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Joxedh b.Bapra
TemepuH, Cpbuja

MOBEKE HAUVHW 3A PELLUABAHE HA NCTA 3ALAUA

Ha gpxxaBH1OT Hatnpesap Bo 2016 rogmHa Bo P. Cpbuja 3a 0CMO OAaeneHune
TpeTara 3ajaya rnacetue:

[apeHa e Kouka ABCDAB,C,D; co BonymeH 1000cm® . Heka E,F,GH,
I,J ce pegocnefHo cpeauHuTe Ha pabosute BC,CD,DDy,D;A, AB;,BB.
Jokaxn geka Toukute E,F,G,H,l,J npunarfaat Ha efHa paMHWHA K npe-
CMeTaj MM NNoLWTMHATA 1 BOTYMEHOT Ha Nupamugata AEFGHIJ .

PelueHure. OBaa 3afiaya ce COCTOM Of Tpu fena:
1. [oka3 geka Toukute E,F,G,H,l,J npunafaar Ha efjHa paMHUHa.

2. lpecmeTyBake Ha naowTMHaTa Ha nupammngata AEFGHIJ .
3. lNpecmeTyBake Ha BONYMeHOT Ha nupamugata AEFGHIJ

3a npBMOT Aen Ke AafemMe feBeT f0Kasu, MeT 0f KoM ce LiefIOCHW Uaun nornpa-
BEHU [JOKAa3M Ha YYEHULMTE 1 yLUTe YeTUpY APYTU fOKa3N.
Mpe HaumH. OTceukute AE, AF,AG,AH,Al,

AJ kako 1 oTceukute CE,C;F,C,G,CiH,Cyl, ) G D'F &
C;J ce XMnoTeHy3n Ha NpaBoaro/IHN TpraronHn- C

UM 4MM KaTeTn ce efHakBM Ha paboT, OAHOCHO H £
NOMIOBMHA 0f, paboT Ha Koukata. Toa 3Haun geka

Touknte E,F,G,H,l,J ce egHakBO ofaaneyeHun Ay f\ B,
Of ToukuTe A 1 C;, OFHOCHO fieKa Ce Haofaar BO h 5 J

paMHMHa Koja e HopMmasiHa Ha AujaroHanata AC; ¥ ja NosoBu WUCTaTa, T.e. Ha
paMHVHaTa Ha cMMeTpuja Ha oTcedkata AC;, na 3aToa Ce KOMIaHapHW.

MocneaHOTO TBPAEH:E He Ce [JOKaXyBa BO pefjoBHaTa HacTaBa BO OCHOBHOTO
06pa3oBaHue, Ma 3aToa Ke JoKaKeMe [eKa paMHMHATa Ha CUMeTpHja Ha OT-
ceyka (CUMeTpanHa pamMHiHA) Ce COCTOM 0 TOUKUTE KOW Ce eHAKBO oafa-
NeyeHn on ABaTa Kpaja Ha oTceukaTa. Heka T e Touka Off paMHMHaTa Koja ja
nosnoBm oTceykata AC; M e HopMasHa Ha Hea, a S e cpefyHaTa Ha ucTara oT-

ceyka. Toraw TpuaronHu-uute AST n C;ST ce cknagHu bugejkn AS=C;S, (
S e cpefyHa Ha oTceykata AC;), ST e 3aefjHN4Ka CTpaHa, a arfinTe Kaj Te-
MeTO S ce MnpaBu Kaj fBaTa TpuaronHuka, na crnopeg npusHakot CAC Tue ce
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CKnagHu, ogHocHo AT =CT . Criopef Toa, ako TOYKa Ce Haofa Ha paMHuHaTa

