XIX International Zhautykov Olympiad in Mathematics. Day 1. Solutions

Nel. Pete has a deck of 1001 cards; the numbers 1,2,...,1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C', Pete considered 500 cards following C' in the clockwise order and counted
the number f(C') of those whose blue numbers are larger than the blue number on C. Pete wrote the
number f(C') on the top side of C' with a red pen. Prove that Basil, who sees all the red numbers on the
cards, can determine the blue number on each card.

Solution. In both solutions, we denote k£ = 500 and n = 2k + 1 = 1001.
Suppose, for the sake of contradiction, that there exist two arrangements of Pete’s cards which result

in the same arrangement of red numbers. Let those arrangements be A = (aj,a9,...,an) and B =
= (by,b9,...,bn) (in each string, we list the blue numbers in the clockwise order, starting from a fixed
position).

Put Z = {i: a; # b;}; by our assumption, Z # &. Notice that the sets Ny = {a;: i € Z} and Ng =
= {b;: i € I} coincide. Let a be the smallest element in N 4; then a = a; = b; for some 4,j € T with
t # j. Notice here that a; < b; and bj < aj. Shifting the numeration (and, perhaps, swapping the two
arrangements), we may assume that i = 1 and j < k + 1.

Consider now the red number at position 1. It should be equal to £ minus the cardinality of each of
the sets

Al ={s:2<s<k+1 and as<ay} and By ={s:2<s<k+1 and bs<by}.

However, if s € Ay, then a = a1 > as; by definition of a, we get bs = as < a; < by and hence s € Bj.
Thus, A} C By. On the other hand, we have j € By (since b; = a <bq) and j ¢ A; (since a; > a = ay),
so the inclusion is strict. Hence |A1| < |B1]. A contradiction.

Marking scheme

(0) Only very initial observations and Steps ...............oiiriiiiiiiii i 0 points
FExamples of such observations and steps:
(a) A proof that, among two cards, one is in the neighborhood of the other;
(b) Just considering two blue arrangements providing the same collection of red numbers.
(c) Noticing, as in the above Remark, that Basil also knows the number of cards in the neighborhood
of C' whose blue numbers are smaller than that on C.

Scheme for current solution

(1.1) Focusing on the number a from Solution 1, i.e., the minimal (or maximal) number by which the two
blue arrangements differ ... ... ... 1 point

(1.2) One fails (or forgets) to show that the inclusion A1 C Bj is strict, but uses this result at most 5 points



Ne2. Let € be the circumcircle of a scalene triangle ABC. The line tangent at C' to the circumcircle
of triangle ABC meets the line AB at point D. A line passing through D intersects the segments AC
and BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC' || NL
and BC' || KM. Let NL and KM intersect at point P inside the triangle ABC. The line C'P meets the
circumcircle w of M N P again at (). Prove that the line D(@ is tangent to w.

Solution. Since AC' || NL and BC' || KM, we get

DN DL DB

DA DK DM’
which yields DM -DN = DA-DB. So the powers of D
with respect to {2 and w are equal. Denote by R the

intersection point of the line C'D and the line tangent
to w at @, then

/RQP = /QMP = /QMN + /NMP =
/QPN + /DBC = /CPL + /DCA =
- /KCP+ /DCA = /RCQ.

Figure 1

Hence RC' = R(Q) which implies than R and D both lie

on the radical axis of €2 and w. But this radical axis

cannot be the line RD since otherwise it would pass

through the point C' which lies on € but outside w. Therefore points R and D must coincide.
Marking scheme

Common points.
0. Proof that the powers of D with respect to 2 and w are equal: ......................... 2 points

Scheme for current solution
1. Proof that the triangle RQC' is isosceles ........... i 3 points

For an incomplete computational solution (Cartesian or complex coordinates, vector or trigonometry
calculus, etc.) points can only be awarded if the partial results of computations have been formulated in an
equivalent form of the geometric statements mentioned in the scheme above.



Ne3. Given positive integers ay, ag, ..., ap. Let S(n) denote the number of solutions of the equation
a1x1 + - -+ + agpxp, = n in nonnegative integers x1, x9, ..., . It is known that S(n) # 0 for all large
enough n. Prove that S(n+ 1) < 25(n) for all large enough n.

Solution.
Lemma 1. The number of solutions of the equation a1z +- - -+ agzj = n in non-negative integers does

not exceed (n + 1)k_1.

Proof. For a given n each solution (x1,x9, 23, ..., 2} ) is uniquely determined by the sequence (z9, z3, . ..
Since 0 < x; < n, the number of such sequences does not exceed (n + 1)k_1.
Lemma 2. If the equation aq2q +- - -+ a2, = n admits a solution in non-negative integers for all large

k_l, where ¢ is positive

enough n, then for all large enough n the number of such solutions is at least cn
real number not depending on n.

Proof. Since the equation ajxy + --- + apx} = n is solvable in integers, the congruence agxg + - - - +
+ apxp, =n (mod aq) is also solvable; let (t9,...,t;) be a soluton of this congruence.

The number of ways to choose a number z; = t; (mod aj) not exceeding a given M is at least

M
[a—l]. Therefore there are at least | k:a?az] e [k‘a?ak

satisfying z; = ¢; (mod a1) and a;z; < ' for 2 <i < k. For each such sequence the number n — agzg —
(k—1)n
k

be expanded to a solution (x1,...,z}). Thus the number of solutions in question is at least |

] sequences (z9,x3, ..., xy) of non-negative integers

is non-negative and divisible by aq, that is, each such sequence may
n
ka1a2] .....

