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1 3HaKoOMbTECH: Nrpa B IIJIAIIbI

[Iycrs man meopumeHTHpoBaHHBI Tpad G, B KaxXKJ0W BEpIIUHE KOTOPOIO HAXOAUTCS OIUH MYJPEIl U OJUH CYHJIYK CO
[JIATIAME PA3HOro 1Beta. Myapenbl 3HAaKOMBI JIpYyT ¢ JApyroM, rpad G, pacrooKeHne MyJIperoB 10 BepInHaM rpada
U BCe I[BETa ILIAN B CyHIYKaX 3a(UKCHPOBAHBI U M3BECTHBI BCEM. B 9aCTHOCTH, KarXKIbIil MyJIpell IIOHUMAET, B KaKOil
BEpIIUHE HAXOIUTCS KAXKJIbI U3 OCTabHBIX MyAperioB. Cyibs MpoBOmUT ¢ Myapenamu cienyomuii rect. OH HaeBaeT
KaxKJI0My MYJIPEIly ILIANY U3 ero cyHayka. KaKapiit Myaper] BUIAT TOJIBKO IIANBI MYAPEIOB, HAXOSIIINXCS B COCETHIX
BepImHax rpada, HO He BUIUT CBOEH IIJISIBI U HEe 3HAeT ee 1BeTa. Myaperbl He obIaioTcs BO BpeMs Tecta. 1o komange
CY/IbU MYJIPeIbl OJTHOBPEMEHHO 3allUChIBAIOT KaXK bl Ha CBOeil GyMarkKe Ha3BaHUsI HECKOJIBKUX I[BETOB (CKOJHKO UMEHHO
[BETOB JIOJKEH YKA3bIBATH MYJPEIl, OIPEIEIsieTcs JONOJHATEILHBIM IPaBuiIoM). CUuTaercs, 9T0 My/Apensbl yCIIEIIHO
MPOIILJIA TECT = <«BBIUTPAJIMY, €CJIU XOTs OBl OJUH M3 HUX YraJaJl XOTs Obl B OJIHON M3 CBOMX IOIBITOK.

Ilepes TecTom MymperaM COOOIMIN MPABUJIA TECTA U AU BO3MOXKHOCTH YCTPOUTH COBEIAHUE, Ha, KOTOPOM OHU
JIOJIZKHBI OTIPEIETUTDh MyOMaHyio crparernio. [lyGInaHoCTh 03HAYAET, 9TO BCe, BKJIOYas Cy/Ibio, 3HAIOT ee. CTparerus
MY/JIPETOB JIOJKHA OBITh JETEPMUHUPOBAHHON — KAaXKJIbII MyJpell JOJKEH 3alUChIBATh Ha OYMayKKy IIBeTa, MCXOJIs
TOJIBKO M3 TOT'O, KaKWe IBeTa OH BUJUT y cocejieil. ByreM roBopuTh, YTO CTpaTerusi BHIUI'PBIIIHAS, €CJIU P JIFO0OM
PaCKJIaJIKe IS XOTsI ObI OJIMH MYyIpel] yraJaeT BT HAJIeTON HA HEro IIJISIIbL, T. €. YIIOMSHET 9TOT I[BET B CBOEM CIIUCKE.
Taxke Oys1leM TOBOPUTD, UYTO MY/PEIbl BHIUIPHIBAIOT, €CJIN OHU MMEIOT BBHIUTPBINTHYI CTPATETHI0, U IPOUTPHIBAIOT, €CJIN
HE MMEIOT.

Takum 06pa3om, Urpa B MIIANBI HE €CTh UT'PA B MPUBBIYHOM TOHUMAHUHU 3TOTO ¢jaoBa. OHA JJIATCS BCErO OJIUH XOJI.
Bor HECKOTBKO 33/1a49 Ha 3TOT CIOXKET.

1.1. Kaxxjaomy u3 JIByX MYJIPEIOB HaJIeBaIOT LISy O€/I0ro, CUHEro, KpacHOIro W/ 3€JIEHOIO IIBeTa.
Kazxnprit u3 HIX BUAUT NLIAILY APYTOro, HO He BUANAT ¢BOK. OHM JOXKHBI OJHOBPEMEHHO MTOIBITATHCS
yraJilaTh I[BET CBOEI ILJIAIBI, HAIIMCAB HA CBOeH OyMakKKe JiBa IBeTa. JloKaxKure, 9TO My/Iperibl MOTYT
3apaHee JOrOBOPUTHCH JIEHCTBOBATEH TaK, YTOObI XOTs Obl OJINH U3 HUX YTalaJl.

1.2. KaxjomMy M3 JBYX MYJIPEIOB HAJEBAIOT ISy OJHOTO M3 ISTH BO3MOMXKHBIX IBETOB. KaxKibrii
U3 HUX BUJUAT ISy JIPYroro, Ho He BUJAUT ¢BO0. OHU JIOJI2KHBI OJHOBPEMEHHO IOIBITATHCS YIa aTh
IIBET CBOEIl IIJISIIIbI, HAIINCAB Ha OyMarkKKe: IIePBblii — KaKne-To JIBa I[BeTa, BTOPOil KAKHEe-TO TPHU IIBETA.
JlokazKkuTe, YTO MyJIpPeIlbl MOI'YT 3apaHee JIOrOBOPUTHCs JIefiCTBOBAThH TaK, UTOOBI XOTs ObI OJIMH U3 HUX
yrajaJl.

1.3. [Iath MyperoB cTodT 1Mo KPYTy BO3Jjie Hempo3padHoro baobabda. [Ilax najen Ha roJioBy KaxKjaoro
U3 MYJIPEINoB KpacHyIO, CUHIOIO, YKeJITYIO WK 3ejieHyio muidny. Myper, He 3HaeT 1BET CBOEH IIAIbI
U BUJIUT TOJBKO JIBYX COCEJHHX 110 KPyry MyzaperoB. He obimasich, MyIperbl OJHOBPEMEHHO JIOJIZKHbI
BBICKA3aTh IIPEJIIIOJIOXKEHIE O IIBeTe CBOeil MIsbl. [Ipu 9ToM oHI OOSITCsT OKA3aThCsT CJAUIIKOM Y/ I/ Ih-
BbiME. Kak uMm ciemayer aeficTBOBATh, YTOOBI IIPH JIIOOOM PACKJ/IAJIE TILISAI I[BET CBOEH IIIAIBI YTaIa710
He 6oJiee IByX MYIPEoB?!

1.4. Cynran ycTpoms sK3aMeH IIeCTH MPUIBOPHBIM MyjpenaM. [lo mpaBumiry sk3amena cysitaH pas-
MeIaeT H MYJIPeroB B D M, PACIOJIOKEHHBIX MO KPYTy, & IIMeCTOr0 MyJIpera CakaeT Ha BBIINIKY B
nenTpe Kpyra. Ha Jji0y y KaxKjoro u3 mepBbIX AT MYJPENOB CYJITaH MUMIET 9ucjao 1, 2 wiu 3; Ha
JIOY y HEHTPAJbHOIO MYIpela CyJaTaH MuiieT ducio or 1 jgo 243. Myxapen Ha BBINIKE BUIUT YHUCIa HA
BCEX OCTAJIBHBIX MYJIPENax, a Te BUIAT €ro Yuc/Io (HO He BUJST JIPYT Jpyra). Bee MyIpersbl J0JKHbL
OJIHOBPEMEHHO TOMBITATHCA YraIaTh CBOM YHUC/IA: JIJIsT TOI0 MY/PEIbl B gMe JIOJI2KHBI HA3BATh IO JIBA
qncsa, a MyJaper] Ha Bbimike — onH0. CynTan 3apaHee OObSICHUI MyIperiaM IIpaBu/Ia dK3aMeHa U JaJl
UM BpeMsi TIOCOBEMIAThCs JI0 HadaJia dK3aMeHa. MoryT Jim Myaperbl JeficTBOBaTh Tak, YTOObI XOTs Obl
OJINH U3 HUX 3aBEeJIOMO yTaJaJjl CBOe UUC/I0?
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Msr 6yzmem oTOXKIeCTBIIATH BepinuHy rpada G u Myzapera, KOTOPBII B Hell HAXOAUTCHA. BymeM cInTaTh, 9TO IIBETA
nnpoHyMepoBaHbl uncaamu 0, 1, 2, 3, ... 1 9TO B CYH/IYKe MyJpela v JeyKaT MIISanbl ¢ BeTaMu oT () 10 HEKOTOPOTo IHCIa
h(v) — 1.

Hepoti 6 wasnve HazoBeM Tpoitky (G, h,g), e G = (V,E) — rpad, h: V — N — byHKuus, comocrapisomas
BepIIKHEe KOJMIeCTBO (IIBETOB) ILILAI, JIEXKAIIUX B CYHJIyKe B 9Toil Bepmuue, g: V — N — dynkuus, nokasssaomas,
CKOJIBKO TIOTIBITOK YTaIbIBAHUS NMEeT KaXKIblil Myaperr. OyHKnuio h MbI OyIeM HA3bIBATD <IIJISITHOCTHIOY, & ¢ — (DYHK-
el yraablBaHWs WM 9HCJAOM TMONBITOK. Eciam h — HaTypajabHOe YHCI0, CUMBOJIOM *h OymeM 0003HAYATH (DYHKITUIO
Ha V, IPUHUMAIONIYIO OCTOsTHHOE 3HavueHune h. Bmecto ob6osnavenns (G, h, x1) MbI GymeM UCIOIB30BATH G0JIee KOPOTKOE
obozuatenue (G, h).

1.5. [Jokaxkure, aro eciim urpa (G, h, g) BBIUTPBIIIHASL, TO JIJIs BCeX HATYpaJIbHbIX k urpa (G, k - h, k - g)
TOXKE BBIUT'PBINTHAS.

1.6. Jlana urpa (G, h,g). llycte K C G — aHTuK/IMKa (MHOXKECTBO BEPIIHUH, MEXKJLy KOTOPBIME He
IIPOBEJICHO HU OJHOTO pebpa) u s Beex v € K h(v) > g(v). okaxkure, 9TO CyIIECTBYeT PACKJIAT
LIS, JIJIsT KOTOPOTO HU OJUH My/per] u3 K He yrajbiBaer.

1.7. ITycrb h u g warypasbhbie ducia, G = (G, *h,*g) — BbIUIPbIIIHAA UIPa, 17 < % — paluoHAJIb-
/
Hoe 4dncio. Jlokazkure, 4TO CyIIECTBYIOT HaTypasbhble yuciaa h' u ¢, 1as KOTOpbIX % = r’ u urpa

(G, xh',xg') — BbIMIPBIIIHAS.
1.8. ChopmysmupyiiTe n JJOKazKUTe AHAJIOT HIPEBLIYIIErO yTBEPIKIEHNS ISl HEIIOCTOSHHBIX (DyHKIIAIL
IUTAITHOCTH ¥ YT bIBAHU.

1.9. O6o3naunm vepes K, mosublii rpad #a n Beprmuax. Jlokazxkure, ato B urpe (K, h, g) Myaperp

BBLIUTPBIBAIOT TOIJIA U TOJILKO TOIJA, KOIJIA ggz; > 1.
veK,

2 Ilytu u nepeBbs
Teopust Urpsl B MIJIAIBI HA MOJHOM Tpade U3 TpeX BEPIINH UCUEPIBIBACTCs yTBepkKAeHUeM 3ajadn 1.9. Paccmorpum

urpy Ha 0Oosiee mpoctom rpade — mytu Ps.

2.1. [okazxkwure, 910 B urpe (Pj, 3, x1) Myapernsl IpOUrPHIBAIOT.

3 3
10 10

utjee

2.2. a) Jlokaxkure, 910 Urpa — BBIUTPBIIIHAS (YUCTUTENH JIPOOH BO3JIE BEPIIUHBI 0003HATAET

KOJIMIECTBO IIOIIBITOK, a 3HaM€HaTeJIb — IH.HHHHOCTB).
3 3 3

11 10 5
6) ﬂOKaH(I/ITe, 4dTO UI'Pa ¢ — IIPOUI'PHLIIIHASI.

W) Hs) K
B) [okaxwure, 4To urpa 0—09—0, ryie t(s) = s? + s + 1, — npourpbIiHas.

S

IMycrs pan rpad G u marypaiabHoe uucio s. Haubosblnee wmcsio s h, mias Koroporo urpa (G, xh,*s) BbIur-
PBIIIHASL, HA3BIBAETCSl S-ILISAIHBIM YrcsioM rpada u obosnadaercsd HG4(G). IIpu s = 1 Mbl Ha3bIBAEM 3TO YUCJIO [IPOCTO
MIIATHBIM gucsioM u obosnauaeMm HG(G).

S

2s

2.3. Jlokaxkute, 4TO Jijisd JIIOOBIX HATYPAJBHBIX 1L U S UI'Da Ha 1yTU P, IMPOUTrpbIITHASI.

Bce Bepmunbl, KpoMe Kpalineil Bepmuabl A, UMEIOT ILISIHOCT 45 — 1 U S IIOIBITOK.
2.4. [Tokazkute, 4o cyiiectBytor 1wyt P,, s koropeix HGo(P,) = 6, HG3(P,) = 10, HG4(P,) = 14.
2.5. Jlokazkure, 9T0 Jist JTI06Or0 HATYPAJbHOTO § urpa (P, *(4s — 2),%S) BBIUIPBIIIHAL DU 1 > 28.

2.6. a) [Tyctn t(s) = s*+s+1. okaxkure, uro jis moboro gepesa T urpa (T, xt(s), xs) npourpoimas.
b) Ilycts K, — rpad «3Be3aa» (IepeBo, COCTOsIIIEE U3 KOPHS U N JTACTHeB). JloKazKkuTe, 9TO HpH
Goabimux n urpa (K ,, x(s? + §),*s) — BbIUrPBIIHASL.
¢) dokaxure, 4aro i J060ro HATYPAJBHOIO A CYIECTBYeT Takoe HATypasbHOE 7, 9TO WIPa Ha
rpade K, — BBIUIDBINIHAS, €C/IH MUISIHOCTH BCeX MepU(bEPUHHBIX My/IPEIOB DABHBL 3 M BCE OHU
MMEIOT 110 OJIHOMN MOMbBITKE YIaIblBaHUs, a NUIAIHOCTD [EHTPAIbHOIO MYyJIpela paBHa h U y HEro jise
IIOIIBITKH.
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3 KoHcTpyKTOpBI

3.1. Ilycrs (G, h,g) — Boiurpsimsag urpa, A; u As — Beprmnsl rpada G, He coeMHEHHbIE PEGPOM,
npudem h(A;) = h(As), G — rpad, nosydatornmiics u3 G ckjaeumBanueM BepimH A; u Ay B OfHY
Bepmuay A. Ilycrs dyukimnm ?L, g Ha BepmmHax rpada G COBIAJIAIOT ¢ h W g BO BCeX BepIINHAX,
kpome A} n Ao, u E(/Q = h(Ay), §(A) = g(A;) + g(Ay). Torma urpa (G, h,§) ToxkKe BLIATPLITIHAS.

(M rorpa, ecim urpa (G, h,g) upourpsiimHas, To u (G, h, g) TIpOUTpHIITHASL. )

Iycrs G = (G1, h1, g1), G2 = (G2, ha, g2) — nBe urpsl, Takue ato ViNVe = {v}. llycts G = Gy + Gy — o6beuHeHne
rpado G1 u G2, B KOTOpoM 00€ BepPIIUHBI ¥ O0bEINHEHBI B OIHY BepiiuHy. 3ajaauM ¢yukiua b, g: V3 U Vo — N:

{hi(u), weVi\{oh (=12, {gi(u)7 weVi\{v}, (i=1,2),

hlu) = hi(v)ha(v), u=wv, g1(v)g2(v), u=w.

Urpy G = (G, h, g) 6ymem obosHavarb G; X, Go (puc. 1).

G
GL py (o) 2 Gy G

ha(v) h(v) = h1(v)ha(v)

Puc. 1. Urpa G; x, G2

3.2. Teopema o npoussegennn. Ecim MyIpenpl BEIAIPBIBAIOT B Urpax G, u Gy, TO OHU BLIUI'PBLIBAIOT U
B urpe G; X, Go.

3.3. Ilycte G = Gy +4 Gy, tie G; u Gy — rpadui, y koropbix V(G1) N V(Gy) = {A}, a urpst
G1 = (G1,h1,g1) u Gy = (G, hy, g2) — TPOUTPBIIIHbIE, U TIPU STOM

gi(A) = g2(A) =5, hi(A) = hy(A) =s+1.

Torma urpa G = (G +4 G, h, g) — TPOUrPBIIIHASI, TJIE

i) weVi\ {4} (=12, _fa@), zevi\{a), (=12,
hx) = {hl(A), x=A, 9() = {s, r=A.

3.4. Yaanenune nosypebpa. Ilycrs (G, h, g) — Bbmrpsimnas urpa, AB — pebpo rpada G, G— rpad,
nostyuatornuiicss u3 G 3amenoil pebpa AB Ha opuenTHpoBanHOe pebpo B — A (re. mymper; A He
BuuT Myzapena B, vo B sumnt A). Ilycrs dyukims ¢ Ha Bepmmnaax rpada G coBnagaer ¢ g BO Beex
pepimnax, kpome A, 1 §(A) = h(B)g(A). Torma urpa (G, h,§) Toxe semrpemmmas. (M torma, ecn
urpa (é, h,g) npourpsimuas, o u (G, h, g) TPOUTPHIIITHASL. )

3.5. Teopema o mojcranoske. [lycts Gy = (G1,h1,g1) u Go = (Ga, ha, g2) — BBIUTPBIIIHBIE UTDDI.
[Iycts A — npousBosibHast BepiuHa rpada Go. Pacemorpum HOBBIH rpad G, KOTOPBI MOJTyYaeTcs U3
G5 3amenoii Bepimuibl A Ha rpad G (Kaxias BepriuHa (7 COEJIMHAETCSI HOBBIME PeOpaMu ¢ OBbIBIIIUMU
cocensivu BeprmHbl A, em. puc. 2). Torga urpa (G, h, g) — BbMrpBINTHAS, T/Ie

h(u) = {hQ(U>7 ue V(Gs)\ {A}, g(u) = {gg(u), u e V(Gy)\ {A},
M(wh(4), u € V(Gy), g1(w)g>(4), u € V(Gy).

3.6. [Tojcranoska ¢ cokpamenuem. Ilyers G = (G, h, *s), G' = (G', I/, ¢') — Bburpbinabie urpet. [lycrsb

A — Bepmmmna rpada G, npuuem h'(A) = s. [lycrs (é,%,ﬁ) — BBIUTPBIIITHAS UTPa, TOJIYIaIOIIAICsT
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D= )N

Puc. 2. IToxcranoeka rpada Ha MecTO BEpIIMHBI A.

OJICTAHOBKOI Urpel G Ha Mecto BepimHbl A B urpy G’ (kak B 3amade 3.5). ITo nmpaBuity moacraHOBKI
JIJIsT BCEX TIOJICTABJIEHHBIX BEPIUH U

h(v) = h(v)W'(A) = s-h(v),  G(v) = g(v)g'(A) = s ¢'(A).

Pacemorpum HOBbIe dyHKIME h*, ¢* Ha rpade G, KOTOpbIE OTJINYAIOTCS OT h, § TOJIHKO 3HAYEHUSIMU B
[IOJICTABJICHHBIX BEPIIUHAX U, U 9TO OTJINYNE — COKpAIleHUe Ha S:

Torma urpa <é ,h*, g*) — TOXKe BBIMIDBINTHASL.

3.7. Pasnysanue Bepmunel. Ilycts G = (G, h, g) — Boiurpsimuias urpa, A € V(G), G — rpad, noiy-
varoruiics u3 G 1moJCTaHOBKOIN Ha MecTo BepunHbl A kiauku B, cocrosmeil u3 g(A) sepmun. Torma
urpa (G, h,§) TOKe BBIMIDBINTHAS, TJIe
%(U) _ h(U), vE V(G) \ {A} fg(v) _ g(U), v e V(G) \ {A}
h(A), v € B, 1, vE B.

4 «JlenecTku» U «NEeTYHUU»

Jlenecmiom Gynem HazbiBaTh rpad, n300parkeHHbI Ha pUC. 3, BEPIIMHY JIelIeCTKA cTelneHu n— 1 (T. e. BEPXHIOI BEePIIUHY
Ha puc. 3) Gy/ieM HA3BIBATH “4ePeHKOM JIETIECTKA.

Bynem ctpouts u3 JierecTkoB 60s1ee caoxkubie rpadbl. BozbmeM jiBa jenectka Ly u Ly, 0003HAYNM B KaXKJIOM U3 HUX
OJIHY W3 BepIIuH OYKBOI v u mocrpouM rpad My = Ly +,, L2. Bospmem rpad Ms u jenectok L3z, 0003HAYUM B KaXKIOM
W3 HUX OJIHYy W3 BEPIIUH OYKBOW vy m paccmorpuMm rpad Mz = Mo +, Lz unn. I'padni, KOTOpPBIE MOXKHO TOJIYyIUTH
C TIOMOIIBIO0 KOHEYHOI'O YUCJIa TAKUX ONEepaInii, OymaeM HA3BIBATH NEMYHUAMU.

IMerynuio 6ynem Ha3bIBaTh Koposesckol neryHueii (puc. 4), ecim Ha KazKJOM IIare ee IOCTPOEHUs BEPIIMHA v; ObLIa
YepeHKOM JiernecTKa L; 1.

4.1. [Iycts G — jemecTok 3 n BEpIInH, CM. puc. 3, & PYHKIIN MIIAITHOCTH h 3aa€TCs TaK: MISITHOCTD
BepXHell BEPIIMHBI paBHA 2, IUIAIHOCTH OCTAJbHBIX BepIuH paBHbl 7. [{okaxwure, uro B urpe (G,h)

MY/JIpelbl TPOUTPHIBAIOT.

Puc. 3. Jlemrectok u3 n Bepruu Puc. 4. KoposieBckast merynus

4.2. Tycrs G — nenectok us n sepiun. [omoxkum f(s) = s* + s. JToxaxkute, uro HG,(G) < f(f(s)).

4.3. Ilycte M — meryuust, hy — Hanbosbliee HATYPAIBHOE YUCIIO, JJIsd KoToporo urpa (M, xhg, xs)
BerpbimHast. Jlokaxure, aro hy < f(f(f(s))).

4.4. a) Jokaxknre, uro HG4(G) = 4s(s + 1) — 2, rage G — JenecToK U3 n BEPIIUH, [JE N JOCTATOTHO
Besiko (puc. 3).

b) Hokazkure 510 Ke paBeHCTBO, ecyn (G — KOPOJIEBCKas METYHHsl C JOCTATOYHO KPYIHBIME Jie-
IIeCTKaMMH.
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5% ,ZLOHOJIHI/ITG.TIBHLIG 3a1a491

B cepuio 1

5.1. Ilycrs K, — rpad «3Be3ma», a h = (ho,...,hs), 9 = (go,- .., gn) — TPOU3BOJBHBIE (DYHKIIH
KOJIMYECTB LIS U 9HCJIa MOMBITOK, Tie 1 < ¢g; < h; Ipu Beex ¢, HYJEBOH HHIEKC COOTBETCTBYET
HeHTpasbHoil Bepimue rpada. Jlokaxkure, 4ro cymecrBoBanue k, ajist koroporo (K, k- h, k- g) ss-
JISIETCs1 BBIUTPBINIHOM, pABHOCUIBHO HEPABEHCTBY

B cepuio 2

5.2. Ilycts h u g narypasbHble dncia, npudem g2 — 3gh + h% < 0. JTokaxkute, uto urpa (Ps, xh, xg) —
BBIUTPBITITHAS.

JpobubiM nuisinabiM unciaoM rpada G HazoseM Bennunny fi(G) = sup{%: urpa (G, *h,*g) — BBIUTPBIIIHAS }.
Kax cienyer us sazaun 1.9, HG(K,,) = A(K,) = n, HG,(K,,) = sn. B obmem cayuae, i(K,) > 1HG,(G) > HG(G).

5.3. Jokaxure, arto ji(K3) = %ﬁ

B cepuio 3

5.4. Ilycrs (G, he) — npourpsiiinast urpa, Hy C Gy — kinka B G. [lyers G nosabiii rpad. 3aaaum
Ha HeM (DYHKIUIO NUIAITHOCTH Ay TaK, 9TOOBI BBIIOJIHAIOCH COOTHOIIEHNE

1
h2 v 1
(Z h1<u>> (H ( >> )

[Iycts G — 910 rpad, nomyqatommuiics oobenauaenneM rpados Gy u Gy u jg0baBeHreM Bcex pedep
mezk ity Bepmmaamu G u Hy (puc. 5). Jokaxkure, aro urpa (G, h) — npourpbliiHasi, eciu

h( )_ hl(U), UEGl,
v= hg(v), RS GQ.

Puc. 5. Ilpumep k 3amaqe 5.4. Yucsio Bepmiua B G; u Ho He 00s13aHO COBIIAIATH

5.5. [lycrb G = (G, h) — npourpsbinaast urpa, A — robast Bepiuna rpadga G. Pacemorpum rpad
G' = (V' E’), nonyuaomuiicst jobasiernem K rpady G HOBOit Bucsiyeit Bepmuusl B: V' =V U {B},
FE' = E U{AB}. Torma mynpensr npourpsiBator B urpe (G’ 1), tne h'(B) = 2, h'(A) = 2h(A) — 1
u h'(u) = h(u) mus ocranbHbIX BepmiuH u € V.

5.6. Ilycte G = (G, h,g) — mekoropas urpa, A € V(G) coenunena pebpaMu co BCEMHU OCTATbHBIMI
seprmaamu rpada G, h(A) = s+ 1, g(A) =s,u G = (G\{A},W,(s+1)-¢), tme ¥ = h B

=g . Torna urpet G u G’ sKBUBaJIEHTHBI (My/IpeIbl BBIUIPBIBAIOT B G TOIJIA U TOJBKO TOT/IA,
V(G\{A}
KOIJIa OHU BBIMIPHIBAIOT B G').

/
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Cepus 5

5.7. a) Bemurpeiastit rpad G comep:KUT «IMHHBIA MOCT» — JBY3BeHHBIN yTh ABC, npu ynajeHun
KOTOpOTO rpad pacnajaercs Ha jaBe KoMoneHTs: (1 (copepxkartyio Bepimuay A) u Go (comeprkantyio
sepruny C). Ilycers muignaocTs Bepiunsl B pasra 5. Jlokaxkure, aro xors 661 ogna u3 urp (G, h’ G1>,

(G, 1| ¢;,) BPIUTDBIIIHAS.

b) Ilycrs rpad G HoJTyYeH mojipasbuenneM npou3BosbHOTo rpada G (1. e. kax10e pebpo rpada G
3aMEeHUJIM Ha JIBY3BeHHbI 1yTh). /Jokazkure, aro urpa (G, *5) — IpOUrpbIIIHasi.

5.8. Ilycts G = (G, h) — BBIUTPBIIIHAS UTPA, IPUYEM MaKCUMAaJbHAS B CJIEIYIONEM CMbICTIe: TIPU yBe-
JimdeHnn (PYHKIUH MIISIITHOCTU B JIFOOOI BEPIIMHE MY/IPeIbl IPOUTPHIBAIOT U, KPOMe TOT0, ¢ (DyHKIHe
HIJISITHOCTH h MyJIperibl He MOTYT BBIUTPATh HU Ha KakoM rnojarpade rpacda G. domyctum, uro rpad G
cogepxkuT pebpo-moct AB. [lokaxkure, yro urpa G npejcraBuMa B BHJIE IIPOU3BEICHUS UI'D.

5.9. Myapensr A m B uMeroT 10 OJHOM IIONBITKE yIaIbIBaHUs, BUIAT JIPYT JAPYra M BCEX OCTAJbLHBIX
myzperos B rpade (a re Bugar ux), h(A) = 2, h(B) = 3. Jlokaxkure, 9r0 €C/M 3aMEHUTH ITUX JBYX
My/IpeIoB Ha 0HOro Mypera C', KOTOPbIil BUIUT OCTAIbHBIX, & OCTaJbHbIE ero, u pu 3roM h(C') = 6,
g(C) =5, To pe3ysbTaT Urphl He U3MEHUTCS.

5.10. Janst narypassnsie uncia s u d. Ilycts G — nponsBosbblii rpad, BepIIHHbI KOTOPOro pasduTh
Ha nBa MHOKecrBa V(G) = AU B, npudeM Kaxk/Jas Bepiinna n3 A nveer He Gostee d cocesieit u3 B.
Hoxazkure, uro HG,(G) < HGy(G[A]), tie s’ = s(HG4(G[B])+1)%, a G[A] u G[B] — unaynuposannbie
noarpadbl Ha, MHOXKecTBax A n B.
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K. Koxace, A. Jlarbimes

Bajauay upejcrasisaor: O. Bypceuan, /1. Koxacs I, K. Koxacsk, B. Peruncknii

1 3HaKoOMbTECH: Nrpa B IIJIAIIbI

[Iycrs man meopumeHTHpoBaHHBI Tpad G, B KaxXKJ0W BEpIIUHE KOTOPOIO HAXOAUTCS OIUH MYJPEIl U OJUH CYHJIYK CO
[JIATIAME PA3HOro 1Beta. Myapenbl 3HAaKOMBI JIpYyT ¢ JApyroM, rpad G, pacrooKeHne MyJIperoB 10 BepInHaM rpada
U BCe I[BETa ILIAN B CyHIYKaX 3a(UKCHPOBAHBI U M3BECTHBI BCEM. B 9aCTHOCTH, KarXKIbIil MyJIpell IIOHUMAET, B KaKOil
BEpIIUHE HAXOIUTCS KAXKJIbI U3 OCTabHBIX MyAperioB. Cyibs MpoBOmUT ¢ Myapenamu cienyomuii rect. OH HaeBaeT
KaxKJI0My MYJIPEIly ILIANY U3 ero cyHayka. KaKapiit Myaper] BUIAT TOJIBKO IIANBI MYAPEIOB, HAXOSIIINXCS B COCETHIX
BepImHax rpada, HO He BUIUT CBOEH IIJISIBI U HEe 3HAeT ee 1BeTa. Myaperbl He obIaioTcs BO BpeMs Tecta. 1o komange
CY/IbU MYJIPeIbl OJTHOBPEMEHHO 3allUChIBAIOT KaXK bl Ha CBOeil GyMarkKe Ha3BaHUsI HECKOJIBKUX I[BETOB (CKOJHKO UMEHHO
[BETOB JIOJKEH YKA3bIBATH MYJPEIl, OIPEIEIsieTcs JONOJHATEILHBIM IPaBuiIoM). CUuTaercs, 9T0 My/Apensbl yCIIEIIHO
MPOIILJIA TECT = <«BBIUTPAJIMY, €CJIU XOTs OBl OJUH M3 HUX YraJaJl XOTs Obl B OJIHON M3 CBOMX IOIBITOK.

Ilepes TecTom MymperaM COOOIMIN MPABUJIA TECTA U AU BO3MOXKHOCTH YCTPOUTH COBEIAHUE, Ha, KOTOPOM OHU
JIOJIZKHBI OTIPEIETUTDh MyOMaHyio crparernio. [lyGInaHoCTh 03HAYAET, 9TO BCe, BKJIOYas Cy/Ibio, 3HAIOT ee. CTparerus
MY/JIPETOB JIOJKHA OBITh JETEPMUHUPOBAHHON — KAaXKJIbII MyJpell JOJKEH 3alUChIBATh Ha OYMayKKy IIBeTa, MCXOJIs
TOJIBKO M3 TOT'O, KaKWe IBeTa OH BUJUT y cocejieil. ByreM roBopuTh, YTO CTpaTerusi BHIUI'PBIIIHAS, €CJIU P JIFO0OM
PaCKJIaJIKe IS XOTsI ObI OJIMH MYyIpel] yraJaeT BT HAJIeTON HA HEro IIJISIIbL, T. €. YIIOMSHET 9TOT I[BET B CBOEM CIIUCKE.
Taxke Oys1leM TOBOPUTD, UYTO MY/PEIbl BHIUIPHIBAIOT, €CJIN OHU MMEIOT BBHIUTPBINTHYI CTPATETHI0, U IPOUTPHIBAIOT, €CJIN
HE MMEIOT.

Takum 06pa3om, Urpa B MIIANBI HE €CTh UT'PA B MPUBBIYHOM TOHUMAHUHU 3TOTO ¢jaoBa. OHA JJIATCS BCErO OJIUH XOJI.
Bor HECKOTBKO 33/1a49 Ha 3TOT CIOXKET.

1.1. Kaxxjaomy u3 JIByX MYJIPEIOB HaJIeBaIOT LISy O€/I0ro, CUHEro, KpacHOIro W/ 3€JIEHOIO IIBeTa.
Kazxnprit u3 HIX BUAUT NLIAILY APYTOro, HO He BUANAT ¢BOK. OHM JOXKHBI OJHOBPEMEHHO MTOIBITATHCS
yraJilaTh I[BET CBOEI ILJIAIBI, HAIIMCAB HA CBOeH OyMakKKe JiBa IBeTa. JloKaxKure, 9TO My/Iperibl MOTYT
3apaHee JOrOBOPUTHCH JIEHCTBOBATEH TaK, YTOObI XOTs Obl OJINH U3 HUX YTalaJl.

1.2. KaxjomMy M3 JBYX MYJIPEIOB HAJEBAIOT ISy OJHOTO M3 ISTH BO3MOMXKHBIX IBETOB. KaxKibrii
U3 HUX BUJUAT ISy JIPYroro, Ho He BUJAUT ¢BO0. OHU JIOJI2KHBI OJHOBPEMEHHO IOIBITATHCS YIa aTh
IIBET CBOEIl IIJISIIIbI, HAIINCAB Ha OyMarkKKe: IIePBblii — KaKne-To JIBa I[BeTa, BTOPOil KAKHEe-TO TPHU IIBETA.
JlokazKkuTe, YTO MyJIpPeIlbl MOI'YT 3apaHee JIOrOBOPUTHCs JIefiCTBOBAThH TaK, UTOOBI XOTs ObI OJIMH U3 HUX
yrajaJl.

1.3. [Iath MyperoB cTodT 1Mo KPYTy BO3Jjie Hempo3padHoro baobabda. [Ilax najen Ha roJioBy KaxKjaoro
U3 MYJIPEINoB KpacHyIO, CUHIOIO, YKeJITYIO WK 3ejieHyio muidny. Myper, He 3HaeT 1BET CBOEH IIAIbI
U BUJIUT TOJBKO JIBYX COCEJHHX 110 KPyry MyzaperoB. He obimasich, MyIperbl OJHOBPEMEHHO JIOJIZKHbI
BBICKA3aTh IIPEJIIIOJIOXKEHIE O IIBeTe CBOeil MIsbl. [Ipu 9ToM oHI OOSITCsT OKA3aThCsT CJAUIIKOM Y/ I/ Ih-
BbiME. Kak uMm ciemayer aeficTBOBATh, YTOOBI IIPH JIIOOOM PACKJ/IAJIE TILISAI I[BET CBOEH IIIAIBI YTaIa710
He 6oJiee IByX MYIPEoB?!

1.4. Cynran ycTpoms sK3aMeH IIeCTH MPUIBOPHBIM MyjpenaM. [lo mpaBumiry sk3amena cysitaH pas-
MeIaeT H MYJIPeroB B D M, PACIOJIOKEHHBIX MO KPYTy, & IIMeCTOr0 MyJIpera CakaeT Ha BBIINIKY B
nenTpe Kpyra. Ha Jji0y y KaxKjoro u3 mepBbIX AT MYJPENOB CYJITaH MUMIET 9ucjao 1, 2 wiu 3; Ha
JIOY y HEHTPAJbHOIO MYIpela CyJaTaH MuiieT ducio or 1 jgo 243. Myxapen Ha BBINIKE BUIUT YHUCIa HA
BCEX OCTAJIBHBIX MYJIPENax, a Te BUIAT €ro Yuc/Io (HO He BUJST JIPYT Jpyra). Bee MyIpersbl J0JKHbL
OJIHOBPEMEHHO TOMBITATHCA YraIaTh CBOM YHUC/IA: JIJIsT TOI0 MY/PEIbl B gMe JIOJI2KHBI HA3BATh IO JIBA
qncsa, a MyJaper] Ha Bbimike — onH0. CynTan 3apaHee OObSICHUI MyIperiaM IIpaBu/Ia dK3aMeHa U JaJl
UM BpeMsi TIOCOBEMIAThCs JI0 HadaJia dK3aMeHa. MoryT Jim Myaperbl JeficTBOBaTh Tak, YTOObI XOTs Obl
OJINH U3 HUX 3aBEeJIOMO yTaJaJjl CBOe UUC/I0?
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Msr 6yzmem oTOXKIeCTBIIATH BepinuHy rpada G u Myzapera, KOTOPBII B Hell HAXOAUTCHA. BymeM cInTaTh, 9TO IIBETA
nnpoHyMepoBaHbl uncaamu 0, 1, 2, 3, ... 1 9TO B CYH/IYKe MyJpela v JeyKaT MIISanbl ¢ BeTaMu oT () 10 HEKOTOPOTo IHCIa
h(v) — 1.

Hepoti 6 wasnve HazoBeM Tpoitky (G, h,g), e G = (V,E) — rpad, h: V — N — byHKuus, comocrapisomas
BepIIKHEe KOJMIeCTBO (IIBETOB) ILILAI, JIEXKAIIUX B CYHJIyKe B 9Toil Bepmuue, g: V — N — dynkuus, nokasssaomas,
CKOJIBKO TIOTIBITOK YTaIbIBAHUS NMEeT KaXKIblil Myaperr. OyHKnuio h MbI OyIeM HA3bIBATD <IIJISITHOCTHIOY, & ¢ — (DYHK-
el yraablBaHWs WM 9HCJAOM TMONBITOK. Eciam h — HaTypajabHOe YHCI0, CUMBOJIOM *h OymeM 0003HAYATH (DYHKITUIO
Ha V, IPUHUMAIONIYIO OCTOsTHHOE 3HavueHune h. Bmecto ob6osnavenns (G, h, x1) MbI GymeM UCIOIB30BATH G0JIee KOPOTKOE
obozuatenue (G, h).

1.5. [Jokaxkure, aro eciim urpa (G, h, g) BBIUTPBIIIHASL, TO JIJIs BCeX HATYpaJIbHbIX k urpa (G, k - h, k - g)
TOXKE BBIUT'PBINTHAS.

1.6. Jlana urpa (G, h,g). llycte K C G — aHTuK/IMKa (MHOXKECTBO BEPIIHUH, MEXKJLy KOTOPBIME He
IIPOBEJICHO HU OJHOTO pebpa) u s Beex v € K h(v) > g(v). okaxkure, 9TO CyIIECTBYeT PACKJIAT
LIS, JIJIsT KOTOPOTO HU OJUH My/per] u3 K He yrajbiBaer.

1.7. ITycrb h u g warypasbhbie ducia, G = (G, *h,*g) — BbIUIPbIIIHAA UIPa, 17 < % — paluoHAJIb-
/
Hoe 4dncio. Jlokazkure, 4TO CyIIECTBYIOT HaTypasbhble yuciaa h' u ¢, 1as KOTOpbIX % = r’ u urpa

(G, xh',xg') — BbIMIPBIIIHAS.
1.8. ChopmysmupyiiTe n JJOKazKUTe AHAJIOT HIPEBLIYIIErO yTBEPIKIEHNS ISl HEIIOCTOSHHBIX (DyHKIIAIL
IUTAITHOCTH ¥ YT bIBAHU.

1.9. O6o3naunm vepes K, mosublii rpad #a n Beprmuax. Jlokazxkure, ato B urpe (K, h, g) Myaperp

BBLIUTPBIBAIOT TOIJIA U TOJILKO TOIJA, KOIJIA ggz; > 1.
veK,

2 Ilytu u nepeBbs
Teopust Urpsl B MIJIAIBI HA MOJHOM Tpade U3 TpeX BEPIINH UCUEPIBIBACTCs yTBepkKAeHUeM 3ajadn 1.9. Paccmorpum

urpy Ha 0Oosiee mpoctom rpade — mytu Ps.

2.1. [okazxkwure, 910 B urpe (Pj, 3, x1) Myapernsl IpOUrPHIBAIOT.

3 3
10 10

utjee

2.2. a) Jlokaxkure, 910 Urpa — BBIUTPBIIIHAS (YUCTUTENH JIPOOH BO3JIE BEPIIUHBI 0003HATAET

KOJIMIECTBO IIOIIBITOK, a 3HaM€HaTeJIb — IH.HHHHOCTB).
3 3 3

11 10 5
6) ﬂOKaH(I/ITe, 4dTO UI'Pa ¢ — IIPOUI'PHLIIIHASI.

W) Hs) K
B) [okaxwure, 4To urpa 0—09—0, ryie t(s) = s? + s + 1, — npourpbIiHas.

S

IMycrs pan rpad G u marypaiabHoe uucio s. Haubosblnee wmcsio s h, mias Koroporo urpa (G, xh,*s) BbIur-
PBIIIHASL, HA3BIBAETCSl S-ILISAIHBIM YrcsioM rpada u obosnadaercsd HG4(G). IIpu s = 1 Mbl Ha3bIBAEM 3TO YUCJIO [IPOCTO
MIIATHBIM gucsioM u obosnauaeMm HG(G).

S

2s

2.3. Jlokaxkute, 4TO Jijisd JIIOOBIX HATYPAJBHBIX 1L U S UI'Da Ha 1yTU P, IMPOUTrpbIITHASI.

Bce Bepmunbl, KpoMe Kpalineil Bepmuabl A, UMEIOT ILISIHOCT 45 — 1 U S IIOIBITOK.
2.4. [Tokazkute, 4o cyiiectBytor 1wyt P,, s koropeix HGo(P,) = 6, HG3(P,) = 10, HG4(P,) = 14.
2.5. Jlokazkure, 9T0 Jist JTI06Or0 HATYPAJbHOTO § urpa (P, *(4s — 2),%S) BBIUIPBIIIHAL DU 1 > 28.

2.6. a) [Tyctn t(s) = s*+s+1. okaxkure, uro jis moboro gepesa T urpa (T, xt(s), xs) npourpoimas.
b) Ilycts K, — rpad «3Be3aa» (IepeBo, COCTOsIIIEE U3 KOPHS U N JTACTHeB). JloKazKkuTe, 9TO HpH
Goabimux n urpa (K ,, x(s? + §),*s) — BbIUrPBIIHASL.
¢) dokaxure, 4aro i J060ro HATYPAJBHOIO A CYIECTBYeT Takoe HATypasbHOE 7, 9TO WIPa Ha
rpade K, — BBIUIDBINIHAS, €C/IH MUISIHOCTH BCeX MepU(bEPUHHBIX My/IPEIOB DABHBL 3 M BCE OHU
MMEIOT 110 OJIHOMN MOMbBITKE YIaIblBaHUs, a NUIAIHOCTD [EHTPAIbHOIO MYyJIpela paBHa h U y HEro jise
IIOIIBITKH.
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3 KoHcTpyKTOpBI

3.1. Ilycrs (G, h,g) — Boiurpsimsag urpa, A; u As — Beprmnsl rpada G, He coeMHEHHbIE PEGPOM,
npudem h(A;) = h(As), G — rpad, nosydatornmiics u3 G ckjaeumBanueM BepimH A; u Ay B OfHY
Bepmuay A. Ilycrs dyukimnm ?L, g Ha BepmmHax rpada G COBIAJIAIOT ¢ h W g BO BCeX BepIINHAX,
kpome A} n Ao, u E(/Q = h(Ay), §(A) = g(A;) + g(Ay). Torma urpa (G, h,§) ToxkKe BLIATPLITIHAS.

(M rorpa, ecim urpa (G, h,g) upourpsiimHas, To u (G, h, g) TIpOUTpHIITHASL. )

Iycrs G = (G1, h1, g1), G2 = (G2, ha, g2) — nBe urpsl, Takue ato ViNVe = {v}. llycts G = Gy + Gy — o6beuHeHne
rpado G1 u G2, B KOTOpoM 00€ BepPIIUHBI ¥ O0bEINHEHBI B OIHY BepiiuHy. 3ajaauM ¢yukiua b, g: V3 U Vo — N:

{hi(u), weVi\{oh (=12, {gi(u)7 weVi\{v}, (i=1,2),

hlu) = hi(v)ha(v), u=wv, g1(v)g2(v), u=w.

Urpy G = (G, h, g) 6ymem obosHavarb G; X, Go (puc. 1).

G
GL py (o) 2 Gy G

ha(v) h(v) = h1(v)ha(v)

Puc. 1. Urpa G; x, G2

3.2. Teopema o npoussegennn. Ecim MyIpenpl BEIAIPBIBAIOT B Urpax G, u Gy, TO OHU BLIUI'PBLIBAIOT U
B urpe G; X, Go.

3.3. Ilycte G = Gy +4 Gy, tie G; u Gy — rpadui, y koropbix V(G1) N V(Gy) = {A}, a urpst
G1 = (G1,h1,g1) u Gy = (G, hy, g2) — TPOUTPBIIIHbIE, U TIPU STOM

gi(A) = g2(A) =5, hi(A) = hy(A) =s+1.

Torma urpa G = (G +4 G, h, g) — TPOUrPBIIIHASI, TJIE

i) weVi\ {4} (=12, _fa@), zevi\{a), (=12,
hx) = {hl(A), x=A, 9() = {s, r=A.

3.4. Yaanenune nosypebpa. Ilycrs (G, h, g) — Bbmrpsimnas urpa, AB — pebpo rpada G, G— rpad,
nostyuatornuiicss u3 G 3amenoil pebpa AB Ha opuenTHpoBanHOe pebpo B — A (re. mymper; A He
BuuT Myzapena B, vo B sumnt A). Ilycrs dyukims ¢ Ha Bepmmnaax rpada G coBnagaer ¢ g BO Beex
pepimnax, kpome A, 1 §(A) = h(B)g(A). Torma urpa (G, h,§) Toxe semrpemmmas. (M torma, ecn
urpa (é, h,g) npourpsimuas, o u (G, h, g) TPOUTPHIIITHASL. )

3.5. Teopema o mojcranoske. [lycts Gy = (G1,h1,g1) u Go = (Ga, ha, g2) — BBIUTPBIIIHBIE UTDDI.
[Iycts A — npousBosibHast BepiuHa rpada Go. Pacemorpum HOBBIH rpad G, KOTOPBI MOJTyYaeTcs U3
G5 3amenoii Bepimuibl A Ha rpad G (Kaxias BepriuHa (7 COEJIMHAETCSI HOBBIME PeOpaMu ¢ OBbIBIIIUMU
cocensivu BeprmHbl A, em. puc. 2). Torga urpa (G, h, g) — BbMrpBINTHAS, T/Ie

h(u) = {hQ(U>7 ue V(Gs)\ {A}, g(u) = {gg(u), u e V(Gy)\ {A},
M(wh(4), u € V(Gy), g1(w)g>(4), u € V(Gy).

3.6. [Tojcranoska ¢ cokpamenuem. Ilyers G = (G, h, *s), G' = (G', I/, ¢') — Bburpbinabie urpet. [lycrsb

A — Bepmmmna rpada G, npuuem h'(A) = s. [lycrs (é,%,ﬁ) — BBIUTPBIIITHAS UTPa, TOJIYIaIOIIAICsT
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D= )N

Puc. 2. IToxcranoeka rpada Ha MecTO BEpIIMHBI A.

OJICTAHOBKOI Urpel G Ha Mecto BepimHbl A B urpy G’ (kak B 3amade 3.5). ITo nmpaBuity moacraHOBKI
JIJIsT BCEX TIOJICTABJIEHHBIX BEPIUH U

h(v) = h(v)W'(A) = s-h(v),  G(v) = g(v)g'(A) = s ¢'(A).

Pacemorpum HOBbIe dyHKIME h*, ¢* Ha rpade G, KOTOpbIE OTJINYAIOTCS OT h, § TOJIHKO 3HAYEHUSIMU B
[IOJICTABJICHHBIX BEPIIUHAX U, U 9TO OTJINYNE — COKpAIleHUe Ha S:

Torma urpa <é ,h*, g*) — TOXKe BBIMIDBINTHASL.

3.7. Pasnysanue Bepmunel. Ilycts G = (G, h, g) — Boiurpsimuias urpa, A € V(G), G — rpad, noiy-
varoruiics u3 G 1moJCTaHOBKOIN Ha MecTo BepunHbl A kiauku B, cocrosmeil u3 g(A) sepmun. Torma
urpa (G, h,§) TOKe BBIMIDBINTHAS, TJIe
%(U) _ h(U), vE V(G) \ {A} fg(v) _ g(U), v e V(G) \ {A}
h(A), v € B, 1, vE B.

4 «JlenecTku» U «NEeTYHUU»

Jlenecmiom Gynem HazbiBaTh rpad, n300parkeHHbI Ha pUC. 3, BEPIIMHY JIelIeCTKA cTelneHu n— 1 (T. e. BEPXHIOI BEePIIUHY
Ha puc. 3) Gy/ieM HA3BIBATH “4ePeHKOM JIETIECTKA.

Bynem ctpouts u3 JierecTkoB 60s1ee caoxkubie rpadbl. BozbmeM jiBa jenectka Ly u Ly, 0003HAYNM B KaXKJIOM U3 HUX
OJIHY W3 BepIIuH OYKBOI v u mocrpouM rpad My = Ly +,, L2. Bospmem rpad Ms u jenectok L3z, 0003HAYUM B KaXKIOM
W3 HUX OJIHYy W3 BEPIIUH OYKBOW vy m paccmorpuMm rpad Mz = Mo +, Lz unn. I'padni, KOTOpPBIE MOXKHO TOJIYyIUTH
C TIOMOIIBIO0 KOHEYHOI'O YUCJIa TAKUX ONEepaInii, OymaeM HA3BIBATH NEMYHUAMU.

IMerynuio 6ynem Ha3bIBaTh Koposesckol neryHueii (puc. 4), ecim Ha KazKJOM IIare ee IOCTPOEHUs BEPIIMHA v; ObLIa
YepeHKOM JiernecTKa L; 1.

4.1. [Iycts G — jemecTok 3 n BEpIInH, CM. puc. 3, & PYHKIIN MIIAITHOCTH h 3aa€TCs TaK: MISITHOCTD
BepXHell BEPIIMHBI paBHA 2, IUIAIHOCTH OCTAJbHBIX BepIuH paBHbl 7. [{okaxwure, uro B urpe (G,h)

MY/JIpelbl TPOUTPHIBAIOT.

Puc. 3. Jlemrectok u3 n Bepruu Puc. 4. KoposieBckast merynus

4.2. Tycrs G — nenectok us n sepiun. [omoxkum f(s) = s* + s. JToxaxkute, uro HG,(G) < f(f(s)).

4.3. Ilycte M — meryuust, hy — Hanbosbliee HATYPAIBHOE YUCIIO, JJIsd KoToporo urpa (M, xhg, xs)
BerpbimHast. Jlokaxure, aro hy < f(f(f(s))).

4.4. a) Jokaxknre, uro HG4(G) = 4s(s + 1) — 2, rage G — JenecToK U3 n BEPIIUH, [JE N JOCTATOTHO
Besiko (puc. 3).

b) Hokazkure 510 Ke paBeHCTBO, ecyn (G — KOPOJIEBCKas METYHHsl C JOCTATOYHO KPYIHBIME Jie-
IIeCTKaMMH.
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5% ,ZLOHOJIHI/ITG.TIBHLIG 3a1a491

B cepuio 1

5.1. Ilycrs K, — rpad «3Be3ma», a h = (ho,...,hs), 9 = (go,- .., gn) — TPOU3BOJBHBIE (DYHKIIH
KOJIMYECTB LIS U 9HCJIa MOMBITOK, Tie 1 < ¢g; < h; Ipu Beex ¢, HYJEBOH HHIEKC COOTBETCTBYET
HeHTpasbHoil Bepimue rpada. Jlokaxkure, 4ro cymecrBoBanue k, ajist koroporo (K, k- h, k- g) ss-
JISIETCs1 BBIUTPBINIHOM, pABHOCUIBHO HEPABEHCTBY

B cepuio 2

5.2. Ilycts h u g narypasbHble dncia, npudem g2 — 3gh + h% < 0. JTokaxkute, uto urpa (Ps, xh, xg) —
BBIUTPBITITHAS.

JpobubiM nuisinabiM unciaoM rpada G HazoseM Bennunny fi(G) = sup{%: urpa (G, *h,*g) — BBIUTPBIIIHAS }.
Kax cienyer us sazaun 1.9, HG(K,,) = A(K,) = n, HG,(K,,) = sn. B obmem cayuae, i(K,) > 1HG,(G) > HG(G).

5.3. Jokaxure, arto ji(K3) = %ﬁ

B cepuio 3

5.4. Ilycrs (G, he) — npourpsiiinast urpa, Hy C Gy — kinka B G. [lyers G nosabiii rpad. 3aaaum
Ha HeM (DYHKIUIO NUIAITHOCTH Ay TaK, 9TOOBI BBIIOJIHAIOCH COOTHOIIEHNE

1
h2 v 1
(Z h1<u>> (H ( >> )

[Iycts G — 910 rpad, nomyqatommuiics oobenauaenneM rpados Gy u Gy u jg0baBeHreM Bcex pedep
mezk ity Bepmmaamu G u Hy (puc. 5). Jokaxkure, aro urpa (G, h) — npourpbliiHasi, eciu

h( )_ hl(U), UEGl,
v= hg(v), RS GQ.

Puc. 5. Ilpumep k 3amaqe 5.4. Yucsio Bepmiua B G; u Ho He 00s13aHO COBIIAIATH

5.5. [lycrb G = (G, h) — npourpsbinaast urpa, A — robast Bepiuna rpadga G. Pacemorpum rpad
G' = (V' E’), nonyuaomuiicst jobasiernem K rpady G HOBOit Bucsiyeit Bepmuusl B: V' =V U {B},
FE' = E U{AB}. Torma mynpensr npourpsiBator B urpe (G’ 1), tne h'(B) = 2, h'(A) = 2h(A) — 1
u h'(u) = h(u) mus ocranbHbIX BepmiuH u € V.

5.6. Ilycte G = (G, h,g) — mekoropas urpa, A € V(G) coenunena pebpaMu co BCEMHU OCTATbHBIMI
seprmaamu rpada G, h(A) = s+ 1, g(A) =s,u G = (G\{A},W,(s+1)-¢), tme ¥ = h B

=g . Torna urpet G u G’ sKBUBaJIEHTHBI (My/IpeIbl BBIUIPBIBAIOT B G TOIJIA U TOJBKO TOT/IA,
V(G\{A}
KOIJIa OHU BBIMIPHIBAIOT B G').

/
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Cepus 5

5.7. a) Bemurpeiastit rpad G comep:KUT «IMHHBIA MOCT» — JBY3BeHHBIN yTh ABC, npu ynajeHun
KOTOpOTO rpad pacnajaercs Ha jaBe KoMoneHTs: (1 (copepxkartyio Bepimuay A) u Go (comeprkantyio
sepruny C). Ilycers muignaocTs Bepiunsl B pasra 5. Jlokaxkure, aro xors 661 ogna u3 urp (G, h’ G1>,

(G, 1| ¢;,) BPIUTDBIIIHAS.

b) Ilycrs rpad G HoJTyYeH mojipasbuenneM npou3BosbHOTo rpada G (1. e. kax10e pebpo rpada G
3aMEeHUJIM Ha JIBY3BeHHbI 1yTh). /Jokazkure, aro urpa (G, *5) — IpOUrpbIIIHasi.

5.8. Ilycts G = (G, h) — BBIUTPBIIIHAS UTPA, IPUYEM MaKCUMAaJbHAS B CJIEIYIONEM CMbICTIe: TIPU yBe-
JimdeHnn (PYHKIUH MIISIITHOCTU B JIFOOOI BEPIIMHE MY/IPeIbl IPOUTPHIBAIOT U, KPOMe TOT0, ¢ (DyHKIHe
HIJISITHOCTH h MyJIperibl He MOTYT BBIUTPATh HU Ha KakoM rnojarpade rpacda G. domyctum, uro rpad G
cogepxkuT pebpo-moct AB. [lokaxkure, yro urpa G npejcraBuMa B BHJIE IIPOU3BEICHUS UI'D.

5.9. Myapensr A m B uMeroT 10 OJHOM IIONBITKE yIaIbIBaHUs, BUIAT JIPYT JAPYra M BCEX OCTAJbLHBIX
myzperos B rpade (a re Bugar ux), h(A) = 2, h(B) = 3. Jlokaxkure, 9r0 €C/M 3aMEHUTH ITUX JBYX
My/IpeIoB Ha 0HOro Mypera C', KOTOPbIil BUIUT OCTAIbHBIX, & OCTaJbHbIE ero, u pu 3roM h(C') = 6,
g(C) =5, To pe3ysbTaT Urphl He U3MEHUTCS.

5.10. Janst narypassnsie uncia s u d. Ilycts G — nponsBosbblii rpad, BepIIHHbI KOTOPOro pasduTh
Ha nBa MHOKecrBa V(G) = AU B, npudeM Kaxk/Jas Bepiinna n3 A nveer He Gostee d cocesieit u3 B.
Hoxazkure, uro HG,(G) < HGy(G[A]), tie s’ = s(HG4(G[B])+1)%, a G[A] u G[B] — unaynuposannbie
noarpadbl Ha, MHOXKecTBax A n B.
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Perntenngsa

1.1. Hazosém Oesiblit M KpaCHBIN IIBeTa CBETJILIMU, a CUHUN U 3eE€HbI — TEéMHBIMU. Torja mycTb
HEPBbIl HA30BET 00a TEMHBIX IBETA, €CJIM HA BTOPOM HAJET CBETJIBbIN, U HA00OPOT; & BTOPON — HA30BET
0o0a CBET/IbIX IIBETa, €CJIU Ha IePBOM HaJIeT CBETJIbIH, W HaoOopoT. HeTpyHO NOHATH, YTO B JAHHON
CTpaTeruy XoTsd Obl OJUH U3 MYJIPEIOB yraJibIBaeT CBOM IBET.

1.2. Ilepenymepywm nBeta nuisi ot 1 10 5. Tora mycTh epBblil UTPOK HA30BET IIBETA B MIPE/IIIOJIOXKE-
HAM, 9YTO CyMMa HOMEPOB Ha MIJIANaxX IIepBOr0 W BTOPOro JaeT octaTok O myim 1 mpum Jenennn Ha O,
a BTOPOIl — B IPEJIITOJIOKEHNN, YTO ITA Ke CyMMa JAaéT ocTaToK 2, 3 mim 4 mpu jejtennn Ha 5. Tak
KaK peaJibHas CyMMa CYIIeCTBYeT M JIa€T KaKON-TO OCTATOK, TO MYIPEI] C BEPHBIM IIPEJIIOI0KEHNEM
yraJlaeT CBOI IIBeT.

1.3. Cuavayra HAIIOMHUM, KaK UTPATh B UTPY, €CJU MYIAPENOB BCETO JIBA, MLISIBI MOTYT OBITH JIWIIb
nByx 1BetoB (oboznaunm ux 0 u 1) u Tpebyercs, 4robbl 06s3aTEILHO KTO-TO yrajas. Crparerus 3/1ech
Takask — OJIMH Myjper| (HA30BEM €ro ypaBHUTEJIb) MPOBEPSeT IMIOTEe3y <«IBeTa ILIAN OJMHAKOBbI,
JIPYTOii (pasmyuuTelib) — «IBeTa LIS Pa3jindably. OTMETUM, 9TO MO 3TOi cTpaTeruu Jyisi Jrb0ro
packJiajia sl OJIMH U3 MYAPEIOB yrajaeT, a JIPyroil HeT.

Bresiem rpad BUIMMOCTH — MYyJIPeIlbl 9TO BEPIIUHBI, APl COCEIHUX MYIPEIOB — pedbpa, 10 yCJIo-
BUIO 3TOT I'pad — MUK u3 ugarn pepmun. Obo3Hadum pedbpa a, b, ¢, d, e. Bynem cuanrarh, 9T0 1BET
IIJISAIBL MyJIpena — 3To JBy3HadHoe ounapuoe ducso: 00, 01, 10 wau 11, mpuveM 3amucbiBasi 3TO IUCIO,
OyaeM IoMedaTh ero paspsijibl MeTKaMi pedep, MHIMACHTHBIX BEpIInHe, e cuauT myaper. Hampu-
Mep, €CJIM U3 BEPIINHbI BBIXOJAT pedbpa a U b, TO MbI IOJIIUCHIBAEM CHU3Y II0J OJHUM U3 Pa3pPsI0B
«a», a moji, IpyruM «b» (IOJI KAKUM pas3psi/IOM Kakasi MeTKa — HeBaXKHO, IJIABHOE, YTOOBI BCe MYJIPEIlb
[OJIb30BAJIMCH STUMU TIOMETKAME € IMHOOOPA3HO ).

B mauase g Kaxkoro pedpa MyJIperbl JI0rOBapUBaiOTCs, KTO Ha 9TOM pedpe ypaBHUTE/b, & KTO
paziumunTesb. [Ipu yrajgbiBanun Ha KaxKI0M pebpe T IMPOUCXOIUT CJIEAYIONIee: KarKIbIil MyIper, Ha
9TOM pedpe CMOTPUT JIUIIL Ha pas3psiJi T B I[BETE CBOEI'O COCEJA M BBIYUCJIAET IIBET CBOErO Paspsjia T
B COOTBETCTBHH CO CBOeil poJibI0 Ha 9TOM pebpe. Takum obpaszoM, KazKIblit MyIpell, ITIOCMOTPEB HAJIEBO
U HAIIPABO, BBIYUCIIET 00a pa3ps/ia JIId IBETa CBOEH MBI U HA3bIBACT TOJIYYEHHBIH IIBET B KAYECTBE
OTBeTA.

OueBuiHO, MYIpell yraJaeT I[BeT CBOEil NMIIAIBI, TOJBKO €CJIU OH IPaBUIbHO yrajaj oba Oura.
[TockonbKy rpad comepKuT JUIib H pedep, JUIIb H OUTOB OBLIN yra aHbl IPABUILHO, U CJIEI0BATEIHHO,
He DoJiee JIBYX MY/PEIOB BEPHO yKa3aJ/l BT CBOEH IIJISIIbI.

1.4. CormoctaBuM KaKJOMY IBETY IEHTPAJIBLHOTO MYyJIpelia MOCIe0BATEe/IbHOCTh U3 5 mudp, KaxKiast
3 KOTopbix — 1, 2 wian 3. Crparerus i-ro MyJIperia B sMe: MOCMOTPETh Ha -0 MUdPy MEHTPAJILHOTO
MyJIperia U Ha3BaTh 2 octajbHble. CTpaTerus MeHTPaJIbHOIO: Ha3BATh IBET, -4 nudpa KOTOPOTO PaBHA
udpe i-To Myapera n3 sMbl. 1oT/1a ecim HIKaKON Myper] U3 sSMbI He yTa ajl, TO IeHTPAIbHBI BEPHO
HA30BET CBOIl IIBET.

1.5. s kaxkI0ro Myjpena v paccMoTpuM k - h(v) 1BeTOB muisiit U pa3o6béM ux Ha h(v) rpymir mo
k 1mBeroB, KoTOpble MbI Oy/eM HasbiBaTh Meransetamu. Torma B urpe (G, k- h, k- g) KaxabIil Myperr
¥ MOKET MOHATH MeralBeTa BCeX CBOUX COCeJIel, U, coraacHo crparerun jiisg urpbl (G, h, g), HazsaTh
g(v) cBoux merarpero. Ho stu g(v) meranseros coorBercTByioT k - g(v) obbraubiM 11BeTaM. Herpyano
[OBEPHUTDH, UTO ecju crparerus st urpbl (G, h, g) OblLia BBIUTPHITHON, TO IOJYUEHHAS CTPATErHs
TakzKe OyJIeT BBIUIPBIIIHOI.

1.6. Jlajium iponsBOJIbHBIE TSI My ipeniaM He u3 /. Torma s MmyiperoB u3 K craHeT scHO, KaKoit
OTBET JlaeT KaxKIbIil u3 HUX 10 cBoeil crparernn. OcTaaoch KazKIOMY JaTh TaKyiO ISy, YTOOBI OH
He yraJaJl.

1.7. Ilycrs ' = g. Eciu G = (G, %h, xg) — BbmrpsitiHasi, 7o urpa (G, xph, *pg) — TOXKe BBIUTPBIIITHASL.

A Tak Kak § < %, 0 pg < qh, otkyna urpa (G,*ph,*qh) — Tak:Ke BBIMIDBINTHASI, TaK KaK yBeJIH-

YeHre KOJIMYECTBa IOIBITOK paboTaoNLyi0 cTpareruio He nmopTut. Torma h' = ph, ¢ = gqh saBasiorcs
HNCKOMBIMU.
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1.8. [Tycts G = (G, h, g) — BumrpsimHag urpa, r': V. — Q — dyHKIus, yI0BIeTBOPAIONAs YCIOBUIO

0<7r'(v) < % JUIst Kaxkioro v. Jlokazkure, 9ro cymiecTByior Gyukimu h' u ¢', 1y KOTOPbIX Z,/gzg =
' (v) puist kKaxoro v u urpa (G, h', g') — BbrpsIHAas.

Jloxazameavcmeo. Iycrs 1'(v) = %. [Monoxkum P = [[p(v). Torga no yrBepxaenuio 3amasdu 1.5

v
urpa (G, P -h,P-g) — BomrpeimnHas. Tak kKax % < %, TO, YBEJMYUB KOJIMIECTBO IIONBITOK B
HEKOTOPBIX BEPIIMHAX, MbI HOJIy4YaeM, YTO UI'Pa <G, P- h,% : qh> — BomrpeimHag. CregoBaresbHo,
P

B =P-h,dv) = OB q(v)h(v) ABISIOTCS NCKOMBIMU.
1.9. Heobxodumocms. 3aMeTuM, 9TO MYAPEIL U yTaJIblBaeT B i% JI0JI€ PACCTAHOBOK BCEX ILIAI. A Tak

KaK B KaxkJ0#l paccTaHOBKE JOJIXKEH yraJaTh XOTs Obl OJMH MYIpPEIl, TO W CYMMa STHX BbIPasKeHUM
JIOJIZKHA OBITH HE MEHbIIIe OJHOTO.

ocmamounocms. [lokazkem, 9TO eCJi HEPABEHCTBO BBITIOJIHEHO, TO Y MYJIPEIIOB €CTh BBIUTI'PBITITHAS
CTpaTerus.

[Iycrs H = [] h(v). Bakomupyem npera nutsn guciaamu ot 0 qo H — 1: ecin MyJpert v mojrydaer

v
sy nsera ¢ € {0,1,...,h(v) — 1}, comocraBum eif «HOMEpP» — OCTATOK

“(—Ij) o mojysiio H. Takum
006pa30M, BOZMOYKHBIM IIJIATIAM MYJIPEIA U COIOCTABIEHBI OCTATKH

h

H  2H (h(v) — 1)H

0, W) By 0 (mod H). (%)

Korna myapemnam OyayT BbLIAHBI LTSI, TOJACIATAEM BEJIMIUHY S — CyMMY HOMEPOB BCEX BBIIAHHBIX

A 1o Moy o H. Mymapensl He 3HAOT 3HAYeHUS S, HO KayKJbI MyIper v MOYKET BBITHC/IATH

BeJIMINHY S, — CYMMY HOMEPOB BCEX IILJISAI, BBIJAHHBIX OCTAJIBHBIM MY/IpeIiaM, 1Mo Moayao H.
Crparerusi MyJIpeIioOB COCTOUT B CJIEJIYIONIEM: KasKJIOMY MYJPeIy U JaJiuM HPOMEXKYTOK [ay,b,)

Hg(v) . Hg(v)
JUTHHDBL 50", COICPIKAIIUE —5r3s TIOC/ICIOBATEILHBIX OCTATKOB 110 MOJIyJTO H, n nycts Mmyaper v mpo-
BepsieT runoresy S € [ay, by). s 9Toro on pernaer «HepaBeHCTBO»: HAXOJUT, IPU KAKUX & BBIITOJIHI-

Hg(v)
h(v)
3HAYEHMsI OCTATKA X, HO HOMEPOB CBOEIl IIIAIBI, T. €. OCTATKOB M3 CIMCKA (), Cpeau HUX OyJIeT JIUIIb
g(v). Torma mynpern v HazoBeT ¢g(v) COOTBETCTBYIONIUX IIBETOB.

JlaHHOoe HEPABEHCTBO PABHOCHIILHO TOMY, 9TO CyMMa JUIMH BCEX OTPE3KOB He Menbine H. Ecim
9TO BBIIOJIHEHO, TO, OYEBHU/HO, Mbl MOXKEM HA3HAYUTH KayKJIOMY MyJpeIly [0 OTPE3KYy Tak, YTOObI
KazK/IbIil OCTATOK 10 MOJLy1i0 H TpUHAIeKAI XOTs Obl OJIHOMY M3 OTPE3KOB. DTO FapaHTHPYeT 10beLy
MY/IPEIOB: KaKoil Obl HU OKa3aJach CyMMa ILIAI, XOTd Obl OJUH U3 MYJIPEIOB CJeIaeT PABUIHLHOE
IPE/IIOJIOKEHNE U yTajIaeT CBOH IBET.

eTcs BKIIOUeHne S, + & € [ay, b,). Permus a1y 3a1aqy, oH mosyaut I0CJIE/IOBATE/IbHBIX BAPUAHTOB

2.1. Myzpenpl He cMOrYT BBIATPaTh Jaxke B urpe (Ps, x3k, k). Dro ciepyer u3 HepaBeHCTBa 3aj1a-
qu 5.1.

|eo
w
ot

1

A

peros. Ilycre mympen C' mazoser mpera [2], [2] 4 1, [F] + 2mod 5, a myapenr A — cp, cp + 3,

cg + 6 mod 10. Myper B, MocMOTpPEB Ha COCEJICi, JTOTaIbIBACTCS, YTO OHA 00a He yra bIBaloT, TOJHKO
ecm

[}

2.2. a) O6o3naunm myperos depe3 A, B u C: . [IpenbaBUM BBIMTPBINITHYIO CTPATETUIO MY/I-

Q

cg &S ={ca,ca—3,ca—06,2c.,2cc+ 1,2cc +2,2cc + 3,2cc + 4,2cc + 5}

Ocraioch 3aMeTUTD, UTO JIjIsT OCTATKOB 110 MOy 10 10 BK/IIOUEHMIEe
{ca,ca —3,c4 — 6} C{2¢.,2cc +1,2cc +2,2¢cc + 3,2cc + 4,2cc + 5}

HEBO3MOKHO HU IIPU KAKUX C4 U C¢. [loaTOMY MHOXKECTBO S CO/IEPKUT HE MeHee 7 JIEMEHTOB, U MY/I-
per; B cMoxkeT Ha3BaTh B CBOEM OTBeTe TpH (MJIM MeHee) He BXOJSIIUX B HErO OCTATKA.

6) s KaxK10ro BOBMOXKHOTO [IBeTa ¢ MyJpel; A Ha3blBaeT TPU CBOMX BO3MOXKHBIX IIBETA, T.e. OH
HasbiBaeT 30 orBeTOB M3 11-3/IEMEHTHOIO MHOXKECTBA IIBETOB MBI Myjapena A. 3Ha4YUT, KaKOH-TO
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1Ber oH HasbiBaeT 1 mian 2 pasa. Jdamxum mynperty A muisioy sroro mpera. Torma myapert B joraiaercs,

Kakue 8 BO3MOXKHBIX IIBETOB IS JOJIZKHBI Y HETO ObITh, YT00bI Myaper, A we yragana. Ho 3amernm,
3 3

8 5
qTo Uurpa B.—é' IIPOUT'DBINIHAA, Jrobad CTpaTerus, KOTOpOfI IIOJIB3YIOTCA Halllld MY/IPEIIbI B BO3HUKIIIEH

CUTyalluu, Cpa3y peaylupyercd K CTpaTeruy B 3TON IPOUrPLIIIHON Urpe.

S

S
W) s+1 s
B) JlocTaToyHO MPOBEPUTH, YTO HIPA m npourpsiiad. [Ipumennm paa Bepmuabl B

YTBEPK/JIEHNE KOHCTPYKTOPa «yJaJeHue TI0JOBUHBI pebpas (3amada 3.4), cesiaB 3Ty BepIINHY HEBU-
mamoit g A u C. B pesynbrare sepmunbl A u C' HIKOro He BHIAT, UMEIOT MIISIHOCTL s2 + s + 1
1 52 + S HOIBITOK yraJbIBaHus. SHAUUT, CyJIbd MOMKET JaTh UM TaKylo ILIAIY, 9TO OHU He yTaJalor.
[Tocse aToro crparerus Myapena B IOTHOCTBIO OLpeIeIeHa, OH UMeeT ILISIIHOCTD S + 1 U § IOIBITOK
yFa.,ZLbIBa.HI/IH, HOSTOMy OH TOZKE€ HE yFaﬂaeT.

JIpyroe perenne MOJIyIUTCs, €CJIM IPUMEHUTD CTAHIAPTHBIE «BEPOSATHOCTHBIEY COOOPAXKEHU: KO-
JIMYECTBO PACKJIQJIOB LA, JIJIg KOTOPBIX MYJIpEI U yraJblBaeT, He mpeBocxoaut oo g(v)/h(v) or

obrero uncia packiagos. OcTaaoch 3aMeTUTh, 9TO JIJIs Halero rpada ﬁjﬁ <1 npu s> 1.

S

2.3. /g KaxKja0ro HaTypaabHOTO S JOKaXKeM yTBepK/leHne UHyKiueii o n. baza n = 1, T. e. mpour-

s s
PBIITHOCTD UTPBI 35—0;871 caeJlyeT U3 yTBep:KIeHud 3aga4dn 1.9.

[Tepexon. Pacemorpum Tpu kpaiinne Beprumabl A, B, C. PaccMoTpuM BceBO3MOXKHBIE HA3HATEHUST
nBera LBl Myaperty B. Myaper, A HasbiBaeT B cOBOKyHHOCTH $(4s — 1) IIBETOB M3 MHOMKECTBA
{0,1,...,2s — 1}. 3HaunT, KAKON-TO MBET €4 BCTPEYAETCsI B €r0 OTBETaX He HoJiee [8(4‘29—8_1)] =2s—1
pas. Bermaaum mynperty A sy storo msera. Mysper; B BUIUT MUY €4 U 3HAET, JJIsd KAKux 25 — 1
IBETOB ero murdanbl Myzapernt A wazoBer mper c4. [losTomy mymaper; B MoxkeT camTarh, 9ITO I[BET €rO
bl 6epercst n3 MuoxkectBa Cp, cocrosimiero n3 4s — 1 — (2s — 1) = 2s nperos. B sror MomeHT
YEPTUK 00bSABJISET, UTO IOCTPOUT PACKJIJI ILJIAN Ha OCTaBIeMcs rpade, BblIaB Myapelly B Kakoi-To
uBeT u3 Cg, 1 COOOIAET OCTAJIBLHBIM MY/IpPeIiaM, 9TO 3TO 3a MHOXKECTBO IIBeTOB. Toraa Ha OCTaBIIEMCs
rpade IPOUCXOIUT UT'Pa U3 UHYKITHOHHOTO ITPEJIIIOI0KEHIS.

2 2 11

6 3 2 2
2.4. Hepasencrso HGy(Py) > 6 BBINOIHSETCS B CHJIy TOIO, 9TO UIDa ®—*® X, ®—® X, ¢
U1 U1 V2 V2

BBIUT'DbIITHAA.

—
o
=
o
i
N[ =
N[ =
ol
—
o
=
o)

Hepasencrso HG3(Fs) > 10 BBIIOIHSETCS B CUILy TOTO, 9TO UI'Da & X, &— X, ¢—e—e
U1 U1 U2 U2
BBIUTPBINTHAS (MHOKHUTEJU 110 KPasM BBIUTPBINIHBIE O YTBEPK/ICHHUIO 331890 2.2).

—
—

2 2
Haxonern, nepasencrso HGy4(Pyy) > 14 Beinosasiercs B cuity Toro, 1to urpa G(u)x, ¢—e x,G(w)
u

w

4 4 1 2 2 4 4

15 5 3 3 5 14 7

BuIUTpBIIHAS, The G(u) = e— X, o—* X, e—e—e,
(% U1 V2 V2 u

S S S
4s—1 4s—1 4s—1
B cuny yrBepxkaenus 3ajgaun 2.3 jobasi Urpa BUIA §** - upomrpbluas (o cpaBHEHHIO

¢ 3ajtaveit 2.3 371ech yBendeHa nusimHocTh Beputhbl A). [Ipu s = 2, 3, 4 910 naer, KeraTu, mpu Beex n
nepasencrBa HGy(FP,) < 6, HG3(P,) < 10, HG4(P,) < 14.

2.5. Paccmorpum Ha rpade Py dyHKINIO NUIAHOCTH M

h(v:) = 4s —2 mpul <1 <s,

2s—1 mnpmi=s.

J17151 ToKa3aTeIbCTBA YTBEPKICHUS 33/1a91 JIOCTATOYHO IPOBEPUTD, 4TO Urpa ( Py, h, *S) BBINTDBIIIHASI.
YT00bI NPEIbABUTH CTPATETHIO MY/IPEIOB, MBI JIOKAXKEM BCIIOMOTATETHLHOE YTBEPIKJIEHHE — TEOpPeMY
00 urpe ¢ moACKa3Koii.
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Puc. 6. Crparerus myapena A. 3gecs h(A) = 14, h(B) = 14, wa = 6, wp = 5. B koHCTpyKuuu Tabauibl 3TO He
Tpebyercsi, HO JIjisd MOJHOTHI KAPTUHBI MOXKHO cuuTarh, uro g(A) =4, g(B) = 4.

[Iycts urpa G = (G, h, g) sBJIsieTCsl BBIMTPBINTHON DK YCJIOBUH, 9TO BO BPEMsI UI'PBI OCYIIIECTBIIsI-
ercsa cieytommast nojgckaska. s onnoit u3 Beprima B € V(G) 3amano HaTypasbhoe dncio wg < h(B)
U M3BECTHO, 9TO BO BpeMs MI'Pbl YePTHUK HOIOIIeT K Myapery B U Ha30BeT eMy wpg HOCIeI0BATEIb-
HBIX OCTATKOB (T.e. HABOp OCTATKOB BUjA Z, T + 1, ...,  + wg, cymmupoBanue no Moy h(B)),
Cpea KOTOPBIX HAXOUTCS IBET €ro ILISAIDL, OCTAJbLHBIC MYAPEIbl He CJBLIIAT 3Ty IIOJACKa3Ky. Bep-
muHa B, 9UC/I0 Wy U MPaBUJIO OTJIAINEHUsI TOJICKA3KNA MYJIpeIiaM U3BecTHbI 3apanee. O003HATUM UTDPY
¢ mojickaskoit gepes (G, h, g, B, wg).

Hamnpuwmep, urpa (G, h, g, B, wg) 3aBejoMo BbIMIPbIIIHas B ciaydae wp < ¢(B).

Teopewma. Ilycrs rpad G conepxxut Bepumny B, a rpad G noJtydaerca us rpaga G pobasiennem
Hogoii Bepiuabl A u pebpa AB. Ilycrs Ha rpade G 3amaibl GYHKINN IMLIAITHOCTH A U 9HCIIa TOIBITOK ¢,

u nyctb h = h - g =49 . [IycTsb jtt HEKOTOPBIX HATYPaJbHBIX YHUCET W4, Wpg, TAKAX YTO

g(A) <ws < h(A) u g(B) < wp < h(B), BBIIOIHAIOTCA yCIOBUA
(i) urpa c nogckaskoii (G, h, g, B, wp) BbIMIPBIIIHASI,
(ii) wp - h(A) nenures Ha h(B),
(iil) wawp = (wa — g(A))h(B).

Torya urpa ¢ nojckaskoit (G, h, g, A, w4) BbIUIPbIITHAS.

HoxaszarenbcTBo. Yrobsl onucarb crpareruto myzapena A, mocrpoum tabsmiy h(A) X h(B),
B KOTOPOH YaCTh KJIETOK IIYCTHIE, & B OCTAJBHBIX ITOCTABJICHBI OYKBBI «L» 10 CJIEIYIONEMY ITPABUILY.
[Tporymepyem crpoku Tabsuibl aucaamu ot 0 10 h(A) — 1, HoMepa CTPOK MbI OTOXKJIECTBIISIEM C BO3-
MOKHBIMHU [[BETAMU MLIAIBI My/pena A, mporymepyeM cTosoibl Tabauibl ducaamu ot 0 1o h(B) — 1,
HOMepa, CTOJIONOB MbI OTOYKJIECTBJIIEM C BO3MOXKHBIMHU IIBeTaMu Nuisanbl Mysaperna B. Ilycts B cTpoke
¢ somepoM ¢ (0 < i < h(A) — 1) B croabriax ¢ HOMepaMn

iwg, iwp+1, ..., dwp+wp—1 (mod h(B)) (1)

HaxondTcs OykBbl «L» (T.e. Bcero wp OyKB «L»), cm. puc. 6. [locTtpoernyio Tabiuily MOXKHO CUI-
TaTh TOPOH/IATBHON: BEIYHCICHNS 110 MOy 0 h(B) B pasuite (1) mo3Bossior 0TokK1ecTBAATh h(B)-it
crosiber; ¢ HyJeBbIM CTOJIONOM, a yciaoue (ii) mo3Bossier orToxKaecTBuTh h(A)-10 cTpoKy ¢ HyJeBoi
CTPOKOW.

Jlemma. PaceMoTpuM IpOU3BOJIbHBIE W, MOCJIEI0BATEIBHBIX CTPOK 3TOH TabuIpl (¢ yueToM ee
TOPOUJIATBLHOMN ITPUPOJIBI, T. €. MOYKHO B3ATb HECKOJILKO HUKHUX CTPOK U JIOOABUTH K HUM ITOIXO/IAINEe
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KOJINYECTBO BepxXHUX). Torma Kazkblil crosber; Tab/Iuibl COJEP:KUT B THX CTPOKax He Oosee g(A)
ITYCTHIX KJIETOK.

Jokxasameavcmeo. B cuity TopoumaabHOrO XapakTepa TabJMIbI JOCTATOYHO IIPOBEPUTH 9TO yTBEpP-
JKJIeHHe JIIsi Habopa M3 IepBbIX w4 CTPoK. Pacemorpum crosiberr Homep j. O4UeBUIHO, 9TOT CTOJIOEI]
cosiepKuT OYKBY «L» Ha niepecedernu ¢ i-cTpokoii (0 < i < wa — 1) B TOM U TOJIBKO TOM CJIydae, ecjiu

0< (j —iwp) mod h(B) < wp — 1. (2)
B nesoumcennoit nocaeosarensuoctu d;(j) = j — iwp paccroguue mexay do(j) u dy,—1(j) paBaO
(wa — Dwp.
B cuty yenosust (iil) BBIIOJIHSIETCSI HEDABEHCTBO
(wa —Dwp = (wa — g(A))h(B) — wp

KOTOpOE O3HAYAET, UTO /I KazKJI0ro j HepaBeHCTBO (2) nmeeT He Menblie w4 — g(A) perenuit oTHO-
CUTEJIbHO [IEPEeMEeHHOM i, T. €. KaxK/blil cTosiber] Tabuibl Couep:KuT He MeHblne wa — g(A) 6yks «L»
B BBIODAHHBIX W, CTPOKAX. SHAYHUT, B HEM COJIEPKUTCA He 0oJibiine g(A) MyCThIX KJIETOK. O

[Toackaska, KOTopyio Myzpel, A mojydaer oT depruka, — 3T0 (haKTUIeCKH HabOp U3 w4 I[OCJIe-
JIOBATEIbHBIX CTPOK Tabiuibl. Torma crparerns myapena A coCTOMT B TOM, 9TO OH Ha3bIBaeT IIBeTa,
COOTBETCTBYIOIIUE HOMEPaM CTPOK IIyCTBIX KJIETOK B J-M CTOJIOIE Tab/IUIIb, Ie j — I[BeT ILIAIbI MY/l-
penia B. Mynpen, A cMoxKeT 9TO ¢jiesiaTh, TaK KakK 10 YTBEPXKICHUIO JIEMMbI B YKa3aHHOM YePTUKOM
JAAIa30He U3 W4 CTPOK j-it crosber] coaepKuT He 6osee g(A) mycThIX KIETOK.

Ormumem crpareruio myaperia B. OH BUIAT IBET ¢ MBI MyIperia A u cpa3y JiejiaeT BbIBO, 910 A
HE yrajblBaeT TOJbLKO B TeX CIydasx, KOIJa IBET MyApena B COOTBETCTBYET CTOJIOIAM, COAEPIKAIIIM
B i-if crpoke OykBy «L». Takum obpaszom, B MOXKeT JyMaTb, 9TO €0 IBET 3aJaeTCs MHOXKECTBOM
U3 9TUX Wpg CTOJIOIOB M, HOJIYYUB 9Ty HOACKA3KY, OH UI'PAET C TOM IOACKA3KOH 110 CTpaTeruu Jijisd
rpacda G.

Teopema s10Kka3aHa.

Bepnemcsa k pemennio 3aga4u. [IpebaBuM cTpaTeruio MyJIperos.

Hna k=1,3, ..., s—1 obosnaunm depe3 P noarpad rpadcda Py, npegacrasiisioninii coboit myTh Ha
BEpIIUHAX V1, ..., Vp. PYHKIUA h MO3BOJIIET HAM 3aJIaTh MLIAITHOCTH BEPIIUH V1, ..., Uk. [IpoBepum
unaykiumei mo k (1 < k < s), 9o urpa ¢ nogckaskoit ( Py, h, s, v, s+k—1), BoiurpbinrHast (HATOMHIM,
YTO B 9TOU UI'De YEePTHK YKa3bIBaeT MYJPEILY Uy JUalla3oH u3 S + k — 1 1mocjenoBaTebHBIX I[BETOB, B
KOTOPOM HAXOJIUTCS [IBET €r0 ILISIIIb).

Baza ungykiuu k = 1: B urpe (Py, h, xS, vy, §) eIMHCTBEHHBIIT UT'POK V1, BBIMTPBIBAIOIINI GJ1arogapst
IOJICKA3Ke.

uayknmonnstii nepexon k — k+1, k < s—2. Ilycrb u3BectHO, 9T0 UTpa ¢ OJACKA3KOM ( Py, h, xS, vk, s+
k — 1) Bemrpeimsast. Torga no jgokasanuoii reopeme urpa (Pyyq, h,*$, vk 1, s + k) TOXKe BBIUIDHIIII-
Has: 31ecb B = v, wp = s+ k —1, G = (Pg,h,xs,vx,s + k — 1), A = vp1, wa = s+ k, G =
(Pri1, hy %8, V541, s+ k). YeaoBue ii) n3 TeopeMbl BBINOIHsIETCS 110 TpuBHabHON nputinte h(A) = h(B),
a BBIIIOJIHCHHE YCIOBHS 1ii) obecreunBaeTcs HEPaBEHCTBOM

wawp = (s +k —1)(s+ k) (*2) k(4s — 2) = (wa — g(A))h(B),

IJle HepaBEeHCTBO (*) CBOJMTCS K OYEBUIHOMY HepaseHCTBY (s — k)% > s — k.

[Tocnemunit mar k = s — 1 — § TOKe BBIMOJIHSIIETCS 110 JOKA3aHHON TeopeMe. DTO IIPOBEPSIETCS
AHAJIOTMIHO C TEM JIAIIb OTJMIHEM, UTO YCJIOBHUE ii) BBIIOJHAETCS B CHILY TOTO, 9TO YHCJIO Wp = 28 — 2
— 4eTHOe, u nodromy wp - h(A) = (25 — 2)(2s — 1) menurcs wa h(B) = 4s — 2.

Taxkum 06pa3oM, Mbl JIOKA3aJIH, 9TO Urpa ¢ ToAcKa3koii ( Py, h, xs, vs, 2s—1) Beiurpsimzas. Ho Toraa
oueBuiHO U urpa (Py, h, *S) TOXkKe BBIUTPHIIIHALA.
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2.6. a) Pemenue 1. Mnaykuus 110 duciy Bepriud jepesa. VHayKIuoHHblil nepexoj. lobasienue K
IPOUIPHIITHOMY JIepeBY O4YepeJHON BUCAUEHl BEPIIMHBI MOYKHO MHTEPIPETHPOBAThL KaK CKIEHKY JIBYX
[POUTPBIIIHBIX UI'P KOHCTPYKTOPOM 3a/adu 3.3, Ijie OjiHa u3 Urp — 510 urpa Ha jepese (T, xt(s), *s),
a npyrag — urpa Ha rpade Ky, B KOTOPOM OJHA BEpIIMHA HMeeT ILIANHOCTL S + 1 M S IOIBITOK
yraJbIBanus, a BTopasd — MLIAIHOCTD 52 + § + 1 U TOXKe S IOIBITOK.

Pemenne 2. ByneM oKa3bIBaTh yTBEpKICHUE WHJIYKIIMEH 10 YUCIy BEpIIUH JepeBa. baza n = 1
TpuBHasbHa. /loKaxkeM repexo.

[Tycrs Myszperisl BiOpasu HekoTopyto crpareruto f B urpe (T, xt(s), xs). VIMetoT MecTo cieyromiye
JIBa YTBEPIKICHUS.

Yreepxgenue . s moboro myapera A He MeHee deM t(S) — S [BETOB €ro MU, MOI'YT UC-
OJIB30BATECSI JIJIs TOCTPOEHNUST OIIPOBEPTAOINX PACKIIAIOB. VIHBIME CJIOBAME, MOXKHO BBIOPATH £(S) — S
IBETOB M /I KAXKJI0I'0 U3 HUX TOCTPOUTH OIPOBEPTAIONIII PACKJIAT IS, B KOTOPOM IIIsdna A nMeer
BBIOpDAHHBII IIBET.

Yreepxkaenue II. Tis smoboro myaperna A u sioboro komiiekta C' w3 § 4 1 €ro nuisibl MOXKHO
TaK 3aJIaTh IBeTa nusn Ha MHOXKecTBe N (A), 910 npu 106aBIeHIN K 9TOMY PACKJIAJLy JIFOOOM IIISIIIBI
a € C g myaperia A oIy 9eHHBIN YaCTUIHBIN PACKJIA ML MOYKHO JIOTIOJIHUTH JI0 TAKOTO PACK/Iaa
IIUTAT Ha BeeM Jepese 1, aro nukTo n3 Myzaperos Ha 1"\ {A} ne yragpisaer.

dAcno, aro yrBepxkiaenue I ciemnyer u3 II. Kpome Toro, us I cpazy ciemyer nHIyKITMOHHBIN TIEPEXO.T;:
BO3bMeM J1I000ro Myjiperia A u jio6oit kKomiieKT C' u3 s+ 1 ero muransl, Torga yreepxkaenue 11 3amaer
packjiaj muisin Ha MHOKecTBe N (A), KOTODBIil OJHO3HAYHO ONpEJIE/IsieT, KaKue § IBETOB HA3bIBAET
myzpert A B aToit urpe. lagum mynpeny A nenasBanubiii 1iBeT n3 Komiiekta C') Torga A He yrajaer.
[To yrBepxkaenuio 11 MoxKHO cesaTh Tak, 9TO U OCTAJIbHBIE MYJIPEIbl He yTraJIatoT.

Jlokaxxkem yTBep:kienue I1.

Bosbmem mpon3BoJibHOTO Myjiperia A u Tpou3BoJibHBII KoMILieKT C' u3 s + 1 ero tursnsl. Creraem
axcnepumenm: paauMm mygapeity A sobyo misny o € C'u yjganauMm ero (MbIcjieHHO) u3 jepesa 1.
JlepeBo pactmajieTcss Ha KOMIIOHEHTBI CBSI3HOCTHU, JIJIsi KOTOPBIX BBIMOJIHIETCS UHYKITHOHHOE IIPEJIIIo-
noxenre. OUeBHIHO, B KayKJI0i KOMIOHEHTe nMmeercs 1o ojaoMy Myzpery u3 N(A). Ilycte B — onun
U3 TaKUX MyAperoB, T — ero KOMIOHEHTa CBA3HOCTU. [[O0CKOIBKY MBI y2Ke 3a/a/id 1BET MLIAbl A,
crparerus f ompejesnser crpareruto Myjpena 1 g urpel Ha 1g, ocTagbHble MyJpensl u3 1 Toxke
MOTYT MoJb30BaThes crparerueit f. [lo yreepxkaenuto I a1y crpareruio MOKHO OIPOBEPIHYTD, JIaB
Myjipelty B Iuisiny U3 HEKOTOPOTO MHOYKECTBA, CojiepsKaiiero t(s) — s 1BeTOB.