Ha CMMeTpuja Ha OTCeykaTa, TOraw Taa e efHaKBO OAJaseyeHa Of KpajHWTe
TOYKM Ha Taa OTceuka. Of Apyra CTpaHa, ako Toukata 1 He ce Haofa Ha
pamMHMHaTa Ha CUMeTpuja Ha oTceykata AC;, Torawl unu otceukata AP umm

oTceykata C;P vMa 3aefiH/YKa TOUKa CO paMHMHaTa Ha CUMeTpuja. Heka e Toa
oTceykata AP 1 Heka 3aefjHU4YKaTa Toyka e Q. imamo A_Q=Cl_Q (buaejkm
Q e Ha paMHUWHaTa Ha cumeTpuja) u E)ZA_Q+@=Q|__Q+@>Q|__P (3apaam
HEepaBeHCTBOTO Ha TPUAroNHNK), Tj AP = CiP , WTo 1 Tpe6alLie Ja ce AoKaxe.

BTop HaumH. EF e cpegHa nvHuja Ha TpuaronHukot BCD, na 3Haun
EF ||BD . CnunyHo e HI ||B;D; . Bugejkn BD ||B;D;, fobusame EF ||HI . Ha
UCT HauuH fobveamve feka FG||IJ n GH || JE . bugejku HE e cpegHa nvHuja
Ha npasoaro/HMKoT BCDyA Baxu HE||CD;, na 3atoa HE|[FG. bugejku
HE||FG po6uaeme geka H,E,F n G npunaraaT Ha egHa pamHuHa. Ha wuc-
Tata pamMHuHa npunaraat v npasute GH u EF , Ho 3apagn GH || JE Ha oBaa
pamHMHa npunafa n Toukata J u 3apagn EF ||HI npunara n Toukata | . Co
TOa e fJoKaXeaHo feka Touknte E,F,G,H,|,J npunaraaT Ha egHa paMHMHa.

TpeT HauMH. AHA/IOMTHO Kako BO BTOPMOT HauMH Ha peluaBarbe Ce LOoKaXkKyBa
feka HE||FG v geka HE|[1J . Og HE||FG cnepysa geka Toukute H,E,F 1
G npunafaaT Ha efHa pamMHMHa. AHAIOTHO ce AoKaxyBsa fdeka EF ||HI , T.e.
Touknte E,F,H un | npunaraat Ha egHa pamHuHa. OBMe ABe paMHUHU Ce
coBnafaaT 6uaejKN MMaaT 3aefHUYKM TPU HeKoNMHeapHW Taykn E,F un H .
3Haum Touknte E,F,G,H,| npunaraat Ha egHa pamHMHa. AHaNIOMHO ce [oKa-
XKyBa [eKa Toukata J npunara Ha uctata paMHUHa.

UeTBpT HauuH. Ja MpoekTMpame KouKaTa OPTOrOHa/IHO Ha pamMHuHaTa
ABC,D; . Ke fjokaeMe [eKa NPoeKLmM1TE Ha TOUKMTE Ce [afieHu BO Tabenara:

Touka AIBIC| D  AIBICGID|E|F|G|HI|I|J
Mpoekumja |/A|B|C'|D'|D'|C'|C |Di|E'|F'|G' |G |F'| E
T.e. Ke flokaeme fileka Toukute C 1 By, 1 & D' G D,
Toukute D n A, Kako n Toukute E n J, *
notoa Touknte F n G, kako n Toukmute H
n | ce npoekTupaar BO UCTU TOYKM, U AeKa
ToukmTe E,F' 1 G' npunaraar Ha ucta npa- F
Ba, Of LUTO Ke CnefyBa TBPAEHETO Ha 3aja-
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yaTa geka Toukute E,F,G,H,1,J npunaraat Ha eAHa pamHMHa..
[JvjaroHannTe Ha KBagpaToT ce 3aeMHO HOPMasiHW, Mna npasata CB; e Hop-
MasiHa Ha npaBaTa BC; . [paBata AB e HopmasiHa Ha paMHUHaTta BCCB;, na e
HOpMa/iHa M Ha npasaTta BC; . [NpaBarta Koja rv nosp3yBa CpejyHNTE Ha OTCeY-
kute BC; n AD; e napanenHa co AB na 3aToa e HOpMa/lHa Ha pamMHMHaTa
BCC,B,, na n Ha npasata CB;. 3aToa npasata CB; e HOpMasnHa Ha paMHMHaTa
ABC; Dy, WwTo 3Hauu feka npasata CB;, (ogHOCHO Toukute C 1 By) ce npo-
eKTMpaaTt BO efHa Touka. 3apagu napanenHocta EJ||CB; npasata EJ ucto
Taka e HopMasHa Ha paMHuMHata ABC,D;, na n Toukute E M J ce NpoekTu-