—agrg — - — aprp =N —

- [=2—], and the lemma follows imediately.
kajap

Back to the solution of the problem, there exist for some integer n sequences (rq,...,r;) and (sq, ..., sg)
such that ajrqy +---+aprp = n and ajsy +--- + agsp = n+ 1. Then the numbers v; = s; — r; satisty
aivy + -+ 4+ apvp = 1. For each n, to each solution (x1,z9,23,...,2}) of the equation ajzq + --- +
+ apz = n+ 1 in non-negative integers we assign the solution (x1 — vy,...,2} — vp) of the equation
a1z +---+apr) = nin integers. If x; > v; for all 7, the numbers x; —v; are also non-negative. Therefore
the difference S(n+1) —S(n) does not exceed the number of solutions of the equation ayz1+---+apz) =
= n + 1 where at least one of z; is less than the respective v;. For each i the number of such values of z;
is finite; for every such value x; = j the number of solutions of the equation ajzq +--- +apzr = n +1
with z; = j, that is, ajzq + - +a;_1%;_1 + a; 417041 + - + agpr, = n + 1 — ja;, does not exceed
(n+2—ja)F=2 < (n +2)"=2 by Lemma 1. Accordingly, the entire difference S(n + 1) — S(n) does
not exceed A(n + 2)k_2 with some constant A. But S(n) itself is, by Lemma 2, at least Cn*=1 for some
positive C. It remains to note that A(n + Z)k_2 < Cn*=1 for all large enough n.

It follows from this solution that the factor 2 in the problem can be replaced by 1 4 ¢ with any € > 0.

Marking scheme

General

0.1) The problem is solved for a; PalrwiSe COPIIMIC: ... ...t e 1 point

( p i P p p
(not additive)

Scheme for current solution

(L.1) Lemma L oo e ettt e 1 point
(additive with either of items (1.2), (1.3), (1.4) )

(1.2) Lemma 2: ...t e 2 points

(1.3) The correspondence between the solutions (x;) and (z; — v;) for two values of the RHS differing
DY Lt 1 point

(1.4) (1.2) together with (1.3): ... .o e 4 points

,xk).



XIX International Zhautykov Olympiad in Mathematics. Day 2. Solutions

Ne4. The sum of n > 2 nonzero real numbers, not necessarily distinct, is 0. For each of 2" — 1 ways to
select several of those numbers (at least one) the sum of the selected numbers is calculated; all the resulting
sums are written in line in non-increasing order. The first number in the line equals S. Determine the
minimum possible value of the second number in the line.

).

Solution. Let us arrange all the numbers in non-decreasing order as follows:

Answer: S(1—

| 3‘H
p—

a1 <ag < ... <am<0<by <bg << by,

where m—+k = n. Clearly, the largest number written in the line is equal to the sum of all positive numbers,
ie. S=by +by+ ... +b = —ay —ag — ... — am, and the second number in the line is obtained from
S either by subtracting the smallest positive number b; or by adding the largest negative number am,.
Denote ¢ = min{by, |am|}, then, on the one hand, S > kby > kc, and on the other hand, S > m|am| > me.

At least one of the numbers m and k is not less than [%1, hence ¢ < min{%, %} < % Therefore the
second number in the line cannot be less than S — ¢ > S(1 — (g%)

The second number in the line could be equal to S(1 — %), for example, if we are given [%] numbers
equal to b%, and L%J numbers equal to —%.

Marking scheme.

Points withih each of the sections ,,Answer and example” and ,,Lower bound” are not additive. The
final mark is equal to the sum of the highest scores of the sections.

Answer and example.

® COTTECE AISWET ...\ttt ettt et et e e e e e e e e e e e 0 points
e Any finite number of examples where the second number is S(1 — %1) ..................... 0 points
2

1. An example where the second highest number equals S(1 — %) for all n of some patity ....1 point
2

2. An example where the second highest number equals S(1 — ﬁ) forallm .................. 2 points
2

Lower bound.
e A correct lower bound is obtained for any finite set of numbersn ......... ... ... .. L. 0 points
3. A correct lower bound is obtained for all numbers n of some parity ......................... 3 points

4. A correct lower bound is obtained for all numbers n ........ ... .. ... 5 points



Ne5. We call a positive integer good if it can be presented in the form az? + bry + cy2 with integral a, b,
¢, x, y and b2 — dac = —20. Prove that the product of every two good numbers is also good.

Solution. In accordance with the other solutions we note that a good number is a number of the form
az? + bry + cy2, where b2 — ac = 5.
Claim. A number n is good if and only if the only odd powers of primes in its prime factorization are
those of primes p such that the congruence 2= — (mod p) is solvable.
Proof. Let n = az? + bxy + cy?, d = (z,y), x = do’, y = dy/, (2',9') = 1. Then n = d?n’, and the
primes with odd powers in the factorization of n’ are the same as in that of n. Consider one such prime p.
It does not divide at least one of the numbers 2’ and 3/; let it be y/. We have an’ = (az’ + by/)2 + 512,
i. e (az’+ by/)2 = —5y/2 (mod p). Since y’ # 0 (mod p), there is an integer a such that ax’ + by’ = ay/
(mod p). This « satisfies @ = —5 (mod p). Thus we have proved that p satisfies the stated condition.
Conversely, let all the primes p, having odd powers in the factorization of n, are such that the congruence
22 = -5 (mod p) is solvable. If n =pp.. . P} is the product of all such primes, then n = d%n’ for some

integer d. Since all the congruences 2 = —5 (mod p); are solvable, it follows from from Chinese Remainder
Theorem that so is the congruence 2= -5 (mod n)’. Let b be the solution of this congruence. This
means that b2 — n/c = —5 for some integer c. But then n = n'd? +bd-0+c-0%isa good number, and

the claim is proved.
To solve the problem it remains to note that the product of two numbers of the form described in the
claim also has that form.

Marking scheme

General

(0.1) The identity (22 + 5y2)(22 + 5t2) = (xz — 5yt)2 +5(xt +y=z)2: ... 0 points

(0.2) The statement is proved for two good numbers of the form ax?+ bry + cy2 with equal a:2 points
(not additive)

(3.1) Proved that if a prime p divides az? + bry + cy2 but not x or y then —5 is a quadratic residue
000X 123 1 point

(3.2) Proved that all n containing only primes p such that —5 is a quadratic residue modulo p are good
3 points

All the points in the scheme for the third solution are additive.

Points from schemes for different solutions are not additive.