YKazaHHbI 9KCIEPUMEHT MOKHO TTpoBecTH s+ 1 criocobom. [losryuatomnuecs urpst na 1 OTIHYAIOT-
cd crparerneil Mmyapena B u Tt KayKI0# 13 9TUX UT'P MyJiperl B nmMeeT olpoBepraoiiee MHOKECTBO 13
t(s) — s ueroB. OCTANIOCH 3aMETHTD, YTO MEPECEUCHUE ITUX S+ 1 MHOKECTB COJIEPKUT HE MEHbIIe YeM
t(s) — (s + 1)s = 1 ajmementos, T.e. oHO HemycTo. Hazmaanm mysperry B 1Ber, JIesKalluii B 9TOM Iepe-
cedeHnn. AHAJIOTUYIHO TIOCTYIIMM B OCTAJbHBIX KOMIIOHEHTAX CBSI3HOCTH. B pesysibrate Mbl TOCTPOUIIH
packsa st Ha MHOKecTBe N (A), U1 KOTOPOTo BBINOJIHSAETCsT yTBepK IerHue 1.

b) Dro permenue coobmun nam C. Bepsios. Tokazkem, aro npu n = (s2+5)! Myjipelbl BLIMTPHIBAIOT.
[Tycrs A — nenrpanbhbiil Myapern. Pacemorpum Tabiuity (s+ 1) X s. Kaxgomy crocoby 3amoHuTh eé
pasimuaabiME guciamu ot 0 10 s2 + s — 1 comocraBuM oTjebHOr0 Myzapena. CTparerus MyIperos
crenytortast. Kaxpiit «mepudepuiiHblit> MyJIper HAXOJAUT B CBOEHl Tab/MIE CTPOKY, COJEPKAILYTO
YUCIIO C4, M HA3BIBAET BCE IUC/IA 3TOl cTpoku. Jlasee, myper A jijist Kaxkoro uucyia i ot 1 1o (s2+s)!
[POBEPSIET, BEIUTPHIBAET JI KTO-TO U3 OCTATBHBIX MYJIPEIOB, €CJIU 4 = i (9TO JIETKO ¢JIe]aTh, TaK Kak
A 3HaeT IBeT NUISIIBI KazKJI0T0 My/Iperia i 3HaeT ero 1adandky ). Ilycts iy, ig,. . . , 4, — CIUCOK 3HAYEHUIH
€A, JIUIS KOTOPBIX HU OJIMH M3 OCTAJIbHBIX MYJIPEIOB He BhMrpbiBaet. Ecm k < s, To A mpocTo Ha30BeT
9TU 3HAYEHUs, 1 MyIpenbl mobenar. [Ipeamonoxum, aro k > s+ 1. Tak Kak y My/IperioB BCTPEIAIOTCS
BCE BO3MOXKHbBIE TaOJIHUIILI, TO HafijeTcs myjperl B, B Tabuile KOTOPOTO YUCAA U1, %2,. .., bsr] CTOSIT
B pa3HbIX cTpokax. Ho B 0JiHOI M3 CTPOK CTOMT YMCJIO PaBHOE Cp, M €CJAU 9TO CTPOKA, COJeprKalias
YUCJIO ¢, TO MyJper; B Jo/KEeH BBIMIPhIBATH IPU ¢4 = 1y. [IpoTuBOpetne.

¢) Anamornuno 1. b). HazoBem «cBasikoii» Tpu Kydu KaMHell, coJiepzKaliliie B COBOKYITHOCTH h KaM-
Heil, puyeM KaMHU TpoHyMepoBanbl or 0 10 h — 1, a Kyun nponymeposanbl yuciamu 0, 1, 2 (1. e.
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BO3MOXKHBIMU [[BETAMH LIS IepudepuitHbix Myaperos). Ilycts n — 970 KOIMIecTBO BCEBO3ZMOYKHBIX
CBaJIOK. 3aJlaJIuM CTPaTeruio MyJpenos Ha rpade K ,. Kaxnomy Myapery B; BbIIa UM yHUKAJIBHYIO
cBasiky. Crpareruss B; cCOCTOUT B TOM, YTO OH HA3bIBa€T HOMED KyUM, B KOTOPOIi JIEXKUT KaMeHb C HO-
MepoM ¢ 4. CTparerus myaperna A cocTOUT B TOM, 9TO OH COCTABJISIET CIUCOK TEX IBETOB CBOEI IIJISTIBI,
JIIE KOTOPBIX HUKTO U3 B; He yrajaJ, 1 Ha3bIBaeT BCe IBETa U3 9TOrO CIIMCKa. B 9ToM criucke He MOXKET
OBITH OOJIBINE JIBYX MBETOB. JleficTBUTEILHO, €CIn CIIUCOK COJEPXKUT I[BETa C1, C3, C3, TO PACCMOTPUM
JIIOOYIO CBAJIKY, B KOTOPBIX KaMHU €1, Co, C3 JIEY)KAT B TIEPBOIl, BTOPOII U TpeTheil Kyde COOTBETCTBEHHO.
He ymassisg oOITHOCTH MOXKHO CUATATh, UTO BJIaJIEJIEl] CBAJIKHU ITOJYYHJI NUIAINY IepBoro mserta. Ho
TOTJIa OH 3aBEJIOMO yraJlaeT CBOMW I[BET, eCJn My/aper, A MoIyaumT MIsiny 1BeTa ¢y .

3.1. D10 oueBmaHO: Ha rpade G myzper; A noskeH cHadasma HasBaTh ¢(A;) 1BETOB, KOTOpbIe OH
Ha3bIBaeT 1o crparernu Bepiuabl A; rpada G (Ipu 3TOM OH yUYUTHIBAET TOJBKO 1BeTa cocenei Aj),
a morom emie g(As) 1mBeToB 1o crparerun BepiuHbl Ay (TUIsiiist TOJIBKO Ha coceneil Ag). Mymperisr,
KOTOpbIe Ha Tpade G BUIAT TOJTBKO OJIHOTO U3 A;, UTparoT Tak, cjioBHO A u ectb 3ToT A;. UTO Kacaercs
TeX MYJIPeroB, KoTopbie Bujeu B rpade G u Ay, u As, a Ternepb BUIAT JIUITH OHOTO My/aperia A, onn
JIOJIZKHBI UTPaTh, rnojiarasd, 9to Ha Ay u Ha As HaJEThI MIIANILI OJIMHAKOBOIO IIBETA.

3.2. lllnsmrocTs Myapena v pasHa hy(v)ha(v). [losroMy MOXKHO cUUTATE, YTO TSI MyJIPeIa v UMeeT
«KOMITO3UTHBIN I[BET», T.€. €€ BT — 9TO YHOPsJ0ueHHas napa (cy,Cz), Tje ¢; — IBeT ULl U B
urpe G;. 3adukcupyeM BbIMIDBINIHBIE crpaTerun st urp Gy u Gy U MOCTPOMM CTPATErUIO JJis UTPbI
G1 X, Ga. llycrn Bee myaperisl u3 rpada G; \ {v} urpaot mo BEIMTPHIIHOIL cTpareruu /i Urpbl G; (mpu
3TOM coceu v 110 rpady G; CMOTPST JIMIIb HA KOMIIOHEHTY ¢; [IBETa My/Ipena v). UTo KacaeTcs Myjpera
v, OH OyJeT urparTh cpasy 1o 0O6enM CTpaTerusiM: CMOTPs TOJBKO Ha CBOMX coceeit n3 rpada Gy,
My/JIpeIl v [0 BBIMIPBIINIHOM cTpaTerun jiid urpbl G, Haiizer ¢;(v) mepBbIX KOMIIOHEHT CBOETO IBETA,
a 110 BBIUTDBIIIHON cTpaTeruu jijid urpbl Go — go(v) BTOpBIX KOMIOHEHT. [lepeGpaB Bce BO3MOMKHBIE
Hapbl HANJIEHHBIX IBETOB, OH ¢jiestaeT ¢1(v)ge(v) HONBITOK yrajaTh CBOM IIBET, UTO 10 OIPEICICHIIO
pasusgercs g(v).

[TocTpoennas crparerns BBIUIPBINIHAS, TOTOMY 9TO JuO60 KTo-To M3 Gy \ {v} mwm u3z Go \ {v}
yraJiaer 1ser, jnbo v yrajaer obe KOMIIOHEHTBI CBOErO I[BETa.

3.3. Ilycrb 3710 He Tak, U f — BBIMIPBINIHAA cTpaTerust MyaperoB B urpe G. Oboznaunm ydepe3 Ni
MHO2KECTBO cocejieit Bepimunbl A B rpade G1. s jiroboro pack/iaga nuisi ¢ Ha BepimHax rpada G
OlpejiesIeH OTBeT 1o crparerun f Beex Myzapero u3 MuHokecTBa V' (G1) \ A. Tlokazkem, aro Ha rpade G4
cymecTByer s + 1 packiaazos mian ¢; (i =1,...,s+ 1), upu i # j yJIOBIETBOPSIONIAX CBORCTBAM

Cily, = il i(A) # 9(A),

U TaKUX, YTO ecjim Myjpersl u3 GGy OyayT urparhb 1o cTpareruud f, TO JUId BCEX ITUX PACKJIAJIOB HU
onuH mygper u3 Muoxkectsa V(G1) \ A He yrajiaer nper cBoeil MBI

st Kazk10ro packJjiajia muisit o Ha Bepinnaax u3 Ny o6o3uadum depes C'(a) MHOKECTBO TeX [[BETOB
s Myapera A, Takoe 9to s Bcex packiaasioB [ Ha (G, Y KOTOPBIX

Bly, =a.  B(A) € Cla),

HU OJIH MyIper| u3 MuoxkectBa V (G) \ A He yrajaer cBoii nuser 110 crparerun f. [Tpeamooxkum, 4To
yTBEpKIeHNe U3 IPeIbLIyINero absana He Boimo/HgeTcst. Toraa kaxoe MaOKecTBO C'((r) COJEPKUT He
boJtee s MBETOB. PaccMoTpuM TOrma C/IeAyIONLyI0 CTpaTeruio Ayt Urphl Gi: mycTh Bce Myapersl u3 G,
KpoMe A, wrpator no crpareruu f, a myzaper; A HasbiBaer IBera u3 MHOxKectBa C(«v) (momosHsis
[POU3BOJILHBIME 1IBeTaMu, ecyid B C'(<r) MeHbIIe § 9JIEMEHTOB). DTO BBIUIPBIIIHAS CTPATErUsl, TAK KaK
ecam aukTo U3 V (G1) \ A He yraznan, To na A najera murana n3 C(«), n ou yragsiBaet. IIporusopeune.

Paccmorpum ot s + 1 packiiaioB ;. 3adukcupyemM packJial MUl o = gpi| v, Ha N1 u orpann-
YUMCs JIUIIL TeMU pacK/aagaMu nuian Ha Ga, Tae Myaper; A mosydaer NuIsiily OJHOro u3 S + 1 1BeToB
vi(A), 1 =1, ..., s+ 1. Torna crparerus f 3amaer geiicrBus myapernos Ha rpade Gg, T.€. B IPOUT-
PBIIIHOI urpe Ga ¢ TOIl JIHUIb OrOBOPKOIi, 4T0 B ciyudae hi(A) > s+ 1 myaper; A mo sroit crparerun
MOZKET Ha3bIBaTh OoJsibIe s + 1 mBera, T.e. GoJblIe, Y4eM ero HLISIHOCTL B urpe Go. OaHako B 3TOM
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ciIydae yIIOMHHAHUE «IOCTOPOHHUX» LBETOB He CIHOCOOCTBYET BLIMIPBINTY. 3HA4HT, Ha (G5 CyIIECTBYeT
onposepraommuit packiaazn . Ecam ¢(A) = ¢;(A), To ¢ U gpj}V(Gl)\ 4 — DbackiaJ, onposepraoruit
crpareruio f B urpe gG.

3.4. Do oueBuHO: Ha rpade G myaper A 1oKeH cHadaia Ha3BaTh ¢(A) 1BETOB, KOTOPbIE OH HA3bI-
BaeT 1o crparerun Jyis rpada G, ecim y myzapena B mepssiii nper muisnbl, motoM ere g(A) nsertos,
KOTOpbIe OH HA3bIBAET, €CJIN y MyJipera 3 BTOPOil MBET MUIAIbBI, U T. II.

3.5. [a kaxkgoro HarypasabHoro N muoxkectso {0, 1, ..., N —1} oboznaunm jyist Kparkoctu depes [N].

s ka0t BepimHbl v mojcTaBaseMoro rpadga G onpenennm eé npser B urpe (G, h, g), Kak
KOMIO3UTHBI 11BeT u3 MHOXKecTBa [hy(u)] X [ha(A)]. IlepByio KoMmoHeHTy u GyJeT UCKaTh 10 CBOEH
U3HAYaJLHON cTpaTerun u3 urpbl Gi, a Bropyio — 1o crparerun A uz urpst Go. Cocenu seprmnnl A u3
rpacda Gy B HOBOM Tpade G BuagaT Bech nogrpad Gy, 1 IOTOMY MOTYT OIPEJIE/IUTh, KTO yTraaa CBOIO
[EePBYIO KOMIOHEHTY IBeTa. [Iycth B — mepBblil 13 Takux MyIperoB (B JIEKCHKOIPAhUIECKOM TTOPS/I-
ke), Bepmuabl Tpada Ga \ { A} MoryT urpars 1o crpareruu urpbl Go, UCHOJIB3Ys BTOPYIO KOMIIOHEHTY
nBera B B kadectse 1Bera A. [lockonbky G — BBIUTDBINIHAA UI'Da, KAKas-TO U3 BEPIINH T0OEKIAET.
Eciu aro Bepmuna u3 Gy \ {A}, To ona yrajpiBaer croii et u B rpade G. Ecim xe B Gy nobexiana
BepmHa A, T0 B IpaBUILHO HAILIA U BTOPYIO KOMIIOHEHTY CBOErO IBETA.

3.6. 1151 jioKa3aTeIbCTBA Mbl MOJIMMDUIUPYEM CTPATEIHI0 KOHCTPYKTOPA TIOJCTAHOBKH U3 TIPE/IbLLy it
3a/aun. B cuity 9TOH KOHCTPYKITMU BEPIIUHA U TIOCJIE MOJCTAHOBKH MOJIydaeT KOMIIO3UTHBII BT 13
muoxkectBa [h(v)] X [A'(A)], a crparerust Mmyaperia v COCTOUT B TOM, UTO OH BbIUUCJISET (G-KOMITIOHEHTY
CBOETO OTBETA, T.€. BBIOMpaeT s = ¢g(v) IBETOB ¢y, ..., ¢s € [h(v)], Boraucasier G'-KOMIOHEHTY CBOETO
oTBera, T.e. BeiOupaer ¢'(A) mBeTOB €1, ..., eya) € [W(A)], Hocne yero HasbIBaeT BCe HAPDI IIBETOB
BUa (¢4, €5).

BeejieM u3MeHeHre B KOHCTPYKIIUIO TI0/JICTAHOBKU ¥ OIHUINEM, KAK UIPAIOT MyJIpPelbl B U3MEeHUBIIIEfi-
cst curyanuu. VI3MeHeHne 3aTParuBaeT TOJIbKO MOJICTAB/ISIEMBIX MYJIPEIOB U U COCTOUT B TOM, UTO UM
nasHadaercs h*(v) = h(v) u g*(v) = ¢’(A). Takum obpasom, MuIsAIA MyjAperna v BMECTO KOMIO3UTHOTO
nBeTa Oy/JIeT UMETh IBET «BCErO JINIIb» U3 MHOXKeCTBa [h(v)], KAKOBOE TO-TIPEKHEMY BOCIPHHIMACTCS
ero cocegamu u3 Ng(v) m Ng/(A) kak G-KOMIIOHEHTa €r0 IIBETA.

Crparerust KaxJ0oro MOJICTABISIEMOro MyJpera v coctouT u3 jByx ¢daz. [lepsas dasza: morsaen
Ha cocelieit B G, MyJper v BeIIHCsieT «(G-KOMIIOHEHTY» CBOEro OTBeTa, T.e. HEKOTOPBIH Habop u3 §
IBETOB Cy, . .., s € [h(v)]. Jamee myapers v 0TOXKIeCTBIISIET MOCTPOCHHDIH HAGOP ¢ MHOXKeCTBOM [h/(A)]
(o mpaswty ¢; — i; Hanomuum, aro h'(A) = s). Iocie sroro npoucxoaut Bropas (asa: OH CMOTPHUT
Ha cBoux cocejieii B rpade G’ u npumensger crpareruio Myapena A, nasbiBas ¢'(A) 1BeTOB U3 CBOEro
HOBOOOpeTeHHOro MHOXKecTBa [h/(A)].

Ocrasocs omucars crparernio myapernoB u3 Neg(A). Bee onn Bumsar neimkom rpad G, mostomy
3HAIOT, KaKoii Habop IBETOB KaxKJbIil My Iper] v oToxK 1ecTBIII ¢ MHOKecTBoM [h/(A)]. Kpome toro, Bee
oHn 3HaIOT, KTO 3 V (G) mpaBuiibHO yrajasa G-KOMIOHEHTY CBOETO IIBETA, JIOIYCTHM, IEPBBIM U3 TAKHIX
My/JIperoB (B JieKcuKorpaduaeckoM mopsijike) siBiistercs myzper; w. To, aro mymaper w yragaa G-KoM-
[IOHEHTY CBOEIO I[BETa, O3HAYACT, UTO IBET €0 IIIAIBI JIEXKUT B MOCTPOCHHOM nM MHOX)KecTBe [h'(A)].
Torma wa Bropoii dase myperst rpada G'\ { A} mpocTo pasbIrphIBAIOT BHIUTPHIITHYIO CTPATETUIO UTPHI
G’, mOJCTaBIIsAst W € €ro MOCTPOeHHbIM MHOXKecTBOM [h/(A)] Ha MecTo A, a My/per w, Kak Ompe/IeJieHO
BBIIIE, TOXKe (DAKTHIECKN UTPAET 10 STOM cTparerun. B pesyiabrare KTO-TO U3 HUX yrajaet.

3.7. Kaxpiit mympen; uz V(G) \ {A}, Koropbiii Bugur Mypernos B, pacCuuTbIBAET «BUPTYaJbHbIN
Ber Myzaperna A»

cA = ch (mod h(A))

veEB

U UIpaeT 1o crpareruu u3 urpebl G. Yo kacaercs myaperos u3 B, onu 6epyT cebe 10 0JIHOMY OTBETY
a; w3 cTpareruu myapera A, u Myjpert v; Ha3bIBaeT IIBET

a; — Z ¢, (mod h(A))

vEB,v#v;



[Tokpackre Mor0 nuIsmy B 3,5 1BeTal 15
(Takum 06pa30OM i-ifl MyJper] IPOBEPsieT TUIOTE3Y C4 = ;).

4.1. Ilycts B — BepmmHa misinaoctu 2. [Ipumennm st Bepiiuubl B yTBepKIeHne KOHCTPYKTOPa
«yJaJeHre moJIoBuHbI pebpay (3asada 3.4), ceaB 9Ty BEPIIUHY HEBHIUMON /sl OCTATBHBIX BEPIIIH.
Torta ocrasbHbIE MYJIpEIbl HE BUJAT 3, UMEIOT 10 JIB€ TOIBITKHA, W ITPOUTPBIBAIOT 110 YTBEPKJICHUIO
sajgaun 2.66). Beigas uM onposepramomiuii packaal MU, Cybs CJIeJIaeT TaK, 9To U Myjper B He
yrajaer.

4.2. 3adukcupyeM uncio s. PaccMoTpum ciaydaii, Korjga BepXHss BEpIINHA JICIECTKA HMeeT MIIAITHOCTh
s + 1, a ocrajgbHble BEPIIMHLI — ILIAIHOCTL h. JleficTBys, Kak B IpeabLylneii 3a1ade, Mbl Je1aeM
BEPXHIOIO BEPINUHY HEBUIMMON Il OCTAJIBLHBIX, OT 3TOTO YUCJIO IOIBITOK YraJblBAHUA Y OCTAJIBHBIX
BEPIINH, PACIOJIOKEHHBIX Ha IyTH F,_1, craHoBuTCsa paBHO S(s+ 1) = f(s). OTciona 1o yTBepK IeH0
sagaan 2.66) Mbl mosydaeM, uro upu h > f(f(s)) myaperpt npourpbisator. Ciie1oBaTesbHO, ty <

f(f(s))-

4.3. ByieM J0Ka3bIBATH HHLYKIIUEH 110 IUCTy JieriecTKoB, ato ipu h > f(f(f(s))) urpa npourpsimaasi.
Baza numykiun — onus Jenectok G — ¢ 3amacoM jiokasaHa B II. a): urpa (G, *h,xs) IpOUrpbIITHasi
yae wpit h > £(£(5)).

Ho nam nonaiodurcs ojiHO O6JIM3KOE yTBEp:KJICHHE — «MOIUpUIMpoBantas 6a3a WHIIYKIIUU» : UT'Pa
(G, xh, s) npourpeimmasg mpu h > f(f(f(s))), rae gepes xh obosnadena byHKIMA IIATHOCTH, DABHAA
h BO Bcex BepimHax Jienectka (G, KpoMe OJHON BepIIUHBI B, ILISIIHOCTh KOTOPOil paBHa S + 1.

Jokazkem 310 yrBepKeHue. Ecim B — Bepxuss BeplimHa Jieriectka (G, 9TO ONSTh yTBEPXKJICHNIE
6asbl. [lycts B — mponsBoJibHas BepIUHA JIEIIeCTKa B HIZKHEM psiiy (puc. 7, ciesa). [lonb3ysch KoH-
CTPYKTOPOM <«y/IaJIeHHe TI0JIOBUHBI pebpay 3a1a4u 3.4, caeraeM BepIiuHy B HeBUANMOM J1JIs OCTAJIbHBIX
BEpIINH, B pe3yJbTaTe YHUCJIO HOMBITOK y ee cocesieil craner paBho f(s). Tenepn Bepiiuny B MOXKHO
BOOOIIIE yaauTh 13 (G — ee HUKTO He BUJIUT, Y Hee ILISITHOCT § + 1 U BCEro S MOIBITOK yra lbIBaHKA,
et He cyzKjeHo yrajarb. Kak HETPYIHO BHJETb, OcTaBInuiicss rpad mpejcraBisger coboil obbeaune-
HIE JIBYX JIEIIECTKOB ¢ OOIIell BepxHeil BepITHHON (MM OJIMH JIEIIECTOK, HO 9TOT CJIydail TPUBHAJICH) 1
C yBeJUYeHHBIM 10 f($) KOJMIeCTBOM IOMBITOK YTabIBAHWsI Y HEKOTOPBIX BEpIINH (pHC. 7, B IIEHTDE).
Hobasum K rpady ropusoHTAILHOE PEOPO MexK Iy ObIBIIUMU cocelgmu B (puc. 7, cripasa), OHO MOI-
JIO OBl TIOMOYb MYJpellaM BBIUTPaTh. B pe3ysbrare MOJIydrics JIETeCTOK, BEPIINHBI KOTOPOIO UMEOT
He Gosiee f(s) mombITOK yrajpiBanus, a ux nuignHoctn 6ossine f(f(f(s))). [lo yrBepxaenunio 6a3b1
MY/IPEIbl BCe-TaKU [IPOUTPHIBAIOT.

A ol (5)
B fls) f(s)

Puc. 7. ¥Ynansiem Bepuiuny B u3 jenectka G

Teneps noKazkem MHIYKIMOHHBI nepexo. Pacemorpum nerynuio M,, = M, 1+, Ly,. B cury moau-
bUIIpPOBAHHOTO yTBEep#K IeHust 6a3bl Urpa { Ly, xh, xs) npourpbimaas pu b > f(f(f(s))), ne uepes «h
obo3HaueHa PYHKIMS MIISIIHOCTH, paBHasI h BO BcexX BepIIumHax JernecTtka (G, KpoMe v, a MLIAITHOCTD Uy,
pasna s + 1. Urpa (M,,_1,%h, *s) IPOUTPBIIIHAS 110 MIPE/IIOJIOKEHII0 HHIYKIHA. OCTaI0Ch 3aMeTHTb,
ar0 urpa (M, xh, *s) MoKeT ObITh MOJIYUYeHa ¢ TOMOIILI0 KOHCTPYKTOPA 3a/1a4u 3.3 U3 MPOUTPHIIITHBIX
urp (M, _1,xh,*s) 1 (L, *h,*s) I HOSTOMY TOYKE ABIACTCS TPOUIPHIIIHOIN.

4.4. a) Onenka HG,(G) < 4s(s+1)—1. Ilycts A — depenok senectka, npudeM h(A) = s+1, a ocraiab-
HbIE BEPIIMHBI ¥ UMEIOT HUIAIHOCTh h(v) = 4s(s + 1) — 1. JloctaToIHO MPOBEPHUTH MPOUIPHINTHOCTE
urpsl (G, h,*s). Ilo yrBepxaennto 3amaan 5.6, 9ra Urpa SKBUBAJEHTHA Urpe Ha myTu P,, Te y Bcex
BEpIINH MUISIITHOCTH paBHa 4s(s + 1) — 1, a uncyo monsitok — s(s+ 1). Ho kax ciemyer u3s samaqan 2.3,
9Ta Urpa MIPOUTPHIIITHAS.

[Tokazkem, uro urpa (G, *4s(s + 1) — 2, %S) — BBIUIPBIIIHAS TIPU GOJILIIUX 7.

[Iycrs Gy = (P, *4s(s+1) — 2, xs(s+1)). Byaem caurars, 410 9ncsio k J0CTATOYHO BEJUKO, TOT/IA
0 pe3yabTaTy 3aja9u 2.5, urpa Gy BBIMTPHIITHAS.
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Awnayornano 3ajade 2.6 ¢) MOXKHO JIOKa3aTh, YTO JJIst JIIOOOrO HATYPAJIBHOTO h CYMIECTBYET Takoe
HaTypaJbHOe 1, YTO urpa Ha rpade K, — BBIUTDHIIIHALA, €CIH MUIAIHOCTH BeeX nepudepuilHbIX My-
PEIOB PaBHBL S + 1 1 BCE€ OHU UMEIT I10 O,ZLHOfI IIOIIBITKE YyTa/JiblIBaHUAd, a MIJIAIIHOCTL HEeHTPaJIbHOI'O
Myzpelia paBHa h u y Hero § monbiTok. [losoxkum h = 4s(s + 1) — 2 u nmoabepeM TOIXOJsIIIEE N.
[TomcraBuM ¢ cOKpalleHneM Ha MEeCTO KaykJI0ro nepudepuitnoro myapena urpy Go. Mbl moayduM Bbl-
UTPBIITHY IO UIPY, [JI€ Y BCEX BEPIIUH MUIAMTHOCTH PaBHBI 45(s + 1) — 2, KoJIm4ecTBa MOMBITOK PABHEL S,
a rpad mpeacraBiger coboit moarpad OOJIBIIOrO JIEIeCTKA.

b) Kak mbl npoBepusn B 11. a), urpa (G, h,xs) — npourpsiiinasi, rje G — JenecToK ¢ GOJIbITIM
GUCIIOM BepIIH, a h — dyHKIus, 33/a1011as YepeHKy NUIAIHOCTD § + 1, & 0CTalbHbIM BepIIMHAM —
nutstnHocTb 45(s + 1) — 1. ITo yrBepskiennio 3a1a4u 3.3 IPUKJICHBAHNAE TAKOI'O JICIECTKA 110 YEPEHKY
K JIPYTOii IIPOUTPBINIHOf Urpe (IJie YHCIIO MONIBITOK B BEPIIMHE, Ky Mbl €r0 [IPUKJIEHBAEM, PABHO S)
CHOBA JIaeT IPOUIPBIIIHYI0 urpy. Ho KoposieBcKasi eTyHust [0 OIIPe/IJIeHIIO 3a,1aeTCsl [I0CIe/[0BATE b
HBIMH YePEHKOBBIME NpUK/IeHBanusME JieriectkoB! Takum o6pas3om, urpa Ha KOPOJIEBCKOIl IETYHUH €
OOJIBIIMMHE JIEIIECTKAMHU, [l BCEe BEPIIMHBI UMEIOT NUIATHOCTh 45(s + 1) — 1 U $ IONBITOK yrajibiBa-
HIs1, KpoMe (IIepBOro, KOPHEBOIO) YEPEHKA, MMEIOIIErO IIIAIHOCTL § + 1 U § HONBITOK yrabIBaHus,
npourpsiHasg. 1o gaet oneuky HG,(G) < 4s(s+ 1) — 1.

Torma HG4(G) = 4s(s + 1) — 2, HOCKOJIBKY Takasl MUISIIHOCTh Pean3yeTcs yKe Ha JICIeCTKax,
KOTOPBIE SBJIAIOTCA KOPOJICBCKIMHE HETYHHUSIME, XOTsl U HE CJUIIKOM Pa3BECHCTBIMU.

5.1. Heobxomumoctb. PacemorpuM ot u3 hg IBETOB ILIAIBI IIEHTPAJILHOTO My/perna. Torma crpare-

n
I'UU OCTAJIbHBIX BEPINUH yiKe onpejesenbl, u B [[(h; — g;) ciydaeB HU OjiHA W3 BUCAIMX BEPIIUH He
i=1
yraJibiBaeT cBoil 1BeT. CJie/loBaTe/IbHO, 3TO JOJIZKEH JieJlaTh IeHTpaJbHblil. Ho nmeHTpaabHbIil Myperr
n

MOZKET 9TO CJIeJIATh CYyMMapHO TOJBKO B ¢o || hs caydasx. Orciofa u ciieyeT HEpaBeHCTBO, PABHO-
i=1
CIJIbHOE HEPABEHCTBY U3 YCJIOBUS.

Jlocrarounocts. ITokazkem, 94To Urpa <K17n, (N -ho;hyy... hy), (N - go; g1, - - - ,gn)> upu N = [] h;
i=1

— BLIUTPLIIITHAS.
Bakoupyem hg-hy-. . .-h, IBETOB IEHTPAJIBLHOIO My Iperia Habopamu (Co; €1, . .., Cy), Tae 0 < ¢; < h;.
[Tycrb i-it myaper, Bus 1Bet (Co; 1, .. ., Cy), Ha3BIBAET 1BETA C;, ¢; + 1,...¢; + ¢g; — 1 (mod h;). Llen-

TpaJIbHBIN Ke MY/JIPEI] JIOJI?KEH ITOCMOTPETh HAa OCTAJbHBIX W Ha3BaTh BCE BApPUAHTHI, B KOTOPBHIX HU

onuH u3 HuX He yrajaeT. Ckoabko nx?! EcTb hy BapumaHTOB I HYJIeBOl KOMIIOHEHTHI U h; — ¢; Ba-

PUAHTOB JJIsi KaxKI0i M3 ocTaJbHbIX. OIHAKO HEPABEHCTBO U3 YCJIOBHUSI PABHOCUJIBHO HEPABEHCTBY
n

ho[](hi — gi) < N - go, TOITOMY HEHTPATBHOMY MYJPEILy HOIBITOK XBATHUT.
i=1

A A A

h h h
5.2. O6o3naunm myzapenos gepes A, B u C- s [TperbBUM BBLIMIPBLINIHYIO CTPATEIUIO MYIPe-
noB. Ilycrs myspern; A Hasoser nseta cg, cg+ 1, ..., cg+ (g — 1) mod h, a myapen C — cp, cg + [%],

o, cgt(g— 1)%] mod h, re [z] — okpyrierne 10 6mzKaiiero meaoro qncsa. Takum obpasoM, ecim
Ha MyJpenie B nurdna u3 Habopa

IA: (CA,CA—l,...,CA—<g—1)) IIlOdh,

To Myzapen A yrajgaer, a ecau u3 Habopa
h h
Ic = <CC,CC — [—},...,CC—[(Q— 1)- —D mod h,
g g

to yragaer myjiaper C. Ocranoch jokKa3aTh, 4TO y MyApena B He Gojiee 4eM ¢ 1BETOB HEMOKPBITHIX
MHOXKeCTBOM [ U I, Win, SKBUBAJIEHTHO, 9TO

h—|IA|—|Ic|—|—’IAﬂIC| <g.

[Tockonbky |14] = |Ic| = g, 910 paBHOCHIBbHO HepaBeHCTBY |4 N Io| < 3g — h.
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IIpemomnoxumM, aTo 910 yrBepzkaenue nesepHo u |14 N I¢| > 3g — h. Torma naiiaéres raxkoe k, 1To0
oba uucia cc — [k - g] ucc—|[(k+3g—nh)- %] nexat B I4 N Io (smementst nepecedenus [4 N I MoryT
ObITD 3aIlMCAHBI ABYMsI ClIOCOGAMI: ¢4 —1 = cc— [(- %] , B KadecTBe k MOKHO YHCIIO ¢, COOTBETCTBYIOIICE
MIHHMAJIBHO BO3MOXKHOMY 7). [TocKosIbKy 06a 9j1eMeHTa JIeZKaT B MHOXKECTBe 14, COCTOSIIEM U3 HOPSL

NAYIIUX OCTaTKOB, PaCCTOAHNE ME2KJTY HUMU HE IIPEBOCXOJIUT g — 1:

<cc— [k%D _ (cc— [(k+3g—h)-§]) <g-1,
9TO paBHOCHUJIBHO
[(k+39—h)~g] - [k;@] <g—1.

N36aBisisich OT OKPYTJIEHUS, TTOJIyIaeM CJIe/ICTBHE:
h h
(k+3g—h)-——05—k-——05<g—1.
g g

[Tocyiemee paBHOCHIBHO HepaBeHCTBY (3g — h) - % < g, T.e. 0 < ¢g* — 3gh + h?, uro npoTUBOPEUUT

YCJIOBHIO.

h
g

5.3. Ilo yrBepzk menmio 3a1aun 5.1 cymecrsosamue k, mpu koropoMm urpa (Ps, xkh, xkg) = (K 2, *kh, xkg)
BBINTDBINIHAS, SKBUBAJICHTHA, yCIOBUIO
10Dt
h h h

a 3TO JJI HEOTPHUIATEILHBIX h paBHOCHILHO HepaBeHCTBY g2 — 3gh + h? < 0, wro npu 1 < g < h
SKBHUBAJIEHTHO HEPABEHCTBY
3+5

h
— <
g 2

Tenepnb yTBep:KIeHre 3318491 OYEBUIHO.
5.4. Paccmorpum mponsBoJibHYO cTpaTeruto Myjapenos B urpe (G, h). IIpoussegenne [[ he(v) mepe-

vEHo
YUC/IAeT PacKaaibl MLIAN Ha Hs, 3ajanue KaxKjaoro u3 HuX (PUKCUPYET CTpaTeruio MyaperoB Ha (.
[Ipu ukcupoBannoMm packJiajie nuisdin na Hy OyeMm repedbuparh packiiaist i va (. Torma cymma
> #(u) MOJICIUTHIBAET HAMOOJIBIIYI0 BO3MOXKHYIO HOJIIO TeX pack/aloB Ha (71, e XOTs Obl OIUH
ueGq

myaper, u3 GGy yrageiBaer. Torja mpousBeeHue ( > #(u)) [] h2(v) nomcunTeiBaeT HAKMGOMBIITYTO
ueGT vEH>

BO3MOXKHYIO JOJIIO TeX pack/agoB Ha (G, rjie XxoTsd Obl oauH Myaper] n3 (G yraJblBaeT, eCJIM Mbl KarK-

nomy myzperty gaem [ ho(v) momeiTok st yrajgpisasus. Takum 06pa3oM, BBIIOJHEHIE HEPABEHCTBA
vEHo
13 yCJIOBUA 3aJa9i O3HaAYa€T, 9TO CYIIECTBYET PaCKJIa/Jd HIJIAIl & Ha Gl, JJIsL KOTOPOT'O HU OJWH MYAPEI]

u3 (G; He yraJibIBaeT, Kakue Obl MIJIAIBI IPU 9TOM HH BbIJABAJIUCH Obl Myaperniam u3 Ho. Eciu BegaTh
Myapeniam u3 (G packjaj (v, HI OJUH U3 HUX HE yraJaeT U IPU 3TOM OyIeT MOJTHOCTBHIO 3ajaHa CTpa-
Terus MyzapenoB Ha rpade Go, npurognaas st urpsl (Ga, ho). IlocKoIbKY 9Ta Urpa IPOUTPHIITHAS,
PACKJIaJI LIS (v MOYKHO JOIOJHATH PacKJaaoM Iuisii Ha (g, 171 KOTOPOro HUKTO u3 (G TakyKe He
yrajaer.

5.5. Ilycrs mympernsr 3adukcnpoBann crpaternto Ha rpade G'. [TocTponM TpOUTPHINTHBINT pacK/IaL
mAn Jyist 9roit crparernu. Crparerus Mmyjpena B s kaxgoro u3 2h(A) — 1 BO3MOXKHBIX 1IBETOB
IATIbl A TpeIehiBaeT Ha3BaTh OJINH U3 JIBYX 1IBETOB. KaKOW-TO U3 3THX JBYX I[BETOB HA3BIBACTCS HE
6osiee uem h(A)—1 pas. dagum myjperty B sy 9Toro mnseta, 9170 (pUKCUPyeT CTpaTeruto Myjapera A
Ha ocrasiemcs rpade G. Temneps, aTobbl B He yrajaj, Mbl HONbITaeMCs 1aTh A muismy omHOTO M3
ocrasiuxcsa h(A) nBeros (ecam ux ocrasoch Oosbine, octaBuM poBHO h(A)). C sTEM orpannuenuem
HAM YJACTCS MMOCTPOUTDH pacKjajl Iuidn Ha rpade G Tak, 910 HEUKTO Ha G HE yrajaer, MOCKOJIbKY
urpa G IpPOUTPBITHAS.
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5.6. If G is a winning game, we remove by problem 3.4 all half-edges vA and obtain the winning game.
In this game A has s guesses, s + 1 colors and no infotmation, therefore we can assign A’s color such

that A does not guess. But now the remaining sages play the game G’. Hence G’ is winning.

s 1
s+1 s+1
If the game G’ is winning, substitute G’ in the winning game Z;—I; in place of vertex B by problem

3.6. We obtain a winning game G.

5.7. a) [lycte G — upourpsimHas urpa Ha nyru ABC' co muianaocrssmu Bepuiun h(A) = h(C) = 2,
h(B) = 5. Eciin 661 06 UIpbI U3 yCIOBUsI OKA3ANCH IIPOUTPBIITHBIME, TO HCXOIHAS UI'PA MOJIYIaIach
Obl U3 9TUX UTP U UIPbl § € MOMOIIBIO KOHCTPYKTOpa 3aga4n 3.3 (rae s = 1, g3 = go = x1) u ToKe
okazaJjach ObI POUTPHIIITHOIA.

b) MuoxkecrBo V(G) cocrout u3z Bepius rpadga G u MHOXKeCTBa HOBBIX BepiiuH V) (pacrosiokeH-
HBIX B CEepeJIMHe JIBY3BEeHHBIX 1ryTeit). Saaaaum dyuknuio va V(G):

h(v) = 2, veV(G),

5 wveV.

JlocTaTovHo NpPOBEPUTDH, YTO WUI'Pa (é, h) mpourpsbiiiHasi. 910 o4eBUAHO. JleficTBUTEIHHO, KazKIblil
Myzper; u3 V] uMeer JIByX cocejieil B G €O MUISIIHOCTBIO 2, MO9TOMY OH Ha3bIBAET 110 CBOEH CTpaTerun
He 0oJiee YeThIPEX IBETOB — CPaly Ke JIaJuM eMy IJIAIY TOTO IBeTa, KOTOPBIIl OH He Ha3bIBAET, U OH
He yrajaer. Tenepb Bce oTBeThI MyapeloB u3 V(G) JeTepMUHUPOBAHbI, U Mbl TOXKE JAUM KA JIOMY
My/JIpeIly LISy TOI'O I[BeTa, KOTOPbIl OH He Ha3bIBaeT.

5.8. [lycrs npu ymamerun mocra rpad G paciiaiaercs: Ha KOMIOHEHTBI (1 (cojiepsKaliyto Bepiuny B)
u Go (comepxkarnyio Bepmay A). Beemem dbyskimn mismnsocta hy u he Ha 5TuX Tpadax 1Mo mpaBuiLy

ha () = h}gﬂfB; r € V(G) \{B}, h(z), e V(Gy)\{A},

ELN - ha(@) (A7 gy = A
Ob6osnaunm uepe3 Gg4 urpy Ha rpade Ko ¢ BeprmmHamu B u A, 11e NUIsImHOCTH 00enX BEPIINH PABHBI 2.
Drta urpa BomrpeimHas. Hakomern, mycts G = <G1,h‘ G1> — IPOUTPBINIHASL UI'Pa B CHJIy CBOWCTB
dbyuxIun h.

Ecim urpot Gy = (G, hy) u Gy = (Ga, hy) 06e Boiurpsiabie, To urpa Gy Xg Gpa X a Go TOKE
BeIMTpBIIHAS. Ecan pu sTom 3Hadennst h(A) u h(B) deTHble, MBI TIOJTydaeM TpeOyeMoe Pa3JIoKeHIe
urpsl G B npoussejienune urp. Eciau xe xors 661 ogH0 13 wucen h(A), h(B) nedernoe, 1o dyHKIsA
MIJISIITHOCTHU TIOJTYY€HHON UTPhI MaxKOpupyeT h 1 1o cBoiicTBaM pyHKIUU h Takas Urpa He MOXKeT ObIThb
BBIATPBIITHON.

Ocraioch pazobparh ciydail, Korjga xoTs 66l ogHa urpa G; = (Gy, hy) nwm Gy = (G, hy) npour-
pBIIIHAS, [IYCTh 3T0 OyeT urpa Go. Pacemorpum urpy Gh, moJiydeHHYIO IIPUMEHEHHEM KOHCTPYKTOPa
sagaan 5.5 K urpe Go: B Hell K npourpoimnnoMy rpady Go n1obasiena HOBas BepinuHa B, coeJuHeHHast
¢ A, Ipy 3TOM HIISITHOCTH BEPITUHBI A cTasia paBHa

h(A)
2| =57 | - 1<),
ILISITHOCTH BEPIMUHBI B paBHa 2, a MUIAIHOCTH OCTAJIbHBIX BEPINUH 3ajatorcst dyukiueil h. [Ipume-
HEUM Ternepb KOHCTPYKTOp 3ajaun 3.3 K urpam Gy u Gy (camraem, uro s = 1, g1 = go = *1). Mnl
HOJIyYUM IIPOUIPBIIIHYIO TPy Ha rpade G, B KOTOpoil DyHKIM NUIAIHOCTU HE IIPEBOCXOIUT h. DTO
HEBO3MOYKHO.

5.9. O6o3naunM ucxonuyto urpy depes G, = (Gy, hy, g1), rne g1 = 1. Iloarpad rpada G, mosyqaro-
muiics u3 (G ynasenneM BepmuHbl A, obo3HaunM depe3 (o, moarpad rpada G, HMoaydatommics us3
G5 ynasenueM Bepiunbl B, obo3snaunm depes (3, a depe3 (4 obozHaunM rpad, nosydenubiit u3 G
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nobasyienneM BepmuHbl C', KOTOpas BCeX BHIUT M KOTOPYIO BCE BUIAT, T.e. dakTudecku G4 mOIyda-
ercsa u3 Gy nepenmenoBanneM Bepumiel B B C. Pacemorpum urpet Gy = (G, ha, g2), G3 = (G, hs, g3),
Gy = (Gu, ha, ga), T€

h1<U) v € Gy, hl(U) v € Gj,
h = , h =h , h = ,
2(v) 3 v=DB 3(v) 1‘G3 4(v) 6 v=C_C
1 veGs,
go =2 g3 =6 gs(v) = . U:O?)'

Homyctum, aro urpa G; BRIMTPHIITHA. Y aaauM 1o 3ajade 3.4 Bce morypedpa, Beayine B BePIIHHbBI
A u B, MBI NOJYYMM BBIUTPBIIIHYIO UTPY, B KOTOPOH y OCTATBHBIX yYIaCTHUKOB (MyjperoB u3 (3)
YUCJIO TIONBITOK CTAJ0 PaBHO 6, a cTpareruu He 3aBHcAT OT 1BeToB mutan A u B. Eciam 661 MOXKHO

OBLIO BbIJJaTh Ha G3 packJIad OJIAIl, Ha KOTOPOM HHUKTO U3 G3 He yraJabIBa€T, 3TO (i)I/IKCI/IpOBaJIO ObI
1 1

2 3
crpareruun MyjpernioB A u B, urpamomux Ha pebpe AB B urpy ;1—103 , B pe3yJibTaTe BCe MYJpeIlbl

npourpaJu 661, 9T0 HeBO3MOKHO. CJiejoBaTeIbHO, cyKeHne urpbl Ha rpad Gs, T.e. urpa G, aBjsgercd

5 1

6 6
BeIATpBITHON. CeaeM 1o 3a/1a49e 3.6 MOICTaHOBKY 9TOI UIPHI ¢ COKPAIEHNEM B UTPY 5—0 Ha MECTO
v

BEPIIKUHDI ¥, IIOJIyYaeM BLIUIPBIIIHYIO UTPy Gy.

[TycTh Tenepb Ha060poT urpa G, BoIUrpbiiHas. Mbl JI0J/KHBL 3aMeHIThH Urpoka C' Ha JBYX UTPOKOB
A (mursimroctr 2) u B (twisimaoctn 3). [TperbaBuM BBIMTPBIIIHYIO CTPATETHIO UIPOKOB B MOJIY I€HHOM
urpe. Bee urpokn 3 (3 GyayT MOIb30BaThCs CTparerueil urpbl G,, uHTEpHperupys mapy (mper A,
neer B) kak kommosuTHbI 1BeT urpoka C. ITokazkem, Kak MOXKHO <«KOHBEPTHPOBATH» CTPATEIHIO
urpoka C' B napy crpareruii A u B.

[IBer urpoka C' — 310 smmement muoxkectBa C = {0, 1} x {0, 1,2}. Ilycrs npu cocrosiBiieMcs pac-
KyiaJe muisn coceqeit C' ozkeH Ha3BaTh Bee IBera n3 MHOXKecTBa C, kpome (1,2). Torma meiictBus
urpokos A n B coctoar B TOM, UTO A Ha3BIBAET IBET, COBIAJIAIONINIL ¢ YeTHOCTh nBeTa B, a B Ha3bBaer
user 0 mwin 1, npoTuBonoIoKHOM yeTHocTH K 1BeTy A. Mrpok C' yraabiBaJr 0 CBOeil cTpaTeruu, ecjim
y Hero 0bL1 ofuH u3 1setos (0,0), (0,2), (1,1) wm (0,1), (1,0). Ilo Hamemy npaBuy B HepBBIX TPeX
caydagx yragaer A, B OCTaJIbHBLIX ABYX B. AHajorumvHo pacupeuensiorcs poau A u B g apyrux
usTepok orseros C'.

5.10. ITokazkem, 9TO Urpa <G, *HGy (G[A])+1, *s>, e s' = s(HG,(G[B])+1)?%, — npourpeimmast. [Iis
9TOrO TIOCTPOUM PACKJIAJ LIS, /I KOTOporo Myjperisl ipourpator. [Tockonbky HGy (G[A]) = ¢ >
HG(G[B]) + 1, 1. e. muiannocTs B paccmarpusaemoit urpe 6osbiie, vem HG4(G[B]) + 1, pocrarodHo
paccMoTperh CiIydail, Korja IuisanHocTh Myapenos u3 B pasaa HG4(G[B]) + 1. Ucnonn3ys 3amaay 3.4,
yaaiauM Bcé mosypébpa uz A B B, cienaB mHOXKecTBO B HeBuamMbiM st MHOXKecTBa, A. Tak kak
B pe3yJbTaTe 9TOro JefCTBHsT MBI Y KarkKJI0ro Myzaperna um3 A ctupaem He Oosiee d mosrypebep, Tucyo
HOIBITOK Y MyJIpela BbIpacTeT, HO He Oyjer npesocxoauthb s'. [lpu sToM crparerun y myapernos uz A
Ternepb He 3aBUCAT OT PACKJIaa MU Ha B. 3HAUnT, Mbl MOXKEM CYuTaTh, 4To Ha rpade G[A] mponcxo-
aur urpa (G[A], xHGy (G[A]) + 1,%s). Ilo onpejiesleHio s-MISIHONO 1UC/IA Ta UIPA IPOUIPBIIIHASL.
BHauuT, CyIecTByeT pack/iaJl sl Ha A, Takoi 9To HUKTO U3 A He yrajpiBaer cBoil 1BeT. Boimaium
MyjperaM u3 A 5TOT pakjajl, Torja y MyjapenoB u3z B Oyjer JeTepMUHUPOBAHA CTPATErHsi UIPhl HA
G B]. Hockombky masannoctn MyapenoB u3 B 6oibine HG,(G[B]), Mbl MOXkKeM KarKJOMy BbIJIATh IIBET,
KOTOPBIHl OH He HazBaJl. Mysperpl IpourpaJi.



Paint my hat in 3.5 colors!

K. Kokhas, A. Latyshev
Project team: O. Bursian, D. Kokhas, K. Kokhas, V. Retinskiy

1 Let us introduce: the HATS game!

Let an undirected graph G be given, one sage and one chest with hats of different colors are located in each of its
vertices. All the sages are acquainted with each other. Graph G, the location of the sages in the vertices of the graph and
the colors of hats in all chests are fixed and known to everybody. In particular, each sage understands, in which vertex
each of the others sages is located. The referee performs the following test with the sages. He puts a hat on the head of
each sage, the hat is taken from the sage’s chest. Each sage sees only the hats of the sages located in the neighbouring
vertices of the graph, he does not see his own hat and does not know its color. The sages cannot communicate during
the test. At the command of the referee each of the sages writes names of several colors on his paper simultaneously
(how many colors the sages has to mention, is determined by the additional rule). We say that the sages have passed
the test successfully = «have wony, if at least one of them wrote the color of his hat in his paper.

The sages have been informed of the rules of the test before the testing and they have the possibility to hold a
meeting, in which they must to define their public strategy. The publicity means that all the participants, including the
referee, know this strategy. The strategy of the sages has to be deterministic, that is each sage has to write colors on his
paper looking only the colors that he sees on his neighbours. We call the strategy winning if for any hats placement at
least one sage will guess correctly the color of the hat on his head, i.e. mention this color in the his list of guesses. We
say that the sages win, if they have a winning strategy, and that they lose, if they have not.

Therefore, the HATS game is not a game in a sense as it is ordinarily understood. This game lasts only one move.

1.1. The referee puts a hat of white, blue, red or green color on the head of each of two sages. Each of
them sees the hat of the other, but does not see his own hat. Each of them writes on his own paper two
colors simultaneously. They try to guess correctly the colors of their own hats. Prove that the sages
can come to an agreement in the meeting before the test in such a way that at least one of them will
guess correctly.

1.2. The referee puts a hat of five possible colors on the head of each of two sages. Each of them sees the
hat of the other, but does not see his own hat. Each of them try to guess correctly the color of his own
hat. The first sage writes on his own paper two colors and the second — three colors simultaneously.
Prove that the sages can come to an agreement in the meeting before test in such a way that at least
one of them will guess correctly.

1.3. Five sages stand around the non-transparent baobab. Shah has put red, blue, yellow or green
hat the head of each of the sages. Sage does not know the color of his own hat and sees only the two
neighbouring sages. As usual, without any communication each sages must makes one assumptions
about the colors of his hat. But they fear be too lucky. How they should act to guarantee that for any
placement of hats no more than two sages guess correctly the colors of their hats?

1.4. Sultan examines six court sages. By the rule of the examination the sultan locates 5 sages in 5
pits positioned around a circle, and locates the sixth sage in the tower in the center of the circle. The
sultan writes one of the numbers 1, 2 or 3 on the forehead of each of the first five sages and writes
a number from 1 to 243 on the forehead of the central sage. The sage in the tower sees the numbers
of all the other sages, and these sages see his number (but do not see each other). All the sages must
simultaneously try to guess correctly their numbers: the sages in the pits must say two numbers and
the sage in the tower — one number. The sultan has explained to the sages the rules of the examination
beforehand and has given time to communicate before the beginning of the examination. Can the sages
act so that at least one of them certainly guess correctly his number?
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We identify a vertex of graph GG and the sage located in it. We assume that the colors are numbered by 0, 1, 2, 3, ...
and that the chest of sage v contains hats of colors from 0 to some number h(v) — 1.

The HATS game is the triple (G, h, g), where G = (V, E) — a graph, h: V — N — a function that for each vertex
v equals the number of colors of hats keeping in the chest in this vertex, g: V — N — a function equal to the number
of guesses of each sage. We call function h a «hatness», and g — a function of guesses or the number of attempts. For
each non negative integer h we denote by xh the function on V' possessing the constant value h. Instead of the notation
(G, h,*1) we will use shorter notation (G, h).

1.5. Prove that if the game (G, h,g) is winning, then for each non negative integer k the game
(G, k- h,k - g) is winning, too.

1.6. Game (G, h,g) is given. Let K C G is anticlique (a set of vertices such that there is no edge
connected any pair of them) and for each v € K h(v) > g(v). Prove that there exists a hats placement,
for which none of the sages in K guesses correctly.

1.7. Let h and ¢ be natural numbers, G = (G, *h, xg) be a winning game, r’ < % be a rational number.
Prove that there exist natural numbers A’ and ¢’ such that Z—: = r" and game (G, *h',x¢') is winning.

1.8. Formulate and prove the analogue of the previous statement for non-constant functions of hatness
and guessing.

1.9. Denote by K,, a complete graph on n vertices. Prove that the game (K, h,g) is winning if and

only if )
g(v
> sy

veK,

2 Paths and trees

The theory of HATS game on the complete graph K3 is given by the problem statement 1.9. Now consider a path Ps
which is less complicated graph.

2.1. Prove that the sages lose in the game (P, x3, x1).

3 3 3
10 5

10
2.2. a) Prove that the game e—e—e is winning (the numerator is the number of guesses, and the
denominator is the hatness).
3 3
11 10
b) Prove that the game e—e—e is losing.

[S{[eV)

c¢) Prove that the gamet(:)—i(i't(si)s losing, where t(s) = s* + s + 1.

Let G be a graph and s be a non negative integer. Denote by HG;(G) the s-hat number of G, i.e. the maximum
number of hats h for which the game (G, xh,xs) is winning. For s = 1 this number is called hat number of G and is
denoted by HG(G).

2.3. Prove that for any non negative integers n and s the game Ej—’—’ -+ on path P, is losing. Here
all vertices except the leftmost vertex A have hatness 4s — 1 and s guesses.
2.4. Prove that one can find n such that HGy(P,) = 6, HG3(P,) = 10, HG4(F,) = 14.
2.5. Prove that for any non negative integer s the game (P,, *(4s — 2),%s) is winning for n > 2s.
2.6. a) Let t(s) = s* + s + 1. Prove that for each tree T' the game (T, xt(s),*s) is losing.

b) Len K, be “a star” graph (i.e. a tree consisting of a root and n leaves). Prove that for sufficiently
large n the game (K ,,*(s? + s),%s) is winning.

c¢) Prove that for any non negative integer h there exists integer n such that the game on graph
K, is winning if all the sages in pendant vertices have one guess and hatness 3, and the central sage
has 2 guesses and hatness h.
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3 Constructors

3.1. Let (G, h,g) be a winning game, A; and A, be vertices of &, not connected with an edge and
such that h(A;) = h(As). We glue vertices A; and A, of G into one new vertex A, denote by G the

obtained graph. Let functions hand § g defined on the set of vertices of G coincide with h and g in all
vertices except A; and As, and h(jl) = h(Ay), §(A) = g(A1) + g(As). Then the game (G, h,g) is also
winning. (And then if the game (G, h,g) is losing, then the game (G, h, g) is losing too.)

Let Gy = (G1,h1,91), G2 = (G2, ha, g2) be two games such that V; NV, = {v}. Let G = G1 + G2 be the union of
graphs G; and G, in which both vertices v are glued into one new vertex. Define functions h,g: V1 UV, — N:

u) = hi(u)a ueVi\{U}a (i:1’2)’ w) = gi(u)v UGW\{U}, (i:1a2)7
hw) {hl(v)hg(v), U=, 9(w) {gl(v)gQ(v), u=w.

We say that the game G = (G, h, g) is a product of games G; and G» and denote it by G; x, G2 (fig. 1).

G
Gy hi(v) 2 Gy Go

U

ha(v) h(v) = h1(v)ha(v)

Puc. 1. The product G; X, Go

3.2. The theorem about the product. If the sages win in games G; and G,, then they also win in game
g1 Xy Ga.

3.3. Let G = G +4 Gy, where G; and Go are graphs, for which V(G;) N V(Gy) = {A}. Let games
G1 = (G, h1, 1) and Gy = (G, ha, g2) be losing, and the following conditions hold:

gi(A) = g2(A) =5, hi(A) = hy(A) = s+ 1.

Then game G = (G 4+ 4 Ga, h) is losing, where

W) = hi(z), = eVi\{A} (i=1,2), (z) = gi(z), zeV,\{A} (i=1,2),
hi(A), z=4, g s a=A

3.4. A half-edge removal. Let (G, h, g) be a winning game, AB be an edge of graph G, G be the graph
obtained from G by replacing edge AB by directed edge B — A (ie. sage A does not see sage B,
but B sees A). Let function g on the vertices of graph G coincide with g in all vertices except A,
and g(A) = h(B)g(A). Then game <é, h,g) is winning too. (And therefore, if game (é, h,g) is losing,
then (G, h, g) is also losing.)

3.5. Substitution theorem. Let G; = (G1, h1, 1) be Go = (Go, hs, g2) be winning games. Let A be an
arbitrary vertex of graph GG5. Consider the new graph G obtained from G5 by substitution of graph
(1 on the place of vertex v (each vertex G is connected with former neighbours of vertex A by new
edges, see fig. 2). Then game (G, h, g) is winning, where

h(u) = ha(u), u € V(Gy) \ {A}, (w) = g2(u), ue V(Gy)\ {A},
Iy (wha(A), w e V(Gh), g n(War(A), ueV(G).

3.6. Substitution with reducing. Let G = (G, h,*s), G' = (G',h/,¢') be winning games. Let A be a
vertex of graph (&, and #/(A) = s. Let (G, h,§) be the winning game obtained by the substitution of
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D= )N

Puc. 2. Substitution of a graph on the place of vertex A.

game G on the place of vertex A to game G’ (as in problem 3.5). By the rule of the substitution for all
substituting vertices v

h(v) = h(v)l'(A) = s5-h(v),  g(v) =g(v)g'(A) = s g'(A).

Consider new functions h*, g* on graph é, which differ from %, g only by the values in substituting
vertices v, and this difference is the cancellation by s:

Then game (é, h*,g*) is also winning,.

3.7. Blowing up of a vertex. Let G = (G, h, ¢g) be winning game, A € V(G), G be the graph obtained
from G by the substitution of clique B consisting of g(A) vertices on the place of vertex A. Then game
(G, h,g) is also winning, where

m)_{h(v), v EV(O)\ {4}, ~(U):{g(v), v EV(O)\ {4},
h(4), ve€ B, g 1, wveB.

4 “Petals” and “petunias”

We define a petal graph to be a graph G obtained from a path by adding a vertex v adjacent to every vertex of this
path, see fig. 3, we say that v is the stem of G.

Then, we define a petunia to be a graph constructed in the following way. Take two petals L; and Lo, denote one
vertex in each of them by vy, and construct a graph Mz = L+ L. After that consider graph M> and a new petal L3
denote one vertex in each of them by vy, and construct a graph M3z = M, +, L3 and so on.

A royal petunia is a petunia (puc. 4), for which the vertex v; in each step of its construction were chosen as the stem
of petal Li+1~
4.1. Let GG be a petal of n vertices, see fig. 3, let the stem has hatness 2 and the other vertices have
hatness 7. Prove that the sages lose in the game (G, h).

AN R

Puc. 3. A petal of n vertices Puc. 4. A royal petunia

4.2. Let G be a petal of n vertices, f(s) = s> + s. Prove that HG,(G) < f(f(s)).
4.3. Let M be a petunia, hs be maximum integer such that the game (M, xhg, xs) is winning. Prove
that hy < f(f(f(s))).

4.4. a) Prove that HG,(G) = 4s(s 4+ 1) — 2, where G is a petal of n > 2s + 1 vertices (fig. 3).
b) Prove the same equality if G is a royal petunia.
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1 Let us introduce: the HATS game!

Let an undirected graph G be given, one sage and one chest with hats of different colors are located in each of its vertices.
All the sages are acquainted with each other. Graph G, the location of the sages in the vertices of the graph and the
colors of hats in all chests are fixed and known to everybody. In particular, each sage understands, in which vertex each
of the others sages is located. The referee performs the following test with the sages. He puts a hat on the head of
each sage, the hat is taken from the sage’s chest. Each sage sees only the hats of the sages located in the neighbouring
vertices of the graph, he does not see his own hat and does not know its color. The sages cannot communicate during
the test. At the command of the referee each of the sages writes names of several colors on his paper simultaneously
(how many colors the sages has to mention, is determined by the additional rule). We say that the sages have passed
the test successfully = “have won”, if at least one of them wrote the color of his hat in his paper.

The sages have been informed of the rules of the test before the testing and they have the possibility to hold a
meeting, in which they must to define their public strategy. The publicity means that all the participants, including the
referee, know this strategy. The strategy of the sages has to be deterministic, that is each sage has to write colors on
his paper looking only the colors that he sees on his neighbours. We call the strategy winning if for any hats placement
at least one sage will guess correctly the color of the hat on his head, i.e. mention this color in the his list of guesses.
We say that the sages win, if they have a winning strategy, and that they lose, if they have not.

Therefore, the HATS game is not a game in a sense as it is ordinarily understood. This game lasts only one move.

1.1. The referee puts a hat of white, blue, red or green color on the head of each of two sages. Each
of them sees the hat of the other, but does not see his own hat. Each of them writes on his own paper
two colors simultaneously. They try to guess correctly the colors of their own hats. Prove that the
sages can come to an agreement in the meeting before the test in such a way that at least one of them
will guess correctly.

1.2. The referee puts a hat of five possible colors on the head of each of two sages. Each of them
sees the hat of the other, but does not see his own hat. FEach of them try to guess correctly the
color of his own hat. The first sage writes on his own paper two colors and the second — three colors
simultaneously. Prove that the sages can come to an agreement in the meeting before test in such a
way that at least one of them will guess correctly.

1.3. Five sages stand around the non-transparent baobab. Shah has put red, blue, yellow or green
hat the head of each of the sages. Sage does not know the color of his own hat and sees only the two
neighbouring sages. As usual, without any communication each sages must makes one assumptions
about the colors of his hat. But they fear be too lucky. How they should act to guarantee that for any
placement of hats no more than two sages guess correctly the colors of their hats?

1.4. Sultan examines six court sages. By the rule of the examination the sultan locates 5 sages in 5
pits positioned around a circle, and locates the sixth sage in the tower in the center of the circle. The
sultan writes one of the numbers 1, 2 or 3 on the forehead of each of the first five sages and writes a
number from 1 to 243 on the forehead of the central sage. The sage in the tower sees the numbers of
all the other sages, and these sages see his number (but do not see each other). All the sages must
simultaneously try to guess correctly their numbers: the sages in the pits must say two numbers and
the sage in the tower — one number. The sultan has explained to the sages the rules of the examination
beforehand and has given time to communicate before the beginning of the examination. Can the sages
act so that at least one of them certainly guess correctly his number?
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We identify a vertex of graph G and the sage located in it. We assume that the colors are numbered by 0, 1, 2,
3, ... and that the chest of sage v contains hats of colors from 0 to some number h(v) — 1.

The HATS game is the triple (G, h, g), where G = (V, E) — a graph, h: V — N — a function that for each vertex
v equals the number of colors of hats keeping in the chest in this vertex, g: V — N — a function equal to the number
of guesses of each sage. We call function h a “hatness”, and g — a function of guesses or the number of attempts. For
each non negative integer h we denote by xh the function on V possessing the constant value h. Instead of the notation
(G, h,*1) we will use shorter notation (G, h).

1.5. Prove that if the game (G,h,g) is winning, then for each non negative integer k the game
(G, k- h,k - g) is winning, too.

1.6. Game (G, h,g) is given. Let K C G is anticlique (a set of vertices such that there is no edge
connected any pair of them) and for each v € K h(v) > g(v). Prove that there exists a hats placement,
for which none of the sages in K guesses correctly.

1.7. Let h and g be natural numbers, G = (G, %h, xg) be a winning game, 1’ < % be a rational number.
Prove that there exist natural numbers 4’ and ¢’ such that Z—: = r" and game (G, *h/,x¢') is winning.

1.8. Formulate and prove the analogue of the previous statement for non-constant functions of hatness
and guessing.

1.9. Denote by K,, a complete graph on n vertices. Prove that the game (K, h, g) is winning if and

only if )
g(v
> sy

veK,

2 Paths and trees

The theory of HATS game on the complete graph K3 is given by the problem statement 1.9. Now consider a path Ps
which is less complicated graph.

2.1. Prove that the sages lose in the game (Ps, %3, %1).

3 3 3
10 5

10
2.2. a) Prove that the game e—e—= is winning (the numerator is the number of guesses, and the
denominator is the hatness).
3 3
11 10
b) Prove that the game e—e—e is losing.

[S{[eV)

c¢) Prove that the gamet(:)—i(i't(si)s losing, where t(s) = s* + s + 1.

Let G be a graph and s be a non negative integer. Denote by HG4(G) the s-hat number of G, i.e. the maximum
number of hats h for which the game (G, %h,*s) is winning. For s = 1 this number is called hat number of G and is
denoted by HG(G).

s
2s
2.3. Prove that for any non negative integers n and s the game e—e—e... on path P, is losing.

Here all vertices except the leftmost vertex A have hatness 4s — 1 and s guesses.
2.4. Prove that one can find n such that HGo(P,) = 6, HG3(P,) = 10, HG4(P,) = 14.
2.5. Prove that for any non negative integer s the game (P,, *(4s — 2), xs) is winning for n > 2s.
2.6. a) Let t(s) = s + s + 1. Prove that for each tree T the game (T, xt(s),s) is losing.

b) Len K, be “a star” graph (i.e. a tree consisting of a root and n leaves). Prove that for
sufficiently large n the game (K7 ,,,*(s* + s), *s) is winning.

c¢) Prove that for any non negative integer h there exists integer n such that the game on graph
K, is winning if all the sages in pendant vertices have one guess and hatness 3, and the central sage
has 2 guesses and hatness h.
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3 Constructors

3.1. Let (G,h,g) be a winning game, A; and A, be vertices of G, not connected with an edge and
such that h(A;) = h(Az). We glue vertices A; and Ay of G into one new vertex A, denote by G the

obtained graph. Let functions h and g defined on the set of vertices of G coincide with h and g in all
vertices except A; and A,, and h(fl) = h(Ay), §(A) = g(A;) + g(As). Then the game (G, h,§) is also
winning. (And then if the game (G, h,g) is losing, then the game (G, h, g) is losing too.)

Let G = (G1,h1,91), G2 = (G2, ha, g2) be two games such that V3 NV, = {v}. Let G = G; + G2 be the union of
graphs G; and G2, in which both vertices v are glued into one new vertex. Define functions h,g: V; UV, — N:

w) — hi(u)a ueVi\{U}a (i:1’2)’ w) = gi(u)v UGW\{U}, (i:1a2)7
hw) {hl(v)hg(v), U=, 9(w) {gl(v)gQ(v), u=w.

We say that the game G = (G, h, g) is a product of games G; and G» and denote it by G; x, G2 (fig. 1).

G
Gy hi(v) 2 Gy Go

U

ha(v) h(v) = h1(v)ha(v)

Figure 1. The product Gy X, G2

3.2. The theorem about the product. If the sages win in games G; and Gs, then they also win in game
G1 Xy Ga.

3.3. Let G = Gy +4 Ga, where Gy and Gy are graphs, for which V(G1) N V(Gs) = {A}. Let games
G1 = (G1, h1, 1) and Gy = (G, ha, g2) be losing, and the following conditions hold:

gi(A) = g2(A) =5, hi(A) = hy(A) = s+ 1.

Then game G = (G +4 Ga, h, g) is losing, where

W) = hi(z), = eVi\{A} (i=1,2), (z) = gi(z), zeV,\{A} (i=1,2),
hi(A), z=4, g s a=A

3.4. A half-edge removal. Let (G,h,g) be a winning game, AB be an edge of graph G, G be the
graph obtained from G by replacing edge AB by directed edge B — A (ie. sage A does not see sage
B, but B sees A). Let function g on the vertices of graph G coincide with ¢ in all vertices except A,
and g(A) = h(B)g(A). Then game (é, h,g) is winning too. (And therefore, if game <é, h,g) is losing,
then (G, h, g) is also losing.)

3.5. Substitution theorem. Let G; = (G, hy, g1) be Go = (Go, hs, go) be winning games. Let A be an
arbitrary vertex of graph (GG,. Consider the new graph G obtained from G5 by substitution of graph
(1 on the place of vertex v (each vertex G is connected with former neighbours of vertex A by new
edges, see fig. 2). Then game (G, h, g) is winning, where

- {2 weVE@)\ (), e, w € V(Ga)\ {4},
hi(u)hs(A), u € V(GY), I g (W)g(A), ueV(G),

3.6. Substitution with reducing. Let G = (G, h,xs), G' = (G', I/, ¢') be winning games. Let A be a
vertex of graph , and #/(A) = s. Let (G, h,§) be the winning game obtained by the substitution of
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D= )N

Figure 2. Substitution of a graph on the place of vertex A.

game G on the place of vertex A to game G’ (as in problem 3.5). By the rule of the substitution for
all substituting vertices v

h(v) = h(v)l'(A) = s5-h(v),  g(v) = g(v)g'(A) = s g'(A).

Consider new functions h*, g* on graph @, which differ from iNz, g only by the values in substituting
vertices v, and this difference is the cancellation by s:

Then game (é, h*,g*) is also winning,.

3.7. Blowing up of a vertex. Let G = (G, h, g) be winning game, A € V(G), G be the graph obtained
from G by the substitution of clique B consisting of g(A) vertices on the place of vertex A. Then game
(G, h,g) is also winning, where

m)_{h(v), v EV(O)\ {4}, ~(U):{g(v), v EV(O)\ {4},
h(4), ve€ B, g 1, wveB.

4 “Petals” and “petunias”

We define a petal graph to be a graph G obtained from a path by adding a vertex v adjacent to every vertex of this
path, see fig. 3, we say that v is the stem of G.

Then, we define a petunia to be a graph constructed in the following way. Take two petals L; and Lo, denote one
vertex in each of them by vy, and construct a graph My = L1 4, La. After that consider graph M> and a new petal L3
denote one vertex in each of them by vy, and construct a graph M3z = M, +, L3 and so on.

A royal petunia is a petunia (puc. 4), for which the vertex v; in each step of its construction were chosen as the stem
of petal Li+1~
4.1. Let G be a petal of n vertices, see fig. 3, let the stem has hatness 2 and the other vertices have
hatness 7. Prove that the sages lose in the game (G, h).

AN R

Figure 3. A petal of n vertices Figure 4. A royal petunia

4.2. Let G be a petal of n vertices, f(s) = s> + s. Prove that HG,(G) < f(f(s)).

4.3. Let M be a petunia, hs; be maximum integer such that the game (M, xhg, xs) is winning. Prove

that hy < f(f(f(s)))-
4.4. a) Prove that HG,(G) = 4s(s + 1) — 2, where G is a petal of n vertices for sufficiently large n

(fig. 3).
b) Prove the same equality if G is a royal petunia that hat sufficiently big petals.
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5 Problems after intermediate finish

To section 1

5.1. Let K, be a“star” graph, and h = (hg, ..., h,), g = (go, - - -, gn) be arbitrary functions of hatness
and number of attempts, where 1 < g; < h; for all i, the zero index corresponds to the central vertex
of the graph. Prove that the existence of k, for which (K ,, k- h, k - g) is winning, is equivalent to the
inequality

To section 2

5.2. Let h and g be positive integers, and g* — 3gh+ h? < 0. Prove that game (Ps, xh, xg) is winning.

Fractional hat guessing number of graph G we call the value i(G) = sup{gz (G, *h,*g) is winning}. As it follows
from problem 1.9, HG(K,) = i(K,) = n, HG4(K,) = sn. In the general case, i(K,) > 1HG,(G) > HG(G).

5.3. Prove that i(K3) = #5

To section 3

5.4. Let (Ga, ho) be a losing game, Hy C G5 be a clique in G. Let G be a complete graph. Define a
hatness function h; on it in such a way that the relation

1
_— ha(v 1
(Z W) (H ( >> )

holds. Let G be the graph obtained by union of graphs G; and G, with adding all edges between
vertices G and Hy (fig. 5). Prove that game (G, h) is losing if

o hl('l}), RS Gl,
h(”) a {hQ(U), RS GQ.

o :

1

Figure 5. Example to problem 5.4. The number of vertices in G; and Hs should not necessarily coincide

5.5. Let G = (G, h) be a losing game, A be an arbitrary vertex of graph G. Consider graph G’ =
(V' E') obtained by adding to graph G new pendant vertex B: V' =V U{B}, F' = EU{AB}. Then
the sages lose in game (G’, '), where h/(B) = 2, h/(A) = 2h(A) — 1 and h'(u) = h(u) for other vertices
ueV.

5.6. Let G = (G, h,g) be a game, a vertex A € V(G) be connected with all other vertices of G,

h(A) =s+1, g(A) =s,and G = (G\ {A},h/, (s + 1) - ¢'), where h/ = , g = .
(4) o(4) G\ (ALK (54 1) - ) v S = e
Then the games G and G’ are equivalent.



Paint my hat in 3.5 colors! 6

To section 5

5.7. a) A winning graph G contains a “long bridge” — two-link path ABC', such that after removing this
path the graph falls into two components of connectivity: G (containing vertex A) and G5 (containing
vertex C'). Let hatness of vertex B equals 5. Prove that at least one of the games (G, h|G1>, (G, h}GQ)
is winning. _

b) Let graph G is obtained by subpartition of an arbitrary graph G (i.e. each edge of graph G has
been replaced by two-link path). Prove that game (G, +5) is losing.

5.8. Let G = (G,h) be a winning game, and it is maximal in the following sense: when hatness
function increase in any vertex, the sages lose and, besides that, there does not exist a subgraph of G,
on which the sages can win with hatness function h. Suppose that graph G contains edge-bridge AB.
Prove that game G can be represented as the product of games.

5.9. Sages A and B have 1 guess, see each other and all other sages in the graph (and the others
see them), h(A) = 2, h(B) = 3. Prove that if to replace these two sages by one sage C' that sees the
others, and the others see him, and h(C') = 6, g(C) = 5, then the result of the game does not change.

5.10. Given natural numbers s and d. Let G be an arbitrary graph, the vertices of which are partitioned
into two sets V(G) = AU B, and each vertex of A has no more than d neighbours from B. Prove that
HG,(G) < HG4(G[A]), where s’ = s(HG,(G[B]) + 1)¢, G[A] and G[B] are induced subgraphs on sets
A and B.
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Solutions

1.1. Let us call white and red colors light, and blue and green colors dark. Then let the first sage
write both dark colors, if he sees on the second a light color, and vice versa; and the second sage write
both light colors, if he sees on the first a light color, and vice versa. It is not difficult to understand
that at least one of the sages guesses correctly.

1.2. Renumber the hat colors from 1 to 5. Then let the first player write colors under the assumption
that the sum of the numbers on the hats of the first and the second sages gives remainder 0 or 1 mod
5, and the second — under the assumption that the same sum gives remainder 2, 3 or 4 mod 5. Since
the sum really gives some remainder, the sage with the correct assumption guesses correctly his color.

1.3. First remind how to play the game, when there are only two sages: the hats can be colored in only
two colors (denote the colors by 0 and 1) and it is required that somebody necessarily guessed correctly.
Here is a strategy: one sage (call him equalizer) checks hypothesis “the hat colors are identical”, the
other (distinguisher) — “the hat colors are different”. Note that by this strategy for any hats placement
one of the sages guesses correctly and the other does not.

Consider a visibility graph: the sages are vertices, the pairs of neighbouring sages are edges, then
this graph is a cycle on five vertices. Denote its edges by a, b, ¢, d, e. We assume that the color of
sage’s hat is a two-digit binary number: 00, 01, 10 or 11; writing this number we will mark its bits by
the labels of the edges incident to the vertex. For example, if there are two outgoing edges a and b
from the vertex, then we subscribe one of the bits “a”, and the other — “b” (the order of labels is not
important, all the neighbours of the sage see this labelling).

Let the sages at the endpoints of each edge come to agreement, who on this edge is equalizer, and
who is distinguisher. The guessing on each edge x happens as follows: each sage on this edge looks
only at bit = of his neighbour’s color and calculates the color of his own bit x in accordance with his
role on this edge. Therefore, each sage casting a glance to the left and to the right, calculates both
bits and names the obtained color as his answer.

It is evident that a sage guesses correctly the color of his hat only if he has guessed correctly both
bits. Since the graph contains only 5 edges, only 5 bits have been guessed correctly, and hence, at
most two sages have guessed correctly the colors of their hats.

1.4. Put into correspondence to each color of the central sage the sequence of 5 digits, each of which is
1, 2 or 3. The strategy of i-th sage in pit: look at i-th digit of the central sage and name the other two
digits. The strategy of the central sage: name the color, i-th digit of which is equal to the digit of i-th
sage from pit. If no sage from pit has guessed correctly, then the central guesses his color correctly.

1.5. For each sage v consider k - h(v) hat colors and split them into h(v) groups containing k colors
each, we call them megacolors. Then in game (G, k - h, k - g) each sage v can understand megacolors of
all his neighbours, and, according to the strategy for game (G, h, g), name g(v) of his own megacolors.
But these g(v) megacolors correspond to k - g(v) usual colors. It is not difficult to see that if the
strategy for game (G, h, g) is winning, then the obtained strategy is winning too.

1.6. Give arbitrary hats to the sages that are not from K. Then all answers of the sages from K
according the strategy are determined. It remains to give a hat to each of them such that he will not
guess correctly.

1.7. Let 1’ = %. If G = (G, *h,xg) is winning, then game (G, *ph,xpg) is also winning. And since
§ < %, then pg < gh, whence game (G, *ph, xqh) is also winning, because the increasing of the number

of attempts cannot destroy the working strategy. Then h' = ph, ¢’ = qh are the desired.

1.8. Let G = (G, h,g) be a winning game, ’: V — Q be a function such that 0 < '(v) <
W (v)
g'(v)

h(v)
g9(v)
= 1/(v) for all v, and game (G, 1, ¢’)

for

all v. Prove that there exist functions A’ and ¢’, for which
is winning.
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Proof. Let r'(v) = 2% Denote P = [ p(v). Then game (G, P - h, P - g) is winning by problem 1.5.

q(v)
Since ) < Zgg , then by increasing the number of attempts in some vertices we obtain a winning

game (G, P - h,% - qh). Therefore, ¥ = P - h, ¢'(v) = 1% - q(v)h(v) are the desired.

p(v)

1.9. “If” case. Note that sage v guesses correctly in % fraction of placements of all hats. And since

in each placement at least one sage guesses correctly, the sum of these fractions is at least 1.
“Only if” case. We will show that if the inequality holds, then the sages have a winning strategy.

Let H =[] h(v). Code the hat colors by numbers from 0 to H — 1: for each sage v let the possible

color i € {0,1,...,h(v) — 1} of his hat correspond to the remainder }Z(—’Z) modulo H. In other words
the set of reminders " orf (h(v) - D)
/l) —
0, ——, - ..., —FF d H).

is a set of possible hats colors of sage v. When the hats placement is given, let S be the sum of numbers
of all hats modulo H. The sages do not know the value of S, but each sage v can calculate value S,
that is the sum of the numbers of the hats, that the devilkin has given to the other sages, modulo H.

The strategy of the sages is the following: each sage v checks the hypothesis S € [a,,b,), where
[a,,b,) is an interval of length Iffgf};’), containing i‘(’f}v) consecutive remainders modulo H, these intervals
the sages choose in their meeting before the test. l>n order to check the hypothesis sage v has to solve

the “inequality”: he finds, for which reminder z the inclusion S, +x € [a,, b,) is satisfied. After solving
1)
the form (*). Then sage v will name g(v) corresponding to them colors.

The given inequality in the problem statement is equivalent to the fact that the sum of lengths of
all segments [a,, b,) is at least H. If it holds, then, evidently, we can assign to each sage one segment
in such a way that each remainder modulo H belongs to at least one of the segments. It guarantees
the victory of the sages: whatever the sum of hats is equal, at least one of the sages will make right

assumption and will guess correctly.

this problem he obtain a list of possible values of z, but this list contains only g(v) remainders of

2.1. The sages cannot win even in game (Ps, x3k, k). It follows from the inequality of problem 5.1.

3 3

10 10

e

2.2. a) Denote the sages by A, B and C":

the sages. Let sage C' name colors 2], [Z] + 1, [Z] + 2 mod 5, and sage A name colors cg, cg + 3,

cg + 6 mod 10. Sage B, casting glances at the neighbours, suspects that they both do not guess
correctly only if

. We will demonstrate the winning strategy for

Q

cg & S ={ca,ca—3,ca—06,2¢.,2cc+1,2cc + 2,2cc + 3,2cc + 4,2cc + 5}
It remains to note that for the remainders modulo 10 the inclusion
{ca,ca —3,c4 — 6} C {2¢.,2cc + 1,2¢c +2,2cc + 3,2cc + 4,2cc + 5}

is impossible for any ¢4 and c¢o. Therefore, set S contains at least 7 elements, and sage B can name
in his answer the three (or less) remainders, not belonging to the set.

b) For every possible color cp sage A makes three guesses, i.e. he names 30 answers of 11-element
set of A’s colors. Therefore, he names some color 1 or 2 times. Give the hat of this color to sage A.

Then sage B will suspect, for which 8 colors of his hat sage A do not guess correctly. But the game
3 3

8 5
e—e is losing, and any strategy that is used by our sages in the above situation, is immediately

reduced to the strategy in this losing game.

. . . % sil tss
c) It is sufficient to verify that game (0)—]}—55 )

“removing a half-edge” (problem 3.4) for vertex B, making this vertex invisible for A and C'. As a result

is losing. Apply the statement of the constructor
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vertices A and C' see nobody, have hatness s?> + s + 1 and s? + s guesses. Therefore, the referee can
give them such hats that they will not guess correctly. After that the strategy of sage B is completely
determined, he has hatness s + 1 and s guesses, so he will not guess correctly too.

Another solution can be obtained by standard “probabilistic” observations: the number of hats
placements, for which sage v guesses correctly, does not exceed fraction g(v)/h(v) of the total number

of placements. We need only note that for our graph ﬁ <1 for s > 1.

2.3. For each natural we s prove the statement by induction on n. Base case n = 1, i.e. the loss in
Zis 4sS

game e—e ~ follows from the statement of problem 1.9.

Induction step. Consider three leftmost vertices A, B, C'. Consider all possible hat color assign-
ments to sage B. Sage A names s(4s — 1) colors from set {0,1,2,...,2s — 1} in total. Therefore some
color c4 occurs in his answers at most [%] = 25 — 1 times. Give to sage A the hat of this color.
Then sage B sees color ¢4 and knows, for which 2s —1 colors of his hat sage A names color c4. So sage
B may assume that the color of his own hat is taken from set C'p consisting of 4s — 1 — (25 — 1) = 25
colors. At that moment the devilkin (the other name of the referee) declares that in current hats
placement the color of B’s hat belongs to Cz and inform the other sages what is the set C'z. Then the
game from induction step takes place on the remained graph and it is losing.

2 2

Wl
ol

1 1
2 2

2.4. The inequality HG5(Py) > 6 holds because the product of games - Xy, ®® Xy, o~ s
v v v (Y
winning by theorem of product. ' b ’
3 3 3 1 1 3 3 3
10 10 5 2 2 5 10 10

The inequality HG3(FPs) > 10 holds since the game e—e—=e x, e—e x,  e—e—e is winning
v v v v
(the leftmost and rightmost multipliers are winning by problem 52) b ’

1 1
Finally, the inequality HG4(Pj9) > 14 holds as a result of the fact that game G(u)x,, — X G (W)
u w
4 4 1 2 2 4 4
. . . 15 5 3 3 5 14 7
is winning, where G(u) = ¢—=* X, ®—o x, e—e—e.
U1 V1 V2 (%) U

In view of the statement of problem 2.3 any game in the form ;1—0—0 - is losing (as compared

to problem 2.3 here the hatness of vertex A has been increased). For s = 2, 3, 4 this gives, by the way,
for all n the inequalities HGo(P,) < 6, HG3(P,) < 10, HG4(P,) < 14.

2.5. Consider a hatness function A on graph F;:

h(v;) = 4s — 2 for}<i<s,
2s —1 fori=s.

To prove the statement of the problem it is sufficient to verify that game (P;, h,*s) is winning. For
construction of sages’ strategy we need the following auxiliary statement — a theorem about game
with hint.

Let game G = (G, h,g) be winning under condition that the devilkin makes the following hint
during the game. For one vertex B € V(@) a natural number wp < h(B) is fixed and it is known that
the devilkin will come to sage B during the game and will tell him a set of wp consecutive remainders
(i.e. the set of remainders in the form =, x+1, ..., x +wp mod h(B)), containing the color of his hat;
the other sages will not hear this hint. Vertex B, number wg and the rule of proclaiming of the hint
are known to the sages beforehand. Denote a game with hint by (G, h, g, B, wg).

For example, game (G, h, g, B, wp) is certainly winning in the case wg < g(B).

Theorem. Let graph G contain vertex B, and graph G be obtained from graph G by appending
new vertex A and edge AB. Let hatness function h and function of the number of guesses ¢ be

given on graph G, and let h = iz‘ ' g = g‘ . Let for some natural numbers w4, wg such that
V(@ V(G

g(A) <wy < h(A) and g(B) < wp < h(B), the conditions hold:
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Figure 6. The strategy of sage A. Here h(A) = 14, h(B) = 14, wa = 6, wp = 5. In the construction of the table it is
not required, but to complete the picture one can assume that g(A) = 4, g(B) = 4.

(i) game with hint (G, h, g, B, wp) is winning,

(ii) wp - h(A) is divisible by h(B),

(ili) wawp = (wa —Ng(fl))h(B)

Then game with hint (G, h, g, A,w,) is winning,.

Proof. To describe the strategy of sage A, construct table h(A) x h(B), in which some squares
are empty, and the others contain letters “L” by the following rule. Number the rows of the table by
numbers from 0 to h(A) — 1, we identify the numbers of rows with possible colors of A’s hat. Number
the columns of the table by numbers from 0 to h(B) — 1, we identify the numbers of columns with

possible colors of B’s hat. For each i (0 <7 < h(A) — 1) we put letters “L” in the cells of i-th row in
columns with numbers

iwg, twp+1, ..., dwg+wpg—1 (mod h(B)) (1)

(i.e. wp letters “L” in total), see fig. 6. One may consider the obtained table as toroidal: calculations
modulo A(B) in rule (1) allow to identify h(B)-th column with zeroth column, and condition (ii) allows
to identify h(A)-th row with zeroth row.

Lemma. Consider arbitrary wy consecutive rows of this table (taking into account its toroidal
nature, i.e. one can take several lower rows and the corresponding number of upper rows). Then each
column of the table contains at most g(A) empty cells in these rows.

Proof. In view of toroidal nature of the table it is sufficient to verify this statement for the set of first
w4 rows. Consider j-th column. It is evident that this column contains letter “L” in the entry at i-th
row (0 < i< wy—1) if and only if

0 < (j —iwp) mod h(B) < wg — 1. (2)
In the integer sequence d;(j) = j — iwp the distance between dy(j) and d,,,—1(j) is equal to
(wa — Nwp.
By condition (iii) the inequality holds:
(wa — Dwp > (wa — g(A))M(B) — wp,

which means that for each j inequality (2) has at least ws — g(A) solutions for variable i, i.e. each
column of the table contains at least wy — g(A) letters “L” in the chosen w, rows. Thus, it contains
at most g(A) empty squares. O
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The hint that sage A receive from the devilkin is actually a set of w4 consecutive rows of the table.
Then the strategy of sage A is to name the colors, corresponding to the numbers of the rows with
empty cells in j-th column of the table, where j is the color of B’s hat. Sage A can do it, because by
lemma the rows indicated in the devilkin’s hint contain at most g(A) empty cells in j-th column.

Describe the strategy of sage B. He sees color i of the hat of sage A and concludes that A does
not guess correctly only in the cases, when B’s color corresponds to the columns containing letter “L”
in ¢-th row. Therefore, B may think that his own color is given by the set of these wp columns, and,
receiving this hint, he plays with this hint by the strategy for graph G.

The theorem is proven.

Turn to the problem solution. We present the strategy for the sages.

For k =1, 3, ..., s—1 denote by P, a path on vertices vy, ..., vy (it is a subgraph of P;). Function
h allows us to define the hatnesses of vertices vy, ..., vx. Check by induction on k£ (1 < k < s) that
game with hint (P, h, xs, vg, s + k — 1) is winning (remind that in this game the devilkin pointed to
sage vy the range of s + k — 1 consecutive colors containing the color of his hat).

Base case k = 1: in game (P, h,xs,v1, s) the only player v; wins thanks to hint.

Inductive step & — k+ 1, k < s — 2. Let game with hint (P, h, xs, v, s+ k — 1) be winning. Then
by the proven theorem game (Pyi1,h,*S,vgi1,$ + k) is winning too: here B = v, wp = s+ k — 1,
G = (Pp, h,xs,0p, 5+ k — 1), A = vppq, wa = s+ k, G = (Pry1, h, 8, 41,5 + k). Condition ii) of
theorem holds because h(A) = h(B), and the condition iii) is provided by the inequality

wawp = (s +k —1)(s+ k) (*2) k(4s — 2) = (wa — g(A))h(B),

where inequality (x) is reduced to evident inequality (s — k)2 > s — k.

The last step £k = s — 1 — s also holds by the proven theorem. It is verified similarly with the
only difference that condition ii) holds due to the fact that number wp = 2s — 2 is even, and therefore
wp - h(A) = (25 — 2)(2s — 1) is divisible by h(B) = 4s — 2.

Thus, we have proved that game with hint (P;, h, *s, vs, 2s—1) is winning. But then game (P, h, xs)
is evidently winning too.

2.6. a) Solution 1. Induction by the number of vertices of the tree. Inductive step. The adding to
the losing tree next pendant vertex can be interpreted as gluing of two losing games by constructor of
problem 3.3, where one of the games is the game on tree (T, *t(s), xs), and another one is o .

Solution 2. We prove the statement by induction on the number of tree vertices. Base case n =1
is trivial. Prove the inductive step.

Let the sages choose some strategy f in game (T, %t(s),xs). The following two propositions hold.

Proposition I. For each sage A at least t(s) — s colors of his hat can be used for construction of
“disproving” hats placements. By the other words, one can choose t(s) — s colors and for each of them
construct a hats placement, in which A’s hat has the chosen color and none of the sages guesses.

Proposition II. For any sage A and any set C of s+ 1 colors (of his hats) one can define the
hat colors on set N(A) (the set of neighbours of A) in such a way that after appending any hat o € C
for sage A to this placement one can supplement the obtained partial hats placement to the hats
placement on the whole tree 7" so that none of the sages on 7'\ {A} guesses correctly.

It is clear that proposition I follows from II. Besides that, from II the inductive step immediately
follows: take any sage A and any set C' of s+ 1 colors, then proposition II provides the hats placement
on set N(A), which uniquely determines what s colors are named by sage A in this game. Give to
sage A a unnamed color from set C, then A will not guess correctly. By proposition II one can make
so that the other sages will not guess correctly.

Proof of proposition II.

Take an arbitrary sage A and an arbitrary set C of s+1 colors (of his hats). Conduct an experiment:
give any hat o € C to sage A and remove him (in our mind) from tree 7. The tree falls into connected
components, for which the inductive step holds. It is evident that each component contains one sage
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from N(A). Let B € N(A) be one of these sages and T be his connectivity component. Since we
have already defined the color of A’s hat, strategy f determines the strategy of sage B for game on
Tg, the other sages from Tp can use strategy f too. By proposition I this strategy can be disproved,
when one gives to sage B a hat of some set containing ¢(s) — s colors.

