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24.04.2019 ronuna

3apaua 1. Bo aABC, AC=b u AB=c, orceukara AD, (DeBC) e cumerpana Ha

BHaTpelHnoT aron XA=60". Heka fg,fc ¥ I ce pajuycuTe Ha BIMIIAHUTE KPYKHHUIH BO

tpuaronauiute ABD, ADC u ABC, cooasetHo. Jlokaxu neka

1.1 _ 91,11
IrB+rc 2(r+b+c)'

Pemenne. 3a nojpkuHaTa Ha cuMmeTrpainata AD Baxu Ezg—ggcos‘%‘ bc\/_ (1 m). Heka

h=AM e nmopkuHaTa Ha BUCHMHATa ToBiiedeHa on TemMeto A Bo aABC . On teopemara 3a

CHMETpaJiaTa Ha arojl Bo TPHAroAHKUKOT ciietysa BD =% u CD = (1m). Hexa s=28:C

sagp = BR*DALAB ¢ nonynepumerapor ma 4 ABD . Umawme

hac

_Paep_ hBD __ _hBD__ __  bic

— al
SasD  2S5a8D BD+AD+AB  ac +bc;f o 2s+bB°

b+c

AHanorso ce nobusa I =—2al 3 m). Cera, ako ce HMCKOPHCTH neka P =1pcsin A
C = JsicB p AABC =7

noouBame
1,1 _2+b3, 25+cB_ 45 (B _ 2 (b+§)\/§ _2, 2(b+0) —2d+i+d), 2w
rB rC ah ah 2P ~ABC 2P ~ABC r bcsinZ® r bc

3
mTO U Tpe6ame Ja CC NOKaxKe.



3amava 2. Heka my<my <...<Mg e HU3a oA S=>2 HPUPOAHU OpPOEBH TaKBU IUTO HUTY
€/ICH OJ1 HUB HE MOJKE Jla CE 3aIuIIe Kako 30Up Ha JIBa WM MTOBEKE Pa3IMYHU WICHOBU Ha HU3ATA.
Jlokaxu jiexa
rmy +mg > (r+1)(s—1)
3acekoj refl,?2,..,s-1}.
Pemenne. 3a k,I TakBu mro 0<k<r u k+1<I|<s ru pasrieayBame 30HpOBUTE
k
TEKD=m+>m.
i=1
Ke moxakeMe [eKa oBUe %(r +1)(2s—r) 30upoBU ce 1Mo MapoBH pa3nudHu. Heka mpernocraBumMe
neka T(k,1)=T(u,v). be3 orpannuyBame Ha OMIITOCTAa MOKEME J1a 3eMeMe Jeka K <u, Ia 3aroa

MOCJICIHOTO PAaBCHCTBO € CKBUBAJICHTHO CO PABCHCTBOTO

u
m=m,+ > m.
i=k+1

Ho, copex ycioBOT Ha 3amadata m; HE MOXeE Jla Ce 3alMIle KaKoM30Wp Ha JBa WM IOBEKe
pa3IMYHK YJICHOBU HA HU3aTa, 1A 3aTOa OJ1 MOCJICAHOTO PaBEHCTBO cienyBa |=v u k=u, mro
3Haun jeka 3ouposure T(K,1), 0<k<r m k+1<I<s ce no mapoBu paznuunu (4 m). bunejku

nMame %(r +1)(2s—r) pasznuuHu 30UpPOBHU, T.C. %(r +1)(2s—r) pa3nIuuHU NPUPOJIHU OpPOECBHU
HajroJIeMHOT Off HUB T(r,s) mMopa jga Ouje TOroJieM WIM €IHAKOB Ha %(r +D(2s-r), (1 m).