Ne6. Several blue and green napkins (possibly of different sizes) with vertical and horizontal sides are
placed on the plane. It turned out that every two napkins of different colours can be intersected by a
vertical or horizontal line (possibly on the border). Prove that one can choose a colour, two horizontal
lines, and one vertical line, so that every napkin of the chosen colour is intersected by at least one chosen
line.

Solution. Notation. Throughout the solution we suppose that we work in the Cartesian plane, with
the axis OX directed horizontally and OY directed vertically. The orthogonal projections onto axes OX
(horizontal) and OY (vertical) will be denoted 7y and 7y respectively. Clearly a vertical line intersecting
all the napkins By, ..., By, exists if and only if the segments 7 (B1),...,7x (B}) have a common point;
henceforth we will say, for sake of brevity, that these segments are pierced by a point (and the napkins are
pierced by a line).

For two segments 1 and {9 on a line we will call their hull (¢1,¢9) the smallest segment containing
both ¢1 and f9. In other words, (€1, ¢9) is the union of ¢ and ¢9, if they overlap, and the union of ¢, {9,
and the interval between, if they do not.

We make use of the following

Lemma 1 (one-dimensional Helly’s theorem). If in a finite family of segments in a line every two
segments overlap, then there is a point piercing them all.

(Generally speaking, the theorem holds even for infinite families, but we have no time for subtleties.)

Proof. Consider the segment with the leftmost right end ¢; = [a, b] and the segment eith the rightmost
left end ¢9 = [c,d]. They overlap; in particular, that means b > ¢. But then the right end of any segment
is no further left than b, while its left end is no frther right than ¢, that is, the segment contains all the
points of the segment [c, b] (that segment is possibly degenerate, but not empty). O

We will use Lemma 1 from the previous solution.

Say that a family of napkins is good if all napkins in the family can be pierced by a horizontal line;
otherwise the family is bad. According to the Lemma, if a family is bad, then it contains two napkins
whose projections onto the y-axos are disjoint.

Every vertical line ¢ partitions the napkins into three groups: the group I(¢) consisting of the napkins
pierced by ¢, the group L({) consisting of all napkins lying strictly to the left of ¢, and the group R(¥)
consisting of all napkins lying strictly to the right of ¢.

Suppose that, for some vertical line ¢, there exists a color (say, blue) such that the family of blue
napkins in L(¢) is good, and the family of blue napkins in R(¢) is also such. If a and b are horizontal lines
piercing those two families, then the three lines ¢, a, and b form a desired collection of three lines piercing
all blue napkins. So, in the dequel, we assume that there is no such line.

Consider the rightmost vertical line £ such that the family of blue napkins in L(¢), as well as the
family of green napkins in L({), is good. This means that there are two napkins of the same color (say,
blue napkins W7 and Wy) such that their y-projections are disjoint, and after shifting ¢ rightwards to
a line ¢, both napkins fall into L(¢). So both napkins lie (non-strictly) to the left of ¢3. Without loss of
generality, we assume that the y-projection of @ is above that of Ws.

By our assumption, the family of green napkins in R(¢) is bad (since the family of green napkins in
L(¢) is good); so R(¢) comtains two green napkins by and by whose y-projections are disjoint. Without
loss of generality, we assume that the y-projection of By is above that of By.

Not losing generality again, we assume that the bottom point of By is no higher than that of Wj.
Then the y-projections of W7 and B9 are disjoint. But their z-projections are also disjoint, since one lies
(non-strictly) to the left of £y, while the other lies strictly to the right of it. Hence these napkins fail to
satisfy the problem requirements. A contradiction.

Marking scheme
(0.1) Consideration of any particular cases, as well as (partially) wrong arguments
............................................................................................... 0 points
(0.2) Initial steps, such as: reformulation of the problem in terms of - and y-projections, or formulating
and proving Lemma 1, ebc. ... ..o 0 points

Scheme for current solution



(1.1) Describing (as in Solution 2) a sufficinnt confition that a vertical line £ can be augmented by two
horizontal ones in order to get a desired triple ...... ... ... . 1 point
(1.2) If (1.1): is present, by means of choosing the rightmost/leftmost/etc. element, or via moving a
vertical line ¢, one chooses a line ¢( sering the aims of Solution 2 ............... ... ... ... ... 2 points



XIX Meacoynapodnasn 2Kaymurosckas orumnuada no mamemamuxe. Ilepeuii denwv. Pewenus s3aday

Nel. V Ilern ectp 1001 kapTodKa, HA KOTOPBIX HAITMCAHBI CUHEH pydkoil ynciaa 1,2, ..., 1001; na kaxmoii
KapTOYKe HAMTMCAHO POBHO OJHO YHCJIO. [leTst BBIIOKWMI KAPTOYKY 110 KPYTY CHHUMH YHUC/IaAMU BHU3. 3aTeM
st Kaxk ot kaprouku C' [lerst pacemorpest 500 kaprodek, ciaeayomux 3a C' 110 9acoBO# cTpesiKe, U HAIIE T
konmaectBo f(C') Tex W3 HUX, HA KOTOPLIX CHHHE YHCIa Oosbiie, dem cunee unciao Ha C. Hucno f(C)
[Terst manucasn wa Bepxueit cropone kaproukn C' KpacHoit pyukoii. {lokaxkure, aro Bacs, Bujs TOJIbKO Bee
KPACHBIE 9HCJIa, MOYKET BOCCTAHOBUTH, KAKOE CHHEE YHNCJI0 HA KAKOM KApTOYKe HAHCAHO.

Pemnenne. B perrenngax uHuKke Mbl Hcnoab3dyeM obo3nadenus k = 500 u n = 2k + 1 = 1001.

[TpenmosiozkumM, 910 yTBEPKICHNE 33191 HEBEPHO; ITO 3HAYUT, UTO JIjisi HEKOTOPBIX JBYX PACIIOJIOMKE-
HUI CHHUX 9HCEJT TOJIYIaeTCs OHO M TO K€ PACHOJIOKEHNe KPACHBIX. [IycTh 3TH CHHUEe DACIOIOKEHHsT —
om0 A = (a1,a9,...,an) 1 B = (b1,by,...,bp) (B KaKI0M Ciydae MEPEUNCICHBI CHHEE TUCJIA B HOPSTKE
00X0/1a 10 YacoBoii cTpesike, HAYUHAsI ¢ (PUKCHPOBAHHOTO MECTA).

