SOLUTIONS
ALGEBRA

Problem Al Let abc and m, m,,m, be respectively the lengths of the sides and
the medians of an acute-angled triangle ABC. Prove that
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Sobation: Taking into consideraiion that the triangle ABC is acute-angled, using the
formulae for medians

A =2 4207 ~a",  Am =20° 42t ~bY,  dmd =24 225 -°
and using the notations x=5"+c*~e* >0, y=at 4+ ~b >0, 224" +0"-" >0 we

shall prove the equivalent inequality
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Equality holds iff x = y =z, that is for the equilateral triangle.

Problem A2. Lat x 3 2 bereal non-negative numbers sach that x+2 }».;Az. :3 ’

Prove that By
6(3xy+ dxg +232) + 63+ 3y -+ 4z + T2z s-%?
‘When does equality hold? '
Solution: Let x ¥, z boreal non-negative nambers such that
42 +3, ”}I i < 3} o
Ua.mgmeacw;ons g = 6r b ?3: am:i g J: , fmm {1} We abtmn the cquaizw ' :
| Za+8b+9c«~11 LE Bl : @‘"

abcmbmcwmmmmz {a+3}(b+i}{m~1)<" 1;5. :



Qy using the m&m mzzqaam} we have
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: ,Remark 'fhx: m:ihms wn;g,ma} siatsmcm gave 3= x 4 23: % ?;z = -}% st is readilj, sesn zhat we

need 33 > ~;%~ in mdct for ® ), z ot me equahty ase m i}e nm*neé,mve jas % «:’% the ?mhlem g

' Selemmz Commities changxd the value %o be usmi for $).

walem A3 Let w23 be an : integer. A setof pmmve m‘tegct& xt, Xason X, B8 ca}kd

: mmmzble lf"}“*‘-%w-% 43;4
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{1) i’mu that for every n 3 mate ex:sts a summ?}ie xﬁt E)f n mts:gm i: gw.uw: ﬂxc mim ﬁf "

E ti:a, larg&si eiemwt gmaiﬂ than 27 e s ; K i 3 :
iy Prove that for every n2 3. mm exists # snmmabia mt af B dzstmct mwz,ers havmg tha
’va}ue of me 3ar3,e&t element less tha:u 0 : :

:Szy}gxngnz F‘a:-a : gwen--n; ‘denote by t, the value of tim isrgcst clement m a wnsxdzmd
surmsble set X 0 g oo Koy ~ .
o fiy  Weshall use the identity
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- We have the identity }2‘% —17-1»% =1 fora=3and &= 622" =4,
By -sm:be%ivelfv breaking, sccording to (1) -1- =~—-}~+ &, then -I-~ .-.3,“. e étc:‘ ‘We &t -
v _ . ?
: sum;mbie sots with 7> 3 e&amems Butwehave 1, =f,@, +L»e he:nce tcvr z » 2

i ioiiows thet £, »
The assertion (i) is thm proved bv step-by-step con,;tmctmg summable sc:x‘,s



{it) Using the identity (1), written ag
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¥ noemin+1) forall m, then ¢, ={a-Iim<a®,
I n=mim+l) forsomem, then n-12k{k+1D forall & ss otherwise

l=n~(n~1=mim+ D~k +D={m—Em+i+1
implying m + & = 0, absurd. Let

1.2 L1
h L, B - e, e ‘.“:‘.
1223 (=Dn-0) n-i

Now wrifg Jw :wzw - X (as n=mlm-+1} , n>3 ,wewill have n~1%10, 15},
2-3 ¢ 18 ‘
We thus obtain a surmmable set
1 i 3 ] 1 ) i i

SR e S :..........,.4.“.....‘\. ‘.'.4...__..’.-, : - +

1.2 10 34 15 4.3 fn~2%¥n~1 n-1
with n elements and ¢, = max {15, {n—2){n D} <2’
The assertion (i) is proved.

.

Remark, It can be shown that £, < 2™ for any summable set of » eiements (see A, Engel.,
Problem Solving Strategies). The authors do not have a better Jower bound for £, in the case of
summable ses of » distinet elements,
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GEOMETRY

Problem G1. Let ABCD be ateapezoid with AB || CD and AB > CD. Tt is given that
the sum of ite angles at the base AR s equalto 90°, Prove that the distance between the

midpoints of the paratiel sides is equal 1o -;-{}113 —EDY

Solution: Iet £ be the intersection point of ALY
and BC. The point & is on the lise through the
maddpoints K and F of the paralled sides. Lot G

and H bethe points on AB, such that CG || £F ] % ¢
and CH [} AE. Then the trisngle HBC is right- \
angled with the right angle at € aud the medin
C(x 8o,
& ¥ u @ W

KF = CG =~ HB = +(AB~ AH) =~ (AB - CD).

