
XIX International Zhautykov Olympiad in Mathematics. Day 1. Solutions

�1. Pete has a deck of 1001 cards; the numbers 1, 2, . . . , 1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C, Pete considered 500 cards following C in the clockwise order and counted
the number f(C) of those whose blue numbers are larger than the blue number on C. Pete wrote the
number f(C) on the top side of C with a red pen. Prove that Basil, who sees all the red numbers on the
cards, can determine the blue number on each card.

Solution. In both solutions, we denote k = 500 and n = 2k + 1 = 1001.
Suppose, for the sake of contradiction, that there exist two arrangements of Pete’s cards which result

in the same arrangement of red numbers. Let those arrangements be A = (a1, a2, . . . , an) and B =
= (b1, b2, . . . , bn) (in each string, we list the blue numbers in the clockwise order, starting from a fixed
position).

Put I = {i : ai ̸= bi}; by our assumption, I ̸= ∅. Notice that the sets NA = {ai : i ∈ I} and NB =
= {bi : i ∈ I} coincide. Let a be the smallest element in NA; then a = ai = bj for some i, j ∈ I with
i ̸= j. Notice here that ai < bi and bj < aj . Shifting the numeration (and, perhaps, swapping the two
arrangements), we may assume that i = 1 and j ≤ k + 1.

Consider now the red number at position 1. It should be equal to k minus the cardinality of each of
the sets

A1 = {s : 2 ≤ s ≤ k + 1 and as < a1} and B1 = {s : 2 ≤ s ≤ k + 1 and bs < b1}.

However, if s ∈ A1, then a = a1 > as; by definition of a, we get bs = as < a1 < b1 and hence s ∈ B1.
Thus, A1 ⊆ B1. On the other hand, we have j ∈ B1 (since bj = a < b1) and j /∈ A1 (since aj > a = a1),
so the inclusion is strict. Hence |A1| < |B1|. A contradiction.

Marking scheme

(0) Only very initial observations and steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points
Examples of such observations and steps:
(a) A proof that, among two cards, one is in the neighborhood of the other;
(b) Just considering two blue arrangements providing the same collection of red numbers.
(c) Noticing, as in the above Remark, that Basil also knows the number of cards in the neighborhood

of C whose blue numbers are smaller than that on C.

Scheme for current solution

(1.1) Focusing on the number a from Solution 1, i.e., the minimal (or maximal) number by which the two
blue arrangements differ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(1.2) One fails (or forgets) to show that the inclusionA1 ⊂ B1 is strict, but uses this result at most 5 points



�2. Let Ω be the circumcircle of a scalene triangle ABC. The line tangent at C to the circumcircle
of triangle ABC meets the line AB at point D. A line passing through D intersects the segments AC
and BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC ∥ NL
and BC ∥ KM . Let NL and KM intersect at point P inside the triangle ABC. The line CP meets the
circumcircle ω of MNP again at Q. Prove that the line DQ is tangent to ω.
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Figure 1

Solution. Since AC ∥ NL and BC ∥ KM , we get

DN

DA
=

DL

DK
=

DB

DM
,

which yields DM ·DN = DA·DB. So the powers of D
with respect to Ω and ω are equal. Denote by R the
intersection point of the line CD and the line tangent
to ω at Q, then

∠RQP = ∠QMP = ∠QMN + ∠NMP =

∠QPN + ∠DBC = ∠CPL+ ∠DCA =

= ∠KCP + ∠DCA = ∠RCQ.

Hence RC = RQ which implies than R and D both lie
on the radical axis of Ω and ω. But this radical axis
cannot be the line RD since otherwise it would pass
through the point C which lies on Ω but outside ω. Therefore points R and D must coincide.

Marking scheme

Common points.
0. Proof that the powers of D with respect to Ω and ω are equal: . . . . . . . . . . . . . . . . . . . . . . . . . 2 points

Scheme for current solution
1. Proof that the triangle RQC is isosceles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

For an incomplete computational solution (Cartesian or complex coordinates, vector or trigonometry
calculus, etc.) points can only be awarded if the partial results of computations have been formulated in an
equivalent form of the geometric statements mentioned in the scheme above.



�3. Given positive integers a1, a2, . . ., ak. Let S(n) denote the number of solutions of the equation
a1x1 + · · · + akxk = n in nonnegative integers x1, x2, . . ., xk. It is known that S(n) ̸= 0 for all large
enough n. Prove that S(n+ 1) < 2S(n) for all large enough n.

Solution.
Lemma 1. The number of solutions of the equation a1x1+ · · ·+akxk = n in non-negative integers does

not exceed (n+ 1)k−1.
Proof. For a given n each solution (x1, x2, x3, . . . , xk) is uniquely determined by the sequence (x2, x3, . . . , xk).

Since 0 ⩽ xi ≤ n, the number of such sequences does not exceed (n+ 1)k−1.
Lemma 2. If the equation a1x1+ · · ·+ akxk = n admits a solution in non-negative integers for all large

enough n, then for all large enough n the number of such solutions is at least cnk−1, where c is positive
real number not depending on n.

Proof. Since the equation a1x1 + · · · + akxk = n is solvable in integers, the congruence a2x2 + · · · +
+ akxk ≡ n (mod a1) is also solvable; let (t2, . . . , tk) be a soluton of this congruence.

The number of ways to choose a number xi ≡ ti (mod a1) not exceeding a given M is at least

[Ma1
]. Therefore there are at least [ n

ka1a2
] · · · · · [ n

ka1ak
] sequences (x2, x3, . . . , xk) of non-negative integers

satisfying xi ≡ ti (mod a1) and aixi ⩽
n
k for 2 ⩽ i ⩽ k. For each such sequence the number n− a2x2 −

− a3x3 − · · · − akxk ≥ n − (k−1)n
k is non-negative and divisible by a1, that is, each such sequence may

be expanded to a solution (x1, . . . , xk). Thus the number of solutions in question is at least [ n
ka1a2

] · · · · ·
· [ n
ka1ak

], and the lemma follows imediately.

Back to the solution of the problem, there exist for some integer n sequences (r1, . . . , rk) and (s1, . . . , sk)
such that a1r1 + · · · + akrk = n and a1s1 + · · · + aksk = n + 1. Then the numbers vi = si − ri satisfy
a1v1 + · · · + akvk = 1. For each n, to each solution (x1, x2, x3, . . . , xk) of the equation a1x1 + · · · +
+ akxk = n + 1 in non-negative integers we assign the solution (x1 − v1, . . . , xk − vk) of the equation
a1x1+ · · ·+akxk = n in integers. If xi ⩾ vi for all i, the numbers xi−vi are also non-negative. Therefore
the difference S(n+1)−S(n) does not exceed the number of solutions of the equation a1x1+ · · ·+akxk =
= n+ 1 where at least one of xi is less than the respective vi. For each i the number of such values of xi
is finite; for every such value xi = j the number of solutions of the equation a1x1 + · · · + akxk = n + 1
with xi = j, that is, a1x1 + · · · + ai−1xi−1 + ai+1xi+1 + · · · + akxk = n + 1 − jai, does not exceed

(n + 2 − jai)
k−2 ⩽ (n + 2)k−2 by Lemma 1. Accordingly, the entire difference S(n + 1) − S(n) does

not exceed A(n+ 2)k−2 with some constant A. But S(n) itself is, by Lemma 2, at least Cnk−1 for some

positive C. It remains to note that A(n+ 2)k−2 < Cnk−1 for all large enough n.
It follows from this solution that the factor 2 in the problem can be replaced by 1 + ε with any ε > 0.