Ilycts Z = {i: a; # b;}; no Hamemy npeanookenuio, Z # &. 3amernm, uro MEOKecTBa N4 = {a;: 1 €
€I} u Ng ={b;: i € I} coBuanator. Ilycts @ — naumenbinuit snement B N 4; Torga a = a; = bj nus
HEKOTODPBIX ¢, j € Z, mpuuém ¢ # j. Ormernm, 410 a; < b; bj <aj. Casurasi HyMeparuio 1, BO3MOKHO,
MEHSST PACTIOJIOKEHNST MECTAMU, Mbl MOYKeM CYuTaTh, 910 1 = 1 u j < k + 1.

PaccmorpuMm Tenepb Kpachnoe ducsio Ha no3uiiyu 1. OHO J0/IZKHO PABHATHCA k MHHYC MOIIHOCTH KazK-
JIOTO U3 MHOXKECTB

Al ={s:2<s<k+1 uw as<ay} mw By={s:2<s<k+1 u bs<bi}.

Oxnaxko, ecnu s € Ay, TO @ = a] > ag; OTCIO/A N0 ONPEJIEIEHIIO YUCIa a HoaydaeM bs = as < a] < by, a
sHaunt, s € By. Takum o6pazom, A; C By. C apyroii croponsr, umeeM j € By (IOCKOIbKY bj=a< b1)
u j ¢ Ay (nockonbky a; > a = ag), Tak uro smouenne Ay C By crporoe. Urak, [Aq] < [By]. uro
HEBO3MOKHO.

Cxema OIleHKH

(0) ToMBKO CAMBIE HATATBHBIE TIIATH .+« o v v vttt ettt e ettt e e et e e e et e e e e e 0 6asIoB

IIpumepvl MAKUT HAUAADHUT ULAL0E:

(a) JokazarejbCTBO TOrO, 4T0 Cpeu JIOObIX JIBYX KAPTOUYEK OJHA JIEZKHT B OKPECTHOCTH JIPYTOil.

(b) TosbKO paccMOTpeHHe ABYX IHIOTETHIECKUX PACTIONOKEHHH CHHUX YHCeJ, JAOINIX OJHO U TO Ke
PACIOIOKEHNE KPACHBIX.

(c) Bameuanue o ToM, uTo Bacs 3HaeT KOJIHIECTBO KAPTOYEK B OKpecTHOCTH C') CHHEE YHCJIa Ha KOTOPBIX
MeHbIie, gem aucjao na C'.

CxeMa JAaHHOrO perIeHus

(1.1) Uccmemyercs 9ucyio a U3 ePBOTO PEINeHns, T. . HauMeHblee (HIn HanboJIbIIee) YUCI0, 110 KOTOPOMY
PA3INYAIOTCS IBA, PACHOJOKECHUA CHHIX THCEIL ...\ttt en et et e et e e et e e et e e e e et e e e 1 Gamn
(1.2) Hesepno gokazan (nim He goxasam) ¢akr, 4to BRI4YeHne A1 C By crporoe, HO 3TOT GaKT HCIOIb-
BYETCS B PEIIIEHTIL . .. vv e v vttet e ettt e e ettt et e e e e e et e e e e He OoJsiee 5 GaIoB



Ne2. Kacarenpunass B Touke C' K OKpyKHOCTH §), OMUCAHHOI OKOJIO HEPABHOOEIPEHHOTO TPEYTOJbHUKA
ABC, nepecekaer npsamyio AB B Touke D. Yepes Touky D mpoBeieHa MpsiMasi, IePeceKaronas 0TPe3KH
AC n BC B toukax K u L coorsercrBenno. Ha orpeske AB ormernau touku M u N tak, aro AC ||
| NL u BC || KM. Ilycts NL u KM uepecekiauch B Touke P, nexameil Bayrpu rpeyrossnuka ABC.
[Ipsamas C'P Bo BTOpOii pa3 mepecekaer OKPYZKHOCTDH W, OMUCAHHYO0 OKOJI0 Tpeyroibhuuka M N P, B Touke
Q. Hokazkure, aro npsimas D() Kacaercs w.

Pemenne. Saverum, uro u3z napasuieabnocreit AC ||
| NL, BC' || KM cneayer, aro

DN DL DB
DA~ DK~ DM’

t0 ectb DM -DN = DA-DB, 103TOMy CT€lleHb TOYKH
D otnocuTe1bHO W U ) PABHBI.

[Iycts R — Touka mepecedenus: upsmoit C'D u Ka-
caTeJIbHOMN, TPOBEIEHHON B TOUKe () K W, TOrIa

/RQP = /QMP = ZQMN + /NMP =
= /QPN + /DBC = /CPL + /DCA =
— /KCP+ /DCA = /RCQ.

CnenoBarenbno, RC' = R(), 9T0 03HAYAET, 9TO TOYKH

R u D obe nexkar Ha paguKaJbHON OCH OKPY2KHOCTEI

Q n w. OxHako 9Ta paJuKaabHas OCh He MOXKET SBISITbCd OpaAMoil RD, nHadue oHa Obl TPOXOIIIA Uepes
touky C', KoTopas Jjiezxkut Ha (), HO cHapyx)u w. CjegoBare/ibHO, TOYKH R u D cOBIaIatoT.

CxeMa oreHnBaHUS.

Ob1ue 6aabl.
0. /Tokazano, 9T0O cTereHh TOYKH ) OTHOCUTENHHO () W W PABHBLL «.\vtreieanneanenn. 2 baJsia

Cxema 1jig JaHHOTO pPeHIeHusd.
1. Jlokazano, 4To TpeyroJbHuK REQ)C PaBHOOEIAPEHHDBIM .. ...v'tvir et nineneeanns. 3 6asia

3a evuucAumesvbHoe pewerue (6 K0OpOUHAMAT, 68 KOMNAEKCHUEL YUCAGT, 6 8EKMOPAL, MPULOHOMEM -
puseckoe, u m.d.), ne 006edéHH0E 00 KOHUG, MOHCHO NOAYHUMD OAANDL MOALKO, ECAU PESYALIMANL NPOME-
ACYMOUHDLL BOIYUCAEHUTE CHOPMYAUPOBAHDL 6 GUIE PABHOCUABHBIL 2EOMEMPULECKUT YMEEPAHCIEHUT, YKa-
3GHHBLT 6 CTeMe OUCHUBAHUA.