Figure Gl

Problem G2.1 (first variant). Let the trapezoid ABCD {AB €D} be nscrihed in
the circle v, and AB=2CD. The siraight lines AD and BC meet at Q0 , and the tingents to v at
B and I et at P. Lot S denote the area of the triangle BDP. Find the area of the quadiilatersl
ABPQ.

Selution: Any inscribed trapeziamn ABCL s isosceles.
Wi bave DP = BP gs common tangents from P, and
SDBP = LBBC + ZCRP = LDBC + JARD = £ABC.
Then LBPD=180" ~2L48C = LAQB = LZD(B.
It follows that the ppinis D, B, P and @ are cocyclic,
This implies  ZBQP = LBDF = LABC = LAB. So,
GPAB. From AB=2C1 and CD [| AB we obtain that
€I v midsegment in the triangle AQR, ie. D is the
roidpoint of A,

Let & be the beight of the traperoid ARPQ., We
have

B2
5

Thus, we obtain 5, = 28,5 = 25.

Figure G2.1



Je serigier | 1y, “Uhy ngm ; % éD ané 8{., meeft at Q and
the tangeme to v at ® :mé Dimset at P 18 denmc thc amsi: vt’ me maﬁ«ie PQD Find the area
of ﬁ}c q&saﬁniatem ABFQ . ¥ i . ¥

ﬁaiuﬁsn' An}* umc:mw tra;:«enum ABC‘E} is ;so»mics.- W
-~ We have P EPcammmtangems rom P, ;«md g
-prngMng wBC-%.(AB;

Then JBI’QMXQ‘* JLABE =  LAQE m{gz B .
follows that the pemtb DB £ and Q mz gocyalic,
Thig mghes LBOP = < LBDP = AABC‘ /&BQ S0,

QP [ AB. From AB = 20D and CD | AB we obiain
Cthat CD s, ﬁudwmm in the triangle AQH, L. Iis
the mzdpemt of 4{2 From DO = OC = DC we have

ADOC=LDAB=60°  and  LPDC = £CAB =
CZODP =30 et DPABR = {M } From DM = MP

nd CM =200 = SBC. it follows that the point C

s the centroid of the iangle BDP.  Then
Hence, we obtain §,,,, =28, =65, -a- Figuwre G2.2

~ Problem G3. Let Anc bean :&oscele% trigngle with AB = AC and L4 < 60" Let
Drand E beinternal pnmts lying on the side AC such that EB = ED and ZABD = £CRE.
‘The bisectors of the &ilgaﬁ% ACB and BDC et at O. Compute £ COD.

* Solution: Let D and £ be internal on the side AC such

that EB = ED and ZABD = LCBE. Suppose

Ee (AD). Then LC+ LCBD = LBDE = 2EBD < £B,

sontradiction, So, it follows that De (AI:) We have
LDBC = LDBE + £FBC = £EDR % ZFRC =

LB+ LABD + LEBC = LA+ 2 LEB =

180° -2 £B + 2« LEBC =180° ~ 2 (LDBC + LABD)+

+2- ZEBC =180° - 2. (ZDBC + LERC) +

Hence £DBC=60°. Becawse the point O is the incenter of the uiangle DB, we obtain
ZLOD =180° ~{LOCD+ £ODCy = 180° --5 (£BDC + £DCB) =

180" »‘—2:- (180° - £DBCY =a999-+-3; LDBC =908 +30° =120,



- Problem G4. Twocirles yrand vameet atd and B. Lot M be an internal point
lving on the segrent AR, A straight line throngh M {other than AB) meets the circles vi and v
atZ I and E, C respectively, suchthar B and D e on the segment ZC. The perpendivelar
lines on EB and Z8 at B, and the straight lne AD meet the circle vz a secondtime at X, X and
N respectively. Prove that KF = NC.

Sobution: We have
LNAC = £BAC —~ £BAN =
LBAC ~ £BAD = ZBEC — £BAD. {1}

From ZBEC = ABTE + LZBE and
LBAD = LBZD = ZBZE we obtain

LIBE = LBEC ~ LBEE =

LBEC - £BAD = ZNAC.

The sugles £ZBE and JZKBF have
the corresponding sides perpendicniar,
hence gre equal.

Fromg the squality LZBE = JKBEF @ Figure G4
foliows that «NAC = ZKBF. Thusthe chigrds KF and NC are equal.