paaT BO MCTa TOYKa. AHA/IONHO Ce JOKaXKyBa 3a OCTaHaTWUTe CMOMHATV MapoBu
Touku. buaejkn Touknte E,F,G,H,l,J ce cpeanHn Ha paboBMTe Ha KOLKaTa,

N HUBHWTE MPOEKLMM Ce CPefMHIA Ha COOfBETHUTE NpoeKLuu, T.e. BE'=E'C’,
C'F'=F'D' n D'G'=G'Dy . buggjkun ﬁlzﬁl (cTpaHn Ha npaBoaron-

HUK) 1 D' n C' rn nonosar otceuknte AD; 1 BC, Baxxn E'C'=D'G". lNoHa-
Tamy D'C' Kako cpefHa MHMja Ha NpaBoaro/HNK e HopManHa Ha AD; 1 BC; .

Ho, cnopes npusHakoT CAC of oBfAe cnefyBa geka TpuarosiHuumnte E'C'F' n
G'D'F' ce cknagHu. 3atoa XE'C'F'=xXG'F'D’, 1.e. Toukute E'F' n G’
NeXxaT Ha efjHa npasa, ofHocHo Toukute E,F,G,H,l,J nexar Ha eaHa pam-

HUHa.
MeTTwn HaunH. Cekoja og otceukute EF,FG,GH,HI,IJ n JE e xunote-

Hy3a Ha NpaBoarosieH TPUarosHMK CO KaTeTu cO Ao/mKMHa 2, na 3Hauu e gonra
a—*z/z. Otceukute EG,FH,GI,HJ,IE n JF ucto Taka nMaaT efHaKBU LOMKU-

HU 1 Toa %\@ MeHo, ED e XunoTeHys3a BO MpaBOarofHMOT TpUaroiHuK

ECD, co KaTeTu Co JO/MKMHK a 1 & nae ED=,Ia2+(%)2 =%\/§. Buaejkun

oTceykata GD e HopmanHa Ha pamHMHaTa ABC, Taa e HOpmMa/iHa W Ha
otceykata ED, Kkoja nexkxu Bo Hea, na EDG e npasoarosneH TparosiHuK 1 BaXu

EG =./(""—*2/§)2 +(%)2 =%\/6 . 3a 0CTaHaTMTe OTCEUKM [O/KUHUTE Ce MpecMme-

TyBaaT aHanorHo. Cropeg TO3, 33 OJHOCOT HA CTPAHUTE BO TPUArONHUKOT
EFG umave je EF :FG:EG=212:=2+2:2.6=1:1:/3, wro sHaun fea

TpuaronHukotT EFG e paMHOKpak co aron of 120° kaj Temeto F . OBO BaXKu 1
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3a TpuaronHuumte FGH,GHI,HIJ,IJE »n JEF , wto 3Haum geka EFGHIJE e
NCKpPLUEHa IMHMja Kaj Koja 6uio Kou ABe COCefHW OTCeYKM 3athakaat aron o[
120°. buaejkn oBMe OTCEYKM Ce W eflHaKBM, akKo [OKaXEMe AeKa IMHMjaTa e
paMHMHCKa, Torawl cme fokaxane geka EFGHIJ e npasBuneH pamHWHCKM
LecTaronHuK, na s3Haum toukute E,F,G,H,I,J npunaraat Ha egHa paMHUHa.