Marking scheme

General
(0.1) The problem is solved for ai pairwise coprime: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 point

(not additive)

Scheme for current solution
(1.1) Lemma 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(additive with either of items (1.2), (1.3), (1.4) )
(1.2) Lemma 2: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 points
(1.3) The correspondence between the solutions (xi) and (xi − vi) for two values of the RHS differing

by 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point
(1.4) (1.2) together with (1.3): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 points



XIX International Zhautykov Olympiad in Mathematics. Day 2. Solutions

�4. The sum of n > 2 nonzero real numbers, not necessarily distinct, is 0. For each of 2n − 1 ways to
select several of those numbers (at least one) the sum of the selected numbers is calculated; all the resulting
sums are written in line in non-increasing order. The first number in the line equals S. Determine the
minimum possible value of the second number in the line.

Answer: S(1− 1
⌈n2 ⌉

).

Solution. Let us arrange all the numbers in non-decreasing order as follows:

a1 ≤ a2 ≤ . . . ≤ am < 0 < b1 ≤ b2 ≤ . . . ≤ bk,

where m+k = n. Clearly, the largest number written in the line is equal to the sum of all positive numbers,
i. e. S = b1 + b2 + . . . + bk = −a1 − a2 − . . . − am, and the second number in the line is obtained from
S either by subtracting the smallest positive number b1 or by adding the largest negative number am.
Denote c = min{b1, |am|}, then, on the one hand, S ≥ kb1 ≥ kc, and on the other hand, S ≥ m|am| ≥ mc.

At least one of the numbers m and k is not less than ⌈n
2
⌉, hence c ≤ min{S

k
, S
m
} ≤ S

⌈n2 ⌉
. Therefore the

second number in the line cannot be less than S − c ≥ S(1− 1
⌈n2 ⌉

).

The second number in the line could be equal to S(1− 1
⌈n2 ⌉

), for example, if we are given ⌈n
2
⌉ numbers

equal to S
⌈n2 ⌉

, and ⌊n
2
⌋ numbers equal to − S

⌊n2 ⌋
.

Marking scheme.

Points withih each of the sections ,,Answer and example” and ,,Lower bound” are not additive. The
final mark is equal to the sum of the highest scores of the sections.

Answer and example.

• Correct answer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

• Any finite number of examples where the second number is S(1− 1
⌈n2 ⌉

) . . . . . . . . . . . . . . . . . . . . . 0 points

1. An example where the second highest number equals S(1− 1
⌈n2 ⌉

) for all n of some patity . . . .1 point

2. An example where the second highest number equals S(1− 1
⌈n2 ⌉

) for all n . . . . . . . . . . . . . . . . . .2 points

Lower bound.

• A correct lower bound is obtained for any finite set of numbers n . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

3. A correct lower bound is obtained for all numbers n of some parity . . . . . . . . . . . . . . . . . . . . . . . . .3 points

4. A correct lower bound is obtained for all numbers n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5 points



�5. We call a positive integer good if it can be presented in the form ax2 + bxy + cy2 with integral a, b,
c, x, y and b2 − 4ac = −20. Prove that the product of every two good numbers is also good.

Solution. In accordance with the other solutions we note that a good number is a number of the form
ax2 + bxy + cy2, where b2 − ac = 5.

Claim. A number n is good if and only if the only odd powers of primes in its prime factorization are
those of primes p such that the congruence x2 ≡ −5 (mod p) is solvable.
Proof. Let n = ax2 + bxy + cy2, d = (x, y), x = dx′, y = dy′, (x′, y′) = 1. Then n = d2n′, and the
primes with odd powers in the factorization of n′ are the same as in that of n. Consider one such prime p.
It does not divide at least one of the numbers x′ and y′; let it be y′. We have an′ = (ax′ + by′)2 + 5y′2,
i. e. (ax′ + by′)2 ≡ −5y′2 (mod p). Since y′ ̸≡ 0 (mod p), there is an integer α such that ax′ + by′ ≡ αy′

(mod p). This α satisfies α2 ≡ −5 (mod p). Thus we have proved that p satisfies the stated condition.
Conversely, let all the primes p, having odd powers in the factorization of n, are such that the congruence

x2 ≡ −5 (mod p) is solvable. If n′ = p1 . . . pk is the product of all such primes, then n = d2n′ for some

integer d. Since all the congruences x2 ≡ −5 (mod p)i are solvable, it follows from from Chinese Remainder
Theorem that so is the congruence x2 ≡ −5 (mod n)′. Let b be the solution of this congruence. This
means that b2 − n′c = −5 for some integer c. But then n = n′d2 + bd · 0 + c · 02 is a good number, and
the claim is proved.

To solve the problem it remains to note that the product of two numbers of the form described in the
claim also has that form.

Marking scheme

General
(0.1) The identity (x2 + 5y2)(z2 + 5t2) = (xz − 5yt)2 + 5(xt+ yz)2: . . . . . . . . . . . . . . . . . . . . . . 0 points
(0.2) The statement is proved for two good numbers of the form ax2+ bxy+ cy2 with equal a:2 points

(not additive)
(3.1) Proved that if a prime p divides ax2 + bxy + cy2 but not x or y then −5 is a quadratic residue

modp: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 point
(3.2) Proved that all n containing only primes p such that −5 is a quadratic residue modulo p are good

3 points
All the points in the scheme for the third solution are additive.
Points from schemes for different solutions are not additive.



�6. Several blue and green napkins (possibly of different sizes) with vertical and horizontal sides are
placed on the plane. It turned out that every two napkins of different colours can be intersected by a
vertical or horizontal line (possibly on the border). Prove that one can choose a colour, two horizontal
lines, and one vertical line, so that every napkin of the chosen colour is intersected by at least one chosen
line.

Solution. Notation. Throughout the solution we suppose that we work in the Cartesian plane, with
the axis OX directed horizontally and OY directed vertically. The orthogonal projections onto axes OX
(horizontal) and OY (vertical) will be denoted πX and πY respectively. Clearly a vertical line intersecting
all the napkins B1, . . . , Bk exists if and only if the segments πx(B1), . . . , πX(Bk) have a common point;
henceforth we will say, for sake of brevity, that these segments are pierced by a point (and the napkins are
pierced by a line).