Ne3. Jlansl HATYpasIbHbBIE UHCTA G, (9, - . ., . OOO3HAYIMM depe3 S(n) KOJMIeCTBO pelleHnil ypaBHeHN
a1x1 + -+ + apxp = n B HeJIBIX HEOTPUIATENbHBIX UHCJIAX T, L2, ..., T}. VI3BecTHO, uT0 S(N) # 0 114
BCEX JIOCTATOYHO Oosibimux n. Jokaxure, uro S(n + 1) < 25(n) m1dg Bcex J0CTATOYHO OOJIBIIHX 7.

Pemienne.
Jlemma 1. KosnmdecTso permenuii ypaBHeHns 4141 + - -+ + GpT), = N B IEJBIX HCOTPUIATEILHBIX THCIAX
He mpeBocxoautT (n + 1)k_1.
HoxkazarenbcTso. [Ipn nannom n pemenne (21, £9, 3, . .., L) ONHO3HAYHO 3a138TCsd HAOOPOM (9,23, . . ., Tf).
Oanaxo 0 < x; < n, mosToMy Takux HabOpOB He Gosee (n + 1)k_1.
Jlemma 2. Eciu ypasHenue a1xq + -+ -+ ap2j. = N UMeeT pelieHHe B IeJbIX HeOTPUIATEIbHBIX YHCIaX
IIPU BCEX JOCTATOYHO OOJIBIIUX 7, TO IIPU BCEX JOCTATOYHO OOJIBIIMX 7 KOJMYECTBO TAKUX PEIICHHH He
senee enf 1 rre ¢ — nonoxkuTesbHOE MO, He 3aBHCAIICE OT N.
HoxkazarenbcTBo. Ilocko/bKy ypasHenue a1y +- - +agT; = N PaspelumMo B HeJblX YUCJAaX, PA3PeIIUMO
I CPaBHEHHE a9x9 + -+ + apx), =n (mod ay); mycTs (to,...,1) — pelleHne STOr0 CpaBHEHMUS.
Cpenn mesibIX HEOTPHIATENBHBIX YHCENT, He IPeBOCXOAAMUX jJanHoro M, BeIOpaTh 4ucio r; = t;

(mod aq) MOXkHO He MeHee, 4Yem [M] criocobamu. [losTomy cymecrByer He mMenee [#m] ceee [m}

al
HabopoB (29,3, ..., %)) HeIbIX HEOTPUIATEIBHBIX YUCesI, B KOTOPBIX 2; = t; (mod a1) u a;x; < % pu

(k—1)
k

. n
2 <1 < k. g KazKJ10ro Takoro Habopa Yuc/aIo 1 — agx9 — a3x3 — - -+ — ApTf > N — HEOTPUIIATEb-
HO M KPATHO a1, TO €CTb KaxKJblil Takoil HAOOP MOXKHO IONOTHHUTD 10 HEKOTOPOTO pemrenud (rq, ..., T ).
Takum 06pa3oM, KOJUIECTBO PEIEHHH ypaBHEHUs] He MeHee [W?ag} | kaTak]’ OTKY/Ia HEMEJJIEHHO
cJIeJlyeT YTBEPKJICHUE JIEMMBbI.

Ilepeitném k pemennto 3a1adu. [lo ycioBuio jjis HEKOTOPOro HATYPAJBHOIO M CYIIECTBYIOT HAOGOPHI
meJIbIX duces (11,...,7%) u (S1,...,8)), I KOTOPBIX @171 + -+ aprp =nua;s)+---+apsp =n+1.
Brrauras, mosydaeM, 9To YHCIA U; = S; — T; YAOBIETBOPAIOT COOTHOIIEHMIO av] + - -+ + apvg = 1. IIpn
KazKJOM 7l COLOCTABUM KazKJOMY PeIleHuio (r1,9,23,...,LL) YPaBHeHud ajr] + -+ aprp =n+ 1 B
IEJIBIX HEOTPHUIATENbHBIX YUCIaX perrenne (r] — vy, .. . y T — Uk;) ypaBHeHus a1xq +---+apr; = n. Ecan
r; > v; TIPH BCEX i, YUCTA T; — v; TOXKe OYIyT HEOTPHIATEIbHBIME. TakuMm obpa3oM, pasHocTs S(n +
+ 1) — S(n) He IPeBOCXOIUT KOJMYECTBA pelleHNil YpaBHEHUd a1x] + -+ + apZp = n + 1, B KOTOPHIX
XOTsl OBl OJTHO W3 X; He IPEBOCXOIUT COOTBETCTBYIOMIETO v;. [l KayK/I0ro i TaKuX 3HAYEHUH T; KOHEUHOe
9UCII0; [JIsl KazZKJI0r0 TAKOrO 3HAYEHUS X; = j KOJIMYECTBO PeIleHuil ypaBHEeHHS 41T + -+ + apTp = n +
+1cx; =7, 10 €CcTh A1 + -+ + a;_1%T;_1 + @j41%41 + -+ + aprp = n+ 1 — ja;, no memme 1 ne

npeBocxoauT (n + 2 — jaz-)k_2 < (n+ 2)k_2. [Tosromy u Bes pasnocts S(n + 1) — S(n) ne npeBocxoauT

A(n—|—2)k_2 JIsl HEKOTOPOTO mocTostHHOro A. A camo S(n) 1o jemme 2 He MeHblIe CnF=1 1na nexoroporo

nosozxkuresnsaoro C'. Ocranoch 3aMeTuTh, 9ro A(n + Q)k_Q < CnF~1 npu Beex pocTaTouHO GOABIINX M.
13 mpuBeIEHHOTO PellleHns] BU/IHO, YTO MHOKHUTEIb 2 B YCIOBUH 33141 MOZKHO 3aMeHHTh Ha 1+ ¢ Ipn

awboM € > 0.