Cnopen Toa, ako 3eMeMe NpeaBHJ JieKa of My <Mp <..<Mg ciemyBa m,—m;>r—i, T.e.

me—r+i>m; 3acekoj re{l2,..,s-1} n3acekoj i<r (1m), roouBame

r r
2(r+D(2s-r)<T(s,r)=mg+ > m; <mg+ 3 (M —1 +i)
i=1 i-1
T.C.

2, r(r+L
2(r+)(@2s—r)<mg+rm, —r +%

rs+s—r<mg+rm,

(1 m), mro u Tpebaie 1a ce JoKaxe.



3agaua 3. Jlokaxxu J1eka moctojat 6€CKOHEYHO MHOT'Y IPUPOJHU OpoeBU X, Y,Z TaKBH LITO

30upoT Ha UG PHUTE HA JCKATHUOT 3aMuC HA OpOjoT 4x% + y4 —7%+ 4xyz e nomai Wi eIHAKOB

Ha 2.
Pemenne. Imame

4x* + y4 ~72 +4xyz = 4x +4x2y2 + y4 - (z2 —4xyz +4x2y2)
= (@x% +y%)? - (2xy-2)° (2m)
= (2x2 + y2 —2Xy + z)(2x2 + y2 +2Xy —2).
3a MHOXHTEnUTE A=2X> + y2 —-2xy+z u B= 2x2 + y2 +2xy—2z Baxu A+B= 4x2 +2y2 (1 m).
Crnopen Toa, ako 3a X, y M Z MOXeMe Ja u30epeMe BpPEAHOCTH TaKBU IITO KE& Ba)XH
A=4x?=4.52"2 y B=2y? =2.22" toram ke umame AB=2-10°""2 na 36upor Ha uudpuTe Ha
MPOU3BOJIOT ke Ouje emHakoB Ha 2 (2 m). [locmemHoTo MoOke Ja ce HampaBu OUICJKU Of1
4x% = A=2x% +y? —2xy+z nobuBame z=2x°—y?+2xy W 3aBaka HQjJACHUOT Z BaXH
B = 2x2 +y2 +2Xy -2 =2x° +y2 +2xy—(2x2 —y2 +2xy)=2y2 (1 m).
Cera 3a cekoj MPUPOJICH OpOj N 1a 3eMeMe
X, =5"1, vy =2" u 7, =2x2 +2x,y, — Y2 =2-5212 1 10™ 4",

522y 22 4+ y2 4 2%y — 2y =2Y2 =2-4" | na 3a-

Toram: 2X§ + y% —2X\Yn + 2 = 4Xr21 =4.
; : 4 4 2 _ 2n+2 .
TOA 3a CEKOj MPUPOJICH Op0oj N Baxku 4X, + Yn —Zj +4X,YnZn =2-10 , T.€. 332 CEKO] IPHUPO-

JieH Opoj n 30upot Ha nudpuTe HA UdpPUTE HA 4XrA{ + y# - Zr% +4X,YnZn € eanakoB Ha 2 (1 m).



3angauya 4. Hexka P e BHarpemHa Toyka Ha paMHOCTpaH TPUAroJIHUK cO BUCHHA 1. Ako
X,Y,Z ce pacrojanujata o P 10 cTpaHWTE Ha TPHATOJIHUKOT, TOTAII

x2+y2+22 3

> X +y3+z3+6xyz.
Jokaxmn!

Pemenue. [To3naTo € 1eka BO paMHOCTpaH TPUATOJIHUK 30MPOT Ha pacTojaHujaTa oJ CeKoja
BHATpEIIIHA TOYKAa P Ha TPUArOJIHUKOT 10 CTPAHUTE HAa TPUArOIHUKOT € €IHAKOB Ha BUCHHATA Ha
TpuaromHukoT. Criopen Toa, Tpeba a JoKakeMe JIeKa ako X,Y,Z C€ MO3UTHBHH PEaTHH OpOCBU
TaKBU IUTO X+ Y+Z =1, TOram Baxu