For two segments ℓ1 and ℓ2 on a line we will call their hull ⟨ℓ1, ℓ2⟩ the smallest segment containing
both ℓ1 and ℓ2. In other words, ⟨ℓ1, ℓ2⟩ is the union of ℓ1 and ℓ2, if they overlap, and the union of ℓ1, ℓ2,
and the interval between, if they do not.

We make use of the following
Lemma 1 (one-dimensional Helly’s theorem). If in a finite family of segments in a line every two

segments overlap, then there is a point piercing them all.
(Generally speaking, the theorem holds even for infinite families, but we have no time for subtleties.)
Proof. Consider the segment with the leftmost right end ℓ1 = [a, b] and the segment eith the rightmost

left end ℓ2 = [c, d]. They overlap; in particular, that means b ⩾ c. But then the right end of any segment
is no further left than b, while its left end is no frther right than c, that is, the segment contains all the
points of the segment [c, b] (that segment is possibly degenerate, but not empty).

We will use Lemma 1 from the previous solution.
Say that a family of napkins is good if all napkins in the family can be pierced by a horizontal line;

otherwise the family is bad. According to the Lemma, if a family is bad, then it contains two napkins
whose projections onto the y-axos are disjoint.

Every vertical line ℓ partitions the napkins into three groups: the group I(ℓ) consisting of the napkins
pierced by ℓ, the group L(ℓ) consisting of all napkins lying strictly to the left of ℓ, and the group R(ℓ)
consisting of all napkins lying strictly to the right of ℓ.

Suppose that, for some vertical line ℓ, there exists a color (say, blue) such that the family of blue
napkins in L(ℓ) is good, and the family of blue napkins in R(ℓ) is also such. If a and b are horizontal lines
piercing those two families, then the three lines ℓ, a, and b form a desired collection of three lines piercing
all blue napkins. So, in the dequel, we assume that there is no such line.

Consider the rightmost vertical line ℓ0 such that the family of blue napkins in L(ℓ), as well as the
family of green napkins in L(ℓ), is good. This means that there are two napkins of the same color (say,
blue napkins W1 and W2) such that their y-projections are disjoint, and after shifting ℓ0 rightwards to
a line ℓ, both napkins fall into L(ℓ). So both napkins lie (non-strictly) to the left of ℓ0. Without loss of
generality, we assume that the y-projection of @1 is above that of W2.

By our assumption, the family of green napkins in R(ℓ) is bad (since the family of green napkins in
L(ℓ) is good); so R(ℓ) comtains two green napkins b1 and b2 whose y-projections are disjoint. Without
loss of generality, we assume that the y-projection of B1 is above that of B2.

Not losing generality again, we assume that the bottom point of B1 is no higher than that of W1.
Then the y-projections of W1 and B2 are disjoint. But their x-projections are also disjoint, since one lies
(non-strictly) to the left of ℓ0, while the other lies strictly to the right of it. Hence these napkins fail to
satisfy the problem requirements. A contradiction.

Marking scheme
(0.1) Consideration of any particular cases, as well as (partially) wrong arguments

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 points

(0.2) Initial steps, such as: reformulation of the problem in terms of x- and y-projections, or formulating
and proving Lemma 1, etc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Scheme for current solution



(1.1) Describing (as in Solution 2) a sufficinnt confition that a vertical line ℓ can be augmented by two
horizontal ones in order to get a desired triple . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(1.2) If (1.1): is present, by means of choosing the rightmost/leftmost/etc. element, or via moving a
vertical line ℓ, one chooses a line ℓ0 sering the aims of Solution 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 points



XIX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Ïåðâûé äåíü. Ðåøåíèÿ çàäà÷

�1. Ó Ïåòè åñòü 1001 êàðòî÷êà, íà êîòîðûõ íàïèñàíû ñèíåé ðó÷êîé ÷èñëà 1, 2, . . . , 1001; íà êàæäîé
êàðòî÷êå íàïèñàíî ðîâíî îäíî ÷èñëî. Ïåòÿ âûëîæèë êàðòî÷êè ïî êðóãó ñèíèìè ÷èñëàìè âíèç. Çàòåì
äëÿ êàæäîé êàðòî÷êè C Ïåòÿ ðàññìîòðåë 500 êàðòî÷åê, ñëåäóþùèõ çà C ïî ÷àñîâîé ñòðåëêå, è íàø¼ë
êîëè÷åñòâî f(C) òåõ èç íèõ, íà êîòîðûõ ñèíèå ÷èñëà áîëüøå, ÷åì ñèíåå ÷èñëî íà C. ×èñëî f(C)
Ïåòÿ íàïèñàë íà âåðõíåé ñòîðîíå êàðòî÷êè C êðàñíîé ðó÷êîé. Äîêàæèòå, ÷òî Âàñÿ, âèäÿ òîëüêî âñå
êðàñíûå ÷èñëà, ìîæåò âîññòàíîâèòü, êàêîå ñèíåå ÷èñëî íà êàêîé êàðòî÷êå íàïèñàíî.

Ðåøåíèå. Â ðåøåíèÿõ íèæå ìû èñïîëüçóåì îáîçíà÷åíèÿ k = 500 è n = 2k + 1 = 1001.
Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå çàäà÷è íåâåðíî; ýòî çíà÷èò, ÷òî äëÿ íåêîòîðûõ äâóõ ðàñïîëîæå-

íèé ñèíèõ ÷èñåë ïîëó÷àåòñÿ îäíî è òî æå ðàñïîëîæåíèå êðàñíûõ. Ïóñòü ýòè ñèíèå ðàñïîëîæåíèÿ �
ýòî A = (a1, a2, . . . , an) è B = (b1, b2, . . . , bn) (â êàæäîì ñëó÷àå ïåðå÷èñëåíû ñèíèå ÷èñëà â ïîðÿäêå
îáõîäà ïî ÷àñîâîé ñòðåëêå, íà÷èíàÿ ñ ôèêñèðîâàííîãî ìåñòà).

Ïóñòü I = {i : ai ̸= bi}; ïî íàøåìó ïðåäïîëîæåíèþ, I ≠ ∅. Çàìåòèì, ÷òî ìíîæåñòâà NA = {ai : i ∈
∈ I} è NB = {bi : i ∈ I} ñîâïàäàþò. Ïóñòü a � íàèìåíüøèé ýëåìåíò â NA; òîãäà a = ai = bj äëÿ
íåêîòîðûõ i, j ∈ I, ïðè÷¼ì i ̸= j. Îòìåòèì, ÷òî ai < bi è bj < aj . Ñäâèãàÿ íóìåðàöèþ è, âîçìîæíî,
ìåíÿÿ ðàñïîëîæåíèÿ ìåñòàìè, ìû ìîæåì ñ÷èòàòü, ÷òî i = 1 è j ⩽ k + 1.