The above experiment can be conducted in s + 1 ways. The obtained games on Tp differ by the
strategy of sage B and for each of these games we have a “disproving” set consisting of #(s) — s colors of
sage B. It remains to note that the intersection of these s+ 1 sets contains at least t(s) — (s +1)s =1
elements, i.e. it is non empty. Assign the color from this intersection to sage B. Similarly, we will
treat with the other connectivity components. As a result we have built a hats placement on set N(A),
for which proposition II holds.

b) This solution is reported to us by S. Berlov. We prove that for n = (s* + s)! the sages win. Let
A be the central sage. Consider an (s+1) x s table. Invite (s + s)! sages to play in our game and put
into correspondence each arrangement of numbers from 0 to s? + s — 1 in this table to a separate sage.
The strategy of the sages is the following. Each “peripheral” sage finds in his table the row containing
number c4, and names all the numbers of this row. Further on, sage A for each number i from 1 to
(52 + 5)! checks whether somebody of the sages wins if ¢4 = i (it can be easily checked, because A sees
the colors of all hats and knows the sages’ tables). Let iy, iy, ..., i be the list of “bad” values of c4,
for which none of “peripheral” sages wins. If k < s, then A just names these values, and the sages have
won. Suppose that £ > s+ 1. Since all possible tables are occurred among the tables of sages, there
exists sage B, for which the numbers 71, is,..., i,,1 are placed in different rows of his table. But then
one of the rows contains the number cp, and if this row contains number i,, then sage B wins when
ca = iy. Therefore color i, is not bad. A contradiction.

c¢) Similarly to p. b). By a “scrap-heap” we mean three heaps of stones containing h stones in total
(the stones are numbered from 0 to h — 1, and the heaps are numbered by 0, 1, 2, i.e. by possible hat
colors of peripheral sages, empty heaps are allowed). Let n be the number of all possible scrap-heaps.
Define the strategy of the sages on graph K ,,. Give a unique scrap-heap to each sage B;. The strategy
of B; is to name the number of heap containing the stone c4. The strategy of sage A is to enroll those
colors of his own hat, for which none of B; has guessed correctly, and to name all listed colors. This is
possible because the list contains at most two colors. Indeed, if the list contains colors ¢y, ¢s, c3, then
consider any scrap-heap, in which stones ¢1, ¢q, c3 lie in the first, second and third heap respectively.
Without loss of generality one can assume that the owner of the scrap-heap has received a hat of the
first color. But then he certainly guesses correctly his own color, if sage A has received hat of color ¢;
that contradicts the definition of ¢;.

3.1. It is evident: on graph G sage A at first has to name g(A;) colors by the strategy of vertex A; in
graph G (taking into account the colors of the neighbours of A; only), and then g(As) colors by the
strategy of vertex As (looking only at the neighbours of Ay). The sages, who see on graph G only one
of A;, play as if A is this A;. As for those sages, who saw in graph G both sages A; and Ay and now
see only one sage A, they must play assuming that the hats of A; and A, have the same color.

3.2. The hatness of sage v is equal to hi(v)ha(v). So one can assume that the hat of sage v has
“composite color”, i.e. its color is an ordered pair (c1, c2), where ¢; is the color of v’s hat in game G;.
Fix winning strategies for games G; and G, and build strategy for game Gy X, Gsy. Let all the sages from
graph G; \ {v} play by the winning strategy for game G; (the neighbours of v from graph G; look only
at component ¢; of the color of sage v). As for sage v, he plays by both strategies at once: looking only
at his neighbours in graph Gy, sage v finds g;(v) first components of his color by the winning strategy
for game G, and by the winning strategy for game G he finds go(v) second components. Taking all
possible pairs of the founded colors, he makes ¢;(v)g2(v) = g(v) guesses.

The constructed strategy is winning, because either somebody in G; \ {v} or in Gy \ {v} guesses
correctly, or v guesses correctly both components of his color.

3.3. Assuming the contrary let f be a winning strategy in game G. Denote by N; the set of neighbours
of vertex A in graph G;. For any hats placement ¢ on the vertices of graph G; the answers of all
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the sages from set V(G;) \ A are determined by strategy f. We will show that there exist s 4+ 1 hats
placements ¢; (i =1,...,s+ 1) on graph G, such that for ¢ # j

Cily, = il 0i(A) # 9(4),

and such that if the sages from (G play according strategy f, then for all these placements none of the
sages from V(G1) \ A guesses correctly.

For each hats placement « on vertices of N; denote by C(«) the set of hat colors of sage A, such
that for all placements S on G, for which

B‘Nl = &, ﬁ<A> < C(Oé),

none of the sages from set V(G) \ A guesses correctly by strategy f. Suppose that the statement from
the previous paragraph does not hold. Then each set C'(«) contains at most s colors. Consider then
the following strategy for game G;: let all the sages from G, except A, play by strategy f, and sage
A name the colors from set C'(«) (supplementing them by arbitrary colors, if C'(«) contains less than
s elements). This strategy is winning, because if nobody in V' (G1) \ A has guessed correctly, then a
hat from C(«) is on the head of A, and he guesses correctly. Contradiction.

Consider these s+ 1 placements ;. Fix a hats placement o = gol-| N, On N and restrict ourselves to
only those hats placements on Go, where sage A receives a hat of one of s+ 1 colors ¢;(A),i =1, ...,
s+ 1. Then strategy f defines the actions of the sages on graph Gs, i.e. in losing game G, subject with
the only restriction that in the case hy(A) > s+ 1 sage A by this strategy can name more than s + 1
colors, i.e. more than his hatness in game G5. But in this case mention of “outsider” colors does help
to win. Therefore there exists disproving placement ¢ on Go. If ¢(A) = ¢;(A), then ¢ U ¢j‘V(G1)\A is
a disproving hats placement for strategy f in game G.

3.4. It is evident. At first, sage A on graph G has to name the g(A) colors, which he names by the
strategy for graph G, when B’s hat is painted in the first color. After that sage A names the g(A)
colors, which he names when B’s hat is painted in the second color and so on.

3.5. For each natural N denote the set {0,1,..., N — 1} by [N] for short.

For each vertex u of substituted graph G; define its color in game (G,h,g) as a pair from set
[h1(u)] % [ha(A)]. Let sage u look for the first component of his color by the strategy of game Gy, and
the second component by the strategy of A in game G,. The neighbours of vertex A from graph Go
in new graph G see the whole subgraph Gy, and therefore can determine, who has guessed correctly
the first component. Let B be the first of these sages (in lexicographical order). Then the vertices
of graph Gy \ {A} can play by the strategy of game G, using the second component of color B as a
color of A. Since G, is a winning game, some of the vertices win. If it is vertex from Go \ {A}, then
it guesses correctly its color in graph G too. And if the winner of G, was vertex A, then B correctly
found both components of its color.

3.6. For proof we modify the strategy from the previous solution. In view of this construction vertex v
after substitution gets a composite color from set [h(v)] x [A/(A)], and the strategy of sage v consists in
calculating both components of his color, i.e. he chooses s = g(v) colors ¢y, ..., ¢s € [h(v)], calculates
G'-component of his color, i.e. chooses ¢'(A) colors ey, ..., egay € [P(A)], and after that he names
all the pairs of colors (¢;, €;).

We will change the construction of substitution and describe how the sages play in changed situ-
ation. The change affects only the sages v € G, we assign for these sages new hatness and number of
guesses: h*(v) = h(v) and ¢g*(v) = ¢'(A). Therefore now v’s hat has a color from set [h(v)] (instead of
a composite color), that is interpreted by his neighbours from Ng(v) and Ng/(A) as G-component of
his color as before.

The strategy of each sage v € G consists of two phases. The first phase: casting glances at the
neighbours in G, sage v calculates “G-component” of his color, i.e. a set consisting of s colors ¢y, ...,
¢s € [h(v)]. Further, sage v identifies the obtained set and [h'(A)] (by the rule ¢; — 4; remind that
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h'(A) = s). After that the second phase begins: he looks at his neighbours in graph G’ and apply the
strategy of sage A naming ¢'(A) colors from his newfound set [h'(A)].

It remains to describe strategy of the sages from Ng/(A). They all see the whole graph G, so
they know, what set of colors each sage v has identified with set [h'(A)]. Besides that, they all know,
who from V(G) has guessed correctly G-component of his color. Let w be the first of these sages in
lexicographical order. Since sage w has guessed correctly G-component of his color, the color of his
hat belongs to the set [h'(A)], that he has constructed in the first phase. Then during the second
phase the sages of graph G'\ { A} simply play the winning strategy of game G’, substituting w with its
constructed set [h'(A)] in the place of A, and sage w actually plays by this strategy too, as explained
above. As a result, somebody of them will guess correctly.

3.7. Each neighbour of A in V(G)\ {A} now sees the whole set B, computes a “virtual color of sage A”

cA = ch (mod h(A))

veEB

and plays by the strategy from game G. As for the sages from B, they take for themselves one answer
a; each from the strategy of sage A, and sage v; names color

a; — Z ¢, (mod h(A))

vEB,v#v;

(therefore, i-th sage verifies hypothesis c4 = a;).

4.1. Let B be the vertex of hatness 2. Apply for vertex B the statement of constructor “removing
half-edge” (problem 3.4) making this vertex invisible for the other vertices. Then the other sages do
not see B, have two attempts, and lose by the statement of problem 2.6b). Giving them a disproving
hats placement, the referee will make so that sage B will not guess correctly too.

4.2. Fix number s. Consider the case, when the upper vertex has hatness s+ 1, and the other vertices
have hatness h. Acting as in the previous problem, we make the upper vertex invisible for the others,
as a result, the number of guesses of the vertices on path P,_; becomes equal to s(s + 1) = f(s). By
the statement of problem 2.6 b) the sages lose for h > f(f(s)). Thus t; < f(f(s)).

4.3. We will prove by induction on the number of petals that for A > f(f(f(s))) the game is losing.
The base case, one petal G, follows from the previous problem: game (G, *h, xs) is already losing for
B> [(f(5)). )

But we need one more relative statement — a “modified base of the induction™ game (G, *h, xs) is
losing for b > f(f(f(s))), where xh denotes the hatness function that is equal to h in all the vertices
of petal G, except one vertex B for which h(B) = s + 1.

Proof of the statement. If B is the upper vertex of petal GG, then this is again the statement of
the base. Let B be an arbitrary vertex of petal on path P,_; (fig. 7, left). Using constructor “removal
of half-edge” (problem 3.4), make vertex B invisible for the other vertices. As a result the number of
guesses of its neighbours becomes equal to f(s). Now vertex B can be deleted from G, because nobody
sees it, it has hatness s + 1 and s guesses, so it is fated to fail in guessing. It can be easily seen that
the remained graph is a union of two petals with common upper vertex (or one petal, but this case is
trivial) and its vertices have s or f(s) guesses (fig. 7, center). Add to graph horizontal edge between
former neighbours of B (fig. 7, right), this edge can help to the sages to win. As a result, we have
obtained a petal, which vertices have hatnesses at least f(f(f(s))) and at most f(s) guesses. By the
statement of the base the sages nevertheless lose.

Now prove the inductive step. Consider petunia M,, = M,_; +,_L,. In view of modified statement
of the base game (L, xh, xs) is losing for h > f(f(f(s))), where we denote by *h the hatness function
that is equal to h in all the vertices of petal GG, except v,,, and hatness of v, is equal to s + 1. Game
(M,,_1,%h,«s) is losing by the induction hypothesis. It remains to note that game (M,,, xh, xs) can be
obtained by constructor of problem 3.3 from losing games (M,,_1, xh, xs) and (L, xh, xs) and therefore
is losing too.
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Figure 7. Removmg of vertex B from petal G

4.4. a) Estimation HG4(G) < 4s(s +1) — 1. Let A be the stem of the petal, h(A) = s + 1, and the
other vertices v have hatness h(v) = 4s(s+1)—1. It is sufficient to verify that game (G, h, xs) is losing.
By the statement of problem 5.6, this game is equivalent to the game on path P,, where all vertices
have hatness equal to 4s(s +1) — 1 and s(s + 1) guesses. But this game is losing by problem 2.3.

Now we will prove that game (G, *4s(s + 1) — 2, %s) is winning for sufficiently large n.

Let Gy = (P, *4s(s+1) —2,xs(s+1)). For sufficiently large k this game is winning by problem 2.5.

Similarly to the problem 2.6 ¢), one can prove that for any natural h there exists such natural n,
that game on graph K, is winning, if the hatnesses of all peripheral sages are equal to s + 1 and
they all have one attempt for guessing, and the hatness of the central sage is equal to h and he has
s attempts. Set h = 4s(s+ 1) —2 and choose suitable n. Substitute with reducing game Gy in the place
of each peripheral sage!. We obtain a winning game, where the hatnesses of all vertices are equal to
4s(s + 1) — 2, the numbers of attempts are equal to s, and the graph is a subraph of a large petal.

b) As we have checked in p. a), game (G, h, *s) is losing, where G is a petal with large number of
vertices, and h is the function defining hatness of the stem by s + 1, and the hatnesses of the other
vertices by 4s(s + 1) — 1. By the statement of problem 3.3 gluing of stem of such petal to a vertex
of another losing game with s guesses gives again a losing game. But royal petunia by definition is
constructed by consecutive stem’s glueings of petals! Therefore a game on a royal petunia with large
petals, where all the vertices have hatness 4s(s + 1) — 1 and s guesses, except the first (rooted) stem
with hatness s + 1 and s guesses, is losing. It gives the estimation HG4(G) < 4s(s + 1) — 1.

Then HG4(G) = 4s(s+1) — 2, since this hatness is realized already on petals that are royal petunias
too though not very branchy.

5.1. “If” case. Fix one of hg colors of the central sage’s hat. Then the strategies of the other vertices
n

are determined, and in [[(h; — g;) cases none of pendant vertices guesses correctly. Therefore the
i=1
central sage must guess. But the central sage can do this only in go [] h; cases in total. We obtain an
i=1
inequality that is equivalent to the inequality from the condition.

“Only if” case. We will show that for N = [] h; game (K1, (N - ho; hay ... hy), (N - 905 G145 Gn))
i=1

is winning.
Encode hg - hy - ... h, colors of the central sage by sets (co;c1, ..., ¢,), where 0 < ¢; < h;. Let i-th
sage, when he sees color (cg; ¢y, . . ., ¢,), name colors ¢;, ¢;+1, ... ¢;+g;—1 (mod h;). And let the central

sage look at the others and name all variants, in which none of them guesses correctly. How many are
there such variants? There are hy variants for zeroth component and h; — g; variants for each of the
n

others. But the inequality from the condition is equivalent to the inequality ho[](h; — ¢;) < N - go,
=1
"We need here the following more general version of the constructor than that in problem 3.6. o
Let G = (G, h,*sgo), G' = (G', ', ¢') be winning games. Let A be a vertex of graph G’, and h'(A) = s. Let (G, h,q)
be the winning game obtained by the substitution of game G on the place of vertex A to game G’ (as in problem 3.5).
By the rule of the substitution for all substituting vertices v

h(v) = h(v)h'(A) = s-h(v),  g(v) =g(v)g'(A) = sg0 - g'(A).

Consider new functions h*, g* on graph é, which differ from ﬁ, g only by the values in substituting vertices v, and this
difference is the cancellation by s:

h*(v) =h(v),  g"(v) =go-g'(A).

Then game (G, h*, g*) is also winning.
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thus the central sage has enough attempts.

g g g
5.2. Denote the sages by A, B and C" i—é—’fch We present a winning strategy for the sages. Let
sage A name colors cg, cg+1, ..., cg+(g—1) mod h, and sage C cp, cB—I—[%], ey CB+[(g—1)§] mod h,

where [z] denotes the rounding to the nearest integer. Therefore, if B’s hat is from the set
Iy = (cA,cA —1,...,ca—(g— 1)) mod h,

then sage A will guess correctly, and if B’s hat is from the set

Ic = (cc,cc— [S},...,Cc—[(g—l)'g}> mod h,

then sage C' will guess correctly. It remains to prove that for sage B there are at most g colors not
covered by set I4 U I or, equivalently, that

h_‘jA‘_’[C’+’[AmIC’ <

g.
Since |I4| = |I¢| = g, it is equivalent to the inequality |14 N I¢| < 39 — h.

Suppose that this statement is wrong and |/4 N I¢| > 3g — h. Then there exists k such that both
numbers c¢ — [k - g] and coc —[(k+3g—h) - %] belong to I, N I¢ (the elements of 14N 1o can be written
in two forms: ¢y —i = co — [E . %}; the number ¢ that corresponds to the minimal possible 7, can be
taken as k). Since both numbers belong to set 14, consisting of consecutive remainders, the distance
between them does not exceed g — 1:

(cc - [k-g})—(cc— [(k+3g—h)-g]) <g-1,

that is equivalent

[(k+3g—h)-§]—[l@-§] <g-1.

Getting rid of rounding, we obtain the corollary:
h h
(k+39g—h)-——05—k-——05<g—1.
g g

The last is equivalent to the inequality (3g — h) - % < g,i.e. 0 < ¢g?—3gh+ h% that contradicts the
condition.

5.3. By the statement of problem 5.1 the existence of k, for which game (Ps, xkh, xkg) = (K1 2, xkh, xkg)
is winning, is equivalent to the condition

1-8)0-9 <3

For non-negative h it is equivalent to the inequality g2 — 3gh + h? < 0, that for 1 < g < h is equivalent
to the inequality

h<3+\/5.

g 2

Now the problem statement is evident.

5.4. Consider an arbitrary strategy of the sages in game (G, h). The product [] h2(v) enumerates
vEHo

hats placements on Hy. When we choose each of these hats placements, we fix strategy of the sages

on Gy. For the fixed hats placement on H, consider hats placements on G;. The sum

ueGy

estimates from above the fraction of those placements on (G;, where at least one sage from (G; guesses

_1
hi(u)
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correctly. Then the product ( > #(u)) [] h2(v) estimates from above the maximum fraction of
ueGy vEH>
those placements on (1, where at least one sage from (G; guesses correctly provided that each sage

makes [] ha(v) guesses. Therefore the inequality from the problem condition means that there exists
vEHy
hats placement a on Gy, for which none of sages from G, guesses correctly, whatever hats were given

to the sages from H,. Therefore after assigning hats placement o to sages from G, none of them
guesses correctly and the strategies of the other sages on graph G, are completely determined and now
are suitable for game (G, he). Since this game is losing, hats placement o can be enlarged to hats
placement on Gy, for which nobody from G5 guesses correctly too.

5.5. Let the sages have fixed a strategy on graph G’. We will construct a disproving hats placement
for this strategy. The strategy of sage A for each of 2h(B) — 1 possible colors of hat of B prescribes
to name one of two colors. Some of these two colors is named at most h(B) — 1 times. Give to sage
A the hat of this color, this will fix the strategy of sage B on the remained graph G. Now, to prevent
correct guessing of A, we give to B a hat of one of at least h(B) remained colors. Since game G is
losing, we can construct hats placement on graph G so that nobody on G will guess correctly.

5.6. If G is a winning game, we remove by problem 3.4 all half-edges vA and obtain the winning game.
In this game A has s guesses, s + 1 colors and no information, therefore we can assign A’s color such

that A does not guess. But now the remaining sages play the game G’. Hence G’ is winning.
s 1
s+1 s+1
If the game G’ is winning, substitute G’ in the winning game ;;r—]'; in place of vertex B by problem

3.6. We obtain a winning game G.

5.7. a) Let G be a losing game on path ABC where h(A) = h(C) = 2, h(B) = 5. If both games
were losing, then the initial game would be obtained from these games and game G by constructor of
problem 3.3 (where s = 1, g; = go = x1) and were losing too.

b) Set V(G) consists of the vertices of graph G and the set of new vertices V; (that are situated in

the middles of two-link paths). Define a function on V(G):

h(v) = 2, veV(Q),
5 wveV.

It is sufficient to verify that game (é, h) is losing. It is evident. Indeed, each sage from V; has two
neighbours in G with hatness 2, so he names by his strategy at most four colors. Then we give him a
hat of the color, that he does not name, and he will not guess correctly. Now all the answers of the
sages from V(@) are determined, and we give to each sage a hat of the color that he does not name,
too.

5.8. Let after deletion of the bridge graph G fall into components (G; (containing vertex B) and Gy
(containing vertex A). Define hatness functions h; and hy on these graphs by the rule

) W
hi(z) = {[h

) eeVENBL {hm, r e V(G)\ {4}
TB)L r=B. ?

(A2, z=A

Let G = (Gy, h|G1), it is a losing game due to properties of function h.

2 2
If games G; = (G1, hy) and Go = (Go, he) are both winning, then game G; X p é—;l X 4 Gy 1s also
winning. If the values h(A) and h(B) are even, we obtain the desired decomposition in the product of
games. But if at least one of the numbers h(A), h(B) is odd, then the hatness function of the obtained
game majorizes h and by properties of function h such game cannot be winning, a contradiction.
It remains to consider the case, when at least one of games game G; = (G, hy) or Go = (Ga, ha)
is losing, let it be game Gs. Let us apply constructor of problem 5.5 to loosing game G,: take a new
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vertex B of hatness 2 connected with A, let the hatness of vertex A become equal to

2(@} — 1 < h(A)

and the hatnesses of other vertices be defined by function h. Denote the obtained game by G). Apply
now constructor of problem 3.3 to games G| and G} (we assume that s = 1, g1 = g2 = x1). We will
obtain a losing game on graph G, in which hatness function does not exceed h. It is impossible.

5.9. Denote the initial game by G; = (Gi, hy,¢91), where g = 1. Denote by Go the subgraph of
graph G obtained from G by removing vertex A, denote by (3 the subgraph of G5 obtained from
G4 by removing vertex B, and denote by G4 the graph obtained from G3 by adding vertex C', which
is connected to all other vertices, i.e. in fact G, is obtained from (G5 by renaming vertex B to C.

Consider games Gy = (G2, ha, 92), G3 = (G3, hs, g3), Gs = (G4, ha, g4), Where

hl(v) v € (s, hl(v) v € Gy,
h = , h =h , h = ,
2(v) {3 o B 3(v) = hnlg, 4(v) {6 O
1 veGs,
=2 =6 = .
g2 g3 94(v) {5 -

Suppose that game G; is winning. When we remove by problem 3.4 all the half-edges leading from
vertices A and B, we obtain a winning game, in which the number of guesses of all other sages (i.e.
the sages from G'3) become equal to 6, and the strategies do not depend of colors of A’s and B’s hats.

Assume that there exists a hats placement on G3, for which nobody from G5 guesses correctly. This
1 1

2 3
hats placement determines the strategies of sages A and B, playing on edge AB in game /.1—1;3’ and as

a result all the sages lose. That is impossible. Therefore the restriction of the game to graph Gg, i.e.
5 1

game G3, is winning. Making by problem 3.6 substitution of this game with reducing in game 3—06
v
in the place of vertex v, we obtain winning game G,.

Conversely, let game G4 be winning. We wish to replace player C' by two players A (with hatness 2)
and B (with hatness 3). Let us demonstrate the winning strategy of the players in the obtained game.
All players from G5 will use the strategy of game Gy, interpreting pair (color A, color B) as composite
color of player C'. Show how one can “convert” the strategy of player C' to a pair of strategies of A
and B.

The color of player C' is an element of the set C = {0,1} x {0,1,2}. Let for the current hats
placement of his neighbours C' must name all the colors from set C, except (1,2). Then the actions of
players A and B consist in that A names the color with the same parity as B’s color and B names
color 0 or 1 of opposite parity to A’s color. Player C' has guessed correctly, if one of colors (0, 0), (0, 2),
(1,1) or (0,1), (1,0) was on his head. By our rule in the first three cases A guesses correctly, in the
other two B guesses correctly.

The roles of A and B are assigned similarly for the other sets of five guesses of C.

5.10. Show that game (G, *HGy(G[A]) + 1,s), where s’ = s(HG,(G[B]) + 1)%, is losing. For this we
construct hats placement such that the sages will lose. Since HGy (G[A]) > s’ > HG4(G[B]) + 1, i.e.
the hatness in the game under consideration is larger than HG,(G[B]) + 1, it is sufficient to consider
the case, when the hatness of the sages from B is equal to HG4(G[B]) + 1. Applying problem 3.4,
remove all half-edges from A in B, making set B invisible for set A. Since during this action we erase
at most d half-edges for each sage from A, the number of sages’ guesses will increase, but will not
exceed s’. And the strategy of the sages from A now does not depend on the hats placement on B.
Therefore we can assume that they play a game <G [A], *HG (G[A]) + 1, ' > on graph G[A]. By the
definition of s-hat number this game is losing. Thus, there exists a hats placement on A, such that
nobody from A guesses correctly. Give to the sages from A this placement, then the strategy of the
sages from B of game on G[B] is determined. Since the hatnesses of the sages from B are greater than
HG;(G[B]), we can assign colors on B so that the sages will lose.



Muoro4jeHbl B TEOPUH YHCel

IIpoekT moAroToBMIN M MPEICTABISIOT:
ITaBen Kosnos, Unbs Bornanos, IlaBesr KoxeBankoB, Auapeit PsomdaeB, bopuc ®penkmn, Navid Safaei

AnboTanus

B sToM mmpoekTe Mbl cobnpaeMcsd IT03HAKOMUTD YYACTHUKOB ¢ HECKOJIbKIMHU 3aMedaTe b
HBIMI 3aJIa9aMy 1 UJIesIMI, BOSHUKAIOIIUMU Ha CThIKE TEOPUHU YHCE U TEOPUU MHOT'OUJIEHOB.
DTOT NPOEKT OYJIET COCTOATh M3 HECKOJIbKIX Pa3/IeoB, KayKJIblil 13 HUX OyJIeT I10-CBOEMY
NHTEPEeCEH.

B pasnene 0 cobpanbl BcrioMorareabHbIe aKThl, KOTOpPble OyIeT IOJEe3HO 3HaTh JIJIsd
pelieHust 3a/1ad.

Bo pazgene 1 pedb moiijger o JeJUTENIX (M IIPOCTBIX ,HGHMTGHGﬁ) 3HAYCHUIl pas3Jimd-
HBIX MHOI'OYJIEHOB C LEeJIbIMEI KO UImeHTaMu. 3/1eCh YIaeTcs 10padoTaTh ¢ HEKOTOPBIMU
KOHKPETHBIMI MHOTI'OUJIEHAMH, & TaKKe YCTAHOBUTH HEKOTOPhIE 00II1e, IIPUIeM BeCbMa Kpa-
CUBBIE U YJIUBUTE/IbHBIC, pe3yIbTaThl. HanpumMep, oka3biBaeTCst, 17151 JIFOOOT0 HEIIOCTOSTHHOT'O
MHOI'O4JI€eHa C IeJIbIMU KOS(beI/ILH/IeHTaMI/I CymieCTBYET 6€CKOHG‘{HO MHOT'O IIPOCTBIX YHCEJI
Bujia 4k + 1, Ha KOTOpBIE JIeJIATCS ero 3HaUYeHUs B LeJIbIX TOYKax. A ecjm 11oTpedboBaTh OT
MHOI'OUJIEHa, JOMOJHUTEIbHO HAJIMIHe BEeIeCTBEHHOI'0 KOPHSI, TO 9TO »Ke MOYKHO CKa3aTh O
IPOCTHIX Yuciaax Buja 4k + 3.

Pazen 2 nocsiés B OCHOBHOM OJIHOI CJIOXKHOI TE€OpeTUKO-1ICI0BOIl 3a1a4e, B KOTOPOil
OIIMCBLIBAIOTCS BCE CHUTYyalllM, KOIJIa IIPOM3BEJIEHUs] 7, IIOC/Ie0BATEIbHBIX YKICEJI, yBeJIH-
YeHHbIe Ha KOHCTaHTY, {ABJISIIOTCS TOYHBIMU cTerneHaMmu. [lo Xojy peleHust 9Toil 3ajga4n
YH9aCTHUKMN O3HAKOMATCA C aHaAJUTHUYICCKUMUN W YUCJIOBBIMM METOJaMM, ITIOJIESHBIMM W JIJIA
peliennd Apyrux 3aad.

B pasnesie 3 cobpaHnbl pasHble 3a1a91, IPEICTABIIAIONINE CAMOCTOATEIbHBII NHTEpeC U
B HEKOTOPOM CMBICJI€ POJICTBEHHBIE JPYTUM 3aJiadaM MPOEKTa.

0 Bcnomorareabablie (DaKThbI

0.1 OcHOBBI TeOpUT YHCET

[lepeuncyiiM HEKOTOpPbIE TEOPETUKO-UNCIOBbIE CBEJICHHSI, KOTOPbIe MOI'YT IOTPEO0BATHCS
IIpU pelienun 3a/1a4.

e Jlesienne ¢ octaTKoM M aJropuTM EBKinjga.
e Jluneitnoe npejcrasierane HO/I.

e OcHoBHast TeopeMa apudMeTHKN (O CYIIEeCTBOBAHUN U €MHCTBEHHOCTU PA3JI0yKEHUST
HATYPAJBHOIO YUC/IA HA MPOCTHIE COMHOMKUTEIIN ).

CaeacTBre OCHOBHOI TeopeMbl aprMeTUKN — HaJITIHe JIjIsI JJF000r0 HATYPaIbHOIO ULC-
tan > 1 Kanonuveckozo pasaoscenuan = pit ... ppt, TaE P1, . . ., Pk — PA3JIIUHBIE IPOCTBIE
quCaa, aq, ..., Q) — CTEIEeHN UX BXOXKJEHUSI B PA3JIOYKEHHE.

CrerneHb BXOXKJIEHUSI IIPOCTOTO YNC/Ia P B PA3JI0XKEHNe 11e/I0r0 1 HuzKe Oyj1eM 0003HauaTh

vp(n).



e Kuraiickast Teopema 00 ocTaTKax.

Ojna u3 ee nepedopmyInpoBokK TakoBa: [lycTb jtaHbl n OECKOHEYHBIX B 00€ CTOPOHDI
apuMeTHIECKUX [IPOIPECCUil, COCTOSIINX U3 IeJIbIX YNUCce/I, IIPUIeM Pa3HOCTHU IIPOrPeccuil
di,...,d, TOnapHO B3aMMHO IIPOCTHI. Torja nepecedeHne STUX MPOrPeccuii — Iporpeccust
C Pa3’HOCTBIO dj ... d,.

e CpaBHEHHUs TI0 MOJIY/IIO U BBIUETHI.

Bamuch a = b (mod n) (a 1 b cpaBHUMBI 110 MOJLYJTIO 1) JiJisI TIEJIBIX @, b U HATYPAJIBLHOIO
n O3HAYAET, 9TO @ U b UMEIOT paBHbIC OCTATKE MPU JIeJCHUN HA 1, Wil 910 n | (@ — b).

Boviuemom 110 MOJLYJII0 N Ha3bIBAIOT KJIACC SKBUBAJECHTHOCTH OTHOCUTEIHLHO OTHOIIEHMS
paBeHcTBa 110 MOJYJIIO N (K&}Kgblﬁ TaKON KJIacc IpeJIcTaB/IdgeT co00il aprudMeTHIecKyIo
IPOIPECCUI0 € PA3HOCTBIO N); BIPOYEM, BBIYETOM UHOTJIA HA3BIBAIOT U JIDOOTO TPeJICTABH-
TeJisd KJacca. Bece n BbIYETOB 00pa3yoT NoAHY CUCMEMY 6bi4emos, KOTOPYIO 0003HadYaeM
Z,. Moxuo cantarhb, 910 Z, = {0,1,...,n—1}, eciin i1t Kazk10r0 BbIYETA BHIOPATH COOT-
BETCTBYIOIIETO IpejicTaBuTe/isi. Ha MHOXKeCcTBe BBIUETOB €CTECTBEHHO BBOJSITCS OIEPAIIIN
caoxkenus 1 ymuozkennsa. OBpaTHBIM K BBIUETY @ Ha3bIBAETCA BBIYET @ | Takoif, 9To aa !
paBHo 1 B Z,, Te. aa"! = 1 (mod n). Boiuer a obparum (T.e. mMeeT obGpaTHbIi) TOrIa 1

ToJbKo Toraa, Korma HO/(a, n) = 1.

e Teopemnbr Ditiepa u Pepma.

Teopema Ditiepa IIACKT, UTO JIst B3ANMHO IPOCTHIX ¢ € Z un € N spimoseno a?™ = 1
(mod n), tae @(n) — dyukuus Diiepa ducia n, T.e. KOJUUECTBO YUCEJ U3 MHOXKECTBA
{1,...,n}, B3aUMHO IIPOCTBHIX C N.

Teopema @epma, — 4JacTHBIN CJIydail TeopeMbl Jiljiepa, st IIPOCTOr0 N = p.

e [loxasamenem TEIOTO YUCTA @ TIO MOJYJIIO HATYPAJBHOTO 1 HA3BIBACTCS HANMEHbBIIIEE
narypajibioe k taxoe, uto a¥ = 1 (mod n). (Slcno, uTO MOKa3aTENL OIpeeeH TOILKO B
ciayaae HO/l(a,n) = 1.) [Tokazarens obosuadaem ord,(a).

OrmernMm citepytoree cBoiictBo mokasaresst: ¢ = 1 (mod n) Torjga m TOJIBKO TO-
riaa, korma ord,(a) | m. B cuiy Teopembr Diisiepa 0TCIO/IA, B YACTHOCTH, CJIEYET, UTO

ord,(a) | ¢(n).

Eciu ord,(a) = p(n), To crenenn 1, a, a*

e a?(m-1 1IpoberaloT BCe BhIYETDHI, B3aUMHO-
pocThie ¢ n. B TakoMm ciiydae a Ha3bIBAIOT NEP8000pasHvim KopHem 1o Moayio n. Ilepso-
00pa3HbIil KOPEHb CYIIECTBYET TOTJIa U TOJIBKO TOTJIa, KOoTjia 1 paBHo 2, 4, p® wiu 2p® Jiist
IIPOCTOTO P U HATYPAJILHOTO (.

e Hamomuum LTE-semmy (Lifting the Exponent Lemma).
[Iycth p — HEUETHOE MPOCTOE YUCIO, a, b — pasnndtble mesbie. Torma ecin p | a — b, TO

opla” — ") = vy(a — b) + v,(n),

Eciu e p = 2, 10 9710 BepHo 1pu ycjosuu 4 | a — b.

e HenyseBoit BblYeT @ 10 IPOCTOMY HEYETHOMY MOJYJIIO P HA3BIBACTCA KGAOPAMUMHDLM,
ec/iu cpasHenne r2 = a (mod p) umeer HerycToe MHOKecTBO periennii. Konndecrso (nemny-

—1
HGBBIX) KBa/JIpaTUYIHbIX BbIY€TOB pT — CTOJIbKO 2K€, CKOJIbKO HEBBLIYETOB.



CrpaseinB KpuTepuit Diijiepa: HEHyJIeBOIl BBIYET @ SABJIAETCS KBaJIPATHYHBIM TOIJIa I
p—1
TOJILKO Torjia, Korvia a 2 = 1 (mod p).

0.2 Teopus gemumoctu B Q[z]

MHOKeCTBO MHOTOWIEHOB € PAIHOHATBHBIMI KO3 dunnenTamn obo3uadnm Q[z], a Muoxe-
CTBO MHOTOYJIEHOB € Te/biMi Ko dunnentamu — Z[x|. MHOrOUIEHBI CTENeHNn He MEHbIIe
1 HABOBEM HENOCMOAHHLLMU, TAK TITO MMOCTOSTHHBIE MHOI'OYJIEHBI — 3TO MHOT'OUJICHBI, TOXK-
JIECTBEHHO DPaBHBbIE HEKOTOPOMY 4quciy. Hemocrosianbiit mMuorowten f € Q[z] cremenn
d nasbiBaercs npusodumvim Hag Q (mmm mpusogumbiM B Qx]), ecsm oH MoxKeT OBITH
IIPeJICTaB/IEH B BUJI€ NIPOU3BEICHIS JIBYX MHOIOYJIEHOB CTEIEHN MeHbIeil ueM d ¢ paimo-
HaJIbHBIME 2Ke Kodbdurmentamu. Kaxkipiit Henoctosuubiii Muaorowien u3 Qx| sipisiercs
MO0 MPUBOAUMBIM, J1O0 Henpusodumwvim Hag Q. Taxk ke, Kak U Iiejible 4KCIa, MHOIO-
wienbl 13 Q[z] MoxKHO mesuTh ¢ octatkoMm (Hampumep, “yrojakom”). B Q[z] onpenensiercs
HO/I muorowienosn f1, fa, ..., fr Kak MHOrOYJIeH HAOOJIbIIEH CTelleHn, Ha KOTOPbIi JIe/INT-
cd KaxKJblit 13 MHOrO4wIeHoB f1, fo, ..., fr. HO MHOro4/1€HOB €IMHCTBEHEH C TOUYHOCTHIO
JI0 YMHOYKeHHIs Ha HeHyseBoe dmcsio, HO/ aByx MHOrO4/I€HOB MOYKHO HAXOAUTH C ITOMO-
mpio anroputMma Ekiammga. Muorounens, HO/l kKoTopbix paBen 1, HA3bIBAIOTCS 63AUMHO
npocmuimu. Anajoramn Teopem o Jinneiinom rpejcrasiennn HOJI u ocHoBHOIT TeopeMbl
apndMEeTHKN JJIsT IEIbIX IUCesT ABJISIOTCS CJIEIYIOIIIe TEOPEMbI:

®akr 0.1 (Teopema o smueitnom mpeacraBiaennn HOJL). [liist 1100b1X MHOTOUIEHOB
f1, fas - o, fr € Qx| HaiiyTesa Takue MHOTOWICHBT U, Ug, . . . Uk € Q[z], aro

HOI(f1, for .- .o fr) = unfi +uafo + ... up fi.

®akr 0.2 (OcHoBHag Teopema apubmernkn). Henocrosuubiiit muorowren f € Qx| mpes-

ctaBuM B Bujie f = hy-ho-...-h,, rie h; — Henpuojaumbie Ha 1 (Y MHOrOYJIEHBI, IIPUYEM €CJIN

f=hi-hl-...-hl, — npyroe Takoe pasioxkeHue, To s = I U JiJis HEKOTOPOIT IIepeHyMepaIin
1, hh ... hl Gyner BbinoIHEHO

/ / /
hl :ulhl, h2 :U2h2, ceey h ZUThT,
rae up, us ... U, — HEHYJIEBbIE palllOHaAJIbHbIE YHCJIA.

prnHHp}/'H B pa3JiIozKEeHUHN Ha HEIIPUBOJIMMBIEC MHOTI'OYJICHbI OJJMHAKOBBIE COMHOXKUTEJIN,
MO2KHO IIOJIYYUTHb KAHOHUYECKOE PA3NOHCEHUE, HO,ZLO6HO KaHOHNYCECKOMY Pa3JIOZKEHUIO Ha-
TYPaJIbHOT'O YUCJla Ha IIPOCTbBIE COMHOXKUTEJIN.

0.3 Jlemma I'aycca

Hazosem codeporcaruem muorodnena c nesbivu kodddumuentamu HO/ Beex ero kosddu-
nerToB. Jlasee coneprkanne muorodieHa f obosunaunm d( f). Ecim d(f) = 1, To MmHOTOWIEH
f HA3BIBAIOT NPUMUMUCHBIM.



®axkr 0.3. [lycts f, g € Z[x|. Torna d(fg) = d(f) - d(g). B gacrnocru, npoussejienne 1Byx
IPUMUTUBHBIX MHOPOWICHOB CHOBA OY/IET NPUMUTUBHLIM MHOTOUJICHOM.

HokazarenapcrBo. Haunewm c mocsennero yreepxaenust. [lyers f(x) = ag+ayz+. .. aa”

i g(x) =by+biz+...by,a" — IPUMUTHBHBIC MHOTOUICHBI U3 Z|x], IpOU3Be/eHIe KOTOPBIX
HE SIBJISIETCSA MPUMHUTHBHBIM, TO €CTh ISt HEKOTOPOT'O IPOCTOTO THCJIa P BEPHA JICTIMOCTD

pld(fg).

Bribepem HavMeHbIne HHJEKCH S, T, JIJIsi KOTOPBIX P { as,p 1 by. Takue unjekcw Haii-

s+t

nyTest B cuny npumutuBHocTu f u g. Kosdpdunument npu ¥ B muorodsnrene fg Oyuer

paBeH
Csrt = Qsby + (ast1bi—1 + Qsrabi—o + .. .) + (@s_1bip1 + as_obiio + .. ).

Tak Kak as_; u by_; iput i > 0 JIeJIsITCS HA P 110 YCJIOBUIO U P | Csy4 TIO TIPEJIITOJIOXKEHHIO,
10 P | asby, & 970 TPOTUBOPEUNUT BBHIOOPY MHJIEKCOB S 1 t.
[Tepexosist K obImeMy cJIydaro, 3aImiineM TPON3BOIbHbIe MHOTOWIEHDI f, g € Z[x| B BujIe

f=d(f)fo,  g=4d(g)g,

rie fo, go — npumnTuBEbIe MHOrOUIeHb. Tak kak fg = d(f)d(g) - fo- go 1 1m0 JOKa3aHHOMY
d(fo-g0) =1, 1o d(fg) =d(f)d(g), aro n TpeboBasOCH JTOKA3ATD.

®akr 0.4 (JIemma laycca). Muorowien u3 Z, HenpuBOIUMBIN HaJ Z, TAK¥KEe HEMPUBOUM
na Q.

HokazateascrBo. [IpemonoxKnm, 9To /171 HeKOTOPLIX MHOTOWIeHOB h € Z[x| u f, g € Q[z]
BbINIOJTHsIeTCsT paBeHcTBo h = fg. Ilocne ymHOXKeHMst 0benx dacTeil 9TOro paBeHCTBa Ha
HOK 3namenareneit n BeiHecenns HOK uncimresneit Bcex koadduimentos y f u g, oHO
IIEPEINChIBAETCS B BIJIE:

ah = bfogo,

riue a,b € Z, a fy u gy — NPpUMUTUBHBLIE MHOIOUYIEHB HaJl Z. Ilo npeaplaynemy myHKTY,
a-d(h) = b, Tak 4TO TIOC/IE COKPAIIEHUST TTOJIyIaeTCsT PA3JIOKEHIE

h = d(h) fogo,

I09TOMY MHOTOWICH h MPUBOJINM TakzKe n B Z[x].
C nomorieio temmbl [aycca u ocHoBHO# Teopembr apudmernkn st Q[z] moxkuo mOITY-
YUTDH CJICYIOIUI

®akr 0.5 (OcHoBHast Teopema apudmernku B 7Z[x]). Henocrosianbiit Mmuorounen f € Zlz]
npejcraBuM B Bujie f = hy - ho - ...« h,, vie h; € Z[x] — uwenpusonnmbie Hag Q (Hemocto-
SIHHbIE) MHOIOYJIEHDI.

Ecaun B mocnegnem pasnoxkenun f = hiho...h, crpynmnmpoBaTh HPOIOPINOHAJIbHBIE
COMHOKUTEJIM U BbIHeCTH 13 Kazkjoro comuoxkuresns HOJI ero koadpdunmenTos, To Mbl
IPUJIEM K KAHOHUYECKOMY PAZJIOKEHUIO MHOTOWICHA ¢ HEeJbIMHI KoM QUImeHTaMmI

f=u-9"g5"...g.",



rie g; € Z[x] — monapHO B3aUMHO IIPOCTBIE TIPUMUTHBHBIE HenpuBoquMble Hasl Q (Hero-
CTOsTHHBIE) MHOTOUJIeHbl, U € Z, u # 0, k > 1, o > 1.

Kanonnueckoe pasjioKeHue eJMHCTBeHHO ¢ TOYHOCTBIO JIO JOMHOKEHUS COMHOXKUTE,Ieft
Ha *1.

0.4 Jlemma I'enzensa

B sroii naparpade omnuineM o4eHb BayKHbBIN Pe3y/IbTaT, KOTOPBI He OJUH pa3 IIPHUIOUTCs
B JaJibHeiimeM. st Hagasia 3aMeTuM, 9To JIJIst JIF0OOr0 MOCTOSTHHOIO MHOTOYIeHa f BEPHO
cJIe/IyIoIee TOXK IeCTBO:

fl@+y) = f(z).

Hasbie, st J1i060r0 JINHETHOro MHOTrOWIeHa f BEPHO COOTHOIIEHUE:

[l +y) = fx) +cy,

rJie KOHCTAHTa ¢ paBHa KO3(MDPUIIMEHTY NIPU X WK, JIPYTUME CJIOBAMU, TIEPBOIT TPOM3BOTHOM
MHOTro4JieHa f.

Beienanucasnoe HeCJI02KHO 0600IUTH Ha CJIydail TPOU3BOJIBHOIO MHOTOUIEHA (HAIIPH-
Mep, C IMOMOIILIO WHYKIMU 1[I0 CTelleH: MHOrouIeHa). Bepen cienytomuii dhakt: ecim f —
MHOI'OUJIEH CTeleHu d ¢ IeIbIMU Ko DUuImeHTaM, TO CIPaBeJINBO PABEHCTBO:

fla+y) = f(z) + filz)y + fol@)y® + ...+ fala)y”,

rae f;, 1 =1,2,...,d — MHOrO4IeHbI ¢ IeabiMu Ko3dduimenTaMu crerneHn He Boime d — 1;

(@)
fi sIBHO BbIparkaroTcst Kak f; = fz.! .

HGHOCpe,ZLCTBeHHbIM CJICAICTBUEM 9TOTI'O YTBECPZKIACHUA ABJIACTCA CJICAYIOIasd OYCHb I10-

JIESHad JICMMa.:

®akr 0.6 (JIemma Tlenszens). [lycre f € Z — muOrowien ¢ mesbiMu KodbUIIMEHTaMN.
Torma a1 110600 MPOCTOro ¢, HATYPAIBLHOIO § U LEJIBIX T, 1 BEPHO CJICLYIOIee CPABHEHNE

fn+rg®) = f(n) +rg®f'(n)  (mod ¢*).

1 ,Z[GJIPITGJIPI 3Ha4YeHUIA MHOTO4JIeHa 1 IPpUJIO2KCHU A

Beejiem ciienytonne obosnadenust. s muorowiena f € Z[x] uepes D(f) obo3uadum MHO-
JKECTBO HATYDPAJIBHBIX THUCET 1M, JJist KOTOPBIX f(n) AeTuTest Ha 1M MPHU HEKOTOPOM IEJIOM
n. Unave rosops, m € D(f) Torga u Tosbko Tora, Korua cpasuenue f(x) =0 (mod m)
FMeeT TeJIOUNCIeHHOE PellleHne.

Bostee 061110, jyist MHOTOWIEHOB f1, fa, ..., fr € Z|x] wepe3 D(f1, f2, ..., fr) obosHawMM
MHOKECTBO HATYPAJIbHBIX YUCE] 1M TAKHUX, 9TO CHCTEMa CPaBHEHUIT

filx)=0 (mod m), i=1,2,... k, (1)



nMeer reoanciertoe perterne. Yepes P(f1, fo, .. ., fr) OyaeMm obo3HATATH MHOYKECTBO BCEX
pocThixX unces, npuuajiexamux D(f1, fo, ..., fx).

fcno, aro ecin f(n) gennres wa m, To u f(n—+mt) geauTes Ha m A J11000T0 1100 t.
Takux 006pa3zoM, MHOYKECTBO IEJIBIX YUCeIT X, YI0BIETBOpAONIX cucreme (1), ubo mycroe,
0o sBIgeTCd 00beIMHEHEM OECKOHEUHBIX B 00€ CTOPOHBI apU(PMETHIEeCKNX TTPOTPECCuii
C Pa3HOCTBIO M.

OueBnino, Bmecte ¢ KaxkpiM m € D(f) B muoxkectBo D(f) BXOIAT 1 Bece HATYpabHBIE
nemuresn m. g mocrosinaoro muorowieHa f = u € Z mHOXkecTBo D(u) coBmajaer ¢
MHOYKECTBOM (HATYDATBHBIX) JeTUTeNell dnucia u. JIerko BUerb, 9To JiJisi HEIMOCTOSTHHOTO
muorowrena f € Z[x] muoxecrso D(f) 6eckonetro.

Bamgaqa 1.1. a) Tokaxure, 4T0 Jist JTI0OBIX 33JIaHHBIX HATYPAJIBHBIX My, . . . , My, CYIIECTBY-
er MHOrouwIeH f € Z[x], ajist KOTOPOro my, . . ., m,, He npunajexkar D(f).

0) Hoxaxure, aro D(fg) D D(f) nis mobpix aByx muorowienos f, g € Zlx].

B) Hokaxure, aro D(f(g)) C D(f) ms mobwix 1Byx muorowienos f, g € Z[x].

Bamaga 1.2. [ljist sioboro HerocrosiHHOTO MHOTOWIeHa f € Z[x] muoxkectBo P( f) Geckoneu-
HO.

Bamaga 1.3. Eciu fi1, fo,..., fr € Z[x], K > 2 — B3aUMHO IPOCTBIE B COBOKYIHOCTHU
MHOTOUJIEHBI, TO MHOXKecTBO D(f1, fo,. .., fr) Komeuno. (U, ciemoBaresbHO, MHOXKECTBO

P(f1, f2, ..., fr) KOHEUHO.)

Bamaga 1.4. [lycte f € Z[x]. Jokaxkure, aro ecan my, ms € D(f), u HO(my, mo) = 1,
0 mymgy € D(f).

Bamaua 1.5. Haiimure P(f), ecom

2) fl) = % + 1

6) fx) =2’ +a+1;

B) f(x) =2 P+ 2P 2+ ...+ 2+ 1, rie p > 2 — 1pocroe YnucIo.

3amaqa 1.6. a) fcno, a0 ecsm Muorowten f € Z[x] umeer 1esbiii Kopenb, To P(f) cosra-
JTA€T ¢ MHOYKECTBOM BCEX MPOCTBIX uncest. JJokazkure, 9To 00paTHOE yTBEPIKICHIE HEBEPHO.

0) Ilycrs P(f) coBmajiaer ¢ MHOYKECTBOM BCEX MPOCTHIX 1uces. Cieyer i 0TCio/a, ITo
y f ecTb pannoHaJbHbIH KOPEHb?



st muorounena f € Zlz| qepes P, (f) 0603HATIM MHOXKECTBO IIPOCTHIX YHCEN P TAKUX,
ato v, (f(n)) = @ /I HEKOTOPOTrO IEIOr0 M.

feno, aro ecom v,(f(n)) = a, 1o n v,(f(n+ p**k)) = o npu mobom nenom k. Taxkux
00pa30M, MHOKECTBO IIeJIBIX YHCeN & TakuX, 4To Uy(f (7)) = «, mbo mycroe, jmbo sB/IseTCS
o0beJInHeHneM OeCKOHEYHbIX B 00e CTOPOHBI apu(dPMETHYECKUX IPOIPECcCHil ¢ pa3sHOCTHIO
pa—i—l.

Jlerko Bumers, ato P,(f) C P(f), upuuem nisa f € Z[x], He paBHOrO TOXKJECTBEH-

o0

wo mymo, P(f) = |J Pa(f). Ormerum takxe, uto mis f € Zlx] u k € N BoimosHeno
a=1

Pa(f) = Pka(fk>-

3amaqa 1.7. [lycrs f € Z[z].

a) Ecup € P(f)\ P(f, f'), ro p € P,(f) ayist cKOJIb YyIOJHO OOJIBIIUX (v.

0) Hokaxmure, uro muoxkectsa P,(f) \ P(f,f') conamator ¢ P(f) \ P(f,f') upn
a=1,2.3,. ..

3amaga 1.8. flcmo, uro ecaun muorowien f € Z[x] nmeer nessiit kopers, To D(f) = N.
Bepno Jin obpaTHOe yTBepzKaeHue?

Bamaga 1.9. [lycrs [ € Z[x] TakoB, 910 IpU KaXKJIOM HATYPaJbHOM 71 3HAUYEHIE MHOTOYJIeHA,
f(n) asagercs HeTpMBMaﬂbHoﬁ TOYHON CTEIIeHBI0 HEKOTOPOI0 HATYPAJILHOTO YUCa, T.e.
f(n) =m(n)*™, rne m(n) u s(n) > 1 — HarypasbHEIC YHCIIA.
a) Hokaxure, uro f npusognm zaj Q.
0) Jlokaxkute, 4To CymeCTBYIOT HATYpasibHOe § > 1 U MHOrOWIeH ¢ € Z[x] Takue, 9TO

=

Bamaga 1.10. [Jokaxkure, aro st 1106010 HEIOCTOSHHOTO MHOTOWIeHA [ € Z[r] MHOXKeCTBO
P(f) comepKut 6€CKOHEYIHO MHOTO IPOCTHIX uncest Buaa 4k + 1.

2 00 ommoii 3amaue Cengepona

Bamaga 2.1. Muorowien @Q(x) ¢ BelecTBeHHBIME KOI(DPUIMEHTAMI TaKOB, ITO €ro CTap-
it KoapDUIneHT panrnoHAIbLHbBIN, U JIJIsi HEKOTOPOI'0 HATYPAJILHOIO k > 1 BBIIOJIHSETCsI

Q(z)* € Z[x]. Noxaxmure, uro Q(zx) € Z[z].

Bamaga 2.2. [Ipo muorowien P(x) 96THOM cTeleHn ¢ mebiMu KoahhDuIineHTaMu n3BecTHO,
YTO ero 3HAYEHMsI IIPU JIIOOBIX JOCTATOYHO OOJIBIINX HATYPAILHBIX 1 U CTAPIIii KO3 -
[UEHT SIBJISTFOTCS KBaJpaTaMu 1eJibix dncet. Jlokazxkure, 910 cytiecTByer MHOTOWIEH ()
¢ nesbiMu Koaddurmentamu taxoit, uro P(x) = Q(x)%.



Bamaga 2.3. [Ipo muorounen P(x) ¢ nesbivMu Ko HUIneHTaMir n3BECTHO TOJBKO TO, 4TO
€ro 3HaUeHUs] HPU JIIOOBIX JIOCTATOYHO OOJIBIINX HATYPAJIbHBIX 1 ABJISIIOTCA KBaJIpaTaMu

nesibix wucest. Jlokaxknre, 9To cymectByer Muorowier Q(x) ¢ mesnpiMu KosbduimeHTaMmn
Takoit, uro P(z) = Q(x)%

3J1ech U Jiajiee UCIoJIb3yeTCst Cejiyloliee 0003HadeHne:
Piz)=z(z+1)...(x+k—1),
rjie k — HEKOTOpoe HaTypaJbHOE YHCIIO.

Bamaqa 2.4. [lycrs npusenénubiii muorowien (Q(x) cremenn | > 2 ¢ jeificTBUTETHHBIMU
KodddunmenTaM TaKoB, 9TO JIJI HEKOTOPOIO MOJIOXKATEILHOI0 b KarK bl 13 MHOTOUIEHOB
R(z) = Q(x) —bu S(z) = Q(x) + b umeer poBHO | pa3IMIHBIX JEHCTBATEILHBIX KOPHEIH.
[Iyctb 1 < 1o < ... <1 um 8 < 89 < ...< S UX KOPHU COOTBETCTBEHHO. YTOPsI0UbTE
9JIEMEHTBI MHOXKECTBA, {11, 79, ..., 77, 81,52, ..., S}

Bamaga 2.5. [{okaxkure, uto MHOTOUIeH Pj(x) + ¢ HU PN KAKUX HATYPAJbHBIX k > 4 u ¢
He gBJISIeTCs] KBaJIpaTOM JAPYIOro MHOIOWIEHA C IeJIbIMU KO MUIIMEHTaAMH.

Bagada 2.6. HokarkuTe, 4TO JJjIsI KarKJIOro KomiLiekcHoro a crenedb HOJI mMHOrowieHoB
Pi(x) —a n Pj(x) ne npesocxoaut 2, boJiee TOro, eci k HEIETHO, TO OHA HE HPEBOCXOJIUT

1.

Bamaga 2.7. [Ipeanosoxkum, 910 CyInecTByoT Muorowiensl Q(x), R(z) crenenu, He MeHb-
meit 2, ¢ parpoHa bHbIMI Kodd duimenTamu takue, ato Py(z) = R(Q(z)). Jokaxkure, 110
Torja k 96THO, U CTeleHb MHOro4YIeHa (Q(x) paBHA POBHO 2.

3amaqa 2.8 (B. A. Cengepo). Haiisiure Bce HaTypasbhbie dncsia k, ¢ Takne, 9T0 BbIpasKeHHe
Pr(n) + ¢ siBIsieTcst TOYHOMN CTENEHbIO JIJIT BCEX HATYPAJIbHBIX THCEJT 1.

3 Paznoe

Bamaga 3.1. [laubl muorouens! f, g € Z[x]. I3BecTHO, 4T0 j1jisi GECKOHEYHO MHOTUX HATY-
pasbHbIX 1 aucso f(n) mpenurca na g(n).

a) Hokaxure, ecyin eciu crapimii kosddurment g pasen 1, to g | f (B Z[z]).

0) okaxkute, 910 BCerja HaiiieTcst OecKoHedHas apudmeTnaeckas mporpeccust A Ha-
TypaJsibHBIX duces Takas, 4ro g(n) | f(n) misa goboro n € A.



Bamaga 3.2. [lan muorowien f € Z[x| u HaTypajbHbIC YUCIA Gy, Ag,..., Q. VI3BeCTHO,
qTO JIjIs1 JII0O0r0 11esioro i aucio f(n) jgeaurcs Xorst Obl HA OJIHO U3 UHCEN A1, A9,. - ., G-
Jlokazkure, 9T0 CyliecTByer Takoe HarypajibHoe k, uro k < m u f(n) menurcs Ha aj s
JIIOOOTO I1€JIOrO M.

Kazx it muoorowien f € Z[x] onpenensier Gyukiwio Z,, — Z,,, 10CKOJbKY Bbruer f(m)
10 MOJYJTIO 1 3aBUCUT TOJBKO OT BBIUETA 1 110 MOJLYJIIO M.

Bamaga 3.3. a) Jlokaxkure, uro ecjm byHKIuA Z, — Z, PEATU3yeTcss MHOTOUJIEHOM U3
Z[x], To oHa peasu3yeTcsi 1 MHOTOUYJIEHOM U3 Z[x], cremnenb KOTOPOro He mpeBbiiaer n — 1.

0) dns xakux n jmobasa Gyukiws Z, — Z, peajn3yercs MHOIOUICHOM u3 Z[x]?

B) Haiijure Bce Harypasbhbie n > 1, Jjisi KOTOPBIX BEPHO CJIEJIYIOIIEE YTBEPIKICHIE:
ecn f € Z, deg f < n — 1 takoB, ut0o f(m) gemurcs HAa n OPU BCEX MEJIBIX 1M, TO BCE
Ko dunmerTs! f nejarcs Ha m.

r) g kakux n jobas GyHkuusd Z, — L, YIOBIETBOPSIONIAs YCIOBUIO

HO/l(a — b,n) | HOA(f(a) — f(b),n), a,b € Zy,
peasin3yeTcsi MHOTOUIeHOM n3 Z[x|?

Bamaga 3.4. [lycrs f € Z[x]| 3amaer 6ueknuio 1o jiodomy npocromy mMoiayiio. JJokaxure,
91O f JTUHEIHBII.

Bagaga 3.5. [Ipo MmHOrOUWIeHb! f 1 ¢ ¢ HesbIME KOI(DDUIMEHTAMI U3BECTHO, YTO TIPU JIFOGOM
nestom z wmesio f(g(x)) —x nenures wa ganuoe nesnoe n. Joxazxkure, 1o quncio g(f(x)) —x
TOXKE JIEJIUTCsI HA 1 IPH JIOOOM 1eJI0M .



Muoro4jeHbl B TEOPUH YHCel

(IIpomomxenue)

0 Bcmomorarenababie (pakThbl

0.5 Anrebpamveckue 4mciia 1 MUHAMAJbHbIE MHOTOWIEHBI

KoMILteKcHoe 4ncio o Ha3bIBaeTCsl aA2e0pauydeckum, €CJI CyIIeCTBYeT HEeHyJIeBOi MHOrO-
wien f € Q[z] raxoit, uro f(a) = 0. Hampumep, v/2 + /3 — anreGpanueckoe 4uciio,
nockobky f(v2+v/3) =0, rae f(x) = x* — 102 + 1. OuesnHO, MHOKECTBO arebpan-
yecknx unces cogepkut Q.

Henynesoit muorowren f € Q[z] munmmanbHoit crenenu, s xkoroporo f(a) = 0,
HA3BIBACTCH MUHUMAALHLM MHO204AEHOM aJIredpanieckoro ancia «. CreleHb 9Toro MHO-
ro4JIeHa HA3BIBACTCA CMENEeHbI0 YNCIIA (.

Hec10KH0 MOHATE, 9TO MEHUMAJILHBI MHOTOWICH JII0O0r0 aJIredpandeckoro 4nucja Bee-
riaa wenpusognm B Q[x]. Kpome roro, soboit muorowien h € Q[x], nmerormuit o cBoum
KOPHEM, JIEJINTCA Ha MUHMMAJIbHBIA MHOrowieH. JleidcTBuTe/bHO, pas3ieauM MHOroO4IeH h
Ha MUHMMAJILHBI MHOTOYJICH f C OCTATKOM:

h= fq+r,

rie q,r € Q[x] u degr < deg f. llomcraBuB £ = « B ypaBHeHWe BbIllle, HAHIEM, UTO
r(a) = 0. CrefoBaTe/IbHO, U3 YCJIOBUS MUHIMAIBLHOCTH f HOJTydaeM, 9TO 7' TOXKIECTBEHHO
pasen 0, To ecTb h nenutcs Ha f.

13 joKa3aHHOIO HEMEJJICHHO CJIe/LyeT

®axr 0.7. Kaxx/plii nenpuBoguMplit muorowten f € Qx| sBisercs MIHNMAIBHBIM MHOTO-
YJIEHOM I KazKJI0I'0 U3 CBOUX KOPHEI.

Bamaga 0.8. a) [Tycth f — HenmpuBOANMBIIT MHOTOUJIEH € PAIIMOHAIBHBIMU KOI(DMUITTEHTAMH.
Hoxkazkure, uro f u f' B3auMHO IIPOCTHI.
0) [Tycrs f — muorouen B Q[z]. lokaxkure, uro MHOTOWIEHDI f 1 f’ He B3aMMHO IPOCTHI
TOIJIa 1 TOJILKO TOTIa, KOTJIa CYIIECTBYeT HellOCTOSHHbII MHOTOUIeH ¢ Takoil, 4to g2 | f.
B) [okaxkure, aro y Henpuomumoro (B Q[z]) MHorouena Her KpaTHbIX KOMILJIEKCHBIX
KOpHEil (1, CIe/0BATeIbHO, KOJMIECTBO €ro KOMILJIEKCHBIX KOPHEl COBIIAAeT ¢ ero crere-
HbIO).

Hemycroe MHOXKECTBO KOMILIEKCHBIX YHCe] [ HA3BIBAETCS YUCAOGHLM NOAEM, €CJIH OHO
COCTOHUT HE TOJLKO U3 HYJIsI, I BMECTE C JIOOBIMU dncaaMu a,b € [ oHO comepKuT TakzxKe
ancia a + b, ab, —a n a7
COBEpIIATH BCE O0BITHBIE apudMeTHuIecKue orepalun (CI0KeHne, YMHOYKEHIEe, BEIIUTaHe
1 JieJIeHre Ha HEeHyJIeBOe YUC/I0), ToJTydas Jicia, TakyKe MpuHaiexKaline 3roMy mojo. (B

(mocsteiee — B caydae a # 0). Vurate roBops, B mosie MOKHO

9TOM IIPOEKTE 11O/ II0JIAMM IIOHMMAalOTCA UMEHHO YUCJIOBBIE HOHH.)



[TockobKy OOTBITUHCTBO aaredOpanvIecKnx BBIKIAI0K UCIOIb3yeT POBHO TU ONEPAIlNN,
MHOrue (pakThl, JJOKa3aTeIbCTBa KOTOPBIX MCIOJIL3YET JIUIIb 3TU JIEHCTBUS, MPOJIOJIZKAIOT
OCTaBATHCsI BEPHBIME Ha1 J1t00BIM 11oJ1eM. Tak, obo3nadast depes [F|x] MHOKeCTBO MHOTOMWITE-
HOB ¢ Koabdurmentamu u3 [F, HerpynHo nokasarh, 9to B F[z] BepHbI Teopembl 0 jnHeiiHOM
npejcrasiennn HOJl u ocHoBHast Teopema apudmeruku (dakrs 0.1 u 0.2).

31ech 10J1e3H0 3aMeTuTh, uro nouck HOJL nByx muOrowienos (ajropurmom EBk/iuja)
HE 3aBUCUT OT TOTO, HAJI KAKUM I0JIeM 3TO ITPOUCXOUT. 3HaunT, n nojaydennsiii HO/ we
3aBHCUT OT 110Jis1 (JTUIB ObI BCe KOAMMUIMEHTHI MHOTOUIEHOB JIEXKAIN B 9TOM IOJIE).

AHAJIOrTYIHO OIpeIeIeHNIO BhIIEe, KOMIIEKCHOE UNCI0 (v HA3BIBAETCS A.A2e0PAUYECKUM
nad nosem IF, ecin o siIsieTcst KOpHeM HeHyJieBoro MuorodsieHa u3 IF[x]. Takoit MHOrOU/ICH
MUHUMAJIbHOM CTENeHN HA3bIBACTCA MUHUMAAOHDIM MHO20UAECHOM Yucsa o Had nosem .
CdopmysmpoBaHHbIe BhbIlle (haKThl 00 ajredpaniecKux dncjiax TakzKe IepeHOCsITCs Ha CIIy-
qail IPOU3BOJILHOIO TOJIA.

Baxkubie 6a30BbIe IIPUMEPHI TTOJIEH MOIYyIal0TCsT 13 CIASAYIONEero gpakTa.

®akr 0.9. a) [Iycrs o — anrebpandeckoe ancyio. Torma MHOKECTBO

Qlo] = {f(a): f € Qlz]}

SABJISIETCS TIOJIEM.
6) AHaJIOrHIHO, ec/in (v — ajaredpandeckoe IucI0 HaJ mojeM F, To MHOXKeCTBO

Flo] = {f(a): f € Flz]}

[Tosie o] masbiBaercst pacwupenuem noas B aseebpauneckum wuciom .

HokazateabcrBo. Mbr jtokazkeM cpasy MyHKT 0).

Hoist amenmentoB g(a), h(a) € Fla] ogesumno, uro g(a)+h(a), —g(a) n g(a)h(a) rexar
B Fa]. Ocrasoch nokazars, uro g(a)™1 € Fla], ecin, xoneuno, g(a) # 0,

[Iycts f € Flz] — munnmanbubiii MuOrOwIeH yncaa « naj F; Torga g me mesures Ha
f. mockosbky g(a) # 0. U3 menpuBomumoctu f remepsb Boirekaer, uro HOJ(f,g) = 1, u
1o Teopeme o JinHediHoM mpejictasiennn HOJI cymectByior Takie muorowiens a, b € Fx],
gro 1 = af + bg. IlojcTraBisis B 9T0 paBEHCTBO (v, IOy daeM

1= a(a)f(a) + bla)g(a) = bla)g(a),

10 ecTb uncao g(a)~! = b(a) nexur B Flx].

Bameuanne. [Ipumensst jenenne Ha f ¢ OCTATKOM, HECJIOXKHO IMOJYUIUTh, 9TO KaXKblii
ssieMenT B Fla] mpencrasisiercs kak g(a), e g € Flz] u degg < deg f (nposenute 51y
BBIKJTQJIKY ! ).

Crenyonyto 3ajiaqy MOYKHO peliaTh Mo-pa3HoMY; OJMH U3 BOBMOXKHBIX ITyTell pelieHns
onmpaeTcsd Ha TaKyl U3BECTHYIO JIEMMY.



®akr 0.10. [IycTh 3aj1aHa cucTeMa OJIHOPOJIHBIX JMHEHHBIX YpaBHEHUl, TO €CTh CUCTEMa
BH/Ia,

a1 + a12x9 4+ ...+ ATy = 0,

ao1T1 + awrs + ...+ aspx, =0,

ap1r1 + ap®e + ...+ Appxy = 0,

rjie a;; — bukcHpoBaHHble (CKazkeM, paloHaIbHbIE) KOIMDMUIIEHTD], & X; — HEH3BECTHBIE.
Torma, ecim KOJIMIECTBO ypaBHEHW k& MeHbIlle KOJNIeCTBa HEM3BECTHBIX N, TO Y CUCTEMBI
ecThb (pallioOHAJIbHOE) PEIIeHne, B KOTOPOM He BCe 3HAYEHHsT IePEMEHHbBIX HYJIeBbIE.

DTy JIeMMYy MOXKHO JIOKa3aTh, HAIIPUMED, MOCJIEI0BATEILHBIM UCKJIIOUEHNEM HEU3BECT-
HBIX. JIeMMma BepHa n HaJI JIIOOBIM TOJIEM: ec/ii KO3 MUIMEHTH TpuHaIexKaT oo F, To
MOYKHO HANTH U pelieHne, B KOTOPOM Bce 3HaUYeHUs] HeU3BeCTHBIX JiexkaT B [F.

Cuterytornas 3ajiada Takyke JIoIycKaer 0bo0Ienne Ha i JJIOObIM 110JIeM, HO JIJisl IPOCTOTHI
BOCIIPUATHUS MBI (popMysinpyem eé Hal rojieM Q.

Bamaga 0.11. a) [lycte o — anrebpamaeckoe qucyio, nu F = Q[a]. Torma so6oe wncio B F
aJIreOpanvHo.

0) Ilycrpb aucsio o anrebpandno, a aucio 3 anrebpandsno Hag F = Q[a]. Torma 5 anreo-
parIHo.

B) Mnozkectso Q Beex ajnre6padecKuX UHces AB/IAeTCA T0JIeM.

r) BoJsiee Toro, yitoboe duciio, anrebpanieckoe HaJl Q, nexur B Q. (Taxue 1oJist HA3bI-
BAIOTCA AA2E0PAUYECKU 3AMKHYMBILMAU.

[Iycts v u f — anrebpanueckue uncia; nojoxum F = Q[al. Torpa nose F[5] o6osna-
qaercst Takzke Kak Qla, §]. Herpynno nposeputs, uro Q|a, 5] = Q[B, .
Anasornano MOKHO onpenennTs mnoste Qay, ..., ay,] mpu «; € Q.

Bajaga 0.12 (Teopema o mpumuTHBHOM 3j1€Mente). a) [lycrh o u f — jiBa aaredbpanveckmx
aucia. Jlokaxkure, 9To cyiiecrByer airebpanmdeckoe ducio 7y takoe, 4to Qla, Bl = Q.
Bosee Toro, 310 4ncao MOKHO ncKaTh B Buge v = o+t upn t € Q.

6) Ilyctb aq, ao, . .., a, — ajrebpandeckue ducia. JJokaxkure, 4To cyliecTByer ajared-
panmieckoe dncyio y Takoe, 9to Qlay, s, . .., a,] = Q[y]. B xakom Buje MOKHO HCKATD 7y B
9TOM cJiydae?

0.6 KpyroBbie MHOTOYJIEHBI

KoMILiekcHoe 91e/1o 2 Ha3bIBACTCS NPUMUMUSHbIM KOpHeM cmeneny n u3 1, ecin 2" = 1,
no zF # 1 npu 1 < k < n. Cremylomue cBoiicTBa HECIOAKHO BEITEKAIOT U3 OIPEIC/ICHMTI.



®axkr 0.13. a) JI106oii KopeHb cTernenn n U3 1 ABAIETCs CTENEeHbIO (JII000T0) TPUMUTHBHOTO
KOPHSI.

6) Yucso e1 = cos 27” + 7 sin 2% — IPUMUTHUBHBII KOpeHb cTeleHu n u3 1.
2nd

n

2rd

B) Bce mpumuTuBHBIE KOPHEU CTeleHH M U3 1 MMET BUJ €5 = COS + ¢8in ==, rae

HO/(d,n) = 1.
r) Ecit € — npuMuTUBHBIIT KOpeHb cTereHn n 13 1, To Bee MIPUMHUTUBHbBIE KODHU CTEIIeHN
n u3 1 mvetor sug ¢, rae HOJ(d, n) = 1.

(n-1i) kpyeosots mnozounen (W (n-i) mHozouaen deseHus Kpyea) — 9TO MHOTOWICH

. (z) = [ [(x — o),

9

rJle £ mpoderaeT MHOXKECTBO BCEX NMPUMUTHBHBIX KOpHell crenienu n w3 1. VI3 mpebiyero

()= ] (x-¢&9,

d<n, (d,n)=1

daxkTa ciemyer, 9TO

rje € — Jo00i IPUMHUTUBHBIN KOpeHb cTeleHn n u3 1.
[IpuBeiéM HECKOIBKO IPUMEPOB KPYrOBbIX MHOI'OUJIEHOB:

Py(z)=a+1, P3(z)=a2'+2+1, Ps)=2'+2°+2°+2+1,
Pis(z) =2 2" +2° — 2t + 2~ + 1,

OTMeTM HECKOJIBKO I0JIE3HBIX (PAKTOB O KPYIOBLIX MHOT'OUJ/IEHAX:

e Cremnenb @, (r) u3 onpejeseHust KpyroBoro MHOTOUJIEHA DaBHA KOJUYECTBY UHCE,
B3aMHO MPOCTBIX C T U He TPEBOCXOJAIINX 1, TO €CTh ¢(n).

e Tak Kak KaxK/Iblil KOPEHb CTeleHn N 13 1 sIBJIIeTCsT IPUMUTUBHBIM KOPpHEM HEKOTOPOii
creniern d u3 1, vje d | n, u Ha060pOT, TO BepHA Cleyoiiasa dhopmyJia

" —1= H@d(x).

dln

e &,(z) € Z[x]. 10 noKasbIBaeTCst MO UHIYKIUK U3 mpebiayiiei dhopmyisi: @, ()
HOJIydaeTest jesieaneM " — 1 Ha MHOIOYJICH € HeJIbIME KO dUIUEeHTaMI 1 CTAPIIIM KO-
s dunuentom 1.

3agaga 0.14. a) [Iycts p — npocroe ancito. Joxaxure, uro: Eciu p | n, 1o @, (27) = ©,,,(x);
0) Ecin p{ n, o @,(2?) = &, () Dy (2);

B) Ecn HO/(n,a) = 1, to ®,(2%) = [[ Ppa(x);
dla
r) Ecin n nedérno, o @, (—z) = $y,(2).

Basaua 0.15. Jlokaxxute, uto 2" — 1 = &, (x)q(z), rae q(x) i 2% — 1 aua seex d | n, d < n.



3amaga 0.16. Yemy pasno a) ©,(0)7 6) @, (1)7

B nanbueiiiem Ham 1moHaI00UTCH yMeHHe oOpamiarThest ¢ MHOrowteHamn B Zy[xz]. Ilo-
CKOJIbKY UX MOYKHO TaK ke, Kak 1 MHOTrowIeHbl B Q[z], cKiIaibiBaTh, BLIYNTATH, yMHOKATH
I JIGJTATB C OCTATKOM, TO B Zjy|| MOXKHO OIPEJETUTD:

e HanOOJILINNI OOIIMiT JesiuTesell HECKOJBKIX MHOTIOUJIEHOB, a TaKXKe ero JImHeiHoe
peICTaB/IeHIE;

® B3AUMHYIO [IPOCTOTY HECKOJBKUX MHOI'OUJIEHOB;

® HENPUBOJAUMOCTD U KAHOHUYECKOE PA3JIOyKeHne Ha HEePUBOUMbIE MHOYKUTEH,

Opnako B Zy[x] He Bce dakTbl GOPMYIHPYIOTCS U JIOKA3BIBAIOTCS TOUHO TaK 7Ke, KakK I
B Q[z]. B amOM MOXKHO yOenThCST Ha TIPUMEpE CJIeIyoMeli 3a/1atm.

3agaga 0.17. a) [loxaxxure anasor 3agadn 0.86 st Muorowiena f(z) B Zy|x].
0) Jlano mpocToe p U pasiIndHBIe HATYpAIbHbBIC M, N, He Jesimecs Ha p. Jlokaxure,
aro Muorowiens! ®,,(x) n &, (x) B3anmuo MpoCTHI B Z)|x].

1 JlemmTenm 3HaYeHWIT MHOTOYJI€HA W IMPUJIOKEHHS

Bamaga 1.11. /lanbl HenocTosiHHbIe MHOTOUIEHB f1, fo, ..., fr € Z[z]. dokaxure, 1o
a) mepecedenne muoxects P(f1) N P(f2) 6eckomnetno;
0) nepecedenne muoxkects P(f1) N P(f2) N...N P(fx) 6eckonedHo.

Bamaga 1.12. [oaxkute, ato 1711 Jiroboro Muorowiena f € Z[x],
a) HeYeTHOll CTereHn;
0) UMEIOIEero XoTsi Obl OJINH BEIeCTBEHHBIN KOPEHb,
mMHOKeCTBO P(f) comep:kut 6eCKOHETHO MHOTO TPOCTBHIX duces Bujia 4k + 3.

Hanomuum, uro yepe3 ®,, obo3HadaeTcs n-it KpyroBoii MHOIOUIEH.

3agada 1.13. [Iycte m u n — pasz/ndHble HATypaJbHBIE YKCIa, HE JEJSIIIecs Ha IIPOCTOe
quciio p. okaxkure, aro p & P(®,,, ®,).

Banaua 1.14. Jloxazkure, uro 2 € P(®,,) Toraa u ToibKo Torma, Korga n = 2F,

3amaua 1.15. a) Ilycrs p € P(®,,). dokaxkure, mbo p — aesuressb n, mbo p = 1 (mod n).
0) Jlokaxkure gacTHBI ciydail meopemuvr JJupuxae: st 33 JAHHOTO HATYPAJIBHOTO Kk B
apudmeTaeckoii mporpeccun Buja kn + 1 cojgepKurcst 6eCKOHETHO MHOI'O IIPOCTBIX THCE.

Bamaga 1.16. a) [Iycts m — 1eoe qucsio, He Jefsineecss Ha HEYETHOE TIPOCTOE P, U MyCTh
d = ord,(m). Hokaxnre, aro mpn jobom ¢ = 0,1,2,... uncio p et @, (m), e
n; = dpi.

0) Haitnure P(®,,) a1st J1E060T0 HATYPAIBHOTO 7.



2 00 ommoii 3amaue Cenjgepona

Bajaga 2.9. Haiiiure Bce HATYpaJIbHBIE YUC/IA 1 TAKKE, YTO CYIIECTBYIOT MHOTOUIEHbI g ()
1 h(x) ¢ KOMILTEKCHBIMI KO3 MUIMEHTAMI KAYKJIbIil CTeIeHN, He MeHbIIeil 2, Takue, ITo
MHOI'O4YJI€CH

flxy=a"+.. . +2*+z+1

MOKHO TpesicTaButh B Bujie g(h(z)).

3 Paznoe

Bagada 3.6. Haiijure Bce HaTypaJjbHbIe N Takue, 9TO I JIIOOOrO 1EJIOro k CylecTByeT
1eJI0e @, IPU KOTOPOM 4HCI0 a® 4+ a — k jesurest Ha n.

Bagada 3.7. f =2 + a2 '+ ... +ay, raed > 1, a; — nennte, p — npocroe. JJokazKkuTe,
qro f 3ajaeT GyHkuuio Z, — Z,, ne gpidiolylo buexiyeil, ecan

a)d=p—1;

6) d — pmemuresns p — 1.

Bamaqa 3.8. [lycrs f € Z[z] zamaer bueximio o Mojysio n. JlokaxKknTe, 9T0 CyIIecTByeT
rakoit g € Z[x], aro f(g(x)) — x menurcsa Ha n upu JIEOOOM IEJIOM .



Mnoro4jeHbl B TEOPUH YHCel

Pemmenna

0.5 Anarebpamveckue Ymciia 1 MUHAMAJIbHbIE MHOTIOYWIEHBI

0.8. a) IIpemmooKuM TPOTHBHOE, CYIIECTBYET HEMOCTOSTHHBIN MHOTOUIEH d ¢ PAITHOHAJb-

HpiMu Kodddunnentamu, KoTopblil geaut kak f, tak u f'. Ilockonbky f menpusomum, To

d = c-f, cnepoBarebHo, f I0JZKeH JeJnTh [/ 9To HeBO3MOXKHO, OCKOILKY deg [/ < deg f.
6) [Tyctb ommcanublii MHOrouIeH g cymectsyer, f = g2h. Toraa

f'=9*0 +299'h=g- (gh' + 24'h),

u oromy ¢ | HOI(f, f'). Buauaut, f u f' He B3auMHO POCTHI.
Haoboport, ecjin MHOrOUJIEHA ¢ HE CYHIECTBYET, TO B KAHOHUYECKOM Pa3/IOzKeHUH

f=hihy... hg

Ha HEIPUBOUMbBIE COMHOXKUTE/IH BCE MHOTOWIEHBI Ay, . . . , by pasindtbl (6ojee TOUHO, cpe-
I HEX HET TPONOPINOHAIbHBIX ). Ecm 661 f u f’ He 6b1in B3anMuo0 mpoctbivu, 1o 1x HO/J
ObLJI OBl TIPON3BEJIEHNEM HEKOTOPBIX U3 h;; TMYCThb JIJId ONPEJIeIEHHOCTH OH JIeJINTCA Ha hy,
To ecthb hy | f'. Ho

f/:hlth...hk—l—hlhéhg...hk—l—hlhghé...hk—f—...—|—h1h2... ;{,

rJle Bce cjlaraeMble, KpoMe, BO3MOYKHO, IIEPBOIO, JIeJIsITCs Ha hy. SHAYNUT, I IepBOE CJIaraeMoe
TOXKE JIOJIZKHO Ha 9TOT MHOTOUJIEH JieJinThcst. [1ocKoJIbKY hq HEIIPUBOJUM, JIJIUTHCS Ha, HET'O
JIOJIZKEH OJINH M3 COMHOXKUTEJIeH. DTO HEBO3MOXKHO, ubo hy {1 h; upu ¢ > 2 1o Haiemy
PEJIIOJIOKEeHNt0, U hy { b 10 MyHKTY a)

B) [Tycrs muorounen f menpusoum. [lo myHKTy a), MHOrOUIeHb! f 11 f' B3AUMHO ITPOCTHI.
[To myHKTY 6), 9T0 3HAYNUT, YTO KBAJPAT HEIMOCTOSTHHOIO MHOTOYJICHA HE MOXKET JIeJIUTh f;
B 4aCTHOCTH, [ He MOKeT JIejUThcda Ha MHorodwied suja (x —a)? npu a € C. D10 u 3HauuT,
910 Y f HeT KpaHHBbIX KOPHeil.

0.11. a) [Iycrs v € Fla], u mycts n — crenens uuncia «. Torga npu kaxgaom ¢ = 0,1,...,n
umeeM ' = g;(«), tiie g; € Flz] u deg g; < n.

[TokazkeM, 4TO CYIIECTBYIOT YUCIA [y, - . . , fi, € Q, He paBHbIe OJIHOBPEMEHHO HYJIIO, JIJIsT
KOTOPBIX

n n—1 .
P+ pp—1y o+ = 0;
3 9TOro OyJieT CJeJoBaTh JaxkKe, 9To 7y — ajredpanydeckoe YHUCJIO CTEIeHu He OoJiee M.
PaBeHCTBO BbIIIE TTEPENNUCHIBACTCS KaK

fngn (@) + pn—1gn-1(c) + ... + pogo(cr) = 0.

BHAYNT, JOCTATOYHO HANTU (HE PaBHBIE OJHOBDEMEHHO HYJIO) THUCHA Lo, i1, - -5 My € Q
TaKue, 4TO

:ungn(x) + ,un—lgn—l(x) .ot MOQO(x) = 0.



DT0 PaBEHCTBO 3a/1a6T CUCTEMY U3 1 YPABHEHUIT HA TIEPEMEHHBIE [ig, . - - , [, (3/16Ch i-€ ypaB-
HeHme — paBeHCcTBO Hyso Kosddummenta mpu '~ 1, mpn i = 1,2, ... ,n). ITo gemme 0.10
9Ta CHCTEMa UMeeT TpebyemMoe pelleHue.

Bameuanne. /[pyroe perienne 3Toro (¥ CJIEIYIONIEro) MyHKTOB MOYKHO MOJY9IUTh U3 OC-
HOBHOII T€OpeMbl O CUMMETPUYECKIX MHOTOUJIeHaX. TaK, HallpuMep, MOYKHO 1TOKa3aTh, UTO
ecii @ = Qiq, Qig, . . . , (, — BCE KOPHU MUHUMAJIbLHOTO MHOTOUJIeHa Jiisd o, & 3 = P, ..., B —
aHaJIOIMYHble KOPDHU J1d (3, TO MHOIOYJIEH ¢ KODHAMHU BuJia ¢ + (3; UMeeT paloHaJIbHble
KO MUIMEHTHI, U TTO9TOMY BCe 9TU YNC/Ia aJredpanyHbl.

0) Ilycrb crenenb o paBHa n, a crernedb [ Haj F pasaa k. Kak u B mporiom myHK-

"=l IOMHOKEHHBIX

Te, 1000l sseMenT 1ot F BhIpaskaeTcst Kak cyMMa 4nces 1, a, ..., «
Ha paloHAJIbHbIE KOIDUINEHTH (Takas CyMMa HA3bIBACTCS AUHEUHOU KOMOUNauued).
Torma kaxplit a1ement u3 F[3] ects numeitnag kombunarus gucen 1, 3, ..., ¥ ¢ xoad-
dbunnentayn u3 F; wHade roBops, oH ecTh JnHefiHasd KoMOMHAIMA 4nces Buja o'B3’, e
0<1<nul<j <k, yxKe ¢ pallOHAJIBHBIMEI KO3(DDUIINEHTAMU.

IIpejicraBiisiss B TaKOM BHJe Kaxjioe n3 uncen 1,3, ..., 3™, MOxKHO Telepb JOCIOBHO
HOBTOPUTH PACCY?KIEHUSI U3 HPEAbIAYIINEro IyHKTa, HOJYUUB, 9T0 [ ajaredpandto CTelneHn
He BbIIIe nk.

B) Pemenne mpenpiyinero myHKTa MOKA3bIBAET, YTO HE TOJBKO (3, HO U JII00OI 3Jie-
ment 3 Q[ay, A] asrebpanuen (crenenn we Buime nk). 3uaunt, ecan 0 # o, € Q, To u
a+B,a8,a”t, —a € Qa, f] € Q. Bro u goKaszLIBaeT TpedyeMoe.

r) IlycTh o gBageTcs KOpHeM MHOrOYIeHa p,r” + p, 12" 1 + ... + py € Q[z]. Toraa
a anrebpamnano Hag oseM Q[pg, p1, - - ., pn]. [loBTOpsis paccyxkmenns myHKTa 6) J1J1st 9TOrO
cilydast, OJIydaeM, 9To (¢ aJredpamaHo.

0.12. a) [lycrs f u g — MUHEMAJBHBIE MHOTOWIEHBI YHCES ¢ 1 3 COOTBETCTBEHHO.
Bribepem kakoe-to t € Q u pacemorpum uucyio v = y(t) = a+t5. Honoxum F = Q[].
dAcuo, uro F C Qlo, f]. Eciiu € F, rou o = v — tf € F, a noromy u Q[a, ] C F, 10

ectb F = Q[a, #]. Takum obpasom, HaM HaJI0 pa3obpaThbes, MpH KakuxX yeaoBusx 5 & F.
Yucso [ sBisiercss KopHeM JBYX MHorowieHos; g(x) u fi(z) = f(v — tx) (BTOporo —

nockosibky f(y—tf) = f(a) = 0). Koaddurmenter obonx muorowienos jexar B Q[y] = F.

Buaqut, u muorouwten h = HOJI( f1, g) Takxke nmeer koaddunnents: B F. Eciu h juneen,

TO TostydaeM, 4ro [ € IF, gero Mbl 1 j100MBaeMcs.

B nporusHOM cilydae y MHOTOUYICHA h €CThb XOTd Obl JiBa KOMILICKCHBIX KOPHSI — COB-
MaJIAIONIIX WK PA3JINIHBIX (93T0 — obire KopHu MHOTOwIeHoB fi u g). Ilo 3amaue (.88
MHOTOUJIeH ¢(x) He uMeeT KpaTHBIX KOPHell, Tak 9To u KopHU h Takxke pasmmdabl. OuH
3 HUX — 3, obosuauum aApyroii yepes ' # 3. Torma 8 — kopennb ¢, a yncio o =y —tf’
— xopenb f. Takum obpasom, v = o+t = a + tf3, orkyna

a—a
B —p

OiHaKO BhIpaykeHue B IPaBoil 9acTH MOYKET IPUHUMATH JIMIIb KOHEYHOE YNCJIO 3HAYEHUIT,

t =

nb0 y KayKkJI0r0 M3 MHOIOWIEHOB f 1 ¢ 10 KOHEYHOMY KOJINYECTBY KOpHEil. SHAUUT, eciin
BbIOpaTh t € Q, He coBlaaloIee HUI C OJIHUM U3 HUX, MbI J00BEMCS TPeOyeMoro.



6) Cuiejtyer u3 a) HerocpejcTBeHHON nHtykmei. JIis mara mHyKIUn J0CTaTOuHO 3a-
MeTuTh, 9T0 Qfay, 1, ay,] = Q[y] st HekoToporo «y; a Tora

Qlar, g, ..., 0] = Qo g, . . ., a2, 7] = Q]

JJI HEKOTOPOr'o 7' 110 HPeoIozKeHNIo NHY KNI,
Yucsio v naxoautesa B BUJE o + toas 4tz + ... + t,qu,.

0.6 KpyroBbie MHOTOYJIEHBI

0.14. Bo Bcex myHKTaX, II0JIb3YsICh CBEJIECHUSIMI O CTEIeHSIX KPYTOBBIX MHOIOUJIEHOB,
HECJIO?KHO IOJIYYUTh, YTO MHOIOUJIEHBI CJIeBa U CIIpaBa UMEIOT OJIMHAKOBYIO CTEIeHb U He
NMEIOT KpaTHbIX KopHeil. Tak Kak crapmmii KoadduimeHT odoux MHOTOUJIEHOB paBeH 1,
0CTaETCs JINIIb TOKA3aTh, YTO KayK/IbIil KOpEHb MHOIOUJIEHA CJIEBA sIBJISETCsT TAKXKE KOPHEM
MHOI'OUJIEHA, CIIPaBa.

0.15. O6a muorousena ®, u ¢ — 1 gessat 2" — 1 U B3aUMHO IIPOCTHI, TAK KaK HE HMEIOT
obmux kopHeit. [Tosromy x" — 1 mesuTcest HA UX [IPOU3BEJICHHE.

0.16. a) [lma mavana samernm, aro ®1(0) = —1,P5(0) = 1. Ecom ke n > 2, o cpen
kopHeil ®,,(x) Her JefCTBUTEIBHBIX, W 9TH KOPHU pasOMBAIOTCSA Ha Mapbl KOMILIEKCHO CO-
pszKeHHbIX dnces1 Moysist 1. CiegoBarenbho @, (x) mpejctaBisieTcst B BUJIE MPON3BEICHIST
MHOTOUJICHOB Bujla o2 + ax + 1, nostomy ®,(0) = 1.

0) Bamernm, aro $1(1) = 0, a Takke 1 He ABJIFETCS KOPHEM HUKAKOTO JIDYTOTO KpY-
roBOro MHOTO4YJIeHa. Hcam ke n AennTcs Ha HEKOTopoe IIpocToe p, To 1o 3agade (0.14a
®,(1) = ¢,,(1). Takum obpazom, joctaTodno BeraucanTs P, (1) a1 6eckBapaTHBIX .

Ecmu n — npocroe, To @, (1) = n. Ecin ke n nenures no kpaiiHeit Mepe Ha /1B MPOCTHIX
9UCJTa, OJIHO U3 KOTOPBIX PABHO P, TO N/p — 9TO HATYpaJIbHOE Yncio, boJibiiee 1 1 1o 3a/1a4e

0.146
(I)n/p(l) _

CyMMEPysT BBIIIEHAIINCAHHOE, MOJIydaeM, 9To Ipu n > 1

®,(1) =

p , eciun=p"

d,(1) =
(1) 1, ecimn # pF

3ameuanme. Oba 1MyHKTa TaKzKe MOYKHO PEHINTh 110 UH/LYKIUU, UCIIOJIb3Ysl Pa3JI0KeHIe
2" — 1 B npousBejieHre KPYrOBbIX MHOT'OYJIEHOB.