3Haun, Tpeba Aa [OKaKEMe [eKa ako BO 3aTBOPeHa UCKPLUeHa nHMja Of,
LLeCT OTCEYKMN COCELHWUTE OTCeUKW 3apakaar arnm ymj 36vp e 720°, Toraw Taa
NMHKja e PAMHUHCKU LLIECTArofHUK. Ke JoKaXKeMe MoonLITo TBpaeke. MMeHo,
Kako LUTO 3HaeMe 36MPOT Ha BHATPELLUHWUTE ariy Ha PaMHUHCKN N — aro/iHuK e
S, =(n—2)-180° . TBpAeHLETO BO 06paTHAaTa HACOKa rnacu.

Teopema 1. AKO 3aTBOpPEHa UCKPLLEHA NHMja Off N OTCEUKU He e PaMHUH-
CKa, Torawl 36MpoT Ha arnuTe KoM rv 3adakaar cocefHUTe OTCEYKM Ha Taa
NWHKja e noman o, (n—2)-180°.

[lokas. Heka je AAA...A, € PaMHUHCKM KOHBEKCEH N-arosHuK. Heka
B,B,B3...B;, € HEPaMHUHCKM N-arofHVK Jo6ueH of AAyAg... A, CO CBUTKY-

Batbe Mo AnjaroHanarta AjA, 3a HeKoj k< n, T.e. TakOB LUTO MHOTyarosIH1LuTe

AP . A N B ByBs... By, Kako 1 MHOryaronHuunte A A 1 A2 .. AA

N BBy 1Bkio..-ByBy ce cknagHu. Arnmte Kou v 3ahakaar CoCefHMTe
OTCEYKN KOW Ce CrojyBaaT BO TOUKWTE B,,Bs, ...By_1, Kako 1 BO TaykuTe
By,1:Bks2s ---,Bn CE& €AHaKBM Ha COOABETHUTE arf Off MHOryaro/HUKOT
AP Ag... A, . ATONOT KOj o 3ahakaaT OTCEUKMTE KOW Ce CrojyBaaT BO TOUKaTa

A, T.e. XASAA, € eaHakoB Ha 36MpoT Ha armte SAAA 1 AAAA,
OfHOCHO Ha 36upoT <£B,BB, + XBB;B,,. Ho TOj 36Mp e noronem of
£B,B B, 6uaejKkun Tvie Tpu arnun hopmupaart efieH Tpueaap, a buno Koj aron Ha
Tp1esapoT e Nnoma og 36UpoT Ha ApyruTe Aga.
Co oBa ja foKaxKaBMe TeopeMa 1, a cO Toa 1 NPBMOT AeN 0f 3afavaraa.
LLecTn HaumH. MpaBata EF ja ceue npa-
BaTta AB 6uiejKu ce HaoraaT BO efHa paMmHWHa
N He ce nmapanesHn. MpecekoT fa ro o3Haynume
co K. lNpasara IJ wcTO Taka ja ceye npasara
AB 1 Heka e Toa TaukaTa L (Bugn upTex).
Vivawme:
XFCE = XEBK =90°,
XCEF = XBEK (HakpcHu arnmv) u
CE =EB (E janonosn BC)
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na of npusHakot ACA cnefysa feka TpuaronHuymte FCE n EBK ce cknag-
Hu. Crieslysa BK = FC =2 AnanorHo ce fokaxysa feka BL=1J=2, T.e. ge-

ka BK =BL, ofHOcHO feka K =L . 3Haum npasute EF n 1J ce ceyaT Ha npo-
[IO/MKEHNETO Ha paboT AB. AHaNOrHO ce JoKaxKyBa feka npasute EF n GH
Ce cevart Ha npofo/mkKeHWeTo Ha pabot AD, a npasute |IJ n GH Ha npogon-
XeHneTo Ha paboT AA;. Cropef Toa, OBME TOYKM Ce BHATPELUHW TOYKWU Ha
CTpPaHUTE Ha efeH TPUAaroHKK, T.e. Npunaraat Ha efHa paMmHUHa.

