element of each pair. U
Claim 2: A contains at most (¢t + k — 11)/2 out of any ¢ consecutive integers.

Proof: Write t = ¢(2k —22) +r with r € {0,1,2...,2k — 21}. From the set of the first
q(2k — 22) integers, by Claim 1 at most g(k — 11) = 55~ can belong to A. From the last
r integers, at most min{r, k — 11} can belong to A. Theorefore, at most

t—r

t— E—11 t+k—11
T—l—min{r,k—ll}g r—i—r—i_ _

2 2 2

of the t consecutive integers can belong to A, as claimed. Il
By Claim 2, amongst £+ 1,k +2,...,2021 at most

(2021 — k) + (k — 11)

5 = 1005 integers belong to A.

Since amongst {1,2,...,k} only k belongs to A, then A has at most 1006 elements as
required. O
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C6. Given an m X n table consisting of mn unit cells. Alice and Bob play the following
game: Alice goes first and the one who makes move colors one of the empty cells with one
of the given three colors. Alice wins if there exist 3 cells placed diagonally (as in one of
the figures below), having three different colors. Otherwise Bob is the winner. Determine
the winner for all cases of m and n where m,n > 3.

(1 O
L] L

(Proposed by Toghrul Abbasov, Azerbaijan)

Solution. For the sake of simplicity, we will label colors as a,b,c. Assume that m >
5,n>4orm >4,n>5 Without loss of generality, consider second case (for other case,
we may rotate table). Since m > 4,n > 5, we can take the following subfigure from the

table:
1 [

7] 14

Assume Alice colors 3 as a. After Bob makes move, at least one of triples {1,2,4} and
{5,6,7} will remain uncolored. Suppose it is {1,2,4}. Then, Alice colors 2 as b. After
next move of Bob, again at least one of 1 and 4 is still empty. Alice will choose uncolored
one and color it with ¢. Thus, Alice wins.

Now, consider the case m = n = 4: Let’s split the squares of the 4 x 4 table in pairs
as follows:

DN O W
DN OO | Ot

Ol W 3| —
= O —| 0o

Whenever Alice chooses a cell, Bob will color its pair using same color as Alice. Thus,
Bob wins (since for any diagonal of 3 squares, 2 of the squares will be paired).

Now, suppose m = 3,n = 6 (the symmetric case m = 6,n = 3 is treated similarly).
Similar to above, we split the cells of the table into pairs as follows:

11912736
81465
21813|9(4|7

—_

Whenever Alice chooses cell, Bob will color its pair using same color as Alice. Thus,
Bob wins.
Likewise, for m = 3,n =4 (and n = 3,m = 4) the pairing
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1 214
11413
216|3]5

shows that Bob has winning strategy.
Consider now the case m = n = 3.

11213
4156
71819

Look at the following pairs: (4,2) (8,6). Whenever Alice chooses a cell numbered 2, 4,
6, or 8, Bob will color its pair with same color as Alice. If Alice colors 1 (3, 7, and 9 cases
are just rotation) with color a, Bob will color 5 with the color a. Then Bob will color 3
or 7 (which one is empty) with color a after Alices move. If Alice colors 5 with color a,
then Bob will color at least one cell from pairs (1,9) and (3,7) with color a in his next 2
moves. So Bob wins.

Suppose m = 3,n > 7 (the case m > 7,n = 3 is similar). Consider the 3 x 7 subtable
from the top left.

15116 | 17|18 | 19 | 20 | 21

Let Alice color 1 as a.

1.

Assume Bob doesnt select 9,17,15,3,11,5,19 in his next move. Then, Alice colors 9
as b. Bob must color 17 as one of a, b (suppose it is a). Then, Alice chooses 11 and
color it as b. Again, Bob must color 5. Finally, Alice will choose 3 and color it as a.
Now, Bob need to make move on both 15 and 19 simultaneously. Alice wins.

. Assume Bobs next move is either 11 or 5. At least one color is unused. Then, Alice

colors 17 with any color among remaining ones. Now, Bob should make move on 9
and uncolored cell between 5 and 11. Thus, Alice wins.

. Assume Bobs next move is 3. At least one color is unused. Then, Alice colors 9

with any color among remaining ones. Now, Bob should make move on 15 and 17.
Thus, Alice wins.

. Assume Bobs next move is 15. At least one color is unused. Then, Alice colors 9

with any color among remaining ones. Now, Bob should make move on 3 and 17.
Thus, Alice wins.

. Assume Bobs next move is 19. Alice colors 9 as b. Then, Bob must color 17 as one

of a, b (suppose it is a). Then, Alice colors 11 as b. Again, Bob must choose 5 and
color it as one of a,b. Now, there is at least one unused color among 5 and 19. Alice
colors 13 with any color among remaining ones. Bob should make move on 7 and
21. Alice wins.
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6. Assume Bobs next move is 17. Obviously, Bob should color it as a. Otherwise, Alice
may choose remaining color for 9 and win. So, suppose A colors 11 as b. Then, Bob
must color 5 as one of a,b (suppose it is a). Then, Alice colors 13 as b. Bobs next
move is 21. Alice colors 19 as any of unused color among 11 and 13 (this clearly
exists). Now, Bob should make move on 3 and 7. Alice wins.

7. Assume Bobs next move is 9. Obviously he should color it as a. Alice colors 15 as b.
Then, Bob must colors 3 as one of a, b (suppose it is a). Alice colors 11 as b. Again,
Bob must color 19 as one of a,b. Alice colors 13 as different colors from 19 so that
Bob makes his next move on 7. Since there is at least one unused color among 11
and 13, Alice may choose any of remaining ones, and force Bob to color 17 and 21
simultaneously. Alice wins.

Finally, consider the case m = 3,n =5 (the case n = 3,m = 5 is similar).

11213415
6 | 7|89 |10
11112 13|14 | 15

Alice will color one of the even-numbered cells in the first move. Since there are 7 (i.e.
an odd number of) even-numbered cells in total, Alice can force Bob to start coloring
odd-numbered cells.

1. If Bob colors cell 1 with a, Alice will color cell 7 with b. Then, Bob will have to
color cell 13 with a or b. Next, Alice will color cell 9 with c¢. So, Bob will need
to color cell 5, and Alice will color 3 with a. Bobs subsequent move will guarantee
to have at least 11 or 15 to be uncolored. If 11 is remained uncolored, then, Alice
will color it with ¢, and in the end, 3, 7, 11 will have different colors. Alice wins.
Otherwise, if 15 remained uncolored, Alice will color it with b, and 3, 9, 15 will have
different colors. Alice wins.

2. If Bob colors 5,11 or 15, the case is similar (by symmetry) to 1).

3. If Bob colors 7 with a, Alice will color 1 with b, and then the process will continue
as in case 1). Alice wins.

4. If Bob colors 9, the case is similar (by symmetry) to 3). Alice wins.

5. Assume Bob colors cell 3 with a. Alice will then color 11 with b. Since Bob will
color 7 either a or b, Alice will color 1 with c. Therefore, Bob will choose one of the
colors of 1 or 7 to paint 13. As there will be at most two different colors used for 3
and 13, Alice paints 9 with one of the remaining colors. Since Bob will paint one of
the cells 5 or 15 in the next move, Alice will paint with different color and win.

6. If Bob colors 13, the case is similar (by symmetry) to 5). Alice wins.

Remark. The above solution deals with all cases of m,n > 3. However, it is suggested
to ask for mn > 16, m,n > 3 to make problem easier since the case 3 x 5 is not easy as
other cases.
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