0.17. a) Pemenne 3amaun 0.86 MpOXOANUT JIOCTOBHO, 38 OJHUM HCKJIIOUYEHHEM — MMEHHO,
HaJI0 [0-J[PyroMy 000CHOBaTh, uTo hy 1 h. [esio B ToM, uTo crenenb h), KOHEUHO, MEHbIIE
crerienn by, OJIHAKO IIPOU3BOJIHAA MHOTOUIEHA U3 Zy[T] MOXKET OKa3aThCs HYJIEBOI, Jazke
ec/m ero crenenb Goubiue myss (npumep: (2P — 1) = paP~! = 0). Tak uT0o Ham HaJO
oKa3aTh, 9T0 b} # 0, ecin hy € Z,|x] — HENPUBOIUMBIiT MHOTOUJICH.

D10 nenaercs tak. 13 ounoma HobioTona ciejyer, 910 Jijist MHOTOUIEHOB @, b € Z,|x]
BBITIOJIHEHO paBeHCTBO (a + b)P = aP + b (To Ke paBeHCTBO, €CTeCTBEHHO, BEPHO JIIsi
9JIEMEHTOB caMoro Zjy). IIpumensist 970 ¢BOHCTBO HECKOJIBKO Pas3, HOJIydaeM, YTO

(ap + arx + asx’ + ...+ aka:k)p = ag + a12” + asx® + ... + apzP”.

Takum obpazom, eciu by = 0 (410 03HAYAET, YTO CTEIEHH BCEX MOHOMOB B i] KDATHBI P), TO
hi gBasieTcst p-it CTEIEeHBIO APYrOro MHOTOYICHA U IIOTOMY HE MOYKET ObITH HEIIPUBOINMBIM.
DT0 3aBeplIaeT PelieHue.

6) [penmosoxkum, aro Muorouersl P, (x) u ®,(x) jgensarces Ha HEKOTOPBIT HEIIOCTOSH-
uplit Moorowten g(x) B Zy[z|. Torna us pasnoxenust ™" — 1 B nponssejieHne KPYroBbIX
MHOrOWIeHOB cefyet, uto g(z)? | 2™ — 1 (B Z,|x], ecrectenno). CienoBaTesbuo, 1o

mn—1

MyHKTY &) MEHOrOWIeH ™" — 1 1 ero mpomus3BoOgHAST MNT HEe B3aUMHO 1IPOCTBI B Zy|z],

97O, OUEBH/HO, HEBepHO, ubo p{ mn u x 4 ™" — 1.

1 lemmTenm 3HaYeHWiT MHOTOYJI€HA W MPUJIOKEHHS

1.1. a) Hocrarouno, 9To6bl Bce KO3hMUIMEHTH, KpOMe CBOOOHOIO WieHa, JeJUINCh Ha
mimeso ... Mpy.

6) Cuenyer us toro, aro f(n) | f(n)g(n).

B) Cuie[lyer u3 TOro, 9T0 MHOXKECTBO 3HaueHuit f(g) B MEJIbIX TOUKAX SBJISETCS MOJIMHO-
YKEeCTBOM MHOKECTBa 3HaUeHUil f B IEJbIX TOUKAX.

1.2. Ilpexmosoxkum nporusHoe: myctb P(f) cocrout n3 k mMpoCThIX 4HCEI, TO €CTh

P(f) ={p1,p2,--.,pr}. Bosbmem a € Z, nist koroporo f(a) = b # 0. 3ajauM MHOrOY/IeH
g paBeHCTBOM ¢(x) = M, rie p = pips ... pr. Kaxk HETPYIHO BUIETH, § — HEIOCTO-
SIHHBIT MHOTOWIEH ¢ meibiMu Koaddunuentamu, npudem P(g) C P(f). CBoboublii wien
g(0) = 1, a Bce ocraynbhble KO3MOUIHEHTH MHOTOWIEHA ¢ JEJIATC Ha P, CJIeI0BATEIHHO
B MHOKeCTBe P(g) HE MOXKET JIeXKaTh HU OJIHO U3 UHCEJ D1, P2, .. ., Pk HO TOrma MHOMKe-
crBo P(g) mycro — mporuBopetne. (3aMeTHM, YTO IPOBEIEHHOE PAcCyzKienne 0b600IaeT

JOKA3aTeIbCTBO EBKM/Ia GECKOHETHOCTH MHOXKECTBA, [TPOCTHIX TIUCET. )

1.3. Ilo teopeme o yimneiinom npenacrasienun HOJL naiiayTes Takue MHOTOUICHBI
U, Us, . . ., up € Q[z], aro
urf1 +usfo+ ... +upfr = 1.

Ecian 10MHOXKHUTH MHOTOYJIEHBI U1, . . . , U Ha HaTypasabHoe uncio m, pasuoe HOK 3name-
HaTeJell BceX HeHYJIEBbIX KOI(MMUIUEHTOB U1, . . . , Uj, TOJYIUM MHOIOYJIEHDI



U1, Vg, ...,V € Zlz]. JomHOKasg paBeHCTBO Uy f1 + uafo + ... + ufr = 1 HA M, MOy IHM
vifi + vofo + ...+ vrfr = m. Buguwm, uro ecim npu HekotopoMm n uncia fi(n), fo(n),
oy fe(n) mensarcs wa s, To m TakkKe Jeaurcsd Ha S. OTCIONA CJEyeT, YTO MHOXKECTBO
D(f1, fay- -, fr) MOXKeT cofiep:KaTh JIUIIb JEJUTETH TUCIa M, U 3HATHT OHO KOHETHO.

1.4. f(n) menurcst Ha m; Jist BCEX N U3 HEKOTOPOH apudMeTHIecKoii Mporpeccuu ¢ pasHo-
crbio m;. Tak kak HOJI(mq, m2) = 1, cormacao KTO, nporpeccun ¢ pasHocTsMu my 1 M
repecekaroTcs. Torjga n u3 ux MmepecedeHns TakoBo, 910 mims | f(n).

1.5. a) —1 — kBajgpaTuuHbIil BbrUeT 110 Moy 0 p Buja 4k + 1 u Hebruer 1o moysio 4k + 3
(a0 coiestyer, HapUMep, U3 KpUTepHs Diijepa). DTo 03HAUAET, UTO MpocThie Buja 4k + 1
BxogaT B P(f), a mpocroie Buna 4k + 3 — wetr. Kpome toro, ogesnno, 2 € P(f).

B) f(1) = p, mosromy p € P(f).

[Iycte f(n) menurcs na npocroe g # p. Tak kak muorownen P — 1 gemures wa f (B
Zlz]), To n? =1 (mod q), orkyzna ordy(n) pasen 1 win p, NOCKOJIBbKY OH JEJHUT P.

B nepsom ciayuae n = 1 (mod q), orkyna f(n) = nP~ 1 4+nP24+.. . +n+1=p (mod q).
Nneem p =0 (mod ¢q), oTKyla p = ¢ — IPOTHBOpPEYNE.

Bo Bropom cityuae ¢ — 1 josknO gesmTbes Ha ord,(n) = p, re. ¢ =1 (mod p).

Hao6oport, myers npocroe ¢ = 1 (mod p). Ilycts a — mepBooGpasHblil KOpEHb 10 MO-
JIYJII0 ¢, U IYyCTh N = a7 Torma n Z 1 (mod q), Ho n? = 1 (mod q), ciegoBare/bHO

nf —1
f(n) = JIeJTUTCS Ha, (.
n—1

Taxum obpasom, B P(f) Bxoggar Bce mpoctbie Buja pk + 1 u p.

1.6. a) Ecm fy(x) = kx — 1 mis Hekotoporo Harypasbhoro k, to P(fy) coBmamaer c
MHOYKECTBOM BCEX POCTBIX YHCEJI, 3a UCKJIoYeHueM jesutesieit k. Torma sicHo, 4ro jyist
f(x) = (2x — 1)(3z — 1) muO)kecTBO P(f) coBnagaer ¢ MHOYKECTBOM BCEX IIPOCTHIX UHCEI.

6) He cremyer. [ljist KazKJIoro mpocToro p u Hebix t, s XoTs Obl OJHO U3 4uces t, s,
ts sIBJIIETCS KBAPATHYHBIM BBIYETOM HJIH HYJEBBIM BBIUETOM [0 MOJY/IIO p. SHAUUT, JJIs
MHOTOYJIEHA

frs(®) = (2% —t)(2* — s)(z* — ts)
Boinosieno p € P(f; ). Hocrarouno B3arh t,s Takue, 9T0 t,S,tS OTIMIHBI OT TOUHBIX
KBaJIpaTOB.

1.7. a) Ilokazkem mHAyKIHMEH O @, 9TO HafijeTcs mesnoe n, takoe, 9to p* | f(ng).
st o = 1 yrBepkenue cienyer u3 Bioderus p € P(f). Ilycts yTBeprkienne jpoka-
3aH0 jyist HekoToporo « € N, u f(n,) = p“m mis wekoroporo m € Z. Ilo nemme lensers

f(na +p"z) = p*(m + 2f'(na))  (mod p**Y).

Ho rtak kak p & P(f, '), 1o f'(n,) He genurest Ha p, MOSTOMY JIOCTATOYHO BHIOpATH 2 = 2
TaK, 4T00bl m + zo f'(Ne) JeJWI0Ch HA P, U HOJOKUTD Ngr1 = Mg + PV20-



0) BosbMmém n,, u3 nynkra a). Torna f(n, + p®) genurcs wva p®, a f'(n,) He menurest Ha
p, 1 n3 geMmbl Lemsens ciaeuyet, 910 vy (f (o +p*) — f(na)) = . Buasdnt, 160 vy, (f(na)),
760 v,(f(ne + p*)) paBen B TOYHOCTH .

1.8. O6parnoe nesepno. ITokazkeMm, 4To CymecTByeT Takoil MHOrOWIEH jazke 6e3 pammo-
HAJIBHBIX KOpHeil. BosbmeM f; ¢ u3 pernenust 3a1atm 1.6, riie t, s 1 ts — He TOUHbIE KBA/PATHL.
[Iycts HEYeTHOE IIPOCTOE P He siBysiercs geqmresem t u s. Torma p ¢ P(h, h') nua kaxmoro

2 _ a, rie a pasHo t, s win ts. Torma, cornacHo 3a1aue 1.7,

13 MHOrOwWIieHoB h(x) = x
p* € D(f;s) /st CKOJIb YTOJHO GOJIBIINX (.

JIJ1s1 KOHEYHOTrO MHOKECTBA HPOCTLIX JesnTeneil ¢ uucen t u s BosbMeM t/, s, ne nes-
IIUXCA HU HA OJIHO M3 TAKUX IIPOCTLIX ¢ 1 Takue, 9to t', ', t's’ — ne Tounble KBajpaTh.
Torga ¢“ € D(fy ¢) a1st CKOIb YIOHO OOJIBIIHX (.

Haxkonen, st g(z) = x? + x + 2, cornacho 3ajade 1.7, 2% € D(g) st cKoJlb yroJIHO
OOJIBIINIX (.

Cormacno 3anade 1.4, f = fi s fr.¢g — nckombrit Muorowren — takoit, aro D(f) = N.

3ameuanne. Ha camoM jiesie HCKOMBIII MHOMOYJIEH MOXKHO HAfITH IIPOCTO B BUJE fi ¢ JJIS
MOJAXOAAIINX & U S.

1.9. 6) Ilycrs f = ahy*...h{", tie a € Z, a hy, ... h; — HONAPHO He TPOMOPINOHATBHBIE
IIPUMHUTUBHBIE HEIPUBOANMbIE MHOI'OYJICHBLI C TEJILIMU KOS(b(bI/IHI/IeHTaMI/I.
Tak kak HO/I(hy, h}) = 1, cornacuo 3amadam 1.2, 1.3 MHOKECTBO

Pl(hl) \ (P(hl, hll) U P(hl,a) U P(hl, hg) U...uU P(hl, ht))

OeCKOHEUHO; BBIOEpeM B HEM p; U, B corjacuu ¢ 3agadeil 1.7, Haiizem n; Takoe, UTO
vy, (h1(n1)) = 1. Cornacuo onpeiesiennio py, JJist Bcex m u3 mnporpeccun ni + kp? Bbl-
nosineno vy, (hi(m)) = 1, B To Bpems Kak a, ho(m), ..., hy(m) ue nerarca na p. 3Hadnt,
I Beex m w3 mporpeccun ny + kp? poiosineno vy, (f(m)) = .

AHajiorugHo onpejesaum p;, ¢ = 2,...,t n coorsercrayforue nporpeccun. [To KTO, Bce
t nporpeccuii mepecekatorcst. IlycTb m mpuHAIIEKAT BCeM HporpeccusiM. Toriaa ¢ ofgHoil
CTOPOHBI, 110 ycaoBuio, f(m) = u®, jajsi HeKOTOPBIX Tesibix u u s > 1. C apyroit ctopo-
Hel, Up,(f(m)) = a, ¢ = 1,...,t, mo3TOMY BCE (v KpaTHBI S, TeM caMblM, [ = ar®, rze
r € Zx]. Tak xak f(m) = u® = ar(m)®, KOHCTAHTa @ SBJISIETCS TOYHOI S-f CTENEHBIO.
OxkonuaresibHo, f 1pejcTaBUM B UCKOMOM Bujie f = ¢°.

3amedanme. YcjI0BHe 33291 MOXKHO OCJIa0UTh, IIOTPeO0BaB, UTOOBI TOUYHBIMU CTEIIEHSIMU
ObLIN 3HaYeHUs [ JIMIIL Ha HEKOTOpOil OeckoHedHOil apudmerudeckoii nporpeccun A. B
peleHny Ipu BeIOOpe p; Toraa TpebyeM erre, 9ToObI p; He ObLIO JeIiTesIeM Pa3HOCTH ITOl
nporpeccuu. Torja Hallm IpOrpeccuy ¢ PasHOCTIMU P? MepeceKkyTes ¢ nporpeccueii A.

1.10. 3ajada HermocpeCTBEHHO cJiejtyeT u3 cieyiormedi (mpu momoru 1.5a). Ho mbr mpu-
BEJIEM U HEIIOCPeJICTBEeHHOEe PelleHue.

Mper okazkem cytiecTBoBanme 0dnozo mnpocroro p = 4k + 1 € P(f); mokaszarenbcTBo
TOTO, 9TO TAKUX MPOCTHIX OECKOHEYHO MHOT'O, MOXKHO TeIephb IOJYyYUTh TaK Ke, KaK 1 B
3aj1a4e 1.2.



[Iycts deg f = n. Pacemorpum nHa MunyTKY MHOrOUWwIeH f(x + i), mie ¢ — MHEMAs
equnnta. On npejcrasisiercst B Bujie f(x + 1) = Pi(z) + 1Py (x), tne Pi(x), Po(x) € Zlx],
npuuém deg P, = n, deg P, = n — 1 > 0. 3uauuT, cymiectByeT Takoe k € Z, 9TO 4YuCIa
a = Pi(k) u b = Py(k) nenynessie, npuiénm | P (k)| > |Po(k)|. Samenus P(x) na P(x + k),
MBI MOXKEM cunTaTh, 9ro f(i) = a + bi, vue |a| > |b| > 0; Torna f(—i) = a — bi.

[Tycrs Teneps d = HO/I(a,b), a = a'd, b = b'd; Torna |a’| > |a|/|b| > 1. Yucio a’ + b
OoJIbIIe 2 U HE MOYKET JEJUThCS Ha 4; 3HAUUT, OHO UMEET HeYETHDIH IIPOCTOll JAenTe b p.
[Tockosibky qucsia @’ u b’ B3aUMHO TIPOCTBI, OHU HE MOTYT JIEJIUTHC Ha P, 1 OHO UMEeT BH
p =4k + 1.

[Tonoxkum Q(x) = f(x) — a — br. Bnavenust Q(x) B Toukax i paBHbI HYJIIO, TOITOMY
on gemurest Ha (x — i)(x + 1) = 2% + 1. TTockoabKy o2 + 1 IpUBEJEHHDL, HOTydaeM, 9To
f(x) =a+bx + (z* + 1)R(x) nna nexoroporo R(z) € Z[x].

[Iycts Teneps n — Taxoe qucio, ato nb’ = —a’ (mod p). Torna a + bn = d(a’ + b'n)
nenurest na p u b?(n?+1) = (Vn)?+0? = a?+9? =0 (mod p); nockosbky b He jgeures
Ha p, nojaydaeM, 4to p | n? 4+ 1. 3naunt, u uucio f(n) = (a+bn)+ (n* + 1)R(n) nemurca
Ha P.

1.11. Mpr jrokazkeM cpasy MyHKT 6).

gleno, 9TO JOCTATOYHO OrPAHUYUTLCS CIyYaeM, KOrAa BCe MHOIOWIEHB! f; HEIPUBOIUMDI
Ha i Z (ecin OHU MPUBOIUMBI, JOCTATOYHO MPUMEHNUTD (DAKT JJIsT HEKOTOPBIX UX HEIPUBO-
JIMBIX JIeJINTe 1eil).

Ilycth a; — Kopenb MuorowieHa f;, npu ¢ = 1,2, ... k. Ilo Teopeme 0 NpUMUTHBHOM
9JIEMEHTe, CyIIecTByeT ajrebpandeckoe ducyio y Takoe, 910 Qlag, ag, ..., ar] = Q[y]. B
JaCTHOCTH, 9TO O3HAYAET, ITO CYIIECTBYIOT Takne MHOrowieHsl A; € Q[z], uro o = A;(7).

[Iycth g — MUHEMAIBHBINA MHOrOWIEH dncia . 3ameruM, aro f;(A;(y)) = 0, Tak 4To
muorowiensl fi(A;(x)) nensdres na g npu Beex ¢ = 1,2, ..., k, To ecTh

fi(Ai(x)) = g(x)hi(z).

Koabdunuenrsl MHOrOUICHOB 113 PABEHCTB BBIIE MOTYT ObITH HENEJBIME (HO OHI parino-
HAJIBHDI); TycTh N — HamboJIbIee IPOCToe THUCJI0, Ha KOTOPOe JETUTCs KaKofi-Huoy/Ib 13
3HAMeHaTe el TUX Ko OUIIMEHTOB.

[To 3amade 1.2, cymecTByeT 6ECKOHETHO MHOTO MPOCTHIX THCE, JIEJSIINX 3HAYCHNS § B
nesibix Toukax. Ilyers p > N — Takoe mpocroe [ucsio, u mycTh ¢(n) — COOTBETCTBYIOIIEE
sHadenne. Torga dncianrenn paruoHanbheix ances fi(A;(n)) = g(n)h;(n) nensrcsa na p,
IOCKOJIBKY 3HaMeHaTesn dncest Pij(n) u Q;(n) Ha nero He jesisTcs.

Emumncrsentas ocrapiiasgcst mpodseMa 3aKI09aeTest B TOM, 9To quncia A;(n)— parmo-
HaJIbHBIE, a He mesble. OQHaKo UX 3HAMEHATENN TaKyKe He JeJATCI Ha p. SHAUNT, €C/In
Ai(n) = k;/¢; 1 B3aMMHO TPOCTBIX EJbIX k; 1 £;, TO MOXKHO BBIOpATH TaKoe Iiejioe 1,
aro k; = ¢;m; (mod p). Torna f;(m;) = fi(k;/¢;) = 0 (mod p). Buaunt, p € P(f;) npn
Beex 1 =1,2,...,k.



1.12. Ecm x | f, ro D(f) = N, u yrBep:KjeHne 09eBUIHO. B MPOTHBHOM cjlydae IMycThb
b # 0 — cBoboamblil wien; 3amenss f wa f(bxr)/b € Z[z|, moxem camrarh, uro b = 1.
Bes orpanudenunsi odmuocTt f cuMTaeM HEIPUBOIUMBIM, & €ro cTapuinii KosduineHT
noJIozKuTeNbHbIM. Kak 1 B 3amade 1.10, 10cTaTouHO MOKA3aTh, YTO HaiiIeTcst XOTsI Obl OJHO
npoctoe p = 3 (mod 4), Takoe ato p € P(f).

a) IIpennosoxkum, aro deg f wederna. PaccMoTpuM 60JIbIIOE 0mpuyamesvHo 1eioe 9uc-
10 —n, gensmeecsa wa 4. Torma f(—n) < 0 u f(—n) = f(0) = 1 (mod 4), mosTomy
f(=n) = —(4k + 3) mas mekoroporo Hartypasbhoro k. Torma B pasnoxennn 4k + 3 Ha
IPOCTBIE MHOXKHUTEJIN JIOJIZKHO COJEPIKAThCsT HCKOMOe pocToe p = 3 (mod 4).

0) Eciu D(f) comep:kur HaTypasibHOE UHCJIO, CPABHEMOE € 3 10 MOIYI0 4, MOXKHO
IPUMEHNTD T€ YKe PACCyZKJICHNUs, YTO U BbIIe. B IPOTUBHOM CIydae, HOCKOJILKY f — Helpu-
BOJMMBIii, y HEr0 HeT KpaTHLIX KopHeii. Tak Kak oH uMeer BelleCTBeHHbII KOpeHb, HajiieTcst
uHTepBas (o, ), Ha KOTOPOM f MPUHUMAET TOJBKO OTPHUIATEIbHBIE 3HAUCHUSI.

Tenepn BoIGepem paruonasboe wucao 3 € (a, #) (rae a n b B3anMHO MPOCTHIE), TaKoe
a10 b He MMeeT MpOCThIX Jenutesneii Buga 4k + 3, a 4 | a (MOXKHO TTOJIOXKUTD, HATIPHMED,
b = 5" nia nopxongmero N). Benomunm, uto f(a) = 1 (mod 4). Bosiee Toro, f(a) > 0,
nHave — f(a) — HarypaabHoe uncio Bujga 4k + 3, u paboraer paccyKjieHne u3 MyHKTa a).
Torna f (%) = -5, myed="0"=1 (mod 4), n HarypajbHOe ¢ yJIOBIETBOPSAET YCIOBHIO

a

c=-b"f (5) = —f(a) =3 (mod 4).

[Tosromy wmaiijgercs mpocroe p | ¢, Takoe aro p = 3 (mod 4). Ilo nHamemy mpe/mosio-

Kenmio p 1 by sHaunt, Haiinerca o' € Z, takoe uto a = ba’ (mod p). Torga mmeem
v f(a)=0"f (%) = —c =0 (mod p), u uckOMOe p HaiiIeHO.

1.13. Pemenne 1. [Ipeamosioxknm, TpoTUBHOE, TOTAA JJIT HEKOTOPOTO MEJ0T0O ¢ MHOTOIJICHDI
., () u O, () nensarcs nHa x — a B Zy|x|, uro uporusopednt 3aade 0.176.

1.13. Pemenne 2. I[Ipemnosnoxum, aro ®,,(k) u ®,(k) nenarca wa p. Torma kK™ — 1
n k" — 1 toxe nensarca na p. Ilyctb m < n. Torma " — 1 npejcraBisgercd B Bujie
(2™ = 1)®,(z)h(x), tne h € Z. lloncrasnss k, noxydaem, aro v,(k™" — 1) > v, (K™ — 1).
Ho Tak xak n He genutcda Ha p, 310 nporupopednt LTE-nemme qist a = k™ n b = 1.

1.14. Creayer nanpsimyto u3 3agaan (.14, mockosibky 2 € P(f) eci 1 TOJBKO eC/Ti XOTst
ob1 oo u3 qucen f(0), f(1) gerno.

1.15. a) Ilycrs @, (m) meaures ma mpocroe wmesao p. Torma m™ = 1 (mod p). Ilycts
d = ord,(m), rormad |nud|p—1.
Ecmd=n,ton|p—1up=1 (mod n).
Nnade d < n u B Z[z] Beimosneno pasenctso 2" — 1 = (24— 1) - @, - f 1151 HeKOTOPOTO
f € Z[z]. Orcioma m™ — 1 = (m? — 1) - ®,(m) - f(m), e p | m¢ — 1 up | ®,(m).
CiegoBaTesIbHO,
vp(m™ — 1) > v,(m® — 1).



C npyroit croponst, npuMenns LTE-nemmy g a = m? u b = 1, umeem
vp(m™ — 1) — v,(m? — 1) = v,(n/d).

Buauur, p | (n/d), orkyna p | n.
6) Cuenyer u3 a) u 3agaqu 1.2.

1.16. a) Ilycrs k = v,(m? — 1). Torma /151 J11060r0 HEJIOTO @ UMEEM:
e cci df a, To p{m® — 1 (BbITeKaeT n3 CBOMCTB MOPSIIKA O MOJYJIIO P);
e ccnt d | a, 0 vy(m®* — 1) =k + vy(a/d) (u3 LTE-j1emmbr).

3uauut, n; = dp’ — 9TO HAUMEHDIIIEe YUCIIO N, JJIs KOTOPOro pFt

| m™ — 1.
BoiBesieM u3 paszsioxkenns 2" — 1 Ha KPYroBble MHOTOUJIEHBI (hOPMYITY

B " —1

- HOK{2?—1:d|n, d<n}

n

[leiicTBUTE/ILHO, B 3HAMEHATE 1€ CTOUT IIPOU3BE/IeHe HEKOTOPBIX PA3JIMIHBIX MHOI'OUJIEHOB
Busa O pu k | n, TaK 9TO YACTHOE B MPABOI YACTH — MHOTOUIeH. BoJiee TOro, MHOro4/IeH
®,, Aes T YHCNTeNb, HO HE 3HAMEHATE b, a Jii00oit MHorowter @4 npu d | n, d < n, meaut
sHaMenaTesns, 160 ®g | 29 — 1. [losToMy mocye cokparmenns ocTadTces b D,,.
[TojcraBisiss B 9Ty QopMyly £ = m U n = n;, HOJydaeM, YTO YUCTUTEIb JCJTUTCA Ha

Pt a smamenaTens — Ha Menbmnyio cremens p. Orciona p | @, (m).

3amedanme. Ha camom jesie, B yCJIOBUHM IIPUBENIEH CINCOK 6CEL KPYIOBBIX MHOI'OUJIE-
HOB, 3HAUYEHUsI KOTOPBIX B TOUKE M JEJSITCS Ha p. JTO HECJIOKHO IOJIYUUTh U3 PElIeHUs]
cJIeIYIOIIero MmyHKTa.

6) Cornacuo 3ajade 1.15a, 8 P(®,,) moryrT Jiexkars jmiib (1) npocteie Buga p = an + 1
1 (2) IpocThIe TeJNTEN TUCIa Nn.

Bee mpoctoie Buia (1) peiictBurenbho jexkat B P(®,,). [eiictBurebHo, ycts p = an+1;
BBIOEpEM 11epBOOOpAs3HbIit KopeHb & 1o MojyJtio p. Torma ord,(£%) = n, nosromy npu m = £°
mveeM p | m”™ —1, 1o p 4 m?—1 npu Beex d < n; B qactHocTH, p § g(m) npn d | n. 3nadnr,
p | ®,(m) u, caemosarenvuo, p € P(D,,).

C npocreivu Busia (2) curyanust gapyrast. [Ipegmonoxum, ato p | nu p € P(®,): mycrb
p | ©,(m). llycts d = ord,(m); nockomnsky p | ®,(m) | m" — 1, umeem d | n. C gpyroii
croponsl, d | p — 1, tak aro d | HO(n,p — 1).

IIycte j = vp(n). Torna muorowen @4 - gy - ... - @y mesur P,y, TO €CTH

I’n—lzq)d-q)dp-...-q)dpj-f,

rie f € Z[z]. Hanomuum, uro p¥ | ®4(m) u p | gy (m) upn seex i = 1,2,...,j (kak u B
nynxre a), k = v,(m? — 1)). Snauur,

vp(m" —1) = k+ 7 +v,(f(m)).

C apyroii croponst, v,(m™ — 1) = k + j no LTE-nemme. 3uatuut, p 1 f(m).
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[ycts k =n/p’. Ecm k{p—1,10 k # d (ud | k). B sroM ciyqgae umeem @, | f, n
noromy p 1 ®,,(m), u6o p 1 f(m). D10 HEBO3MOKHO.

[Iycts, Haobopor, k | p — 1. Torya, Kak yke ObLIO CKA3aHO BBIIIE, CYIIECTBYET YUC/IO
m € Z rtaxoe, uto p { m u ordy(m) = k. Torga no nyukry a) umeem p | ®,(m), To ectb
neiicrButesbao p € P(D,,).

Nrak, p € P(®,) Torga n Toabko Torya, Korga n/p’ | p — 1. 3amerum, uTo B 3TOM
caydae p 00s13aHO ObITh HAMOOJIBIINM HIPOCTBIM JIeJINTEIeM YUCIa 7.

Nroro, orser B 3ajade Takoii. P(®,) cocTonT U3 BeeX MPOCTHIX P TAKUX, UTO
e 160 p = 1 (mod n);
e /60 p — HANGOJIBIIMIT IPOCTOI Ae/mTe b N, 1 1pu stoMm n/p*™ | p — 1.

2 00 ommoii 3amaue Cengepona

2.1. Ilycts Q(x) = apa”™ + a,_12" ' + ... + ag, Torna Q(z)* MoxKHO 3ammcaTh B BHIE
bin "™ 4 b1 21+ .+ by. JJoKazKeM 10 HHIYKIIN (o m —7), aro Bee KO3 PUINEHTbI
a; SIBJISIIOTCSI pannoHaJ bHbIMEI. CTapiiuit Koo OUIeHT a,, panroHaJIeH 10 YCIOBHIIO; IPeI-
[OJIOYKUM, UTO @y, Ay—1s - - - 5 Ap—s PAIMOHAJILHBI U JIOKAYKEM, 9TO d,_s_1 € Q. st 3700
B paBeHcTBe b, o™ + b, 121 4+ L+ by = (a2 + a1+ ...+ ag)® cpasmnu
ko burmentst upu 25 b, o1 = ap g 10N+ S, te S = S(an, an_1, ..., n_s) —
3HAYEHNE PAIMOHAIBLHON (DYHKINKM B PAIMOHAIBHBIX TOUKAX (p, dp_1, . . ., 0y_s A, CIEI0-
BaTEeJIbHO, paluoHaj bHoe ducsio. Orcioja, ciaemayer, 910 KOdPDUIUEHT ay 5 1 = b”‘ak;_lfs

TaK2Ke ZIBJIAETCA palllOHaJIbHBIM, 9TO U Tpe6OBaJIOCb JOKa3aTb. MT&K, BCE KOS(beI/HH/IeHTbI

() paIOHAJILHBI.
a

b

k
a
12, a R — IpUMUTHBHbINH MHOIOYJIEH ¢ 1esbiMu Kosbdunnentamu. Torma QF = ERk . Io

[IpencraBum MHOrOWIeH () B Buje — R, rjie a u b — B3auMHO IIPOCTbIe HATYpaJIbHbIE ULC-

semme Taycca, MHOrowIeH RY mpuMUTHBHBI, 0sTOMY ecait b # 1, To Bee KOs PUIIEHTE
v QF He MOryT OBITH I1EJIBIMU.

pyroit BapuanT 3aBepiienns: pelienus Mocje JI0Ka3aTeIbCTBa, PAlUOHAILHOCTH KO3(]-
dbunumentos @ Taxoit. IIpeacrasum Teneps muorounen @Q(z)* ¢ membivu kosddunmentamu
B BuJle IpomsBeenns ayx muorowienos Q(z) n Q(z)* ! ¢ pammonamsunivu koadbdunmen-
ramu. [To jiemme Taycca cyiecrByer Takoe pannoHaJ bHOe YUCIIO ¢, YTO MHOrO4YIeHbl ¢Q) ()
1 ¢~ Q(x)* ! umeror nensie xoapdummentsr. IIpeanonoxum, uto ¢ = a/b, rae a,b — me-
JIble B3alMHO IIPOCThIe 9HC/a, Torja MHorodwtennl aQ(x), bQ(x)*~! taxske mmeror mesnie
koapumuentsr. Crenosarensio, maorodwten a*1Q(z)*! € Z[x]. Ilo anropury Epximia
JJIs HAXOZK JIEHHs HanOOJIbIIEro 0OIIero AeIuTe ist CyeCTBYIOT HEeJIble YUC/a S, ¢ TaKue, 4To
a* s+ bt = (a,b) = 1. Taxum obpasom, muorownen a* 1sQ(z) 1 +bsQ(z)F 1 = Q(z)F 1
uMeeT IieJible KO3 DUIMEHTHI.

[IposorzKast 9TOT IpoIece, JIerko IpUIEM K Tomy, 4to Q(x) Gyaer uMers mesbie Koddg-
purmenTHI.
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2.2. llycTh JaHHDBIN B YCJIOBUH 3a/la91 MHOTOYJIEH NMEEeT BH]T

1

P(x) = bzx% + agr_122F 1+ .+ ap, b, > 0.

[Iepenummem ero B Bujie
P(x) = Q(z)* +r(x) = (bpa" 4+ b1+ ...+ o) + r(x),

riae degr(z) < k — 1. YT0oOBI TIOHATH, YTO 9TO BO3ZMOYKHO, CPABHUM KOI(bDMUINEHTHI TP
e tF et =0,1,...,k— 1y aByx pasubix GopM 3ammch: aj s = 2bpby + Zf:ll_t bibp_1.
JIerko BUueTh, 9TO 10 3TUM COOTHOIIEHUSAM [IOC/IEI0BATE/ILHO U OJHO3HAUYHO BOCCTAHAB/IN-
BatOTCsI b1, by_o, ..., b1, by. Takeke BuIHO, UTO BCe b; SIBJSIIOTCSI pAllOHAILHBIMEI YUCIAMI;
obosnauuM uyepe3 M HOK ux snamenare/ieii.

ITo yciioBuIo, JJIst Beex JOCTATOYHO GOJIBIINX HATYPAIbHBIX 1 Mbl UMeeM P(n) = 2, rie
Yn € Z. Tlocne jomuoxenus na M? mpl ostyuum coornomenue (My,)?* = Q1(n)*+M?r(n),
rie Q1(x) = MQ(x) € Z[z]. Ecaun y r(x) monoxuTe bHbINH cTapimii KO3 OUIeHT, To mpn
JI0CTATOYHO GOJIBIINX HATYPaJIbHLIX N BepHo Hepasenctso (My,)? > @Q1(n)? u, cienosa-
resbho, (My,)? > (1 4+ Q1(n))?. Anajoruuno, ecjn crapiinii KoadbdUIMEnT MHOTOUICHA
r(x) orpunarenbublit, To (My,)? < (=1 + Q1(n))?. B 06oux ciyyasx BbIIOJHAETCS COOT-
nomenue 2|Q1(n)| < |M?r(n) — 1| npu Beex gocTaTouHO GOJIBIINX HATYPAIBLHBIX 7, UTO,
OYEeBHJIHO, HEBEPHO, TaK Kak deg ()1 > degr.

CiieioBaresibHO, MHOrOWIeH 7(x) ToxlecTBeHHo pasen Hymo, n P(z) = Q(x)?. Ocra-
JIOCh JIOKa3aTh, 9T0 MHOTOWIeH ()(x) mmeer resbie KOIMDMUIMEHTD, a 9TO CJIEAyeT U3
sa0aum 2.1.

2.3. B ycsoBum 9Toil 3a7a9n y HAC HET JOMOJTHUTENbHBIX OTPAHMYCHUN, KaK B 3ajatde
2.2, HO MBI IPUMEHIM CJIEJYIONNil KPAacuBblil TPIOK. OUeBHJIHO, UTO CyIIecTByeT mesoe £
Takoe, 9T0 MHOrOWIeHbl P(x) u P(x+{) He nMeioT 061X KOMILIEKCHBIX KOpHEit (1 moToMy
B3anMHO 11pocThl). Muorounen H(x) = P(x) - P(z + {) rapaHTHPOBAHHO HMEET IETHYIO
crereHb 1 crapimii KoabhUINeHT, sBISIONIIHCS TOTHBIM KBAJIPATOM, & TAKKe TOTHBIMHA
KBaJ[PATAMU SIBJISTIOTCS U €10 3HAYEHUST BO BCEX JOCTATOYHO DOJIBIIMIX TIEJIBIX TOUKAX.

ITo 3ayaue 2.2 cymecrsyer Muorousien Pi(z) € Z[x] raxoit, uro P(z)-P(x+{) = Py(x)>.
PaccmorprM ero kanormtueckoe pasjoxkenne B Z[x]:

Plzuhlhg...hk,

rae u € Z, a h; — NPUMHTHBHBIE HEIPUBOJANMbIE MHOTOUICHBI. 13 B3anmMHOIl TPOCTOTHI
muorouieHoB P(x) u P(x 4 ¢) ¢ yaérom jemmbl [aycca BeiTekaet, 1rto, ckaxeM, P(x) ecTb
IPOM3BE/ICHNE HEKOTOPOTo TIEJIOr0 %) U KBaJIPATOB HEKOTOPBIX W3 MHOro4uIeHOB h;. Ilpu
9TOM, MOCKOJIBKY y P(&) ecTb HeHy/IeBble 3HATCHNUS B TIEJIBIX TOUKAX, ABJISIONINECs KBaipar-
TaMH, IUCII0 Uy — ToxKe KBaapar. CrenoBarennho, P(x) sBiseTca KBaIpaToM MHOTOMIEHA
¢ 1eJIbIMEI KoaduiimeHTaMu, 94To 1 TpedboBa/IoCch JI0Ka3aTh.

OrMmernm, 9TO 9Ty 3a7ady MOXKHO DEIUTh U IO-JPYTOMY, MOBTODSsT PEIeHne 3a/atn

L.9.
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2.4. Bamernm, 9TO KaxK/Iblit HHTEpBaJ (77, 71 1) COAEPIKUT XOTA Obl OJINH KOPEHb TIPOU3BO/I-
woit R (z) = Q'(x); mbl ostyumin [ — 1 pasjimvHbix KOpHE(i, Tak 9TO Mbl [IEPEIUC/IUIIN BCE
KOPHH 9TOf IPOU3BOIHOI, 1 Ha KazKJOM HHTEpBaJIe TaKOl KOPeHb eJIMHCTBeHeH. AHaIornd-
HOE yTBepzKIeHne BepHo [17ist MHOrowteHa S(x). Torma st roboro ¢ < [ oTpesk [1;, 7i11] u
[8i, $i+1] MMeroT O6IILYI0 TOUKY, TAK KaK Ha KaKJIOM U3 HEUX JIEXKUT {-bIil 110 MOPSJIKY KOPEHb
Q)

Takzke MOHATHO, YTO €CJAU MEXKJIY JBYMs IIOCICIOBATEILHLIMUA KOPHAME MHOTOYICHA
R(z) nexur a > 1 xopueit S(x), To a > 2, unave 661 rpaduk y = S(z) Kacayucs mps-
moit y = 0, u y MHOrowieHa S(x) ObLT Obl KPATHBIH KOPEHb, YTO HEBEPHO. AHAIOTHYHO
yeTaHaBMBaeTCst (hakT Mpo MocieioBaTe/ibHble KopHn MuorowieHa S(x). Takum o6paszom,
eCJIN, CKAYKEM, [T'j, Ti11] CONEPIKUT S;, TO OH COJACPIKUT U S;+1 (OTPE30K [ry, 7i41] HE MOKeT
CoJlepKaTh s;_1, WHAUe OBl [1;_1,7;] U [$;_1, 8;] He UMesm OOIMUX TOYEK). SHAYUT, B JIHOOOM
ciydae OTPe3KU [r;, riv1] U [S;, S;41] HE TIPOCTO MepeceKatoTesl, & OJINH U3 HUX JIEZKUT BHY TPU
JIPYTOro.

I[Tycts [ qétno. Torma nanmenbimm cpejin Beex Kopueit Muorowieno R(x) n S(x) Oymer
r1, & HaOOJILIIUM OyJIeT 77, HO3TOMY BepHa, CJIeIyIoniast [elouKa HepaBeHCTE:

T <81 <8 << rg <sg<...<r1<81<8<rn.
Ecnn [ HeuéTHO, aHAJIOrTYIHbIE COOOPaYKEHUST IPUBOJIAT K OTBETY

S1 <1 <Trg <8 <83 <L ryg<<...<r1<81<8<n.

2.5. Mpbl HaiiiéM j1azKe Bce Iapbl U3 HATYPaJbHOrO K U IeJIOro ¢, JUJIs KOTOPBIX
Pi(z) +c= Q(:U)2.

3ameruM, 9TO ¢ sABJsETCsT KBajpaToMm HarypasbHoro b = +Q(0). Ilepenumem Harme
PaBEHCTBO B BUJIE:

z(z+1)...(z+k—1)=Q(2)* - b* = (Q(x) — b)(Q(x) + b).

He ymasistst 0OIIHOCTH, MOYKEM CYUTATh, YTO MHOTOUIEH (Q(X) sIBJISIETCS MPUBEIEHHBIM,
3aMeTnM, 9TO Torja dncjo k paBHsieTCsl YJIBOGHHOI crereHn MuOrodieHa Q(x), ciemo-
BaTEJILHO, JOJIZKHO ObITH YETHO, a TAKKe Y6TEH JI0JKeH ObITh koddduiment npu zF 1 y
muorouiena Q(x)? — b?. Tostomy uncio 0+ 1+ ...+ (k— 1) = k(k — 1)/2, asnsomeecs
kospunmentom npu x¥ 1y muorounena z(z+1) ... (r+k—1), Taxske ap/sgerca YETHLIM,
a TaK Kak k I6THO, TO TAKOE BO3BMOYKHO TOJIBKO ecyin 4 | k.

Jlerko mnousaTh, uTo MHOrOwieHol Q(x) — b u Q(z) + b umetor posno mo | = k/2
Pa3/IMUHbIX JIEHCTBUTEIbHBIX KOPHEH, KOTOpPble B O0bEJMHEHUN COCTAB/IAIOT MHOYKECTBO
{0,—1,..., —k+1}. Ilo 3amaqe 2.4 kopusamu MHOTOWIeHA () — b aBasoTes dunca 1 — k,
4—k, ..., =3, 0, a kopasmu muorownena Q(x) + b apiasores quciaa 2 — k, 3 — k, ...,

—2, —1. Eciin k > 4, 1o crenensb muorowienos Q(x) £ b 6osbiie 2, u 110 Teopeme Buera y
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9TNX MHOI'OYJIECHOB OIMHaKOBa CyMMa KOpHeﬁ U o AMHaKOBa CyMMa ITOITapPHBIX HpOI/I3Be,ZLeHI/H7I
KOpHeﬁ. 3Ha“II/IT7 COBIIaJal0T U CYMMbI UX KBaJApaTOB, a UMEHHO:

024324 . (k=4 +(k—1)2=12+22+.. . + (k=3 + (k-2
HO 9TO pPaBEHCTBO HE MOXKET BBLIIIOJIHATLHCA, TaK KaK HdJId JHO6OFO t
(t—4)2 +(t—1)2 =22 =10t + 17 > 2> — 10t + 13 = (t — 3)* + (t — 2)*.

Crenosarensro, k = 4, mpn stom Q(z) — b = z(x + 3),Q(x) +b = (v + 1)(x + 2).
Bnaunt, b = 1 uc = b? = 1. [Tapa uncen (k, c) = (4, 1) sBjisiercss eMHCTBEHHBIM DelleHUEeM
3a/a40.

/
2.6. Crpykrypa MHOrouwIeHa Py(x) Takosa, 4To ero npoussojtast Py (z) umeer posro k—1
KOPEHb 71, ...,TE_1, IPUYEM 3TU KOPHU MOYKHO YIODSIJOYUTEH TaK, 9TOOLI BBIIOJIHAIOCH
HEPABEHCTBO

—(k-1)<ra<—(k=2)<r9<...<-1<r <0.

k—1
5 IIO9TOMY

| Pi(r;)| = | Pe(rg—;)| mpu 1 <@ < k. U3 cBoiicts iponsBojiHoii cieayet, ato |Py(x)| moctu-
raeT CBOEro MaKCUMyMa Ha KaKJOM OoTpe3ke Buja [—i, —i + 1] B Touke r;. CiemoBaresibHo,

Takxxe rpaduk dyuxmmn y = |Py(x)| cumMmeTpntaen OTHOCHTEIBHO OCH T = —

‘Pk(ri—lﬂ S \Pk(nJrl)\ _ ‘TZ'—|—1| . |T’i—|—2‘...|7’i—|—]€‘ _ ‘Ti—i-l{?‘
| P (7)) | Pe (7)) il - i+ 1]+ k=1 il

unpu i < g BBITIOJTHsIETCsT HepaBeHeTBO | Py (r;_1)| > | Pr(r;)|. [lo cummerpun st @ >

BBIIOJIHSIETCsT OOpaTHoe HepaBeHCTBO | Py(r;_1)| < |Py(r;)|.
Takum 06pazoM, Jijist KazKJI0ro KOMILIEKCHOrO a ypasherue Pj(x) = a umeer ne GoJee

k42
2

JABYX KODHeil u3 MHOXKecTBa {71,...,7n—1} KopHeil P (x). Hanbie, ecin k HedérTHO, TO
Py(r;)) = —Py(rr_;), ciepoBarejibHO KOJMYECTBO STUX KOPHEl B 9TOM cjiydae He 0OJIbIe
ojtHoro0. VI3 91010 I CIIetyeT TpebyeMoe, OCKOIbKY Bee KOpHE P, pocThle (T.e. HEKpaTHbIe).

2.7. Bamernm, uro P (z) = R(Q(z)) - Q'(x).

[IycThb r — Hekuit KoMILIeKCHbIH Kopenb Muorodwiena R'. Torma r — obmiuii KopeHb MHO-
rowrenoB R'(z) u R(xz)— R(r), To ectb x —7r | HOI(R'(z), R(z)— R(r)). llogcrasnss Q(x)
Bmecto x, noaydaem Q(x) —r | HOA(R' (Q(x)), R(Q(x)) — R(r)). Hakowner, mocKoIbKy
R'(Q(x)) | P(x), orciona Buitexaer, uro Q(x) —r | HOI(P/(z), Pi(z) — R(r)).

Temeps u3 3agaun 2.6 ciemyer, 9T0 CTereHb MHOrOWIeHa (Q(r) — 7, KaK 1 MHOIOWJICHA
Q(x) nomkHa OBITH POBHO 2, IPUIEM k JTOJIKHO OBITH 9ETHO, 9TO U TPeHOBAJIOCH JOKA3ATh.

2.8. Pemenne 1. Ilo 3ajiaue 1.9
Puz)+c=z(z+1)...(z+k—1)4+c=Q(z)° (%)

JJIsT HEKOTOPOTO HATYPAJIBHOTO YHC/Ia S 2> 2 U HEKOTOPOro MHOrodeHa (Q)(x) ¢ KOMILIEKC-
abiMi Koaddurimentamu. [lycrs crapimit koaddurment Q(x) paBeH a, TOrga, TOCKOJIBKY
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a® = 1, To MOXKHO 3ameHuTh (Q)(r) Ha %Q(:E), [O9TOMY MOYKHO CUHUTATL, YTO MHOIOYJIEH
Q)(x) aBISIeTCS MPUBEIEHHBIM, a TOT/IA 110 3ajade 2.1 MHOTOWIeH () nMeeT Tesbie Koaddu-
reHThl. He ymasisist 0OIITHOCTH, MOYKHO CIUTATh, 9TO (Q(2) HE SBJISIETCS CTENEHBIO JIPYToro
MHOI'OUJIEHA, B IPOTUBHOM CJIy4dae Mbl MOXKEM 3aMeHHUTHL S Ha JIPYroe IMOAXOJdInee HaTy-
paJIbHOE JHCJIO.

3aMeTuM, 4To

Pi(x) = (Pi(x) +¢)' = (Q(2)") = Q'(x) - Q(z)" .

Buaunt, Q*~! nemur HOI(P; + ¢, P). Ho no zanaue 2.7, crenens sroro HO/I ne npesoc-
xouT 2. [TosTomy BO3MOXKHBI JiHIb ciejyioniue ciaydan: (1) s = 3, deg@ = 1; (2) s = 2,
deg@ =1;u (3) s =2, deg Q = 2.

B cayuaae (1) moamyaaem, aro k = 3 meuérno, Ho Tora crenenb HO/I mazke we Gosbire 1,
TaK YTO 9TOT CAyuail HEBO3MOXKEH.

B ciyuae (2) umeem x(x + 1) + ¢ = (z + a)?, orkyna a = 1/2, 10 ectb Q ¢ Z[x].

B cayuae (3) umeem z(z+1)(2+2)(z+3)+c = (22 +ax+b)?; cpauubast KoapduimenTs
npu 2% u x? B seBoil u mpaBoil YacTAX, moaydaeM ¢ = 3, b = 1, a Torma ¢ = 1, U MbI
IPUXOANM K efuHcTBeHHOMY oTBety (K, ¢) = (4,1).

2.8. Pemenme 2. Kak MbI y»Ke OTMETIJIM B IIEPBOM DPEIIEHUN, CYHIECTBYIOT HATypabHOEe
s > 1 u muorounen Q(z) € Z[x] Takue, 9To

zz+1)...(x+k—-1)+c=Q(z)".
[Tostarast & = 0 Mbr Haxogum, ato ¢ = Q(0)* = b®. Takum 06pazoM, BEpHO PABEHCTBO
rz+1)...(z+k—-1)=Q(x)° —b°.

Crenosarenbio, Q(—j)° = b° mist Beex j = 0,1,...,k — 1. Eciin s neuérro, 70 MHOIO-
wied Q(x) — b umeer MuHUMYM k pasaundabix Kopaeit 0, —1,..., —k 4+ 1 u umeer cremneHb
we Menbiie k. Ho Torga cremenb muorowiena (Q(x)® we menbiie sk, 910 GOJIbIIE CTECHN
muorouiena Py(x) = x(x +1)...(x + k — 1), a 970 HEBOBMOKHO.

[Tpeamonoxkum, 910 § 96THO, B TAaKOM CJIydae JJOCTATOYHO PACCMOTPETH ciydail § = 2,
a OH pa3o0paH B 3ajade 2.5.

2.9. 3amerum cpazy, 9TO

r—1
[IycTh o — POU3BOJIBHBIIT KOMILIEKCHBIN KOpeHb MHorowieHa ¢'(x). Kak u B perenun
sajadn 2.7, noaydaem, aro h(z) — a | HOA(f'(z), f(x) — g(«)). Buaunr,

deg HOZI(f'(2), f(z) — g(a)) = 2.

CJie/1oBaTeIbHO, CYIIECTBYET KAK MUHUMYM JBa (BO3MOXKHO, COBIIQIAIOIIIE) KOPHS T S

MHOTOUJIEHA .
na"tt — (n+1)z" 4+ 1

i) =
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takue, ato f(r) = f(s). Jlerko 3ameruts, uto 1 He stBsiercss kopuem [’ w aro y f’ ner
KPaTHBIX KOPHEli, TaK 4To I # §.
13 dopmyinl mis f' cnepyer, uro

n(s" -1 =mn+1)(s"=1) u n@r"=1)=m+1)"-1).
Hanee, us pasercrsa f(r) = f(s) ciemyer, aro

1_1 ’I“n+1—1
s—1 - r—1

3 cooTnommennii BeIIE cjeayeT TOTAa, YTO 1

O |

s—1 r—1-

Boraurast 3T0 paBeHCTBO W3 MPEJIbIIYIIEro, mojiydaem s = r”

,aTorman s —1 =7r—1,
TO €CTb § = T, 9TO HeBO3MOXKHO. [loaTOMy HATYypaJbHBIX 7, YAOBIECTBOPSIIONINX YCJIOBUIO

3a/laul, He CYIIECTBYET.

3 Pazmnoe

3.1. a) Pazgenum f na g ¢ ocrarkom: f = qg + r, rue q,r € Zlx], degr < degg. Torga
Haitjercs N Takoe, uto jijisa Beex n > N Boinosinero |r(n)| < |g(n)|, u eciiu n > N Takoso,
aro g(n) | f(n), To r(n) = 0. Homyaaem, aro r(n) = 0 mig 6eCKOHETHO MHOTHX 3HAUCHUT
n, TO9TOMY T — HYJIEBOI MHOTOUJIEH.

0) Iocue nenenns f na g ¢ ocrarkom B Q[z] mpeacraBum HerosHOE YacTHOE B BHIE ¢ /M,
rie m € Nu g € Z[z], ro ectb f = & + 7 e r € Q[z], degr < degg. Torna naiinerca
N rakoe, aro jis Bcex n > N Boimosieno |r(n)| < |g(n)|/m, u ecim n > N TakoBo, |ITO

g(n) | f(n), To r(n) = 0. Ioaygaem, aro r(n) = 0 ;g 6GeCKOHEUHO MHOTUX 3HAUEHUIT N,
[I0O9TOMY 7" — HYJIEBOI MHOT'OYJIEH.

Hausee, mycrs st mexotoporo n € N g(n) | f(n), me. m | ¢(n). Ho Torga m | g(n+mt)

mist moboro tesoro t, u 3uadut, g(n + mt) | f(n + mt).

3.2. [IlpenamnosoxkuM mpoTUBHOE, TOTAa JJId Kakjoro ¢ = 1,2,...,m Halimzerca nenoe k;
Taxoe, uto f(k;) He jmesmrest Ha pj, e p; — HpoOcTOe, a p;l — jenauTenb a;. Ecim p; = pj
1o < o, TO JUld UHJIeKCa j MOXKHO Ilepeolpeie/iuThb o = oy u k; = k;. Ilocie Takux
HepeorpeiesieHuil cauraeM, 4TO PaBHBIM p; COOTBETCTBYIOT OJHU 1 Te »Ke «; 1 k;. CoryacHo
KTO, naiinercs k B nepecedennn nporpeccuit suna k; +p;‘t. Torna f(k) me nesurest nu na
OJTHO M3 p;’, W CJIe/IOBATEIbHO, HII Ha OJIHO U3 ;. lIpoTuBopetne.

Kazxx it muaorownen f € Z[x] onpenensier Gyukiwio Z,, — Z,, 10CKOJbKY Bbruer f(m)
110 MOJIYJTIO 1 3aBUCUT TOJBKO OT BBIUETA 1 110 MOJLYJIIO M.
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3.3. a) Paszmesum nmanubiit muoorownen f wa z(z — 1)...(x — (n — 1)) ¢ ocraTKOM:
f=xzxz—-1)...(x —(n—1))g+r, tue vae q,r € Zx], degr < n. Torma f u r 3a-
JAIOT OJIHY U Ty »Ke DYyHKIUIO Zy — Ly,

0) OTBer: Jijist IPOCTHIX N.

st mpocroro n = p s Jiroboro Habopa f(0), f(1),..., f(p — 1) zanumem dbopmyty
MHTEPIOJISIIINOHHOr0 MHOTOUYIeHa Jlarpatka. D1o muorowien u3 Q[x] rakoii, aro 3uame-
HATEJIN BCEX ero Koa(PMUIMEHTOB He JEISTCs Ha P, T.. COOTBETCTBYIOIINE UM BbIYETHI 110
MOJIYJTIO P 0OpaTuMbl. UTOObI Oy IUTh HYKHBIH MHOTOUWICH U3 Z[Z], T0CTATOTHO 3aMEHUTh
KazKJIblil Koabpuient wa coorsercrBytomuii Beraer u3 {0,1,...,p — 1}.

[IycTh Temepb m — cocTaBHOE, U p — HEKOTOPKIi pocToil aeiuresnb n. Torma dyHKIms
f: Zy — Zy, nnsg koropoit f(0) u f(p) natoT pasHbie OCTATKI MPH JEJICHUN HA P, OYEBUIHO,
He peasn3yercsd MHorowieHoM f € Z[z|.

B) OTBet: /1t pocThix n (1 n = 1).

ocraTrouno paceMaTpuBaTh MHOIOYJIEHBI cTeneHn < 1 — 1 ¢ KoadduuuenTaMn us
{0,1,...,n — 1} (3amena kaxkjoro kosbdunnenta #a KOIPOUIMEHT, JAIONIH TOT ¥Ke
OCTATOK TIPHU JICJICHUH Ha M, He MEHSIeT COOTBETCTBYIONel byHukimn Z, — Z,). Pazmep
MHOYKECTBa PACCMATPUBAEMbIX MHOIMOUYJIEHOB paBeH N, 9TO COBIAIAET C Pa3MEPOM MHOMKe-
ctBa QYHKIUH Zy, — Loy,

B ciayuae npocroro n = p, HOCKOJILKY Jit0bast (DYyHKIUS PEAJN3yeTcsi MHOIOUICHOM,
OJIy4aeM, YTO TOXKIECTBEHHO HyJsieBasd (PYHKIMS Peai3yercs TOJIbLKO HYJIeBbIM MHOIOUIE-
HOM.

B ciyuaae coctaBHOTO 1, KaK MbI 3HaeM u3 0), UMEOTCs (DYHKIUH, He peasn3yeMble
MHOIOYJIEHOM, [103TOMY Hadijercs pyHKIMs, peaarn3yeMas IByMsI Pa3HbIMI MHOIOYJIEHAMI
f n g. Torna pasnoctsb f — g — MHOTOYJICH, HEe Bce KOI(PDUIUEHTHI KOTOPOIO JIEJIITC Ha
N, HO KOTOPBIi 3a/1aeT HYJIEeBYIO (DYHKIWUIO Zy, —> L.

r) OTseT: 115 N, He JeJIAIuxcs Ha 8 U Ha p° J/Is HedeTHOrO IIPOCTOTO P.

[Iycre n = p{" ... pp*. Oyukuuio, f: Z, — Zy, yI0BIETBOPSIONLYIO YCJIOBUIO

HO/(a — b,n) | HOI(f(a) — f(b),n), a,b € Zy,

OyzeM Has3bIBaThb xopowed. Xopoiass GyHkuus f: Z, —> Z, €CTeCTBEHHO OIPEIeJIsIeT
dysxun f; Zp?‘i — Zp‘;%7 KOTOpBbI€e, KaK JIEFKO BIJIEThH, TOXKe SIBJIAI0TCS Xoporumu. Ecan f
3a/1aeTCst MHOTOWIIeHOM 13 Z[x], To Kaxas f; — ToxKe (TeM ke Muorotwrenom). Haobopor,
ec KaxkJias f; 3a1aeTcs MHOTOUIEHOM ¢; € Z[x], To u f 3ajaercsa MHOTOUIEHOM g € Z|x],
B KOTOPOM KazKJblil KO3 MUIMEHT CPABHUM C COOTBETCTBYIOMINM KO3(MDMUINEHTOM MHOIO-
qjIeHa ¢; 110 MOJYJIo p;* (Takne koabduiments! Haityres, mo KTO).

Takum 06pa3oM, BOIPOC O 3aJIaHUU XOPOoIneil PyHKINNT MHOIMOYICHOM CBOIAUTCS C 9TOMY
K€ BOIIPOCY JIJIA 1, PABHBLIX CTEIIEHU IIPOCTOro, N = p=.

g n = p, Kak Mbl 3HaeM, Jiodagd QyHKUUA 2, — Z;, 3a1aeTCd MHOTOUYJIEHOM.

I[TIycrs renepp a > 2. Pacemorpum dyuknmio h @ Zye — Zpe Taxyio, 910 h(n) = p,
ecin n = p (mod p?), u h(n) = 0 1 ocTagbHBIX p. JIErKo MPOBEPUTH, YTO 9Ta (DYHKINA
XOpOIIIasi.
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C zpyroit cTOPOHBI, IIPU HEYETHOM ITPOCTOM P U (v = 2, a TaKXKe Mpu p = 2 m o = 3
Takas (PYHKIMs He 3aaeTCsi MHOIOWICHOM ¢ HesibiMu Koaddunuentamu. eiicrsurensio,
IycTh Takoil MHOroujeH g cymecrsyer. Mpl snaem, uro g(0) = ¢g(2p) = 0 (mod p?) u
g(p) = p (mod p?). Torma g(p) = ¢g(0) + ¢'(0)p (mod p?), orxyzna ¢'(0) we nesures Ha p.
Ho, eciu p neuérno, to g(2p) = ¢g(0) + 2¢'(0)p (mod p)?, nosromy ¢'(0) gemures Ha p —
nporusopeune. st p = 2 umeem g(4) = g(0) + 4¢'(0) (mod 8), u Takke mojydaem, 4To
¢'(0) mesurcst HA p — MPOTHBOPEUNE.

Ocraercst pazobpats ciaydait n = 4. Pacemorpum dyskIimo g, Takyto, aro g(0) = 2,
g(1) = g(2) = g(3) = 0. Dra byukuus 3agaerca muorowienoM (z — 1)(z — 2)(x — 3). Ho
JIEFKO BUJIETH, 9TO KasKiast XOpoiast (DyHKIIUS ABJISIeTCS CYMMOR KOHCTAHTBI U HECKOJIbLKIX
3 pyuknuii z, g(x), g(x — 1), g(z — 2), g(x — 3), a 3HAUUT, 38/14€TC MHOTOUTIEHOM.

3.4. ITlpeanonoxkum nporusHoe, u paccmorpum Muorowier g(x) = f(x+1)— f(x). Crenens
g He MeHbIe 1, U HAM JIOCTATOYHO B3ATb p € P(g): Torga 3Hauenus f B JBYX COCETHUX
TOYKaX OYyT CPABHUMBI 110 MOJLYJIIO P.

3.5. Kaxkoe u3 ycjioBuii o3HavaeT, 9T0O MHOTOUJICHBI [ U ¢ 3aJ1al0T B3aUMHO OOpaTHBIE
ouexkiun Z, — Z,,.

3.6. (D10 — zajaua ¢ APMO2014.)

OTser: Bce umcsa BUIa n = 3l, rje [ — 1ejioe HeOTPUIATEILHOE YHCIO.

DakTUIeCKN MBI UIEM HATYPAJIbHbBIE 1, YIOBIETBOPSIOIIIE CJIEIYIOMEMY YCIOBUIO (k):
MHOICECNE0 A = {a3+a la=0,1,...,n—1} — noanasa cucmema 6vruemos no Mmodyao n,
WM, 9KBUBAJICHTHO, €CAU UyeAvie a, b maxosvl, wmon | ad+a—b3—b = (a—b)(a®+ab+b*+1),
mon |a—b.

OueBnyino, n = 1 ymoBsierBopsieT (%), an = 2 — He.

JlokazkeM cHadasa, uTo n = 3! ynosnersopser () mis Beex | > 1. JleiicTBuTenHO,
JIErKO IIPOBEPUTD, 4To a’-+ab+b%+1 He jeauTcs Ha 3 HU IPU KAKUX LebX a 1 b (Hanpumep,
11epeboPOM OCTATKOB 10 MOJLYJ/IIO 3, M 3aMedanueM, 4To a’+ab+b*+1 = (a—b)*+1+3ab).
Buaunr, ecym 3 | (a —b)(a? + ab+b* + 1), 10 3' | a — b.

Hagee 3amernm, 910 ecii A — He MOJIHAsT CHCTEMa BBIYETOB 110 HEKOTOPOMY MOJLYJIIO T,
TO OHA — HE I0JIHAs CHCTEMa BBbIYETOB TaK:Ke U 110 MOJIYJIIO JII0OOIo KpaTHOro 1. SHAUHT,
OCTAeTCsl JIOKA3aTh, ITO JII0O0e POCToe p > 3 He YIOBJIETBOPSIET ().

Ecoim p = 1 (mod 4), BosbMem a = 0 u b Takoe, uro b*> = —1 (mod p). Torna
a’® + ab+ b> + 1 genures HA p, a @ — b He HesUTCA.

Tenepb mycrs p = 3 (mod 4), Tak 9T0 —1 — HE KBAJPATUIHBINH BBIYET IO MOJLYJIIO 7.
JlocTaTouHO HAHTH TaKOIl BBIUET T, YTO > +x+1— KBaIpaTUYIHBII HeBbIUeT. [leiicTBu-
TeJILHO, JUIA Takoro o, Bbiuer —(x? + x + 1)7! mod p Gyner KBajpaTHUHbLIM, OITOMY
HaiJ1eTcss HeHYJIeBOIl BbIYET @, TAKOM YTO

—l=d*@*+2+1)=(ax)*+a-ax+a* (mod p);
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TOTJIa (ax)2+a-ax—|—a2—|—1 JEJINTCA Ha P, B TO BpeMsi KaK ax —a He JIeJINTCH, 38 UCKJIIYCHUEM
ciaydasg £ = 1 (mod p). Ho eciu z = 1 (mod p), To 3amenum ero Ha x = —2 (mod p), He
M3MEHUB BBIYET 22 4 = + 1.

[IperonoKIM, 4TO HAIIPOTHB, BCE BBIYETHI BUaa o2 + o + 1 — KBaJpaTHUHbIE NN
HyJIeBble, Tora To ke BepHo i 4(z? + x + 1) = 4(2z + 1)? + 3. Tak kak 2(2z + 1)
npoberaeT BCe BBIUETHI, MOJYyIaeM CJIeIYIONIee YCJIOBUE: eCJIN BhIYET i KBaJIPATHIHBIN, TO
Yy + 3 — toxke. Ho, urepupys y — y + 3, Mbl MOXKEM IOJIYUNUTH JTIOOO0 BBIUET, B TOM JHCJIE
n He KBajparudnblii. [IporuBopeyne.

3.7. fcuo, uro p > 2. /s pelrenns HaM OHAI00UTCA POPMYIIa

mod p).
1 ok—po1 (mod p)

Ok+1k—l—...—|—(p1)k:{
IIpu k£ = p — 1 s10 caenayer u3 masioit Teopembl Pepma. [Ipu MeHbIINX k BhIOEpEM I1€PBO-
oOpas3HbIil KOPEHb € 110 MOJIYJIIO p; TOTJIa CyMMa B JIEBOM 9acTh (110 MOJLYJIIO P) OCTAHETCsI
Toil 3K caMoit npu gomuozkenuu Ha t*. Tlockonpky t* # 1 (mod p), oTciona ciemyer, 9To
CyMMa KpaTHa p.

a) [Ipennosnoxum nporusuoe, Torga f(0)+ f(1)+...+f(p—1) =0+1+...+(p—1) =0
(mod p). C apyroit croporst, u3 dopmyt Boiiie noxydaeMm f(0)+ f(1)+...+ f(p—1) = —1
(mod p). [Iporusopeune.

6) Iycts p — 1 = dk. IlpuMennM coobpazKennus U3 MyHKTa a) [T MHOTOYIeHa g = fF.
st HEeTO

~1=g(0) +g(1) +...+gp = 1) = (FO)* + (fF)" +...+ (flp - 1))" =
=0F+1"+...+(p—1) =0 (mod p).

3.8. Tak kak f 3ajaer repecraHOBKY 0 Ha MHOYKECTBE Zi,, TO

g=f(f(f(-..)) (kureparnii)

3aJ1aeT mepecTaHoBKy oF. IT09TOMY J0CTATOYHO B3:ATH k Taxoe, 4To oF sBisercs TOXKe-
CTBEHHOII TIepecTaHOBKOI (T.e. 4T0ObI k Je/MI0Ch HA BCe JJINHBI HE3aBUCUMbBIX IIHKJIOB, HA
KOTODBIE PacajiaeTcs o, HoJoiiner, Hapumep, k = n!) 1 moJ0KUTH

g=f(f(f(...)) (k— lurepanpmii).
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Polynomials in number theory

Project is prepared and presented by:
Ilya Bogdanov, Boris Frenkin, Pavel Kozhevnikov, Pavel Kozlov, Andrey Ryabichev, Navid Safaei

Abstract

In this project you can get acquainted with some remarkable problems and ideas arising
at the intersection of number theory and theory of polynomials. This project consists of
several sections each of which is interesting by itself.

Section 0 contains some technical facts which will be quite helpful in other sections.

In Section 1, we investigate the sets of divisors of values of a polynomial with integer
coefficients. We start with investigating some concrete polynomials; after that, we suggest
to prove some general facts which appear to be quite curious and beautiful. In particular, it
appears that for each non-constant polynomial with integer coefficients there are infinitely
many primes of the form p = 4k + 1 dividing some values of the polynomial. On the other
hand, under the extra restriction that the polynomial has at least one real root, the same
holds for primes of the form p = 4k + 3.

Section 2 is mainly devoted to one difficult number-theoretical problem describing all
situations when a product of n consecutive integers increased by a constant is a perfect
power. While solving this problem, you will learn both analytical and number-theoretical
methods which are quite useful for many other problems.

In Section 3 we collect miscellaneous problems which are interesting by themselves, but
they are also related to the problems in other Sections, by means of methods needed for
their solutions.

0 Auxiliary facts

0.1 Basic concepts in number theory

Let us list some number-theoretical facts which can be helpful in solving problems.
e Division with remainder and Euclid’s algorithm.
e Linear representation of the g.c.d.

e The fundamental theorem of arithmetics (i.e., existence and uniqueness of prime
factorization).

Corollary: existence of the canonical representation of integer n > 1; namely n = pi"* - - - p.*¥,
where p1, ..., p are distinct primes, and o, ..., a are exponents.

The exponent of p in the decomposition of n further denoted by wv,(n).

e Chinese Remainers Theorem.
One of its reformulations reads as follows: consider n (both-sides) infinite arithmetic
progressions consisting of integers, such that the steps di,...,d, are pairwise coprime.

Then the intersection of those progressions is exactly an arithmetic progression with step
di---d,.



e Congruences and residues modulo n.

Congruence a = b (mod n) (which reads as ‘a and b are congruent modulo n’) for
integers a,b and a positive integer n means that a and b have equal remainders while
diveded by n, or, equivalently, that n | (a —b).

A residue modulo n is an equivalence class with respect to congruence modulo n (each
residue is an arithmetic progression with step n); but, a representative of this class is also
called a residue. All n residues form a complete residue system, which is denoted by Z,,. If
we fix a representative for eash residue, we may put Z, = {0,1,...,n — 1}. On Z,, the
operations of addition and multiplication are naturally defined. The inverse for a residue a
is a residue a~! such that aa™! is equal to 1 in Z,, i.e., aa~! =1 (mod n). The residue a

is invertible (i.e. having an inverse) iff ged(a,n) = 1.

e Fuler’s and Fermat’s theorems.

Euler’s theorem states that for coprime a € Z and n € N we have a*"™) = 1 (mod n),
where ¢(n) is Euler’s totient function, i.e., the number of numbers from {1,...,n} coprime
to n.

Fermat’s theorem is a particular case of Euler’s theorem for a prime n = p (in which

case.p(p) =p —1).
e The order of an integer a modulo n is the least positive integer k such that a* =

(mod n). (It is clear that the order is defined only if ged(a,n) = 1.) Let us denote the
order of @ modulo n by ord,(a).

We note the following property of the order: ¢™ = 1 (mod n) iff ord,(a) | m. In
particular, by Euler’s theorem, it follows that ord,(a) | ¢(n).
If ord,(a) = ¢(n), then 1,a,a?, ..., a?™=1 are all the residues which are coprime to n.

In this case a is called a primitive root modulo n. A primitive root exists iff n equals 2, 4,
p%, or 2p® for a prime p > 2 and a positive integer a.

e Let us recall the LTE-lemma (Lifting the Exponent Lemma).
Let p be an odd prime, and a, b be distinct integers not divisible by p. If p | @ — b, then

0@ = B") = vya — b) + v,(n),
For p = 2 the same equality holds whenever 4 | a — b.

e A non-zero residue a modulo an odd prime p is called quadratic, if the congruence

22 = a (mod p) has a non-empty solution. The number of (non-zero) quadratic residues is

-1 . .
P22 — the same as the number of non-quadratic non-zero residues.

2
Euler’s criterion states that a non-zero residue a is quadratic iff "= =1 (mod p).

0.2 Theory of divisibility in Q|x]

Let us denote by Q[x] the set of polynomials with rational coefficients, and by Z[z| the set
of polynomials with integer coefficients. We say that polynomials of degree not less than 1
are non-constant. A non-constant polynomial f € Qx| of degree d is called reducible over Q
(or, reducible in Q[z]) if it can be represented as a product of two polynomial of degree less



than d with retional coefficients. Each non-constant polynomial in Q[z] is eqither reducible,
or irredusible over Q. Similarly to the case of integers, one can divide a polynomial in Q[x]
by another nonzero polynomial in Q[x] with remainder (e.g., via long division). In Q|x], the
g.c.d. of polynomials fi, fo, ..., fr is defined as a polynomials of the greatest degree which
divides each of fi, fo, ..., fr. A g.c.d. is unique up to multiplication by a non-zero constant;
the g.c.d. of two polynomials can be found by Euclid’s algorithm. Polynomials whose g.c.d.
equals 1 are called coprime. Analogues of the theorem on a linear representation of g.c.d.
and the fundamental theorem of arithmetics are the following theorems:

Fact 0.1 (Theorem on linear representation of g.c.d.). For any fi, fo, ..., fr € Q[x] there
exist uy, ug, . .., ux € Q[z] such that

ged(f1, fo, oo oo fo) = wnfi Huafo + - upfi

Fact 0.2 (The fundamental theorem of arithmetic). Each non-constant polynomial f € Q[x]
can be represented as f = hy - ho---h,, where h; are irreducible over Q polynomials. If
f=h}-hy---h. is some other such decomposition, then s = r, and for some permutation
of h, hb, ..., hl we have

/ / /
hl = ulhl, h2 = u2h2, ceey hT = urhr,
where uy, uo, ..., u, are non-zero rational numbers.

Collecting powers of equal polynomials, one may obtain a canonical representation,
similar to canonacal representation of a potitive integer as a product of powers of primes.

0.3 Gauss’ Lemma

For a polynomial f € Z[z], we define the content d(f) of f as the g.c.d. of all its coefficients.
A polynomial f is primitive if d(f) = 1.

Fact 0.3. Let f,g € Z[z]. Then d(fg) = d(f) - d(g). In particular, the product of two
primitive polynomials is primitive.

Proof. We start with the second statement. Assume, for the sake of contradiction, that
there exist primitive polynomials f(z) = ap+ar1z+- - -+a,z" and g(z) = by+bix+- - -+bpx™
in Z[x] such that their product is not primitive, so that p | d(fg) for some prime p.

Let s,t be the least indices such that p { as, p 1 b;. Such indices exist since f and g are

primitive. The coefficiet of 257 in fg is equal to

Csit = Qsby + (asp1bi—1 + asi2bp—o + -+ ) + (as—1bi11 + as—2bpio + -+ ).

Since as_; and b;_; are divisible by p for i > 0, and p | ¢sy¢, We obtain p | asb; which
contradicts the choice of s and t.



To prove the general statement, let us represent arbitrary polynomials f, g € Z[z] as

f=d(f)fo,  g=4d(g)g,

where fy, go are primitive. Since fg = d(f)d(g) - fo - g0, and d(fo - go) = 1, we get
d(fg) = d(f)d(g), as required.

Fact 0.4 (Gauss’ Lemma). A polynomial Z irreducible over Z is also irreducible over Q.

Proof. Assume that for some polynomials h € Z[z] and f,g € Q[x] we have h = fg.
After multiplying both sides by the l.c.m. of the denominators of all coefficients in f and
g, and dividing by the g.c.d. of all numeratorsu, we have:

ah = bfygo,

where a,b € Z, and fy, go are primitive polynomials over Z. By the previous, a - d(h) = b,
so that after cancellation we have

h = d(h>fogo,

hence h is reducible over Z[z].
Using Gauss’ lemma and the fundamental theorem of arithmetic for Q[z], one may prove
the following

Fact 0.5 (The fundamental theorem of arithmetic in Z[x]). A non-constant polynomial
f € Zlx] can be presented as f = hy - hy-- - h,, where h; € Z[z] are irreducible over Q
(non-constant) polynomials.

Dividing by constants, one may transform f = hihs - - h, to a canonical representation

_ [e5RpNeY)] (697
f=u-g97"9, ks

where g; € Z[z] are pairwise coprime primitive irreducible over Q (non-constant) polynomials,
vweZ,u#0, k=1, a, > 1.
The canonical representation is unique up to multyplying factors by +1.

0.4 Hensel’s Lemma

Here we present an important result, which will be helpful further. First, let us note that
for a constant polynomila we have:

f@+y) = flx).

Next, for annu linear f we have

flx+y) = f(z) +cy,

where c is the coefficient of z, or, in other word, the derivative of f.



The above notes can be generalized for the case of an arbitrary polynomial (e.g., by
induction over the degree) in the following way: if f is a polynomials of degree d with
integer coefficients, then

flz+y) = fl@)+ fil@)y+ f(@)y* + - + fa(z)y’,

where f;, 1 =1,2,...,d are polynomials with integer coefficients of degree not greater than
d — 1; in fact, f; = o

il
The corollary of this statement is the following useful

Fact 0.6 (Hensel’s Lemma). Let f € Z. Then for any prime ¢, positive integer s, and
integers r, n, we have

fn+rg’) = f(n) +rgf'(n)  (mod ¢*).

1 Divisors of polynomial values, with applications

Let us fix the following notation. For f € Z[z| denote by D(f) the set of all positive
integers m such that f(n) is divisible by m for some integer n. In other words, m € D(f)
iff f(z)=0 (mod m) has an integer root.

More generally, for f1, fa, ..., fr € Z[x] denote by D(f1, fa, ..., fr) the set of all positive
integers m such that the system

fi(x)=0 (mod m), i=1,2,...,k, (1)

has an integer root. Denote by P(f1, fa, ..., fr) the set of all primes in D(f1, fo, ..., fr)-
[t is clear that if f(n) is divisible by m, then f(n 4+ mt) is divisible by m s for
any integer t. Thus, the set of integers x satisfying (1) is either empty, or is a union of
(both-sides) infinite arithmetic progressions with step m.
Obviously, if m € D(f), then all positive divisors of m also belong to D(f). For a
constant polynomial f = u € Z the set D(u) coincides with the set of all positive divisors
of u. It is easy to show that for a non-constant f € Z the set D(f) is infinite.

Problem 1.1. a) Prove that for any positive integers my, ..., m, there exists a polynomial
f € Z|x] such that neither of my,...,m, lies in D(f).

b) Prove that D(fg) D D(f) for any two polynomials f, g € Z[x].

c¢) Prove that D(f(g)) C D(f) for any two polynomials f, g € Z|x].

Problem 1.2. Prove that for any non-constant polynomial f € Z[x] the set P(f) is infinite.

Problem 1.3. Prove that if fi, fo,..., fi € Z[z], k > 2, are coprime polynomials, then the
set D(f1, f2, ..., [r) is finite. (And, therefore, P(f1, fo,..., f) is finite.)



Problem 1.4. Let f € Z[x|. Prove that if my,my € D(f) and ged(my,my) = 1, then
mimsy € D(f).

Problem 1.5. Find P(f) if

a) f(z) = 2%+ 1;

b) f() =2+ + L

¢) fx) =aP L+ 2P 2+ ...+ 2+ 1, where p > 2 is a prime.

Problem 1.6. a) It is clear that if f € Z[z]| has an integer root, then P(f) is the set of all
primes. Show that the converse is false.

b) Assume that P(f) is the set of all primes. Determine if it follows that f has a rational
root.

For a polynomial f € Z[x] denote by P,(f) the set of all primes p such that v,(f(n)) = «
for some integer n.

It is clear that if v,(f(n)) = «, then v,(f(n + p**'k)) = « for any integer k. Thus
the set of integers x such that v,(f(x)) = «, is either empty, or is a union of (both-sides)
infinite arithmetic progressions with step p®**.

[t is easy to see thet P,(f) C P(f), moreover, for a non-zero f € Z[x] we have

P(f) = E’_jl P.(f). Note that for f € Z[z] and k € N we have P,(f) = Pea(f*).

Problem 1.7. Let f € Z[z].

a)If pe P(f)\ P(f, f"), then p € P,(f) for an unbounded set of VALUES OF a.

b) Prove that, in fact, EACH OF the sets P, (f)\ P(f, f’) coincides with P(f)\ P(f, f')
for ALLa=1,2,3,....

Problem 1.8. It is clear that if a polynomial f € Z[z] has an integer root, then D(f) = N.
Determine if the converse is true.

Problem 1.9. Let f € Z[z] be a polynomial such that for any positive integer n the value
f(n) is a perfect power, i.e., f(n) = m(n)*™, for some positive integers m(n) u s(n) > 1.
a) Prove that f is reducible (over Q).
b) Prove that there exist a positive integer s > 1 and a polynomial ¢ € Z[z| such that

f=q.

Problem 1.10. Prove that for a non-constant f € Z[z| the set P(f) contains infinitely many
primes of the form 4k + 1.



2 On a problem of V.A. Senderov

Problem 2.1. Let Q(x) be a polynomial with real coefficients such that its leading coefficient
is rational. It is known that Q(z)* € Z[z] for some positive integer k > 1. Prove that

Q(x) € Z[z].

Problem 2.2. A polynomial P(z) of even degree with integer coefficients is given. The
leading coefficient of P(x) is a perfect square, and P(n) is a perfect square for any large
enough positive integer n. Prove that there is a polynomial Q(z) with integer coefficients

such that P(x) = Q(x)2.

Problem 2.3. A polynomial P(x) with integer coefficients is given such that P(n) is a perfect
square for any large enough positive integer n. Prove that there is a polynomial Q(x) with
integer coefficients such that P(z) = Q(x).

For every positive integer k, we introduce the polynomial:

Pz)=xz(xz+1)---(z+k—1).

Problem 2.4. Let Q(x) be a monic polynomial of degree [ > 2 with real coefficients such
that R(x) = Q(x) — b has exactly [ different real roots r1, 79, ..., r;, while S(z) = Q(z) +b
has exactly [ different real roots si, so,...,s;, for some positive real b. Sort the elements
of the set {ry,79,...,77,51,82,...,5} under the assumptions r; < ry < --- < r; and
S < 8§y < - < 8

Problem 2.5. Prove that Py(z) + ¢ is not a square of a polynomial with integer coefficients
for any positive integers k£ > 4 and c.

Problem 2.6. Prove that for any complex number a the degree of the g.c.d. of polynomials
Pi(x) —a and P/(z) does not exceed 2. Moreover, if k is odd then that degree is at most 1.

Problem 2.7. Suppose that there exist polynomials Q(z) and R(x) of degree at least 2 with
rational coefficients such that Py(z) = R(Q(x)). Prove that k is even, and deg Q(x) = 2.

Problem 2.8 (V. A. Senderov). Find all positive integers k and ¢ such that Pi(n) + c is a
perfect power for any positive integer n.



3 Miscellaneous

Problem 3.1. Let f, g € Z[x]. Assume that the number f(n) is divisible by g(n) for infinitely
many positive integers n.

a) Prove that if the leading coefficient of g equals 1, then g | f (in Z[z]).

b) Prove that there exists an infinite arithmetic progression A of positive integers such
that g(n) | f(n) for any n € A.

Problem 3.2. Let f € Z|[x], and let ay, as,. .., a, be positive integers. Given that for any
integer n the number f(n) is divisible by at lease one of ay, as,..., a,, prove that there
exists a positive integer k£ < m such that f(n) is divisible by a; for any integer n.

Each polynomial f € Z[z| determines a function Z, — Z,, since f(m) modulo n is
uniquely defined by the residue of m modulo n.

Problem 3.3. a) Prove that if the function Z,, — Z,, is determined by a polynomial in Z|x],
then it is also determined by a polynomial in Z[z]| whise degree is at most n — 1.

b) Find all n such that any fuction Z,, — Z,, can be determined by a polynomial in Z[z].

c) Find all positive integers n > 1 satisfying the following condition: if f € Z,
deg f < n—1, is such that f(m) is divisible by n for all integers m, then all coefficients of
f are divisible by n.

d) Find all n such that any function Z, — Z,, satisfying

ng(CI, - ba n) | ng(f(CL) - f(b)a n)n a, be Zna
is determined by a polynomial from Z[z].

Problem 3.4. Let f € Z[z| defines a bijection modulo any prime number. Prove that f has
degree 1.

Problem 3.5. Let f,g € Z[z] be polynomials such that for any integer x the number
f(g(x)) — x is divisible by a fixed integer n. Prove that g(f(z)) — x is also divisible by n
for any integer x.



Polynomials in number theory

(Continuation)

0.5 Algebraic numbers and minimal polynomials

A complex number « is called algebraic if there exists a non-zero polynomial f € Q[z] such
that f(a) = 0. E.g., v/2++/3 is algebraic, since f(v2+v3) =0, rue f(z) = 2* — 1022+ 1.
Obviously, the set of algebraic numbers contains Q.

A non-zero polynomial f € Q[z] of minimal degree such that f(a) = 0 is called a
minimal polynomaial of algebraic number «. The degree of this polunomial is called the
degree of a.

It is easy to see that the minimal polynomial of any algebraic number is irreducible in
Q[z]. Moreover, any polynomial h € Q[z] having « as a root, is divisible by the minimal
polynomial. Indeed, let us divide A by the minimal polynomial f with remainder:

h=fq+r,

where ¢, € Q[x] and degr < deg f. Plug in © = a to obtain r(a) = 0. By minimality of
f, we see that r vanishes, i.e., h is divisible by f.
The next fact follows immediately from the above.

Fact 0.7. Any irreducible f € Q[z] is the minimal polynomial for each of its roots.

Problem 0.8. a) Let f € Q[z] be an irreducible polynomial. Prove that f and f’ are coprime.
b) Let f € Q[z]. Prove that f and f’ are not coprime iff there exists a non-constant
g € Qlx] such that ¢* | f.
c¢) Prove that an irreducible (in Q[z]) polynomial has no multiple complex roots (and
hence, the number of its complex roots equals its degree).

A non-empty set of complex numbers F is called a number field if it contains some
nonzero number and, along with any numbers a,b € IF, it also contains the numbers a + b,
ab, —a and a1 (the latter — only if @ # 0). In other words, in the field, one can perform all
usual arithmetic operations (addition, multiplication, subtraction, and division by a non-
zero number), obtaining numbers that also belong to the field. (In this project, number
fields are referred to as fields.)

Since most algebraic transformations use exactly the four mentioned operations, many
facts whose proofs boil down to only these operations hold over any field. E.g., denoting by
[Flx] the set of polynomials with coefficients from F, it is easy to show that the theorem on
the linear representation of g.c.d. and the fundamental theorem of arithmetic are true in
Flx] (see facts 0.1, 0.2).

It is useful to note here that the procedure of determining the g.c.d. of two polynomials
(by Euclid’s algorithm) does not depend on the field over which we work. This means
that the resulting g.c.d. does not depend on the field (the only restriction is that all the
coefficients of the polynomials must lie in this field).



Similarly to the definition above, a complex number « is said to be algebraic over a field
F if a is a root of a nonzero polynomial in F[z]. Such a polynomial of minimal degree is
called minimal polynomial of o over the field F. The above facts about algebraic numbers
also carry over to the case of an arbitrary field.

Important (yet basic) examples of number fields are provided by the following fact.

Fact 0.9. a) Let o be the algebraic niumber. Then the set

Qla] = {f(@): f € Q[z]}

is a field.
b) Similarly, if « is algebraic over F, then the set

Fla] = {f(a): [ € Flz]}
is a field.

The field F[a] is called the extension of the field F by the algebraic number a.

Proof. We prove the more general statement b).

For arbitrary g(«), h(a) € Fla] it is clear thet g(a) + h(«), —g(a), and g(a)h(a) lie in
F[a]. It remains to show that g(a)™! € F[a], if g(a) # 0,

Let f € Flx] be the minimal polynomial of a over F; then g is not divisible by f. since
g(a) # 0. Irreducibility of f now implies that ged(f,g) = 1, and by the theorem on the
linear representation of the g.c.d. there are polynomials a,b € F[z] such that 1 = af + bg.
Substituting « into this equality, we get

1= a(a)f(a) + bla)g(a) = bla)g(a),

ie., gla)™t = b(a) is in Fz].
Remark. Using division by f with a remainder, it is easy to get that each element in
Fla] is represented as g(«), where g € F[z] and deg g < deg f (check this out!).

The next problem can be solved in different ways; one possible solution is based on the
following well-known lemma.

Fact 0.10. Consider a system of homogeneous linear equations, that is — a system of the
form

a111 + a12x2 4+ ...+ ATy — 0,

9171 + A22%9 + ... + QopTy = 0,

ap1T1 + g + . ..+ agpT, = 0,

where a;; are fixed (say, rational) coefficients, and z; are variables. Then, if the number £ of
equations is less than the number n of variables, then the system has a (rational) solution
in which not all values of the variables are zero.



This lemma can be proved, for example, by successive elimination of variables. The
lemma is also true over any field: if the coefficients belong to the field IF, then one can also
find a non-trivial solution in which all the values of the variables lie in F.

The next problem can also be generalized over any field, but for ease of perception we
formulate it over the field Q.

Problem 0.11. a) Let a be an algebraic number, and put F = Q[a]. Then any number in F
is algebraic.

b) Let o be an algebraic number, and let number § be algebraic over F = Q[a]. Then
B is algebraic.

c¢) The set Q of all algebraic numbers is a field.

d) Moreover, any number algebraic over Q lies in Q. (Such fields are called algebraically
closed.)

Let av and § be two algebraic numbers; put F = Q[a]. Then the field F[S] is also denoted

by Q[a, B]. Tt is easy to check that Q[a, 8] = Q[5, a].
Similarly, one can define the field Qlay, . .., a,] for a; € Q.

Problem 0.12 (Primitive element theorem). a) Let a and § be two algebraic numbers.
Prove that there exists an algebraic number ~ such that Q[a, 5] = Q[v]. Moreover, this
number can be chosen in the form v = a + tf for t € Q.

b) Let aq, as, .. ., a, be algebraic numbers. Prove that there exists an algebraic number
v such that Q[aq, as, ..., a,] = Q[y]. In what form can « be sought for in this case?

0.6 Cyclotomic polynomials

A complex number z is called a primitive n-th degree root of unity if 2" = 1, but z¥ # 1
upu 1 < k£ < n. The following properties follow easily from the definitions.

Fact 0.13. a) Any n-th degree root of unity is a power of (any) such primitive root.

b) The number £; = cos 2% + ¢ sin 2% is a primitive n-th degree root of unity.
c¢) Each primitive n-th degree root of unity has the form g4 = cos 2%61 + 7sin 2%1, where

ged(d,n) = 1.
d) If € is a primitive n-th degree root of unity, then each primitive n-th degree roots of
unity has the form e, where ged(d, n) = 1.

The (n-th) cyclotomic polynomial is the polynomial

@,(2) = [[@@ - ).

£

where € runs through all primitive n-th degree roots of unity. It follows from the previous

fact that
()= ] (x-¢&%,
d<n, (d,;n)=1



where € is any primitive n-th degree root of unity.
Let us present some examples of cyclotimic polynomials:

Py(z)=a+1, P3(z)=2'+2+1, O)=2'+2°+2°+2+1,
Pis(z) =2 2" +2° — 2t + 2~ + 1,

Here are some useful facts about cyclotomic polynomials:

e The degree of @, () is equal to the number of numbers coprime to n and not exceeding
n, i.e., o(n).

e Since every n-th degree root of unity is a d-th degree primitive root of unity, where
d | n, and vice versa, the following formula is true:

"t —1= H@d(aﬁ).

dln

e &,(x) € Z[x]. This can be derived from the previous formula, using induction: ®,,(x)
is obtained after dividing " — 1 by a monic polynomial with integer coefficients.

Problem 0.14. Let p be a prime. Prove that:
a) If p | n, then ®,,(27) = &,,(x);
b) If p { n, then @, () = @y, (2) Py (x);

c) If ged(n,a) = 1, then @, (z%) =[] Ppa(z);
dla
d) If n is odd, then ®,,(—x) = ®9, ().

Problem 0.15. Prove that 2" — 1 = ®,,(z)q(z), tne q(x) ia? — 1 for each d | n, d < n.

Problem 0.16. Find a) ¢,(0); b) ®,(1).

In other sections, we will sometimes need to deal with polynomials in Z,[x]. Since they
can be added, subtracted, multiplied and divided with a remainder just like polynomials in
Ql[z], one can define in Z,[z] the following usual concepts:

e the greatest common divisor of several polynomials, as well as its linear representation;

e coprime polynomials;

e irreducible polynomials and canonical decomposition into irreducible factors.

But not all facts about polynomians in Z,[z] are formulated and proved in exactly the
same way as in Q[z]. This can be seen, e.g., in the following problem.

Problem 0.17. a) Prove an analogue of Problem 0.8b for a polynomial f(z) in Z,[z].
b) Given a prime p and distinct positive integers m,n not divisible by p. Prove that the
polynomials ®,,(z) and ®,(x) are coprime in Z,|x].