Ðàññìîòðèì òåïåðü êðàñíîå ÷èñëî íà ïîçèöèè 1. Îíî äîëæíî ðàâíÿòüñÿ k ìèíóñ ìîùíîñòè êàæ-
äîãî èç ìíîæåñòâ

A1 = {s : 2 ⩽ s ⩽ k + 1 è as < a1} è B1 = {s : 2 ⩽ s ⩽ k + 1 è bs < b1}.

Îäíàêî, åñëè s ∈ A1, òî a = a1 > as; îòñþäà ïî îïðåäåëåíèþ ÷èñëà a ïîëó÷àåì bs = as < a1 < b1, à
çíà÷èò, s ∈ B1. Òàêèì îáðàçîì, A1 ⊆ B1. Ñ äðóãîé ñòîðîíû, èìååì j ∈ B1 (ïîñêîëüêó bj = a < b1)
è j /∈ A1 (ïîñêîëüêó aj > a = a1), òàê ÷òî âêëþ÷åíèå A1 ⊂ B1 ñòðîãîå. Èòàê, |A1| < |B1|. ÷òî
íåâîçìîæíî.

Ñõåìà îöåíêè

(0) Òîëüêî ñàìûå íà÷àëüíûå øàãè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ
Ïðèìåðû òàêèõ íà÷àëüíûõ øàãîâ:
(a) Äîêàçàòåëüñòâî òîãî, ÷òî ñðåäè ëþáûõ äâóõ êàðòî÷åê îäíà ëåæèò â îêðåñòíîñòè äðóãîé.
(b) Òîëüêî ðàññìîòðåíèå äâóõ ãèïîòåòè÷åñêèõ ðàñïîëîæåíèé ñèíèõ ÷èñåë, äàþùèõ îäíî è òî æå

ðàñïîëîæåíèå êðàñíûõ.
(c) Çàìå÷àíèå î òîì, ÷òî Âàñÿ çíàåò êîëè÷åñòâî êàðòî÷åê â îêðåñòíîñòè C, ñèíèå ÷èñëà íà êîòîðûõ

ìåíüøå, ÷åì ÷èñëî íà C.

Ñõåìà äàííîãî ðåøåíèÿ

(1.1) Èññëåäóåòñÿ ÷èñëî a èç ïåðâîãî ðåøåíèÿ, ò. å. íàèìåíüøåå (èëè íàèáîëüøåå) ÷èñëî, ïî êîòîðîìó
ðàçëè÷àþòñÿ äâà ðàñïîëîæåíèÿ ñèíèõ ÷èñåë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

(1.2) Íåâåðíî äîêàçàí (èëè íå äîêàçàí) ôàêò, ÷òî âêëþ÷åíèå A1 ⊂ B1 ñòðîãîå, íî ýòîò ôàêò èñïîëü-
çóåòñÿ â ðåøåíèè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . íå áîëåå 5 áàëëîâ



�2. Êàñàòåëüíàÿ â òî÷êå C ê îêðóæíîñòè Ω, îïèñàííîé îêîëî íåðàâíîáåäðåííîãî òðåóãîëüíèêà
ABC, ïåðåñåêàåò ïðÿìóþ AB â òî÷êå D. ×åðåç òî÷êó D ïðîâåäåíà ïðÿìàÿ, ïåðåñåêàþùàÿ îòðåçêè
AC è BC â òî÷êàõ K è L ñîîòâåòñòâåííî. Íà îòðåçêå AB îòìåòèëè òî÷êè M è N òàê, ÷òî AC ∥
∥ NL è BC ∥ KM . Ïóñòü NL è KM ïåðåñåêëèñü â òî÷êå P , ëåæàùåé âíóòðè òðåóãîëüíèêà ABC.
Ïðÿìàÿ CP âî âòîðîé ðàç ïåðåñåêàåò îêðóæíîñòü ω, îïèñàííóþ îêîëî òðåóãîëüíèêà MNP , â òî÷êå
Q. Äîêàæèòå, ÷òî ïðÿìàÿ DQ êàñàåòñÿ ω.
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Ω

ω

Ðèñ. 1

Ðåøåíèå. Çàìåòèì, ÷òî èç ïàðàëëåëüíîñòåé AC ∥
∥ NL, BC ∥ KM ñëåäóåò, ÷òî

DN

DA
=

DL

DK
=

DB

DM
,

òî åñòü DM ·DN = DA ·DB, ïîýòîìó ñòåïåíü òî÷êè
D îòíîñèòåëüíî ω è Ω ðàâíû.

Ïóñòü R � òî÷êà ïåðåñå÷åíèÿ ïðÿìîé CD è êà-
ñàòåëüíîé, ïðîâåä¼ííîé â òî÷êå Q ê ω, òîãäà

∠RQP = ∠QMP = ∠QMN + ∠NMP =

= ∠QPN + ∠DBC = ∠CPL+ ∠DCA =

= ∠KCP + ∠DCA = ∠RCQ.

Ñëåäîâàòåëüíî, RC = RQ, ÷òî îçíà÷àåò, ÷òî òî÷êè
R è D îáå ëåæàò íà ðàäèêàëüíîé îñè îêðóæíîñòåé
Ω è ω. Îäíàêî ýòà ðàäèêàëüíàÿ îñü íå ìîæåò ÿâëÿòüñÿ ïðÿìîé RD, èíà÷å îíà áû ïðîõîäèëà ÷åðåç
òî÷êó C, êîòîðàÿ ëåæèò íà Ω, íî ñíàðóæè ω. Ñëåäîâàòåëüíî, òî÷êè R è D ñîâïàäàþò.

Ñõåìà îöåíèâàíèÿ.

Îáùèå áàëëû.

0. Äîêàçàíî, ÷òî ñòåïåíü òî÷êè D îòíîñèòåëüíî Ω è ω ðàâíû: . . . . . . . . . . . . . . . . . . . . . . . . . . .2 áàëëà

Ñõåìà äëÿ äàííîãî ðåøåíèÿ.

1. Äîêàçàíî, ÷òî òðåóãîëüíèê RQC ðàâíîáåäðåííûé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Çà âû÷èñëèòåëüíîå ðåøåíèå (â êîîðäèíàòàõ, â êîìïëåêñíûõ ÷èñëàõ, â âåêòîðàõ, òðèãîíîìåò-
ðè÷åñêîå, è ò.ä.), íå äîâåä¼ííîå äî êîíöà, ìîæíî ïîëó÷èòü áàëëû òîëüêî, åñëè ðåçóëüòàòû ïðîìå-
æóòî÷íûõ âû÷èñëåíèé ñôîðìóëèðîâàíû â âèäå ðàâíîñèëüíûõ ãåîìåòðè÷åñêèõ óòâåðæäåíèé, óêà-
çàííûõ â ñõåìå îöåíèâàíèÿ.