CxeMa oIleHUBaHUS

O6iue 6aJ1IbI
(0.1) Baza4a pemreHa Ajis MOMAPHO B3AMMHO IPOCTBIX (U1 « .. cvneuenenatann e anaanaaeannns 1 GaJun
(He CyMMUDYeTCsT ¢ OCTAThHBIMN )

Cxema g JaHHOTO pelieHusd

(1.1) JIeMMa Lt oottt e e 1 6asn
(cymmupyercs ¢ mobbim u3 nyukTos (1.2), (1.3), (1.4))

(1.2) JIEMMA 20 oottt et e e e e e e e 2 f6asia

(1.3) CoorBercTBue MexKIy permenusymu (x;) u (x; — v;) I TPABBIX YacTeil, OTaInIaomuxcs Ha 1:
................................................................................................ 1 6ann

(1.4) (1.2) BMECTE € (1.3) oottt ettt et e e e e 4 6ajma



XIX Meoswcdynapodnas 2Kaymuwikosckan orumnuada no mamemamure. Bmopotd denv. Pewenus 3adaw

Neq. Cymmva n > 2 HeHyJIeBBIX BENIECTBEHHBIX quces (He 00s3aTe/bHO Pa3IMdHbIX) paBHa Hyso. st
Kaxk 010 13 2" — 1 ¢1moco6oB BLIGPATh HECKONBKO (HE MEHee OJHOr0) M3 ITUX HYUCesI TMOACUUTATN CyMMY
BBIODAHHBIX YHCEJ M BCe TOaydeHHbIe 2'' — 1 cyMM BBIDHCAJM B CTPOKY B HEBO3DACTAIONIEM IIOPSJIKE.
[TepBoe uncso B cTpoke pasuo S. Haiiaure HanMeHbIiee BO3MOXKHOE 3HAYEHIE BTOPOTO YHCJIA B CTPOKE.

Otrser: S(1 — —-).
(5]
Pemienne. 3anymepyem Bce 3a/JaHHbIe UHCIa B TOPSIKe BO3PACTAHUS CJIeLyIONIAM 00Pa3oM:
a1 <ap < ... <am<0<by <by<... <y,

rjie m + k = n. OueBuHO, YTO HAUOOJIBIIEE YUC/I0, 3AMUCAHHOE B CTPOKY, PABHO CyMMe BCEX TIOJIOXKH-
TeJBHBIX 4mces, T.e. S = by + by + ... + b = —a] —ag — ... — am, a ciaeyiomee morydaercd u3 S
nnOO0 BBIYMTAHWEM HAWMEHBINErO IMOJOKHUTEJbHOTO JHucaa by, JuO0 mpubaBieHneM HamOOJIBIIETO OTPH-
HATEIBHOIO YUCIA Q. O6o3naunm ¢ = min{by, |am|}, Toraa, ¢ ogmoit cropons, S > kby > ke, a ¢
apyroit, S > mlam| > me. Tlo kpaitueit Mmepe onHO U3 4ucesa m u k He MeHbIIe, YeM (%], 3HAYUT, BEPHA

oneHka ¢ < min{%, %} < % COOTBETCTBEHHO, BTOPOE YUCJI0 B CTPOKE HE MOXKET ObITh MEHbIIE, YeM
2
S—c>S(1— o).
(5]
Bropoe 4uciio B crpoke MoxkeT paBHsThest S(1 — %), HAIlPUMED, €CJIU U3HAYAIBHO ObLIN 3a/aHbl (%]
2

| 4uces, paBHbIX s

4qucesi, PAaBHbIX e
5]

ou |

5
|3

Cxema onleHUBaHUS.

Baanve enympu wascdozo us pasdenos ,,Omeem u npumep” u ,Ouenra” ne cymmupyromes. Umozosasn
OUEHKG PABHA CYMME HAUOOALWUL OAAN08 KaHCD020 U3 PA30EN0E.

OtrBeT u mpumep.
L] 00 55 7 0 =<0 0 6asioB

e JI1060€e KOHETHOE KOJIMYIECTBO MIPUMEPOB, B KOTOPHIX BTOpOe ducyo paBuo S(1 — L) ...... 0 6a0B
1. Ilpumep, B kKOTOPOM BTOpOE 4ncIo paBro S(1 —

2. Ilpumep, B KOTOPOM BTOpOE 4ucI0 paBHo S(1 —

| h—

[N b I N T

J— JE—
SN—

Omnenka.
e Bepnag oreHka, moJiyuaeHHasl /s JI000I0 KOHEIHOI'O HADOPA THUCEIT 10 . vvvveeenenennnnn... 0 6asi0B
3. Bepnas ornenka, nojiydeHHast JJjisd BCEX YHCEJ 70 OTHOU YETHOCTH .. .vvvunveeeneeennnenenn. 3 basuta

4. BepHasg OmMeHKA, TOTYIEHHAST T BCEX T+ttt et et e e et e et e e e e e e e ie e 5 6asioB



Ne5. Hazosém HarypasbHOE YHCIO LOPOULUM, €CJTU OHO TIPEJICTABISIETCS B BHJIE ar? + bry + cy2, rae a,
b, ¢, T, y — 1ebIe YUCTA U b2 — 4ac = —20. JlokazKuTe, 9TO MPOU3BEEHNAE JTBYX XOPOIIHX YHUCET — TOXKE
XOpoTIIee Yuco.

Pemenne. 3amernm, 9To XOporiee YUCJI0 — 3TO YUCTIO BUJIA ar? + bxy + cy2, rae b2 — ac = 5.