1 Divisors of polynomial values, with applications



Problem 1.11. Let fi, fo,..., fi € Z|x]| be non-constant polynomials. Prove that
a) the set P(f1) N P(fs);
b) the set P(f1) N P(f2) N --- N P(fx)
is infinite.

Problem 1.12. For a polynomial f € Z|x]
a) with odd degree;
b) having at least one real root,
prove that P(f) contains infinitely many primes of the form 4k + 3.

Recall that we denote by ®,, the n-th cyclotomic polynomial.
Problem 1.13. Let m and n be distict positive integers not divisible by a prime p. Prove
that p & P(®,,, D,,).

Problem 1.14. Prove that 2 € P(®,,) iff n = 2",

Problem 1.15. a) Let p € P(®,,). Prove that either p divides n, or p =1 (mod n).
b) Prove the following particular case of Dirichlet’s theorem: for a given positive integer
k the arithmetic progression kn + 1 contains infinitely many primes.

Problem 1.16. a) Let m be an integer not divisible by an odd prime p, and let d = ord,(m).
Prove that for any i = 0,1,2,..., we have p | ®, (m), where n; = dp'.
b) Find P(®,,) for any positive integer n.

2  On a problem of V.A. Senderov

Problem 2.9. Determine all positive integers n such that there are polynomials g(z) u h(x)
with complex coefficients of degree at least 2 satisfying

"+t a4 1= g(h(x)).

3 Miscellaneous

Problem 3.6. Find all positive integers n such that for any integer k there exists an integer
a such that a® + a — k is divisible by n.



Problem 3.7. Let f = 29 + ajz® ' + -+ + aq € Z[z], where d > 1, and let p be a prime
number. Prove that the function Z, — Z, determined by f is not a bijection, if
a)d=p—1;
b) d is a divisor of p — 1,

Problem 3.8. Let f € Z[x] deftermine a bijection modulo n. Prove that there exists g € Z[z]
such that f(g(x)) — x is divisible by n for any integer x.



Polynomials in number theory

Solutions

0 Auxiliary facts

Collecting powers of equal polynomials, one may obtain a canonical representation, similar
to canonacal representation of a potitive integer as a product of powers of primes.

0.5 Algebraic numbers and minimal polynomials

0.8. a) Assume the contrary, that there exists a non-constant d € Q[z] such that d divides
both f and f’. Since f is irreducible, we have d = ¢- f, hence f divides f’. It is impossible,
since deg f' < deg f.

b) First, auume that such g exists. We have

f'=9*0 +299'h=g-(gh' + 24'h),

hence g | ged(f, f'). Therefore, f and f’ are not coprime.
Conversely, if the polynomial g does not exist, then in the canonical decomposition

f=hhy... h

into irreducible factors, all the polynomials hy, ..., hy are different (more precisely, there
are no proportional ones among them). If f and f” are not coprime, then their g.c.d. would
be the product of some of h;; let, for definiteness, it is divisible by hy, i.e. hy | f'. But

f'=hihy. . g+ habbhg . . by + hihobly . hy + ..+ hyho . R,

where all terms, except possibly the first one, are divisible by h;. This means that the first
term must also be divisible by this polynomial. Since h; is irreducible, one of the factors
must be divisible by it. This is impossible, because h; 1 h; for ¢ > 2 by our assumption,
and hy 1 hy by item a).

¢) Let the polynomial f be irreducible. By item a), the polynomials f and f’ are coprime.
By item b), this means that the square of a non-constant polynomial does not divide f; in
particular, f is not divisible by a polynomial of the form (x — a)? for o € C. This means
that f has no multiple roots.

0.11. a) Let v € F[a], and let n be the degree of a. Then for each i = 0,1,...,n, we have
7" = gi(a), where g; € F[z] and deg g; < n.
Let us show that there exist numbers uy, ..., u, € Q, not all zeroes, for which

Y™ 4 Y+ o = 0;
that will even yield that « is an algebraic number of degree at most n. Rewrite the above
equality as
,ungn(&) + Mn—lgn—l(a) +..t MOQO(O‘) = 0.



Hence, it suffices to find (simultaneously vanishing) numbers pg, i1, . . ., i, € Q such that

Mngn(aj) + Mn—lgn—l(x) .ot MOQO(m) =0.

This equality defines a system of n equations for the variables pq, ..., u, (here the i-th
equation means that the coefficient of 2°~! vanishes, i = 1,2,...,n). By Lemma 0.10 this
system has a required solution.

Remark. Another solution to this ppart (as well as to the next one) can be obtained
from the principal theorem on symmetric polynomials. For example, it can be shown that
if @« = aq, as, ..., a, are all the roots of the minimal polynomial for o, and g = fy, ...,
B are all the similar roots for 5, then the polynomial whose roots are the numbers of the
form a; + 3; has rational coeflicients, and therefore all those numbers are algebraic.

b) Denote the degree of o by n, and the degree of 5 over IF by k. As in the above solution,
any element of the field IF is expressed as the sum of numbers 1, , . .., a” ! multiplied by
rational coefficients (such a sum is called a linear combination). Similarly, each element
from F[A] is a linear combination of numbers 1,3, ..., 3! with coefficients from F; in
other words, it is a linear combination of numbers of the form o3/, where 0 < i < n and
0 < j < k, with rational coefficients.

Representing each of the numbers 1,3, ..., 3" in this form, we can now repeat the
argument from the solution above, deriving that (8 is algebraic of degree at most nk.

c¢) The above solution shows that, in fact, any element in Q[«, ] is algebraic (of degree at
most nk). Hence, if 0 # «, 8 € Q, then a+ 3, a3, ™!, —a € Q[a, ] C Q. This establishes
the desired result.

d) Let o be a root of the polynomial p,z™ + p,_ 12" ' + ... + py € Q[z]. Then « is
algebraic over the field Q[pg, p1, - . ., pn]. Repeating the arguments from b) for this case, we
see that «a is algebraic.

0.12. a) Let f and g be minimal polynomials of o and (3, respectively.

We choose some t € Q and consider the number v = v(t) = a +t5. Let F = Q[y].

[t is clear that F C Qo, 5]. If 8 € F, then o« = v — ¢t € F, and therefore also
Q[a, 8] C F, whence F = Q[a, #]. Thus, we need to figure out under what conditions
B¢F.

The number [ is a common root of two polynomials; g(x) and fi(x) = f(y — tx) (since
f(y —tB) = f(a) = 0). The coefficients of both polynomials are in Q[y] = F. Hence,
the polynomial A = ged(f1,¢g) also has coefficients from F. If h is linear, then we get that
B € F, which is what we want.

Otherwise, the polynomial h has at least two complex roots, either coinciding or different
(these are the common roots of the polynomials f; and g). By problem 0.8, the polynomial
g(x) has no multiple roots, so the roots of h are also different. One of those common roots is
B; let us denote another one by 8’ # 8. Then 8 is a root of ¢, and the number o/ = v —¢/’
is a root of f. Thus, v = o +tf = a + 3, whence

a—ao

t=5—5




However, the expression on the right side can take only a finite number of values, because
each of the polynomials f and ¢ has a finite number of roots. So if we choose t € Q
coinciding with neither of those values, we get the reqired result.

b) Follows from a) by a straightforward induction. For the inductive step, it suffices to
note that Q[a,,—1, a,] = Q] for some ; hence

Q[ala ag, ..., Oén] — @[Oél, ag,...,0n_2, fy] = @[7/]

for some 7/, by the inductive hepothesis.
The number v is found in the form o + toan + t3asz + ... + t,q,.

0.6 Cyclotomic polynomials

0.14. Using information about the degrees of cyclotomic polynomials, it is easy to obtain
that the polynomials on the left and on the right have the same degree and do not have
multiple roots. Since the leading coefficient of both polynomials is 1, it only remains to
show that every root of the polynomial on the left is also a root of the polynomial on the
right.

0.15. Both ®,, and ¢ — 1 divide 2 — 1 and coprime, since they have no common roots.
Hence 2" — 1 is divisible by their product.

0.16. a) Notice first that ®1(0) = —1,P5(0) = 1. If n > 2, then ®,(x) has no real roots,
all the roots’ absolute values equal to 1, and the roots fall into pairs of conjugates. Hence
®,(x) is a product of polynomials of the form 2% + ax + 1, therefore, ®,(0) = 1.

b) Note that ®1(1) = 0, and 1 is not a root of any other cyclotomical polynomial. If n
is divisible ny a prime p, then by problem 0.14a, we have ®,(1) = ®,,,(1). Thus it suffices
to calculate ®,(1) for square-free positive integers n.

If n is a prime, then ®,(1) = n. If n is divisible by two distinct primes p and ¢, then
n/p is an integer greater than 1, and by problem 0.14b, we have

-l

Finally, we conclude that for n > 1

p , eciun =p"
1, ecim n # pF

Remark. The problem can also be solved by induction, using decomposition of z™ — 1
as a product of cyclotomic polynomials.



0.17. a) The solution of problem 0.8b works literally, with one exception. Namely, we need
a different argument showing that hy t h]. The issue is that, although the degree of A} is
still smaller than that of A, it does not by itself yield the result, as the derivative of a
non-constant polynomial may vanish in Z,[z] (example: (z” — 1)’ = pz?~! = 0). Thus, we
need to show additionally that h} # 0, if hy € Z,[z] is irreducible.

THis can be done as follows. From Newton’s binomial formula, it is easy to see that
(a+b)P = a?+ b for all a,b € Z,[x] (in particular, this holds for elements in Z,). Applying
this property several times, we obtain

2 k p k
(ap + a1z + asx” + ... + apx™)? = ag + a2 + agx™® + ... + apx?”.

Thus, if we had h] = 0 (which means that the degrees of monomials in h; are all divisible
by p), then hy would be the p-th power of another polynomial; hence it was not irreducible.
This finishes the solution.

b) Arguing indirectly, assume that both ®,,(x) and ®,(z) are divisible by some non-
constant polynomial ¢g(z) in Z,[x]. From the factorization of ™" — 1 into a product of
cyclotomic polynomials, we obtain g(z)? | ™" — 1 (surely, in Z,[z]). Part a) now yields
that the polynomial " — 1 is not coprime with its derivative mna™"! in Z,[z], which is
obviously wrong, as p{ mn and z 1 ™" — 1.

1 Divisors of polynomial values, with applications

1.1. a) It suffices to put all coefficients, except for the last one, to be divisible by the
product myms - - - m,,, and set the last coefficient to be 1.

b) Follows from f(n) | f(n)g(n).

¢) It follows from the fact that the set of values of f(g) at integer points is a subset of
the set of values of f at integer points.

1.2. Assume the contrary: let P(f) consist of k primes, i.e. P(f) = {p1,p2,...,pr}. Take
a € Z for which f(a) = b # 0. We define the polynomial g by the equality g(z) = w,
where p = pips-- - pr. It is easy to see that g is a non-constant polynomial with integer
coefficients, and P(g) C P(f). The constant term ¢g(0) = 1, and all other coefficients of the
polynomial g are divisible by p, therefore, none of the numbers p1, po, ..., pr can lie in the
set P(g). But then the set P(g) is empty, which is a contradiction. (Note that the above

argument generalizes Euclid’s proof of the infinity of the set of primes.)

1.3. By the theorem on a linear representation of the g.c.d., there exist polynomials
Uy, Usg, - . ., ux € Q[x] such that

urfi +uafo+ - Fupfr =1

If we multiply the polynomials wuq,...,ur by m that is the l.c.m. of the denominators of
all nonzero coefficients uy, . .., ug, we get the polynomials vy, vo, . .., vy € Z[x]. Multiplying



the equality uy f1 + usfo + -+ urfr = 1 by m, we get v fi + vofo + -+ 4+ vpfr. = m. We
see that if for some n the numbers fi(n), fo(n), ..., fr(n) are divisible by s, then m is also
divisible by s. This implies that the set D(f1, fa, ..., fr) can contain only divisors of the
number m, and hence it is finite.

1.4. f(n) is divisible by m; for all n from some arithmetic progression with step m;. Since
ged(mq, mse) = 1, by the Chinese remainders theorem, progressions with steps m; and mso
intersect. Then n from this intersection satisfies mymsy | f(n).

1.5. a) —1 is a quadratic residue modulo p of the form 4k + 1 and non-quadratic residue
modulo p of the form 4k + 3 (e.g., it follows from Euler’s criteria). This means that all
primes of the form 4k + 1 are in P(f), while all primes of the form 4k + 3 are outside P(f).
Moreover, obviously, 2 € P(f).

c) f(1) = p, hence p € P(f).

Let f(n) be divisible by a prime ¢ # p. Since z — 1 is divisible by f (in Z[z]), then
n? =1 (mod ¢), hence ord,(n) equals 1 or p, since it divides p.

In the first case n = 1 (mod q), it follows f(n) = n?1+nP2+...4+n+1=p (mod q).
We have p =0 (mod q), otkyza p = ¢ — a contradiction.

In the second case ¢ — 1 divides ord,(n) = p, i.e., ¢ =1 (mod p).

Conversely, let prime ¢ = 1 (mod p). Let a be a primitive root modulo ¢, and let

qg—1 P __ 1
n = a » . Therefore, n Z 1 (mod ¢), but n? = 1 (mod q), hence f(n) = n i

is
divisible by q.
Thus P(f) consists of all primes of the form pk + 1, and p.

n—1

1.6. a) If fi(z) = kx — 1 for some positive integer k, then P(f;) coincides with the set of
all primes, except divisors of k. Threrfore, it is clear that for f(z) = (20 — 1)(3xz — 1) the
set P(f) coincides with the set of all primes.

b) It does not follow. For each prime p and integers ¢, s at least one of numbers ¢, s, ts
is either zero residue, or a quadratic residue modulo p. Hence, for the polynomial

frs(z) = (2% — t)(2* — 5)(2® — ts)

we have p € P(fs). It suffises to take ¢, s such that ¢, s, ts are not perfect squares.

1.7. a) Let us show by induction on «, that there exists an integer n,, such that p® | f(n,).
For o = 1 the statement follows from p € P(f). Assume that the statement is proved
for some o € N, and f(n,) = p®m for some m € Z. By Hensel’s lemma,

f(na +p*2) =p*(m+2f'(na))  (mod p*™).

Since p ¢ P(f, f'), f'(na) is not divisible by p, hence it suffices to choose z = 2 so that
m ~+ zof'(ng) is divisible by p, and set n,. 1 = ng + p*20.

b) Take n, from a). Then f(n, + p®) is divisible by p®, and f’(n,) is not divisible by
p. Thus from Hensel’s lemma it follows that v,(f(n. + p®) — f(na)) = a. Hence either
Up(f(na)), or vp(f(na +p*)) is equal to a.



1.8. The converse is not true. Let us prove the existence of such polynomial without rational
roots. Take f;  from the solution of problems 1.6, where ¢, s and ¢s are not perfect squares.
Assume that an odd prime p is a divisor of neither of s and t. Then p ¢ P(h, k') for each
of the polynomials h(z) = 2? — a where a is equal to ¢, s or ts. Then, according to the
problem 1.7, p* € D(f; ) for arbitrarily large a.

For a finite set of prime divisors ¢ of the numbers ¢ and s take ¢, s’ not divisible by
any such primes ¢ and such that ¢/, s', t's’ are not perfect squares. Then ¢* € D(fy ¢) for
arbitrarily large a.

Finally, for g(z) = 2? + 2 + 2, according to the problem 1.7, 2 € D(g) for arbitrarily
large a.

By problem 1.4, f = fi s fv.#¢ is a required polynomial such that D(f) = N.

Remark. In fact, a required polynomial can be found just in the form f; ¢ for an appro-
priate choice of ¢ and s.

1.9. b) Let f = ah{"---h{", where a € Z, and hy,...h; are pairwise non-proportional
primitive irreducible polynomials with integer coefficients.
Since ged(hy, b)) = 1, by problems 1.2, 1.3, the set

Py(h1) \ (P(hy, hy) U P(hy,a) U P(hy, ho) U -+~ U P(hy, hy))

is infinite; take some p; from this set, and by problem 1.7, there exists n; such that
vy, (h1(n1)) = 1. By the choice of py, for all m from progression n; + kp} we have
Up, (h1(m)) = 1, while a, ho(m), ..., h(m) are not divisible by p;. Therefore, for all m
from progression ny + kpj we have vy, (f(m)) = ay.

Similarly, we define p;, ¢ = 2,...,¢ and the corresponding progressions. By the Chinese
remainders theorem, all ¢ progressions intersect. Let m belong to all progressions. Then,
on one hand, by assumption, f(m) = u*, for some integers v and s > 1. On the other
hand, vy,(f(m)) = a4, i = 1,...,t, therefore all a; are multiples of s, thus f = ar®, where
r € Z[z]. Since f(m) = u® = ar(m)®, the constant a is a perfect s-th power. Finally, we
represent f in the required form f = ¢°.

Remark. The condition of the problem can be weakened by requiring that the values
of f be perfect powers only on some infinite arithmetic progression A. In the solution
when choosing p; then we also require that p; is not a divisor of the step of A. Then our
progressions with steps p? intersect with the progression A.

1.10. The problem follows directly from the next one (using problem 1.5a). But we will
also provide a direct solution.

We will prove the existence of one prime p = 4k + 1 € P(f); the proof that there are
infinitely many such primes can now be obtained in the same way as in problem 1.2.

Let deg f = n. Consider the polynomial f(xz + i), where 7 is the imaginary unit. It is
represented as f(x + i) = Pi(z) + iPy(x), where Pi(x), Po(z) € Z[x], and deg P, = n,
deg P, = n — 1 > 0. Hence, there exists k € Z such that the numbers a = P;(k) and



b = P,(k) are nonzero, and |Py(k)| > |Pa(k)|. Replacing P(x) with P(x + k), we can
assume that f(i) = a + bi, where |a| > |b| > 0; then f(—i) = a — bi.

Let d = ged(a,b), a = d'd, b = b'd; hence |a'| > |a|/|b] > 1. The number a’* + b is
greater than 2 and is not divisible by 4; hence it has an odd prime divisor p. Since a’ and
b’ are coprime, p = 4k + 1.

Let us set Q(x) = f(x) — a — bx. The values of @ at i both equal zero, hence @ is
divisible by (x — i)(x +14) = 2® + 1. Since 2> + 1 have the leading coefficient 1, we have
f(z) =a+bx+ (2> + 1)R(z) for some R(z) € Z[z].

Now let n be such that nb’ = —a’ (mod p). Hence a + bn = d(a’ + /'n) is divisible by p
and b?(n?2 4+ 1) = (M'n)? +b? = a? + 1> = 0 (mod p); since V' is not divisible by p, we
have p | n? + 1. Therefore, f(n) = (a + bn) + (n® + 1)R(n) is also divisible by p.

1.11. We will prove the more general statement b).
If is clear that it suffices to consider the case of irreducible over Z polynomials f; (for
reducible polynomials it suffices to apply the statement for some of their irreducible divi-

SOrS).
Let a; be a root of f;, for © = 1,2,...,k. By the Primitive element theorem, there
exists an algebraic number v such that Q[ay, as, ..., o] = Q[v]. In particular, there exist

polynomials A; € Q[z] such that a; = A;(7y).
Let ¢g be the minimal polynomial of 7. Note that f;(A4;(y)) = 0, so that f;(A;(z)) is
divisible by g for all : = 1,2,... k, i.e.,

fi(Ai(x)) = g(x)hi(z).

Coefficients of polynomials in the above equalities can be non=integers (but they are ratio-
nals); let N be the maximal prime which divides at least one denominator of a coefficient.

By Problem 1.2, there exist infinitely many primes in P(g). Let p € P(g) be a prime
such that p > N, and let p | g(n). Then the numerators of rationals f;(A4;(n)) = g(n)h;(n)
are divisible by p, since the denominators of P;(n) and @;(n) are not divisible by p.

The only remaining trouble is that the numbers A;(n) are rational numbers, but not
necessarily integers. However, their denominators are also not divisible by p. Hence if
Ai(n) = k;/¢; for coprime integers k; and ¢;, then one can take m;, such that k; = ;m;
(mod p). Therefore, f;(m;) = fi(k;/¢;) =0 (mod p). Hencep € P(f;) foralli =1,2,... k.

1.12. If x| f, then D(f) = N, and the claim is obvious. Otherwise, let b # 0 be the
constant term; replacing f with f(bz)/b € Z[x] we may assume that b = 1. Without loss
of generality, f is irreducible, and its leading coefficient is positive. As in problem 1.10, it
suffices to show that there exists at least one prime p = 3 (mod 4), p € P(f).

a) Assume that deg f is odd. Consider a large negative integer —n divisible by 4. Then
f(=n) < 0and f(—n) = f(0) =1 (mod 4), so f(—n) = —(4k + 3) for some positive
integer k. Then the prime decomposition of 4k + 3 must contain a desired prime p = 3
(mod 4).



b) If D(f) contains a positive integer congruent to 3 modulo 4, one may apply the same
reasoning as above. Otherwise, since f is irreducible, all its roots are simple. As it has a
real root, there exists an interval («, ) on which f attains only negative values.

Choose now a rational number § € (o, 3) (here a and b are coprime) such that b has
no prime divisors of the form 4k + 3, while 4 | a (one may even choose b = 5V for an
appropriate V). Recall that f(a) = 1 (mod 4). Moreover, f(a) > 0, otherwise — f(a) is
positive integer of the form 4k + 3, and the same reasoning as in the part a) works. Then
f (%) = —4, where d = 0" = 1 (mod 4), and the positive integer ¢ satisfies

a
b

Therefore, there exists a prime p | ¢ such that p = 3 (mod 4). By our assumption, p { b; so
there exist a’ € Z such that a = ba’ (mod p). Then we have b"f(a') = b"f ($) = —c =0
(mod p), and the desired p has been found.

c:—b”f( ) = —f(a) =3 (mod 4).

1.13. Solution 1. Assume the contrary, so that ®,,(z) and ®,(x) are divisible by  — a in
Zyp|x], which contradicts the problem 0.17b.

1.13. Solution 2. Assume that ®,,(k) and ®,,(k) are divisible by p. Then £ —1 and £" — 1
are divisible by p. Let m < n. Then ™" — 1 equals (2™ — 1)®,,(x)h(z), where h € Z.
Inserting k, we obtain that v,(k"™" —1) > v,(k™ —1). But since n is not divisible by p, this
contradicts LTE-lemma for a = £™ and b = 1.

1.14. Immediately follows from the problem 0.14, since 2 € P(f) iff at least one of numbers
f£(0), f(1) is even.

1.15. a) Assume that ®,(m) is divisible by a prime p. Then m"” = 1 (mod p). Let
d = ord,(m), then d | nand d | p — 1.

Ifd=mn,thenn|p—1and p=1 (mod n).

Otherwise d < n, and in Z[r] we have pasencto 2" — 1 = (2% — 1) - ®,, - f for some
f € Z[z]. Hence m" —1 = (m?—1)-®,(m)- f(m), where p | m*—1u p | ®,(m). Therefore,

vp(m™ — 1) > v,(m® — 1).
On the other hand, applying LTE-lemma for « = m? and b = 1, we have
vy(m" — 1) — v,(m? — 1) = v,(n/d).

It follows p | (n/d), hence p | n.
b) Follows from a) and problem 1.2.



1.16. a) Let k = v,(m? — 1). Then for any integer a we have:
o if d 1 a, then ptm® — 1 (follows from properties of order modulo p);
e if d | a, then v,(m* — 1) = k 4+ v,(a/d) follows from LTE-lemma).
Hence n; = dp’ is the minimal number n satisfying p**? | m" — 1.
Let us derive from decomposition of 2™ — 1 into cyclotomic polynomials the following

formula:
" —1

B lem{z? —1:d|n, d<n}
Indeed, the denominator is a product of distinct polynomials ®; for some k | n, so that the
quotient in the RHS is a polynomial. Moreover, the polynomial ®,, divides the numerator,
but does not divide the denominator, and any ®; with d | n, d < n, divides the denominator,
since P | z% — 1. Hence, after cancellation we obtain ®,,.

Insert x = m and n = n; into the formula, we obtain that the numerator is divisible by

P+t while the denominotor is divisible by a smaller power of p. Therefore, p | @, (m).

D,

Note. In fact, in the condition we list all cyclomatic polynomials whose values at m are
divisible by p. It easily follows from the solutoin of the next item.

b) By problem 1.15a, P(®,,) consists of (1) primes of the form p = an+1, and (2) prime
divisors of n.

All primes of the form (1) do belong to P(®,). Indeed, let p = an + 1; let us take a
primitive root £ modulo p. Hence ord,(£) = n, therefore, for m = £* we have p | m" — 1,
but p f m? — 1 for all d < n; in particular, p { ®4(m) for d | n. Hence p | ®,(m) and,
therefore, p € P(®,,).

For primes of the form (2), the situation is different. Assume that p | n and p € P(®,,):
let p | ®,(m). Let d = ord,(m); since p | ®,(m) | m™ — 1, we have d | n. On the other
hand, d | p — 1, so that d | ged(n,p — 1).

Let j = vy(n). Then the polynomial ®q - ®gy - ... Py divides &, ie.,

l’n—lzq)d-q)dp-...-q)dpj-f,

where f € Z[z]. Recall that p* | ®4(m) and p | ®y,i(m) for all i = 1,2,..., 5 (as in item
a), k = v,(m? —1)). Hence

vp(m" —1) = k+ 7+ v,(f(m)).

On the other hand, v,(m™ — 1) = k + j by LTE-lemma. Therefore, p{ f(m).

Let k =n/p’. Ifk{p—1, then k # d (and d | k). In this case we have ®,, | f, and hence
p1 ®,(m), since pt f(m), which is not true.

Assume that conversly, k | p — 1. Hence, as above, there exists m € Z such that p{ m
and ord,(m) = k. Then, by a), we have p | ®,(m), i.e., p € P(P,).

Thus p € P(®,) iff n/p’ | p— 1. Note that in this case p is the greatest prime divisor of
n.

Finally, the answer is the following. P(®,,) consists of all primes p such that

e cither p =1 (mod n);

e or p is the greatest prome divisor of n, and n/ ptr(7) |p—1.
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2 On a problem of V.A. Senderov

2.1. Write Q(x) = a2 + a,_ 12" 1 + ... + ag; then Q(x)* has the form
Q(ﬂ?)k = bknl‘lm + blmfliCkn_l + ...+ by.

We prove by induction on n—: that all the coefficients a; are rational. The learing coefficient
ay, is rational by problem conditions. To perform the step, suppose now that the coefficients
Gp,y Qp_1,-...,0,_s are all rational; we need to prove that a,_s_1 € Q as well. For that
purpose, take the desired equality

bknxk” + b/m,lzclm_l + ...+ b= (CLnLE’n + CLnfliCn_l + ...+ ao)k
and compare the coefficients of z*"~*~1 on both sides:

k-1
bkn—s—l = Qp—s—1Qy, + Sa

where S = S(ay, ap-1,-..,a,—s) is a value of some polynomial with rational coefficients at
rational point (ay, an_1, ..., a,_s), hence a rational number. This yields that the coefficient
bn—s—lf

is rational, as desired. So, all coefficients of () are rational.

Ap—s—1 = P
n

a
Now represent () in the fore ER’ where a and b are coprime positive integers, and R is

k
a
a primitive polynomial with integer coefficients. Hence, Q% = —kRk. By Gauss’ lemma, R*

b

is primitive. Therefore, if b # 1, then not all coefficients of Q¥ are integers.

The other version of completing after the proof that all the coefficients of () are rational,
is the following.

Represent now the polynomial Q(z)* whose coefficients are integer as a product of two
polynomials Q(z), Q(x)*~1 € Q[z]. By Gauss’ lemma, there exists a rational ¢ such that
the polynomials ¢Q(z) and ¢ 'Q(z)* thave integer coefficients. Write ¢ = a/b where a, b
are coprime integers. Then the polynomials aQ(z), bQ(x)*~! also lie in Z[z]. Therefore, we
have a*~1Q(x)*~! € Z[x]. Since a*~! and b are coprime, there exist integers s,¢ such that
a* s + bt = (a,b) = 1. Thus the polynomial a*1sQ(x)* 1 + bsQ(z)* ! = Q(z)*! has
integer coefficients.

Proceeding in the same way, we eventually decrease the exponent to 1 thus proving that
@ has integer coefficients.

2.2. Let
P(x) = 22 + ag_12% 1+ .+ ay.
be the given polynomial (by > 0). We will rewrite it in the form

P(z) = Q(z)* + r(z) = (bpa® + b1+ ...+ b)? + r(2),

where degr(z) < k — 1. To show this is possible, compare the coefficients of x/** for
t=20,1,...,k— 1 on both sides: aj.; = 2b;b; + Zf:_ll_t by yibr_1. It is easy to see that the
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coefficients bg_1,br_o,...,b1,by can be uniquely determined via this system of equations.
Moreover, all the b; will be rational. Denote by M the LCM of the denominators of those
coeggicients.

By the problem conditions, for every large enough positive integer n we have P(n) = 32,
where y,, € Z. Multiplying by M? we get the relation (My,)? = Q1(n)? + M?r(n), where
Q1(x) = MQ(x) € Z[z]. If the leading coefficient in r is positive, then for all large enough
n we have (My,)*> > Qi(n)?, whence (My,)> > (1 + Q1(n))?. Similarly, if the leading
coefficient in 7 is negative, then (My,)?> < (=1 + Q1(n))?. In both cases, the inequality
2|Q1(n)| < |M?r(n) — 1| holds for all large enoung positive integers n, which cannot hold
since deg ()1 > degr.

It follows that r(x) vanishes identically, so that P(x) = Q(z)?. It remains to show that
the coefficients of () are all integers; this dollows from problem 2.1.

2.3. In this problem we do not have additional restrictions as in 2.2; to work this out, we
apply the following interesting trick. It is clear that there exists an integer ¢ such that the
polynomials P(z) and P(x 4+ ¢) share no common roots (and hence are coprime). Now the
polynomial H(x) = P(z) - P(z + {) already has an even degree, and its leading coefficient
is a perfect square. Also, the values of R at all large enoung positive integers are perfect
squares.

By problem 2.2, there exists a polynomial P (x) € Z[x] such that P(z)-P(x+f) = Py(x).
Consider its canonical factorization in Z[x]:

Plzuhlhg...hk,

where u € Z, and the h; are primitive irreducible polynomials. From coprimality of P(x)
and P(x + (), taking into account Gauss’ lemma, it follows that, say, P(z) is a product of
some integer u; and squares of some of the h;. Since the value of P at some integer point
is a nonzero square, the number w; is also a perfect square. Therefore, P(z) is a square of
a polynomial with integer coefficients, as desired.

Note that one can solve this problem in another way, repeating the solution of the
problem 1.9.

2.4. Notice that each interval of the form (r;,r;41) contains a root of the derivative
R'(x) = Q'(x); this way, we have found [ — 1 distinct roots, so these are all the roots
of P'. A similar argument applies to the roots of S. Hence, for each ¢ < [, the segments
(73, 7i41] and [s;, s;11] share a common point, namely the ith smallest root of Q'(z).

Moreover, if a segment [r;, r;+1] contains a root of S, then it contains at least two such
roots; otherwise the graph of the function y = S(z) would be tangent to y = 0, and hence
S(z) would have a multiple root, which is not the case. A similar fact holds for a segment
between consecutive roots of S. Therefore, if, say, s; € [r;,7i11], then s;41 also lies on
[7,7i11] (in this case point s;_; cannot lie on [r;, 7;11] , as otherwise [r;_1,r;] would have
no common points with [s;_ 1, s;]). Hence, in any case one of the segments [r;,r;41] and
[si, $i+1] contains the other.
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Assume that [ is even. Then 7; is the smallest among all the roots, while r; is the largest
one. Now the arguments above determine the mutual positions of the roots as

T <81 <8 <o <rg3 <83 <...<r-1<8-1<s8<rnm.
If [ is odd, similar arguments lead to the following answer:

ST < <79 <8$r <83 <Lr3<...<r-1<s81<s8<rnm.

2.5. We will even find all pairs of a positive integger k and an integer ¢ such that
Py(x) + ¢ = Q)

Notice that ¢ is a square of a positive integer b = +Q(0) (since, obviously, ¢ # 0).
Rewrite our equation as

v +1).. (r+k—1)=Q)? - b = (Q(zx) — b)(Q(z) + b).

Without loss of generality, we assume that () is monic. Notice that & = 2deg(@ is
even, and the coefficient of z¥~1 in Q(z)? — b% should be even as well. This latter equals
O+1+...4+(k—1)=k(k—1)/2; Thus, since k is even, we arrive at 4 | k.

[t is easy to see that the polynomials Q(x) — b and Q(x) + b have exactly | = k/2
distinct real roots each, and the union of their sets of roots is {0,—1,...,—k + 1}. By
problem 2.4, tje roots of Q(x) —bare 1 — k,4 —k,...,—3,0, while the roots of Q(x) + b
are 2 —k,3—k,...,—2,—1. If k > 4, then deg(Q(z) £ b) > 2, and by the Vieta theorem
the sums of the roots of both polynomials must coincide, as well as the sums of pairwise
products of the roots. Hence the sums of squares of the roots also must coincide, i.e.,

02432+ -4+ k-12=124+22+. . +(k-=37+ k-2~
But this equality cannot hold, as
(t =42+ (t—1)2 =22~ 10t + 17 > 2t> — 10t + 13 = (t — 3)* + (t — 2)?

for every t.
Consequently, k = 4, and Q(z) —b = z(x + 3), Q(x) + b = (z + 1)(x + 2). Therefore,
b=1and ¢ = b* = 1. So the pair (k,c) = (4, 1) is the unique solution.

2.6. The structure of polynomial Py(z) yields that the derivative P/(x) has exactly k — 1
roots, and those roots can be enumerated as r1,...,r,_1 so that

—(k-1)<ra<—(k=2)<r9<...<-1<r <0.

Moreover, the graph of the function y = |Py(z)| is symmetric in the line z = —%1 5o
| Pi(r;)| = | Pe(rg—;)| for 1 < i < k. The properties of derivaticve yield that |Pg(x)| attains

its maximum value on the segment [—i, —i + 1] at point r;. THerefore,

\Pk(ri_l)] S ‘Pk(n—{—l)‘ _ ’T¢+1| . |T’i—|—2‘...|7’i—|—]€‘ _ ‘Ti—i-k’
| P (7)) | Pe (7)) il - i+ 1]+ k=1 il
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so for every i < % inequality |Py(ri_1)| > |Py(r;)| holds. By symmetry, for i > 2 the
converse inequality |Py(r;-1)| < |Px(r;)| holds.

THus, for every complex a at most two roots of equation Py(z) = a belong to the set
{r1,...,rm-1} of roots of P,(x). Moreover, if k is odd, then Py(r;) = —Py(rx—i), so even
at most one of the roots is a root of P;. This yields the desired statement, as all the roots
of P/ are simple.

2.7. Notice that P/(z) = R'(Q(z)) - Q'(z).

Let  be a complex root of R'(x). Then r is a common root of R'(z) and R(x) — R(r),
hence © — r | ged(R'(x), R(x) — R(r)). Substituting Q(z) in place of z, we obtain
Qx) —r | ged(R(Q(z)), R(Q(z)) — R(r)). Finally, since R'(Q(x)) | Pi(z), it follows
) -

that Q(z) —r | ged(Py(2), Pr(z) — R(r)).
Problem 2.6 yields now that the degree of Q(x) — r (coinciding with that of Q(x))

equals 2, and in this case k£ must be even. This is exactly what we aimed to prove.

2.8. Solution 1. Due to problem 1.9, we have
Puz)+c=z(z+1)...(x+k—1)4+c=Q(z)° (%)

for some integer s > 2 and some polynomial () with complex coefficients. Let a be the lead-
ing coefficient of ); then, since a® = 1, one may replace @ by aQ not affecting equality (x).
Thus we assume that @) is monic, and by problem 2.1, we in fact have @ € Z[x]. Without
loss of generality, we assume that () is not a non-trivial power of a different polynomial,
otherwise we would replace s with a larger number,

Notice that

Pi(z) = (Pi(2) + 0) = (Q(2)°) = Q'(x) - Q(x)*".

Hence, Q*~! divides ged(Py + ¢, P}). But, by problem 2.7, the degree of that g.c.d. does not
exceed 2. Therefore, the only possible cases are (1) s =3, deg@Q = 1; (2) s =2, deg Q@ = 1;
and (3) s =2, deg@Q = 2.

In case (1) we get that k = 3 is odd; but in this case, the degree of the g.c.d. should not
exceed 1, thus this case is impossible.

In case (2) we have z(x + 1) + ¢ = (2 + a)?, whence a = 1/2, so that Q ¢ Z[z].

In case (3) we have z(x+1)(z+2)(z+3) +c = (22 +ax+b)?; comparing the coefficients
of 23 and 22, we obtain a = 3, b = 1; therefore, ¢ = 1, and we arrive at the unique answer

(k,c) = (4,1).

2.8. Solution 2. Again, we start with equation (). where ) € Z[z]. Plugging x = 0, we
get ¢ = Q(0)® = b®. Therefore, we have
zz+1)...(z+k—1)=Q(x)° —b°.

Consequently, Q(—7)* = b° for all j =0,1,...,k — 1. If s is odd, the polynomial Q(zx) —
has at least k distinct roots, namely 0,—1,...,—k 4+ 1, and hence deg () > k. But then
deg Q* > sk > k = deg(P; + ¢), which is impossible.
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Assume now that s is even. Then P, + c¢ is a square of a different polynomial; this
situation is completely investigated in problem 2.5. So we arrive at the same answer.

2.9. Denote
xn—i—l -1

n n—1
= ot 1=
flx)=a"4+2""" +... + p—
Let a be any complex root of ¢’(x). As in the solution of 2.7, we obtain
h(z) — a | ged(f'(z), f(z) — g(a)).
Therefore, deg ged(f'(x), f(z) — g(a)) = 2.
It follows that there exist at least two (possibly equal) roots r, s of polynomial

oy na™—(n+1)2" +1
f (LU) - (LU . 1)2 )

such that f(r) = f(s). It is easy to notice that 1 is not a root of f’, and that f’ has no
multiple roots, so that r # s.
Now the formula for [ yields

n(s"7m —1)=m+1)(s"=1) and n("" —1)=n+ 1" -1).

Further, from f(r) = f(s) we get

sttt — 1 gl

s—1  r—=1

The previous relations now give us

S”—l_r”—l

s—1 r—1-
Subtracting this equality from the previous one, we obtain s = r", whence s — 1 =r — 1,
i.e., s = r, which is impossible. Thus, no value of n satisfies the problem requirements.

3 Miscellaneous

3.1. a) Let us divide f by g with remainder: f = qg + r, where q,r € Z[z], degr < degg.
There exists an integer NV such that for all n > N we have |r(n)| < |g(n)|. Thus, if n > N
satisfies g(n) | f(n), then r(n) = 0. We get that r(n) = 0 for infinitely many values of n,
so r is the zero polynomial.

b) After dividing f by g with a remainder in Q[z], we have f = % +r, where r € Q[x],
degr < degg, q € Z[z], m € N. Then there exists an integer N such that |r(n)| < |g(n)|/m
for all m» > N, and if n > N is such that g(n) | f(n), then r(n) = 0. We get that r(n) =0
for infinitely many values of n, so r is the zero polynomial.

Further, assume that g(n) | f(n) for some n € N, i.e., m | ¢(n). Then m | ¢(n+ mt) for
any integer ¢, and hence g(n + mt) | f(n + mt).
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3.2. Assume the contrary; then for each i = 1,2, ..., m there exists an integer k; such that
f (ki) is not divisible by p{", where p; is a prime, and p}" is a divisor of a;. If p; = p; and
a; < «j, then one may redefine o; and k; as o;j = a; and k; = k;. All such changes having
been made, we assume that equal primes p; correspond to equal numbers «; and k;. By the
Chinese remainders theorem, there exists an integer k£ in the intersection of progressions of
the form k; 4+ p;“t. Then f(k) is not divisible by any of p{", hence is not divisible by any of
a;. A contradiction.

3.3. a) Let f be a polynomial determining the given function. Divide it with remainder by
the polynomial z(z —1)---(x — (n — 1)):

f=ale—1)-(a—(n—1)g+r

where ¢, r € Z|z|, degr < n. Then f and r determine the same function Z,, — Z,.

b) Answer: all prime n (and n = 1).

If n = pis prime, for any collection of required values f(0), f(1),..., f(p—1) write down
Lagrange’s interpolation formula. THis formula provides a polynomial in Q[z] attaining
prescribed values, and the denominators of its coefficients are not divisible by p, so their
resifues are invertible modulo p. In order to obtain a desired polynomial in Z[z], it suffices
to replace each coefficient with the corresponding residue modulo p.

Suppose now that n is composite and let p be a prime divisor of n. Then any function
f:Z, — Z, with f(0) Z f(p) (mod p) cannot be realized by a polynomial.

c¢) Answer: All prime n.

We will consider polynomials of degree < n — 1 with coefficients from the set
{0,1,...,n — 1}, as a replacement of any coefficient with another element of the same
residue class does not change the function Z,, — 7Z,. So we have exactly n" polynomials
under consideration, and this number coincides with the number of functions Z, — 7Z,.
This allows to use the result of b) as follows.

If p is prime, any function is realized as a polynomial, so different polynomiaqls determine
different functions. Hence the zero function is determined by the zero polynomial only.

If n is composite, there exist functions that cannot be determined by a polynomial, hence
there is a function which can be realized by two distinct polynomials under consideration,
f and g. Then the difference f — g is a nonzero polynomial modulo n, but this polynomial
determines the zero function Z,, — Z,,.

d) Answer: All positice integers n not divisible by 8, neither by a square of an odd prime.

Let n = p{"...p*. A function f: Z, — Z,, satisfying the condition

ged(a —b,n) | ged(f(a) — f(b),n), a,b € Zy,

will be referred to as good. A good function f: Z, — 7Z, determines naturally the functions
fi: Zp?i — Zp?i; it is easy to see that all those functions are also good. If f is determined by
a polynomial in Z[z], then all the f; are determined by the same polynomial. Conversely, if
each of the f; is denermined by a polynomial g; € Z[z], then f is determined by some poly-
nomial g € Z[x] whose coefficients are congruent to those of the g; modulo corresponding
numbers (such coefficients are found by the Chinese remainders theorem).
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Thus, the question in the problem is reduced to the same question where n is a power
of a prime, n = p“.

If n = p is prime, as we already know, every function Z, — Z, is determined by a
polynomial.

Assume now that a > 2. Consider a function h: Z,e — Zye such that h(n) =pifn=p
(mod p)? and h(n) = 0 otherwise. It is easy to see that this function is good.

On the other hand, if o is odd, or if p = 2 and a > 3, then this function cannot
be determined by a polynomial in Z[x|. Indeed, assume that h is determined by some
polynomial g € Z[x]. We have g(0) = ¢g(2p) = 0 (mod p?) and g(p) = p (mod p?); then
g(p) = g(0)+¢'(0)p (mod p)?, whence p 1 ¢’(0). But, if p is odd, then g(2p) = g(0)+24'(0)p
(mod p)?; so p | ¢'(0), which is a contradiction. Otherwise, if p = 2 and a > 3, then
g(4) = g(0) + 4¢'(0) (mod 8), which also yields 2 | ¢’(0), because g(0) = g(4) (mod 8).
This is a contradiction again.

It remains to investigate the case n = 4. Consider the function ¢g: Z4s — Z, defined
as g(0) = 2, g(1) = ¢g(2) = ¢g(3) = 0. This function is determined by the polynomial
(x — 1)(z — 2)(x — 3). But it is easy to see that any good function is a sum of a constant
and some of the functions z, g(z), g(x — 1), g(z — 2), g(x — 3), so it is also determined by
a polynomial.

3.4. Assume the contrary, and consider g(z) = f(z+1) — f(x). The degree of g is not less
than 1, and it suffices to take p € P(g): then the values of f at two consecutive points will
be congruent modulo p.

3.5. Each of conditions means that f and g determine mutually inverse bijections Z,, — Z,,.

3.6. (This is a problem from APMO2014)
Answer: All integers of the form n = 3*, where k is a nonnegative integer.
In fact, we are looking for positive integers n with the following property (x): The set

A={d*+ala=0,1,...,n—1}

s a complete residue system modulo n, or, equivalently, If integers a,b satisfy
nlad+a—0—b=(a—0b)(a*>+ab+b*+1), thenn|a—b.

Obviously, n = 1 satisfies (x), while n = 2 does not.

Let us show first that n = 3% satisfies () for all & > 1. Indeed, it is easy to show that
a’+ab+b*+1 is not divisible by 3 for any positive integers a and b (one can either consider
all possible resirus of a, b modulo 3, or notice that a® + ab+ 0* + 1 = (a — b)? + 1 + 3ab.
Hence 3% | (a — b)(a® + ab + b? + 1) implies 3% | a — b.

Further, note that if A is not a complete residue system modulo 7, then it is also not
a complete residue system modulo any multiple of r. Hence it remains to prove that any
prime p > 3 does not satisfy (x).

Ifp =1 (mod 4), take a = 0, and choose b satisfying b* = 1 (mod p). Then a*+ab+b*+1
is divisible by p, while a — b is not.
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Suppose now that p = 3 (mod 4), thus —1 is a non-quadratic residue modulo n. It
suffices to find an integer = such that 22 4+ z + 1 is a non-quadratic residue. Indeed, for such
z, the residue —(z% 4z +1)7! is quadratic, hence the exists a non-zero residue a such that

~l=ad*@*+z+1)=(ax)* +a-ax+a®*+1 (mod p);

then (az)? + a - ax + a* + 1 is divisible by p, while ax — a is not divisible, except the case
r =1 (mod p). Finally, if x = 1 (mod p), then replace it by z = —2 (mod p) with the
same resudue for 22 + z + 1.

Assume, to the contrary, that each residue of the form 2% + x + 1 is either quadratic or
zero residue; then the same is true for 4(2? + 2+ 1) = 4(22 4 1)? + 3. Since 2(2z + 1) runs
over all residues, we obtain the following: if the residue y is either quadratic or zero modulo
p, then the same is true for y + 3. But iterating y — y + 3 it is possible to obtain all the
residues including a non-quadratic residue, which is a contradiction.

3.7. It is clear that p > 2. We need the following statement:

mod p).
1 k—po1 (mod p)

Ok—|—1k+...+(p—1)k:{
For k = p— 1, it follows from Fermat’s theorem. For £ < p — 1, let us take a primitive root
t modulo p; then the LHS after multiplying by t* remains the same modulo p. Since t* # 1
(mod p), it follows that this sum is divisible by p.

a) Assume the contrary, then f(0)+ f(1)+...+ f(p—1)=04+1+...+(p—1) =0
(mod p). On the other hand, from the above we obtain f(0)+ f(1)+...+ f(p—1) =
(mod p). A contradiction.

b) Let p — 1 = dk. Apply the idea from the solution of a) for the polynomial g = f*.
We have

—1=g(0)+g(M) +...+glp—1) = (FO)" + (FO) +...+(flp— 1) =
=0"+1"+...+(p—1DF =0 (mod p).

3.8. Since f determines a permutation o on the set Z,, then

g=f(f(f(...)) (kiterations)

defines the permutation o*. Therefore, it suffices to take k such that o is the identity
permutation (i.e., so that k is divisible by the length of all independent cycles of o, e.g.,
we can take k = n!), and set

g=f(f(f(...)) (k— literations).
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npeacrapiaioT A. Boponaes, T. I'apaes, C. [Ixxemxep,
O. Huknrenko, A. [leryxos, A. CkomneHkos *

Conepxkanue

1 MoTuBUPOBKHA M HEKOTOPBbIE OCHOBHBIE PE3yJIbTAThI 1
2 DBpIpoXKJeHHble MAaTPUIbI 5
3 Panr marpunsl 6
4 Buaoxkenus no Moayiaio 2 rpadoB B HOBEPXHOCTH 7
5 Panr marpuil ¢ cooTHOIIIEHUSIMA 10
6 Classification of symmetric bilinear forms 11
7 Rank of matrix with relations: generalization 13

1 MOTI/IBI/IpOBKI/I 1N HEKOTOPbIE OCHOBHBIE PE3YyJIbTAThI

Bameuanue (MOTUBHPOBKY; (hOPMAIBLHO HE UCIIOJIL3YETCs JiaJiee)

«Bocnoanernue mampuy, — 3a0a4a 860CCMAMOBAEHUA HEAOCTNAIOWUL INEMEHMOE 6 MAMPU-
ue, udsecmmotll morvko wacmuuno. OJHuM u3 NPuUMepPos makoti 3a0a4U ABAACMCA BOCNONHE-
HUE Mampuybt ¢ petimunzami, Gurvbmos 6 sadave Hempaukca: darna mampuya petimunzos, 6
KOmopot i, j-vili SIAEMEHM PAGEH OUEHKE, NOCMABAEHHOT NOAL3OSAMEAEM © GUABMY ], €CAl
MAKAA OUEHKA ECTNDL, U NPONYULEH 6 NPOMUSHOM CAYUAE; MbL TOMUM B0CTONHUMD HEAOCTNA-
0ULUE INEMEHMBL IMOTE MAMPUUDL, 4TO00DL NPEICKA3AMb, HACKOALKO NOAB30GAMENAM NOHPG-
samea amu Pusvmol, u damov ropowue pexomendayuu...» [MC| Ilpomyimentbie seMeHThI
MaTpHUIIbl 3alIOJIHAIOTCA TakK, qTO6bI MHMHUMHU3UPOBATL paHe BOCIIOJTHEHHOIT MaTpHUIIbI. BCG
HYy?KHBIE OlpejiesieHrsi (HAPUMED, PAHTa) JaHbl JaJiee.

JIJ1st TIPOCTOTHI MBI pacCMaTpUBaeM MAaTPUIIbI Haj MHOXKecTBOM Zo = {0, 1} Bcex ocrar-
KOB TI0 MOJIy/If0 2 (C omeparusiMi CJIOXKEeHUs U yMHOXkKeHus ). Mbl IpuBejieM WHTEpeCHbBIE

*A. Boponaes (Mocksa). T. T'apaes: Mockosckuit Tocymapcreennsiii Yuusepcuter. C. Jowcenoicep,
A. Cronenxos: MockoBckuit @usuko-Texundeckuit Uncruryr. O. Hukumenko: Asrraiickuit Texuamaeckuit
Vuusepcurer (Bapuayn). A. ITemyxos: Nucruryr Ipobaem Iepenaun Nudopmanun um. A.A. Xapkesuaa
(Mockea). A. Ckonenkos: Hezapucumbrit Mockosckuii YHuBepcuret, https://users.mccme. ru/skopenko/.
Baarogapum E. Korana 3a pasperenue ucnosnb3osars ero teker [Ko21], B. Perunckoro u f. A6pamosa 3a
nosiesnble ob6cyxkaenus, . deomumosa u @. HuyioBa 3a nepesoiabl dpparmMeHToB Tekcra, A. Psabuuesa u
uznareabctBo MITHMO 3a pasperiienne ncroab30BaTh HOATOTOBJIEHHBIE IMH PUCYHKH.


https://users.mccme.ru/skopenko/

SJIEMEHTAPHBIE PE3Y/IbTATHI U3 JIMHEHHON aareOpbl. DTU PE3y/IbTAThl O3BOIAIOT TOCTPOUTD
AJITOPUTMBI, OIEHUBAIOIINE PAHT YaCTUYHO 3aII0JTHEHHBIX MATPUIL JIJIs YACTHOT'O CJIydas BOC-
nostHeHust guaronanu (npemaoxenue 1.1 u reopembr 1.3, 1.4, cM. Takzke npesyioxkenue 1.2).
Hasee MbI paccMoTpuM OoJiee CJIOXKHYIO 3aja4dy. Bmecro coornomennit suna M;; = a;; 11
HEKOTOPBIX 31eMeHTOB M, ; maTpuisl M (e a;; 9TO U3BECTHDIE SJIEMEHTBI) MBI PACCMOTPHM
6oJ1ee CII0YKHBIE COOTHOIIEHNS Ha 3JIEMEHTHI MATPUITBI. Mbl OIIEeHNM MIHIMAJIHHBIN paHT MaT-
PHI[ ¢ TAKUMU COOTHOIIEHusMU (Teopembt 5.1, 7.1).

Kparkwuit 0630p ncropun sroit u 6;m3knx 3a1a4d cm. B [MC, NKS| u [Ko21, Remark 4|. 9tn
pPEe3YJIbTATHI UMEIOT MPUIOKEHUS K BJIOYKEHUSIM TI'PadOB B HEOPUEHTUPYEMbIE TOBEPXHOCTH
(BKJIFOUAsT BJIOYKEHHE 110 MOJLYJTIO 2, CM. Ha4aJso §5) U BJIOKeHUsIM k-MepHBIX «runeprpadosy
B 2k-mepuble noBepxuocTH, cM. [KS21, KS21e, DS22|. B wacraoctu, Teopembr 1.3, 1.4 Bite-
KyT CYIIECTBOBAHKE TIOJIMHOMUAJIBHBIX (110 KOJIMIECTBY PEGEP) aJlOPUTMOB, PACIIO3HAIOIINX
«CJIAabYI0 Pean3yeMoCTby «I'padoB C BpAIIEHUSAMU» HA HEOPUEHTUPYEMbBIX MOBEPXHOCTSAX
(cM. 3aMevaHe HIUKE).

O6ozHaunM depes Zs™ " = (Z5)" MHOKECTBO BCEX § X 1 MATPHIL C SJIEMEHTAMU U3 Zy.

IIpensioxenune 1.1. (a) [Tycmo umeemcea CuMMempuiHaa MAMPUUQ ¢ INEMEHMAMY U3 Lig.
Tozda caedyroujue Ycao8us PasHOCUNOHDL:

® MOIHCHO MOMEHATND HEKOMMOPHLE SNEMEHTNDL HA 2na6H0T QUa20Hanl manw, ymobvl 6ce
HEHYNEBDLE CTNPOKU MATNPUUD, OKA3ANAUCD PABHDL,

o 1eab3a cOeaamb makyo 00URAKOBYI0 NEPECTNAHOEKY CMPOK U cmoaby6’, wmo 6 cepa-
HEM AEBOM Y2AY NOAYUEHHOT MAMPUYs, bydem cmoamsv nooMampuya 6uda:

c 1 1 * 1 0 0

1 « 00
1 % 0 UAU )
10 « 0 0 % 1

0 0 1 =

2de uepes * 0603HaENBL NPOUIBOALHBIE (60ZMONCHO, PABAUYHDIE) INEMEHMDL.

(b) Cywecmeyem anrzopumm caoscrnocmu O(n?), xomopuiti daa aoboti mampuyw, M €
Z5Y*" onpedeasem, MONCHO AU NOMEHAMY HEKOMOPHLIE INEMEHMBL HA 2AG6HOT OUAZOHAAU
max, Wmobbl 6 NOAYUUSULETICA MAMPUUE 6CC HEHYALEHLE CMPOKU OblAL DAGHDL.

YacThb «TOJILKO TOIJIa» IyHKTa (&) MOXKHO CJaBATh OTJIETHHO.

AnropurMuteckKue pe3yabTaTbl B 9TOM TEKCTe MOTYT ObITh IPOIYIIEHBl yIaCTHUKAMH,
OPUEHTUPOBAHHBIMU H& TEOPUIO, TIOCKOIBKY 9TH PE3Y/IbTATHI IBJISAIOTCS TPOCTBIMU CJIEJICTBH-
SIMU MATEMaTHICCKUX Pe3yabTaToB. CJI0KHOCTD AJITOPUTMA — KOJTHIECTBO «3JIEMEHTAPHBIX>
aroB B 9ToM ajiropurme. Ayropur™ umeet ciiokaoctb O(f(n)), ecin cJI0KHOCT He TIpe-
Bocxoyut C'f(n) mius vHekoTopoit kKoucrautsl C' > 0 j1j1st Beex n.

Ksagaparuas marpuna M € Zy™" Ha3biBaeTCsi BBIPOXKIEHHOM, €C/in CyMMa €6 HECKOJIb-
KUX Pa3JINIHBIX CTOJOIOB (HEHYJIEBOIO KOJMYECTBA CTOJIONOB) pPaBHA HYJIEBOMY CTOJOILY
(T. e. croabILy, cocTosAIEeMYy TOIBKO U3 Hyseii). VHade MaTpuiia Ha3biBaeTCsi HEBBIPOXK J€H-
HOI1. BBosiHbIe 331241 0 BHIPOK/IEHHBIX MATPUIIAX, [TOJIE3HbIE JIJIs CJIEIYIONIEr0 Pe3y/IbTaTa,
HpUBEIEHBI B §2.

1970 o3maAMaeT, UTO CTPOKH U CTOOBI MOCTEAOBATEILHO 3aHYMEPOBAHEl MHCJIAMHI OT 1 10 n U BLIOpaHa
epecTaHoBKa f 9TUX WHCEJ; CTPOKU U CTOJIOIBI TEPECTABISIIOTCS TaK, YTO 4, j-bIif JIEMEHT CTAHOBUTCS

f@@), f(j)-pm.



IIpennoxenune 1.2. (a) /Jlaa a060G mampuyve M € Z5™™ M02CHO NOMEHAMD HECKOADKO
ANEMEHTNOE HA 24a6HOT QUAZOHAAU MAK, 4MOGYL NOAYHUBUAACH MAMPULE ObLAG BBPONHCIEH-
HOTU.

(b) To orce ¢ 3amenoti «6bPOHCICHHOT» HA «HEBVPOAHCICHHOT».

Pacemorpum marpuiy M € Z5*". Panr rk M — makcuMaibHOE KOJMYECTBO CTOJIOIOB
mMaTpuiibl M Takux, 9TO CyMMa HUKAKUX U3 HUX He PDAaBHA HYJO. (DTO «pPasMEPHOCTb» «BEK-
TOPHOT'O TPOCTPAHCTBA», 0OPA30BAHHOIO CTOJIONAMEI MATPHIILI). BBO/HbIE 3a/1a91 Ha DAHT,
IOJIE3HBIE JIJIs CJICYIOMNX PE3YIbTATOB, IPUBEICHBI B §3.

Hnsa M € Z5*" oboznaaum depe3 R(M) MUHUMAJIbHBIN U3 DAHIOB BCEX MATPHIL, MOJIY-
YEHHBIX IIyTeM U3MEHEHHs HEKOTOPBIX YUCesI Ha IVIABHOW JMAroHa u MaTpuis M.

Matpuiia Ha3bIBaeTCsI AMATOHAJIBHOM, €C/in BCe e 3HAUYCHUs BHE IVIABHOW JTMArOHAJII
pasHusI 0.

Teopema 1.3. (a’) Ymobwv cdesamo keadpammyro mampuyy panea k u3 xk6adpammots mam-
PUUDL PAH2A T USMEHEHUEM HEKOMOPVLT YUCEA HG 2446HO0T JUA2ONAAU, HEOOTOOUMO U3ME-
Humv He menee |n — k| wucea.

(a) ns a106010 nesvipostcdennot mampuyse M € 75" nepasencmeo R(M) < k pasro-
CUADHO CYULECTNBOBAHUIO UAROHANHOT Mampuub, D ¢ ne 6oaee wem k Hysamu Ha 2406100
duazonasu maxot, wmo rk(M + D) < k.

(b) Jns mobozo durcuposannozo k cywecmeyem anzopumm caodicrocmu O(nF3), onpe-
deasrouguti das mobots mampuyve M € 75", eepro au, wmo R(M) < k.

Enuauunoit maTrpuneil £ na3npiBaeTcd JMaroHajibHasg MaTPHUIlA, Y KOTOPOil Bce 3HaUe-
HUS Ha JIMAroOHAJIU PaBHBI 1.

Teopema 1.4. (a) /las a10600 neswviposicdernnot mampuyve M € Z5*™ u duazonaivhol
mampuyse D € 75" eepro, wmo 2rk(M + D) > rk(M + E).

(b) Cywecmeyem anzopumm caosicrocmu O(nt), xomopwti daa mampuyw, M € Z5™
naxodum wucao k maxoe, wmo k/2 < R(M) < k.

Bameuanue (onpe/erenue ciaaboil peannsyeMoct; GoOpMaIbHO HE UCIIOJIB3YETCs J1ajee)
Hepozrugom HaspiBaeTcst (HEOPUEHTHPOBAHHOE IUKJIMYECKOE) CJIOBO JIJTMHBL 21 13 1. Oy KB,
B KOTOPOM KazKjiast OyKBa BCTPEYaeTCs JIBaKIbI.

©

Puc. 1: Jluck ¢ rerToukaMu, cooTBeTCTBY 0N neporiudy aabbee (ciesa) u aabebe (cipasa)

Bosbmem rpaHUIly BBIIYKIONO MHOTOyTOJbHUKA. OTMETHM Ha Hell HellepeceKaroIrecst
OTPE3KHU, OTBEYAIoIIe OYKBaM JJAHHOTO CJI0BA, B TOM TOPsJIKE, B KOTOPOM OyKBBI UJIYT B CJIO-
Be. Jlyist Kaxk10ii OyKBbI coemHuM (HEOOA3ATENLHO B IIOCKOCTH) COOTBETCTBYIOIINE el J1Ba



OTPEe3Ka JIEHTOUKOM (T. €. «PACTSIHYTBHIM» U «IIOMSITBIM» [PSIMOYTOJBLHUKOM ) TaK, YTOOBI pa3-
HbIE JIEHTOYKN HE ITepeCceKaMCh. JIEHTOUKN MOTI'YT OBITH IMepEKPYIEHHBIMU I HEIIEPEKPY-
YEHHBIMU. J[UCKOM € AEHMOYKAMU, OTBEUAIONINM JJAHHOMY CJIOBY, HA3bIBAETCS 00bEIMHEHUE
IOCTPOEHHBIX (/IBYMEPHOTO) BBIILYKJIOIO MHOIOYTOJIbHUKA U JIEHTOYEK.

Hazoem wmeporiud caabo peasusyemvim ua Jjiente Médbuyca, ecim u3 Heé MOXKHO BbI-
pe3aTbh HEKOTOPBIH JUCK € JIEHTOYKAMU, COOTBETCTBYIONUi JlaHHOMY ueporymndy. MoxkHo
AHAJIOIMIHO OIIPEICUTh CJIadYI0 pean3yeMoCcTh Ha OyThliKe Kiieiina u Apyrux HeOpueHTH-
PYEMBIX TTOBEPXHOCTSX.

JIBe 6ykBBI a,b B neporsmmde H nepexpeujusaromcesa ¢ H, eciu OHE 4YepeylOTCA B IUK-
JIMTIECKON MOCJIeIOBATEIbHOCTH JIAHHOTO neporauda (T. e. ecjii OHU UIYT B IUKJIAIECKOM
nopsijike abab, a He aabb). Oupenenum mampuyy nepexpewsusanut M(H) € 73 "™ mweporyiu-
da H cienyromum obpazom. Ha riasnoit gumaronasm mnocraBuM Hysu. [loctaBum equHuily
B KJIETKY (i,7) /it @ # j, eciim OYKBBI 4, j HepeKpenBaoTcs B H, B IPOTUBHOM Clydae
[IOCTABUM HOJIb.

Bepen cirenyrommit pesynbrar: Hepoeaud H crabo pearusyem na aewme Méebuyca moeda
u moawvro mozda, kozda R(M(H)) < 1.

Cwm. oapobree [Bi20], [Ko21, Appendix|, [Sk20, §2|.

Pexomenganmm ydacTHUKAM

Ecnu yciioBue 3as1atu siBjisiercst pOpMyJIMPOBKON yTBEP:K/IEHUsI, TO B 3a/iade TpedyeTcs
9TO YTBEPXKJEHUE JI0Ka3aTh. KCu 3aada BbIJIEIEHA CJIOBOM «TeopeMay («JIeMMay, «CJiell-
CTBUe» W T.]I.), TO €€ yTBep:KjeHue Oosiee BayKHOe. Kak MpaBmiio, Mbl IPUBOAUM (B BHU-
Jie 3a/1a91) GopMYAUPOSKY KPACHBOTO WM BaXKHOTO YTBEPKJIEHUs neped ero doka3ament-
cmeom. B Takux ciydasx i J0Ka3aTeIbCTBA YTBEPK/IEHUS MOTYT MOTPEOOBATHCS TOCTIe-
nytorue 3aa9u. Mbl He jiuitaem Bac y/10BoJIbCTBUST caMOCTOATEIBHO HANTU MOMEHT, KOT/Ia
Bol mHakoHer-to cMoxkere JloKaszaTh TakKoe yTBepxkjeHue. Boobie, eciu Bol 3acTpsiim Ha
KaKOW-TO 3ajade, MOMPOoOyHTe mepeiiTu K CJIeIYIONUM, OHU MOTYT OKa3aThCd IMOJIE3HBIMIU.
Jamevarus 1 33J1a91, ITOMEeIeHHbIe 3BE3/109KaMi, (DOPMAJILHO HE UCIIOIL3YIOTC B TaIbHeli-
nmeM. B TekcTe ompejiesieHns BaXKHBIX MOHATUI TOMeYeHbl »KUPHBIM IITPUEPTOM, YTOOLI
zareM ObL1o mporie ux Hahtu. [Ipurnamaem Bac o6cyoicdams ¢ Kiopu Bo3HUKAIONINE BO-
1pockl. Te, KTO ycrenrHo paboTaT Ha/l MPOEKTOM, 3aBOIOIOT MIPABO MOy IUTh WHTEPECHBIE
donoanumenvrole 3a0a4U OAA UCCACIOBAHUA.

YdaacTHUK (MM KOMaH/a), PEIAONIH 3389 IPOoeKTa, Moaydaer «606» 3a Kaxkoe
IMMCbMEHHOE peIlleHne JJisl MI0JIb30BaTesl (He siBJISIONIeecs IIPOCTO OTBETOM ), OIleHeH-
HOE B «+» WIN «+.».

Cwum. pekomenyianuu https://www.mccme.ru/circles/oim/home/pism.pdf
HomoianTeibHBIE 000BI MOT'YT BBIIABATHCS 38 KPACUBBIE PEIEHNUsI, PEITEeHUsT CJIOXKHBIX 3a1a%
nin opopMIIeHIEe HEKOTOPBLIX perieHuit B cucreMe TEX. VY Kiopu O€CKOHEYHO MHOT'O 000OB.
VY KaxkKJI0ro ydacTHuKa (MM KaxKJ0ii KOMaHJbl) B Hadase oaud 606. Pemenns MOXKHO clia-
BaThb U YCTHO, U MUCbMEHHO [JIsI COABTOPA, OT/laBasi OJInH 000 3a KaKJible MSITh MOIBITOK
(HEBaXKHO, Y/IAUHBIX MU HET).

[Toxkautyiicra, coobmuTe HaM, ecjin Bbl 3HaeTe perenns: KaKux-To U3 MPeJJIOKEHHBIX 3a-
Jlad. DTO He MPOTUBOpPeYINT BalmeMy ydacTuio B IpoeKTe, HO 9TO 1 He 00s3bIiBaeT Bac pemaTh
sroT mpoekT. [locite mpoBepkn y Bac HEKOTOPBIX M3 3a/a4, HA3BAHHBIX BaMu peménHbIMu
zapanee, Bbl cMoOxKeTe TI0JIB30BaTLCS pe3ysibTaTaMu BceX 3TuX 3ajad. [Ipm stom perenns
9THX 33J1a9 He OynyT cunrtarbed Bamum noctmxkenunem na JIKTT. 3aro y Bac nossurcs Bo3-
MOYKHOCTD JIOWTH J10 OoJiee CJIOKHBIX 3a1a4d. Mbl OyaeM pajbl UX BbLIATL, OHU y2Ke TOTOBLI!


https://www.mccme.ru/circles/oim/home/pism.pdf

(B mpoeke 3a/1auu Ob1IM Pa3OUTHI CJIEIYIONIIM 00PA30M: CHaYa A 381891 JI0 TeopeMbl 4.3
BKJIIOUNTEIBHO, 3aTeM HEKOTOPbIE PEeIeHns K IIPOCThIM 3aja4daM u3 §81-2, 3aTeM ocTabHbIE
3a/1a91 U OCTABIINECS] PEIeHMS. )

2 DBpipoxkjaeHHbIe MaTPUIlbI

2.1. (al-a4) Kaxue uz caedyrowur mampuy, AAAOMCA SbPOHCOEHHbMU ?

000 111 111 01 1
Ai=(0 00|, A=[111], A4=[10 1), A=[(001
00 0 111 111 100

2.2. (a) Bupooicdennocms Mampuyvl COTPAHAECMCA NPU NEPECMAHOSKE CMOoAbY06 (cmpok).

(b) Buipootcoenocms mampuyos coxpansemces npu dobasaenut, 00020 cmosbua (00Hot
cmpoxu) k dpyeomy (dpyeot).

(¢) Jhobas mampuya moorcem 6vims npespalLena 6 dua2oHaAbHY0 NPEoOPA308AHUAMY U3
nynrmos (a,b).

(d) Mampuya evipoosrcderna mozda u moavko mozda, Ko2da ona He ModHCEM OBIMb NPEGPa-
wena 6 eduHuuHyo npeobpasosaruamu u3 (a,b).

(f) Keadpammnas mampuya sviposicderna mozda u moavko mozda, k0206 cymma eé nerko-
MOPHIT CMPOK (HEHYAEB020 KOAUMECTNEA CMPOK) ABAAECMCA HYAEE0T CMPOKOT.

(9) Cywecmeyem anzopumm caosicnocmu O(n?), onpedessrowut, Acasemes au Mampu-
Ua n X N euposrHcoeHHom.

s marpuiel M € Z5*™ nonoxum det M := 0, eciim ona BeipoxkieHa, u det M = 1
nHave. JTO UUC/I0 Ha3biBaeTcs onpedesumenem marpuiibl M. Jpyroe obo3HaueHue:

M M M M Ml,l Ml,n
det 1,1 12) _ |[Mia 1,2 det M — . :
’ (Mz,l M Myy Msys|’ ¢ M ’ M
n,d . n,n
a b
2.3. (a) . d = ad + be.

(b) det(ai+b1,aq, ..., a,) = det(ay, ag, ..., a,)+det(by, ag, ..., a,). 3decv u nuoce a;, by €
73 2mo cmoabyvl 0AUHDL M.

n
(c) det(ar,...,a,) = > a;pdet(ay,...,a;_1,a;,4,...,a,), 2de Kaxcdwii cmoabey, a; €
i=1
721 noayuaemes uz cmoabua a; yoaseruem nocredneti KoopouHambL.

n
(d) det M = > T[] Mo, 2de S, — mmoorcecmeo nepecmano6or; (m.e. 63aumno 00HO-
g€Sy i=1
gnaunur coomeememsud) o : [n] — [n].

2.4. (al-a4) /ns kaorcdol mampuys u3 3adavu 2.1 GbLACHUME, MOHCHO AU USMEHUMD HEKO-
MOPvLE INEMEHMBL HA 244610 QUAZOHANU MAK, YMOOBL NONYUEHHAA MAMPUUA OBIAG BBIPOIHC-
dennot.

(b1-b4) To orce ¢ 3amenoti «6uPONHCIEHHOTS HA «HEBBPOHCOEHHOT.

Jlemma 2.5. (a) ITycmo M € 73" — mampuya ¢ nyaamu nwa 24a6100 duazonasu. Onpede-
aum nocaedosamenvrocmo M i =0,1,2,....n PEKYDPCUBHO.



o MO .= \f;

o MY ecmu pesyavmam samenv, 6 MUY spemenma Mi(fi_l) =0 na 1+ 0;, 2de d; :=

i—1 . Co i
det M[%X[% ecmo onpedeaumens seprneti aeeoti i X i-nodmampuybt mampuyo, M1 |
Tozda mampuya M™ neswposicdena.

(b) Cywecmeyem anzopumm caosicrocmu O(nt), xomopwti daa mampuyw, M € Z5"™
HATOOUM HAOOP MAKUT 3HaAMeHUT U3 Lo, WMO NOCAE NOJCTMAHOBKY UL HA 2A048HYI0 UG2OHAND
mampuyv, M nosywumes HeswuposcIeHHas Mampuya.

3 PaHr marpuibl

3.1. (al-a4) Hatdume rk M das mampuy,

0000 1111 1110 0111
M=[oooo|, [t 111}, [to10], (0011
0000 1111 1111 1001

(b1-b4) Hatidume R(M) Odas mampuy us 3adavu 2.1.

3.2. Bubepem mampuyy M € 75",

(a) U3 mampuywr, M mootcro evibpams vk M cmoabuyos max, wmoboi 4106017 cmoabey, 6bin
CYMMOT HECKONDKUL 8bLOPAHHBLT CMOAOU0E.

(b) Hycmv umeemes k cmoabyos (e obazamesvrno mampuyv, M) makuz, wmo 410601
cmonbey, mampuuvt M ecmv cymma neckorokur us nux. Tozda vk M < k.

(¢) Pane nodmampuyps He npesocrooum paHaa Mampubl.

3.3. (a) lepecmanosra cmorbyos (uau cmpor) ne MeHAEM PaH2a MAMPULDL.

(b) Jlobasaenue 0dnozo cmoabua x dpyzomy cmoabuy (usu 0dnol cmpoku k dpyaot) we
MEHACTN, PAH2A MATPUDL.

(¢) Pane mampuyvt pasen MaKCUMAALHOMY KOAUMECTEY €€ CMPoK MaKuT, 4mo CYmMMa
HUKAKUT U3 HUL HE PAGHa HYAeGol CpoKe.

(d) Pane mampuuyvt pasen MaxCuUMaisbHOMY PASMEPY €€ Heeuposrcdennoll Keadpammot
NOOMAMPULDL.

Ksajparnas marpuiia, B KOTOPYIO BBICTABJIEHBI 3HaYCHUS U3 Zo, Ha3bIBAETCS UETHOIM,
€CcJIi Bce e€ 3HaYeHMs Ha I'VIABHOW JIMaroHasId paBHBI HYJIIO.

3.4. (a) [aa moboti M € 75" 6ce nenyaesvie cmpoku pasrv, mozda u moavko mozda, ko2da
rk M < 1.

(b) Tas cummempuunot mampuyse M € 25" 6ce nenyaeevie cmpoku pashv, moz0a u
MoAbKO moeda, Ko20a, UCNONB3YA 00UHAKOBBIE NEPECMAHOBKY CMPOK U CMOAOU08, U3 HEE
MOIHCHO NOAYHUMD MAMPUYY, AT GEPTHUL Y204 KOMOPOLT cOCMOum u3 eduHuy, G dne-
MEHMDBL BHE IMO20 KEAOPAMA PABHYL HYAIO.

(¢) Pane 210600 HeHYAe60T %EMHOT CUMMEMPUUHOT MAMPULDL HOABULE eOUHULDL.

3.5. Beauwuna R(M) neobazamesvro corpanaemcs npu
(a) nepecmanoskaxr cmorbru06;
(b) dobasaeruu 0dnozo cmoabya K dpyzomy.
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3.6. (a) Cywecmeyem anzopumm caosicnocmu O(n3), svuucisrouuti pare Mampuyb u3
SXn
75", s < n.
b)* k O(n? y
s ecakozo wucaa k cyuecmeyem aszopumm caoscnocmu O(n?), nposepaouyut
ceoticmeo <k M < k» das M € 257", s < n.

Jlemma 3.7. [lycmv M, D — amo mampuyv, 00020 pazmepa, 6 KACMKGL KOMOPLL CMOAM,
anemenmovi Zo. Tozda

(a) k(M + D) <tk M + 1k D;

(b) tk(M + D) >tk M —rk D.

3.8. Cywecmeyem anrzopumm caoscrnocmu O(nF+3), nazodawui no mampuue M € 75"
duazonarvryto mampuyy D maxyro, wmo

(a) rk(M + D) < k,

(b) tk(M + D) =k,

npu ycaosuu, 4mo mawrasa mMampuua D cywecmeyem.

3.9. s mobvix aum, k < n umampuyn M € Z5™" panea m eepno caedyrowsee: ecau mam-
puya parea k moocem 6vimv NOAYUEHA USMEHEHUEM HEKOMOPO20 KOAUYECMEA QUAZOHANDHDIT
anemenmos mampuive M, mo amo moorcem 6vimo cdeaarno udmenenuem posro |m — k| ane-
MeEHMO08?

3.10. (a,b,c) Hatidume wucao mampuy, panea k 6 245" das k =0,1,2.

4 BuaoxkeHnda nmo MoayJsio 2 rpadoB B HOBEPXHOCTHI

JlaHHBIN pas3jies He HyXKeH I OHUMAaHUS JaJIbHEHIIero TeKcTa, OJJHaKO OH JlaeT MOTHBa-
U0 K §5.

Mpgr Oyzmem obosHavyaTh depe3 S mbo Top, b0 cdepy ¢ pydkamu, jaubdbo JieHTy Médou-
yca, b0 OyThLIKy Kiteiina, im0 KaKyio-TO JAPYTYIO 2-MepHYIO IMOBEpXHOCTb. VX 1mpocToe
oTIpejie/IeHne MOYKHO HaliTu, Hanpumep, B §2.1 B

[Sk20]=https://www.mccme.ru/circles/oim/obstruct.pdf

Jastee m3o6pazkenns rpadoB Ha S MOT'YT UMETh caMollepecedeHus. Baootcenuem Ha3bI-
BaeTcs uzobpaxkenue rpada 6e3 caMorepecedeHnii.

4.1. Cywecmsyrom enoscerus 2paghos (al,a2,a3) K5, K¢, K7 6 mop;

(b1,02) K5, K¢ 6 aenmy Mébuyca;

(c) Ks 6 cpepy ¢ dsyma pyuramu,

(d) K, 6 chepy ¢ KaKum-mo “ucaom (3a6ucauyum om m) pyuesx.

Bameuanne. B dannoti 3adaue mpebyromes He cmpozaue dokadamesvcmea, a O0AbULUE,
NOHAMHBLE U HCEAAMEALHO KPACUBHIE PUCYHKU.

4.2. I'pag K5 moorcem 6vimv u306pastcén na naoCKOCU Mak, 4mo u3obpadcenus (mo ecmo
00pa3nvl) M1006LT 0BYLT HECMENACHVLT PEOED NEPECEKAIOMCA 6 UYEMHOM YUCAE MOYEK.

Touxot camonepecevenus n300parKeHUsT HA3BIBACTCA TOYKa Ha M300parKeHUu, KOTopast
oTBedaeT OoJiee UeM OJIHOI TOUKe rpada.

loBopgT, uro m306pazkeHnne rpada HAXOAUTCs B ODIIEM ITOJIOXKEHUM, e€C/IN

® JII000I TOYKe caMollepecedeHns OTBEeYal0T POBHO JIBE TOUKH rpada;

e 1300pakeHune 1000 BEPIINHBI HE sIBJISIeTCS TOUKOM caMoIlepecevueHns;
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Az Bl Bl A2

A1 BQ Al B2

Puc. 2: TpancsepcajibHOe Tiepecevdenne u HeTpaHCBepcaabHOe TIepecedeHne

e n300pazkenne rpada MMeeT KOHETHOEe YHCJIO TOUEK caMoIllepecevdeHus, 1

e B JTIOOBIX TAKMX TOYKAX caMollepecedenne Tpancsepcaibhoe (puc. 2)2,

Nzobpazkenne rpacda B 00IEM IOJIOKEHUN HA3BIBAECTCH Zo-BJIOYKEHUEM, €CJiu n300pa-
JKEHUs JIIOOBIX JIByX HECMEXKHBIX pEOep MepeceKaloTcsl B Y6THOM YHC/Ie TOYEK.

3ameuanwue. Ilycts S — ubo miockocThb, aub0 TOp, b0 JienTa Mébuyca. Ecau rpad
JonyckaeT Zo-BiaoykeHune B S, TO 3TOT rpad momyckaer Bioxkenume B S. Tem He Menee, cy-
mecTByeT rpad, uMeronmuit Zy-aoxkenue B cdepy ¢ 4 pydkaMu, HO He BJIOXKUMBIN B HeE.
Cwm. cebutkn B [Bi21, Remark 1.3.b,c|.

Teopema 4.3. Ecau epagp K donyckaem Zo-6n00icenue 6 chepy ¢ g pywkamu, mo
(a) g = (m—4)/3 daa K = K,,.
(b) g = (m —5)%/16 dna K = K,,.
(c)g=(n—2)2/4 0 K = K, .

Wnesa nokazaresberBa TeopeMbl 4.3 3aK/II09aeTcss B TOM, YTO Ha ITOBEPXHOCTU, B KOTO-
pyio Gosbioit rpad Jormyckaer Zo-BJIOXKEHHE, MepecedeHns KPUBBIX YCTPOEHBI JIOCTATOY-
HO CJIOXKHO (B CMBICJIE paHIa HEKOTOPOIl MarTpuiibl; cM. yTBepxienue 4.5). Tounee, Teope-
ma 4.3.a [PT19] cienyer u3 teopem 4.4 u 5.1.b Bmecre ¢ yrBepxkienuem 4.5 (Bce HuKe).
Teopema 4.3.b ciemyer u3 myrkra Teopembl 4.3.c (nokazkure!). Teopema 4.3.c nmokazana B
[FK19], cm. crpykTypupoBannoe ussioxkenne B [DS22|. Anamorudno, yrBep:xaenus 4.5 u 5.2
(BMecTe ¢ TeopeMoii 4.4 1 €€ HEOPUEeHTUPOBAHHBIM AHAJIONOM) BJIEKYT HECYIIeCTBOBAHUE Zo-
Boxkenust Kg B 1op, u K; B ety Mébuyca (wmm maxe K7 B 6yrbuiky Kieitna, deii anaior
JIUTsl HEBJIOXKUMOCTHU HE CJIeJyeT U3 HepaBeHCTBa Diliepa). AHAIOIMYHBIM 00PA30M PE3yJIbTaT
0 HEBJIOXKUMOCTU B H0JIee BHICOKMX PA3MEPHOCTSX CJIe/IyeT U3 TeopeMbl 7.1.

O6ozHaunm depes | X|o € Zy 9€THOCTD YHCIA IEMEHTOB B KOHEIHOM MHOXKeCTBe X .

['oBopAT, 9TO 3aMKHYTBIE KDUBBIE V1, . . . , Yp HA S HAXOAATCH B ODIIIEM ITOJI0XKEHUM, €CJIN
n3o6pazkenne rpada (HECBA3HOIO OObeJIUHEHNs P IUKJIOB), MOJyYeHHOE U3 9TUX KPUBBIX,
HAXOJUTCA B 00IeM mosiozkennu. 1Ix p X p-mampuya nepecevenuti G onpejienena Kak

G = 1vi N yl2,  ecim i # 7,
ij - .
’ v N Yile,  ecam i = j,

rJ1e 7y; —9T0 KpuBasi, 6Jin3Kas K KPUBOW y; U B OOIEM IOJIOXKEHUH C HEll.
[TonbayiiTech ciemyromeil «roMoIorndeckoit reopemoit bertus 6e3 mokazaTebLCTBA.

2Crporo roBopsi, TpaHCBEPCATBHOCTH JIETKO ONPEIETHTh TOMbKO s PL (Kycouno-immeitHoro) m306-
paxkennst rpada. PL KpuBble Ha TOpe JIETKO ONPEIETUTH, €CIM PACCMATPHBATL TOP KAaK CKJIEHKY MHO-
royrospuuka. Torma PL kpueasa Ha mope —3TO CEMEHCTBO JIOMAHBIX HA MHOTOYTOJIbHUKE, YOBJIETBOD:-
IOIllee  HEKOTOPBIM ycsioBusM (Bbinmmmure 3tu yeaosus!). Iloxoxum obpasom jrobasi MOBEPXHOCTH S MO-
JKeT OBbITh HOJIydeHa CKJeiikoil MHoroyrosbHuka. (dus jentst Mébuyca u OGyrouiku Kueitna cm. [Sk20,
§2.1]; musa cepwl ¢ pyukamu cM. Bu3yasgusanuio B https://www.youtube.com/watch?v=GlyyfPShgqw u
B https://www.youtube.com/watch?v=USN5mg3MePM.) D10 no3soser oupenesurs PL kpusbie na S. Torma
uszobpakenue rpada na S HasbBaerca PL (kycowno-aunelinoim), ecau nzobpazkerue Jo6oro pebpa Toro
rpacda PL. [pyras dopmamusanus npusesnena B [Sk20, §4, §5].
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https://www.youtube.com/watch?v=G1yyfPShgqw
https://www.youtube.com/watch?v=U5N5mg3MePM

Teopema 4.4. Jlas 11006 Kpusvls Vi, ..., Y, 6 00UWeEM NOA0HCEHUL
(a) na chepe c g pyukamu pane ur MAMPUYLL nepecererull He nPesocrodum 2g.
(b) na ducke ¢ m aenmamu Mébuyca pane ux mMampuys, nepeceseruti He npesocrooum m.

31eck duck ¢ k aenmamu MEébuyca — 310 durypa, nsodbpakénnas Ha puc. 1, ciieBa. bosee
TOYHO, JUCK ¢ m JeHTamu Mébuyca — 510 oObeauHeHne IuCcKa | M MOIapHO HelepeceKaro-
HIUXCA JIECHTOYEK, KOHIIbI KOTOPbIX IIPHUKJICEHBI K 2m IIOIIapPHO HEIIEpECEKAIOIMNMCA JyTraM Ha
IPAHIIHON OKPYKHOCTH JINCKA (JIEHTOUKH MOTYT He JIeKaTh B IJIOCKOCTH JIMCKA) TaK, ITO

® OpMEHTAIINA KOHIIOB KaXKJION U3 JJEHTOYEK, 3a/JaHHble OPUEHTAIINEH TPAaHUYHON OKPY K-
HOCTH JINCKA, «COXPAHSIOT HAIIPABJIEHNE BJIOJIb JIEHTOUYKN», 1

® JIEHTOUKHU «Pa3JIeJICHbI», T. €. CYIIECTBYIOT M MOMAPHO HEIePeCeKAIoMuXcs ayT A; rpa-
HUYHOM OKPY?KHOCTH JINCKA TAKUE, ITO KOHIIBI 1-Oif JIEHTOUKHU IIPUKJIEEHBI K JBYM HeIlepece-
KAIOIUMCS JlyraM, cojepskammmes B A;, 1 =1,2,...,m.

Ber MmoxkeTe feaTh anmpoKCHMAIIH OOIIETo TMOJIOYKeHNsT Ha MHTYUTUBHOM YPOBHE.

Puc. 3: Cnesa: K3 nu K4 na tope. CrnpaBa: K5 Ha TOpe

4.5. Pacemompum npoussoavroe eaodicerue (uau Zo-eaoocenue) f: K, — S. Paccmompunm
npoussosvhoe omobpascenue [ K, — S 6 obwem noroscenuu ¢ f u bausxoe % f. /s
MO6VT NONAPHO passushux i, j, k € [n] obosnauum wepes (ijk) uyurka daunwve mpu 6 K.
Ionoorcum
ijk Apgr = |f(ijk) 0 f'(pgr)],.
Tozda
(4.5.1) 123 A 456 = 0.
(4.5.2) 123 A 456 + 123 A 567 + 123 A 467 + 123 A 457 = 0.
123 A 345 + 123 A 346 + 123 A 356 4 123 A 456 = 0.
123 A 234 + 123 A 235 + 123 A 245 4+ 123 A 345 = 0.
123 A 123 + 123 AN 124 + 123 AN 134 4+ 123 A 234 = 0.
Cm. puc. 3, caesa. Jas 00not dopmyav, oxeamviearouLets mu wemuipe, CMm. c80UCME0
AUHeTHOT 3asucumocmu 6 §5.
(4.5.83) 125 A 345 + 135 A 245 4+ 145 A 235 = 1.
Cm. puc. 3, cnpasa. Iodekasxka: eweedume us (B) nuorce.

Bameuanue. (A) Jljsi 106bIX HOMAPHO Pa3MIHbIX ToueKk Ay, Ay, A3, A4 Ha npsaMoii cy-
IIIECTBYET TOJIBKO OJHA «Yepe/yIoNasics» pacKpacka B IBa IIBeTa.



(B) st m06bIxX momapHo pasaudHbix Touek Ap, Ay, As, Ay Ha OKpyKHOCTH
|A1As N AsAy| + |A1As N AsAy| + A1 AL N Ay Ag| = 1.

(B’) na moboro orobpazkenus f: Ks — R? «obmiero mojozkeHus» 9UCIO0 TOYEK TIepe-
cedeHnii, 06pa3oBaHHbIX 00pa3aMy HECMe:KHBIX pédep B R?, HewdTHO.

[Ipocrasg nmmmmkanust (A) = (B') npusogurcs B [Skl4| (B smmeiinom ciayvae; B PL
cllydae MMIUIHKAIIS aHAJTOTHIHA).

B ornmdme oT HEBIOXKUMOCTH, OTCYTCTBUE Zo-BIOXKUMOCTH HE CJICAyeT N3 HEePaBeHCTBA
Ditnepa [Sk20, §2.4| (kak u (B’) He ciemyer uz dbopmysnbl Diisiepa jyist miaaHapHbIX rpados).

5 Panr marpuii ¢ COOTHOMIEHIAMUA
Mer cokparaem {i} 110 i. HazoBém ([Tg}) -Mampuyets TaKyIo CAMMETPHYHYIO KBAIPATHYIO MaT-
PHILY C 9JIEMEHTAMU U3 Zgy, CTPOKHU U CTOJOIBI KOTOPOH COOTBETCTBYIOT BCEM 3-3JIEMEHTHBIM
IOJIMHOYKECTBAM MHOXKECTBa [m], U JiJisg KOTOPOii BBIOJHEHBI CJI/IYIONHe CBOfCTBA:
(rpuBnasnsHOCTE) Ap = 0, eciit PN Q = O
(/mMHeiiHAsT 3aBUCUMOCTD) JIJIsi JIOOBIX 4-3JIEMEHTHOIO M 3-3JIEMEHTHOI'O MOJIMHOKECTB

F,P C [m]
Z Ap_ip=0.
icF
(HETPUBHAIBLHOCTD) sl JIIOObIX @ € [m] u 4-s;emenTHOrO MojMHOXKecTBa, F C [m] — i
BBINOJIHEHO Ap; = 1, rie

AF,i = Z AX,Y = Z AiUU,iuT'

{X)Y} : FUi=XUY, |X|=|Y|=3, XNY=i {o,7} : F=oUr, |o|=|7|=2

[To yrBepxkaennto 4.5, HEKOTOpast <[7§]>—1VIanI/ILLa crpouTcs 10 Zg-Broxkenuto f: K, — S
B HOBEPXHOCTD. JleHCTBUTEILHO, ONOKAM A i) (par} = 7k A pgr. Ecimu nosepxnocts S
opuenTupyema, To Takasg marpura A uérna (1. e., App = 0 mag m060ro 3-37€MEeHTHOrO
noaMuoKkecTBa P C [m]).

m—4

Teopema 5.1. (a) Ecau A asasemcs ([?]) -mampuuet, mo rk A > 3

2(m — 4)
—

Ber MOXKeTe OTIETBHO MPEJICTABIATH DPENIeHns CJIeAYIONNX YaCTHBIX CIIydaeB Teope-
MbI 5.1. BoJstee cuiibHbIe OlleHKH JIOKAa3aHbI B §7.

(b) Boaee mozo, ecau A wémmna, mo rk A >

5.2. (a)* He cywecmeyem ([?) -mampuuys parea 1.
e cywecmesyem wémmnot -MAMPUUDBL PAH2A MEHEE 3.
b)* He cywecmeyem wémnot (5 puyst p 3

Teopemy 5.1 MOXKHO BBIBECTH U3 IIpeJJIOKeHU 5.7.a,b.

Crenmyioriee yTBep2KJjieHIe B JIajbHEHIIEM He UCHOJIb3yeTcd. B ero jgokasarenbcrBe He
00513aTeJILHO STBHO IIPEJIOCTAB/IATh MATPHILY, JIOCTATOYHO ONUCATH € mocrpoenue. Mbr 3HaeM
TOJIbKO pellieHne, UCIoab3yoriee yTeepxkaennd 4.1, 4.5 u treopemy 4.4.
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5.3. (a) Cywecmeyem nenyaesas ([g})—.mampuua.
(b) Cywecmeyem ([g})-mampuua.
(c) Jlas a06o20 m =5 cywecmeyem ([’g]) -MAMPUYA.
(a’,b°,¢’) To orce das wémmnux mampuy.
(d) Cywecmsyem ([g]) -mampuua parea 1.
(e) Cywecmeyem wémman ([g])—mampuua panea 2.
(f) Cywecmsyem ([g})—mampuua panea 1.