�3. Äàíû íàòóðàëüíûå ÷èñëà a1, a2, . . . , ak. Îáîçíà÷èì ÷åðåç S(n) êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ
a1x1 + · · · + akxk = n â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ x1, x2, . . ., xk. Èçâåñòíî, ÷òî S(n) ̸= 0 äëÿ
âñåõ äîñòàòî÷íî áîëüøèõ n. Äîêàæèòå, ÷òî S(n+ 1) < 2S(n) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n.

Ðåøåíèå.

Ëåììà 1. Êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ a1x1 + · · ·+ akxk = n â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ

íå ïðåâîñõîäèò (n+ 1)k−1.
Äîêàçàòåëüñòâî. Ïðè äàííîì n ðåøåíèå (x1, x2, x3, . . . , xk) îäíîçíà÷íî çàäà¼òñÿ íàáîðîì (x2, x3, . . . , xk).

Îäíàêî 0 ⩽ xi ≤ n, ïîýòîìó òàêèõ íàáîðîâ íå áîëåå (n+ 1)k−1.
Ëåììà 2. Åñëè óðàâíåíèå a1x1 + · · · + akxk = n èìååò ðåøåíèå â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ
ïðè âñåõ äîñòàòî÷íî áîëüøèõ n, òî ïðè âñåõ äîñòàòî÷íî áîëüøèõ n êîëè÷åñòâî òàêèõ ðåøåíèé íå
ìåíåå cnk−1, ãäå c � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò n.
Äîêàçàòåëüñòâî. Ïîñêîëüêó óðàâíåíèå a1x1+· · ·+akxk = n ðàçðåøèìî â öåëûõ ÷èñëàõ, ðàçðåøèìî
è ñðàâíåíèå a2x2 + · · ·+ akxk ≡ n (mod a1); ïóñòü (t2, . . . , tk) � ðåøåíèå ýòîãî ñðàâíåíèÿ.

Ñðåäè öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ äàííîãî M , âûáðàòü ÷èñëî xi ≡ ti
(mod a1) ìîæíî íå ìåíåå, ÷åì [Ma1

] ñïîñîáàìè. Ïîýòîìó ñóùåñòâóåò íå ìåíåå [ n
ka1a2

] · · · · · [ n
ka1ak

]

íàáîðîâ (x2, x3, . . . , xk) öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, â êîòîðûõ xi ≡ ti (mod a1) è aixi ⩽
n
k ïðè

2 ⩽ i ⩽ k. Äëÿ êàæäîãî òàêîãî íàáîðà ÷èñëî n−a2x2−a3x3−· · ·−akxk ≥ n− (k−1)n
k íåîòðèöàòåëü-

íî è êðàòíî a1, òî åñòü êàæäûé òàêîé íàáîð ìîæíî äîïîëíèòü äî íåêîòîðîãî ðåøåíèÿ (x1, . . . , xk).
Òàêèì îáðàçîì, êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ íå ìåíåå [ n

ka1a2
] · · · · · [ n

ka1ak
], îòêóäà íåìåäëåííî

ñëåäóåò óòâåðæäåíèå ëåììû.
Ïåðåéä¼ì ê ðåøåíèþ çàäà÷è. Ïî óñëîâèþ äëÿ íåêîòîðîãî íàòóðàëüíîãî n ñóùåñòâóþò íàáîðû

öåëûõ ÷èñåë (r1, . . . , rk) è (s1, . . . , sk), äëÿ êîòîðûõ a1r1+ · · ·+ akrk = n è a1s1+ · · ·+ aksk = n+1.
Âû÷èòàÿ, ïîëó÷àåì, ÷òî ÷èñëà vi = si − ri óäîâëåòâîðÿþò ñîîòíîøåíèþ a1v1 + · · · + akvk = 1. Ïðè
êàæäîì n ñîïîñòàâèì êàæäîìó ðåøåíèþ (x1, x2, x3, . . . , xk) óðàâíåíèÿ a1x1 + · · · + akxk = n + 1 â
öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ ðåøåíèå (x1−v1, . . . , xk−vk) óðàâíåíèÿ a1x1+ · · ·+akxk = n. Åñëè
xi ⩾ vi ïðè âñåõ i, ÷èñëà xi − vi òîæå áóäóò íåîòðèöàòåëüíûìè. Òàêèì îáðàçîì, ðàçíîñòü S(n +
+ 1) − S(n) íå ïðåâîñõîäèò êîëè÷åñòâà ðåøåíèé óðàâíåíèÿ a1x1 + · · · + akxk = n + 1, â êîòîðûõ
õîòÿ áû îäíî èç xi íå ïðåâîñõîäèò ñîîòâåòñòâóþùåãî vi. Äëÿ êàæäîãî i òàêèõ çíà÷åíèé xi êîíå÷íîå
÷èñëî; äëÿ êàæäîãî òàêîãî çíà÷åíèÿ xi = j êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ a1x1 + · · ·+ akxk = n+
+ 1 c xi = j, òî åñòü a1x1 + · · · + ai−1xi−1 + ai+1xi+1 + · · · + akxk = n + 1 − jai, ïî ëåììå 1 íå

ïðåâîñõîäèò (n + 2− jai)
k−2 ⩽ (n + 2)k−2. Ïîýòîìó è âñÿ ðàçíîñòü S(n + 1)− S(n) íå ïðåâîñõîäèò

A(n+2)k−2 äëÿ íåêîòîðîãî ïîñòîÿííîãî A. À ñàìî S(n) ïî ëåììå 2 íå ìåíüøå Cnk−1 äëÿ íåêîòîðîãî

ïîëîæèòåëüíîãî C. Îñòàëîñü çàìåòèòü, ÷òî A(n+ 2)k−2 < Cnk−1 ïðè âñåõ äîñòàòî÷íî áîëüøèõ n.
Èç ïðèâåä¼ííîãî ðåøåíèÿ âèäíî, ÷òî ìíîæèòåëü 2 â óñëîâèè çàäà÷è ìîæíî çàìåíèòü íà 1+ε ïðè

ëþáîì ε > 0.