Ceamu HauuH. PamHnHata AB;C;D € pamHVHa Ha CMMeTpuja Ha oTceukara
FG, 6uaejkn oBaa paMmHMHa € paMHMHa Ha CUMETpUja Ha pamMHOKPaKMOoT Tpu-
aronHuk CDDy, a FG e cpefjHa MHKja Ha 0BOj TpMaronHUK. Toa 3Hauu aeka
aroniot mery npasute FG n AC; e npas. AHa/I0NHO MOXe fla Ce [JOKaXe [eKa
aroniot mefy npasute AC; u 6uno koja og npasute FG,GH,HI,IJ n JE e
npas aros. bugejkn nocTon camo efjHa paMHMHA Koja e HopMa/iHa Ha fafeHa
npasa AC; 1 ja cogpXuv fafeHata Touka E , 0Baa pamHMHa rv COAPXM U TOY-
Kute F 1 J, HO O UCTW NPUYUHM TV COAPXUN U TouknTe G,H un |, T.e. Tou-
kute E,F,G,H,l,J npunafaat Ha efjHa paMHUHa.

CnepHuTe [Ba HAYMHU Ha peLLlaBarbe ce 6asmpaar Ha Teopuja Koja He ce yuu
BO OCHOBHOTO 06pa3oBaHMe, HO TOa He 3Hauu [eKa HeKOj YYeHUK rm Hema rno-
TpebHUTE MpeA3HaeHa 3a Aa 3ajadata ja peLumn Ha HeKOj Of OBMe ABa HauMHa.

Ocmu HauuH. [a ja nocTaBMMe KouKata BO TPULUMEH3NOHAIEH KOOpAMHa-
TEH CMCTeM, Tako LWTO Toukata A mma koopgauHatu (0,0,0), B e Ha x— ocka-
Ta n Uma KoopauHatv (1,0,0), A e Ha z—ockarta n uma KoopgauHatu (0,0,1),
a D e Ha y—ockarta n uma koopamHati (0,1,0) . Bo T0j cnyyaj koopanHaTuTe
Ha Toukute E,F,G,H,|,J ce nageHun Bo cnegHata Tabena:

E |F |G |H |I J
x|11 |05/0 |0 |05|1
y |0o5{1 |1 [05[|0 |O
z /0 |0 |O5/1 |1 |05

CeKoja 0} OBMe TOYKM ja 33f0BONYBA PaBeHKaTa X+ Yy+z=15, LITO 3Hauu
[leKa NpunaraaT Ha efHa paMHNHA.

NleBeTTY HauMH. BoBeflyBame 03Haku a=AB, b=AA n c¢=AD n fo6u-
BaMe:
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AE=AB+BE=AB+1AD=-a+1ic

ﬁzﬁ+ﬁ=ﬁ+%ﬁ=6+%é

AG=AD+DG=AD+1AA =c+1b
mzm+@=m+%ﬁ:5+%6
Al=AA+Al=AA+1AB=b+1a

e
AJ_AB+BJ_AB+§AA1—a+§b
MoHaTamy, 6ugejkn c—a=d n b—a=e umame

EF = AF-AE=c+la-(a+3c)=1(c-a)=1d,

EG=AG-AE=c+ib-(a+ic)=1(c-a)+1i(b-a)=1d+1le,
EH = AH - AE=b+ic-(a+3c)=b-a=e,

EH = AH - AE=b+ic-(a+ic)=b-a=e,

El=Al—-AE=b+la-(a+ilc)=p-L1a-

El = Al AE_b+2a (a+20)_b 5a
1

b Sa-

El =Al-AE=b+1a-(a+ic)=
EJ=AJ-AE=a+ib-(a+ic)=1b-Ic=1(b-a)- 1(c a)= 1e— 1d.

Bupaejkn BekTopuTe EF, EG, EH, El u EJ ™ noBp3yBaaT CUTE TOYKMU
E,F,.G,H,l n J, n cuTe Moxe Aa ce npuKaxar CO NOMOLI Ha [Ba BEKTopa
(Kako nnHeapHa KOMOMHaUMja Ha [jBa BEKTOpa), TMe ce HaofaaT BO eiHa paMHU-
Ha.