(9)* Cywecmeyem ([g})-mampuqa parea bonee 2.

m—1 [m]
5.4. [Iycmv B — xeadpamnas mampuya pasmepa, 5 ), noayuenman us s ) -mampuy, yda-
AEHUEM CTUPOK U CMOAOU06, COOMBEMCMEYIOUUL ECEM NOOMHONCECTNEAM, COOEPAHCAULUM INE-

meum m. Tozda B sasasemcs ([mg_ 1]) -mampuyed.

5.5. (a) Ilycmv B — ksadpamuas mampuya pasmepa (mg_ 3), NONYHEHHAA U3 ([?])—Mampuum
A ydanenuem cmpor u cmoaby08, coomeememeyuuLT NOOMHOHCECTNEAM, COOCPAHCAULUM TO-
ma 6o, 00un snemenm mmoocecmea X = {m,m—1,m—2}. Ecau Ax x =1, mork A > rk B.

(b) ITyemv B — xeadpammuas Mampuya, nOAYHEHHAA U3 ([?]) -mampuuyvt A ydareruem
CMPOK U CMOoAdU08, COOMBEMCMEYIOUULT NOOMHONACECTNEBAM, COOEPAHCAUWUM TOMA Obl 00U
anemenm 3-aaemenmuoi nodmrosicecms X,Y C [m]. Eeau Axx = Ayy =0 u Axy = 1,
mork A >rk B + 2.

O6o3HaunM 4epe3 1, MUHUMAJIbHBIH PAHT ([?])—ManI/IL{bL O6o3nauuM [Uepes 1, MUHH-

MaJIbHBIA paHr 4éTHOI ([Tg])—ManI/ILLbI. OueBugno, 1, = ryp = 0 i m < 4, u ry < 'y
~ m —4
HerpusnasibHOCTH O3HaA4aET, 9TO 15,75 > 1. Teopema 5.1 yTBep:Kgaer, 9TO 1y, = 3 u
~ 2(m —4)
T = ————.
5

5.6. (a,b) Hatidume r5,7¢ U T5,T¢, 7.
(c) Obe nocaedosamesvHOCU Ty, Ty, HeE YOBIBAIOM.

IIpensioxkenune 5.7. (a) r,, > min{r,, 3 + 1,1,} (mounee, aubo rn,, = T, AU60 Ty =
"'m—3 + ]-)7
(b) Ty = Ty + 2.

6 Classification of symmetric bilinear forms
Fix a symmetric matrix A € Z5*". For U,V € Z let
AUV)=U AV =Y A UV, (=UTAV).

3,j=1

A basis of Z} is an inclusion-minimal ordered set of vectors such that every vector from Z%
is the sum of some vectors from this set.

Teopema 6.1. For n = 2 there is a basis X1, Xy of Z% and numbers v1,vy € Zo such that
either
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(i) for any ay,as, by, by € Zs we have
(a1 X1+ agXs) -4 (01 Xy + b Xo) = y1a1by + Y202y, o1
(ii) for any ay,as,by,be € Zs we have
(a1 X1 + a2 Xs) -4 (b1 X1 + b2 Xo) = a1bs + asby.
Recall that problems stated after theorems are hints to proofs of the theorems.

6.2. Assume thatn =2, X € Z3 and X -, X = 1.

(a) For any P € Z3 there is Ax p € Zy such that for Py := P + AxpX we have
Px -4 X =0.

(b) There is a basis X1 = X, Xy of Z3 and numbers v, = 1,7y, € Zy such that the property
(1) of Theorem 6.1 holds.
6.3. Assume thatn =2, X,)Y € Z3 and X -, Y =1, X 4 X =Y -, Y =0. Then X, := X,
Y, :=Y is a basis of Z3 such that the property (ii) of Theorem 6.1 holds.
Teopema 6.4. Forn = 3 there is a basis X1, Xo, X3 of Z3 and numbers 1, V2,73 € Zo such
that either

(i) for any ay,as, as, by, be, by € Zy we have

(a1 X1 + aeXo + a3 X3) -4 (b1 X1 + b2 Xo + b3 X3) = y1a1b1 + Y2a2by + y3a3b3,  or
(11) for any ay,as, as, by, by, by € Zoy we have
(a1X1 + a2X2 + CL3X3) ‘A (lel —+ bQXQ + b3X3) = a162 + CLle + ’73&3()3.

6.5. Assume that X, Y € Z3 and X -4 Y =1, X 4 X =Y -, Y =0.

(a) For any P € Z3 there are Axy.p, \v.x.p € Za such that for Pxy := P+ AxypY +
Av,x,pX we have Pxy -4 X = Pxy-4Y =0.

(b) There is a basis X1 = X, Xo =Y, X3 of Z3 and a number 3 € Zy such that the
property (i1) of Theorem 6.4 holds.

Teopema 6.6. There are k,l and a basis X1,Y1,..., Xg,Yi, Z1, ..., Zn_or of Z5 such that
2k +1 < n and for any a,a’,b,b' € Z& and c,c € Z57* we have
(a1 X+ Y1+ .o apXe +0Ye +c1 21+ ..o+ ok Znok) A
al@ X+ Yi+ .+ @ X+ 0Ye + A2+ o Dnok) =
= a1b| + alby + ... + apby, + apbp + a1y + ..+ 0.
If A is even, then | = 0.

6.7. Assume that X € Z5 and X -4 X = 1.
(a) State and prove the n-dimensional analogue of Assertion 6.2.a.
(b) There is a basis X, Ey, ..., E,_1 of Zi and a symmetric matrizc B € Zé”f”“”f” such
that for any a,b € Zy and \, u € Zy~* we have
(CLX + )\1E1 + ...+ An—lEn—l) ‘A (bX + [LlEl + ...+ ,un_lEn_l) =ab + A ‘B M.

6.8. Assume that X, Y € Z and X -, Y =1, X 4 X =Y -, Y =0.

(a) State and prove the n-dimensional analogue of Assertion 6.5.a.

(b) There is a basis X,Y, Ey,...,E, o of ZY and a symmetric matriz B € Zg“”x("‘”
such that for any ax,ay,bx,by € Zs and A\, € 23—2 we have

(axX+ayY+ME1+. . A N o0E, 0) A(bx X+by Y+ Er+. . A _oF, o) = axby+aybx+\ g
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7 Rank of matrix with relations: generalization

The following results are ‘higher-dimensional’ (and more strong) generalizations of Theorem 5.1,
Assertions 5.4 and 5.5, and Proposition 5.7. They give a simplified well-structured exposition
of [PT19, Theorem 1].

An (["l"‘]) -matrix is a symmetric square matrix with Zs-entries whose rows and whose
columns correspond to all I-element subsets of [m], and for which (triviality) and the following
properties hold:

(linear dependence) for each (I + 1)-element and [-element subsets F, P C [m]

Z AF—’i7P = 0.
i€EF

(non-triviality) for each i € [m] and (21 —2)-element subset F' C [m]|—i we have Ap; = 1,

where
AF,Z‘ = Z AX,Y = Z Az‘ua,iur-

{X,)Y} : FUi=XUY, XNY=i, | X|=|Y|=l {o,7} : F=oUr, |o|=l-1
Analogously to Assertion 4.5, an ([’;‘])—matrix is constructed by a Zs-embedding of the
(I — 1)-dimensional skeleton of the (m — 1)-dimensional simplex to a 2(I — 1)-dimensional

manifold.
Teopema 7.1. Suppose | > 3 and A is an ([T})-matm‘x.

—2l+2 2 — 2l +2
(a) Then tk A > ml% (b) If, moreover, A is even, then rk A > M

You can deduce Theorem 7.1 from Propositions 7.4.a,b.

7.2. Let A’ be the square matriz of size (mfl) obtained from an ([T]) -matrix by deleting rows
and columns corresponding to all subsets containing m. Then A’ is an ([ml_l]) -matrix.

7.3. Let A be an ([Tl”})-matm'x and X :={m—I1l+1,m—1+4+2,...,m}.
(a,b’) Let B be the square matriz of size (ml_l) obtained from A by deleting rows and
columns corresponding to subsets containing at least one of the elements of X.

If Ax x =1, thentk A > 1k B.

If Axx =Ayy =0 and Axy =1 for some Y C [m], then tk A > 1k B + 2.

(b) Let C be the square matriz obtained from A by deleting rows and columns corresponding
to subsets containing at least one element of X or of certain l-element subset Y C [m]. If
AX,X = A}/’y =0 and AX,Y = 1, then rk A 2 l"kC—f- 2.

(a’) For l-element subsets P,Q C [m — 1+ 1] define

DP,Q = AP,Q + AR)(AQJ(.
If Ax x =1, thentk D <tk A and D is an ([mfllﬂ]) -matriz.
Assertions 7.3.a,b are only required to illustrate the idea of Assertions 7.3.a’,b’ by proving
, . , m—2l+2 2(m — 20+ 2)
much easier results giving estimatestk A > —————— and, for A even, rk A > —5 1

Denote by r,, the minimal rank of an ([T])—matrix. Denote by 7, the minimal rank of

an even ([T])—matrix. Clearly, r,, = 7, = 0 for m < 2[ — 2, both sequences r,,,7,, are

non-decreasing, and 7, < 7,,. The non-triviality implies that 791,791 = 1. Theorem 7.1
m— 2+ 2 __2(m=2l+2

asserts that r,, > l—1+ and r,, > %
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IIpensoxenune 7.4. (a) r, > min{r,_ ;.1 + 1,r,,} (more precisely, either r,, = ry,, or
T'm > Tm—i+1 + ]-)7
(b) Ty = Ty + 2.

Proof of Proposition 7.4.a also uses an algebraic version (b) of the higher-dimensional
analogue of the following result (a).

IIpensoxenne 7.5. (a) Denote by X = (([g)) the set of unordered pairs of 2-element
subsets of [5]. For any i € [5] and a partition [5] —i = o U T into disjoint 2-element sets
denote

Titory ={{a, 8} €X : aCoUi, BCTUI}.

Denote by A; the sum modulo 2 (i. e., the symmetric difference) of sets T; (o3 over all
non-ordered partitions [5] —i = o UT as above. Then

Ai={{o,f}eX : anp=0}

and so is independent of 1.

(b) Let A be a symmetric square matriz with Zq-entries whose rows and whose columns
correspond to all l-element subsets of [m|. If A satisfies the linear dependence property (from
the definition of an ([7?]) -matriz), then Ap; depends only on F' Ui not on (F,i).

YkazaHus u perienus K §§1-7

JokazaresbeTBo npejyioxkenus 1.1 em. B [Bi20].

1.2. (a) Usmenum gmcia Ha raBHOM auaroHam mMaTpullbl M Takum o6pas3oMm, 9To0bI
CyMMa 3JIEMEHTOB B KarKJOW CTpOKe cTaja 4éTHOi. Torma mosydmBInascs MaTpuia OyaeT
BBIPOXKJICHHOM.

(b) Ucnonbayiite unaykiuio. Cm. jgemmy 2.5.a.

1.3. (a) Jlrobast marpuiia ¢ kKodduimenramu u3 Zsy, nojaydeHnas u3 marpuiibl M 3ame-
HOIT 9JIEMEHTOB Ha TJIABHOI JIMArOHAJIN, MOXKET ObITh IIPEJICTABICHA €IMHCTBEHHBIM 00pa30M
kak M + D, rne D — nuaronajbHas mMarpuna. [lo memme 3.7.b, s Besikoil jguaroHalsib-
HOIt MaTpuipl D ¢ Gosee yem k Hy/JIsMHU Ha TJIABHOI JuaroHasn, Mbl umeeM rk(M + D) >
kM —1kD >n—(n—Fk)=k.

(b) Asropurm (b) crpoutcs ¢ momompio (a) u semmbl 2.5.b. Bamernm, 9TO AITOPUTM
aeMMbl 2.5.b mmeer cioxuocth O(n*). Jlerko Bujerh, uTo HepebOp BeeX IUArOHAIbLHBIX
MaTpHIL 1 X N ¢ He OoJsiee k HYJISIMH Ha IVIaBHOH JUArOHAJIHN MCIOIB3YyeT

@ (n(g’) +n(7z> ++n(z>) “o ((k—}-l)n(Z)) =0 (n-n*) =0 (n**)

oreparnuii. 31ech paBeHCTBO () BBIMOIHAETCS, TAK KAK MOYKHO CUNTATh, 9To n > 2k. Takmm
o6pasom, BB LY yTBep#IeHns 3.6.b, cioskHocTh Beero anropurma pasaa O(n?)+0(nf+1n?) =
O(nF3) (1. x. k> 1).

1.4. (a) O6osnaunm gepes n gucsio crosionos B M u B D. o gemme 3.7.b Mbl nmeem

21k(M + D) = tk(M + D) + tk((M + E) + (E + D)) >
> (tk M — 1k D) + (tk(M + E) — tk(E + D)) =
=n—1kD+rk(M + E)— (n—rkD)=1k(M + E).
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(b) O6osnaunm depes M,, MaTPHILY, HOJYICHHYIO IIPHMEHEHIEM AJrOPUTMA JIeMMBI 2.5.b
Kk Mmarpure M. Iomoxnm k = rk(M, + E). Torma R(M) = rk(M + D) jpis nekoTopoii
quaroHasbHoil MaTpursl D. Bumecte ¢ mynkTom (a) 910 Biaeuér k/2 < R(M) < k, 4ro u
TpebOBAJIOCH.

Yuciio k MoxkeT 6bITH Bhruuceno 3a O(n?) onepanmii. Takum 06pa3zom, obIas CJI0KHOCTh
anropurma pasaa O(n?) +O(n?) = O(n?).

2.1. Omsem: Marpunpr Aq, Ao, Az BeipoKaeHbl. MaTpuma A4 HEBBIPOKI€HA.

2.2. Vkazanue: B (a)-(b) BblmesnTe MaKCHMAIbHYIO HEBBIPOXKICHYIO HOIMATPHILY; B (C)
BOCIIOJIb3YHTECh MHIYKITUEH.

[Iynkr (a) moHsiTeH.

Badurcupyem marpuiry M.

(b) s marpumpst M’ obosuatnM qepe3 row; ;4 M’ mopndukanmo marpunst M, npn
KOTOPOM {-asi CTPOKa IIEPEXOJUT B CyMMY i-Off u j-oif cTpoku; col, ;4 ; M’ oupenessiorcs
AHAJIOTUIHO.

s nokaszarenberBa myHKTa (b) mocraTodno mokasarh, aTo M BBIpOXKIEHA TOTIA W
TOJIBKO TOLJA, KOIJIA TOW;_;t; M BBIPOXKIEHA U TOTA& W TOJBKO TOLJA, KOIZA TOW, it M
BBIPOXK JIEHA.

Haiee, 3ameTnm, 9TO TOW;_y; 1 ;TOW; ;4 ;M = M = col;_,;qjcol;; ;M. Takum obpaszom,
JIOCTATOYHO II0KA3aTh, ITO ecjii V] BBIPOXKJIEHA, TO U TOW; ;4 ; M, u col;_y; 4 ;M BBIPOKJICHBL.

[Iperoioxkum, 9TO CyMMa CTOJIOIIOB C HOMEpPaMu Cq, Ca, . . . , ¢ B M pasna 0. Torma cymma
CTOJIONOB C TeMH Ke HOMepaMu B Tow, ;M pasna 0. Eciu i ¢ {ci,...,cs}, TOo cymma
CTOJIONOB ¢ TeMH ke HoMepaMu B Marpure col;;4;M pasua 0. Ecim 4,7 € {c1,..., ¢},
TO CyMMa CTOJIOIOB € HOMepaMmu {ci,...,Cs}\j B Marpune col;,; ;M pasma 0. Eciu i €
{c1,...,¢s1, 7 & {1, ..., s}, TORTA cymma cTONOIOB ¢ HOMepamu {cy, . . ., ¢; }U{j} B Mmarpure
col;y;i+; M pasua 0. 9t1o goxaspBaer (b).

(¢) MbI siBHO mOKazkeM, Kak MaTpuily M IpUBECTH K JHATOHATIBHOMY BHLY.

Ecu Bce snmementnl B MmaTpurie M pasubl 0, To M guaronasbia. [Iycts B maTpuiie M ectb
HEeHyJIeBOi 3eMenT. [lepecTaBuM CTPOKY € 9TUM 3JIEMEHTOM C BEpXHEl CTPOKOii, u croJiderr
C 3THM 3JIEMEHTOM C JIeBbIM CTOJI0IOoM. [IpnbaBuM BEpXHIOI CTPOKY IOJIYyUEHHONW MaTpH-
bl K OCTAJIbHBIM CTPOKAM C HEHYJIEBBIM JIEBBIM 3JIEMEHTOM. AHAJOMMIHO NPUOABUM JIEBBI
cTOJIGEI] Oy IeHHON MaTPHUIbI K OCTAILHBIM CTOJOIAM C HEHYJIEBHIM BEPXHUM 3JIEMEHTOM.
B nomy4ennoii marpuie B JIEBOM CTOJIOIE U BEPXHElH CTPOKE BCE 3JIEeMEHTHI HyJIeBbIe, KPOMe
JIEBOI'O BEPXHETO. YIAJUM U3 [TOJIYYEHHON MaTPUIlbl BEPXHIOI CTPOKY U JIEBBIH cTOJIOEL.

[ToBTOpPHM ONMCAHHYIO HPOILELYPY UHAYKTUBHO K HOJIYy4YeHHOH moaMarpure. B nrore M
PUBEJIETCA K JUArOHaIbHON MaTpuIe.

(d) C momormpio 1. (¢) MBI MOXKeM TepeBecTH Marpuity M B IHATOHATBHYIO MATPHILY,
HOJIb3YSCH IIpeobpasoBaHusaMu 13 1. (a,b); Tak:ke Marpuna M BBIDOXK/EHA TOIJIA U TOJIBKO
TOrJIa, KOTJa IOJIydeHHas MaTpulla JauaroHaibHa. Ocraercss 3aMeTUTb, YTO JUaroHaJbHAasI
MaTPHIIA HEBLIPOXKIEHA TOIJA U TOJLKO TOIJA, KOTJAA OHA PaBHA €IUHUIHOIM.

(f) Crenyer u3 npsAMbIX aHAJIOrOB MyHKTOB (a)-(d) mis cTpok.

(g) Ausropur™ cTpouTes 1o IyHKTY (¢). Y aaropurMa ecTh n GOJIBIINX IAroB, OJUH U3
KOTOPBIX OINCAH BO BTOPOM ab3arie pemtenus mynkra (c). Kazxaplit 601611101 mar coaep:KuT
He OoJiee OJHOI ITepecTaHOBKU CTPOK, He 0oJjiee OIHON OJIHONM IIepecTaHOBKU CTOJIOIOB M JI0
2n upubaBieHuil crpoK u crosbios. Takum 06pasoM, CIOKHOCTH BCEIO aJrOpUTMa paBHa

O(n) +n-0(n?) = O(n?).

2.3. (a) ®opmyna crpaBeIHBa, TaK KaK MATPUIA n3 Z2*? BLIPOK/IEHA TOTA U TOIBKO
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TOIJIa, KOTJIa W/ B Hell eCcTh HyJeBas CTPOKa, WJIM HYJEBOH cTojibell, Wi B KOrja B Hei
COBIIQIAIOT CTPOKU U COBHAJIAIOT CTOJIOINBI (B IOCIEHEM CJIydae BCE SJIEMEHTHI MATPUIIBI
C/TMHUIIBI ).

Jpyroe pemenne. Huxke rnmpuBenHbl Bce MaTPUIIBI U3 ngz € TOTHOCTBIO JIO TTePECTAaHOBKI
CTPOK M CTOJIOIOB:

06606600 60)6o)

[Iepsbie jiBe MATPUITLI HEBBIPOXKIEHBI, B TO BpEMs KaK OCTABIINECA BBIPOXKIEHBI. JIerko mpo-
BepUTH (DOPMYJIy Ha JIAHHBIX MATpUIAX.

(d) Crenyer u3 myukros (b,c).

Jlastee mpuBOANM aJbTePHATUBHOE IIPSIMOE pPEIIeHNe.

PaccvoTrpum maxMaTHyO T0CKy pasmepa n X n. [pasuivhoti paccmanoskot aadets 1ist
JIAHHOU TITaXMAaTHOU JIOCKM HA3bIBAETCA TaKasd PacCTAHOBKA 71 JIQJIEd Ha JOCKE, YTO OHU HE
obt0T npyT Japyra. IIpasuasvroti M -paccmanoskoti sadeti N JAHHON ITaxXMaTHON JOCKNA Ha-
3bIBAETCs TaKas IPaBUIbHAS PACCTAHOBKA JIaeil, UTo BCe JIaJbl CTOSAT Ha KJIeTKaX, OTBeda-
IOIAX eUHUIHBIM 3JIeMeHTaM MaTpuiisl M.

O6o3naunm depes det™ M gérHoCTb 4ncia npaBuIbHBIX M-paccraHoBok Jajeit. Torma
(d) moxuO nepedopmyuposarh Tak: det M = det” M. PasencrBo ciieryer u3 Toro, 4to

e peobpaszoBannd u3 2.2.a, 2.2.b coxpansior det™ M n

e det M’ = det™ M’ nna puaronanbuoit marpuist M.

2.4. JIns 110600 HEBBIPOXKAEHHON MATPHUILI U3 3aa49n 2.1 MBI IOKa3aJi, KaK IOMEHATh
9JIEMEHTBI Ha TJIABHON JIMaroHaJ i, ITo Obl ¢Jle/IaTh €€ HeBBIPOXKIEHHOM; ITOKaXKeM 00paTHOe
st Ay

1 00 011 011
Ai— 10 1 0}, Ay A3— |1 0 1], As— [0 1 1
0 0 1 1 11 1 00
2.5. (a) B caemyromenm ab3are Mbl JOKaXKeM HWHIYKIHeil 110 i > 1, 9T0 omnpe/esnTesb

A; = det M[(Z?X [ JIEBOI BepxHeil ¢ X i-yIJI0BO#l HoaMaTpUIlbl MaTpuiibl M () paBen 1. Takum
obpazom, det M = A, = 1.

Baza ¢ = 1 Beimosnsercs, nockosibky Ay = 140 = 1. Jlokarkem mar uuyKiuu ¢ —1 — 4.
[Ipumenum dopmyty paszioxKeHus onpeaennTesis A; 1o Moc/eIHel CTPOKe COOTBETCTBYIOIIEH
ITOJIMATPUITBI MATPUITHT M (@) (yrBepxaenue 2.3.¢). [Tockoibky Mi(;l) =M, =0, =1,
Mol osiydaeM A; = §; + (14 6;)A;_1 = 1.

(b) AsropuT™m cTpPOUTCsI 1O MYHKTY (). AJITOPUTM TI0 CYTH SIBJISIETCSI BBIYUCIEHIEM OIIPe-
JlesiuTesieit n KBaJIpaTHBIX OIMATPHIL padMepoB 1,2, ... n. 3HAYUT, IO YTBEPKICHUIO 2.2.g
ero cioxuocth paga O(13 +23 + ... +n3) = O(n - n?®) = O(n?).

3.1. Omsemuwi: (al) 0; (a2) 1;  (a3), (a4) 3; (bl) 0; (b2), (b3) 1; (b4) 2.

3.2 VYkazanue K 1myHkry (b): Haiijure 9uca0 pasindHbIX cyMM U3 k cTOJIOIOB.

[Iynkr (a) ciemyer U3 ONpe/ICJICHUST PAHTA MATPHIIBL.

(b) Ilo onpeneseHnio paHra, YUCIO PA3JUIHBIX CYyMM U3 CTOJIONOB MaTpuiisl M paBHO

2tk M () 1pyToif CTOPOHEI, YMCJIO TaKUX cyMM He rpesocxout 2F. CirenoBarensno, 2F > 2k M
nk>rkM.

3.3. [okazaresnbcra myHKTOB (a), (b) aHamornIHbl goKa3aTeIbCTBaM MyHKTOB 2.2.a,b.

3.4. [lynkr (a) scem.
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(b) Ecam mist HenyseBoit cuMMeTprdHO MaTpuribl M CyIIecTByeT Takasi IepecTaHOBKa
cTosIONoB 1 cTpoK, To Tk M = 1 1o yrBepxkaenuio 3.2.b.

Bozbmém cummerpuunyio matpuity M panra 1. B kadectBe TpeOyeMmoil nepecTraHOBKHU
MOKHO B34Tb JIIOOYIO IEPECTAHOBKY, OTOOParKaloIlyl0 HEHyJIeBble CTPOKH Marpuilbl M B
HEPBYIO CTPOKY. lelicTBUTEIHHO, BO3BMEM JIIOObIE HEHYJIEBBIE CTPOKHU ¢ HOMepaMH ¢, j. Ecn
M;; = 0, To cymecTByeT TaKas HeHyJeBasg CTPOKa ¢ HOMepoM k, jjia KoTopoit M, = 1.
Torna cTpoku ¢ HOMepaMu j U k ABJISIOTCS PA3JIMYHBIMYI HEHYJIEBBIMUA CTPOKaMU MATPUIL M
panra 1. ITporuBopeune. Crenosarensno, M; ; = 1.

(c) BosbmuTe HEHyJIeBbIE CTPOKU U IIPUMEHHUTE apryMEHThI U3 IPEJIbIIYIIero myHKTa.

1 01 1 01
35. () R[0 0 1] =2 R|l010]=1
010 0 01
1 01 1 0 1
mR[0 1 1]=2 R[0o10]=1
010 0 0 1
3.6. Tloiackaska K myHKTY (a): M. yTBepKjeHue 2.2.

(a) AsnropuTM 13 10Ka3aTEbCTBA YTBEPK/IeHNUs 2.2.¢ 06eCIeINBAeT INArOHATBHYIO MaT-
PUILy TOTO Ke PaHTa U UMeeT TPeOyeMyIO CJIOKHOCTh. PaHT JumaroHaabHON MaTPHUILI paBeH
KOJINYECTBY HEHYJIEBBIX 3JIEMEHTOB B HEil.

(b) Hy»kHO mocTponTh TaKOE MHOXKECTBO Sy M3 CTOJIOIOB, 9TO

® STH CTOJIOIBI COCTABJIAIOT HEBBIPOKIEHHYIO TTOJMATPUILY;

® 1iepBbie k cTOJIONOB MaTpuIlbl M ABJISAIOTCA CyMMaMU HEKOTOPBIX CTOJIOIOB U3 MHOXKeE-
cTtBa Si.

Eciu |Sg| > r aist mekoroporo k = 1,...,n, 1o orBer «HeT». Ecau s joboro k =
1,...,n cupaBejyiuBO HEpaBEHCTBO |Sk| < 7, TO OTBET «Ja».

OTBer KOppekTeH, Tak Kak |S1| < [Sa] < ... < [S,], u |Sy| > r paBHOCHIBHO HEPABEHCTBY
tk M > r.

[Monoxkum S := &, ecau mepsblii croabern marpuiel M pasen 0, u Sp := {1} unaue.

Ompenenum Syy1 1m0 Si. CocTaBUM MHOXKECTBO BCEX CYMM CTOJIONOB MaTpuiibl M ¢ wH-
nekcamu u3 Sy (Tpebyercs O(n) oneparmit, Tak kKak |Sk| < r). 3arem cpasaum (k + 1)-brii
crosiber; MaTpuIpl M co BceMu CyMMaMi U3 9TOIO MHOXKECTBa, (Ha 9TO moTpedyercs He bosree
2"0(n) = O(n) omepammii). Eciu (k + 1)-brit crosnber; marpunsr M paseH XoTst ObI O1HOI
cymme, 10 Syy1 = Sg. Unaue Syyq := S, U {k + 1}.

JIerko MpoBepHTh, YTO OOMIAs CJIOKHOCTH aaropuTMa pasaa O(n?).

3.7. Ilyukr (b) ciemyer u3 nyHkTa (a), MOCKOJIBKY

rtk M =1k(M + D+ D) <tk(M + D) +rkD = k(M + D) >rk M — 1k D.

Tenepb MbI JIoKazKeM MyHKT (a). BoibepeMm cToJibIpl 13 yTBepKIeHus 3.2.a JiJId MaTPUIbI
M n marpuisr D. Torma kaxkaprit crosioer; Mmatpuiibl M + D siBasieTcst CyMMOM HECKOJIBKUX
u3 BoOpanubiX 1k M + rk D cron6ros. [lo yreepxaenuio 3.2.b rk(M + D) <tk M + 1k D.

3.8. VYTBepxKjeHNe U JOKA3aTeIbCTBO YTBEPXKJIEHNs 3.8 aHAJOTMYHBI YTBEPXKIEHUIO W
JIOKa3aTeJIbCTBY TeopeMbl 1.3.b.

3.9. Orser: uer. s marpurer M wmke u k = 1 yTBep:K/ieHnE HEBEPHO.
011
1 01
110
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3.10. Omeemuw: (a) 1; (b) (2" —1)%  (c) (2" — 1)%(2" — 2)?/6.

(a) CymecTByeT poBHO oJiHa MaTpulla panra (: MaTpuiia, y KOTOPOil BCe 9JIEMEHTHI HY-
JIEBBIE.

(b) st marpuna panra 1 Bce CTOJOIBI, COEpKAINNe HEHYIEBOI 9JIEMEHT, COBIIA/IAIOT.
CuretoBaTeIbHO, TAKUE MATPUIIBI HAXOJISTCA BO B3AaUMHO OJIHO3HAYHOM COOTBETCTBUU C YIIO-
PSJIOYEHHBIME TTapaMu, 00Pa30BAHHBIME

® HEIYCTHIM TIOJIMHOYKECTBOM MHOXKECTBa CTOJIOIOB («HEHYJIeBble CTOJIOIbI» ), U

® HEHYJIEBBIM BEKTOPOM ¥ € ZI («BEKTOP-CTOJIOEI ).

[Tosromy cymectsytor (2" — 1)? Takux MaTpuil.

(c) Badurcupyem marpuiy M panra 2. Torga cymecrByer napa (v, w) cTonGIOB MaT-
putibl M, oOpas3ylomux HEBBIPOXKJIEHHYIO MaTpuily. JI10boit jpyroit crosber — 1o jmodo 0,
60 v, mbo w, mbo v + w (cM. yrBepKaenue 3.2). D10 MHOKECTBO S = S); U3 YETHIPEX
BEKTOPOB HE 3aBUCHUT OT BBIOOPA JIBYX CTOJIOIOB v, W; MBI HA30BEM €r0 000.404K0T cmoab106
marpuiibl M. (OHO siBJIsleTcs JIByMEPHBIM BEKTOPHBIM HOJIIPOCTPAHCTBOM B Z15.)

Kazxkmaa obosiouka cTosIONOB ompejessgeTcs J000i yIIOPsSI09eHHON Tapoil BEKTOPOB B
meit. Jlobast 000/109Ka CTOIOIOB COMEPXKUT POBHO 6 TAKUX yHOPSIIOYEHHBIX Tap. SHATHT,
Beero cymecrByer (2" — 1)(2" — 2)/6 obosouek crosnbros. Mbl jgoKazkeM, UTO CyIIECTBYIOT
poBHO (2" — 1)(2"™ — 2) MarpwuIl panra 2 g JanHoi 060I09KH cTOIOMOB. TakmM obpasoMm,
cymectsyer (2" — 1)2(2" — 2)? /6 maTpu panra 2.

Iepsoe doxaszamenrvcmeo. ComoctaBum Matpuiie M 1Ba MHOXKECTBA — MHOYKECTBO CTOJIO-
1o X marpuibl M, KOTOpble paBHBI ¥ WK ¥ + W, U MHOXKECTBO cTOJIOIOB Y Marpuibl M,
KOTOpBbIE paBHBI w win v + w. U3 yeiaoBus tk M = 2 ciemyer, 9ro 06a MHOYXKECTBA, JTOJI2KHBI
obiTh Hermycrbivu 1 X # Y. Bosee Toro, camy marpuity M 1o mape (X, Y') MHOXKeCTB MOXKHO
BoccTaHOBHUTD. [lap (X, Y') pasimaHbIX HEMyCTHIX MHOXKECTB pOBHO (2" — 1)(2" — 2).

Bmopoe dokaszamenvcmeso. s nansoro 4-snementHoro MmHokecTBa S = {0, v, w, v +w}
pacemorpum mMatpuity M, 060/109KOit ¢TOIOMOB KOTOpOit aBisiercs S. Paccmorpum marpu-
iy M B KadecTBe 0TOOparKeHUs ¢y U3 MHOXKeCTBa [n] crosomnos B S. Yciosue rk M = 2
PABHOCHJIBHO CJIEJYIONIEMY YCIOBHIO:

(*) obpas orobpazkeHUs ¢y COMEPXKUT IO KpaifHeil Mepe JIBa BEKTOpa U3 U, W,V + W.

CymecrByer Bcero 4" orobpazkennii [n] — S. CymecrByer Bcero 2" orobpazkenuit [n] —
{0, v}. To xke camoe BepHO 151 apsl {0, v}, 3amenénnoit vHa {0, w} win {0, v+w}. Ecte ummb
oo orobpazkenwue [n] — {0}. Sunaunt, cymecrBytor posao 4" —3-2" +2 = (2" —1)(2" — 2)
oToGpazKeHuii, yJI0BIeTBOPSIONuUX yeaosuio ().

Bameuarue. Boobrie, Kommaecto MaTpuil paira k u3 Zi " paBHO

MU (27 — DILZ (2" = 1)
i (25— 1) '

Cwm. Teopemy 7.1.5 B [ACM29, p. 299] (sTa Teopema emié Gostee obIIast; i HAIIETO CJIydast
maTpurl Hasl Zg BosbMute ¢ = 2, GF(2) = Zsy).

4.1. (al-a3) Ussmuas peanusanus rpada K5 Ha Tope mokasaHa Ha puc. 4, cieba. Pea-
Jmzaruu rpadoB Kg u K7 aHajJormdibl, CM. puc. 4, B IIEHTPeE.

pyroe permmenne (sTa njes takxke paboraer s (¢, d)): Hapucyiire rpad K5 Ha mI0CKO-
CTH C 00HUM CAMOIIEPECEUCHIEM, B MAJIOH OKPECTHOCTU TOYKH CAMOIIEPECEICHNs] IPUKPEIIUTE
PYUKYy, a II0TOM IOJHUMUTE OJHO U3 pébep KaK MOCT HaJ, JIPYyTUM PeOpOM, IPOBEIS €ro II0
pydKe, CM. pUC. D, CJIeBa.

(b2) Cwm. puc. 4, ciipasa.
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Puc. 4: Peasmzanus #HermranapHbix rpadoB

&

Puc. 5: Cnepa: paspemenne camornepecedenus jgobapienneMm pydku. CrpaBa: «9éTHas He
O0ITero MOJIOKEHUsT peasim3aliusi» rpada K5 Ha ILIOCKOCTH

4.2. Cwm. puc. 5, cupasa.
5.1. (b) Uaaykuus no m. Baza m < 4 ouesumna. V3 npejyoxkenust 5.7.b u mpemosio-
JKEHUsT UHLYKIMH T10J1yaeM

o 2(m —5—4)

2(m —4
Tm = Tms +2 2> +2:<m—).

) )

(a) Maaykmus o m. Baza m < 4 ouesumna. U3 npeoxenns 5.7.a, reopembl 5.1.b u
MIPE/IIOI0KEHUST MHIYKITUN TTOJTydaeM

— —3—4 2(m —4 —4
rm = min{r, s+ 1,r,} >min{m 1 (m )} m .

R E

5.3. Yepez A obosnaunm ([?])—ManI/IHy, HOCTPOEHHYIO 110 Bioxkenuio f: K, — S, Kax
onmcaHo B Hadase §5.

(a) Pacemorpum noarpad K, na Bepmmnax 1,2, 3,4 rpada K. Puc. 3 cupasa 3ajaer
Biioxkenne f rpada K4 B Top. Marpumna Af — nckomas.

(b) Puc. 3 cripasa 3amaer sioxenue f rpada Ks B Top. Marpuna A/ — nckomas.

(c) Mo yreepxkaenuio 4.1.d, cymecrByer Bioxkenue [ rpada K, B chepy ¢ pydkamu.
Marpuma A/ — nckomasi.

(a’, b’, ¢’) Marpurpr u3 myakros (a), (b) u (c) — uckomsie.

(d, e, f) Crenyror us 3aza1 5.6.a,b.

3
5.5. (a, b) CM. JoKazaTe/LCTBO Ipeioxkenuii 7.4.a,b Huxe.

5.4. Cremyer u3 ompe e/ IeHA ([?})—ManI/IHbI u ([m ])—ManHubL

5.6. (a) Tak kak ([?})-ManHua JJIS M > 5 HEBBIPOXKJIEHA, TO T's,T¢ > 1. SHAUYCHUA
rs = 16 = 1 mocTuralorcs Ha Marpunax A/ qa f us yrBepskiaenusa 4.1.b1, b2.

(b) U3 yrBepxkiaenus 3.4.c ciemyer, 9ToO Ts,T¢,T7 = 2. SHAUEHUS Ty = Tg = T'7 = 2
nocturaiorea Ha MaTpunax A/ g f us yreepskiennit 4.1.al, a2, a3.
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(¢) st ([?})—ManI/IHH A eé ([mg_ H)—HO,H,ManI/IILa B, BBenénnasg B yTBep:KaeHun H.4,
IMeeT TaKoil »Ke paHr, min MeHblinuii. Cie1oBaTeIbHO, Ty, = Ty, _1. Keam maTpuia A 9éTHasd,

1o u Marpuna B yérnas. CegoBaTebHo, Iy, = Ty 1.

5.7. (a) (Take | = 3.) Take an ([”;’])—matrix A such that tk A = r,,. If A is even, then
T'm = T'm, 50 we are done. Otherwise there is an l-element subset X C [m] such that Ax x = 1.
Let B be the ‘restriction’ of A to [-element subsets of [m] — X.

Then

Ym=TkA>21kB+1>r,_;+1, where

e the first inequality follows by Assertion 5.5.a;
e the second inequality holds because B is a ([m]l_ X )—matrix by Assertion 5.4.
(b) (Take [ = 3.) Take an even (["ﬂ)—matrix A such that rk A = r,,,. By the non-triviality
A # 0. Hence there are l-element subsets X,Y C [m] such that Axy = 1. Let C' be the
‘restriction’ of A to l-element subsets of [m] — X — Y.
Then
=1k A>1kC +2 >, _21+2, where

e the first inequality follows by Assertion 5.5.b;

e the second inequality holds because C' is a ([m}flx 7Y)—matrix by Assertion 5.4, and
because Axy = 1, so by the triviality X NY # &, hence |[m| — X = Y| >m — 2[4+ 1.

6.7. (a) )\X,P =X ‘A P.

6.8. (a) )\X,y,p =X ‘A P, )\Y,X,P =Y ‘A P.

7.2. (For 5.4 take [ = 3.) It is obvious that all the conditions for the mentioned submatrix
are satisfied.

7.3. (a) (For 5.5.a take | = 3.) Let B’ be the ‘restriction” of A to X and to [-element
subsets of [m] — X. Then

tkA>rkB =1k B+1,

where equality holds because by the triviality BY , = 0 for any Z C [m] — X.
(b) (For 5.5.b take I = 3.) Let C” be the ‘restriction’ of A to X, Y and l-element subsets
of [m] — X — Y. Then
tkA>rkC' =r1kC + 2,

where equality holds because by the triviality C'y , = Cy, , =0 for any Z C [m] — X - Y.
(b’) Take a basis of Zgl) corresponding to [-element subsets of [m]. Define a bilinear

form A on Zg ) by setting A(P, Q) := Apg for basic vectors P, (). Take any [-element set
P C [m]. Let L
P = P(X, Y) = P—FAX’pY -+ AY,PX-

Recall that
AX,Y = AY,X =1 and AX,X = Ay’y =0. (*)

Hence
AP, X)=A(P,Y)=0 (%)

(i. e., P is the orthogonal projection of P to the orthogonal complement of (X,Y) with
respect to A). By the triviality, for P C [m] — X we have P = P + Ay pX. Hence for every
l-element sets P, Q) C [m] — X we have

A(P,Q)=Apg+0+0+0= Bpg. ()
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(I. e., B is the Gramian matrix with respect to A of the ‘projections’ P of [-element sets
P C [m]—X.) Let B" be the Gramian matrix with respect to A of X, ¥ and the ‘projections’
R of l-clement sets R C [m] — X. L e., By = A(P,Q), where P = P if P € {X,Y?}, and
P = P otherwise (@ is defined analogously). Then

d B_IX,Y = Bgf,X =1, BS{,X = Bgcy =0 (by (%)),

® By p=DBpy=DByp=DBpy=0for P# XY (by (**)), and

® By = Bpg for P,Q C [m] — X (by (**¥)).

Hence rk B +2 =1k B’ <1k A. )

l

(a’) In this paragraph we prove that rk D < rk A. Take a basis of Zy'’ corresponding to

l-element subsets of [m]. Define a bilinear form A on Zg’) by setting A(P,(Q)) := Apg for
basic vectors P, (). Let Px be the orthogonal projection of P to the orthogonal complement
of X (with respect to A), i. e., Px := P+ ApxX. We have

A(Px, Qx) = A(P, Q) -+ A(AP,XX, Q) + A(P, AQ,)(X) -+ A(AP,XXy AQ,XX) =
= Apg+ApxAx g+ ApxAgx + ApxAgxAxx = Apg + ApxAgx = Dpg.

Then D is the Gramian matrix (with respect to A) of the projections of subsets of [m—{+1].
Let D' be the Gramian matrix (with respect to A) of X and the projections of subsets of
[m — 1+ 1]. We have Dpq = Djp, for all subsets P,Q C [m — [ + 1]. Furthermore, D’ p =
D’ x = 0 for any basic vector P # X and D y = Ax x = 1. Thustk D =1k D' — 1 <1k A.

In this paragraph we prove that D satisfies the triviality property. If P N Q) = &, then
either PNX =@, or QNX =&. Hence Dpg = Apg + ApxAgx =0+0=0.

In this paragraph we prove that D satisfies the linear dependence property. For each
(I + 1)-element and l-element subsets F, P C [m — [ + 1] we have

Z Dp_ip = Z Ap_ip+ Apx Z Ap_ix =0.

S el el

In this paragraph we prove that D satisfies the non-triviality property. By Proposition
7.5.b for D, we may assume that ¢ # m — [ + 1. Then for each summand Dj ,;,r of Dp; at
least one of the sets i Ll 0,7 LU 7 does not contain m — [ + 1 and hence does not intersect X.
Hence Djypinr = Aivoiir + Aite,x Aiir x = Ailoyiur- Thus Dy = Ap; = 1.

7.4. (a) Take an ([Tl”])—matrix A such that tk A = r,,,. If A is even, then r,, = 7,,, SO we
are done. Otherwise there is an l-element subset X C [m] such that Ax x = 1. Without loss
of generality X ={m —{+1,m —1+2,...,m}. Then by Assertion 7.3.a’

Tmm =TkKAZ1kD+12>7r,_.1+1, where

e D is the matrix defined in Assertion 7.3.a’;

e the first inequality follows from Assertion 7.3.a’;

e the second inequality holds because D is an ([m*llﬂ])—matrix by Assertion 7.3.a’.

(b) Take an even ([";])—matrix A such that rk A = r,,. By the non-triviality A # 0. Let

X, Y, B be defined as in Assertion 7.3.b’. Then
Tm =Tk A>1kB+2>r,_;+2, where

e the first inequality follows from Assertion 7.3.b’;
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(m]—-X
l

7.5. (a) It suffices to check that for each pair {c, £} the number of sets T; , -} containing
{a, B} is odd if and only if «N 3 = & (hence this parity not depend on ). Clearly, |aNg| < 2.

Assume |a N 3| = 2. Then {«a, B} ¢ T; (5 for all i,0,7 and hence {o, f} ¢ A; for all
i € [5].

Assume |ao N G| = 1. It suffices to consider the case o = {1,2}, § = {1,3}. Then
{a, 8} € Tifory iff i =1 and {o,7} is either {{2,4},{3,5}} or {{2,5},{3,4}} Therefore
{a, B} ¢ A; for all i € [5].

Assume | N | = 0. It suffices to consider the case o = {1,2}, § = {3,4}. Then
{a, B} € T yo7y iff either

ei=1and {0, 7} = {{1,2,5},{1,3,4}}, or

o i=2and {o,7} = {{1,2,5},{2,3,4}}, or

ei=3and {o,7} = {{1,2,3},{3,4,5} }, or

ei=4and {o,7} = {{1,2,4},{3,4,5} }, or

ei=>5and {o,7} ={{1,2,5},{3,4,5} }.

Therefore {a, 5} € A; for every i € [5].

(b) It suffices to prove that Ag;; = Agu;s for each i, j € [m] and (2] — 3)-element subset
G C [m] —i—j. Denote  := {i,j} Uo. Then

e the second inequality holds because B is an even ( )—matrix by Assertion 7.2.

~

1
Acuji + Acuij v Z (Aziur + Az jur) 2
{(o,7) : G=0oUr, |o|=l-2}

_ Z Z Asr ® Z Asw @ 0, where

{(o,7) : G=oUr, |o|=l-2} te€T teG {(ow) : G—t=oly, |o|=1—-2}

e equality (1) holds because Agy;,; is equal to the sum of the first summands Az, and
Acui,j is equal to the sum of the second summands Az jir;

e equality (2) holds by the linear dependence for F' =7, P =7,

e cquality (3) is obtained by changes of the order of summation and of variable v = 7 —t;

e equality (4) holds because ordered decompositions (o, v) of G —t into (I — 2)-element
subsets o, v split into pairs {(o,v), (v,0)} and Az + Az = 0.
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Low rank matrix completion
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1 Motivation and some main results

Remark (motivation; formally is not used later)

‘Matrix completion is the task of filling in the missing entries of a partially observed
matriz... One example is the movie-ratings matrix, as appears in the Netfliz problem: Given
a ratings matriz in which each entry (i,j) represents the rating of movie j by customer i,
if customer i has watched movie 7 and is otherwise missing, we would like to predict the
remaining entries in order to make good recommendations to customers on what to watch
next...” [MC] The remaining entries are predicted so as to minimize the rank of the completed
matrix. All the required definitions (of rank etc.) are given below. For a brief overview of
the history of this and related problems, see [MC, NKS], [Ko21, Remark 4].

Here for simplicity we consider matrices with entries in the set Zy = {0, 1} of all residues
modulo 2 (with the sum and product operations). We present interesting elementary results
in linear algebra. These results allow us to construct algorithms estimating minimal rank of
partial matrices for the particular case of filling the diagonal (Proposition 1.1 and Theorems

*S. Dzhenzher, A. Skopenkov: Moscow Institute of Physics and Technology. T. Garaev: Moscow State
University. O. Nikitenko: Altay Technical University (Barnaul). A. Petukhov: Institute for Information
Transmission Problems (Moscow). A. Skopenkov: Independent University of Moscow, https://users.
mccme . ru/skopenko/. A. Voropaev: (Moscow).

We are grateful to E. Kogan for allowing us to use his text [Ko2l], to V. Retinskiy and Ya. Abramov
for useful discussions, to D. Deomidov and F. Nilov for translating parts of the text, to A. Ryabichev and
MCCME publishing house for allowing us to use figures they prepared.
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1.3, 1.4, see also Proposition 1.2). Then we consider a more complicated problem. Instead
of relations M;; = a;; for some elements M;; of matrix M (where a;; are given numbers)
we consider more complicated relations on matrix elements. We estimate minimal rank of
matrices with such relations (Theorems 5.1, 7.1.)

These results have applications to embeddings of graphs in surfaces (including embedding
modulo 2, see §4), and of k-dimensional ‘hypergraphs’ to 2k-dimensional surfaces, see [KS21,
KS21le, DS22]. In particular, Theorems 1.3 and 1.4 give polynomial (in the number of
edges) algorithms recognizing ‘weak realizability’ of ‘graphs with rotations’ on non-orientable
surfaces (see the remark on weak realizability below).

Denote by Z3*" = (Z3)™ the set of all s x n matrices with entries in Zs.

Proposition 1.1. (a) For a symmetric matriz with Zs-entries the following conditions are
equivalent:

e some entries on the main diagonal can be changed so that in the resulting matriz all
non-zero rows are equal;

e it is impossible to make the same permutation of rows and of columns' so that the upper
left square will be one of the submatrices

*
1
0

— = %
o ¥ =
* O
Q
3
— % OO
¥ = O O

O O % =

0

where by * are denoted arbitrary (possibly different) elements.

(b) There is an algorithm with the complexity of O(n?) deciding for a matriz M € Z5*"
whether some entries on the main diagonal can be changed so that in the resulting matrix
all non-zero rows are equal.

You can submit separately your solution of the ‘only if” implication of part (a).

The algorithmic results in this text could be omitted by theoretically-minded students
because they are easy corollaries of mathematical results. The complezity of an algorithm
is the number ‘elementary’ steps in this algorithm. An algorithm has complexity O(f(n)) if
there is C' > 0 such that the complexity does not exceed C'f(n) for any n.

A square matrix M € Z3*" is called degenerate if the sum of its several columns (a
non-zero number of columns) is the zero column (i. e., the column consisting of zeros only). A
matrix is called non-degenerate otherwise. Introductory problems on degenerate matrices
useful for the following result are presented in §2.

Proposition 1.2. (a) For any matriz M € Z3*" some entries on the main diagonal can be
changed so that the resulting matrix would be degenerate.
(b) The same with ‘degenerate’ replaced by ‘non-degenerate’.

The rank rk M of a matrix M € Z5*" is the maximal number of columns of M none of
whose sums is zero. (This is the ‘dimension’ of the ‘vector space’ formed by the columns of
the matrix.) Introductory problems on rank useful for the following results are presented in
§3.

For a matrix M € Z3*" let R(M) be the minimal rank of all the matrices obtained by
changing some entries on the main diagonal of M.

A matrix is said to be diagonal if all its entries outside of the main diagonal are zeros.

!This means that the rows and columns are numbered by 1,...,n (where n = 3,4) and the permutation
of the set [n] is applied both to the rows and to the columns.



Theorem 1.3. (a’) To make a square matrixz of rank k out of a square matriz of rank n by
changing some diagonal entries, one needs to change at least |n — k| entries.

(a) For any non-degenerate matrix M € Zy™" the inequality R(M) < k is equivalent to
the existence of a diagonal matriz D with at most k zeroes on the main diagonal such that
tk(M + D) < k.

(b) For any fived k there is an algorithm with the complezity of O(n**3) deciding for a
matriz M € 73" whether R(M) < k.

The identity matrix F is the diagonal matrix whose diagonal elements are units.

Theorem 1.4. (a) For any non-degenerate matriz M € Zy™" and diagonal matriz D € 75"
we have 2rk(M + D) > rk(M + E).

(b) There is an algorithm with the complezity of O(n?) calculating for a matriz M € Z5*"
a number k such that k/2 < R(M) < k.

Remark (weak realizability; formally is not used later)

A hieroglyph on n letters is an unoriented cyclic letter sequence of length 2n such that
each letter from the sequence appears in the sequence twice.

Take a hieroglyph on n letters. Take a convex polygon with 2n sides. Put the letters in
the hieroglyph on the sides of the convex polygon in the nonoriented cyclic order. For each
letter glue the ends of a ribbon to the pair of sides corresponding to the letter so that the
glued ribbons are pairwise disjoint. The ribbons can be either twisted or not twisted. Call
the resulting surface a disk with ribbons corresponding to the hieroglyph (see Figure 1).

©

Figure 1: Disk with ribbons corresponding to the hieroglyph aabbec (left) and aabcbe (right)

A hieroglyph H is called weakly realizable on the Mobius band if some disk with ribbons
corresponding to H can be cut out of the Mdbius band. Analogously one defines weak
realizability on the Klein bottle and other non-orientable surfaces.

Two letters a, b in a hieroglyph H overlap in H if they interlace in the cyclic sequence of
the hieroglyph (i. e., if they appear in the sequence in the order abab but not aabb). Define
the overlap matriz M(H) € Zy*" of a hieroglyph H as follows. Put zeros on the main
diagonal. Put 1 in the cell (7, j) for ¢ # j if the letters 4, j overlap in H, and put 0 otherwise.

Hieroglyph H is weakly realizable on the Mdébius band if and only if R(M(H)) < 1.

See more in [Bi20], [Ko21, Appendix], [Sk20, §2].

Recommendations for participants

If a mathematical statement is formulated as a problem, then the objective is to prove
this statement. (Open-ended questions are called challenges or riddles; here one must come
up with a clear wording, and a proof.) If a problem is named ‘theorem’ (‘lemma’, ‘corollary’,
etc.), then this statement is considered to be more important. Usually we formulate beautiful
or important statement before giving a sequence of results (lemmas, assertions, etc.) which
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constitute its proof. We give hints on that after the statements but we do not want to
deprive you of the pleasure of finding the right moment when you finally are ready to prove
the statement. In general, if you are stuck on a certain problem, try looking at the next
ones. They may turn out to be helpful. Remarks and problems marked by star are not used
in the sequel. Important definitions are highlighted in bold for easy navigation. You are
welcomed to consult the jury on any questions on the project. If you successfully work on
the project, you can get interesting extra problems.

For every solution written for a user marked with either ‘4’ or ‘+.” a student (or a
group of students) gets a ‘bean’ (see recommendations in p. 3, ‘How to write a proof for a
user’ of https://www.mccme.ru/circles/oim/multicomb.pdf). The jury may also award
extra beans for beautiful solutions, solutions of hard problems, or solutions typeset in TEX.
The jury has infinitely many beans. Every participant (or team) initially has 1 bean. You
may submit a solution in oral form or as written for a developer; you lose a bean with
every 5 attempts (successful or not).

Please notify us if you already know solutions of several problems. If you confirm your
knowledge by presenting some solutions, you will be allowed not to receive plus-marks for
the problems, but to use them in solutions of other problems.

(In the project the tasks were separated as follows: the tasks before and including The-
orem 4.3, then some solutions to simple tasks from §§1-2, then other tasks and solutions.)

2 Degenerate matrices

2.1. (al-a4) Which of the following matrices are degenerate?

00 0 111 111 01 1
A=(oo0 o], A=[111]|, A4=|101], A,=[001
00 0 111 111 100

2.2. (a) Degeneracy is not changed under permutation of columns (rows).

(b) Degeneracy is not changed under adding one column (row) to another.

(¢) Any matriz can be changed to a diagonal matriz by transformations from (a,b).

(d) A matriz is degenerate if and only if it cannot be changed by transformations from
(a,b) to the identity matriz.

(f) A square matriz is degenerate if and only if the sum of its several rows (a non-zero
number of rows) is the zero row.

(g9) There is an algorithm with the complexity of O(n3) checking the degeneracy of an
n X n matriz.

For a matrix M € Z3*" define det M := 0 if M is degenerate, and det M := 1 otherwise.
This is called the determinant of M. Another notation is

R PR My, ... My,
det [ M1 12 _ M1 2 det M = : co .
¢ (MQJ M, 5 My Mso ¢ M ' M
7’L,1 o e n,m
a b
2.3. (a) e d = ad + bc.

(b) det(a; + by, aq,...,a,) = det(ay,as,...,a,) + det(by,as,...,a,). Here and below
a;, by € Z3 are columns of length n.


https://www.mccme.ru/circles/oim/multicomb.pdf

(c) det(as,...,a,) = > a;pdet(ar,...,a;_,a;,4,...,a,), where every column a; €
i=1
731 is obtained from the column a; by deleting the last coordinate.
(d) det M = Y T M;og), where S, is the set of all permutations (i. e., 1-1 correspon-
oesS, i=1
dences) o : [n] — [n].

2.4. (al-a4) For every matriz of Problem 2.1 find if some entries on the main diagonal can
be changed so that the resulting matriz would be degenerate.
(b1-b4) The same with ‘degenerate’ replaced by ‘non-degenerate’.

Lemma 2.5. (a) Let M € Z3*" be a matriz with zeros on the main diagonal. Define the
sequence MW, i =0,1,2,...,n recursively as follows:

o MO =M, and

o M s the result of replacing in MO~V the element Mi(;_l) =0 by 1+ 6;, where 6o =0
and 6; := det M[(ﬁ;[li is the determinant of the left upper i x i-corner submatriz of M1,

Then the matrix M, is non-degenerate.

(b) There is an algorithm with the complexity of O(n*) which for a matriz M € Zy*™
finds some numbers from Zo to replace the entries on the main diagonal of M so that the
resulting matrixz is non-degenerate.

3 The rank of a matrix

3.1. (al-a4) Find rk M for

0000 1111 1110 011 1
M=[oooof|, [t 111, [to1o0], (0011
0000 1111 1111 100 1

(b1-b4) Find R(M) for the matrices from Problem 2.1.

3.2. Take a matriz M € Z5"".

(a) One can choose tk M columns of M such that every column is the sum of some chosen
columns.

(b) Assume that there are k columns (not necessarily of M) such that every column of
M s the sum of some of them. Then rk M < k.

(c) The rank of a submatriz does not exceed the rank of a matriz.

3.3. (a) A permutation of columns (or of rows) does not change the rank of a matriz.

(b) Adding one column to another one (or one row to another one) does not change the
rank of a matriz.

(¢) The rank of a matriz equals to the maximal number of its rows none of whose sums
1S Z€ero.

(d) The rank of a matriz equals to the mazximal size of its non-degenerate square subma-
triz.

A square matrix with Zs-entries is called even if all the entries on the main diagonal are
7Z€ros.



3.4. (a) For M € Z5*" all non-zero rows are equal if and only if tk M < 1.

(b) For a symmetric matric M € Zy™" all non-zero rows are equal if and only if by same
permutation of rows and of columns it is possible to obtain a matriz whose upper left square
1s filled by ones, and all other elements are zeros.

(¢) The rank of any non-zero symmetric even matriz is greater than one.

3.5. The number R(M) is not necessarily preserved by
(a) permutation of columns;
(b) adding one column to another one.

3.6. (a) There is an algorithm with the complexity of O(n®) which calculates the rank of a
matriz from Z3<", s < n.

(b)* For a fived integer k there is an algorithm with the complexity of O(n?) deciding for
M € 75", s < n, whether rk M < k.

Lemma 3.7. Let M, D be matrices of the same size with entries in Zo. Then
(a) k(M + D) <tk M + 1k D;
(b) tk(M + D) >tk M —rk D.

3.8. There is an algorithm with the complexity of O(n**3) finding for M € Z5*"™ a diagonal
matriz D such that
(a) k(M + D) <k; (b)rk(M + D)=k

under the assumption that such a matrixz D exists.

3.9. Is it correct that for any m,k < n and a matriz M € Z3*" of rank m, if a matriz of
rank k can be obtained by changing some entries on the diagonal of M, then this can be done
by changing exactly |m — k| entries?

3.10. (a,b,c) Find the number of matrices of rank k in Z3*" for k = 0,1, 2.

4 Modulo 2 embeddings of graphs to surfaces

This section is formally not used later, but serves as an additional motivation for §5.
Denote by S the torus, or sphere with handles, or the Mobius band, or the Klein bottle,
or a 2-dimensional surface. Their simple definitions can be found e. g. in §2.1 of
[Sk20]=https://wuw.mccme.ru/circles/oim/obstructeng. pdf
Below graph drawings on S may have self-intersections. An embedding is a graph drawing
without self-intersections.

4.1. There are embeddings (al,a2,a3) of K5, K¢, K7 in the torus;

(b1,b2) of K5, K¢ in the Mdbius band;

(c¢) of Kg in the sphere with two handles;

(d) of K, in the sphere with some number of handles (depending on m).

Remark. In this problem you need to give not rigorous proofs, but large, comprehensible,
and preferably beautiful pictures.

4.2. The graph Ks can be drawn in the plane so that the drawings (i. e., the images of)
every two non-adjacent edges intersect at an even number of points.


https://www.mccme.ru/circles/oim/obstructeng.pdf

A self-intersection point of a drawing is a point on the drawing to which corresponds
more than one point of the graph itself.

A graph drawing is said to be general position if

e to every self-intersection point there corresponds exactly two points of the graph;

e every drawing of a vertex is not a self-intersection point,

e the drawing has finitely many self-intersection points, and

A2 By B, A2
Al B A B>

Figure 2: A transverse intersection and a non-transverse intersection

e at every such point the self-intersection is transverse (Figure 2)2.
A general position graph drawing is a Zs-embedding if the drawings of every two non-
adjacent edges intersect at an even number of points.

Remark. Let S be either the plane or the torus or the Mobius band. If a graph has
a Zs-embedding to S, then the graph has an embedding in S. However, there is a graph
having a Zs-embedding to the sphere with 4 handles but not an embedding in the sphere
with 4 handles. See references in [Bi21, Remark 1.3.b,c|.

Theorem 4.3. If graph K has a Zs-embedding to the sphere with g handles, then
(a) g > (m —4)/3 for K = K,,.
(b) g > (m —5)%/16 for K = K,,.
(c)g>(n—2)%/4 for K = K, .

Theorem 4.3 is proved by showing that on a surface to which a large graph has a Z-
embedding, the intersections of closed curves are sufficiently complicated (in the sense of
rank of certain matrix; cf. Assertion 4.5). More precisely, Theorem 4.3.a [PT19] follows by
Theorems 4.4 and 5.1.b together with Assertion 4.5 (all below). Theorem 4.3.b follows by
Theorem 4.3.c (prove!). Theorem 4.3.c is proved in [FK19], see a well-structured exposition
in [DS22]. Analogously, Assertions 4.5 and 5.2 (together with Theorem 4.4 and its non-
orientable analogue) imply the non-Zs-embeddability of K to the torus, and of K7 to the
Mébius band (or even of K7 to the Klein bottle; the non-embeddability of K7 to the Klein
bottle does not follow from the Euler inequality). Analogous non-embeddabiliy result in
higher dimensions follows by Theorem 7.1.

Denote by | X|y € Zs the parity of the number of elements in a finite set X.

Closed curves 7,...,7, on S are said to be in general position if the graph drawing
(of disjoint union of p cycles) formed by this curves is in general position. Their intersection
p X p- matriz G is defined as

G: ’7@m7j|27 27&]7
! v N il2s i =7,

2Strictly speaking, the transversality is only easy to define for PL (piecewise-linear) graph drawings. PL
curves on the torus can be easily defined by regarding the torus as obtained from a rectangle by gluing. A
PL curve on the torus is then a family of polygonal lines in the rectangle satisfying certain conditions (work
out these conditions!). In a similar way, other surfaces S can be obtained from plane polygons by gluing.
(For Mébius band and Klein bottle see [Sk20, §2.1]; for spheres with handles see visualization in https:
//www .youtube.com/watch?v=GlyyfPShgqw and in https://www.youtube.com/watch?v=U5N5mg3MePM.)
This allows one to define PL curves on S. A graph drawing on S is called PL if the drawing of every
edge is PL. Another formalizations are given in [Sk20, §4, §5].
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where 7/ is a curve close to 7; in general position to 7;. Please use the following ‘Homology
Betti Theorem’ without proof.

Theorem 4.4. For any closed general position curves vi,...,7, on
(a) the sphere with g handles the rank of their intersection matriz does not exceed 2g.

(b) the disk with m Mdobius bands the rank of their intersection matriz does not exceed
m.

Here the disk with k Mobius bands is the figure shown on the left of fig. 1. More precisely,
the disk with m Mdbius bands is the union of a disk and m pairwise disjoint ribbons having
their ends glued to 2m pairwise disjoint arcs on the boundary circle of the disk (the ribbons
do not have to lie in the plane of the disk) so that

e the orientations of the ends of each ribbon given by an orientation of the boundary
circle of the disk have ‘the same direction along the ribbon’, and

e the ribbons are ‘separated’; i. e. there are m pairwise disjoint arcs A; on the boundary
circle of the disk such that the ends of the i-th ribbon are glued to two disjoint arcs contained
inA;,1=1,2,...,m.

You can make approximations by general position drawings at an intuitive level.

Figure 3: Left: K3 and K4 on the torus. Right: K5 on the torus

4.5. Take any embedding (or Zo-embedding) f: K, — S. Take any map f': K, — S in
general position to f, and close to f. For any pairwise different numbers i, 3,k € [n] denote
by (ijk) the cycle of length 3 in K, passing through i,j, k. Let

ijk A pgr = | f{ijk) 0 f'{pqr)|,-

Then
(4.5.1) 123 A 456 = 0.
(4.5.2) 123 A 456 + 123 A 567 + 123 A 467 + 123 A 457 = 0.
123 A 345 + 123 A 346 + 123 A 356 + 123 A 456 = 0.
123 A 234 + 123 A 235 + 123 A 245 4+ 123 A 345 = 0.
123 N 123 + 123 AN 124 + 123 A 134 + 123 A 234 = 0.
See Figure 3, left. For one formula covering these four formulas see the linear dependence
property in §5.
(4.5.83) 125 A 345 + 135 A 245 4 145 A 235 = 1.
See Figure 3, right. Hint: deduce from (B) below.



Remark. (A) For any pairwise distinct points Aj, Ay, A, A4 in the line there is exactly
one ‘intertwined’ coloring into two colors.
(B) For any pairwise distinct points Ay, Ag, A3, A4 on the circle

‘AlAQ N A3A4’ + ’A1A3 N A2A4| + |A1A4 N A2A3| == 1

(B’) For any ‘general position’ map f: K5 — R? the number of intersection points in R?
formed by images of disjoint edges is odd.

A simple deduction of (A) = (B’) is presented in [Sk14] (for the linear case; for the
PL case the deduction is analogous). Observe that (B’) does not follow from Euler for-
mula for planar graphs. Analogously, the non-Zj,-embeddability to surfaces (unlike the non-
embeddability) does not follow from the Euler inequality for surfaces [Sk20, §2.4].

5 Rank of matrix with relations

We shorten {i} toi. An ([7;}) -matrizis a symmetric square matrix with Zs-entries whose rows
and whose columns correspond to all 3-element subsets of [m], and for which the following
properties hold:

(triviality) Apg =01if PNQ = 0;

(linear dependence) for each 4-element and 3-element subsets F, P C [m)]

Z Ap_ip=0.

(non-triviality) for each ¢ € [m] and 4-element subset F' C [m] — i we have Ap; = 1,
where

AF,i = Z AX,Y = Z AiUO’,iU’T'

{X)Y} : FUi=XUY, XNY=i, | X|=|Y|=3 {o,7} : F=oUr, |o|=|7|=2

By Assertion 4.5, an ([?})—matrix is constructed from a Zs-embedding f: K,, — S to a
surface. Indeed, set Ay ;i) (pgry = ik A pgr. If the surface S is orientable, then the
constructed matrix A is even (i. e., App = 0 for each 3-element subset P C [m]).

-4
Theorem 5.1. (a) If A is an ([’g]) -matriz, then rk A > o

2(m —4)

(b) If, moreover, A is even, then tk A >

You can submit separately proofs of the following particular cases of Theorem 5.1. For
more strong estimates see §7.

5.2. (a)* There are no ([g]) -matrices of rank 1.

(b)* There are no even ([g]) -matrices of rank smaller than 3.

You can deduce Theorem 5.1 from Proposition 5.7.a,b.

The following assertion is not used in the sequel. In its proof you do not need to explicitly
give the matrix, just describe the construction. We only know a proof using Assertions 4.1,
4.5, and Theorem 4.4.



5.3. (a) There is a non-zero ([g]) -matriz.

(b) There is a ([g]) -matriz.

(¢) For any m > 5 there is an (@)-matm’x.
(a’,b’,c’) The same for even matrices.

(d) There is a ([g})—matﬂx of rank 1.

(e) There is an even ([g})-matmx of rank 2.
(f) There is a ([g})—matm‘x of rank 1.

(9)* There is an ([g]) -matriz of rank greater than 2.

m—1
3
and columns corresponding to all subsets containing m. Then A’ is an ([

5.4. Let A’ be the square matrix of size ( ) obtained from an ([?]) -matrix by deleting rows

m—1]

3 ) -matriz.

5.5. (a) Let B be the square matriz of size (m3—3) obtained from an ([’g]) -matriz A by deleting
rows and columns corresponding to subsets containing at least one element of X := {m,m —
I,m—2}. If Ax x =1, thentk A > rk B.

(b) Let C be the square matrixz obtained from an ([g‘]) -matriz A by deleting rows and
columns corresponding to subsets containing at least one element of certain 3-element subsets
X, Y C[m]. If Axx =Ayy =0 and Axy =1, then tk A > rkC + 2.
[m]
3
even ([’;})—ma‘crix. Clearly, r,, = 1,, = 0 for m < 4, and r,,, < r,,,. The non-triviality implies
2(m —4)

T

Denote by r,, the minimal rank of an ( )—matrix. Denote by 7, the minimal rank of an

- m — __
that r5,75 > 1. Theorem 5.1 asserts that r,, > and r,, >

5.6. (a,b) Find r5,r¢ and 75,7¢,77.
(c) Both sequences Ty, T, are non-decreasing.

Proposition 5.7. (a) r,, > min{r,,_3 + 1,r,,} (more precisely, either r,, = r,, or ry, >
"'m-3 + 1):
(b) T > Pt 2

6 Classification of symmetric bilinear forms

Fix a symmetric matrix A € Z3*". For U,V € Z} let
AUV)=U-aV = AUV, (=UTAV).
ij=1

A basis of Z} is an inclusion-minimal ordered set of vectors such that every vector from Z%
is the sum of some vectors from this set.

Theorem 6.1. For n = 2 there is a basis X1, Xy of Zg and numbers vi,vy € Zgy such that
either
(i) for any ay,as, by, bs € Zs we have

(a1 X1 + a2 Xs) -4 (b1 Xy + b2 X3) = 710101 + 2020,  or
(ii) for any ay,as, by, by € Zy we have

(a1 X1 + a2 X2) -4 (b1 X1 + b2 Xo) = a1bs + asby.

10



Recall that problems stated after theorems are hints to proofs of the theorems.

6.2. Assume thatn =2, X € Z3 and X -, X = 1.

(a) For any P € Z3 there is Ax p € Zy such that for Py := P + AxpX we have
Px -4 X =0.

(b) There is a basis X1 = X, Xo of Z3 and numbers v, = 1,7y, € Zy such that the property
(i) of Theorem 6.1 holds.

6.3. Assume thatn =2, XY €Z2 and X -4 Y =1, X 4 X =Y -4 Y =0. Then X, := X,
Y, :=Y is a basis of Z3 such that the property (i) of Theorem 6.1 holds.

Theorem 6.4. For n = 3 there is a basis X1, Xo, X3 of Z3 and numbers 1, Yo, 3 € Zy such
that either
(i) for any ay,as, as, by, be, b € Zy we have

(CL1X1 + CLQXQ + CL3X3) ‘A (lel + b2X2 + b3X3) = ’)/10,1(?1 -+ ’YQaQbQ -+ 73@3[)3, or
(i1) for any ay,as, as, by, by, by € Zy we have
(a1X1 + CLQXQ + CL3X3> ‘A <b1X1 + b2X2 + b3X3) = a1b2 + CLle —+ 73a363.

6.5. Assume that X, Y € Z3 and X -, Y =1, X 4 X =Y -, Y =0.

(a) For any P € Z3 there are Axy.p, A\v.x.p € Ly such that for Pxy = P+ AxypY +
Av,x,pX we have Pxy -4 X = Pxy-4aY =0.

(b) There is a basis X; = X, Xo =Y, X3 of Z3 and a number 3 € Zy such that the
property (i1) of Theorem 6.4 holds.

Theorem 6.6. There are k,l and a basis X1,Y1, ..., Xp, Y, Z1, ..., Zn—or of Z3 such that
2k +1 < n and for any a,d’,b,b' € Z and ¢, € Z3** we have

(i Xa+0Y1+ . FapXp+ Y+ a2+ .+ ok Zn—ok) A
Al Xg+ 0 Yi+ .+ X+ 0 Y+ A2+ A o Znok) =
= a1b| + alby + ...+ apb), + apbp + a1y + ..+ 0.
If A is even, then | = 0.

6.7. Assume that X € Z5 and X -4 X = 1.
(a) State and prove the n-dimensional analogue of Assertion 6.2.a.

(b) There is a basis X, F1, ..., E,_1 of ZY and a symmetric matriz B € Zg"fl)x("fl) such
that for any a,b € Zy and A\, € Z~ we have

(CLX + >\1E1 + ...+ )\n—lEn—l) ‘A (bX + /Jqu + ...+ ,un—lEn—1> =ab+ \ ‘B M.

6.8. Assume that X, Y € Z5 and X -, Y =1, X -4 X =Y -, Y =0.

(a) State and prove the n-dimensional analogue of Assertion 6.5.a.

(b) There is a basis X,Y, Ey, ..., E,_o of ZY and a symmetric matriz B € Zg“”x("‘”
such that for any ax,ay,bx,by € Zy and A\, u € ZS_Q we have

(axX+ayY+)\1E1+. . .+/\n_2En_2)'A(bXX+byY+[1,1E1+. . '+/1'n—2En—2) = abe+abe+)\-B,u.
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7 Rank of matrix with relations: generalization

The following results are ‘higher-dimensional’ (and more strong) generalizations of Theo-
rem 5.1, Assertions 5.4 and 5.5, and Proposition 5.7. They give a simplified well-structured
exposition of [PT19, Theorem 1].

An ([T]) -matrix is a symmetric square matrix with Zs-entries whose rows and whose
columns correspond to all -element subsets of [m], and for which (triviality) and the following
properties hold:

(linear dependence) for each (I 4 1)-element and [-element subsets F, P C [m]

Z Ap_ip =0.

(non-triviality) for each i € [m] and (2 —2)-element subset F' C [m|—i we have Ap; = 1,

where
AF,i = Z AX,Y = Z Ail_lcr,iuT-

{X)Y} : FUi=XUY, XNY=i, | X|=|Y]|=l {o,7} : F=oUr, |o|=l-1

Analogously to Assertion 4.5, an ([Tl”])—matrix is constructed by a Z,-embedding of the
(I — 1)-dimensional skeleton of the (m — 1)-dimensional simplex to a 2(I — 1)-dimensional
manifold.

Theorem 7.1. Suppose | > 3 and A is an ([”;})—matm‘x.

—2l+2 2(m — 20+ 2
(a) Then rk A > ml% (b) If, moreover, A is even, then rk A > u

l
You can deduce Theorem 7.1 from Propositions 7.4.a,b.

7.2. Let A’ be the square matriz of size (mfl) obtained from an ([T]) -matrix by deleting rows

m—1]

. ) -matriz.

and columns corresponding to all subsets containing m. Then A’ is an ([

7.3. Let A be an ([T})—matrix and X :={m—1+1,m—1+2,...,m}.
(a,b’) Let B be the square matriz of size (ml_l) obtained from A by deleting rows and
columns corresponding to subsets containing at least one of the elements of X.

If Ax x =1, thentk A > 1k B.

If Ax x =Ayy =0 and Axy =1 for some Y C [m], then tk A > 1k B + 2.

(b) Let C be the square matriz obtained from A by deleting rows and columns correspond-
ing to subsets containing at least one element of X or of certain l-element subset Y C [m].
[fAX,X = Ay}y =0 and AX,Y = 1, then tk A Z l"kC"— 2.

(a’) For l-element subsets P,Q) C [m — [+ 1] define

DP,Q = APQ + AP,XAQ,X'
If Ax x =1, thentk D <tk A and D is an ([mfllﬂ})—matm'x.

Assertions 7.3.a,b are only required to illustrate the idea of Assertions 7.3.a’,b’ by proving

—2l+2 2(m — 2l + 2
much easier results giving estimates rk A > m-sre 7 + and, for A even, rk A > (m2 I 1+ )
[m]

Denote by r,, the minimal rank of an ( . )—matrix. Denote by 7, the minimal rank of

an even ([T})—matrix. Clearly, r,, = 1, = 0 for m < 2] — 2, both sequences r,,,r,, are

non-decreasing, and r,, < 7,,,. The non-triviality implies that re_1,79_; > 1. Theorem 7.1

—20+2 — _2(m—=20+2
asserts that r,, > ml—l—i_ and 7, > M
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Proposition 7.4. (a) r,, > min{r,_41 + 1,7} (more precisely, either ry,, = 7p,, or 1y >
T'm—i+1 + 1);
(b) 7 > oy + 2.

Proof of Proposition 7.4.a also uses an algebraic version (b) of the higher-dimensional
analogue of the following result (a).

(5]
Proposition 7.5. (a) Denote by X = ((g)) the set of unordered pairs of 2-element subsets
of [5]. For any i € [5] and a partition [5] —i = o U T into disjoint 2-element sets denote

Titomy = {{e, S} €X : aColi, fCTU}.

Denote by A; the sum modulo 2 (i. e., the symmetric difference) of sets T; (o} over all
non-ordered partitions (5] —i = o U T as above. Then

Ai:{{a,B}GX : omﬁ:@}

and so 1s independent of i.

(b) Let A be a symmetric square matriz with Zs-entries whose rows and whose columns
correspond to all l-element subsets of [m]. If A satisfies the linear dependence property (from
the definition of an ([’?]) -matriz), then Ap; depends only on F Ui not on (F,1).

13



Hints and solutions to some problems

See proof of Proposition 1.1 in [Bi20].

1.2. (a) Change the numbers on the main diagonal of M so that the sum of the entries
in each row is even. The resulting matrix is degenerate.

(b) Use induction. See Lemma 2.5.b.

1.3. (a) Any matrix formed as a result of putting numbers from Z, in the elements on
the main diagonal of M can be uniquely represented as the sum M + D where D is a diagonal
matrix. By Lemma 3.7.b for every diagonal matrix D with more than k£ zeros on the main
diagonal we have rk(M + D) >tk M —rkD >n — (n—k) = k.

(b) The algorithm of (b) is constructed using (a) and Lemma 2.5.b. The algorithm given
by Lemma 2.5.b has complexity O(n*). There is an algorithm searching through all diagonal
n X n matrices with < k zeroes on the main diagonal with the complexity of

0 (n(g) —|—n(7f> ++n(z>> Yo ((k+1)n(z>) — 0 (n-n*) =0 (n*).

Here (*) holds because we may assume that n > 2k. Thus, by Assertion 3.6.b the complexity
of the whole algorithm is O(n*) + O(n**1n?) = O(n**3) (since k > 1).
1.4. (a) Denote by n the number of columns of M and of D. By Lemma 3.7.b we have

21k(M + D) = tk(M + D) +1k((M + E) + (E + D))
> (tk M —rk D) + (tk(M + E) —1k(E + D))
=n—rtkD+rk(M+ FE)— (n—1kD) =1rk(M + E).

(b) Let M, be the matrix obtained by applying the algorithm of Lemma 2.5.b to the
matrix M. Let k := rk(M,, + E). We have R(M) = rk(M + D) for some diagonal matrix
D. Hence by (a) k/2 < R(M) < k as required.

The number k can be computed in time O(n3). Hence the total complexity of the
algorithm is O(n*) + O(n?) = O(n?).

2.1. Answers: A1, As and As are degenerate, while A, is non-degenerate.

2.2. Hints: (a)-(b) track the maximal non-degenerate submatrix; (c) use induction.

Part (a) is clear.

(b) For a matrix M denote by row;,;+;M the matrix obtained from M by replacing
the 7th row by the sum of the ith row and the jth row. The matrix col;,; ;M is defined
similarly.

It is clear that to prove part (b) we have to show that the matrices M, row,_,;;;M and
col;i4;M are degenerate or not simultaneously.

Next, observe that row; ,;; jrow; ;1 ;M = M = col,_;;;col; ;M. Thus it suffices to
prove that if M is degenerate then both row;,;1 ;M and col;_,;1 ;M are degenerate.

Assume that the sum of columns ¢y, ¢, ..., cs of M equals zero.

Then the sum of the ‘same’ columns of row;_,;;; M equals zero.

If i ¢ {c1,...,cs} then the sum of ‘the same’ columns of col;_,;4;M equals zero. If
i,j € {c1,...,cs} then the sum of columns indexed by {ci,... ¢} — {j} of col,;iy; M
equals zero. If i € {c1,...,¢} and j ¢ {ci,...,cs} then the sum of columns indexed by
{c1,...,¢s,j} of col,; ;M equals zero.

This completes the proof of (b).
(¢) We will show explicitly how to produce a diagonal matrix out of M.
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If all entries of M are 0 then M is already diagonal. If M has a non-zero entry then we
place this entry in the top-left corner by permuting the row of this entry with the top row,
and the column of this entry with the left column. For the obtained matrix add the top row
to other rows and the left column to other columns. All entries in the left column and the
top row except the the top-left entry become zeros. Delete the top row and the left column
of the obtained matrix.

Repeat the procedure inductively for the obtained submatrix. In the end this will produce
a diagonal matrix.

(d) By part (c) we can change M into a diagonal matrix using transformations from
parts (a, b); also M is degenerate if and only if the new matrix is degenerate. It remains to
mention that a diagonal matrix is non-degenerate iff it is the identity matrix.

(f) This follows from (a)-(d).

(g) The algorithm is constructed in the solution of part (c¢). The algorithm has n major
steps, a single major step is described in the second paragraph of (¢). Each major step
requires at most one permutation of rows, at most one permutation of columns and up to
2n additions of rows and columns. Thus the complexity of the whole algorithm is O(n) +n -
O(n?) = O(n?).

2.3. (a) The formula follows because a matrix from Z2*? is degenerate if and only if
either it has a zero row, or it has a zero column, or rows are the same and columns are the
same (in the latter case all entries are ones).

Alternatively, here are all matrices from Z3*? up to permutations of rows and columns:

(06 )6 o) 6o (o) o)

The first two are non-degenerate, and the other are degenerate. It is easy to verify the
formula for each of them.

(d) This follows by (b,c).

Here is an alternative direct proof. Consider n x n chessboard. A rook placement for such
a chessboard is a placement of n rooks on that board with the condition that they do not
beat each other. A rook M -placement for such a chessboard is a rook placement such that all
rooks are staying on cells corresponding to unit entries of M. Denote by det™ M the parity
of the amount of rook M-placements. Then (d) can be restated as follows: det M = det™ M.
This follows because

e transformations of 2.2.a, 2.2.b preserve det* M, and

o det M' = det™ M’ for a diagonal matrix M.

2.4. For any degenerate matrix of Problem 2.1 we show how to change entries on the
main diagonal to make it non-degenerate; we show the opposite for Ay:

1
A1—> 0
0

o = O

0 011 0 11
0 , A27A3—> 1 01 , A4—> 011
1 1 11 1 00

2.5. (a) In the following paragraph we prove by induction on i > 1 that the determinant
A; = det M[(i?x[i] of the left upper i x i-corner submatrix of M® is equal to 1. Then
det M™ = A, = 1.

Base ¢ = 1 follows because A; =1+ 6y = 1. Let us prove the inductive step i — 1 — 1.
Apply the decomposition formula for the determinant A; by the last row of the corresponding
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submatrix of M® (Assertion 2.3.c). Since Mﬁ_l) = M,;; = 0 and A;,_; = 1, we have
A, =0+ (1+0;)A4 =1.

(b) The algorithm is constructed by (a). The algorithm is essentially a computation of
the determinants of n square submatrices of sizes 1,2,...,n. Hence by Assertion 2.2.g its
complexity is O(13 4+ 23 + ... +n3) = O(n - n®) = O(n?).

3.1. Answers: (al) 0; (a2) 1; (a3), (a4) 3; (b1) 0; (b2), (b3) 1; (b4) 2

3.2. Hint to (b): find the number of sums of k& columns.

Part (a) follows from the definition of rk M.

(b) By definition of rk the number of different sums of columns of M is 2***. On the other
hand the number of such sums does not exceed 2¥. Therefore 2 > 2™ hence k > rk M.

3.3. The proofs of are similar to the proofs of Assertion 2.2.

3.4. Part (a) is clear.

(b) If for a non-zero symmetric matrix M there exists such a permutation of rows and
columns, then rk M = 1 by Assertion 3.2.b.

We now take a symmetric matrix M of rank 1. As the required permutation we can take
any permutation mapping non-zero rows of M to the first rows. Indeed, take any non-zero
rows 4, j. If M;; = 0 then there exists a non-zero row k such that M, = 1. Hence the jth
and the kth rows are distinct non-zero rows of the matrix M of rank one. A contradiction.

Hence M; ; = 1.
(c) Pick a nonzero row and apply the above argument.
1 01 1 01
35. () R[0 0 1|=2 R[0o10]=1
010 0 01
1 01 1 01
by R[0 1 1 1 0|=1
010 O 0 1

3.6. Hint for (a): cf. Assertion 2.2.

(a) The algorlthm from the proof of 2.2.c provides a diagonal matrix of the same rank,
and has the required complexity. The rank of a diagonal matrix is equal to the number of
non-zero entries in it.

(b) We shall construct a set Sy of columns such that

e these columns constitute a non-degenerate submatrix;

e the first k columns of the matrix M are sums of several columns from the set Sy.

If |Sg| > r for some k = 1,...,n then the answer is ‘NO’. If for all k = 1,...,n we have
|Sk| < r then the answer is ‘Yes’. The answer is correct because |S1| < |S2| < ... < |S,],
and because |S,| > r is equivalent to tk M > r.

Set Sy := 0 if the first column of M is 0 then, and S; := {1} otherwise.

Let us define Sy, from S;. We form the set of all sums of columns of M with indices
from Sy (it takes O(n) operations because |Sk| < r). Then we compare the (k+ 1)st column
of M with all sums from this set (this will take at most 2"O(n) = O(n) operations). If the
(k + 1)st column of M equals to at least one of the sums then Sy, := S. Otherwise we set
Sk-Jrl =S5, U {k + 1}

It is easy to verify that the total complexity of the algorithm is O(n?).

3.7. Part (b) follows from (a) because

tk M =rk(M +D+ D) <rtk(M+D)+rkD = 1k(M+D)>rkM —rkD.
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We now prove (a). Choose columns from Assertion 3.2.a for M and for D. Then every
column of M + D is the sum of some of chosen rk M + rk D columns. By Assertion 3.2.b
rk(M + D) <rk M +rk D.

3.8. The statement and the proof of Assertion 3.8 are similar to the statement and the
proof of Theorem 1.3.b.

3.9. Answer: no. If M is a 3x3-matrix given next and k = 1 then the statement is false.

)
_ O
O = =

3.10. Answers: (a) 1; (b) (2" —1)% (c) (2" —1)*(2" — 2)?/6.

(a) There exists only one matrix of rank 0, the matrix all whose entries are zeroes.

(b) For the matrix of rank 1 all columns containing a non-zero entry are the same. Hence
such matrices are in 1-1 correspondence with ordered pairs formed by

e a non-empty subset of the set of columns (‘non-zero columns’), and

e a nonzero vector in v € Z (‘column vector’).

Therefore there are (2" — 1)? such matrices.

(¢) Fix a matrix M of rank 2. Then there exists a pair (v,w) of columns of M forming
a non-degenerate matrix. Any other column is either 0 or v, or w, or v + w (see Assertion
3.2). This set S = Sy, of four vectors does not depend on a choice of the two columns v, w;
we call it the column span of M. (This is a 2-dimensional vector subspace of Z3.)

Each column span is defined by any ordered pair of non-zero vectors in it. Each column
span contains exactly 6 such ordered pairs. Hence there are (2" —1)(2" —2)/6 column spans.
In the following paragraph we prove that there are exactly (2" —1)(2" — 2) matrices of rank
2 for a given column span. Hence there are (2" — 1)%(2" — 2)?/6 matrices of rank 2.

First proof. To a matrix M there correspond the set X of columns of M equal to v or
to v + w, and the set Y of columns of M equal w or v 4+ w. Since rk M = 2, both sets are
non-empty and X # Y. Moreover, matrix M can be reconstructed from X,Y. There are
(2" —1)(2™ — 2) pairs (X,Y) of distinct non-empty subsets.

Second proof. For a given 4-element set S = {0,v,w,v + w}, regard a matrix M with
the column span S as a map ¢y, from the set [n] of columns to S. We have rk M = 2 if and
only if

(*) the image of ¢, contain at least two of vectors v, w, v + w.

There are 4™ maps [n] — S. There are 2" maps [n] — {0,v}. The same holds for {0, v}
replaced either by {0,w} or by {0,v + w}. There is only one map [n] — {0}. Hence there
are exactly 4" — 32" +2 = (2" — 1)(2" — 2) maps satisfying the condition (*).

Remark. More generally, the number of matrices of rank k in Z5"*" is equal to

QDT (2 — T (2 - 1)
e 2 — 1) |

See theorem 7.1.5 in [ACM29, p. 299] (this theorem is even more general; for our case of
matrices over Z, take g = 2, GF(2) = Z,).

4.1. (al-a3) A beautiful realization of the graph Kj on the torus is shown in Figure 4,
left. Realizations of K¢ and K7 are analogous, see Figure 4, middle.

Another solutions (whose idea works for (c,d)). Draw the graph K5 in the plane with
one self-intersection point. In a small neighborhood of the point, attach a handle and lift
one of the edges ‘bridgelike’ over the other edge to the handle, see Figure 5, left.
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Figure 4: Realization of nonplanar graphs

Figure 5: Left: resolving intersection by adding a handle.
Right: a ‘non-general position even drawing’ of K5 in the plane

(b2) See Figure. 4, right.
4.2. See Fig. 5, right.

5.1. (b) Induction on m. The base m < 4 is clear. By Assertion 5.7.b and induction
hypothesis we have

2(m —5—4) ~ 2(m—4)
SR =T

(a) Induction on m. The base m < 4 is clear. By Assertion 5.7.a, Theorem 5.1.b and
induction hypothesis we have

Ton > Tns +2 >

— —3—-4 2(m —4 —4
rmzmin{rmg—l—l,rm}zmin{m ; +1, (m5 )}_mB .

5.3. Denote by A/ the ([’g])—matrix constructed via an embedding f: K,, — S, see the
beginning of Section 5.

(a) Consider the Ky-subgraph of K5 with vertices 1, 2, 3, 4 together with its embedding
to the torus defined by Figure 3, right side. Then A/ is a non-trivial ([?])—matrix.

(b) Let f be the embedding of K5 into the torus defined by the right side of Figure 3.
Then A’ has the required property.

(c¢) By Assertion 4.1.d there exists an embedding f: K,, — S where S is a sphere with
several handles. Then A7 has the required property.

(a’, b’, ¢’) The matrices A’ from (a, b, c¢) respectively satisfy the needed conditions.

Parts (d, e, f) follow from Assertion 5.6.a, b.

5.4. See proof of Assertion 7.2 below.
5.5. (a, b) See proof of Assertions 7.3.a,b below.

5.6. (a) Recall that if m > 5 then every ([Tg])—matrix is not a zero matrix. This implies
that r5,7¢ > 1. Let f be an embedding defined by Assertion 4.1.b1, b2. It follows from
Theorem 4.4 that rk AY < 1. Hence r5 = 74 = 1.

18



(b) Assertion 3.4.c implies that 75,76,77 > 2. We have rk A/ = 2 for f defined by
Assertion 4.1.al, a2, a3 and hence r5 = rg = 17 = 2.

(c) Let A be an ([Tg])—matrix and let B be an ([m; ”)—submatrix of A introduced in
Assertion 5.4. We have rk B < rk A and therefore r,, > 7,,_1.

If A is even then B is even and therefore 7, > r,,_1.

5.7. (a) (Take [ = 3.) Take an ([7})—matrix A such that tkA = r,. If A is even,
then r,, = r,,, so we are done. Otherwise there is an [-element subset X C [m] such that
Ax x = 1. Let B be the ‘restriction’ of A to l-element subsets of [m] — X.

Then

rm=TkA>rkB+1>r,_;+1, where

e the first inequality follows by Assertion 5.5.a;

e the second inequality holds because B is a ([m};X)-matriX by Assertion 5.4.

(b) (Take | = 3.) Take an even ([”;])—matrix A such that rk A = r,,. By the non-triviality
A # 0. Hence there are l-element subsets X,Y C [m] such that Axy = 1. Let C be the
‘restriction’ of A to [-element subsets of [m| — X — Y.
Then
m=1kA>1kC +2>r, 2:1+2, where

e the first inequality follows by Assertion 5.5.b;

e the second inequality holds because C' is a ( )-matrix by Assertion 5.4, and
because Axy = 1, so by the triviality X N'Y # ), hence |[m] — X — Y| >m — 2l + 1.

6.7. (a) /\X,P =X ‘A P.

6.8. (a) )\X,Y,P =X A P, )\Y,X,P =Y ‘A P.

7.2. (For 5.4 take | = 3.) It is obvious that all the conditions for the mentioned submatrix
are satisfied.