-

Problem G5, Let ABC be an equilateral triangle of center 03, For an arbitrary internal
point 3 ying on the side BC fet K and L be its projections on the sides AB and AC
respectively. Prove that the line OM passes through the midpoint of the segment KL

Solution: Let Nand @ be the midpoints of
BC and AM respectively. From X, L and NV the
segment AM is seen under 90°, so the points
A, K, L, M and N are cocyclic snd the trizngles
QN and LON are equilateral. Let

ON KL ={D}. Thea QN LKL and
LKOD = LLQED, hence ON is the
perpendicular hisector of the segroent XL and
D s the midpoint of the segment QN The
triangle AMN is right angled at ¥ and NQ is the
median corresponding to the hypotenuse.

By applying Meoelaus’ theorem for the
uiangle AQW and the peints 3, D, 0, we
obtain that they are collinear, becagse Figure (35

AM (0 NO

- =1, a8 AM=2M0, QD = DN, and 40 =2NO.
MO DN OA 3. QD =D}
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% Pmbim G6. Lot A and B, gaem:mas pmntfs lymgon the sides BC and AC of thf»
mangle ABC ms;:er:iw.,.g. and segments A4, and BB, meei at €. The aseas of the trisngles
AOB, AOB and BO4, are distinet privoe ptimbers, and the geea of the gquadeilueral A4,08,C

is i intéger. Find the least poesible va,me ol the wrea of the Mangie A??C and argue the
‘ emamm of sm,h i mangla e i

Tim bemg the case f{ar the pms of tmngies 1 &08
and A,08, }.{ BOA, apd BOALL BCB, aad ABB, },
{L}‘i:ﬂg &néABgA;}, we obwm _ .

QAl e -"gﬂéfr&t S ”,0"55“ (*BI S‘*’l”z Smx

o4 sw& ' ‘Ssm, ABx‘ SAB,A ; 5,4}3;3‘
et Sgp =x From i’i‘f? pmvxoas equahues we have

Figure G6
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me ihie laz«t equ&zty it fcﬂm@s that i ng We oblain

¢ P pq{pﬂ){qw} pq(iiM rre). o e p)rt)
Aose ¥ Ty e B
v #rt *m) o Pepg "~ py
Since the nurober Ss’M maost be an iﬁt&g&r, andastha pumbers * end r* - pg are mutually
priroe, we obtain that #* — pg  must be admsar of (r+ pir+ q}
i,{f {r+ p)(r i»g}

Py
Sipee 7 aad py ave coprime, from the Iast eguality it follows that # must divide &£ + ). From
here k+izr and k2r~1. fac»
Smwkr2>r{t 1 {1}

Fcr r=2 or r=3 there are no dﬁtmct prime niwobers p, gand 7, such thar +° > pg,
For » =3 the pairs of distinct prime numbers (7, ¢), such that pg < 28, arer (3%, (27, (1111
and { 7} The first theee do not meke Sype 40 integer, whils the fourth vne yields Sy =120,
For r=7 we find that p = 2, g = 11 yield § ;. =42, which is the best we cap achieve, as seen
in (1). Furthermore 42 is a Jower value than 120 from the case above.
For r>7 wehave the maqaahty b ase > 42, s seen in (1), therefore the least possible valug of
the ares of the triangle ABC 18 42.

The existence of such a trzangle i gmmnmd by the very reqmmm r*'> pg. The value of

# - pg is an indicator for ABA, 8 being 2 trapezoid (AB; || A:B) when 7 - pg = ¢, while far

¥ - pg <0 the trisngle ABC is forming on the other sids of AB, in disagreement with the
conditions of the problem. Finally, for ¥ pg > 0, one can always build a triangle ABC (the Hines
ARy and A B will meet on the “right * side of AB).

=k then #2 +(p+q}z+(k+3){9q~kr
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Prove that ft any aon-prime fteger w54 the number 2n divides (i

At 28 ath, 2ub.

<30, Because the
ste by 11. Thersfore we

badmate-1l,
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157513 8 w}n b4 Wee+d mii {ax«.b*wd}z v

=58 10a. So, a5,
I b dsa v, theny







istinet slemnsiuy @ b ¢ of A suchothar the e common divisor

s, e of them will beconseoutive,
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Find {az 3::33%:) At xam‘;xie cadx tzf and BV, n, sueh t}m tins caﬁ be dan& in mons than _
ammy | "y " e _ :

Ysz:’rmuﬂnmmecase iP 3&3--&._
Pm msm} wh&m P%m{}, _'

8