Ñõåìà îöåíèâàíèÿ

Îáùèå áàëëû

(0.1) Çàäà÷à ðåøåíà äëÿ ïîïàðíî âçàèìíî ïðîñòûõ ai: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 áàëë
(íå ñóììèðóåòñÿ ñ îñòàëüíûìè)

Ñõåìà äëÿ äàííîãî ðåøåíèÿ

(1.1) Ëåììà 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë
(ñóììèðóåòñÿ ñ ëþáûì èç ïóíêòîâ (1.2), (1.3), (1.4))

(1.2) Ëåììà 2: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 áàëëà
(1.3) Ñîîòâåòñòâèå ìåæäó ðåøåíèÿìè (xi) è (xi − vi) äëÿ ïðàâûõ ÷àñòåé, îòëè÷àþùèõñÿ íà 1:

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë
(1.4) (1.2) âìåñòå ñ (1.3): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 áàëëà



XIX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Âòîðîé äåíü. Ðåøåíèÿ çàäà÷

�4. Ñóììà n > 2 íåíóëåâûõ âåùåñòâåííûõ ÷èñåë (íå îáÿçàòåëüíî ðàçëè÷íûõ) ðàâíà íóëþ. Äëÿ
êàæäîãî èç 2n − 1 ñïîñîáîâ âûáðàòü íåñêîëüêî (íå ìåíåå îäíîãî) èç ýòèõ ÷èñåë ïîäñ÷èòàëè ñóììó
âûáðàííûõ ÷èñåë è âñå ïîëó÷åííûå 2n − 1 ñóìì âûïèñàëè â ñòðîêó â íåâîçðàñòàþùåì ïîðÿäêå.
Ïåðâîå ÷èñëî â ñòðîêå ðàâíî S. Íàéäèòå íàèìåíüøåå âîçìîæíîå çíà÷åíèå âòîðîãî ÷èñëà â ñòðîêå.

Îòâåò: S(1− 1
⌈n2 ⌉

).

Ðåøåíèå. Çàíóìåðóåì âñå çàäàííûå ÷èñëà â ïîðÿäêå âîçðàñòàíèÿ ñëåäóþùèì îáðàçîì:

a1 ≤ a2 ≤ . . . ≤ am < 0 < b1 ≤ b2 ≤ . . . ≤ bk,

ãäå m + k = n. Î÷åâèäíî, ÷òî íàèáîëüøåå ÷èñëî, çàïèñàííîå â ñòðîêó, ðàâíî ñóììå âñåõ ïîëîæè-
òåëüíûõ ÷èñåë, ò. å. S = b1 + b2 + . . . + bk = −a1 − a2 − . . . − am, à ñëåäóþùåå ïîëó÷àåòñÿ èç S
ëèáî âû÷èòàíèåì íàèìåíüøåãî ïîëîæèòåëüíîãî ÷èñëà b1, ëèáî ïðèáàâëåíèåì íàèáîëüøåãî îòðè-
öàòåëüíîãî ÷èñëà am. Îáîçíà÷èì c = min{b1, |am|}, òîãäà, ñ îäíîé ñòîðîíû, S ≥ kb1 ≥ kc, à ñ
äðóãîé, S ≥ m|am| ≥ mc. Ïî êðàéíåé ìåðå îäíî èç ÷èñåë m è k íå ìåíüøå, ÷åì ⌈n

2
⌉, çíà÷èò, âåðíà

îöåíêà c ≤ min{S
k
, S
m
} ≤ S

⌈n2 ⌉
. Ñîîòâåòñòâåííî, âòîðîå ÷èñëî â ñòðîêå íå ìîæåò áûòü ìåíüøå, ÷åì

S − c ≥ S(1− 1
⌈n2 ⌉

).

Âòîðîå ÷èñëî â ñòðîêå ìîæåò ðàâíÿòüñÿ S(1− 1
⌈n2 ⌉

), íàïðèìåð, åñëè èçíà÷àëüíî áûëè çàäàíû ⌈n
2
⌉

÷èñåë, ðàâíûõ S
⌈n2 ⌉

, è ⌊n
2
⌋ ÷èñåë, ðàâíûõ − S

⌊n2 ⌋
.

Ñõåìà îöåíèâàíèÿ.

Áàëëû âíóòðè êàæäîãî èç ðàçäåëîâ ½Îòâåò è ïðèìåð� è ½Îöåíêà� íå ñóììèðóþòñÿ. Èòîãîâàÿ

îöåíêà ðàâíà ñóììå íàèáîëüøèõ áàëëîâ êàæäîãî èç ðàçäåëîâ.

Îòâåò è ïðèìåð.

• Âåðíûé îòâåò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

• Ëþáîå êîíå÷íîå êîëè÷åñòâî ïðèìåðîâ, â êîòîðûõ âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) . . . . . . 0 áàëëîâ

1. Ïðèìåð, â êîòîðîì âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) äëÿ îäíîé ÷¼òíîñòè n . . . . . . . . . . . . . . . . . 1 áàëë

2. Ïðèìåð, â êîòîðîì âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) âñåõ n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 áàëëà

Îöåíêà.

• Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ ëþáîãî êîíå÷íîãî íàáîðà ÷èñåë n . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

3. Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ âñåõ ÷èñåë n îäíîé ÷¼òíîñòè . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

4. Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ âñåõ n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 áàëëîâ



�5. Íàçîâ¼ì íàòóðàëüíîå ÷èñëî õîðîøèì, åñëè îíî ïðåäñòàâëÿåòñÿ â âèäå ax2 + bxy + cy2, ãäå a,
b, c, x, y � öåëûå ÷èñëà è b2 − 4ac = −20. Äîêàæèòå, ÷òî ïðîèçâåäåíèå äâóõ õîðîøèõ ÷èñåë � òîæå
õîðîøåå ÷èñëî.

Ðåøåíèå. Çàìåòèì, ÷òî õîðîøåå ÷èñëî � ýòî ÷èñëî âèäà ax2 + bxy + cy2, ãäå b2 − ac = 5.
Ïðåäëîæåíèå. ×èñëî n õîðîøåå òîãäà è òîëüêî òîãäà, êîãäà â åãî ðàçëîæåíèå íà ïðîñòûå ìíî-

æèòåëè â íå÷¼òíûõ ñòåïåíÿõ âõîäÿò ëèøü ïðîñòûå p, äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 ≡ −5
(mod p).
Äîêàçàòåëüñòâî. Ïóñòü n = ax2 + bxy + cy2, d = (x, y), x = dx′, y = dy′, (x′, y′) = 1. Òîãäà n =
= d2n′, è ðàçëîæåíèå n′ íà ïðîñòûå ìíîæèòåëè ñîäåðæèò â íå÷¼òíûõ ñòåïåíÿõ òå æå ÷èñëà, ÷òî è
n. Ðàññìîòðèì îäíî òàêîå ïðîñòîå p. Õîòÿ áû îäíî èç ÷èñåë x′ è y′ íå êðàòíî p; ïóñòü ýòî y′. Èìååì
an′ = (ax′+ by′)2+5y′2, òî åñòü (ax′+ by′)2 ≡ −5y′2 (mod p). Ïîñêîëüêó y′ ̸≡ 0 (mod p), ñóùåñòâóåò
öåëîå α, äëÿ êîòîðîãî ax′+ by′ ≡ αy′ (mod p). Äëÿ ýòîãî α èìååì α2 ≡ −5 (mod p). Òàêèì îáðàçîì,
ìû äîêàçàëè, ÷òî n óäîâëåòâîðÿåò ñôîðìóëèðîâàííîìó êðèòåðèþ.