7.3. (a) (For 5.5.a take [ = 3.) Let B’ be the ‘restriction’ of A to X and to l-element
subsets of [m] — X. Then

[m]-X-Y

tkA>rkB =1k B+1,

where equality holds because by the triviality B , = 0 for any Z C [m] — X.
(b) (For 5.5.b take [ = 3.) Let C' be the ‘restriction’ of A to X, Y and l-element subsets
of [m] — X — Y. Then
tkA>1kC' =1k C + 2,

where equality holds because by the triviality C'y , = Cy. , = 0 for any Z C [m] — X — Y.
(b’) Take a basis of Zgl) corresponding to [-element subsets of [m|. Define a bilinear

form A on Zg ) by setting A(P, Q) := Apg for basic vectors P, (). Take any [-element set
P C [m]. Let L
P = P(X, Y) = P+ AX,PY + Ay’pX.

Recall that
AX,Y = AY,X =1 and AX,X = Ay’y = 0. (*)

Hence
A(?, X) = A(?, Y)=0 (**)

(i. e., P is the orthogonal projection of P to the orthogonal complement of (X,Y) with
respect to A). By the triviality, for P C [m] — X we have P = P + Ay pX. Hence for every
l-element sets P, Q C [m] — X we have

A(P,Q)=Apg+0+0+0= Bpg. (%)
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(I. e., B is the Gramian matrix with respect to A of the ‘projections’ P of [-element sets
P C [m]—X.) Let B’ be the Gramian matrix with respect to A of X, Y and the ‘projections’
R of l-element sets R C [m] — X. L e., Bpgo = A(ﬁ,@), where P = P if P € {X,Y}, and
P = P otherwise (@ is defined analogously). Then

b BS{,Y = Bgf,X =1, BS(,X = BQ/,Y =0 (by (%)),

® By p=Bpy=DByp=DBpy=0for P# XY (by (**)), and

® Bpo = Bpg for P,Q C [m] — X (by (**)).

Hence rk B +2 =1k B’ <1k A. ™)

l

(a’) In this paragraph we prove that rk D < rk A. Take a basis of Zs'’ corresponding to

l-element subsets of [m]. Define a bilinear form A on Zgl) by setting A(P, Q) := Apg for
basic vectors P, (). Let Py be the orthogonal projection of P to the orthogonal complement
of X (with respect to A), i. e., Px := P+ ApxX. We have

A(Px,Qx) = A(P,Q) + A(Apx X, Q) + A(P, Agx X) + A(Apx X, Ag x X) =
=Apg +ApxAx g+ ApxAgx + ApxAgxAxx = Apg + ApxAgx = Dpg.

Then D is the Gramian matrix (with respect to A) of the projections of subsets of [m —1[+1].
Let D’ be the Gramian matrix (with respect to A) of X and the projections of subsets of
[m — 1+ 1]. We have Dpg = D, for all subsets P, C [m — [ + 1]. Furthermore, DY p =
D's x = 0 for any basic vector P # X and D y = Ax x =1. Thustk D =1k D' —1 <1k A.

In this paragraph we prove that D satisfies the triviality property. If PN Q = (), then
either PNX =0, or QN X =0. Hence Dpg = Apg + ApxAgx =0+0=0.

In this paragraph we prove that D satisfies the linear dependence property. For each
(I + 1)-element and [l-element subsets F, P C [m — [ + 1] we have

Z Dp_ip= Z Ap_ip+ Apx Z Ap_ix = 0.

S el el

In this paragraph we prove that D satisfies the non-triviality property. By Proposition
7.5.b for D, we may assume that 7 # m — [ + 1. Then for each summand D; ;- of D, at
least one of the sets i Ll 0,4 LI 7 does not contain m — [ + 1 and hence does not intersect X.
Hence Djjoiiir = Aivioiir + Aitio, x Aiir x = Aitio,ir. Thus Dp; = Ap; = 1.

7.4. (a) Take an ([Q”])—matrix A such that tk A = r,,. If A is even, then r,, = r,,, so we
are done. Otherwise there is an [-element subset X C [m] such that Ax x = 1. Without loss
of generality X = {m —1l+1,m —142,...,m}. Then by Assertion 7.3.a’

rm=tkA>rkD+1>r, ;41 +1, where

e D is the matrix defined in Assertion 7.3.a’;
e the first inequality follows from Assertion 7.3.a’;

e the second inequality holds because D is an ([mfllﬂ})—matrix by Assertion 7.3.a’.

(b) Take an even ([T])—matrix A such that tk A = r,,. By the non-triviality A # 0. Let
X, Y, B be defined as in Assertion 7.3.b’. Then

Tm =Tk A>1kB+2>r,_;+2, where

e the first inequality follows from Assertion 7.3.b’;
e the second inequality holds because B is an even ([m]; X)—matrix by Assertion 7.2.
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7.5. (a) It suffices to check that for each pair {«, 3} the number of sets T; (5} containing
{a, 8} is odd if and only if NS = @ (hence this parity not depend on ). Clearly, |aNj| < 2.

Assume | N 3| = 2. Then {a, 5} ¢ T; (s for all 4,0,7 and hence {«a, B} ¢ A; for all
i € [5].

Assume |a N G| = 1. It suffices to consider the case a = {1,2}, § = {1,3}. Then
{a,8} € Tifory iff i = 1 and {o,7} is either {{2,4},{3,5}} or {{2,5},{3,4}} Therefore
{a, B} ¢ A; for all i € [5].

Assume |a N B] = 0. It suffices to consider the case a« = {1,2}, § = {3,4}. Then
{a, B} € T (o,7y iff either

ei=1and {o,7} = {{1,2,5},{1,3,4}}, or

ei=2and {o,7} = {{1,2,5},{2,3,4}}, or

ei=3and {o,7} = {{1,2,3},{3,4,5}}, or

ei=4and {o,7} = {{1,2,4},{3,4,5} }, or

ei=>5and {o,7} = {{1,2,5}, {3,4,5}%

Therefore {a, 5} € A; for every i € [5].

(b) It suffices to prove that Ag,; j = Acu;i for each i, 5 € [m] and (2] — 3)-element subset
G C [m] —i—j. Denote & :={i,j} Uo. Then

1
Ao + Acuig = Z (Az,iur + Az jur) 2

{(o,7) : G=0oUr, |o|=1-2}

_ Z Z Ay ® Z Asz @ 0, where
teG {(

{(o,7) : G=0oUr, |o|=1-2} t€T o) 1 G—t=olv, |o|=1—2}

e cquality (1) holds because Ag;; is equal to the sum of the first summands Az ;,,, and
Acui,j is equal to the sum of the second summands Az jr;

e equality (2) holds by the linear dependence for F' =7, P =7,

e equality (3) is obtained by changes of the order of summation and of variable v = 7 —t;

e equality (4) holds because ordered decompositions (o, v) of G —t into (I — 2)-element
subsets o, v split into pairs {(o,v), (v,0)} and Az5 + Az = 0.
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JIBu>keHme Touek

Hapuy bponcknii
IIpoexT npecrasisior: Jdasug Bpogckuii, Anekceit 3aciaBekuii
Outer Bacnasckuii, an ®posios nu @éop Humon

JIBrKenne — 3TO KU3Hb,
a XKU3Hb — 3TO0 JBHzKeHue!

Apwucroresnnb
1 IIpoekTuBHOE ABUKEHUE

Bce yTBepxkaenus, chopMyIupoBaHHbIE B 9TOM maparpade B KadecTBe JIEMM U TEOPEM MOXKHO HUCIIOJIb-
30BaTh 0e3 JI0Ka3aTesbCcTBa. B OCHOBHOM 3TO CTaHJApPTHBIE YTBEPXKIEHHUS ITPOEKTUBHON INeOMETPUU —
2KeJIalolye MOI'yT CaMOCTOATEIbHO OCO3HATh UX NCTUHHOCTD.

Onpenenenne 1.1. IIpoekTuBHAasA II0CKOCTb. [Ipoexmuenoti naockocmuvio RP? mu 6ydem nasvisamo
00BIYHYI0 MAOCKOCTL, JONOAHEHHY OECKOHETHO yAaJeHHBIMH TOYKAMHU, 6 Katcdol u3 KOmopwvlir nepece-
Kaemes €601l KAGCC NAPAANENOHLT NPAMHIE. Taxum o6pasom, Ha Kasrcdoti NPAMOT NOACAACMCA HOBAA
beckoHewHo YOaAEHHAA MOUKE, 00WaA OAA BCEXT NAPANALENLHIT MeAHcdy cob0l npamvix. Bce beckoneuro
yodansennvie mowky 06pasyrom OGECKOHEYHO y/IaJeHHYI0 NpsaMyto. [Ipamas, donoanennasn beckoneuro yda-
NAEHHOU MoK, HA3b8AEMC A IPOEKTUBHOMH.

Onpenenenne 1.2. JIBoiiHOe OTHOIIIEHUWE YETBEPKM TOYEK HA NPOEKTUBHOM mpsaMoit. [lycmov
mouxu A, B, C, D aesrcam na npoexmuerot npamot L. Jeotnvim omuowernuem mouek (A, B; C) D) na npa-
Mot £ bydem HaA3VI6AMb BEAUNUHY

CA DA

C E DE

Bydem cuumamo, wmo beckorneuro ydarennas mouka desum a10600 ompesox 6 omuowenuu 1 : 1.

Omnpenenenne 1.3. Ilydok npsmbix. [Tyukom npamwxr L4 mouxu A 6ydem HaA36.6a4Mb MHOHCECTNEO
BCET NPAMDBIT, NPOTOOAUUT wepe3 mouky A.

OTMernM, 9T0 MHO?KECTBO BCEX HPSIMBIX OJHOIO HAIIPABIEHUS 00PA3yIOT IIyI0K OECKOHEYTHO Yy Ia/IeH-
HOI TOYKH.

Onpenenenue 1.4. /IBoiitHOe OTHOINIEHWE YEeTBEPKM IIPAMBIX OJIHOTO ITydKa. [lycmbv npamwvie
a,b,c,d npoxodsm uepez mouky O (mmoorcecmeo npamuix, nporodawur wepes mowky O, HA3VEAEMCA
nyukom). Bulbepem npoussosvHbim 00pa3om Ha IMUT NPAMYLE HANPABAAIOULUE BEKMOPbL Vo Up, Vs V.
Jlsotinvim ommnowernuem npamuix (a,b;c, d) 6ydem nazvieamv seaununy

sin Z(U,, Ua) _sin Z(V g, )
sin Z(Ve, Up)  sinZ(Vq, V)

3ameuanmue: Boobre ropopsi, 3HaK Sin 4(795, 7y) He OMNpEeJeISIETCS IIPSIMBIMU & U Y OJHO3HATHO,
TaK KakK HAIPaBJISIONIHI BEKTOP MOYKHO BbIOpaTh JBYyMs criocobavu. OHAKO, ecJId OMEHSITh HallpaBJIe-
HHEe OJTHOTO U3 BEKTOPOB, TO 3HAK HHBEPTUPYETCS CPa3y Yy JABYX CHHYCOB, U 3HAYEHUE JJBOHHOTO OTHOIITCHUST
HE U3MEHHUTCS.



JIKTT 2022 Bpoacknit /lasm <A Qkusaka

Omnpenenenne 1.5. /IBoitHOe OoTHOIIeHME TO4YEK HA OKpPYKHocTu. Ilycmv mouku A, B,C, D ae-

otcam wa okpyorcrocmu 2. Ommemum eute 0dny mouxy O Ha OKPYKHOCTHU. J[G0TUHDIM OMMHOWEHUEM

na okpyorcnocmu 2 movex (A, B; C, D) 6ydem nazvieams dsotinoe ommuowenue npsmvx (OA, OB; OC,0OD).
Koppexmmocmov onpedeserus caedyem u3d mozo, 4mo 6CAUMUHA BNUCAHHO20 Y2A0 NOCMOAHHA.

Jlemma 1.1. ITycmv mouku A, B, C, D aeorcam wa npamot £, mouka O ene amoti npamoti. Tozda

(A4, B;C, D) = (OA,OB;0C, 0OD).

1. y6e,ZH/ITer, 9TO €CJIM 3aB€CTU Ha IIJIOCKOCTH KOMIIJIEKCHBIE KOOPAMHATBI, TO ,ZLBOfIHOG OTHOIIIEHUEe
c—a . d—a

YeTHIPEX TOYUEK Ha NPAMOIl UM OKPYKHOCTU C KOOPJMHATAMHU a, b, ¢, d cuuraerca Kak T @ 1.
B nmasnbreiiem Mbl OllpeiesinM JBOIHOE OTHOIIEHNE YeThIPpeX TOYEeK Ha ITPOM3BOJIBbHON KOHUKe. J[j1s
Hux pesyiabrar nocsieaneit 3aaun HE BEPEH.

Onpenesnienne 1.6. T'omorpadusi. Bydem nasvisamv omobpasicenue F MPOCKTHBHBIM (UAl TOMOIpPa-
ueii), ecau

(F(A), F(B); F(C), F(D)) = (A, B; C, D).
Omobpasiceriue moscem deticmeosams MeHcoy NPAMBMU, NYYKAMU U OKPYHCHOCTIAMUY (KOHUKAMU,).

Jlemma 1.2. Ilyemv A, B,C € {,k € R, mozda cywecmesyem eduncmsernas mouxa D € { makas, wmo
(A,B,C, D) =k.

Teopema 1.1. Jo6yro 20mo2padhuio npAMbBL MOHCHO PAZAOHCUMD 6 KOMNOZUUUIO HECKOALKUL UEHMPAAL-
HBLL NPOEKUUT U NAPAANEALHDIT NEPEHOCOE.

Omnpenenenne 1.7. [IpoeKTuBHOE ABUKEHUE. Jadukcupyem HEKOMOPYIO NPOEKMUBHYI0 Npamyto T .
Bydem zo060pumv, umo nepemennan mouka X deustcemcesa no npoexkmusHot Npamot Uil OKPYAHCHOCTIU
¢ npoexmusno, ecau cyuecmeyem npoexmueHoe omobpasicenue F: T — € maxoe, wmo X = F(t € T).
Ipamas T uepaem posv napamempa epemeru.

JlaBaiiTe MOSICHIM IIPOCTBIMU CJIOBAMU, 9TO B 9TOM OIPE/ICJICHUN UMEETCA B BULY. UTO O3HAYAET, UTO
Touka X JBHUKETCs ¢ TedeHneM BpemeHn’ GopMaabHO 9TO 3HAYUT, ITO JIJI KaXKJI0T0 MOMEHTa t CyIIECTBY-
eT IOoJIOYXKeHNe TOYKN X Ha IJIOCKOCTH, COOTBETCTBYIOIIEE 3TOMY MOMEHTY. Takoe COOTBETCTBHE MOXKET
ObITh BBIpazkeHO (yHKIueil F(t), Koropas M0 CyTH JEHCTBYeT U3 KOOPJMHATHON MPSMON B MJIOCKOCTb.
O tHako HaM MHOTJA OyIeT yI00HO IMO/ICTAB/ISTH «OECKOHETHOe» BpeMs, U, JJIs TOrO 9TOOBI (hOpMaIH30-
BaTh 3Ty UJICI0, BMECTO OOBIYHOM IIPAMOIT BpeMeHHU MbI OyaeM OpaTh HPOeKTUBHYIO. Tak BOT IIPOEKTUBHOE
JIBUKEHUE ¢ TeUYeHNEeM BPEeMEHU 9TO J000e JBMKEHHEe TOUYKHU 10 MPIMOM WIn OKPYKHOCTH, IIPU KOTOPOM
BBIIIOJIHSIETCS CTPAHHOE YCJIOBHE Ha COXPaHeHue JIBOMHbBIX OTHOIIeHu. To ecTh, ec/ii B34Th JIFOObIE YeThIPe
MOMEHTa BpeMeHN! (KaK TOYKHU Ha ITPOEKTHBHON MPsAMOii), TO UX JBOIHOE OTHOIIEHNE JIOJXKHO OBITh DABHO
JIBOITHOMY OTHOIIIEHUIO YETHIPEX MOJIOKEHUN TOYKN X, COOTBETCTBYIOIIUX 3TUM MOMEHTaM BPEMEHU.

AnaJsiornaso onpenaeimM IpAMy1o, IPOEKTHUBHO BPAalllalOIIyIOCd B IIYYIKE:

Ounpejesenne 1.8. IIpoeKTuBHO Bpamaoasics upsamas. Lydem 2060pumo, wmo nepemennan npi-
mas U epawaemen 6 nywke L npoexmueno, ecau cyuecmeyem npoexmushoe omobpadcenue F: T — L
maxoe, wmo { = F(t € T).
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JloroBopuMcst 0 HEKOTOPBIX 0003HAYCHUSX CICIUAJILHBIX ToMOorpaduil, KOTopble B JaJibHeiIeM 0y-
JIEM UCTO0JI30BaTh.

S
o [ = Lg MPOEKIHS C IEHTPOM B TOUKe S, 0TOOpazKaroIast npsaMyto ¢ B ImydoK mpsaMbix Lg.
o Rfé’ — MOBOPOT C IIEHTPOM B TOYKE S MPOTHB YaCOBOW CTPEJIKU Ha YTIoJI 1.

e 1% — romorerus c nenrpom B Touxe S u kosddurmentom k.

HOKa}KeM, KaK IIPOEKTUBHOE JIBU2KCHHE IIOMOI'acT pellaThb 3a/a49u.

ITpumep 1.1. Ilycre Ay — TOUKa KacaHusi BIHUCaHHOI OKpy2kHOCTH Tpeyrojprauka ABC' co cropoHoit
BC, D — nponssosbrast touka Ha BC. O6osnaunm 3a Ig m I 1meHTpHl BIHCAHHBIX OKDYXKHOCTERH

AABD, AACD coorBercrBerno. lokaxkure, uro LIgAilo = 90°

Zoxazameavcmeo. PazobbeM pelrieHne Ha HECKOJIHBKO TUIIOBBIX IIArOB.

1. 3adukcupyem AABC u GyjeM MpoeKTUBHO JBUTATh TOUYKY Ig 1o Ouccekrpuce ZABC.

2. IHoctpoum romorpaduio F: Bl — B, TOXKIeCTBEHHOCTbh KOTOPON PABHOCUIbHA 3a/1ade.

Odopmum «renouky» romorpaduit B Buje tabandku, 3a {p, {, obo3nadens buccekrpucel ZB u LC

COOTBETCTBEHHO:
s 3
R R T N N . N D A
I Al Al Ie Al AT, I,

B Bepxmeit cTpOKe yKa3aHbl IPSIMBIE U IIy KN, I€PEBOLAIINECS IPYT B IPyra FOMOTPAQUAMH, B HIK-
Heil — O0OBbEKTHI, KOTOPBIE 0 HUM JBHUKYTCA. OUeBHIHO, YTO 3ajada PABHOCUIbHA IPOBEPKE TOIO,
aro Ip = Ij.

3. Ilpoepum, 4TO 3aj1a49a BepHa B KaKUX-HUOYIb TpeX MojokeHusx Touku [g. [lomoxkenus: oObIIHO
yJI00HO BBIOMpPATH BBIPOXKJIEHHBIE. B 3T0it 3a/1a1e Mmbl pacemorpuM Ig = B, Ig = I, Ig = P, tiie P
IEHTD BIMCAHHON OKPYKHOCTH TpeyroybHuka ABA;. B Kaxk1oM U3 HUX 3aja9a OYeBH/IHA.

[TockoJibKy roMorpadus 0JHO3HATHO BOCCTAHABINBAETCH 110 0Opa3aM Tpex TOUEK, TIOCTPOEHHOE 0TOD-
pakeHmne u3 IpsaMoii £1 B cebsi TOXKIECTBEHHO, IOITOMY 3aJiada BepHA U IIPH JIFOOOM JIPYTOM IOJOKEHUN
Touku Ipg. ]

JlaBaiiTe MOTpEeHUPYEMCs peliaTh 3a/Ia9H, UCIOIb3ysd ITPOCKTUBHOE JIBUKeHne. Bo MHorux 3ajadax
MI0JIE3HO ITIOMHUTD, YTO HAIIPABJIEHUS CYTh TOUYKHA OECKOHEYTHO y/IAJIeHHON IPSMOii.

2. [lpsavast ¢ IpOEKTUBHO BpalaeTcs BOKPYT (ukcupoanuoit Touku P. Touka S # P — dukcupo-
BaHa. /lokaxkuTe, 9T0 OCHOBaHUE TIEPIICHINKYIIpa U3 TOUKN S Ha ¢ aBuKeTcs mpoekTuBHO. Kakosa Oyier
TPAEKTOPUS JIBUKEHUsT ITOW TOUKU !

3. Buemnne 6uccexkrpucel BB; u C'Cy tpeyronbauka ABC nepecekatorcst B Touke 4. [pswvast £,
npoxogdmast depes [ 4, mepecekaet npsambie AB n1 AC' B toukax X u Y coorBercTBerHo. Jlokaxkure, 4T0
npsiMble, cumMerpudabie pgMbiM BY u C'X otnocurensno BBy u C'CY, nepecekarorcesa va BC].
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4. Jam Tpeyronpauk ABC u touku B,y ma croponax AC, AB rtakue, aro npsimble BBy, CC\
nepecekaroTcsa Ha BbicoTe Tpeyroiabanka AA;. Jlokaxkure, aro npsimble A1 B; n A1C} cuMMeTPpUIHBI OT-
nocureabHo AA;.

5. Ha uesnanax AA;, BB;,CC; (1o ecTh, nepecekaoImuxcst B OJIHOM Touke) Tpeyrojbanka ABC
BBIOpaHbl TOYKU Ay, By u Cy coorBercrBerno. [lomoxum Az = BCyN BoC'. Touku Bz u C3 onpeiesiiorcst
anajorndno. Jlokazkure, uro npsimole AAsz, BB3 u C'C3 nepecekaioTcss B OJHON TOYKE.

6. Jlan pom6 ABCD ¢ octpbiM yriiom B. Touka O — 1meHTp ONMUCAHHON OKPY?KHOCTH TPEYTOJIbHUKA
ABC'. Ha nponosmkennn jiyda OC 3a Touky C' BeiOpana Touka P. Ilpsmas PD nepecekaercst ¢ MpsIMOIi,
npoxosieit yepe3 Touky O mnapasiiesnbHo cropore AB, B Touke (). Hokaxkure, aro ZAQO = ZPBC.

7. Ocrpoyronbubiit Tpeyronbuuk ABC Blucan B OKPYKHOCTB {2 U OIHUCAH OKOJIO OKPYZKHOCTU W.
Touka P BbIOMpaeTcss Ha OTpe3Ke, COeJUHSIIONMM 1eHTpbl ) u w. Ob6osnaunm 3a A, B’ u C' BrOopbIE
nepecedennst npaMbix AP, BP u C'P ¢ ). JJokaxkure, uro BHyTpenuue ouccekrpucekl /BA'C, /CB'A n
/AC' B niepecekaiorcst Ha JIMHUU HEHTPOB ) 1 w.

8. Uernipexyronbank ABC D onucan 0KoJI0 OKPYZKHOCTH ¢ TieHTpoM [, Ha ipsaiMbix Al u C'I BEIOpaHbI
toukn P u () cOOTBETCTBEHHO Tak, 4To yroa ZPBQ) = %AABC’ . Hokazkute, uro yrog ZPD(Q) = %AADC’ :

9. OboznaunM 3a S npoeknuio oprouenTpa Tpeyroibauka ABC Ha ero meaunany AM. OKpyKHOCTH
w npoxoaut depe3 Touku A m S u nepecekaer orpesku AB u AC B Toukax () m P COOTBETCTBEHHO.
Hokazxxure, aro orpesku BP u C'() nepecekaroTcs Ha w.

10. (a) Ilycrs f — romorpacbusi nmpoekTuBHOI mpsimoii ¢ B cebsi. [lapamerpusyem KoHEUHBIE TOUKH
ar +0b
cxtrd ¢
qucsia a,b, ¢ u d dukcuposansl. (b) Ilycrs f — romorpadust npsimbix ¢q u lo. 3aBegeM Ha KOHEUHOI
a1z + by + 1 asx + boy + 02>

dev+ey+f  drtey+f )
rjie 9ucia a, as, by, be, €1, ¢, d, e, f — bukcuposansl. (¢) Jokaxkure, 9ro 11060 0TOOpaKEHNE MIIIOCKOCTH
R? Taxoro Bujia, KOTOPBIil onucan B myHKTe (b) MOKeT GbITH OJHOZHAYHO MPOJIOJIZKEHO JI0 TIPOCKTHBHOTO
peobpa3oBaHmst TPOEKTUBHON MIJIOCKOCTH.

npsiMoii iepemennoit z. Jlokaxkure, aro orobpaxkenue f dpobno-aunetino, To ectb f(xr) =

YaCTH IJIOCKOCTH JIEKApTOBBI KoopaumHathl. JJokaxure, uro f(x,y) = (

11. Orobpaxkenue [ u3 KomiuiekcHoit npsimoit C B cebst 3a/1aeTcsd B JIEKAPTOBBIX KOOPJIMHATAX KAK

_ P

9T0 f COXpaHsIeT JIBOWHBIE OTHOIIEHH JII0OON YeTBEPKN KOMILIEKCHBIX YHCEI.

, e P u (Q — muorowsienst. [lycts gonmosiauTe 1bHO N3BECTHO, UTO f OuekTuBHO. /lokaxkure,
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2 IIpoekTuBHOE ABU2KEHHE -+

VIMBATEILHBIM 00Pa30M OKa3bIBACTCH, YTO MHBEPCHUsI, CYKEHHasl HA OKPYKHOCTb WJIM IPAMYIO, TaKKe
COXPAaHsIET JIBOIHBIE OTHOIIEHMST!

Teopema 2.1. ITycmv npu unsepcuu L okpyscrocmsd uiu npamas ) neperodum 6 oKpyHcHOCTS UAU NPA-

myto Q2. Tozda das mobwix wemwper movex A, B,C, D € Q eepno (A, B; C, D) = (Z(A),Z(B);Z(C),Z(D)).

oxazamesvcmeo. Panee ObLIO JIOKA3aHO, YTO JIBOIHOE OTHOIIEHUE HYETBEPKU TOYEK Ha IMPAMON MK
OKPY?KHOCTHU PABHO JIBOITHOMY OTHOIIEHUIO KOMIIJIEKCHBIX KOOPJMHAT 9TUX TO4YEK. BocIob3yeMcd 3TUM.
Bresiém KoMILIEKCHBIE KOOPJIMHATHI TaK, YTO OKPY?KHOCTb, OTHOCUTEILHO KOTOPOIl CTPOUTCS WHBEP-

cusi T, 3ay1aéres ypasaenueM zZ = 1. O6pas Z(z) npousBoJibHOIT Touky 2 miockocTu Oyaer Z(z) = =
Z

ObozuaunMm 3a a,b, ¢ 1 d KOMILIEKCHbIE KOOP/IMHATHI TOYEK U HAIUIIEM:

1 1 1 1
vt = (355g) -4 -
c b d b
c—a d—-a c—a d—a c—a d—a
- T s T : = : = (a, b;c,d).
1T T b d—b b a—p (whed

Teopema 1o3BOJIAET CAeIaTh CAEYIONINE KpaliHe 1moJie3Hoe HabJIIoIeHne:

12. IIpoeknusi okpy»>kHocTu Ha cebs. a) [lycrs ) — okpyKHOCTB, S — NPOU3BOJIbHASI TOYKA
IJIOCKOCTH, He Jiexkallast Ha okpyzkHoctu. Kazxk ot Touke X € ) comocraBum Bropyto Touky F(X) mepe-
cevenust ipsamoit SX ¢ . Torma orobpazkerne F: ) —  npoexrusHo. b) /lokaxkure, 1410 oTo6pazkeHue,
corntoctapigomue Touke X npsmyio SX € L HE npoekrturHo.

13. IlepebpachiBalne OKpPY»KHOCTH Ha KacaTejabHYI0. [lycTs Touka X aBmzKeTcs 10 mpsiMoii £,
KOTOpast Kacaercs okpyxuoctu ). O6o3HaunM ocHOoBaHMe BTOpOil Kacaresbhoit 3 X k Q 3a Y = F(X).
Torna orobpazkenue F: £ — () NIPOEKTUBHO.

14. ITepebpacbiBaHue OKPY2KHOCTHU Ha cebst yepe3 npsamyto. a) Touka X JIeKUT HA OKPYIKHO-
cru €), { — dpukcupoBanHas MpsiMasi, He Kacatorasica €. [lycts KacarebHast K €, BoccTaHOB/IeHHAst B X
nepecekaer ¢ B Touke Z, Y = F(X) — ocnoBanue Bropoii kacaresbhoii u3 Z k ). Torga orobpazkernne
F: Q — Q upoekrusno. b) lokaxure, 1ato oTrobpazkenue, cornocrapsomnie Touke X Touky Z € ¢ HE
IIPOEKTUBHO.

ILOK&:B&HHBIG BBIIIIE JIEMMBI 9aCTO IIOMOI'alOT pPellaThb 3aJav9u IIPOCKTUBHLIM JBU2KCHHUEM.

15. Ilyctb Y4, v, 7¢ — BHEBIUCAaHHBIE OKpPY:KHOCTU Tpeyroibanka ABC, Kacarormecss CTOPOH
BC,CA, AB coorBercrBerro. O6o3nadnM 1uepes £4 OOIIYIO BHEITHIO KACATEIHHYIO OKPYKHOCTEH Y U
Yo, ormanyio or BC'. Anajorndno ompejesnnm npsimble £, {o. 3 Touku P, nexameit Ha {4, IpoBeIeM
OTJIMYHYIO OT {4 KacaTeJbHYyIO K Yg U HaiijgeM Touky X ee nepecedenns ¢ . AHAJIOrMIHO HaleM TOUKY
Y nepecedenus kacareabuoit u3 P x yo ¢ {g. Jlokaxute, aro npsamas XY KacaeTcs Y.
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16. Octpoyrosbabiil Tpeyroasauk ABC ¢ opronenTpoMm H BhImcaH B OKPYKHOCTB w ¢ TieHTpoM O.
[Ipssmas | mpoxomut gepe3 H u mepecekaer Mmenbinme nyru AB u AC B Toukax P un () cOOTBETCTBEHHO.
[Tycrs AA” — nmamerp okpyzkuocru w. Ipsvbie A’P u A'QQ nepecekaior BC' B Toukax K u L coorser-
crBenno. Jokaxkure, uro Touku O, K, L u A’ nexar Ha 01HOI OKPY?KHOCTH.

17. Ilycts S — npoeknus meaTpa I OKpy:KHOCTH Ha auaroHab AC OIMHMCAHHOIO OKOJIO HEe UeThI-

pexyronbuuka ABCD. Jokaxkure, uro /BSA = /DSA.

18. Ilaruyronsauk ABCDE onucan okoJsio oKpyzxHOCTH w. [lapel gyueit FA u CB, AE u CD,
AB u DC, BC' u ED nepecekatorcst B Touax P, (), X,Y coorBerctBenHO. OKpPYKHOCTh W Kacaercs AFE
B Touke R. Okazasock, uro XY || AE. Ilycrs okpyzxuoctu (AXQ), (PY E) nepecekatorcst B Toukax S, 7.
Hokazxxure, aro Toukn S, T, R jexkar Ha OJHON MPSIMOI.

19. Ilpsamas ¢ npoxoaut depe3d mnentp O onucaHHoi 0K0J0 Tpeyrojibanka ABC okpyKHOCTH, TIe-
pecekasi cropoubl AB, AC tpeyrosbauka B Toukax P, (). Jlokaxkure, 910 OfHA M3 TOYEK EPECEUCHUsI
OKPY2KHOCTEHl, MMOCTPOEHHBIX Ha oTpe3kax B(),C'P Kak Ha juaMeTpax, JIeKUT Ha OKPYKHOCTHU JIEBITU
touek Tpeyrosbauka ABC, a Bropas — Ha OIMUCAHHOW OKOJIO HErO OKPY?KHOCTH.

20. 2023 npsiMble TIepeceKaloTcsd B 0JTHON Touke. B Kaxk b1t n3 4026-1 yriioB BIIICAHO 110 OKPYKHOCTH;
OKPYZKHOCTHU KacaroTcsd JIPYT JIpyra 1o nmukay. Ha croponax yryiioB orMedeno 1o Touke. M3BecTHO, 9TO J11
BCEX YTJIOB, KPOME OJTHOT'O, OTPE30K, COCINHSIONINI OTMEeUYeHHbIe TOYKN Ha CTOPOHAX, KAcaeTCs BITUCAHHO
B yroJl OKpPYKHOCTHU. /IOKaKuTe, 4TO JJIsi OCTABIIIEr0oCs yIJia 3TO TaKzKe BEPHO.

21. Badukcupyem cropoust AB n AC tpeyronbanka ABC, a TakyKe BIIMCAHHYIO B HETO OKPY?KHOCTH
w. okarkure, 910 TOYKa KacaHud w ¢ orpe3koM BC' mpoexkTnBHO 3aBucuT orT Touku Deitepbaxa 3TOro
TPeyroJIbHUKA.

Teopema 2.2. Hacrtubiii cay4daii Teopembr IloHcese, MOXKHO HCIOJIB30BaTh 6€3 JI0Ka3aTeb-
crBa. Tpeyzorvrur ABC enucan 6 okpyscnocms ) U 0nucar 0KoA0 OKPYHCHOCTIU W (B03MONHCHO, BHEUL-
num obpazom). Ilycms moura A' makorce aescum wa Q, Kacamenvrvie ud Hee K W MOPUHHO NEPECErarom
Q 6 mourxax B' u C'. Toeda npsamas B'C’ xacaemes w.

JlaBaiiTe 3aMeTHM, 9TO B JIAHHON KOH(MUTYPAIMH UMeeTCs Tapa OMEeKTUBHO 3aBUCHIINX JAPYT OT JIPyTa
TOYEK: KaK/10#1 Touke A ommcaHHO OKPYKHOCTH COOTBETCTBYET TOUKa KacaHus ctopoubl BC' co Biuca-
HOIl OKPYKHOCTBIO. Bo3HMKaeT 1mojo3penue, 4To Moj00HOe OTOOpazKeHrne ¢ OIMMCAHHON OKPYXKHOCTH Ha
BIIMCAHHYIO TaKKe MMPOEKTUBHO.

Jlemma 2.1. Tomorpadum koudwurypamum lloncene. Ilycmv mpeyzorvrux ABC' spawaemcs no
Honcene ¢ coxpanenuem enucarnot oxpyotcnocmu. Toeda mowka Ay — xacanue ompeska BC' co enucam-
Hotl okpystchocmvro, mowky Sa u Ta — cepedunv dye, cmazusarowuxr ropdy BC, mouka I4 — yenmp
BHEBNUCAHHOT 0OKpYAHCHOCTY, Kacarousetica ompeska BC'; ece nepevwucaenmnvie mowky npoexmusHo 3G6u-
cam om movku A.

Orobpazkenne, nepeBosdiyto Touky A B Touky A, Oyaem HazwiBaTh romorpadgueii Iloncere u 0bo-
3HAYATH ee P.

oxaszamenvcmeo. Obo3naunm depes I u O 1MEeHTPBI BIIUCAHHON U OMUCAHHOW OKPYKHOCTEH TPEyroIbHIKA
ABC' cOoOTBETCTBEHHO. 3aMeTUM, 9ITO
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e Cepemnna Sy ayru BC' ecth 00pa3 TOUKH A TPHU MPOEKINK ONMMCAHHON OKPYKHOCTH Ha cedst C 1eH-
TPpOM B TOUKe [.

e Touka T4 [uamMeTpabHO MTPOTUBOIIOJIOXKHA TOUKE S 4.

e Touka A; — obpa3 TOUKU Sy NPU MOJOKUTEJTHHON TOMOTETHH, TIEPEBOJIAIIEH OIMUCAHHYIO OKPY K-
HOCTH BO BIIMCAHHYIO.

e B cumry jiemMmbl 0 Tpe3yOIe Touka /4 — obpa3 cepenunbl Sy gayru BC' npu roMoTeTuu ¢ IMeHTPOM
B Touke | u kKoapdurmenTom 2.

dBHO MpembsBienbl ToMorpadun, o Touke A crposmme Touru Syu, T4, A1, [4, a 3HAIAT OHU JIEHCTBU-
TeJILHO TTPOEKTUBHO 3aBHUCAT OT A. O

O6wrano romorpadun [loncene ouenb xoporo paboTalOT BMeCTe Ha APy C METOJIOM IMOJMHOMU-
aJIbHOI'O JIBUYKEHUS TOYEK, KOTOPBI 0000IIaeT MpoeKTUBHOE JiBUKeHre. Ho HeKoTOpble TPy IHbIE 3a1a4n
YAaeTCd PEeHInThb JIMIIb y2K€ U3BECTHBIM HaM allllapaTOM.

22. Bomykisrit mectuyrosbauk AQC PBR Bumcan B OKPY:KHOCTB ), W TPU 3TOM TPEyrOJbHUKI
ABC un PQ R onmcanbl OKOJIO OJTHOI U TOit 2Ke OKpy:KkHOCTH 7. [Ipsimas ¢, mapastenbraast mpsamoit BC' u He
coBmaJiamoIas ¢ neit, kacaercsd 7. I[lycte P, — Touka nepeceuenus npsmoit £ u orpeska QQR. Jlokaxkure,

uyro /PAB = /P, AC.

23. Tpeyrompaukn ABC u DEF omnmcanbl OKOJIO OKPY?KHOCTH W ¥ BIUCAHBI B OKPY’KHOCTH 7.
O6oznaunm 3a K u L Toukn kacanus orpe3koB BC' u K F' ¢ okpyKHOCTbIO w. [Tomoxkum N u M — BrOpbIe
nepecevenust AL u DK ¢ 7 coorBerctBenno. Jlokaxkure, aro npsameie AM, FF, BC, ND nepecekaiorcs
B OJTHOW TOYKeE.

24. Ilycrs okazasiock, uro B Konduryparuu [loncesne Bepmunbt A u B BpalaioIerocs TpeyrojibHIKa
3aBUCAT JIPYT OT JIPyra NPOEKTUBHO. J[oKaxKuTe, 9TO BPAIAIONINiCT TPEYTrOJbHUK — MPABUJIHHBII.

BosMoxkno, nociie/ings 3ajiada Moka MoKazkeTcst BaM cjioxkHoil. [Ipegnaraem BepHyTCca K HEll mocie
TOro, Kak Bbl pazbeperech ¢ NpHHIIMIIOM OTHOCHTEJIHHOCTH.

XopoIo u3BecTHO, 4To TeopeMa lloHcese BepHa He TOJIBKO JI/Isi TPEYTrOJbHUKA, HO U JIJIsA JIIOOOTO
N-yroJbHUKA. B CBA3M ¢ 9TUM BO3HUKAET TAKOI €CTECTBEHHBIN BOIIPOC:

25. Ilycrs MmHOTOYTONBHUK A1 As ... Agpyq Bpamaercs o [oucere. Bepro s, uro Touka Agy1 mpo-
€KTUBHO 3aBUCUT OT TOUYKM Kacauus 3BeHa AqAg, 1 €O BIMCAHHON OKPY?KHOCTBIO?

Hawm me m3BecTHO dJIEMEHTapHOE JOKa3aTe/IbCTBO 3TOI'O0 YTBEPXKJICHUA.
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3 Kounukn

Onpenenenue 3.1. Kouuka. Hesupoorcdernoti Konukot mu, 6ydem 1a3ueams obpasd oKpyaHcHocmu no-
CAE MPOEKMUBH020 NPeodpadosarus. Bupoocdennoti KoHuKxot Ha3vi8aemcs napa NPAMuLT UL NPAMAL.

MozkHO 6e3 JoKazaTebCTBa HOJIb30BaThCA TEM, YTO JH00asd HEBLIPOXKJICHHAsA KOHHMKA 9TO OKDPYZK-
HOCTb, 3JUIAIIC, Hapabo/i1a WK ruiepbo/ia; a TaKzKe TeM, 9TO JI00asd KOHUKA SBJIAETCA MHOXKECTBOM TOYEK
(x,y), yloBIeTBOpAOIIX ypaBHeHuto ax’ +by*+cxy+dr+ey+f = 0, tne a, b, ¢, d, e, f — duxkcupopanuble
BeIIIeCTBECHHBIC YHCJIA.

Bes JOKa3aTe/JIbCTBa pa3peliacTCda UCIIOJIb30BaThb CAeAyIoIice yTBEP2KIACHUE:

Teopema 3.1. Yepes arobvie namov mouek, HUKAKUE MPU U3 KOMOPHIT He AEHCAM MG 00HOT NpAMmOT,
MOHCHO MPOBECTNAU HEBBIPOHCOEHHYIW KOHUKY, NPUYEM €QUHCTMEEHHLM 00PA3OM.

Omnpenenenne 3.2. JIBoiiHoe oTHOIIIEHNE YeThIpex TOYeK Ha KOHuUKe. [lycmv A, B,C, D — mouxu
Ha Konuxe €2, a S — ewe odna mouxa na et oice. Bydem nasvieamv 080UHBIM OMHOULEHUEM YEMEEPKU,
mouex (A, B; C, D) na xonuxe deotinoe omuowenue wemsepku npamux (SA, SB; SC,SD).

26. Jlokaxkute, 9TO 3TO OIpeeIeHNe JTBOHOTO OTHOIIEHUST KOPPEKTHO.

27. Ha xonuke C namunch Tpu Toukn A, B u C, nexarniue Ha omHoit npsamoit. Jlokaxkure, aro C —
BBLIPOXK JIEHHA.

28. a) Ilpsimble a; u by IpoeKTUBHO BparmatTcest BOKpYTr Touek A u B coorsercrBenno. Jlokaxkure,
9TO TOYKA [epecedeHus] IPSIMbIX a; W b; TPOEKTUBHO JIBUKETCS M0 HEKOTOPOH KOHUKE (BO3MOXKHO, BbI-
poxernoit) b) Touku A; u By NIPOEKTUBHO JBUKYTCS 110 IPAMBIM @ U b cooTBeTCcTBeHHO. JloKazkuTe, 910
npsivmast A, By orubaer HEeKOTOPYIO KOHUKY (WJIH BCEe BPEMs TIPOXOIUT Yepe3 (PUKCUPOBAHHYIO TOUKY ).

[Ipu Kakux ycjaoBUAX B IPEJbLIYINEH 3a/1ade KOHUKA TOJIYIaeTCsi BHIPOXKJICHHO?

29. Touku A; u By JBMAKYTCS 1O TPSIMON € TOCTOSHHBIMEA CKOpOCTsMu. Kakyio KOHWKY orubaer
COEJINHAIONIAs UX NpAMasi’

Konnkn 3a9aCTYIO OKa3bIBalOTCA I'€COMETPUIECCKUM MECTOM TOYEK Pa3IMIHbIX 00 BLEKTOB.

30. /lanbl OKPYKHOCTH U TpsiMasi, repecekatoriuecs B Toukax A u B. Haiimure I'MT roduek, s
KOTOPBIX KacaTe/IbHAad K OKPY?KHOCTU PaBHA PACCTOSHUIO JI0 TIPAMOII.

31. Ha croponax octpoyrosibaoro tpeyrojbanka ABC Kak Ha OCHOBAHUAX CTPOSTCH MOI00HBIE DaB-
HobGenpennbie Tpeyronbuuku BA;C, CB1 A, AC, B (s1mbo Bce BHYyTpPb, Jnb0 Bee HAPYKY). okaxkure, aro
upsambie AA,, BBy, CCY nepecekaiorcs B oHO# Touke, n Hajigure ux I'MT.

I/IHOF,ILEL IIpuMeHeHe KOHUK OKa3bIBaCTCd II0JIESHBIM B 3a/Ja4Y9aXx, HaIllpAMYIO ¢ HUMU HE€ CBA3aHHBLIMMU.

32. B ocrpoyrosbaom HepaBHOOeapeHnHOM TpeyrosibHuke ABC oTMeueHbl N30TrOHABHO COIMPSIYKEH-
uble Toukn P u Q). Touka W — cepemuna qyru BAC okpyxuaoctu (ABC). Ipsvbie WP u W Q) Bropoii

8
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pa3 mepecekaioT okpyxHocTh (ABC) B Toukax X u Y coorBercrBenno. Yepes Touku P u () IpoBeieHbI
npsIMble, TapaJjiieababie npsamoit AW; stu npsmbie nepecekator cropousl AB, AC' B Ttoukax Pg, Po, ()p,
Qc. Hokaxure, uro Touku X,Y, Pg, Po, ), Q¢ 1exkar Ha OJHON OKPY?KHOCTH.

33. Okpy:KHOCTB, BIUCAHHAA B HepaBHOOeapeHHBbIN Tpeyroibuuk ABC, kacaercs ero cropon BC,
CA u AB B toukax Ay, By u C; coorBercrBenno. Tpu myxu mossiau mo npsambiM AA;, BBy u CC; ¢
[IOCTOSTHHBIMHU CKOPOCTSIMH TaK, YTO B KaKOW-TO MOMEHT OHU HaXOMWIHCh B Toukax A, B u C', a B apyroii
MOMeHT 6bLn B Toukax Ay, By u C. B HeKOTOPLIi MOMEHT BpeMeHH BCe TPU MyXH HAXO/IMJIACH Ha, IPAMOIL
P1, @ B HEKOTOPBI JIpyroii MOMEHT — Ha TpaMoil py. Jlokaxkure, ato p; L po.

34. Ha croponax AD,CD uerbipexyronbuuka ABCD Boibpansl Touku P, () tak, uro LABP =
ZCBQ. O6osnaamm 3a S touky mnepecederns C'P ¢ AQ. Jlokaxwure, uto /PBS = ZQBD.

35. Paccmorpum npousBosibHBIN Tpeyroibank ABC ¢ nenrpom [ BrnmcaHHON OkpyzkHOCTH. [Ipsi-
Mmas ¢ mepecekaer npsambie Al BI w C'I coorBerctBenno B Toukax D, E, F, ormuaneix ot A, B, C' n
I. Cepenunnble nepreHMKYIIpbl K orpeskaM AD, BE u C'F o0pa3yior TpeyroJbHUK A ¢ OMUCAHHOIM
OKPYKHOCTBIO w. Jokaxkure, uro okpyxuoct w u (ABC') xacaiorcs.
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4 IlosmmHOMUMAaJIBHOE ABU2KeHune

Omnpenenenne 4.1. IIpoeKTuBHAs MIIOCKOCTD. [[poexmusHotl NA0CKOCTIDI0 HA3BIBAEMCA MHOHCECTEO
BCET NMPAMBLT 68 NPOCMPAHCMEE, NPOTOOAWUT Yepe3 dukrcuposarnyro moury O, a amu npamwvie Ha3vi60-
I0MCA MOYKAMU NPOCKMUSHOT NAOCKOCTIU.

Ha xaxkmoit mpamoit B R3, mpoxonsmeit depe3 Hadago KOOPIMHAT, MOKHO BBIOPATH JTIOOYIO TOUKY
(x,y, z), ormmuHyt0 OT Havasa KoopauHaT. Takum oOpasoM, Bce HeHyJIeBble TPOHKU [T : Y : z] ¢ TOYHO-
CTBIO JIO MPOMOPIUOHAIBLHOCTH KOJAUPYIOT TOYKHU MPOEKTUBHON IJIOCKOCTH U HA3BIBAIOTCS OJHOPOJHBIMHI
KOOpJIMHATAMU Ha IIJIOCKOCTH. DTO OIpeJe/IeHre €CTECTBEHHO COIVIACYeTCs C JIAHHBIM paHee UHTYUTHUB-
HBIM: ec 3aUKCHPOBATE B IIPOCTPAHCTBE OOBIMHYIO IJIOCKOCTh |z = 1, He comepzKaIyio Touky O, To
Kask10#1 ee Touke A comocrtapisercs npsamas OA, a Kaxk 10t O€CKOHETHO YIATEeHHOW TOYKE HEKOTOPOTO
HaIPaBJIEHNs COIOCTABJIACTCA TpAMasd, TPOXoJsdIad depe3 Touky O mapaJsiie/lbHO (v COOTBETCTBYIOIIETO
nanpassenust. Tpoiika [0 : 0 : 0] He 3a/jaeT HUKAKYIO TOYKY HPOEKTUBHOM ILIOCKOCTH.

Bamerum, uro ocu OX u OY TpexMepHbIX KOODIMHAT IapaJjliebHbl IJIOCKOCTH <, a ock OZ nep-
nenuKysaspaa eii. Crupoenuposas OX u OY Ha q, IIOJIy9UM CTaHJAPTHYIO CUCTEMY KOODJMHAT B 9TOM
wockocTr. Touka ¢ KoopauHaTaMu (2, y) B 9TUX KOOPAMHATAX MMEET OJIHOPO/HBIE KOOPAMHATEL [z @ y : 1].
BeckoneduHo ynajieHHbIE TOYKH TPOEKTUBHOM TIOCKOCTH UMEIOT OJHOPOJHBIE KOOpAUHATHI [z @ y : 0]

[IycTh p u ¢ — JiBe pa3jMyHbIe TOYKU IIPOEKTUBHOM 1J10CKOCTU (v. [locMOTpUM Ha ILJIOCKOCTH, TTPOXO-
JISTIYIO Yepe3 ToUKu p, ¢ u O, — ona 3aj1aercsd ypaBuenueM ax+by+cz = 0, rje a, b u ¢ — bukcupoBaHube
YHUcIIa, BRIOpAHHBIE ¢ TOYHOCTHIO JI0 MPOMOPIMOHATLHOCTH. O THOPOIHBIME KOODIHHATAMHU IIPSIMON PG MbI
OyjieM Ha3bIBATh TPOIKY uuces [a : b : ¢| ¢ TounocThio j10 nponoprmonaabuoct. Tpoiika [0 : 0 : 0] me
3a/1aeT HUKAKYIO IIPIMYIO.

Jlerko BUETH, UTO TOUKA [To @ Yo : 2] JIEKUT Ha NMPAMOiL [a : b : ¢] Torja u TOJBKO TOTJA, KOTJa
azrgy + brg + czg = 0, OTKyma IPsSIMOIi MOICTAHOBKOI CJIeIyeT CAeAYIONee yTBEPIK ICHUE:

JIemma 4.1. Kosggpuyuenm npamoti, nporodawed wepe3 mowku ¢ koopounamamy [Ty @ yy : 21] u [Tg :
Yo : 22|, MoodicHO 3anucamb Kak

[9122 — 21Y2 1 21Ty — X122 L T1Y2 — y1$2]
a Koopdunamy mouwky nepecedenus 06Yxr npamux [ay : by : c1] u lag : by @ o
[b102 — Clbg . C1Q9 — a1C2 a1b2 — b]_a2]
Anajoruunbiv 06pa3zoM MOXKHO OIPEIEIUTh OJHOPOIHBIE KOOPAMHATEL Ha IIPOCKTUBHON IPAMOIl, KO-

TPyl €e TOUKM [apaMu 9ucest [z @ Y| ¢ TOYHOCTBIO JI0 MPOMOPIMOHAIBHOCTH. [I0CKOJIBKY BpeMs — 35TO
TOYKA [TPOEKTUBHOMN MPSMOIl, €6 MOXKHO PacCMaTPUBAThH Kak Iapy duces [ty : tol.

Pannee Mbl paccMaTpuBajM 0TOOparXKeHUsI U3 MPOEKTUBHON MPSIMOil B MPOEKTUBHYIO IJIOCKOCTH (a
KOHKDETHO, B IPsiMble U KOHUKU Ha Heil ), COXpaHstolue ABoiiHble oTHOIeHns. Ceiiqac Mbl pACITHDIM HaIIT
apceHasl ITOTHHOMHAIBHBIMI OTOOPasKeHHsIMI, TO ecTh TakuMu dynkumsamu F: RP! — RP?, kotopsle na
BX0J[ OepyT mapy dmcesi ty,ts, a HA BBIXOJE BBIAIOT TPOHKY MHOrowieHoB P(t1,ts), Q(t1,t2) u R(ty,ts),
OTBeYAaIOIIKe TPOHKE OJHOPOIHLIX KOOPAMHAT TOUYKU Ha MPOCKTUBHON ILIOCKOCTH.

OueBniHO, YTO Ha MHOrOWIEeHb P, () 1 R HY»KHO HAJIOXKUTH HEKOTODPBIE yCJIOBUs, YTOOBI YKA3aHHOE
oToOparkeHne KOPPEKTHO 0TOOPAaKaJI0 TOUYKH IMPOEKTUBHON TTPAMOI-BPEMEHN B MIPOEKTUBHYIO ILIOCKOCTD.
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MHoro4jieHbI 10JI2KHBI OBITH OJITHOPOIHBIMUI (t%—|—2t1t2 HOJXOIUT, & 342ty — HeT) 7 OJIMHAKOBOM CTEIICHMU,
9TOOBI MOKHO OBLIIO IIPOIOPIIMOHAIBHO 3aMEeHSITh KOOPIMHATHI. TaKzKe MbI HE XOTUM, YTOOBI JJIsI KAKUX-TO
t1,ty Bce TpU MHOTOYJIEHA pa3oM 0oOpalla/iich B HOJIb, JJIsi 9TOTO MOTPeOyeM X B3aUMHYIO IIPOCTOTY.

Omnpenenenne 4.2. CrenenHasi 3aBUCUMOCTb. Bydem 2060pumnv, 4mo cmenens 3a8UcCuUMOCTIU MOUKU
X om epemenu pasna k, ecau 00nopodnvie Koopdunamou, mowku X mootcno zanucams kax [Py(ty,ts)
Py(ty,t3) : P3(t1,t3)], 2de P; — 0dnopodvie noaunomv, crmeneru k om epemenu, Komopuie 63aummo npocmot
6 cosokynrocmu. Anasozuuno onpedesum cmenen 3a6UCUMOCTIU NPAMDBLT.

JIerko MmoHsTh, YTO TAKOE OIpe/ie/IeHIe KOPPEKTHO.

Jlemma 4.2. O ciaoxkeHum crernenein. [lycmos mouku X u 'Y deuoscymces co cmenenamu a u b coom-
sememeenno. Tozda cmenenv npamoti XY we eviwe, wem a + b.

Jlokaszamenvemeso. OBO3ZHAIMM OJHOPO/HbIE KOODJMHATHI TOUEK 3a |1 : T @ 23] U [y1 : Yo @ y3] cooTer-
CTBEHHO, TOIJa KOOPAMHATHI NpsiMoii XY 3a/1al0TCst KaK [Toys — T3Ys © T3y — T1Y3 © T1Ys — Y1Ta). Ecin
T; — TO MHOIOYJICHBLI CTEIIeHH He BBIIIE, YeM @, a 1; — He BbIIe 4eM b, TO yKa3aHHbLIC BBbIPAsKCHUS —
HOJIMHOMBI CTElleHH He Bblme, dyeM a + b. OTMernM, 9To OIleHKa MOXKeT ObITh He TOYHA TOJILKO B TOM
cJlydae, KOrJa MOJIyYuBIIasgcs TPOiKa MHOTOUYICHOB HE B3aUMHO IIPOCTA B COBOKYITHOCTH. O

Jlemma 4.3. ITycmov mouka X cmenenu 1 dsustcemces no npamoti, He npoxodswet weped mouky S. Tozda
cmenens npamot SX makoice pasha 1.

Joxazamenvcmeo. VI3 jieMMbl O CJIOXKEHHH CTEIEHEl CJielyeT, YTO CTeleHb MmpsaMoii SX He BbIIlle, deM
0 + 1. Tak xKaK npsgMas He HEIO/BUXKHA, TO OIIEHKA TOYHA. O

B ciemytomeit riiaBe Mbl JIoKaxkeMm 0oJjiee ODIILYIO TeOpeMy: eCJii TOYKa X CTeleHU a JIBUXKETCH 110
MIPOM3BOJIBHON TPAEKTOPUHU, HE TPOXOJAIIeil depe3 TOUKy S, TO crerneHb npsmoir SX paBHa cremeHn
TOYKHU X .

Teopema 4.1. Cmenensv 3asucumocmu mouku X, npoekmusno edyuwet no npamot, pasna 1. Cmenenv
NPOEKMUBHO BPAULIOWETCA 6 NYwKe NPAMOT makxoce pacHa 1.

Joxazamenvcmeo. Jlis Hadasia moKazkeM, 9TO JIFODOE MPOEKTUBHOE OTOOPaXKeHUe M3 MPAMO B IPAMYIO
MOXKHO Pa3JIOKATh B KOMIIO3UTIUIO TTapaJlJIEJIbHBIX MMEPEHOCOB U MEHTPAJbHBIX TPOEKITHIA.

[Iycts Touku A, B u C' upsimoii ¢1 niepexonst B Touku Ay, By u Cy npsimoit o, Ecim ¢4 || 2, To crpo-
erpyeM {1 Ha JT00YI0 He MapasieIbHY0 UM IPAMYIO 1 Oy/IeM pemaTh 3aa4dy /s Haphl He apaJlie bHbIX
npsmbix. Creraem mapaJsiiesbHbIN epeHoc npsaMoit {1, mepeojsmmii Touky A B Touky A, Touku B u
C' nepenutn npu wvem B B u C'. Ob6oznaunm 3a S nepecedenne BB’ u C1C’" (Bo3MOXKHO, GECKOHETHO
yaasertoe). [Ipoekiusi ¢ eHTpoM B ToUKe S, mepeBojsinast £ B {3, peajnsyer HCKOMYO ToMorpadmuio.

OueBnIHO, YTO TapasIeIbHBIN ITepeHOC He MEHSIeT CTelleHb 3aBUCHMOCTH, ITO3TOMY HYKHO ITPOBe-
PUTh, YTO IeHTpaJIbHad MPOEKINS TPOEKTUBHO JABUXKYINEHCA MO0 TPAMOIl TOYKN HE MEHSET CTeleHb 3aBU-
CUMOCTH — 3TO CJIJIyeT U3 IIPEeAbLAYIIeil JIEMMBbI. L]

Teopema 4.2. [Ipoekmushvie npeobpadosarum NAOCKOCNU AUHETHO MEHAIOM 00HOPOIHVIE KOOPIUHAMDL.

Jlemma 4.4. O6 yaBoeHUM creneHu HA KOHUKe. Touka X, npoekmusHno 6e2aiowas no oKpyHcHocmu
(koHuke), umeem cmenensv 3asucumocmu 2.
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oxasamensvcmeo. OrMeTnM Ha OKPYKHOCTH JiBe (huKcupoBaHHbie Toukn A, B, Torma npsmbie a = AX n
b = BX BpamaroTcsi IPOEKTUBHO, CJIEJIOBATEILHO TOUKA X OIPEJIE/IAETC KaK IMepeceueHue JIBYX MPAMBIX
CO CTENEHSIMU 3aBHUCUMOCTH 1, TOTJa TI0 JIeMMe O CJIOKEHWH CTeleHeil mojydaeM TpebyemMoe. O

3ameuanme: Jlerko moHsTh, BepHa U JiBOWCTBeHHas jemMa: Ilycrs npsimas ¢ BparmaeTcs BOKPYT
OKPY2KHOCTH (KOHHKH) TaK, 9TO TOYKa KaCaHHA UMEeT CTEIICHb JIBH2KETCA IIPOCKTUBHO. TOI‘,[L& CTEIIEHb g
OIIEHUBAETCA KaK 2.

Teopema 4.3. Ymobw nposepumsv, wmo mouxa cmenenwu k ecezda cosnadaem ¢ moukotl cmenenu [,

docmamouno nposepums k + [+ 1 nosootcernue.

Jlokaszamenbcmso. 3aMeTHM, YTO COBIAJIEHNE TOYEK B MOMEHT BPeMeHHU [ty : ls] PABHOCHIIBHO TOMY, YTO
OTHOIIIEHUSI MHOTOYJIEHOB OT t1, to, 3aJIAI0MNX KOOPIANHATHI TOUEK, PABHBI:

Pulty ta) _ Qalty, t2)
Pyt ta) @yt ta)
(tlatQ) _ Qy(t1>t2)
Eth 2% Q:(t1,t2)
P.(t1, 12 _ Q- (t1,12)
\ (tl’ tQ) Qr <t1, t2)

Y70 paBHOCHJIBHO (€C/IM COOTBETCTBYIOIIAsI Iapa 3HaMeHaTe el He obpalaercs B HOJIb):

Po(ty,t2)Qy(t1, t2) = Py(t1,t2)Qu(t1, t2)
Po(ty,12)Q-(t1, t2) = P.(t1, t2)Qu(t1, t2)

A jy1s1 TOrO, ITOOBI TPOBEPUTDH TOXK/IECTBEHHOE COBIT ICHIE OTHOPOIHBIX MHOTOYJIEHOB OT JIBYX Iepe-
MEHHBIX CTEIIEHU He BBIIIE YeM k + [, JIOCTaTOYHO TPOBEPUTH k + [ + 1 He IPOIOpIMOHAIBHOE TTOJIOKEHNE.
JleficTBUTE/ILHO: ec/li MHOTOUJIeH OOHyJ/IsdeTca B Toukax (z;,y;) npn y; # 0, To pasaenus P(ty,ty) na g

.. . U1 ..
rje d — cTeleHb MHOIMOYJIEHA, TIOJIYIHM ITOJIMHOM OT OJTHO IepeMeHHOMN et KOJIMIECTBO KOPHEN KOTOPOTO

2
OoJIbIIIE €ro CTEIIEHH!, IIO9TOMY OH TOXKIECTBEHHO PaBEH HYJIIO. Ecmm xe OIMH M3 IIOJaHHbIX HaM MOMECHTOB

Bpement [t : 0], TO MOYKHO BBIHECTH to KAk OOIIIT MHOKHUTEb 1 IPAMEHUTH K OCTABIIEMYCs PEIbIILyIIee
paccyXKJieHue. ]

AnajioruvHo, 771 MPOBEPKU MHITHIEHTHOCTH MIPSIMOI CTENIeHN k U TOUKN CTENeHN | TaKKe JOCTATOTHO
poBepsTh k + [ + 1 mosoxkenue.

CdopmynupoBaHHbIit HAOOP JIeMM sIBJIZeTCsT «0a30BBIM» U yzKe IIOMOTaeT pelraTh MHOXKECTBO He
IPOCTHIX 3a/1a9. YOeInMcs B 9TOM Ha IIPUMeEpE:

ITpumep 4.1. Ha npamoti BC' nepasnobedpennozo mpeyzorvnura ABC evibparv. mowku P u Q) mak,
ymo BP = CQ. ITycmv w — 6nucanHas 0KpysHcHoCms mpeyzoivHuKka, Wy — GHEGNUCAHHAA, KACAIOWAACH
ompesxa BC'. S u T na oKpyscHOCMAT W U Wy COOMBEMCMEEHHO Makosv, wmo PS kacaemces w, a QT
kacaemesn wy. AS u AT nepecexarom BC ¢ X u'Y coomsemcmeenno. Joxaszamv, wmo BX = CY.

1. BBegem Ha MJI0CKOCTU OJIHOPOJIHYIO CHUCTEMY KOODJMHAT U BpeMmd. Bynem JBurarsh Touky P rmpoek-
tuHO 110 Tipsmoit BC'. Bynem obo3nadaTh cTernenb 3aBUCUMOCTH TOUKH 38 d.
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2. Touka S NPOEKTUBHO 3aBUCUT OT P ¥ JBUXKETCs 10 OKPYZKHOCTH, IIOSTOMY, COIVIACHO JieMMe 00
V/IBOCHUH CTEIIeHHN TOYKM Ha Kouwmke, d(S) < 2.

3. Ilo nemme o caoxenun creneneit d(AS) < d(S) +d(A) <2+0=2
4. B cuny roit xke semmbl d(X) < d(BC) +d(AS) < 042 = 2. Ananoruuno d(Y) < 2, tak kak P u ()

CUMMEeTPUIHBI OTHOCUTEIEHO M cepequabl BC, TO €CTh, TPOEKTUBHO 3aBUCHUMBI.

5. O6osnaunm Y’ = Sy (X). Ouesnnno, d(Y') = d(X) < 2, 3HAYAT, MBI XOTHUM JIOKa3aTh, 9TO JIBE
TOYKH CO CTENEHSIMH 3aBHCHMOCTH He Oojiee 4eM 2 COBIAJIAIOT, JJist TONO JOCTATOYHO IIPOBEPUTH
2424 1 = 5 noJioxkenuii.

6. Ionoxkenuss P = C, P = B, P = A} — ToYKa KacaHUsl BIUCAHHOW OKpy)KHOoCcTH, P = M — cepenuna
BC, P = 0o o4eBUIHBI.

[Ipu permrennu 3ajia49 IMOJIE3HO MMOHUMATH, KaK KOPPEKTHO 0OpPabAThIBATH BBIPOKJIECHHDBIE CJTyYaH.
[Iycth B KaKOW-TO MOMEHT MbI XOTHUM IIPOBECTU MPAMYIO U€pe3 JIBe COBIJIAIONINe TOYKH: U3 (POPMYJI
cJIeflyer, 9To KOOpJAuHATHI 9T0i mpsimoii OymyT [0 : 0 : 0] (To ecTb, y Tpex MHOIOYJIEHOB, 3aIAIOIIIX
KOOD/IMHATHI TIPSIMOiA, OyieT oOIMMil MHOKHUTE/Ib), 9TO aBTOMATUIECKN TapaHTUPyeT ODHYJIEHHe BCEX II0-
CTIEIYIONINX OAHOPOIHBIX MHOIMOYIEHOB; IIO9TOMY MOYKHO CUHMTATh, YTO BO BCEX BBIPOXKJIEHHBIX CJIydasix
yCJIOBHE 33191 aBTOMATUIECKH BBITTOIHEHO. OIHAKO TIPU TAKOM I0IXO/e HYKHO JIefiCTBOBaTh aKKypaT-
Ho. Pazbepem Takoit ipumep: TouKa X MPOEKTUBHO JIBUYKETCS 110 KOHUKE, TOYKa S (hbUKcupoBaHa Ha HEIl.
[IycTh TpebyeTcs oKa3aTh, YTO HEKOTOpas ToUKa Y crerneHu 1 Bcerga jexkuT Ha mpamoit SX. Mbr xorum
IpaBUJILHO MHTEPIPETUpoBaTh npamyo SX, korga S = X. Ecin Mbl oneHmBaeM creneHb npsiMoit S X
10 JIeMMe O CJIOYKEHUHU CTeleHeil, TO ee cTeneHb He BbIime 2, u, npu X = S, npsmas SX «HyaeBas», 9TO
JTaer HaM OecriiaTHoOe TosioxKkenne (3¢ deKT Toro, 9To Mbl H3HAYATHHO He TOYHO ONEHUN crereHb). [Toce
9TOrO, JIJIA PElIeHnsd 3a/a4i HaM HY»KHO HAWTH elle TpHu HoyiokeHusd. Ecin ke Mbl gymaem mpo SX Kak
PO IPSMYIO, IPOEKTUBHO BPAIIAIOINLYIOCS B IIYYKe TOUYKH S, TO HAM H3HAYAJIBHO HY?KHO ITPOBEPSATH TPU
moJI0keHust, Ho 1pu X = S npamyro SX, KOHEUHO, HAJI0 HHTEPIIPETUPOBATh KaK KacaTeIbHyIo, a He Kak
«HYJIEBYIO».

[TonrpobyiiTe MONPaKTUKOBATHCA C TEOPUEN, PENTUB HECKOJIHKO YIPayKHEHUN.

36. Touku A u B JBUXKYTCSA C MOCTOSTHHBIME CKOPOCTSIME IO JIBYM HpsiMbIM. JloKazkure, 910 Ha-
npaBjeHue npsmoit AB IpPOeKTUBHO.

37. Tpu Touku ABMAKYTCA MPOEKTUBHO. CKOJIBKO TOJIOKEHHUI JJOCTATOYHO ITPOBEPUTH, ITOOBI ybe-
JIATHCsI, ITO OHM BCETJIa JieykaT Ha ofHOoi mpsaMoii? ToT »Ke BOIPOC JIst TpeX MPOEKTUBHO BPAIIAIONIAXCS
MTPSAMBIX.

38. Toukn X u Y aBmKyTcd co crenenamu a u b. /lokaxkure, 94T0O cepe/inHa OTpe3Ka, UX COETUHSIIO-
IIEro, JIBUKETCS CO CTEIEeHbIO He BBIIIe, YeM a + b.

39. Ha okpyxkuoctu w dpukcupoBana tTouka P u napukercs Touka A crenenn a. Touka B BeiOnpaeTcs
Tak, 4ro jyra PB B 1Ba pasa Gosbine gyru PA (ecau caurars mpotus 4.c.). Jlokazxkure, 9T0 creneHs B
He BBITIE 2a.

40. HOJIHpHOe HpeO6pa30BaHI/I€ HE MEHAdeT CTCIICHb 3aBUCHUMOCTH.

Tereps 1epeiijiem K perieHnio 3a,1ad.
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41. Bemykaeriit mectuyronbuuk ABCDEF srnucan B okpykuoctb. Tpeyronsuuku ACE nu BDF
B IlepeceveHnr 00pa3yloT IIeCTUYroJbHUK. JloKaKuTe, 4TO IJIaBHBIE JUArOHAJM STOIO INECTHYTOJIbHUKA
[IepeCceKaloTCsd B OJTHON TOUKE.

42. Yepe3 OpPTOIEHTP OCTPOYTOJHHOIO TPEYTOJLHUKA ITPOBEJN JIBE TMEPHEHIUKYIIPHBIE TPIMBIE.
,ZLOK&)KI/ITG, YTO cepeJuHbI OTPE3KOB, KOTOPBLIEC 9TU IIPpAMbBI€ BBICEKaIOT Ha CTOPOHaX MJIM IIPOJOJIZKEHUAX
CTOPOH TPEYI'OJIbHUKA, JIe?KAaT Ha OAHON IIPAMOIl.

43. Han tpeyrosbuuk ABC u tpu Touku P, (Q, R, nexkamue Ha oxgHoii upsamoit. [Ipaveie AP, BP u
C P niepecekaroT onmcaHHyo OKpyzKHOCTb Tpeyroibauka ABC B toukax A’ B’ u C'. Ilpsambie A'Q), B'Q
u C'(Q nepecekalor Ty ke OKpyKHOCTh B Toukax A”, B” u C”. Ilpambie A”R, B”"R, C" R nepecekaior Ty
ke oKpyzkHocTb B Toukax A", B" u C". Jlokazars, uro npsmble AA”, BB", CC" nepecekaiorcst B 0HOM
TOYKE, JIesKalllel Ha IPAMOoi, mpoxoismieil yepes Touku P,Q u R.

44. Ha onmcannoit okpyzkuoctu tpeyroyibauka ABC ormedena touka X. [lpameie BX u CX 1e-
pecekatoT BeicoTbl C'Cy m BB; B Toukax P, () coorBercTBeHHO. loKazkure, 9To cepeamna orpeska Q)
JIeXKuT Ha npamoit B1C].

45. B ocrpoyronsaom Tpeyroibauke ABC, BrimcanHOM B OKPYKHOCTD {) ¢ nearpoMm O, mpoBejicHa
Boicota AH 4. lpsawmbie (4, (g, (- Kacatorcs okpyxkuoctu ) B Toukax A, B, C' coorsercrBenno. Touka S
— OPTOIEHTP TPEyTOJbHUKA, 00pa30BaHHOTO IpaMbIMU £ 4, (g, {c. Hokaxkure, aro npsmbie OH, u SH 4
CUMMETPUIHBI OTHOCUTENIBHO 1psimoit BC.

46. Buepnucannas oKpy2KHOCTb Tpeyroibauka A BC nmeer tientp 4, Kacaercs orpeska BC' B Touke
Ay n xacaerca npsambix AB, AC' B toukax (7, By coorBercrBenno. Ha npsimoit 14C') BeiOpana Touka P
tak, aro AP | BI,. Ha npsmoii 14 B; BeiOpana Touka () tak, aro AQ) L Cly. Jokaxkure, 9T0 TOUKH P,
(), A1 nexkar Ha OJHON IPSAMOIA.

47. Ha npsawmoit Ditiepa HepaBHOOeapenHoro Tpeyroibanka ABC ormedena Touka X, Jexkarast
BHYTpPH TpeyroibHuKa; Touka O — nentp okpyzxkuoctu (ABC). Ilpameie AX, BX, C' X mepecekaior coot-
BETCTBEHHBIE CTOPOHBI Tpeyroibhuka ABC, B Toukax Aj, By, C}. Jlokaxure, uro okpyzxkuoctu (AOA;),
(BOB;), (COCY) mmeror j1Be 0OIIne TOUKH.

48. Han Tpeyrompuuk ABC' ¢ oproneaTpom H. Ha omnmcanHO#l 0KOJIO TPEyTrOJbHUKA OKPYKHOCTH
BeIOUpatorcst Touku Ay, By u C] tak, aro npambie AA,, BBy u C'C} koukyppertabl. Obo3nadnm 3a As, By
u C5 Touku, cummerpuanbie Ay, By n C; OTHOCHTEIHEHO CePeIMH COOTBETCTBYIOIINX CTOPOH TPEYTOJIbHUKA.
Jokazkure, aro Toukn Ao, By, Co m H jexkar Ha OJHOI OKPY>KHOCTH.

49. an Tpeyrompuuk ABC' ¢ oproneaTpom H. Ha omnmcanHO#l 0KOJIO TPEyTrOJbHUKA OKPYKHOCTH
BeIOUpatoTcst Touku Ay, By u C] tak, aro npambie AA,, BBy u C'C} koukypperTtabl. Obo3nadnm 3a As, By
u C5 Toukm, cumMerpudabie A, By u (| OTHOCHTEILHO COOTBETCTBYIOIINX CTOPOH TpeyrojbHuKa. Jloka-
JKHTe, 9TO TOUYKH Ao, By, Co m H jexkar Ha OJIHOI OKPY>KHOCTH.

50. Teopema Topnepa. Ilycrs Touku P, () uaBepcHBI oTHOCHTETLHO OKpYyKHOCTH ABC', Pr cum-
merpudHa P orHocurebHo AB, Po() nepecekaer AB B Touke C'. Anamorndso onpejenstroress Touku A’
B'. Torna A’, B', C' nexkar Ha 01HOI IIPAMOIA.

51. Bemykibsiit gersipexyroabuuk ABC'D takos, uto /B = /D. Jlokaxkure, 9TO cepejuHa THaro-
Hasm B D jiexxut Ha 00I1elt BHy TpEeHHEH KacaTe/IbHON K OKPYZKHOCTSIM, BIIMCAHHBIM B Tpeyroabankn A BC
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u ACD.

52. Jlam tpeyrompank ABC. O6o3naunm 3a A; mepecedenne cpemHeil nmuanm, napaJuienabaoit BC,
¢ TIPSIMOii, COeIMHSIONIEN OCHOBaHUS BBICOT Ha cTOpoHbI AB, AC. Anajoruano ompegennm Touku By, C].
Hoxkaxkute, 1T0 opTorieHTp Tpeyroibiunka Ay BiC) nexut Ha npsimoit Dittepa Tpeyronbanka ABC.

53. /Imaronajm BIOUCAHHOTO B OKPYKHOCTH B w deThipexyroibanka ABC D mepecekaioTcst B TOUKe
P. O6osnaunm 3a 14, I, [ u [ neHTpBI OKPYZKHOCTEN, BlMcaHHBIX B Tpeyroibauku APB, BPC,CPD u
DP A coorerctBenno. Ilycts Sy, S, Sc u Sp cepeunbl «MenbIuxy jayr AB, BC, C'D u DA oKpy»KHOCTH
w. Jlokaxkure, aro npsimbie 1454, IgSp, [cSc u [pSp nepecekaroTcst B OJHON TOUKE.
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5 IloamHOMMAaJIbHOE OBU2KEHUE -+

B sToit riaBe cobpaHo Tpu croxKeTa, KOTOPbIe MOXKHO M3ydaTh IMOYTH HE3ABUCUMO JIPYT OT jJpyra: 00600-
IEHUsT paHee JOKA3aHHBIX TeOpeM, IMPUHIUII OTHOCUTEIbHOCTH, U KoMOnHUpoBaHnue Teopembl [loncesre ¢
ABHU2KEHUEM.

JL1s1t Toro, 9To0bI JJOKa3bIBaTh H60JIe IIPOJIBUHYTHIE TEOPEMbI, CBSI3aHHBIE C ITIOJINHOMUAAILHBIM JIBHKE-
HIEeM, HaM TIOHaI00uTCs OoJiee MOIIHBIN apceHas, YeM BellleCTBeHHbIE Uncia. Bee onpeiesienns u TeopeMbl
HpeAbIIyIell IIaBbl paboTaloT U JIjIsI KOMILJIEKCHBIX 1ncesl. BMecTo IpoeKTuBHOM mpsamoit RP! wmbr OyeM
pacemarpuBarh CP' — MHOMKECTBO NIPSMBIX, IPOXOJSIIHX Uepes3 (0,0) B C% OsHOpOjHBIE KOOP/MHA-
ThI Ha TPOEKTUBHON KOMILJIEKCHOM TPAMOIT 9TO mapbl Yuces (27 @ 2o], BHIOUpPAIOIIUECs] ¢ TOYHOCTHIO JI0
IPOIOPIHOHAIBHOCTH. T0 Ke I ¢ KOMIUIEKCHOMH IIPOeKTHBHOII 110ckocThio CP? 1 ee 0IHOPOIHBIMI KOOD-
IUHATaAMU, IydkamMu u T.J. OTMeTrM, 9TO MHOIHE Pe3y/IbTaThbl IPEIbIAYIINX IJIaB TaKKe BepHbI U JIJId
KOMILIEKCHBIX 4Hces. KOMIUIEKCHYIO eMHIIHYIO OKpy»KHOCTh Ha C? HY’KHO MBICTHTbL KaK MHOMKECTBO
permenwit ypapaenna 2 + y? = 1 B KOMIVICKCHBIX 9HC/IaX, a Ha CP? KaK MHOMKECTBO TOUYEK [z :y: 2], s
KOTOpBIX 72 + 92 = 22. Jlio6as HeBLIPOK IeHHAsl KOHUKA, TI0JIy4aeTCs U3 OKPYKHOCTH IPOEKTUBHBIM ITPe06-
pasoBaHueM ([EPEBOJISIIEM MPSIMbIE B IPSIMbIE) U MOYKET OBITH 3a/IaHa MHOYKECTBOM HYJIEH OJIHOPOJIHOTO
HenpuBoanMoro noauHoma P(x,y, z) = 0.

54. Jlokaxkure, 9T0 KOMILJIEKCHAS MIPIMasi 1 HEBBIPOXK/IEHHAsT KOMILJIEKCHAsT KOHUKA UMEIOT He DoJiee
JIByX obmux Touek. MoryT jin oHI He mepecekaTbes’?

KomriekcHble duciia JIydine BeMeCTBEHHBIX TeM, |UTO JIF00OH HEemoCTOSHHBIN mosmHoM f(z) mMeer
KODEHb (3THM MOXKHO I0JTh30BaThCs 0e3 JToKa3aTesbeTs). Bosee Toro, mobast KpuBast CTEIEHH 1. HA CP?
(TO ecTh, MHOXKECTBO HYJIell OJTHOPOJIHOIO MOJTMHOMA CTENeHN 1) [epeceKaeTcsi ¢ KPUBOii CTeleHu m 110 mn
TOYKAM C YIeTOM KPATHOCTU. DTO yTBepXKeHue Ha3biBaeTcs 00001enHoit Teopemoit Besy. B sToit riraBe
TeopeMa Be3y HaMm He MOHAJI00UTCI — MbI OY/JIeM HCIIOJIb30BATH JIUIITh TAKON €ro YaCTHBIN CJIydaii:

55. a) Jlokaxkure, 4TO OJHOPOJHBIN HEMOCTOSTHHBIN MHOTOUWIEH f(t1,ty) JAEIUTCI HA HEKOTOPDIH Jin-
HEMHBI OJHOPO/IHBI MHOIOWIEH aty + bty b). Jlokaxkure, 9TO JIFOOOH OTHOPOMHBIN MHOrOUIEH f (tl, t2)
eJIMHCTBEHHBIM 00pa30M (C TOYHOCTBIO JI0 TEPECTAHOBOK M YMHOYKEHUS Ha KOHCTAHTBI) PACKJIAIbIBACTCSI
B IpousBejienue pilps?...pSn, rie p; — OIHOPOJHBIE JIMHEHHBIE TOJIMHOMBI OT JIBYX [T€DPEMEHHBIX.

n

He BoOpy KeHHBIM B3TJIAIOM BUJIHO, YTO MOCJETHAA 3a/[ada — aHaJIOI OCHOBHOW TeopeMbl apudmMe-
TUKH.

Jlemma 5.1. KomnaexcHnas aemma o caoxncenuu cmenewnedi. [lycmv mouxu X u Y deuotcymcea
co cmenenamu a u b coomeememeenno. Tozda cmenensv npamot XY ne eviwe wem a + b, npuvem ecau
mouku X u'Y 6 410000 MOMENM BPEMEHU PA3AUYHDL, O IMA OUECHKE MOYHAA.

Jlokasameavcmeo. O6O3HATIM OITHOPOHBIE KOODIMHATHI TOUEK 3a |1 @ Xy : T3] U [y1 : Yo : y3] cooTBeT-
CTBEHHO, TOTJ[a, KOOPJMHATHI MpsiMoii XY 3a/1al0TCst KaK [Toys — T3Ye & T3l — T1Y3 © T1Ys — Y1Ta). Ecim
Z; — 9TO MHOT'OYJICHBI CTEIICHW HEe BBIIIE, YeM @, & Y; — He BBbIIIe 9eM b, TO yKa3aHHbIC BbIPDAXKCHUS —
IIOJIMHOMBI CTEIIEHU He BbIIIE, 4eM a + b. Ecin ornenka He TOYHA, TO Y TPEX MOJIyIUBIITHXCS MHOTOYU/IEHOB
ecTb o0Imuil HermoCTOAHHBIN MHOKUTED d(t1,12). Boibepem y d yo6oii juneiinblii geaurens p = aty + bto.
Toryma B MomenT Bpemenn [b : —a] npsmasg XY Oblia HyseBas, TO eCTh TOUYKH X 1 Y COBHAA/HN, TPOTH-
BOpedne. O

Jlemma 5.2. ITycmos mowka X cmenenu a dsuscemcs no npamoti, ne npoxodswet weped mouxy S. Tozda
cmenens npamot SX maxoice pasha a.
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oxasamensvcmeo. Crenyer w3 NPeIbIIYINErO YTBEPKICHUS. n

CYMMI/IpyH BC€ BbIIICIIEPEYNCIIEHHOE I10JIyYaeM:

Teopema 5.1. Ilycmo f — 2omoepagdus npamuz usu nywkos. Toeda [ ne mensem cmenenv 3a6UCUMO-
cmu.

Octajioch pazobparbcsa ¢ roMorpadusaMu, 3aIeiCTBYIOMUMI KOHUKA. MBI yiKe jloKa3aju, 9TO MpH
nepedbpachbiBaHUKM TOYKH Ha KOHUKY €€ CTelleHb yaBamBaeTcs. BepHo u obpaTHoe.

Teopema 5.2. (O cbpacwisaruu mouku ¢ kKonwuku). Towka X cmenenu k deusicemea no kowuxe,

) ) k
mouka S purcuposana na neti. Toeda cmenenv npamot SX pasna 57 8 MacmHocmy, k — wemmo.

D1y Teopemy, pasduTyo Ha 3aja4d, Bbl joKaxkere (MM HET) CAMOCTOSTEIBHO (BCe 0OBEKTBI B HUX
[PEJIIOIAraf0TCs KOMILIEKCHBIMMT ).

56. /lana xonunka w. Beibepem mpoussosbayio Touky S BHE konuku u mpsimyto £, He comep:Kairyio
S. Ilycrs f — mpoekinst KOHUKE 3 TOYKN S Ha npsMmyto £. JIokaxKuTe, 9T0 y BCeX TOYEK MPSMOI IO TBa
poobpasa, KpoMe, ObITh MOXKET, KOHETHOI'O INCJIA.

57. Touka X moamHOMHAJIBHO JBMXKETCS 10 KOHUKe w. Beioepem HA w mpomsBosbHyio Touky 1 u
paccMoTpuM Tpoeknuio w u3 1 na npamyio z = 0. Ilycrs obpasz Touku X mpu 310l mpoeknuu — 3T0
X'. Takum 06pa3oM, MbI IOCTPOUIE OTOOParKEHNE ¢ U3 KOMILIEKCHOMN IpsaMoii-BpeMenu B upsimyio z = 0.
a) lokaxkure, 94TO CyIIECTBYeT TAKOe UHCJIO k, 9TO y BCeX TOYEK HpsMoil z = 0 Kpome, OBITH MOXKET,
KOHEYHOTO 1HCyIa poBHO k mpoobpas3os mpu orobpazkernn g. b) Jlokaxkure, 1ro Touka X moceTnsia mouTH
BCe TOYKN W POBHO k pas.

58. O6oznaunm 3a X" obpas Touku X npu orobpaykenun [ w3 mpej-npeablayineii 3agaqn. [locau-
TaiiTe AByMsl cIIocobaMm, CKOJILKO pa3 Touka X mocerusa obOILyi0 TOUKY MPAMOi £ U BBIBEIUTE OTCIOA
YTBEPKIEHUE TeOPEMBI.

Haunewm cireyromuii ciozkeT ¢ HEKOTOPOTO MOTHUBUPYIOIIETO puMepa. [IpeamosioxKuM, 910 BepIInHb
HEKOTOPOI'0 TPEYTOJIbHUKA JBUXKYTCS CO CTEHEHAME a,b u ¢ coorBeTcTBeHHO. KaK MOYXKHO OIEHUTH CTe-
[eHb TEHTPa OIMUCAHHON OKOJIO0 Hero okpyzkHocTu! Hec/1oxKHbIe BBIYHC/IEHUsT TOKA3BIBAIOT, UTO CTEIeHb
CepeJIMHBbl OTPe3Ka, COeIUHSIIONIEr0 TOYKNA CO CTEMEHsIMUA @ W b, JBUYKETCS CO CTEIEeHbIO He BBINe, IeM
a + b. HampajieHue npsiMoil, coeJIMHSAIONICH BEPIIUHBI cTeneHeit ¢ u b, TakyKe UMeeT CTEleHb He BBIIIIE,
a + b, T03TOMY CepeMHHbIN MEePIIEHIUKY/IsAP K COOTBETCTBYIOIIEH CTOPOHE TPEYrOJIbHUKA UMEET CTeleHb
He BbIine, ueM (a+b)+ (a+b) = 2(a+b) (corsacHo JeMMe O CJIOXKEHUU CTereHel ). AHAJIOMUIHO, cepe/InH-
HBII MTEPIIEHINKY/ISID K CTOPOHE TPEYTOJIbHUKA C BEPIITUHAME CTEIIEHU ( U ¢ UMEET CTEIeHb He BBIIIe, UeM
2(a+ c). Ilepecekast 3Tu cepeMHHbIE EPIEHINKY/ISPBl U BHOBb IIPHMEHsIsl IPUHIIUI CJIOYKEHHsI CTeTeHeil,
MOJTyYUM, YTO HEHTP OKPY?KHOCTH JIBUYKETCS CO CTEIEeHbIo He OosibIneit, yeMm 4a + 20 + 2c.

DTO OIEHKAa 3aCTaB/ISIET 33/ [yMAThCH: MOy IUBIIIeeCs] BIpaXKeHNe He CHMMETPUIHO 110 CTEIEHSIM Bep-
IIIAH TPEYTOJbHUKA, UTO CTPAHHO. BepodaTHO, 3TO JOKHO O3HAYATDH, UTO MpEIbABIEHHAS HaMHU OIEHKa
He TouHa. BoJjiee Toro, mogB/IgeTcsd pa3syMHOE I0JI03PEHUE, UTO PeailbHO MOXKHO OIEHUTH CTEIEHb ITPOCTO
kak 2(a + b+ ¢). JlaBaiite 3aBejieM MHCTPYMEHT, KOTOPBIi TIO3BOJIUT HAM JIOKA3aTh HAILY THIIOTE3Y.

Onpenenenune 5.1. IlommHOMUaNbHAas MOJACTAaHOBKA. [Ipednoaooscum, 4mo na npoexmusnoti naoc-
Kocmu 3aPuKrcuposarv,. NpoudsosvHvie nodmmoscecmea P, P, ... P, u das a106020 Habopa movex p; €
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Py,py € Py...,p, € P, onpedesena mowka [po, : Po, : Po.] = R(p1,D2s s Pn), NPUMEM cywecmeyrom o0-
Hopodrvie mrozousenvl Ry, Ry, R, om 3n nepemenmoir marue, ¥mo po, = Ry(p1,,p1,.--Pn.) U Gnar02u4Ho
oas po, U po,. Boaee mozo nompebdyem, wmobv, mrozouserv Ry, Ry u R, 6viau 001opoduvimu mmnozoune-
HAMU 00UHAKOB0T ceneHy omdeabHo no Koopduramam kadtcdoti usz mouex p;. Taxoe R 6ydem 1asvieams
NOAUHOMUAALHOT NOICTNAHOBKOT 0OM N NEPEMEHHHLT.

Ounpepnenenne 5.2. OTHOCHUTe/IbHAS CTENEHb 3aBUCUMOCTH. [lycmb R — mexkomopas nosumomu-
aANbHAA NOOCAMOEKA 0N 0GYLT NEPEMEHHDIT, MOUKY ¢, U ¢z OGUNCYMCA € HEKOMOPLIMU CTNENEHAMU 3a-
sucumocmu, makce ¢ = R(qr, q2). Ilyemov r1 Haumenvuwee maxoe HAMypasbHoe YUCA0, WMo Oasf 4106020
Purcuposarrozo momerma spemeny [Ty : Te] cmenens 3asucumocmu mowku R(qy, q2(11,T2)) He éviwe, wem
r1 (npu pasnor gurcuposannuir [T1 : To] cmenens moocem Gvmo pasnoti). Taxoe r1 Mol Gydem nasvieams
OMHOCUMENLHO CTNENEHDIO MOUKYU ¢ O MOUKU (] .

AHaJIOrUIHO OIPEIe/IAI0TCS OTHOCUTETbHBIE CTEIIeHN TOUKM, 3aBUCAINE Oosiee, deMm ot jByX. HyxkHO
CbI/IKCI/IpOBaTb BC€ TOYKU @¢; 1 CMOTPETH Ha CTEIIeHb 3aBUCUMOCTHU TOYKHU ¢, KOI'Jla OHa 3aBUCHUT TOJIBKO OT
OJIHOI IEPEMEHHOM TOYKMU.

59. IIpuniiun orHOoCcuTEaABbHOCTHU. llycTh TOUKM (1, ¢s..., ¢, JTBUKYTCS ITOJTUHOMUAIBHO, U OTHOCHU-
TeJIbHBbIE CTEeIeHN TOUYKU ¢ = R(q1,, G2, ---Qn, ) DPABHBL I', To, ...T, JIJIST HEKOTOPOIi ITOJMHOMUAJILHOI T10/ICTa-
HoBKHN R. Torma crernenb 3aBUCUMOCTH TOYKH ¢ HE BBIIIE, Y€M 71 + Ty + ... + 7.

60. IlycTh BepIIMHBI TPEYTOJIbHUKA JBUTAIOTCS CO CTENEHSIMU @, b U ¢ COOTBETCTBEHHO, TOTJIA TIEHTP
OIMCAHHON OKOJIO HTOI'0 TPEYTOJIbHUKA OKPYKHOCTH U €r0 OPTOIEHTDP 06a MMEIOT CTelleHb 3aBUCHUMOCTH
He Gouible, YeM 2(a + b+ ¢).

61. Toukm A m B JABIKYTCs 1O KOHWKE W HPOEKTHBHO. a) Jlokaxkure, uro mnpsmas AB orubaer
HEKOTOPYIO KOHUKY 7. b) JloKasKuTe, 4T0 KOHUKH W ¥ Y Kacaiorcs B aByx Toukax na CP? (To ecthb, ToUKn
KacaHusl MOTYT MMEeTh KOMILJIEKCHbIe KOOpIUHATHI). ¢) Jlokaxkure, uro B KoHburypanuu [lorcese cocetame
BEPIIUHBI TPEYTOJbHIKA 3aBUCAT JIPYT OT JIPyTra MPOEKTUBHO TOTJIA U TOJHKO TOT/IA, KOT/Ia BPAIIAIOIIIIICS
TPEYTOJIbHUK — MPaBUIbHBIN.