3a BTOPMOT fJen HemMa MHOTY pas/iuyHu MOXXHocTu. Ce KopucTaT CTaH-
fapaHuTe opmysun
G 62N

2

Kade CO @, € O3HaueH OCHOBHMOT pab Ha nupamuaata, a co h HejauHara

P=B+M =6-

anoTema. JlecHo ce 406MBa feka a, :a—f =52cm (MeTTNOT HauMH Ha peLua-

Barbe Ha MPBMOT [enoj 3ajayara). 3a arnotemara MocTojaT [Ba HauuHa Ha
NnpecmeTyBakbe.
MpB HauMH. BoYHKMOT pab e

b= AE-ED =245

(NeTTVOT HauvH o NpBMoT fen). Cnopes MuTaroposaTta Teopema MMame
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h=yb? - ()2 =J(gﬁ)2—(¥)2 — a2 -323-75/2cm

lMnowTtnHaTa e
2
P=6. (5“/%2 B 6. 5“5;55 — (7573 + 225) cm? = 75 (/3 + 3) om?

BTop HauuH. Ja ro nogenume suaot ABCD Ha KoLkata Ha YeTupwu cKnag-
H¥ kBagpatn. OcHoBHWOT pab EF e gujaroHana Ha efeH of Tvie KBaLpaTtu U ja
nonfoBn fpyrata AujaroHasna Ha Toj kBagpart. EAHata nonosuHa npunara Ha
arnoTemara Ha nupamugarta, a gpyrata He, 3Hayu anotemara Ha nupamuiaTa e

TpY YETBPTUHW Of, AMjaroHanara Ha SWAO0T Ha Koukara, T.e. h =%a\/§ .
MnowTunHarta e
_a (5V2)AB | L 52752 2
P=6-"15""146-2 =75-(/3+3)cm

3a TPeTuoT Aen, 3a BOMlYMEHOT, NOoCTojaT TPY HauMHa Ha NPECMETYBaH-e.
MpauTte aBa ce no gopmynara V =%B- H , a TpeTnoT e Co NMOMOLU Ha paceky-

Bahb€e Ha KoL KaTa.

(5v2)°V3 _
Lac

CO MoMoLU Ha MuTaropoBaTa TeopeMa Teopema o 604HMOT pab 1 PaauycoT Ha
OnMLLIaHaTa KPY)XXHMLA Ha OCHOBaTa, Na 3aToa

4= 8 - P 5P e

2
vzé.e.w'sﬁzsmﬁ

BTop HauuH. OcHoBaTa ce NpecMeTyBa Kako BO NMPBMOT HauMH, a BUCMHATA €

MpB HauuH. Mimame B=6- 75J3cm?, a BUCMHa Cce npecmeTyBsa

MoNIoBMHA 07} MPOCTOPHaTa AnjaroHana Ha koukara,r.e. H =1ay3=5/3cm,

2
na 3atoa V :%-6-@-5«@:37&@.

TpeT HauvH. PaMHMHATA Ha OCHOBAaTa Ha MuMpamugarta ja rmosioBM KoLKaTa.
Mupamugarta ce Haofa camo BO efHaTa of Tue ABe MosoBuMHW. Of nonosuHaTa
BO Koja ce Haofa, nupammngata AEFGHIJ ce gobuBa co 0TCeKyBakhe Ha Tpu
CKnafHv TpuctpaHn nupamuan: ABEJ, ADFH n AAIH . Bugejkn nnowtmHata
Ha TpuarofHuMkot BEJ e efHakBa Ha OCMWHMW Of MAOLUTUHATA Ha SWMAOT Ha
KouKkaTta, a cooApeTHata BucMHa AB e pab Ha KoukaTta, BKYMHVOT BO/lyMeH Ha
OBVE TPX TPUCTPaHW NUPaMUIN e e4HAKOB Ha OCMIKHA Of, BOYMEHOT Ha KOLLKa-

3
T3, T.e. Vp =2Vi -2V =3V, =375 e