Îáðàòíî, ïóñòü âñå ïðîñòûå p, âõîäÿùèå â n ñ íå÷¼òíûì ïîêàçàòåëåì, òàêîâû, ÷òî ðàçðåøèìî
ñðàâíåíèå x2 ≡ −5 (mod p). Åñëè n′ = p1 . . . pk � ïðîèçâåäåíèå âñåõ òàêèõ ïðîñòûõ, òî n = d2n′ ïðè
íåêîòîðîì öåëîì d. Ïîñêîëüêó ðàçðåøèìû âñå ñðàâíåíèÿ x2 ≡ −5 (mod p)i, ïî êèòàéñêîé òåîðåìå îá
îñòàòêàõ ðàçðåøèìî è ñðàâíåíèå x2 ≡ −5 (mod n)′. Ïóñòü b � ðåøåíèå ýòîãî ñðàâíåíèÿ. Ýòî çíà÷èò,
÷òî b2 − n′c = −5 äëÿ íåêîòîðîãî öåëîãî c. À òîãäà n = n′d2 + bd · 0 + c · 02 � õîðîøåå ÷èñëî. Ýòî
çàâåðøàåò äîêàçàòåëüñòâî ïðåäëîæåíèÿ.

Äëÿ ðåøåíèÿ çàäà÷è îñòàëîñü çàìåòèòü, ÷òî ïðîèçâåäåíèå äâóõ ÷èñåë âèäà, îïèñàííîãî â ïðåä-
ëîæåíèè, òîæå èìååò òàêîé âèä.

Ñõåìà îöåíèâàíèÿ

Îáùèå áàëëû
(0.1) Òîæäåñòâî (x2 + 5y2)(z2 + 5t2) = (xz − 5yt)2 + 5(xt+ yz)2: . . . . . . . . . . . . . . . . . . . . . . .0 áàëëîâ
(0.2) Óòâåðæäåíèå äîêàçàíî äëÿ äâóõ õîðîøèõ ÷èñåë âèäà ax2 + bxy + cy2 ñ îäèíàêîâûìè a:

2 áàëëà
(íå ñóììèðóåòñÿ ñ îñòàëüíûìè)

Ñõåìà äëÿ äàííîãî ðåøåíèÿ
(3.1) Äîêàçàíî, ÷òî åñëè ax2+ bxy+ cy2 äåëèòñÿ íà p, à x è y íå äåëÿòñÿ, òî −5 � êâàäðàòè÷íûé

âû÷åò modp: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë
(3.2) Äîêàçàíî, ÷òî õîðîøè âñå ÷èñëà, ñîäåðæàùèå òîëüêî ïðîñòûå p, äëÿ êîòîðûõ −5 � êâàäðà-

òè÷íûé âû÷åò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà
Âñå áàëëû èç ñõåìû òðåòüåãî ðåøåíèÿ ñóììèðóþòñÿ.
Áàëëû èç ñõåì îöåíèâàíèÿ ðàçíûõ ðåøåíèé íå ñóììèðóþòñÿ.



�6. Íà ïëîñêîñòü ïîëîæèëè íåñêîëüêî ñèíèõ è çåë¼íûõ ïðÿìîóãîëüíûõ ñàëôåòîê (âîçìîæíî, ðàç-
íûõ ðàçìåðîâ) ñ âåðòèêàëüíûìè è ãîðèçîíòàëüíûìè ñòîðîíàìè. Îêàçàëîñü, ÷òî ëþáûå äâå ñàëôåòêè
ðàçíîãî öâåòà ìîæíî ïåðåñå÷ü âåðòèêàëüíîé èëè ãîðèçîíòàëüíîé ïðÿìîé (âîçìîæíî, ïî ãðàíèöå).
Äîêàæèòå, ÷òî ìîæíî âûáðàòü öâåò, äâå ãîðèçîíòàëüíûõ ïðÿìûõ è îäíó âåðòèêàëüíóþ ïðÿìóþ òàê,
÷òî êàæäóþ ñàëôåòêó âûáðàííîãî öâåòà ïåðåñåêàåò õîòÿ áû îäíà èç âûáðàííûõ ïðÿìûõ.

Ðåøåíèå. Îáîçíà÷åíèÿ. Îïåðàöèè îðòîãîíàëüíîé ïðîåêöèè íà îñè OX è OY îáîçíà÷èì πX ñî-
îòâåòñòâåííî πY . Î÷åâèäíî, äëÿ ñàëôåòîê B1, . . . , Bk íàéäåòñÿ ïåðåñåêàþùàÿ èõ âñå ïðÿìàÿ, ïàðàë-
ëåëüíàÿ OY , òîãäà è òîëüêî òîãäà, êîãäà îòðåçêè πX(B1), . . . , πX(Bk) ñîäåðæàò îáùóþ òî÷êó; äàëåå
äëÿ êðàòêîñòè ãîâîðèì ïðîòûêàþòñÿ òî÷êîé (à äëÿ ñàëôåòîê ïðîòûêàþòñÿ ïðÿìîé).

Äëÿ äâóõ îòðåçêîâ ℓ1 è ℓ2 íà ïðÿìîé èõ îáîëî÷êîé ⟨ℓ1, ℓ2⟩ áóäåì íàçûâàòü íàèìåíüøèé îòðå-
çîê, ñîäåðæàùèé ℓ1 è ℓ2. Èíûìè ñëîâàìè, ⟨ℓ1, ℓ2⟩ � îáúåäèíåíèå ℓ1 è ℓ2 åñëè îíè ïåðåñåêàþòñÿ,
îáúåäèíåíèå ℓ1, ℓ2 è èíòåðâàëà ìåæäó íèìè, åñëè ℓ1 è ℓ2 íå ïåðåñåêàþòñÿ.

Íàì ïîíàäîáèòñÿ
Ëåììà 1 (îäíîìåðíàÿ òåîðåìà Õåëëè). Åñëè â (êîíå÷íîì) ñåìåéñòâå îòðåçêîâ íà ïðÿìîé

ëþáûå äâà îòðåçêà ïåðåñåêàþòñÿ, òî ñóùåñòâóåò òî÷êà, ïðîòûêàþùàÿ âñå îòðåçêè.
Âîîáùå ãîâîðÿ, òåîðåìà âåðíà è áåç óñëîâèÿ êîíå÷íîñòè, íî ìû ñåé÷àñ íå áóäåì çàíèìàòüñÿ ýòèìè

òîíêîñòÿìè.
Äîêàçàòåëüñòâî. Ðàññìîòðèì îòðåçîê ñ ñàìûì ëåâûì ïðàâûì êîíöîì ℓ1 = [a, b] è ñàìûì ïðàâûì

ëåâûì êîíöîì ℓ2 = [c, d]. Òî ÷òî îíè ïåðåñåêàþòñÿ îçíà÷àåò, â ÷àñòíîñòè, ÷òî b ⩾ c. Íî òîãäà ëþáîé
îòðåçîê èìååò ïðàâûé êîíåö íå ëåâåå b è ëåâûé êîíåö íå ïðàâåå c, òî åñòü ñîäåðæèò âñå òî÷êè èç
îòðåçêà [c, b] (âîçìîæíî, âûðîæäåííîãî â òî÷êó, íî íå ïóñòîãî).