IIpennoxxkenne. Hucyio n xopoimee TOrAa 1 TOJBKO TOTIA, KOTJAA B €r0 Pa3/I0ozKeHHe Ha IPOCThIE MHO-
KUTETH B HEUSTHBIX CTENEHSX BXOIAT JIHIIb MPOCTHIE P, JUTs KOTOPHIX PA3pEliMo CpaBHEHHe T2 = —
(mod p).
TTokazaTeascTBo. Ilyers n = ax? + bay + cy?, d = (z,y), v = do’, y = dy/, (2/,y/) = 1. Torma n =
= d2n/, u pasnoxenue n' Ha NPOCTbIE MHOKHTEIH COAEPIKUT B HEUSTHBIX CTENEHSIX Te Ke UHCIA, YTO U
n. PacemorpuM oo Taxoe mpocToe p. Xors 6b1 oxHO 13 wncer ©' u y' He xparHO p; mycTs 310 3. Meenm
an’ = (az’ + by/)2 +5y'2, o ectb (az’ + by/)2 = —5y/2 (mod p). ITockosky 4 # 0 (mod p), cymecTsyer
eJIoe v, Jist KOToporo ax’ + by/ = ozy/ (mod p). lust aroro o umeem o = —5 (mod p). Takum 06pazom,
MBI JIOKa3aJI1, 94TO N YJAOBIETBOPSAET CHOPMYIUPOBAHHOMY KPUTEPHIO.

O6paTHo, yCTh BCe MPOCTHIE P, BXOAANIME B N ¢ HEYETHBIM MOKA3aTeJeM, TAKOBBI, 9TO Pa3pPEInMO
cpaBuenue r2 = —5 (mod p). Ectu n’ = py ... pj, — npomsBeieHme BeeX TAKHX MPOCTHIX, TO N = d?n’ upu
HeKOTOpOM 11eJ10M d. TI0CKOIbKY paspelnMbl Bee CpaBHeHust 12 = —5 (mod p);, mo kuraiickoit Teopeme 06

OCTATKaX pa3pelinMo U CpaBHEHUE 2 =-5 (mod n)/. [IycTh b — pemrenue 3TOro cpaBHeHHSA. DTO 3HATUT,

aro b2 — n'c = =5 JIIsI HEKOTOPOro TEeaoro ¢. A torma n = n'd?2 +bd-0+c-02 - XOpoIree IUCI0. JTO
3aBEPIIAET JI0KA3aTeIbCTBO HPEII0KEHNUSI.
Jlns1t perteHnst 3329 OCTAJIOCHh 3aMETUTh, 9TO IIPOU3BEJIEHNe IBYX YHCEJI BHIa, ONMMCAHHOIO B IPE/I-

JIO?KEeHUH, TOZKEe uMeeT TaKO BU/I.

Cxema OneHUBaAHUS

O61imue 6aJ1JIbI
0.1) ToxxmecTBO 22 +592) (22 +5t2) = (22 — 5yt)2 + 5t +y2)2: 0 6an0B
Y Y Y
0.2) ¥YrBepxKjeHue JOKA3aHO JIjIsi JIBYX XOPOIIUX YUCE] BUJIA ar? + bry + cy? ¢ OJIMHAKOBBIMU @
y Y Y
2 basma
(He CyMMUPYeTCsi ¢ OCTAJIbLHBIMH)
Cxema /ijid JAHHOTO PeEIIeHUs
3.1) JlokazaHo, 9TO ec/in ar? + bay + cy? JIETTATCS Ha P, & T U Y HE JIEJATCI, TO —d — KBaJIPATHIHBII
yrcy Y

BBIUET IO D! ettt ettt e e e 1 6ann
(3.2) JokaszaHno, 4TO XOPOIIH BCE YUCJIA, COJAEPZKAIIIEe TOJIBKO HPOCTHIE P, JJist KOTOPBIX —b — KBajpa-
07858287 B 9. - (< L P 3 bamia

Bce Gasuibl n3 cXeMbl TPETHETO pPerieHnsi CyMMHUPYIOTCS.
DBasibl n3 cxem oneHUBaHUS pa3HBIX PelleHuil He CYMMUDPYIOTCH.



Ne6. Ha maocKoCTh MOJOKHUIN HECKOJIBKO CHHUX W 3€JIEHBIX MPSIMOYTOJIBHBIX calheToK (BO3MOKHO, pas3-
HBIX PA3MEPOB) € BEPTHKAJBHBIME 1 FOPU30HTAILHBIME cTOpOoHaME. OKA3aJ0Ch, ITO JIIOObIe JBe caadeTKu
Pa3HOTO I[BETA MOXKHO TEPecevb BePTHKAJBHOI MM TOPU30HTATBHON MPAMOil (BO3SMOXKHO, 10 IPAHUIIE).
Jlokazkure, 9TO MOXKHO BbIOpATH IBET, JBE 'OPU30HTAJIbHBIX IIPAMBIX U OJIHY BEPTUKAJIBHYIO IPSIMYIO TaK,
YTO KaK/IyI0 capeTKy BHIOPAHHOIO IBETA MepeceKaeT XOTs Obl OJIHA U3 BHIOPAHHBIX MPSAMBIX.

Pemenne. O6o3nauennd. Onepanuu opToronaapHoil mpoexiun Ha ocu OX n OY obozHadunMm 7y €O-
orsercTBenHo Ty . O4esnano, aig cainderok By, ..., B Haiijercsd nepecexalonas UX Bce IpsMas, Hapai-
nesnprasg OY, TOrga u TOJIBKO TOra, KOraa orpeskn mx (B1), ..., mx (B}) comepzkar obIIyo TOUKY; gajee
JJTsT KDATKOCTH TOBOPUM NPOMbLKAIOMEA TOUKOi (a 1ist candeTok npomolkatomes npsMoit).

g nByx orpe3koB (1 u l9 Ha mpamoii ux o06oaoukol ((1,09) Oymem Ha3bIBATH HAUMEHBIIHH OTpe-
30K, comepxkamuii {1 u fo. Uabivu cioBamu, ((1,09) — obbequnenne (| u {9 eCIU OHU TEPECEKAIOTCH,
obbepunenue {1, {9 u uHTEPBAJIA MexXK/ly HUMU, eciin {1 u {9 He lepeceKaroTCs.