62. Touku A u B eyT 10 OJHOI 1 TOI »Ke KOHUKe MPOeKTUBHO. /loKazkuTe, UTO repecedenne Kaca-
TeJIbHBIX K KOHHKE B TOYKaxX A m B IPOEKTUBHO JBMXKETCs 110 HEKOTOPO KOHUKE.

63. Ilycrs Touka A JIBMXKETCs IO KOHUKE CO CTEIEHbIO 2a, TOYKa B IBUKETCs 10 IPOU3BOJILHOI
TpaeKTopuu co crernenbio b. O6ozHaunm 3a C' Bropoe nepecedenne npsimoii AB ¢ konukoii. Torna crenenn
zapucumoctu Touku C' He BbiIe yem 2a + 20b.

64. Touku nBHUKYyTCS CO cTeneHaMu a,b, ¢ n d. Jlokazkure, 94TO JJ1d TOrO, YTOOLI IIPOBEPUTH TO, ITO
OHM JIeXKaT Ha OJJHON OKPYKHOCTH, J0CTaTo4uHO 2(a + b + ¢ + d) + 1 nosoxenue.

Yacto okasbiBaeTcs 3 dHeKTUBHBIM TpuMeHeHue mopusma [loHcesre He TOIBKO KO BIUCAHHOMN U OIU-
CAHHOW OKPYXKHOCTH TpPEyroJbHWKa, HO U KO BHEBIMCAHHOI m omnumcanHoii. [Ipm Takoit kondwuryparmn
€CTb MIECTb BBIPOXKIEHHBIX MTOJIOXKEHNI: TapaMeTpU3yeM JIMTHAMUKY KacaTe/IbHON £, BpaIlaiomeics BOKPYT
BHEBIMCAHHOI OKPYKHOCTH; MOYKHO BBIODATH JIBa MOJIOYKeHUs, Korjia { KacaeTcs OMMCAHHON U BHEBIUCAH-
HOIl OKPYZKHOCTH, JIBa TOJIOXKEHUs, KOrJa ¢ MPOXOJIUT depe3 OOIlKe TOUKM OKPYXKHOCTEM, a TakKe J[Ba
MIOJIOZKEHU ST, KOTJIa MOy YaloIIecs: TPeYTrOJIbHUK paBHOOEIPEHHBII.

65. O6o3naunM 3a {2 1 w ONMMCAHHYIO U BHEBIUCAHHYIO OKpYyKHOCTH Tpeyroibanka ABC. Ilycth onn
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nepecekaroTcsd B Toukax X u Y. OOmue BHemHMe KacareabHble () u w Kacatores €2 B U n V. Jlokaxwure,
9TO KacaTe/bHble K w B X u Y mpoxoadar vepes U u V.

66. Ob0o3HAYNM 32 W BHEBIIMCAHHYIO OKPYZKHOCTH Tpeyrosbanka ABC', xacarorrytocs: orpeska BC.
O6mmue Brermue Kacarenbibie K w 1 (ABC) kacatores (ABC) B Toukax X u Y. JJokaxkure, 910 npsiMast
XY npoxomut depes oCHOBaHHst OMCCEKTPUC, IPOBeIeHHBIX u3 BepumH B u C'.

67. BueBnucannast oKpy>kKHOCTb w Tpeyroibanka ABC kacaercs orpeska BC B Touke A; u nepece-
KaeT onucanuyio okpyuocth (ABC') B Toukax X u Y. Kacarenbubie K w B Toukax X u Y mepecekaroTcst

B Touke Z. Obo3naunm 3a S cepeqauny jnyru BAC. Jlokaxure, uro upsimbie SA; u AZ nepecekaiorcs Ha
(ABC).

68. Buesnmcannasi OKpy:kKHOCTB w TpeyroJibauka A BC kacaercs orpeska BC' B Touke D u nepeceka-
er onmcanHyio oKpykuocTh (ABC') B Toukax K u L. O6o3nadunm 3a F 0cHOBaHMEe BBICOTBI TPEYTOJbHIKA
n3 pepmmHbl A. Jlokaxkwute, aro Ha mpaMmbeix KD n LD wnaiigyrca takme Toukn V u N, 9TO deThIpex-
yroaeuuk EV AN — pom6.

—
69. Ilpsamas ¢ crenenu d Bparaercs BOoKpyr Toukn O. 3adukcupyem aBa pasandabix BekTopa OA

in/Z(¢,0A P(ty,t
u 0?7 ¢ nagajoM B Touke O. Jlokazkure, 4TO sin (6, 04) _ Pt &) rae P(ty,ta) u Q(t1,t2) — omHO-

sin Z(¢, O?) - Q(ty, )’

POJHBIE ITIOJIMHOMBI CTEIICHU d or JABYX II€PEMEHHDBIX.

70. IIycts ABC' TpeyroibHUK C OIHMCAHHOW OKPY?KHOCTBIO W W BHEBIIMCAHHON OKPYKHOCTBIO )4,
Kacatoreiics orpeska BC'. Obo3HadnM mepecedeHns 3TUX OKpyzKHOCcTel 3a X u Y coorBercTBeHHO. TOUKN
P u () — npoexiun Toukn A Ha KacaTeabHble B TouKax X n Y K 24. Touka R — mepecedenne KacaTeIbHOM
K okpyxkHoctu (APX) B Touke P ¢ kacarenbHoit K okpyxkHOCTH (AQY) B Touke (). Jlokaxkure, 4ro

AR L BC.
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6. /laun pom6 ABCD c octpbim yriiom B. Touka O — 1neHTp onmcaHHON! OKPY?KHOCTH TPEYTOJIbHIKA,
ABC'. Ha mponosxenun gyda OC 3a touky C' Boibpana Touka P. Ilpsamas PD mepecekaercs ¢ mMpsiMoif,
npoxojsdieit yepes Touky O mapasiienbHo cropore AB, B Touke (). lokaxkure, aro ZAQO = /PBC.

Joxazamenvcmeo. 3adurcupyem pomd u 6yaem asurath 709Ky P 1o upssmoit OC mpoeKTUBHO.

Li & oc & o, B 0 A oo Lo,

AP P DP Q AQ AP’

Mpr xoTum 1poBepuTh, uTo AP = AP’ tie f caBur Ha BEKTOD ZB U TIOBOPOT Ha yroy B2 npoTus
qc. [Homoxenus P = O, P = B, P = inf o4yeBuiHbI. O

11. Orobpaxkenue [ u3 komiuiekcHoit npsmoit C B cebst 3a/1aeTcsd B JIEKAPTOBBIX KOOPJIMHATAX KAK

_ P()

qT0 f CcoXpaHsieT JBOWHBIE OTHOIIEHUS JTI000H YeTBEPKN KOMILIEKCHBIX IHICEJI.

, e P u () — muaOrowiensl. Ilycts jgomosinuTebHO n3BEeCTHO, UTO f OnekTuBHO. JloKakuTe,

oxasameavcmeo. HYO mHOrOYeHB! B3auMHO TpocThl. M3BectHo, uro mys joboro ¢ € C ypaBHenue
P(z) — cQ(z) = 0 umeer poBHO OJMH KOpeHb. BbibepeM ¢ Tak, 4ToObl WIEH IIPU CTAPINel YTerneHn He
cokporascd. [pennosoxum, aro P win ) crenenn xoTst 661 2, Torya muorowien P(z) — cQ(z) pomken
UMeTb KpaTHble KOPHH, TO €CThb JIJIsl €JMHCTBEHHOIO ero KOpHs 2y BbIIOJHEHHO P(2y) — ¢Q(29) = 0 m
P'(z9) — cQ'(z0) = 0. Jomuoxkum nepsoe paBeHcTBO Ha () (29), BTOpoe Ha (Q(zp) m Bbrarem. [losmyuamm

P(20)Q'(z0) — P'(20)Q(20) = 0, To ectb, ipu Q(zy) #= 0 (a 970 BepHO MOYTH IIPU BCEX C) (g) (z0) = 0.
P(z)

/
Takum obpazom, 111 BceX z KpoMe, ObITh MOYKET, KOHEIHOI'O IUCJIa BEPHO (—) (z0) = 0, oTKyzA 002) =
O

Q

COTLSt, 9TO IIPOTUBOPEYUT B3aMMHOI IIPOCTOTE MHOI'OYJIEHOB.

14. ITpoeknusi okpy>KHOCTH Ha cebs. a) Ilycts ) — oKpyKHOCTB, S — NMPOM3BOJIBHAS TOUKA
IJIOCKOCTH, He Jiexkalas Ha okpyzkHocTu. Kazxkoit Touke X € ) comocraBum Bropyto Touky F(X) nepe-
cevenust pamoit SX ¢ . Torma orobpazkerue F: ) — () npoexrusHo. b) /lokaxkure, 14T0 oTo6pazkeHue,
cortoctapigomue Touke X npsmyio SX € £ HE npoekrurHo.

,ZZO’}CCLSCLm(;’/L’bCTTLGO.

Touka S Bue (2:

SameruMm, uro SX - SY = const. Torna npoekIuio OKpYzKHOCTH Ha cebsi MOYKHO IPEJICTABUTH KaK

Y = IS\/ SX-SY

Touka S BayTpH (2: Bamernm, uro ¥ = Sg 0 Ig/m

[IyukT b) ciaeayer usz Toro, 9To Jr0oe IPOEKTUBHOE OTOOPasKeHNe JOJIZKHO OBITh MPOEKTHBHO.



13. ITepebpachiBanme OKpPY>KHOCTH Ha KacaTeJibHY0. [lycrs Touka X jaBuzkeTcst 1o mpsiMoii £,
KOTOpast Kacaercss okpyzkuoctu ). O6o3HaunM ocHOBaHMe BTOpOil Kacaresibhoit 3 X k Q 3a Y = F(X).
Torma orobpaxkenue F: £ — ) NIPOEKTUBHO.

Joxasameavcmeo. Y = H% o I, tiie S Touka Kacanus OpsmMoii £ ¢ OKPy*KHOCTBIO. O]

14. ITepeGpacbhiBanne OKPY2KHOCTHU Ha cebs uepe3 npsamyro. a) Touka X JieXKUT HA OKPYKHO-
cru (), { — dukcupoBannas mnpsimasi, e Kacaorasics ). [lycts kacareapHas K {2, BoccTaHoB/IeHHAsA B X,
nepecekaer ¢ B Touke Z, Y = F(X) — ocuoBanue Bropoii kacaresibnoit uz Z x ). Torja orobpazkerue
F: Q — Q upoekrusno. b) [dokaxkure, uro orobpaxkenue, conocrasisiormie Touke X Touky Z € ¢ HE
MIPOEKTUBHO.

Joxasamensvcmeso. Ilycts L mosroc ipstmoit £ otaocutenbao ). Samernm, uro X Z nojspa Todku Y € £,
snaanT, L € X Z, Torma F 1IPOCTO IMPOEKIUs OKPYKHOCTU Ha ce0s ¢ EHTPOM B (PUKCHUPOBAHHON TOYKe L.

[Iyukr b) ciaeayer usz Toro, 9ro Jooe IPOEKTUBHOE OTOOPasKeHHe JOJIZKHO OBbITh MPOEKTHUBHO. O

22. Beimykibiit mectuyrobHuk AQC PBR Brucan B OKPYKHOCTB {2, U TIPH 9TOM TPEYTrOJbHUKI
ABC u PQR omnucanbl OKOJIO OJIHOH U TO#1 2Ke oKpyzKkHOCTH 7. [Ipsimas ¢, napasienbuast mpsimoit BC' u e
cOBIaJIAOMNIAs ¢ Heil, kacaercs 7. [lycte P — Touka nepecedenust npsamoit £ u orpeska QQR. Jlokaxwure,

uyro /PAB = /P, AC.

Joxazamenvcmeo. 1. Bynem masurars P 1o € nmpoekTuBHO, 3acdukcupoBas Tpeyroabauk ABC, Torma
tpeyroabauk PQ R Oyner Bpamarbes 1o Iloncene. Ilo mokazannoit jemMme Touka P, KacaHus 7y
orpe3koM QR 31o obpa3 Touku P mpu romorpacdun [loncesre. CorytacHo Jjiemme 0 mepedpachiBaHIM
Ha KacaTeJbHYI0, IPUMEHEHHON K OKPYKHOCTH Y U KacaTeJbHOI £ ToJlydaeM, 9To TOUKa P mpoek-
THBHO 3aBUCUT OT TOYKHU P, 0003HAYINM COOTBETCTBYIOILYIO roMorpaduio 3a F, 3a g — BHYTPEHHIOO
buccekrpucy L BAC.

P F A Sy A
9 R = v = L = Li — La = Q
P Py P AP AP’ P’

3. VrBepxKIeHue 3aa9u PaBHOCUILHO COBIAICHUIO TOYeK P 1 P, M03ToMy J0CTATOYHO J0Ka3aTh €ro
JUTsT KAaKUX-HUOY/ b Tpex nojioxkennit Toukn P. [lonoxkenus: P = A, B, C' o1ueBuiHBbLI.

]

28. a) [Ipsmble a; u by TpoeKTUBHO BparmaoTcst BOKpYr Touek A u B coorBercrBenno. Jlokaxkure,
9TO TOYKA [epecedeHus] IPSIMbIX a; U b; TPOEKTUBHO JIBUMKETCS 10 HEKOTOPOH KOHUKE (BO3MOXKHO, BbI-
poxennoii) b) Touku A; u B; IPOEKTUBHO JBUKYTCS 110 MPSAMBIM @ 1 b cooTBercTBeHHO. [oKarkuTre, 4To
npsivmast A, B; orubaeT HEKOTOPYIO KOHUKY (WJIH BCe BPEMs IIPOXOJIUT Yepe3 (PUKCUPOBAHHYIO TOUKY ).

oxasameavcmeo. Pacemorpum tpu Touku X, Y, 7, npunaiexxammue ['MT. Tlposegem konuky () yepes
rouku A, B, XY, Z. Ilycre npsamas [r, npoxoggamas depe3 A mepecekaerT KOHUKY B To4dke 1', a COOTBET-
cTBYIOIIas eif mpsMast, npoxojsdinas depe3 B nepecekaer () B Touke 1. O60o3naunM 3a [; IpsiMble, IPOXO-
ngmue gepes A, k; — uepes B. Torna:(X,Y; Z,T) = (Ux, by; 0z br) = (kx, ky; kz; k) = (X, Y Z,T")

Orkyna caemyer, uro T' = T'. Bosee Toro BuaHo, 94T0 TOYKa 1 JIBUKETCS 110 KOHUKE IIPOCKTUBHO.

JIBoiicTBEHHOE YTBEPKIEHUE MMOJYIEKTCs TOJISIPHBIM ITPEOOPa30BaAHUEM.



]

32. B ocrpoyrosibHOM HepaBHOOepeHHOM Tpeyrosibanke ABC oTMedeHbl N30MOHABHO COMPAKEH-
uble Toukn P u ). Touka W — cepenuna nyru BAC okpyxuoctu (ABC). lpsyeie WP u W(Q Bropoii
pa3 mepecekaioT okpyRHOCTh (ABC') B Toukax X u Y coorBercrBenno. Uepes Touku P u () IpoBeieHbI
npsiMble, TapaJjiieababie npsamoit AW; stu npsmbie nepecekatot cropousl AB, AC' B toukax Pg, P, Q)p,
Qc. Hokaxwure, ato Touku X, Y, Pg, Po, (g, Q¢ /1ekar Ha OHON OKPYKHOCTH.

Joxasameavcmeso. Toukun Pg, P, QQp, ()¢ 00pa3yioT paBHOOEIPEHHYIO TPAIEIHIO, [TOITOMY JeXKaT Ha
OJIHOI OKpY2KHOCTH. MBI jIoKazkeM, uto Touku Pp, Po, X, Y sexkart Ha OHON OKPY2KHOCTHU; aHAJIOTTIHO
JIOKa3bIBaeTcs 1po To4Uku (g, Qc, X, Y. Eciu 5tu Tpu OKpyKHOCTH HE COBIAJIAIOT, TO UX PaIUKAIbHBIE
ocu PpPr, QpQc u XY mepecekatorcst B oHON TouKe. V3 coobparkeHmit HEITPEPBIBHOCTH MOYKHO TIOHSITH,
YTO OKPY?KHOCTH COBIIQJIAOT.

Qukcupyem tpeyronmbauk ABC un toukm Pg, Po m gsuraem Ttouky P mo mnpswmoit PgPo. Torma
TOYKa () JIBUYKETCs 10 KOHHUKE, IIPOXOJdAIeil yepe3 Bepmuubl Tpeyroibanka ABC, a takxke Touky W,
MN30IOHAJILHO COIPSIYKEHHYI0 OECKOHEYHO yaaeHHoi Touke npsaiMoit PgPo. ITostomy npsimbie WP, W@, a
3HaunT, 1 Touku X, Y gBurarorcd npoektuBHO. llycts X Pg u Y Po BTOPpUYHO IIepecekaloT OKPYKHOCTH
(ABC) B moukax S u T'. locrarouno mokazats, uro ST || PpPc. Ilockonbky Touku S u T JBHKYTCS
MPOEKTUBHO, TO JIOCTATOYHO MPOBepUTh 3 nojoxkenus. [lonoxenus, korna P = Pg, P = Pg, n korna P
Ha okpyxKuocta (ABC'), 0ueBH/HEL [

36. Touku A u B JBUXKYTCSA C TMOCTOSTHHBIME CKOPOCTSIME TIO JIBYM HpsiMbIM. JloKazkure, 910 Ha-
npaBJjeHue npsmoit AB TPOeKTUBHO.

Jokxasamensvcmeo. Hamomunm, aTo Hampasenne mnpsmoit AB — 6eCKOHEYHO yIaJleHHAs TOYKa MPSIMO

AB. Beibepem nenogsuxkuyio Touky O u orimoxkum orT mee Bektop OC = AB. Ilockoibky Touka C'
JIBIZKETCs JIMHEWHO, TO Hampas/eHue npsamoit OC 3aBUCUT OT BPEMEHU IMPOEKTUBHO, 9TO U TPeOOBAJIOCH.
0

37. Tpu Touku ABMAKYTCS MPOEKTUBHO. CKOJBKO IOJIOXKEHHI JOCTATOYHO IIPOBEPHUTH, ITOOBI ybe-
JINTHCS, 9TO OHM BCET A JIeKaT Ha OJHO mpsmoii? ToT »Ke BOIPOC I TpeX MPOEKTUBHO BPAIAIOIINXCST
IPSAMBIX.

oxazameavcmeo. 1IpoeKTUBHO JBMKYIIHECS 110 TPAMBIM TOYKU UMEIOT cTelenb 3aBucumoctu 1. [Ipose-
JIEM TIPSAMYIO Yepe3 JIBe U3 JAHHBIX TOYEK, OHA MMEET CTEelleHb 3aBUCUMOCTH He BhIIIe 2. YToObI TPOBEPUTD,
YTO Ha Heil JICYKUT OCTABINAACH TOUKA CTEIeHN 1, HYy2KHO IPOBEpHUTD 4 Toj10KeHus. Paccykienue s mpo-
€KTUBHO BPAIIAIOIINXCA NIPAMBIX JBOVCTBEHHO PACCYKICHUIO JJId TOYEK. [

38. Touku X u Y naBmkytcs co crenensmu a u b. Jlokaxkute, 9TO cepeinHa OTPe3Ka, UX COEINHAIO-
IeT0, JIBUYKETCs CO CTEIEeHbIO He BbIle, YeM a + b.

Jlokasameavcmeso. IlycTh TOUKE UMEIOT OTHODPOJHBIE KOODAWMHATHI X1 @ 4y : 21] W [Ty @ ys : 2o]. To-

rja UX JIeKapTOBbl KoOpAuHATHl (£ 4) p (£2 223 3 jekapTOBbl KOODJUHATHI CEPEIMHBI MMEIOT BUJ

PRET 220 22
T1z2+®woz1 Y122+Y221 . .
( S ). Torma OTHOpOJHBIE KOODAMHATHI CEPEIUHbI [T129 + To21 @ Y122 + Yoz1 : 22129] —

MHOTI'OYJIEHBI CTelleHu a + b oT BpemeHu. O

40. HOJ’IHpHOe Hp€O6pa30BaHI/I€ HEe MeEHdeT CTECIICHb 3aBUCHUMOCTH.



Zoxazameavcmeo. IlpoekTuBHbIe Ipeobpa3oBaHus IIJIOCKOCTH JUHEIHBI B OHOPOIHBIX KOO IMHATAX, 110~
9TOMY He MEHAIOT cTeleHb 3aBucumoctu. CreraeM MPOEKTUBHOE MTpeoOpasoBaHme, MePeBOIAIIee KOHUKY
B eJIMHUYHYIO OKPY?KHOCTB o2 + 3% = z2. Hecl0:KHO BUJETH, UTO MOJAPa TOUYKH [T : ¥ : z] OTHOCUTEIHLHO
9TOIl OKPYKHOCTH — TpsiMas ¢ KOOPJIMHATAMU [T : Y : —z|, OTKYy/a CJIeyeT, YTO CTEleHb 3aBUCHMOCTH
COXPAHSAETCS. O

47. Ha npsimoit Ditsepa mepaBHOOe perHOro Tpeyroibanka ABC ormedenHa Touka X, Jexkarrast
BHYTpPH TpeyroibHuka; Touka O — nentp okpyzxuoctu (ABC). Ipambie AX, BX, C'X nepecekaior coor-
BeTCTBEeHHBIE CTOPOHBI Tpeyrosibanka ABC, B Toukax Ay, By, C). okaxure, aro okpyxuoctu (AOA;),
(BOB,), (COCY) nmeror j1Be 0bIIue TOUKH.

Jokxaszamensvcmeo. CamraeM, 9TO TPEYTOJBHUK HepaBHOOepeHHbIi. [Iycts Ay, By, Cy — obpaser Ay, By,
(] py MHBEPCHH OTHOCUTEIHHO OIMUCAHHON OKPY:KHOCTHU. Bynem mokasweiBaTh, aTo mpsaMbie AAs, BBs,
C'Cy nepecekarorcsa B oaHoil Touke. @ukcupyem tpeyroabHuk ABC u jauraem X 1o mpsiMoil Diiyepa.
Bamerum, uro A, Bs, Cy ABUraioTCs IPOEKTUBHO 10 OKPYXKHOCTSIM, IIO3TOMY MUX CTEIEHU 3aBUCHMOCTH
paBubl 2. Hy:xHO mipoBeputh 7 mosioxkennit. Eciu X Jjie2kuT Ha 0JHOII M3 CTOPOH TPEYTOJIbHUKA, YTBEP-
xjienne ovueBntHO. [lotoxkenust, korjga X — OPTOIEHTP, TOUYKA IepecevdeHus MeInaH U IEeHTD OMUCAHHON
OKPYZKHOCTH, JIETKO IpoBepsitorcs. Haitem 7-oe mosozkenue: mycth okpyzuocTh (BOC) nepecekaer AB
n AC B roukax X u Y; u nmyctb M u N — cepequasl AB u AC. Torma XN u Y M mnepecekaiorcst B
touke O, u 1o TeopeMe [lanmna Touka X nepecedvenus C'X u BY jyexxut na npsamoit ditiepa. Oua u oyuer
CeJIbMBIM II0JIOYKEHUEM. []



Point moving
David Brodsky

Presented by: David Brodsky, Alexey Zaslavskiy, Oleg Zaslavskiy, Ivan Frolov and
Fedor Nilov

Life requires movement

Aristotle

1 Projective movement

Lemmas and theorems formulated in this section may be used without proof. As usually they are standard
assertions of projective geometry — if you want it is not hard to verify their correctness.

Definition 1.1 Projective plane. The projective plane RP? is the Euclidean plane completed by infinite
points, each such point is the common point of some class of parallel lines. So each line s completed by
one infinite point, and this point is the same for all parallel lines. All infinite points form the infinite line.
A line completed by an infinite point is called a projective line.

Definition 1.2 Cross-ratio of four points on a projective line Let points A, B,C,D lie on a
projective line €. The cross-ratio (A, B;C, D) of these points on { is the value

7 B
52 5

We suppose that an infinite point divide any segment in ratio 1 : 1.

Definition 1.3 Pencil of lines. The pencil of lines L4 of point A i3 the set of all lines passing through
A.

Not that the set of all parallel lines is the pencil of the corresponding infinite point.

Definition 1.4 Cross-ratio of four lines on a pencil. Let lines a,b,c,d pass through a point O (the
set of lines passing through O is a pencil). Choose arbitrary directing vectors Vas Uy, Ve, Vg on these
lines. The cross-ratio (a,b;c,d) of the given lines is the value

sin Z(7 ., U4) _sin L(V g, )
sin 4(78, 7;,) " sin Z(ﬁd, 7b)

Remark: Generally the sign of sin 4(795, 7y) is not defined by the lines x and y, because we may
choose the directing vector by two ways. But if we change the direction of one vector, the signs of two
sines invert, and the value of the cross-ratio does not change.
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Definition 1.5 Cross-ratio of points on a circle Let points A, B,C, D lie on a circle Q). Mark an
arbitrary point O on this circle. The cross-ratio (A, B;C, D) of points on Q is he cross-ratio of lines
(OA,OB;0C,0D). This definition is correct because the value of an inscribed angle is constant.

Lemma 1.1 Let points A, B,C, D lie on a line £, and a point O lie not on this line. Then

(A, B;C,D) = (OA,0B;0C,0D)

1. Let we consider points of the plane as complex numbers. Make sure that the cross-ratio of four
points of a line or a circle corresponding to a, b, ¢, d equals <2 : 4=4

c—b ' d-b"’

Later we will define the cross-ratio for four points of an arbitrary conic. In this case the result of the
last problem IS NOT CORRECT.

Definition 1.6 Homography. A map F is called projective, or homography if
(F(A), F(B); F(C),F(D)) = (A, B;C, D)

. The map may transform a line, a pencil or a circle (a conic) to a line, a pencil or a circle (a conic).
Lemma 1.2 Let A, B,C € {,k € R, then there exists a unique point D € { such that (A, B,C, D) = k.

Theorem 1.1 FEach homography of lines may be presented as a composition of several central projections
and parallel translations.

Definition 1.7 Projective movement. Fize some projective line T . Say that a point X moves on a
projective line or a circle ¢ projectively, if there exists a projective map F: T — € such that X = F(t € T).
The line T may be considered as the azis of time.

A projective rotation of a line on a pencil is defined similarly.

Definition 1.8 The line rotating projectively The line ¢ rotates projectively in the pencil L if there
exists a projective map F: T — L

such that ¢ = F(t € T).

Later we will use the following notations for several special homographies.

NAER Ls — projection centered at point S, mapping a line ¢ to a pencil Lg.

° ng — rotation centered at S to angle ¥ counterclockwise.


https://www.turgor.ru/lktg/2022/
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e 1% — homothety centered at S with coefficient k

Demonstrate, how the projective movement helps to solve problems.

Example 1.1 Let A; be the touching point of the incircle of triangle ABC' with the side BC, and D be
an arbitrary point on BC'. Denote as Ig and Io the incenters of triangles AABD, AAC'D respectively.
Prove that ZIgAIo = 90°

Divide the solution into several typical steps.

1. Fix AABC and move projectively Ig on the bisector of ZABC'

2. Construct a homography F: BI — BI, the identity of this homography is equivalent to the required
assumption.

Present «a chain» of homographies as a table, denote as ¢, £ the bisectors of ZB and ZC' perspectively:

A r3 A A H A
fb — ,CA —A—> ,CA — Eb = ‘C’A1 — ‘CAl = gb

Iy Al Al Ic Al AT, A

We indicate the lines and the pencils transformed by the homographies in the top row, and the
corresponding moving objects in the bottom one. The assumption of the problem is equivalent to
the identity I = I’

3. Verify that the assumption is correct for some three positions of Ig. As usually it is useful to choose
degenerated positions. For the given problem consider Ig = B,Ig = I,Ig = P, where P is the
incenter of triangle ABA;. For each of these cases the problem is clear. Since a homography is
uniquely defined by the images of three points, the constructed homography of ¢; is the identity,
hence the assumption is correct for any position of Ip.

Now train to solve problems using the projective movement. In several problems it is useful to
remember that directions are points of the infinite line.

2. A line / rotates projectively around a fixed point P. A point S # P is fixed. Prove that the
projection of S to £ moves projectively. Find the trajectory of this point

3. The external bisectors BB; and C'C'y of triangle ABC meet at point 4. A line ¢ passing through
I, meets AB and AC' at points X and Y respectively. Prove that the reflections of BY and CX
about BB; and C'CY respectively meet on B;C}.

4. Let points By, (' lie on the sides AC, AB of triangle ABC' in such a way that lines BB, CC}
meet on the altitude AA;. Prove that the lines A; By and A;C; are symmetric with respect to AA;.

5. Points Ay, By and Cy lie on cevians AA;, BBy, CC} (i.e. concurrent lines) respectively of triangle
ABC. Let A3 = BC5N ByC. points Bs and Cj5 are defined similarly. Prove that AAs, BBs and C'Cs

concur.

6. Let ABCD be a rhombus with acute angle B. Let O the circumcenter of triangle ABC'. A point
P lie on the extension of OC beyond C'. The line PD meets the line passing through O and parallel
to AB at point ). prove that ZAQO = ZPBC.


https://www.turgor.ru/lktg/2022/
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7. Let ABC be an acute-angled triangle with circumcircle €2 and incircle w. A point P lies on a
segment joining the centers of €2 and w. Denote as A, B" and C’ the second common points of
AP, BP and CP with Q. Prove that the internal bisectors of Z/BA'C, ZCB’'A and ZAC'B concur

at a point lying on the center line of €2 and w.

8. Let ABCD be a circumscribed quadrilateral with incenter I. Points P and @ lie on Al and CT
respectively in such a way that ZPBQ = %AABC. Prove that ZPCQ = %AADC

9. Let S be the projection of the orthocenter of triangle ABC' to the median AM. A circle w passes

through A and S, and meets AB and AC at Q and P respectively. Prove that BP and C'(Q meet
on w.

10. a) Let f be a homography of a projective line ¢ to itself. Parametrize the finite points of

b
the line by z. Prove that f is fractionally linear, i.e. f(x) = ax—{—i_— 7 where a,b,c and d are fixed
cT

numbers. b) Let f be a homography from ¢; to f5. Set Cartesian coordinates on a plane. Prove that
a1 + by + 1 asx + boy + co
fla,y)=( :
de+ey+ f  de+ey+f
that any map of R” defined by the formulas of p. b) may be uniquely extended to a projective map
of the projective plane.

), where ay, ag, by, by, 1, ca,d, e are fixed numbers. ¢) Prove

P(z)

11. A map f from a complex line ¢; to itself is defined as f(z) = W, where P, () are polynomials.

Let f be a bijection. Prove that f conserve the cross-ratio of any four points.


https://www.turgor.ru/lktg/2022/
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2 Projective movement -+
It is a wonder that an inversion limited to a line or a circle also conserve cross-ratios!

Theorem 2.1 Let an inversion Z maps a circle or a line Q) to a circle or a line Q. Then for any four

points A, B,C, D € Q we have (A, B;C,D) = (Z(A),Z(B);Z(C),Z(D))

The simplest proof of this theorem use the following properties of complex numbers: a number equals to
its conjugated if and only if it is real; the cross-ratio of four complex numbers is real if and only if the
corresponding points are collinear or concyclic; the inversion centered at the origin with radius 1 maps z

to —.
z

Denoting the complex coordinates of points as a, b, ¢ and d we obtain:

1 1 1 1
(a,b,c,d)_(g,z%i)_l 2.4 3
_ . c b d b
tc—a d—a c—a d—a c—a d—a
= — . = — = : — : — b d
c—b d-0» c—b d—-b c—b d-—19 <a7 ;G )

This allows to do the following useful remark:

12. Projection of a circle to itself. a) Let Q) be a circle, and S be an arbitrary point not lying on
it. Map each point X € 2 to the second common point F(X) of SX with Q. Then the map F: Q — Q
is projective. b) Prove that the map transforming a point X to the line SX is NOT projective

13. Transfering of a circle to a tangent Let X move along a line ¢ touching a circle €2. Let the
second tangent from X to €2 touche it at Y = F(X). Then F: ¢ — € is projective.

14. Transfering of a circle to itself via a line. Let X lie on a circle €2, and ¢ be a fixed line.
Let the tangent to € at X meet ¢ at point Z, and Y = F(X) be the base of the second tangent from Z
tof2. Then F: (2 — ) is projective.

The lemmas proved above help to solve problems using the projective movement.

15. Let v4, 7B, 7¢ — be the excircles of triangle ABC' touching the sides BC, C'A, AB respectively.
Denote as ¢4 the common external tangent of vz and ~¢ distinct from BC'. Define ¢, {¢ similarly. Draw
from a point lying on ¢4 the tangent to vz distinct from ¢4 and find its common point X with ¢-. Similarly
find the common point Y of the tangent from P to 7o and /. Prove that the line XY touches 4.

16. An acute-angled triangle ABC with orthocenter H is inscribed into a circle w centerd at O. A
line [ passes through H and meets the minor arcs AB and AC at points P and @ respectively. Let AA’
be the diameter of w. The lines A’P and A’Q meet BC' at points K and L respectively. Prove that O, K,
L and A’ are concyclic.
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17. Let S be the projection of the incenter I of an circumscribed quadrilateral ABC'D to the
diagonal AC'. Prove that ZBSA = /ZDSA

18. A pentagon ABC DF is circumscribed around a circle w. The pairs of rays FA and CB, AF and
CD, AB and DC, BC and ED meet at points P, Q, X, Y respectively. The circle w touches AE at point
R. Tt is known that XY || AE. Let the circles (AXQ), (PY E) meet at points S, T. Prove that S, T, R are
collinear.

19. A line /¢ passes through the circumcenter O of triangle ABC' and meets the sides AB, AC at
points P, () respectively. Prove that one common point of the circles with diameters BQ, C'P lies on the
nine-points-circle of triangle ABC', and the second one lies on its circumcircle.

20. 2023 lines concur. A circle is inscribed into each of 4046 formed angles in such a way that the
circle inscribed into adjacent angles are tangent. A point is marked on each side of the angles. For each
angle except one the segment joining the points marked on the sides of this angle touches the inscribed
circle. Prove that this is correct for the remaining angle.

21. F ix the sidelines AB, AC and the incircle w of triangle ABC'. Prove that the touching point of
w with the side BC' projectively depends on the Feuerbach point of this triangle

Theorem 2.2 (May be used without proof) Let ABC' be a triangle with circumcircle Q@ and incircle (or
excircle) w. Let A’ lie on Q), and the tangents from it to w meet Q) for the second time at B" and C'. Then
the line B'C" touches w.

Note that we have in this configuration a bijection: each point A of the circumcircle corresponds to the
touching point of BC' with the incircle. A hypothesis emerges that the corresponding map between to
circles is projective.

Lemma 2.1 Homographies of Poncelet configuration. Consider a Poncelet rotation of triangle
ABC' conserving the circumcircle and the incircle. Let Ay be the touching point of side BC' with the
incircle, Sa and Ty be the midpoints of two arcs BC', and I4 be the center of the excircle touching the
side BC, then all these points projectively depend on A.

Call the map transforming A to A; as Poncelet homography and denote it as P.

Mark the incenter I and the circumcenter O of triangle ABC. Note that

The midpoint S, of arc BC' not containing A is the image of A in the projection of the circumcirle
to itself centered at I.

The point T4 is the image of S4 in the projection centered at O.

Point A; is obtained from S4 by the homothety mapping the circumcircle to the incircle.

By the trident theorem I, is the image of the midpoint S4 of arc BC' in the homothety centered at
I with coefficient 2.
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The homographies mapping A to Sa, Ta, A1, [4 are presented, thus these points projectively depend
on A

Usually the Poncelet homographies work effectively with the method of polynomial movement generalizing
the projective movement. But it is possible to solve several difficult problems using the methods described
above.

22. A convex hexagon AQCPBR is inscribed into a circle € in such a way that the triangles ABC'
and PQ R have a common incircle . A line ¢ parallel to BC' and distinct from it touches . Let P; be the
common point of ¢ and QR. Prove /PAB = /P, AC.

23. Triangles ABC' and DEF have a common incircle w and circumcircle . Let L and K be the
touching points of BC' and EF respectively with w, and M, N be the second common points of AL and
DK respectively with v, Prove that AM, EF, BC', ND concur.

24. Let the vertices A and B of a triangle projevtively move in the Poncelet rotation. Prove that
this triangle is regular.

The last problem may seem too hard. We propose to return to it after the learning of the relativity
principle.

It is known that the Poncelet theorem is correct not only for a triangle but for ane n-gon. So the
following question is natural:

25. Consider a Poncelet rotation of polygon AjAs...Aski1. Does Agyq projectively depend on the
touching point of side A;Agy 1 with the incircle?

Now we do not know an elementary proof of this assertion.
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3 Conics

Definition 3.1 Conic. An image of a circle in a projective map of the plane is called a non-degenerated
conic. A degenerated conic is a pair of lines (possibly coinciding).

You may use without proof that any non-degenerated conic is a circle, an ellipse, a parabola, or a
hyperbola; and that any conic is the set of points (z,y) satisfying to an equation ax? + by* + cxy + dx +
ey + f =0, where a, b, c,d, e, f are real constants.

The following assertion may be used without proof:

Theorem 3.1 There exists a unique conic passing through five point such that any three of them are not
collinear.

Definition 3.2 Cross-ratio of four points on the conic Let A, B,C, D lie on a conic ), and S
be an arbitrary point of this conic. The cross-ratio (A, B;,C, D) on the conic equals to the cross-ratio

(SA, SB; SC, SD.

26. Prove that this definition is correct.
27. Three points A, B and C of a conic C are collinear. Prove that C is degenerated.

28. a) Lines a; and b, rotate projectively around points A and B respectively. Prove that the common
point of a;, and b, move projectively along some conic (probably degenerated) b) Points A; and B, move
projectively along lines a and b respectively. Prove that the line A;B; envelops some conic (or passes
through a fixed point).

When the conic in the previous problem is degenerated?

29. Points A; and B; move along two lines with fixed velocities. Which is the conic envelopped by
the line joining these points?

Conics often appear as locus of points.

30. A circle and a line meeting at points A and B are give. Find the locus of points such that the
tangent to the circle equals the distant to the line.

31. Similar isosceles triangles BA;C, CB1 A, ACy B have the sides of triangle ABC' as the bases (All
triangles are constructed inside ABC, or all triangles are constructed outside it). Prove that the lines
AAq, BBy, CC} concur and find the locus of their common points.

The using of conics may be useful in problems not coherent directly wit them.

32. Let points P u () be isogonally conjugated with respect to an acute-angled scalene triangle ABC.
A point W is the midpoint of arc BAC' of the circumcircle of ABC'. The lines WP and W) meet the
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circumcircle of ABC' for the second time at points X and Y respectively. The lines passing through P
and () and parallel to AW meet AB, AC' at points Pg, Po, Qp, Qc. Prove that XY, Pg, Po,Qp, Q¢ are

concyclic.

33. The incircle of scalene triangle ABC' touches BC, C'A, and AB at points Ay, By, and C}
respectively. Three flies creep along the lines AA;, BBy, and C'Cy with fixed velocities in such a way that
in some moment they were at points A, B, and C, and in some other time they were at A;, By, and C
respectively. In some time all three flies were collinear on a line p;, and in some other time they were
collinear on a line py. Prove that p; L ps.

34. Points P, @ lie on the sides AD, C'D of quadrilateral ABC' D in such a way that ZABP = ZCBQ).
Denote as S the common point of C'P and A(Q). Prove that ZPBS = ZQBD.

35. Let ABC be a triangle with incenter I. A line ¢ meets AI, BI, and C1 respectively at points
D, E, F distinct from A, B, C, and I. The perpendicular bisectors to segments AD, BE, and C'F form
a triangle A with incircle w. Prove that w and the circumcircle of ABC' are tangent.
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4 Polynomial dependences

Definition 4.1 Projective plane. Projective plane is the set of all lines passing through a fixed point
O of the space, these lines are called points of the projective plane.

We can choose on any line in R? passing through the origin an arbitrary point (z,y, 2) distinct from
the origin. So all non-zero triplets [x : y : 2] code points of the projective plane and are called homogenious
coordinates. This definition naturally corresponds to the previous one: if a plane a|z = 1 not containing
O is fixed in the space, then each point A of this plane corresponds to the line OA, and each infinite
point corresponds to the line passing through O, parallel to «, and having the same direction. The triple
[0:0:0] does not define any point of the projectibe plane.

Note that the axes OX and OY in the space are parallel to «, and the axis OZ is perpendicular this
plane. Projecting OX and OY to a we obtain the standart coordinates in this plane. The point (x,y) of
a has homogenious coordinates [z : y : 1]. The infinite points of the projective plane have homogenious
coordinates [z : y : 0].

Let p, g be two different points of the projective plane. Consider the plane passing through p, ¢, and
O — it is defined by an equation ax + by + cz = 0, where a triple [a : b : ¢] is defined up to a factor. We
call [a : b: ] the homogenious coordinates of a line. The triple [0: 0 : 0 does not define any line.

It is clear that the point [xq : yo : 29 lies on the line [a : b : ¢ if and only if axy + by + czp = 0. From
this we obtain by substitution the following

Lemma 4.1 The coordinates of the line passing through the points [x1 : y1 : z1] and [z2 : yo @ 23] may be
defined as

[y122 — 21Y2 1 21X — T1zk2 1 T1Y2 — Z/1$2]
and the common point of the lines [ay : by : ¢1] and [ag : by : ¢o] has the coordinates

[b102 — Clbg . C1Q9 — aq1C2 Glbg — blCLQ]

Similarly we may define the homogenious coordinates on the projective line coding its points by the
pairs [z : y] defined up to factor. Since the time is a point of the projective line we can consider it as a
pair [ty : to].

Earlier we considered the maps from the projective line to the projective plane (and concretely to lines
or conics on it) conserving the cross-ratios. Now we add the polynomial maps i.e. the functions F: RP' —
RP? mapping a pair [t; : t5] to a triple of polynomials P(ty,t5), Q(t1,t2), R(t1,ts) corresponding to he
homogenious coordinates of a point of the projective plane.

Clearly the polynomials P, (), R have to satisfy to several conditions. If this map cotrrectly transforms
the points of projective line to the points of the projective plane the polynomials have to be homogenious
(12 + 2t,t, satisfies and 3 + 2t1t, does not satisfy) and they degrees have to be equal. Also all three
polynomials may not equal zero, thus we suppose that they are relatively prime.

10
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Definition 4.2 Power law Say that the degree of dependence of point X on the time equals k, if the
homogenious coordinates of X may be defined as [Py(t1,t2) : Py(ty,ta) : Ps(t1,t2)], where P; are relatively
prime polynomials of degree k. The degrees of dependence of lines are defined similarly.

It is easy to see that this definition is correct.

Lemma 4.2 Addition of degrees. Let points X and Y move with degrees a and b respectively. Then
the degree of the line XY is not greater than a + b.

Denote the coordinates of X and Y as [z1 : x5 : 3] and [y; : y2 : y3] respectively. Then the coordinates
of XY are y120 — Y221 : 2102 — 201 : X1y — xoy;. If the degrees of polynomials x; are not greater than a,
and the degrees of y; are not greater than b, then the degrees of these polynomials are not greater than
a + b. This estimation is not precise only if the obtained polynomials are not relatively prime.

Lemma 4.3 Let a point X of degree 1 move one the line not passing trough a point S. Then the degree
of line SX also equals 1.

By the addition degree lemma the degree of SX is not greater than 0 + 1 = 1. Since the line is not
constant this estimation is precise.
In the following chapter we prove the general theorem: if the point X moves on an arbitrary trajectory,

then the degree of SX equals to the degree of X.

Theorem 4.1 The degree of point X projectively moving on a line equals 1. The degree of the line rotating
projectively is also 1.

Firstly demonstrate that any projective map between two lines may be presented as a composition of
central projections and translations.

Let the map transform the points Ay, By, Cy of line ¢; to the points Ay, By, Cy of ly. If 41 || (o
project £; to any line not parallel to it. Let a translation of ¢; mapping A; to A, map By and C; to B’
and C’ respectively. Denote as S the common point of B’By and C'Cy (may be infinite). The projection
centered at S realize the required homography.

Clearly the translation does not change the degree of dependence. Hence we have to prove that that
the projection does not change the degree. his follows from the previous lemma.

This theorem yields that if Y projectively depend on X and both points move on the lines then their
degrees are equal. This is also correct for two rotating lines. Even more is true.

Theorem 4.2 A homography of lines transforms the homogenious coordinates of their points linearly.

This theorem may be used without proof.

Lemma 4.4 Redoubling of degree on a conic. A point X moving projectively along a circle (a conic)
has degree 2.

11
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Fix two points A, B on a circle, then the lines a = AX and b = BX rotate projectively, therefore
X is the common point of two lines with degrees 1, and my the addition of degrees lemma we obtain the
required assertion.

Similarly the homography of a line (a pencil) to a circle may at most redouble the degree of any
point.

Remark: Clearly the dual lemma is also correct: let a line ¢ rotates around a circle (a conic) in such
a way that the degree of touching point equals k. Then the degree of ¢ is not grater than 2k

Theorem 4.3 To prove the coincidence of two points with degrees k and [ it is sufficient to verify k+1+1
dispositions.

Not that the coincidence of points at time [¢t; : 3] is equivalent to the equality of the ratios of
polynomials on t1,t, defining the coordinates of points:

Py (tq,12) _ Qz(t1,t2)
Py(ti,t2)  Qy(ty,t2)
Py(t1,t2) _ Qs (t1,t2)
P.(ti,t2)  Q:(t1,t2)

This is equivalent to:

Py(t1,t2)Qx(t1,t2)

Pw(tla t2)Qy<tla t2)
P.(t1,t2)Qqx(t1, t2)

Py(t1,12)Q. (11, t2)

And to prove the identity of two homogemious polynomials with degrees not grater than k + [ it is
sufficient to verify k 4+ [ + 1 Not proportional dispositions. In fact if the polynomial equals zero at points
(x4, ;) where y; # 0, then dividing P(t;,t5) onto t4 where d is the degree of polynomial, we obtain a
polynomial on t_l with the number of roots greater than its degree, hence it is equal to zero. If several y;

2
equal to zero, consider another time parameter [ : 7] such that the infinite time 7 does not correspond

to any (x;,y;)-

Similarly to prove that a line with degree k passes through a point with degree [ it is sufficient to
verify k + [ + 1 dispositions.

The lemmas formulated above are «basic» and allow to solve many hard problems. Consider an
example:

Example 4.1 Points P and Q lie on the sideline BC' of scalene triangle ABC' in such a way that
BP = CQ. Let w be the incircle of the triangle, and wa be the excircle touching the side BC. Points S
and T lie on w and wa respectively in such a way that PS touches w, and QT touches wa. Let AS and
AT meet BC' at points X and Y respectively. Probe that BX = CY.

12
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1. Choose a time and homogenious coordinates on the plane. Move P projectively along BC'. Denote
the degree of a point as d.

2. Point S projectively depend on P and moves along the circle, hence ny the redoubling of degree
lemma d(S) < 2.

3. By the addition of degrees lemma d(AS) < d(S)+d(A) <2+0=2

4. By the same lemma d(X) < d(BC)+d(AS) < 0+ 2 = 2. Similarly d(Y) < 2, because P and () are
symmetric with respect to the midpoint M of BC i.e Q) projectively depend on P.

5. Let Y/ = Sy (X). Clearly d(Y') = d(X) < 2, thus we have to prove two points with degrees 2
coincide, for this it is sufficient to verify 2 + 2 + 1 = 5 dispositions.

6. The dispositions P = C, P = B, P = A; — the touching point of the incircle, P = M, P = oo are
clear.

Solving problems it is useful to understand how degenerated cases habe to be considered. Let in some
moment we have to draw the line through two coinciding points: By the formula the coordinates of this
line are [0 : 0 : 0], which yields that all following polynomials equal zero. Hence the required assertion is
always correct in degenereted dispositions. But we have to be accurate, consider the following example:
a point X moves projectively on a conic, and S is a fixed point of this conic. Let we want to prove that
several point Y of degree 1 lies always on SX. We have to interpretate correctly the line SX, when §' = X.
If we estimate the degree of SX by the degrees addition lemma its degree do not exceed 2, and if X = .5
SX is the «zero line», this give us one disposition (because we did not estimate the degree precisely) and
we have to find three other disposition. But if we consider SX as a line rotating projectively in the pencil
of S, then we initially have to verify three dispositions but when X = S the line has to be considered as
the tangent and not the «zero line».

Now try to solve several exercises.

36. Points A and B move along two lines with constant velocities. Prove that the direction of line
AB is projective.

37. Three points move projectively. How many positions have to be verified for prove that they are
always collinear? The same question for three lines rotating projectively.

38. P oints X and Y move with degrees a and b respectively. Prove that the degree of the midpoint
of segment is not greater than a + b.

39. Let P be a fixed point of a circle w, and A move with degree a. Let B be such point that the
arc PB is twice greater than the arc PA (we count the length of an arc counterclockwise). Prove that the
degree of B is at most 2b.

40. P olar transformations do not change the degree of dependence.

Now solve several problems.

41. Let ABCDEF be a convex cyclic hexagon. The intersection of triangles ACE and BDF is a
hexagon. Prove that its main diagonals concur.

13
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42. Two perpendicular lines meet at the orthocenter of an acute-angled triangle. Prove that the
midpoints of segments carving by these lines on the sidelines are collinear.

43. A triangle ABC and three collinear points P, ), R are given. The lines AP, BP, and C'P meet the
circumcircle of ABC' at points A’, B’, and C’ respectively. The lines A’Q, B'Q, C'Q meet the circumcircle
at points A”, B”, and C". The lines A”R, B”"R, C”R meet this circle at points A”, B”, and C". Prove
that the lines AA”, BB",C'C" concur at a point lying on the line passing through P, @, and R.

44. A point X is marked on the circumcircle of triangle ABC. The lines BX and C'X meet the

altitudes C'C; and BB; at points P and () respectively. Prove that the midpoint of segment P() lies on
BlCl.

45. Let AH 4 be the altitude of an acute-angled triangle ABC', and O be the center of its circumcircle
Q. The lines ¢4, (g, {c touch Q at A, B, C respectively. Let S be the orthocenter of triangle formed by
ly, g, Lc. Prove that the lines OH4 and SH4 are symmetric with respect to BC.

46. The excircle of triangle ABC' centered at I4 touches the side BC' at A; and touches the sidelines
AB, AC at (', By respectively. A point P of the line [4C' is such that AP 1 BI4. A point @) of the line
14 By is such that AQ L C'I4. Prove that P, ), A; are collinear.

47. Let X lie inside a scalene triangle ABC on its Euler line; and O be the circumcenter of ABC.
The lines AX, BX, CX meet the opposite sides of ABC' at A, By, C} respectively. Prove that the circle
(AOA,), (BOB,), (COCY) are coaxial.

48. A triangle ABC with orthocenter H is given. Points Ay, By, and C} kie on the circumcircle of the
triangle in such a way that the lines AA;, BBy, and C'C; concur. Denote as As, By, and C5 the reflections
of Ay, By, and C] about the midpoints of the corresponding sidelines. Prove that As, By, C5, and H are
concyclic.

49. A triangle ABC with orthocenter H is given. Points Ay, B, and C} kie on the circumcircle of the
triangle in such a way that the lines AA;, BBy, and C'C; concur. Denote as As, By, and C the reflections
of Ay, By, and C about the corresponding sidelines. Prove that As, By, C5, and H are concyclic.

50. The Turner theorem. Let points P, () be inverse with respect to the circumcircle of triangle
ABC, Py be the reflection of P about AB, and Pc() meet AB at point C’. Points A’, B’ are defined
similarly. Prove that A’, B’, C" are collinear.

51. Let ABCD be a convex quadrilateral with /B = ZD. Prove that the midpoint of BD lies on
a common internal tangent to the incircles of triangles ABC' and ACD.

52. A triangle ABC' is given. Denote as A; the common point of the medial line parallel to BC
and the line joining the feet of altitudes to AB, AC. Points By, C are defined similarly. Prove that the
orthocenter of triangle A; B;C} lies on the Euler line of triangle ABC.

53. Let ABCD be a cyclic quadrilateral, w be its circumcircle, and P be the common point of its
diagonals. Denote as 14, I, I, and Ip the incenters of triangles APB, BPC,CPD, and DP A respectively.
Let Sa, Sg, Sc, and Sp be the midpoints of «minor» arcs AB, BC,CA, and DA of w. Prove that the lines
1454,15B,1cS¢c, and IpSp concur.

14
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5 Polynomial movement

This chapter contains three subjects which be learned independently: generalizations of the theorems
proved above, the relativity principle, and the combination of the movement with the Poncelet theorem.

To prove the advanced theorems concerning the polynomial movement we need to use the instruments
most powerful than the real numbers. All definitions and theorems of the previous chapter are working
for the complex numbers. Instead the real projective line RP' we will consider CP' — the set of lines
in C? passing through (0,0). Homogenious coordinates on the complex projective line are pairs [z; @ 2o]
defined up to factor. The complex projective plane CP?, the homogenius coordinates on it, the pencils,
etc. are defined similarly. Not that many results of previous chapters are correct for the complex numbers
too. The unit comples circle is the set of solutions in C? of the equation x? + * = 1, or the set of points
[:y:z]in CP? such that 22 + y?> = 22. Any non-degenerated conic may be obtained from a circle by a
projective map (transforming the lines to the lines) and may be defined as the set of roots of an irreducible
homogenious polynomial P(z,y,z) = 0.

54. Prove that a complex line and a non-degenerated complex conic have at most two common
points. Do they intersect obviously?

The complex numbers are better than the real ones because any polynomial f(x) distinct from a
constant has a root (this may be used without proof). Furthermore any line of degree n on CP? (i.e the set
of roots of a homogenious polynomial of degree n) meets a line of degree m at mn points counting their
multiplicity. This assertion is the general Bezou theorem. In this chapter we will use only the following
patial case of the Besou theorem:

55. a) Prove that a homogenious non-constant polynomial f(¢;,t2) may be divided to some linear
polynomial at; + bty b). Prove that any homogenious polynomial f(t;,t3) may be uniquely (up to
permutations and common factors) presented as a product pi*p5?...p%", where p; are homogenious linear
polynomials.

Clearly the last problem is similar to the main theorem of the arithmetic.

Lemma 5.1 (The complex degrees addition lemma). Let points X andY move with degrees a and
b respectively. Then the degree of the line XY is at most a + b, and if X and Y are distinct at any time,
this estimation s precise.

Denote the homogenious coordinates of points as [z1 : z2 : z3] and [y; : y2 : y3] respectively, Then
the line XY is defined by th coordinates [y1z2 — 2192 : 2122 — 129 : T1Y2 — Y1x2). If the degree of x;
is at most a, and the degree of y; is at most b the degrees of these polynomials do not exceed a + b. If
this estimation is not precise then three obtained polynomials have a common divisor d(¢;,t5). Choose
any linear divisorp = at; + bty of d. Then at time [b : —a] XY is «zero linesm i.e X and Y coinside,
contradiction.

Lemma 5.2 Let a point X of degree a move on a line not passing through a point S. Then the degree of
line SX also equals a.

Follows from the previous assertion.

Summing we obtain:

15
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Theorem 5.1 Let f be a homography of lines or pencils. Then f does not change the degree of dependence.

Now we have to learn homographies using conics. We proved that the transfering of a point to a conic
redoubles its degree. The inverse assertion is also true.

Theorem 5.2 (Throwing off conic). Let a point X of degree k move on a conic, and S be fixed on it.

Then the degree of line SX equals 5 in partial k is even.

You will prove this theorem solving the problems (we suppose that all object are complex).

56. A conic w is given. Choose an arbitrary point S NOT on this conic and a line ¢ not passing
through S. Let f be the projection of the conic from S to ¢. Prove that any point of the line has two
prototypes (excepting may be a finite set of points).

57. A point X moves polynomially on a conic w. Choose an arbitrary point 7' ON w and consider
the projection of w from S to the line z = 0. Let this projection map X to X’. So we defined the map g
from the line of tome to the line z = 0. a) Prove that there exists a number k such that each point of line
z = 0 (excepting may be a finite set) has exactly k prototypes in the map g. b) Prove that X coincide
with almost any point of w exactly k times.

58. Denote as X” the image of X in the map f from the problem preceding the previous one. Count
by two methods how many times X" coincides with a general point of £ and obtain from this the theorem.

To start the next subject consider an example. Suppose that the vertices of any triangle move with
degrees a, b, and c respectively. How can we estimate the degree of its circumcenter? It is not hard to see
that the degree of the mid point of the segment joining two points with degrees a and b is at most a + b.
The direction of the line passing through the points with degrees aandbalsohasthedegreenotexceedinga +
b, hencethedegreeo ftheperpendicularbisectorisnotgreaterthan(a + b) + (a + b) = 2(a + b)(bytheadditiondegr.
+ ¢).Meetingthesebisector sandusingtheadditionprincipleweobtainthatthedegreeo fthecircumcenterisnotgreai
+ 2b + 2c.

This result sets thinking: the obtained estimation is not symmetric. Probably this means that the
estimation is not precise. Furthemore we can suppose that the real estimation equals 2(a + b + ¢). The
following instrument allows to prove this hypothesis.

Definition 5.1 Polynomial substitution Suppose that subsets Py, Ps, ...P, of projective plane are fized,
and for any points py € Py,p2 € Pa...,p, € P, a point [po, : po, : Po.] = R(p1,p2,....n) 15 defined such
that there exist homogenious polynomials R,, Ry, R, on 3n variables, po, = Ry(p1,,p1,---Pn.), and po,, Po,
are defined similarly. Call such R a polynomial substitution on n points.

Definition 5.2 Relative degree of dependence. Let R be some polynomial substitution on two points,
points q, go move with several degrees, and ¢ = R(q1,qz). Let r1 be the minimal natural number such that
for any time |1 : 72 the degree of R(q1,q2(T1,72)) is not greater than ry (the degree may be different for
different 11 : 73] ). Call such 1y the relative degree of dependence of q on q.
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The relative degrees of point depending on more than two points are defined similarly. Fix all g;
except one and see the degree of dependence of ¢ on the remaining point.

59. Relativity principle. Let points ¢i, gs..., ¢, move polynomially, and the relative degrees of
q = R(q1,,q2,, --Gn,) €qual 11,7, ...r, for some polynomial substitution R. Then the degree of ¢ is not
grater than ry +ro + ... + 7,,.

60. Let the verices of a triangle move with degrees a, b, and c respectively. Then the degrees of the
circumcenter and the orthocenter of this triangle are njt greater than 2(a + b+ c).

61. Let points A and B projectively move along a conic w. a) Prove that the line AB envelops some
conic 7 (or passes through a fixed point). b) Prove that w and 7 touch at two points of CP* (i.e. the
coordinates of touching points may be complex).

62. Let points A and B projectively move along a conic w. Prove that the common point of tangents
to the conic at A and B moves projectively along some conic or a line.

63. Let A move along a conic with degree 2a, and B move along an arbitrary trajectory with degree
b. Denote as C' the second common point of line AB with the conic. Then the degree of C' is not greater
than 2a + 20b.

64. Four points move with degrees a, b, ¢, and d. Then to prove that they are concyclic 2(a+b+c+d)+1
disposition are sufficient.

It may be useful to apply the Poncelet theorem not only to the circumcircle and the incircle
of a triangle, but also to its circumcircle and excircle. There are six degenerated disposition in this
configuration: parametrizing a tangent ¢ to the excircle we can consider two dispositions when ¢ touches
the circumcircle and the excircle, two disposition when it passes through the common points of these
circles, and two disposition when the triangle is isosceles.

65. Denote the circumcircle and the excircle of triangle ABC' as 2 and w respectively. Let they meet
at points X and Y. The common external tangents to {2 and w touch €2 at points U and V. Prove that
the tangents to w at X and Y pass through U and V.

66. Let w de the excircle of triangle ABC' touching the side BC'. The common external tangents to w
and (ABC') touch (ABC) at point X and Y. Prove that the line XY passes through the feet of bisectors
from B and C.

67. The excircle w of triangle ABC touches the side BC' at point A; and meets the circumcircle of
ABC' at points X and Y. The tangents to w at X and Y meet at point Z. Denote as S the midpoint of
arc BAC'. Prove that the lines SA; and AZ meet on the circumcircle of ABC.

68. The excircle w of triangle ABC touches the side BC' at point A; and meets the circumcircle of
ABC' at points X and Y. The lines A; X and A;Y meet the perpendicular bisector to the altitude from
A at points U, V. Prove that AUA;V is a parallelogram.

e
69. Let a line ¢ of degree d rotate around a point O. Fix two different vectors OA and O? with

in Z(¢, 0A)
sin
origin O. Prove that ﬁ— = P(t1,t3), where P(t1,t2) is a homogenious polynomials with degree
sin Z(¢, OB)
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70. Let w be the circumcircle of triangle, and €24 be the excircle touching the side BC. Denote the
common points of these circles as X and Y. Let P and () be the projections of A to the tangents at X
and Y to Q4. The tangent to the circle (APX) at P meets the tangent to the circle (AQY") at @ at point
R. Prove that AR | BC.
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Huckpernaga 3agada Jugoubl u npobdsiema bobbliieBa

Nsnes ®@.A., Ucmannos A., Kanenns-Bemos A. 4., sanos-Iloromaes N.A., Golafshan M.

A

HpeﬂBapHTeHbeIe 3aa9n1

BBosnas cepus orHOCHTCS K KIaccudecKnM (akTam o 3adave /Judors, 0 MUHUMAJIBLHOM TOBEPX-
noctu. [lycrs & — dburypa MEHIMAJIBHOTO MIEPUMETPA C 3aIAHHON TJIOMIAJIBIO S.

Al

A2
A3

A4

A5

A6

A7

A8

A9

A10

Al1l

Jlokaxkure, 9T0 J10bas xop/ia GUrypsl @, gesdinas momnojgaM ee IepuMeTp, JeJUT MoToIaM
ee oMb U HA0DOPOT.

Jlokaxkure, 9TO XOpJla U3 MpPEJIbLIyINeil 3a/1ad MepleHIuKyIgpHa rpanuie purypo P.

(3amaua dumonsr) Jlokaxkure, uro durypa ¢ mMakcuMabHON ILIOMMAM 338/ JaHHOTO TI€PH-
MeTpa €CTh KPYT.

YKaxkKuTe KPUBYI0 MUHUMAJILHON JITUHBI, KOTOpas JIEJIMT PABHOCTOPOHHUI TPEYTOJHbHUK
Ha JIBe PpaBHBIE 110 TIJIOMAIN YACTH.

JlokaxkuTe, 9TO CpeIu BCEX N-yTOJHBHUKOB 33/ IAHHOTO IIEPUMETPa MaKCUMAJIbHYIO TLIOMIA b
UMeeT NPaBAJIbHBIN.

JlokazkuTe, 9TO CpeJid BCeX N-yIOJbBHUKOB C 3aJJaHHBIMU JI/IMTHAMU CTOPOH MaKCHUMAJIbHYIO
IJIOMIAIh UMEET OIACAHBIN.

Jlokaxkure, 4TO ILIONIA/Ib N-YTIOJbHUKA U3 IPEIbIIYIIeil 3aJaud He 3aBUCUT OT IOPSJIKA
€ro CTOPOH.

(Muoromepnas 3aja4a dugonsr) Jokaxkure, 910 T€JI0 3a/[aHHO TIOMAHM TTOBEPXHOCTH C
MaKCHMAaJIbHBIM 00bEMOM €CTh IIap.

JlokaxkuTte, 9TO TETPasd/Ip 3aJJAHHON IIJIOMA/IN TTOBEPXHOCTH ¢ MAKCUMAJILHBIM 00bEMOM —
[IPaBUJIbHBINA.

JlokazkuTe 9TO MapaJlIe/IennIe]] 3aJaHHON IO/ TTOBEPXHOCTH ¢ MAKCUMAJIBHBIM 00b-
€MOM eCTb KYO.

(3azaqa jis uccseoBanus) UTo MOXKHO CKa3aTh PO MHOTOMEpPHbIE 0600IeH s

Huckpernaga 3agada JugoHbI

KieTounbrit MHOTOYTOJIBHUK € KJIETKAMU JBYX I[BETOB HA30BEM TOPOULUM, €CJIU B HEM POBHO
JeTBEPTh KJIETOK — depHas. Bepno jim, 4to Jioboit xopormit kBajgpar 12 X 12 MOXKHO
paspesarh Ha 9 XOPOIIUX MHOTOYTOJIbHUKOB?

Paccmorpum GecKOHEUHYIO KJIETYATYIO IJIOCKOCTH (KBaJIPATHYIO, TPEYTOJIbHYIO, MIECTHU-
yI‘O.HbHyIO). [Iycts ormMedeHO HECKOIBKO KJIeTOK. OTMeUeHHasi KJIeTKa HA3BIBAETCS 2pa-
HUYHOTU, eCJN OHa I'PAHUIUT XOTd ObI ¢ OAHON HeoTMedeHHO# KieTkoil. IlycTts mmeercsa n
OTMEYEHHBIX I'PAHUIHBIX KJIETOK. Juckpemnot 3adaueti Judonv. OyjeM Ha3bIBaTh BOIPOC
MAaKCUMU3AIIU YMCJIa OTMEYECHHBIX KJIETOK.



B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

C

Pemure muckpernyio 3anady JIuIoHBL JUist KBQJAPATHON DemeTku (2panuitbie — 5TO 110
CTOpOHE).

Permure nuckpernyto 3agady umgoHbl jijis KBaJIpaTHON peIIeTKH (2panuytvie — 3TO IO
CTOpPOHE WJIH YTJIY ).

Pemmnre quckpernyio 3a1ady JIugoHbl Jyist IPaBUILHOM MIECTUYTOJIbHOI pererku (2panui-
Hble — ITO IO CTOPOHE).

Pemmure nuckpernyto 3amady JIumoHbl 71 MpaBUILHON TPEYroOJbHOM pererku (2panuti-
Hble — 9TO MO CTOPOHE).

Pemure puckpernyto 3agaay Junonsl st Kyoudeckoil pemerku (2paHuumbie — 3TO 10
IpaHM).

* [IpuaymaiiTe MHOrOMEpHOE 0000IIEHNE /It KyOUIecKO PereTKN.

Bajiady Tak:Ke MOXKHO ITOCTaBUTH HEMHOI'O IIO-IPYTOMY: HAIIPUMED, €CJIN MHOXKECTBO I'pa-
HUYIHBIX KJIETOK PACIIOJIOXKEHO BHYTPH HEKOTOPOT'O KBaJjipaTa, M Mbl HE YINTHIBA€M KJIETKH
Ha TPAHUIIE 3TOTO KBaJipaTa. MHOXKECTBO I'PAHUIHBIX KJICTOK, HE MOTAIAIONINX Ha TPAHUILY
KBaJipaTa (WIn, aHAJIOIMYIHO, Kyba) Gy/ieM Ha3bIBaTh c60000HOT NOBEPTHOCTIBIO.

Pemmure muckpernyio 3amady AumaoHbl 110 ¢BOOOIHON IMOBEPXHOCTH yUIACTKA KBAIPATHOM
perierku B KBajipare k X k (To ecTh, B CBODOJIHOI IOBEPXHOCTH N KJIETOK, 2PAHUYHLE
KJIETKH — 10 CTOPOHE, Mbl MUHUMU3UPYEM UHCIO OTMEYEHHBIX KJIeTOK B KBaJpare k X k).

* Pemre quckpernyio 3ajgady JInaoHbl s ¢cBOOOIHON IIOBEPXHOCTH yUacTKa KyOrudecKoit
perietrku B Kybe k X k X k (2panuunvie — 910 110 TpaHu).

* Pemmre quckpernyio 3agady JumoHsr 1y ¢cBOOOIHON MOBEPXHOCTH y9aCTKa MHOIOME]-
HOI KyOudeckoil pererku B Kybe k X k X - -+ X k (epanuunwie — 910 110 rpaHn).

(OrkpsbITHIT Bonpoc) BeiBeure 3 npepayinero myHkTa mpobiaemy Kyba (em. nuki C).

CsoiicTBa MHOroMepbs

Haunem ¢ uspectnoii 3amaun B.V. Aprosbaa

C1

C2
C3

C4

Kakoit nporieHT 00béMa 3aHUMaeT MSKOTH B CTOMepHOM apOyse juamerpa 1 MeTp, ecyin
TOJIIIIHA KOPKH — 1 cm?

[IponomkuM Temy.
K gemy crpemurest 00bem n-mepuoro mapa pajuyca 2022 mpu n — oo?

Jlokaxkurte, 9TO B n-MepHBII KyO 1ipu n > 1 MOXKHO IOMECTUTh TUiaBHOe 31anue MI'VY.
Pacemosmnuem meorcdy muoocecmeamu A v B Oynem Ha3bIBATh TaKOe MAKCUMAJIHLHOE UHC-

J10 d, 9T0 J1I0b0€e pacCTOAHIE MeXKIy TOUYKaMu T U y, rae © € A, y € B, Oyaer He MeHbIIe d.

JlokaxkuTe, 9TO CeYeHNEM MHOTOMEPHOTO Ky0a ILJIOCKOCTHIO MOXKET ObITh MHOT'OYTOJIbHUK,
CKOJIb YTOJIHO OJIN3KUIT K OKPY?KHOCTH (TO €CTh, PACCTOSHUE MEXKJIy MHOIOYTOJIbHUKOM U
OKPYZKHOCTBIO MOYKET OBITH CJEJAHO MEHbIIE JTI0O0r0 3apaHee 3aJaHHOro dncyaa d > 0).
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C5

C6

c7
C8

C9

C10

B mHOroMeprOM euHUYIHOM Ky0e a0 MHOXKecTBO M obbema 0,99 n Touka A. Jlokaxkure,
qro paccrosiiue or M 10 A MOXKET OBITh CKOJIb YI'OJIHO OOJIBIINM.

Tem ne MeHee, eCTb y6e}K,H€HHOCTb B ITIOJIOZKUTE/IbHOM DENICHUN cneﬂylomeﬁ HpO6JIeMbI.

ITpobsiema mHOroMepHoro kKyba. B n-mepaoMm Kybe e uHUYIHOrO 00'beMa PACIIOIOKEHbI
nBa MHOXKecTBa My u My obbema e Kaxkjoe. Torjga paccTrosHue MeKIy HUMHU He IIPEeBOC-
XOJIUT HEKOTOPOii KOHCTAaHTHI F(g).

3ameuanme. Koncranra F' 3aBUCUT TOJIBKO OT €, HO HE OT pa3MEpPHOCTH.

Pemenne npobsiembl MHOrOMepHOro Kyba HaM He M3BECTHO, aTaka Ha Hee eCTh OJIHA U3
neaeit ITOro IMpoeKTa.

**, IIpobjiema MHOrOMEPHOro IIapa. B n-mMepHoM IIape eImHuYHOro oObeMa paciio-
JIo2KeHo JiBa MHoxkecTtBa My m My obbeMma £ Kaxoe. Torma paccrogHue MexKy HUMU He
[PEBOCXO/UT HEKOTOPOit KoHCTaHTHI G (£).

Pemmure npobsiemy MHOrOMEpPHOTO Iapa Jjisd BBITYKJIBIX TEJI.

* (Ilpobaema Bobbliesa.) Perure npobieMy MHOTOMEPHOrO Kyba /Il BBITYKJIBIX TeJl.

Bameuanme. MoKHO [IOCTABUTH AHAJIOIMYHBIE BOIIPOCHI JIJIsi CUMILIEKCOB (MHOTOMEDPHBIX
TETPA’IPOB) U MHOTOMEPHBIX OKTad1poB. OIHAKO TaKue BOMPOCHI B JIAHHBIA MOMEHT IPe/I-
CTaBJIAIOTCA HaM TPEXK/IEBPEMEHHBIME, 110 KpafiHeil Mepe 710 pereHust mpod/eMbl Kyoa.

QyHKIMOHAJBHBIN aHAJIN3 M3ydaeT MHOIOMEpPHBbIE U OECKOHEeYHOMEpPHBIE IIPOCTPAHCTBA.
[Ipobsiembl KyOa 1 11apa HECOMHEHHO HPOJIBIOT JIOMOJTHUTE/IBHBINA CBET HA COOTBETCTBYIO-
Iy IO ITPODJIEMATHKY, B 0COOEHHOCTH OTHOCSIIYIOCH K T€OPUU MEPbhI U K TOHUMAHUIO yCTPOii-
cTBa OECKOHEIYHOMEPHBIX ITPOCTPAHCTB.

[Ipu gem TyT 3amava Jdungoubi?

OtkpeoiThiii Borpoc. IIpobiema MuHnMaJIbHOM CBOOOJHOI IIOBEPXHOCTU B KyOe.
OrnmmeM cJre Ty oIl KIace MOMHOYKECTB TOUEK €IMHUIHOTO k-MepHOro Kyba. Beioupaem
J0boe HaTypaabHOe Yuciao n < k, BbIOMpaeM 1 KOODJIMHAT U BKJIIOYAEM B IOJIMHOXKE-
CTBO BCE TOYKHU, Y KOTOPBIX BHIOPAHHBIE KOOPANHATHI HEOTPUIIATE/IHbHBI, ITPUIEM CyMMa, X
KBa/IpATOB HE MPEBOCXOUT HeKoToporo C'; a ocrajbHble KOOpAuHATHEI — 1ucja oT 0 jgo 1.
Bxrogaem B Kj1acc Bce MHOXKECTBA, IOJIYUIAIONINECS BCEBO3MOXKHBIMU TAKUMK BBIOODAMI.
Torna moaMuOXKecTBO Kyba, mmeroniee (pUKCUPOBAHHBIN 00bEM U MUHUMAJILHYIO CBOOOJI-
HYIO TIOBEPXHOCTb (TO €CTh, ILIONA/b TON YacTH MOBEPXHOCTH, KOTOPasi He BBIXOJUT HA
rpaHuily Kyba, MUHUMAJIbHA ), JOCTUTAeTCs HA OJIHOM M3 MHOXKECTB 9TOrO KJIACCA.

ITpobiema MUHUMABHOI CBOOOIHOI ITOBEPXHOCTH B mIape. MuoxkecTBO 00bema V'
B IIape eJIMHUYIHOro o0beMa B ¢ MUHHMAJIbHON IO IHI0 TOM YacTu IOBEPXHOCTH, KOTO-
past He BBIXOJWT Ha I'PAHUILY Iapa, yCTpoeHo Kak B N B’ riae B’ — map, 9bsi MOBEPXHOCTD
HepPHeHINKYIIpHa ToBepXHOCTH B.

Boisegure mpobisiemy Kyba u3 mpobsieMbl MUHUMAJILHOM CBOOOIHON MOBEPXHOCTU B KyOe.

VYkazauume. Eciu M — HeKoTOpOoe MHOXKECTBO TOYeK BHyTpH KybOa, To mpu § — 0 oObem
d-okpecrnoctn M acummrorndecku pasen Vol(M) + §S(M).

Bameuanwne. Acumnroruka Vol(M) 4+ 6S(M) nexur B OCHOBE ONIpeeIeHNs NA0ULAIU
noseprrocmyu no Munrxoscromy.



C11

D2

D3
D4

E

Breiseiure mpobiemy 1mapa u3 npod/ieMbl MUHUMAJIBHOM CBOOOJIHOM TTOBEPXHOCTH B IIIape.

O nuckpernoii 3agade Iugonbl. Xorda npobiemMa MUHIMAJIBHON CBOOOIHOM OBEPXHO-
cru B Kybe MpeJIcTaB/IsgeTcst OYeHb TPY/IHOM, IUCKPETHBIH aHaIor 3Toi 3a1a4un (J10cTaTod-
HBI J1J1sT perenns 3aa9n Kyba), Kak HaM KarKeTcsl, HOJIaeTCsl PEIeHHIO.

Hymepamusa kjietok Kyba

B kBajipare 8 X 8 paccraBienbl ducsa ot 1 1o 64. /lokaxkure, 910 Hall/lyTCs JIBE COCETHUE
II0 CTOPOHE KJIETKHU, YUCJIa B KOTOPBIX OTJIMYAIOTCI HEe MeHee deM Ha D.

Knerku nocku N x N 3amymeposans! anciaamu oT 1 10 N2, JlokazkuTe, 9To HaIyTCsa JBe
COCeJIHUE 10 CTOPOHE KJIETKM, PA3HOCTH HOMEPOB KOTOPBIX HE MeHbIe V.

Tot ke Borpoc 71d Kyba co croponoit N.

ToT ke BoIpOC JjIsI MHOTOMEPHOI'O Kyba.

KpuBag Ileano

E1 lokaxkure, 9TO CyIIECTBYeT HEIPEPBIBHOE OTOOPaKeHNe OTPE3Ka Ha KBaJIparT.

E2 Jlokaxxure, 970 6ECKOHETHO MHOTO IIap TOYEK 00si3aHbI CKJIEUTHCS.

E3
E4
E5
E6

Bepno 1, 910 6€CKOHEYHO MHOIO TPOEK TOUEK OOSI3aHbBI CKIEUTHCS !
Bepno i1, 910 6ECKOHEYHO MHOI'O Y€TBEPOK TOUYEK O0A3aHbI CKJICUTHCS !
UccnemyiiTe MHOrOMEpHBIE 0000IIEHNS.

UccnemyiiTe cucTeMbl CKJIEEHHBIX TOYEK W PACCTOSHUS MEYKJLy UX IIPOOOpa3aMHu.



CBoiicTBa MHOTOMEDPbs (€eI1i€).

C12.
a) Haiijiure MUHIMAJIBHO BOSMOXKHOE 1 TAKOE, ITO PABHOCTOPOHHUI TPEYTOIHLHUK CO CTOPO-
Hoit 100 comepzkuTest B n-MepHOM enuanaaoM Kybe [0, 1]”. KakoB MakcHMaIbHbI IepIMETD
TPEyroJIbHUKA, JiezKaliero B 11-mepHOM equHuIHOM Kybe?
6) Tor ke Bompoc jjisg KBapaTa co croporoit 10.
B) (Bagaua Ha ucceoBanue) AHATIOTUYHBIN BOIPOC JIJIsT BJIOXKEHHUs k-MepHOro Kyba B eJiu-
HUYHBIN N-MEPHBIN Ky0.
r) KakoB MakcuMasbHBIA paJiyC TPEXMEPHOTO Iapa, JIeXKAIIero BHYTPU YeThIPEXMEPHOTO
eIMHUIHOTO Kyba?

JlncKkpeTHada m3olepuMeTpruyieckasi 3a1a9a

Bynem paccmarpusath pemérky L, 3a/iaHHy0 HaOOPOM MOAPHO He HMapaJLIeTbHBIX BEKTO-

POB U1, . .., Up:
n
L= {Zaiﬁi aZ-EZ}.
i=1

HYCTI) L O6JI&,IL&€T TAKUM CBOMCTBOM: B JIIOOOM KOHEYHOM KYyCKe IIJIOCKOCTU (HaHpI/IMep, KBa/Jl-
paTe) COAEPZKUTCA KOHETIHOE KOJIMIECTBO TOYEK L.

Hns durypsr F onpenenum nonsrust: S(F) — wiomans F, P(F) — nepumerp F, ¢(F) —
KomuecTBo ToueK L B F.

F1. JlokaxkuTte, 9TO CyIIECTBYIOT TaKue KOHCTAHTHI v, 3 > 0, 4TO JijIs1 11000 purypnr F
co(F) € [aS(F) = BP(F); aS(F) + BP(F)].

Ipagom mameii pemérku HazoséMm G = (L, F), t1e pebpom coejnHeHa Jrodas mapa TOYeK
uz L, omMyaomuxes Ha U; g HeKoTtoporo 4. Jlns smo6oro S C R? (x0T MOXKHO CUHTATh
S C L) ompenennm 05, Kak MOJAMHOKECTBO pEdbep u3 E, ofnH KOHEI KOTOPbIX BXOJUT B S, a
npyroit — Het. Hac Oyaer mHTEpecOBaTh MUHIMU3AIINST

|05]

VIS L]

npu dukcuposaruom |S N L.

[Iycts HAaMm gan npoctoit Muoroyrobuuk M. g t > 0 3a tM obo3HauuM pe3ysibTaT IpHU-
MEeHEHUs TOMOTEeTUN ¢ KO3dduimenToM ¢ K HaIleMy MHOTOYTOJLHUKY, T. €. pa3/JyBaeM ero B t
pa3. Breném Besmmauny

v(M) = lim —’a<tM)| :
t=oo  /e(tM)
F2. Haxomum v(M):

F2.1 Jokaxwure, aro c¢(tM) ~ at?S(M) upu t — oo.

F2.2 JInsa paborer ¢ O(tM) paccmorpum ojiry u3 cropon M, 3ajanuyo BekTopoM d. Jlo-

KaxKuTe, 9TO KOJUIecTBO pebép m3 O(tM), mpoxXoidIiux depe3 3Ty CTOPOHY, BXOJUT B

laf(@)t — C;af(a)t + C], tne C' — KoHCTaHTA, He 3aBUCAIIALA OT ¢, 1

£@ = lia. sl

F2.3 CoBmemmast ipesplymiye JBa MyHKTa, BbiBeuTe Gopmyiy mis y(M).

1



B obmem cirydae 3aj1aa MUHUMU3AIAH
95|
VISNL|

KazKeTcs TPyJHOI. B gacTHOCTH, HedACHO, KaK OKa3aTh, YTO MHOXKECTBY S CTOUT UMeTh KaKOii-
TO XOPOIIWi BH/JI, HAIpUMep ObITh BHITYKJIbIM. OJHAKO 3a CUET IOJIy9IeHHOH HaMu (POPMYJIbI
Jutst y(M) MBI MOYXKEM YTO-TO MOHATH PO «ONTUMAJbHBIHY M.

F3. /lokaxkure, 4TO «ONTUMAJbHBIN» M dBJIs€TCS BBITYKJIBIM, WHAYE TOBOPS, JIJI MUHUMUA3a-
n (M) GyieM JIIb paccMaTPUBATh BBIILYKJIbIE MHOIOYTOJTbHUKH.

OTrmeTuM, 9TO 3/1€Ch MOT'YT OBITH aKTyaJbHbI Teopema zKopjaHa, T. €. 9TO MOHSTHE «BHYT-
PEHHOCTH» ITPOCTOrO MHOTOYTOJBHUKA BOOOIIE UMEET CMBICJ, U KPUTEPHUIl BBITYKJIOCTH MHOTO-
YTOJIbHAKA: BCe BHYTPEHHHE YIJIbI He mpeBocxoaar 180°.

F4. Jlokaxkure, 9T0 «ONTUMAJIbHBII» M HMeeT CTOPOHBI, apaJlIebHbIe BEKTOPaM U;, 3a/1a10-
UM PEIIETKY, T. €. OyJIeM JIUIIb PAcCCMaTPUBATL MHOTOYTOJIbHUKNA TAKOT'O THUIIA.

F5. /lokaxkure, 94TO )it TPOCTOrO MHOIOYTOIbHUKA M, 00pa30BaHHOTO MTOCJIEI0BATE/THHOCTHIO
BEKTOPOB @; (€ro CTOPOHBI)

1
S(M) = 5 E [(li,&j]
i<j
Ucnonp3yst nocaeqanii hakT, MbI MOJTy9aeM, 910 Bornpoc MunuMusamu (M), cBoaures K
CBOEro poJia ajredpandeckoil 3a1a9u MIHIMI3AIIN

Zf@)
Z[Jivaj]

i<j

2

MIPUYIEM MBI MOYKEM CUUTATh, 9TO M < 2N.
F6. Jlokaxkute, uto «ontuMabhblity M cyimectByer. Kak ciencrsue

T = mjvi[nfy(M),

OITPE/IEJIEH.

MozxHo Jazke cKa3aTb, 9TO 7, ABIAETCA aJreOPamdecKUM HHCJIOM, €CJI KOODIUHATLI vU; — aJ-
rebpanmvyecKre IucJa.

F7. Jlokaxkure, 4TO ONTUMAJBbHBIN M sBJIgeTcd HEeHTPaIbHO-CUMMETPUIHBIM.

F8. Jlokaxkure, 4To B onTuMaJibHOM M BCTpPEUYArOTCs CTOPOHBI, HapaJlIe/ibHbIe KayKJIOMYy W3

BEKTOPOB V;, 3aJIaI0NIUX PEIIETKY.

F9. Onrumanbraoe 3uadenune M jocturaercs Ha MEHTPAJIbHO-CHMMETPUIHOM BBITYK/IOM MHO-
FOYTOJIbHHUKE CO CTOPOHAMH, COBMAIAIONIMMI ¢ BEKTOPAMH 33 IafOMUME PEIETKY (HaI0 Oy/aer
B34Tb ¥; 1 —7;). Ha ocHOBe 9TOr0 BBIpasuTe 7, Yepe3 KOHCTAHTY (v U BEKTODA Uy, . . ., Up.

F10. Ilokaxkure, 9To mpu n = 3, T. €. TP BEKTOPa 3aJIaI0T PENIETKY, BCE ONTUMAJIbLHbIE MHO-
FOYTOJIBHUKH JIOJIZKHBI UMeTh BU/I, ONIUCAHHBIN B 3ajia4e 9, ¢ TOYHOCTHIO O TOMOTETUH.



Dido’s discrete problem and Bobylev’s
problem
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A) Preliminary tasks

The introductory series refers to the classical facts about Dido’s minimal surface
problem. Let ® be a figure of the minimum perimeter with a given area S.

A1 Prove that any chord of the figure ® bisecting its perimeter bisects its area
and vice versa.

A2 Prove that the chord from the previous problem is perpendicular to the
boundary of the figure ®.

A3 (Dido’s task) Prove that the figure ® of the maximum area of a given
perimeter is a circle.

A4 Specify a curve of minimum length that divides an equilateral triangle into
two equal parts in area.

A5 Prove that among all n-gons of a given perimeter, the regular one has the
maximum area.

A6 Prove that among all n-gons with given side lengths, the described one
has the maximum area.

A7 Prove that the area of the n-gon from the previous problem does not
depend on the order of its sides.

A8 (Dido’s multidimensional problem) Prove that a body of a given surface
area with a maximum volume is a ball.

A9 Prove that the tetrahedron of a given surface area with the maximum
volume is regular.

A10 Prove that a parallelepiped of a given surface area with a maximum volume
is a cube.

A11 (Research task) What can we say about multidimensional generalizations?



B) The discrete Dido problemThe discrete Dido
problem

B1

B2

B3

B4

B5

B7

B8

B9

B10

B11

A cellular polygon with cells of two colors will be called good if exactly a
quarter of the cells in it are black. Is it true that any good square 12 x 12
can be cut into 9 good polygons?

Consider an infinite checkered plane (square, triangular, hexagonal). Let
several cells be marked. A marked cell is called a boundary cell if it borders
at least one unmarked cell. Let there be n marked boundary cells. The
discrete problem of Dido will be called the question of maximizing the
number of marked cells.

Solve the discrete Dido problem for a square lattice (the boundary ones
are on the side).

Solve the discrete Dido problem for a square lattice (the boundary ones
are on the side or corner).

Solve the discrete Dido problem for a regular hexagonal lattice (the bound-
ary ones are on the side).

Solve the discrete Dido problem for a regular triangular lattice (the bound-
ary ones are on the side).

*Come up with a multidimensional generalization for a cubic lattice.

The problem can also be posed a little differently: for example, if the set of
boundary cells is located inside a certain square, and we do not take into
account the cells on the border of this square. The set of boundary cells
that do not fall on the boundary of a square (or, similarly, a cube) will
be called a free surface.The problem can also be posed a little differently:
for example, if the set of boundary cells is located inside a certain square,
and we do not take into account the cells on the border of this square.
The set of boundary cells that do not fall on the boundary of a square (or,
similarly, a cube) will be called a free surface.

To solve the discrete Dido problem for the free surface of a square lattice
section in the square k x k (that is, in the free surface of n cells, the
boundary cells are on the side, we minimize the number of marked cells
in the square kk).

* Solve the discrete Dido problem for the free surface of a section of a
cubic lattice in a k X k x k cube (the boundary ones are along the face).

* Solve the discrete Dido problem for the free surface of a section of a
multidimensional cubic lattice in a cube k x k X - - - X k (the boundary ones
are along the face).

(Open question) Derive the cube problem from the previous paragraph
(see cycle C).



C) Properties of the multidimensionalProperties
of the multidimensional

Let’s start with the well-known problem of V.I. Arnold:

C1 What percentage of the volume is occupied by the pulp in a one-dimensional
watermelon with a diameter of 1 meter, if the thickness of the crust is 1
cm?

Let’s continue the topic.

C2 What does the volume of an n-dimensional ball of radius 2022 tend to at
n — oo?

C3 Prove that the main building of the Moscow State University can be placed
in an n-dimensional cube at n > 1. The distance between sets A and B
will be called such a maximum number d that any distance between points
x and y, where x € A, y € B, will be at least d.

C4 Prove that the section of a multidimensional cube plane can be a polygon
arbitrarily close to the circle (that is, the distance between the polygon
and the circle can be made less than any predetermined number ¢ > 0).

C5 In a multidimensional unit cube, a set M of volume 0,99 and a point A
are given. Prove that the distance from M to A can be arbitrarily large.

Nevertheless, there is a conviction in a positive solution to the following
problem.

The problem of a multidimensional cube. In the n-dimensional cube
of a unit volume there are two sets M; and My of volume ¢ each. Then
the distance between them does not exceed some constant F'(e).

Remark. The constant F' depends only on &, but not on the dimension.

We do not know the solution to the multidimensional cube problem, an
attack on it is one of the goals of this project.

C6 **. The multidimensional ball problem. In an n-dimensional sphere
of a unit volume there are two sets M; and My of volume € each. Then
the distance between them does not exceed some constant G(e).

C7 Solve the multidimensional ball problem for convex bodies.

C8 * (Bobylev’s problem.) Solve the multidimensional cube problem for con-
vex bodies.

Remark. Similar questions can be posed for simplices (multidimensional
tetrahedra) and multidimensional octahedra. However, such questions
seem premature to us at the moment, at least until the cube problem is
solved.

Functional analysis studies multidimensional and infinite-dimensional spaces.
The problems of the cube and the sphere will undoubtedly shed additional



C9

C10

C11

light on the relevant problems, especially those related to the theory of
measure and to the understanding of the structure of infinite-dimensional
spaces.

What does Dido’s task have to do with it?

An open question. The problem of the minimum free surface in
a cube.

We describe the following class of subsets of points of a unit k-dimensional
cube. We choose any natural number n < k, choose n coordinates and in-
clude in the subset all points whose selected coordinates are non—mnegative,
and the sum of their squares does not exceed some C, and the remaining
coordinates are numbers from 0 to 1. We include in the class all the sets
obtained by all possible such choices. Then a subset of the cube having a
fixed volume and a minimal free surface (that is, the area of the part of
the surface that does not extend to the boundary of the cube is minimal)
is achieved on one of the sets of this class.

The problem of the minimum free surface in the ball. The set of
volume V in a ball of unit volume B with the minimum area of the part of
the surface that does not extend to the boundary of the ball is arranged
as BN B’, where B’ is a ball whose surface is perpendicular to the surface
of B.

Derive the cube problem from the problem of the minimum free surface
in the cube.

Hint. If M is some set of points inside the cube, then for § — 0 the
volume The §-neighborhood of M is asymptotically equal to Vol(M) +
0S(M).

Remark. The asymptotics of Vol(M) 4+ §S(M) is the basis for determin-
ing the surface area by Minkowski.

Derive the ball problem from the problem of the minimum free surface in
the ball.

On the discrete Dido problem. Although the problem of the minimal
free surface in a cube seems to be very difficult, a discrete analogue of
this problem (sufficient to solve the cube problem), it seems to us, can be
solved.

D) Numbering of cube cells

D1

D2

D3

The numbers from 1 to 64 are placed in an 8 x 8 square. Prove that there
are two adjacent cells on the side, the numbers in which differ by at least
D.

In the cell, the boards N x N are numbered with numbers from 1 to N2.
Prove that there are two adjacent cells on the side whose number difference
is not less than N.

The same question for a cube with side V.



D4

The same question for a multidimensional cube.

E) The Peano curve

E1l
E2
E3
E4
E5
E6

Prove that there is a continuous mapping of a segment to a square.
Prove that infinitely many pairs of points are bound to stick together.

Is it true that infinitely many triples of points are bound to stick together?
Is it true that infinitely many fours of points are bound to stick together?
Explore multidimensional generalizations.

Explore the systems of glued points and the distances between their pro-
totypes.
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