Âåðíåìñÿ ê ðåøåíèþ çàäà÷è.
Áóäåì íàçûâàòü ñåìåéñòâî ñàëôåòîê õîðîøèì, åñëè âñå ñàëôåòêè â ñåìåéñòâå ïðîòûêàþòñÿ îäíîé

ãîðèçîíòàëüíîé ïðÿìîé, è ïëîõèì â ïðîòèâíîì ñëó÷àå. Ïî Ëåììå 1, ïëîõîå ñåìåéñòâî ñîäåðæèò äâå
ñàëôåòêè, ïðîåêöèè êîòîðûõ íà îñü OY íå ïåðåñåêàþòñÿ.

Îòíîñèòåëüíî êàæäîé âåðòèêàëüíîé ïðÿìîé ℓ âñå ñàëôåòêè äåëÿòñÿ íà òðè òèïà: ïðîòêíóòûå åþ,
ëåæàùèå ñòðîãî ëåâåå, è ëåæàùèå ñòðîãî ïðàâåå; îáîçíà÷èì ìíîæåñòâà òàêèõ ñàëôåòîê ÷åðåç I(ℓ),
L(ℓ) è R(ℓ) ñîîòâåòñòâåííî. Åñëè äëÿ êàêîãî-òî öâåòà (äëÿ îïðåäåëåííîñòè � ñèíåãî) äëÿ íåêîòîðîé
ïðÿìîé ℓ îáà ñåìåéñòâà � ñîñòîÿùåå èç ñèíèõ ñàëôåòîê â L(ℓ), è ñîñòîÿùåå èç ñèíèõ ñàëôåòîê â R(ℓ),
� îêàçàëèñü õîðîøèìè, òî çàäà÷à ðåøåíà: òðåáóåìûå òðè ïðÿìûå � ýòî ℓ âìåñòå ñ äâóìÿ ïðÿìûìè,
ïðîòûêàþùèìè âñå ñàëôåòêè óïîìÿíóòûõ äâóõ ñåìåéñòâ. Ïðåäïîëîæèì, ÷òî òàêîé ïðÿìîé ℓ íå
íàøëîñü.

Ðàññìîòðèì ñàìóþ ïðàâóþ ïðÿìóþ ℓ0, äëÿ êîòîðîé êàê ñåìåéñòâî ñèíèõ, òàê è ñåìåéñòâî çåë¼íûõ
ñàëôåòîê â L(ℓ0) � õîðîøèå. Òî ÷òî ℓ0 ñàìàÿ ïðàâàÿ, îçíà÷àåò, ÷òî ïðè åå ñäâèãå âïðàâî äëÿ êàêîãî-òî
èç öâåòîâ (ïóñòü äëÿ îïðåäåëåííîñòè äëÿ ñèíåãî) åñòü äâå ñàëôåòêè ýòîãî öâåòà, ëåæàùèõ (íåñòðîãî)
ëåâåå ℓ0, ÷üè ïðîåêöèè íà îñü OY íå ïåðåñåêàþòñÿ. Îáîçíà÷èì ýòè ñàëôåòêè W1 è W2, ïóñòü äëÿ
îïðåäåëåííîñòè ïðîåêöèÿ W1 íà îñü OY âûøå, ÷åì ïðîåêöèÿ W2. Íî íàøå ïðåäïîëîæåíèå î ïðÿìîé
ℓ0 îçíà÷àåò, ÷òî ñåìåéñòâî çåë¼íûõ ñàëôåòîê â R(ℓ0) � ïëîõîå. Òîãäà åñòü äâå çåë¼íûõ ñàëôåòêè
B1 è B2, ëåæàùèå ñòðîãî ïðàâåå ℓ0, ïðîåêöèè êîòîðûõ íà îñü OY íå ïåðåñåêàþòñÿ. Ïóñòü äëÿ
îïðåäåëåííîñòè ïðîåêöèÿ B1 íà OY âûøå ïðîåêöèè B2. Îïÿòü æå, íå óìàëÿÿ îáùíîñòè, ïóñòü
íèæíÿÿ ãðàíèöà B1 íå âûøå íèæíåé ãðàíèöû W1. Òîãäà ñàëôåòêè W1 è B2 íåëüçÿ ïðîòêíóòü
îäíîâðåìåííî íè ãîðèçîíòàëüíîé íè âåðòèêàëüíîé ïðÿìîé � ïðîòèâîðå÷èå ñ óñëîâèåì.

Ñõåìà îöåíèâàíèÿ
(0.1) Ðàññìîòðåíèÿ ëþáûõ ÷àñòíûõ ñëó÷àåâ, ðàâíî êàê è (÷àñòè÷íî) íåâåðíûå ðàññóæäåíèÿ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

(0.2) Íà÷àëüíûå øàãè, òàêèå êàê ïåðåôîðìóëèðîâêà çàäà÷è â òåðìèíàõ ïðîåêöèé íà îñè, ôîðìó-
ëèðîâêà è äîêàçàòåëüñòâî Ëåììû 1 è ò.ï. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

Ñõåìà äëÿ äàííîãî ðåøåíèÿ

(1.1) Îïèñàíî (èñïîëüçîâàííîå â ðåøåíèè) äîñòàòî÷íîå óñëîâèå òîãî, ÷òî âåðòèêàëüíóþ ïðÿìóþ
ℓ ìîæíî äîïîëíèòü äâóìÿ ãîðèçîíòàëüíûìè òàê, ÷òîáû ýòè òðè ïðÿìûõ ïðîòûêàëè âñå ñàëôåòêè
îäíîãî öâåòà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë



(1.2) Ïðè íàëè÷èè ïóíêòà (1.1): ñ èñïîëüçîâàíèåì ïðèíöèïà êðàéíåãî (êàê â ðåøåíèè), ëèáî æå
ïðè ïîìîùè äâèæåíèÿ ïðÿìîé ℓ ñëåâà íàïðàâî âûáðàíà ïðÿìàÿ ℓ0, ïîäõîäÿùàÿ ïîä òðåáîâàíèÿ
ðåøåíèÿ 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 áàëëà
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