Ham monamobutcs

Jlemma 1 (omHOMepHas Teopema Xennu). Ecam B (KOHEYIHOM) ceMeiicTBe OTPE3KOB HA MPSIMOIL
JII0OBIE JIBA OTPe3Ka MepPeceKaloTCsd, TO CYIIEeCTBYeT TOUYKA, IPOTHIKAIONIAsl BCE OTPE3KH.

Boobie roBopsi, Teopema BepHa u 6€3 yCJI0OBHSA KOHETHOCTH, HO MBI ceifdac He Oy1eM 3aHUMAThCS STUMHE
TOHKOCTSIMU.

HokazareabcTBo. PaccMoTpuM 0TPe30K ¢ caMbIM JIEBBIM MPAaBBbIM KOHIIOM {1 = [a, b] 1 caMbIM IpaBbiM
7eBeIM KOHIOM {9 = [¢, d]. To uro onm mepecekaroTcst o3uadaer, B yacrnocti, aro b > c. Ho rorga moboit
OTPE30K HMeeT MpaBblil KOHEI He JieBee b W JIeBblil KOHEI[ He IpaBee ¢, TO €CTb COJEPYKUT BCE TOUKU W3
oTpeska [¢, b] (BO3MOKHO, BHIPOXKIEHHOTO B TOUKY, HO HE IIYCTOIO). ]

BepremMcs K pemnreHnio 3a1a4m.

Bynem nazwsiBarh cemeiicTBO cagdeTor Topowum, ecaim Bee caaderKu B ceMeicTBe MPOTHIKAIOTCS OTHOM
rOPU3OHTAILHON TPSAMOil, U NA0TUM B IPOTUBHOM ciaydae. [lo Jlemme 1, maoxoe cemeiicTBO COAEPKUT J1Be
caJipeTKH, MPOEKIINA KOTOPHIX Ha och OY He mepecekaroTcs.

OTHOCHUTEIBHO KazKI0# BePTHKAIbHOI MpsaMoit £ Bce caadeTKu JeaTcd Ha TPU THIIA: IIPOTKHYTHIE €10,
JIe’Kale CTpOro JieBee, U JieXKalllne CTPOro mpasee; 0003HAYHM MHOYKECTBa TakuX cajderok uepes [({),
L(¢) n R(¢) coorBercrBenno. Eciu st KAKOro-ro 1peta, (JJisi OUpPeIeJIeHHOCTH — CHHEr0) JiJisi HEKOTOPOi
npsimoii £ 06a cemeiicTBa — cocrosiiee n3 cuuux cauaderok B L({), u cocrosiee 3 cunux caiberok B R({),

OKa3aJIMCh XOPOIIUMH, TO 33/1a9a pernera: TpedyeMbie TpU MpsiMble  3TO { BMecTe ¢ JIBYMST PSIMBIMH,
HPOTHIKAIOMKUMHI BCe caa(peTKu YIOMIHYTBIX JABYX ceMeiicTB. [Ipemmosioxkum, 9To Takoir mpsamoii ¢ He
HAIILTOCh.

Paccmorpum camyto npasyio upsmMyio £, j1jist KOTOpOil KaK ceMefiCTBO CUHUX, TaK U CeMeiflcTBO 3e/1EHbIX
casderok B L({y) — xoporue. To uto £ camas npasasi, 03Ha4aeT, YTO [PHU €e CABHUTe BIPABO JIJIsi KAKOTO-TO
M3 1BETOB (MyCTh JJIst OTNPE/IEJeHHOCTH JIJIsi CHHET0) eCTh JiBe caadeTKn 3TOro 1BeTa, JeKauX (HecTporo)
nesee (g, upu npoeknun Ha ock OY He nepecekarorcsa. O6osznaunm 31H canderkun Wi n Wo, nycrs nig
onpenenennocTn npoeknusa Wy ma ocs OY Boime, yem nmpoeknus Wo. Ho Harme npeamonokenne o mpsamMoit
(g o3naugaer, 4T0 cemeiicTBO 3eséubix canderok B R({)) — mioxoe. Torma ecrb jBe 3eséHbix canderku
B1 n By, sexamue crporo npasee {(), upoexiun kKoropbix Ha ock OY ne nepecekarorcs. Ilycrs jjis
onpejesennoctu npoekius B na OY Bbinre npoeknun Bg. Ousith ke, He yMaJjsisi OOIIHOCTH, HYCThb
HIZKHAA paHuna [ me Bpime HukHell rpanunsl 7. Torma canderkm W7 um B9 Helrb3d TPOTKHYTDH
OJTHOBPEMEHHO HU TOPU30HTAJIBLHON HU BEPTHKAJIbHON MPSIMOil — IIPOTUBOPEYNE C YCJIOBHEM.

Cxema OneHUBaHUS
(0.1) Pacemorpenust JIOObIX YACTHBIX CJIy4aeB, PABHO KaK U (YACTHUYHO) HEBEDHbBIE PACCYKICHUS
.............................................................................................. 0 6anoB

(0.2) Hauanpuble maru, Takue Kak mepedopMyInpoBKa 332491 B TEPMUHAX MPOEKIHil Ha ocH, (hOpMy-
JIMPOBKA M JIOKA3ATEIbCTBO JIEMMBI 1 M Il ..o e 0 6anoB
Cxema aJjisi JaHHOTO perieHns

(1.1) Omucano (MCIONB30BAHHOE B PENIEHHUN) JOCTATOYHOE YCJIOBUE TOTO, YTO BEPTHKAIBHYIO HPIMYIO
{ MOXKHO JIOHOJTHUTH JIBYMsl TOPU30HTAJIBHBIME TaK, 9TOObI 9TH TPH HPIMBIX IIPOTHIKAINA BCe caideTKn
L0302 10 ) I T 1= - PP 1 6ama



(1.2) Tlpn wasmuum nyskTa (1.1): ¢ ncnosb3oBaHneM TPUHIMIA KpajiHero (Kak B penieHun), Jubo xKe
P IOMOIIY JBHKeHUs NpAMOHl ¢ cileBa HampaBo BblOpaHa Hpamas {(), HOAXOAAIAdA MO TPeOOBAHUS
01E) 18 (G151 5 (P 2 baa
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