2

x2 +y2 + 22

2x3+y3+z3+6xyz. (1 m)
Heka Xx,y,z ce mo3uTuBHU peaqHu OPOEBU TaKBU MTO X+ Y+Zz=1. Toramr oj HepaBEeHCT-
BOTO Mel'y apUTMETHYKaTa U T€OMETPUCKATa CPeAHA CIIe1yBa
Xy +YZ+2z2X=(Xy+ Yz +2X)(X+ Yy +2) > 3,3/(xy)(yz)(zx) -3§/xy_ =9xyz , *)
Ia 3aroa
XY + Yz + zx — 3Xyz > 6Xyz . (1,5m)
Cera o1 IOCJIEIHOTO HEPABEHCTBO CJIEyBa
Xy(L—z) + yz(1— x) + zx(1— y) > 6xyz, (15 n)
Xy(X+ 1Y)+ yz(y +z) + zx(z + X) —6xyz > 0.
[Tonaramy, ako 3emeMe npeaBua aeka (X+Yy+ z)2 =(X+y+ z)3 =1, Toram oj MOCIECIHOTO HEepa-
BEHCTBO CJIEyBa HEPABEHCTBOTO
(x+y+ z)2 +Xy(X+Y)+YyzZ(Yy+2) + 2X(2 + X) —6XyZ > (X + Yy + z)3 (1 m)
KO€ TOCJIEIOBATEITHO € €KBUBAJICHTHO CO HEPABEHCTBOTO
X2 + y2 +2% + 2xy(L-2)+2yz(L—-X)+2zXA—y) + xy(X+ V) + yz(y + 2) + zX(z + X) > (X + Y + z)3

G +y2 +22+3xy(x+ V) +3yz(y +2)+3zx(z + X) = (X + y+z)3

x2+y2+222x3+y3+23+6xyz. (1 m)
JacHo, 3HaK 3a paBEHCTBO BaXXKM aKO M CaMO aKO BaXKM 3HAK 3a PaBEHCTBO BO (*), T.e. aKo U caMo
ako X=y=12 =% U BO OBOj cllyyaj TOoykarta P e TeXHuITeTO (OpTOLEHTApOT, LEHTapOT Ha

ONMILIaHATa U BIUIIaHATA KPYXKUIA) HA TPUAroJHUKOT. (1 m)
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Problem 1
In the triangle ABC, in which £A=60°, D e (BC) is such that AD is the internal bisector of

angle <A. Let it be r,,r_ andr,respectively, the inradiuses of the triangles ABD, ADC and
ABC. Show that
1 1 (1 1 1)
—+—=2| —+—+—|,
r, I r b c
where b and ¢ are the lengths of the sides AC and AB of the triangle ABC.
Solution

It is well known that AD:Z—chosé: b3 . Let h=AM be the lenght of the altitude from A
b+c 2 b+c
. . . . ac ab
in the triangle ABC. From the theorem of the internal bisector we get BD =b—,CD =b—.
+C +C
Let Pago :w the half perimeter of triangle ABD. If we denote [ABD] the surface of
h-ac
ABD . .
the triangle ABD, from r; =[ ]= h-BD = h-BD = b+c = ah .
Paeo  2'Paep BD+AD+AB  ac +bC\/§+C 2p+\/§'b
b+c b+c
Analogously we get r, _a—h where p= a+b+c
¢ 2p+x/§-c ' 2
From this we have l+£= 2erb\/§+ 2p+cx/§ = 4p(b+c)\/§ =E+M= 2(1+£+1j and
e TIc ah ah 2[ABC] " pesin” rbe

we are done.m



Problem 2

Let m; < ma2 < --- < ms be a sequence of s > 2 positive integers, none of which can be written
as the sum of (two or more) distinct other numbers in the sequence. For every integer r» with
1 <r < s, prove that

r-my+ms > (r+1)(s—1).

Solution

For k,{ with0 <k <rand k+1 < ¢ < s, we introduce the auxiliary value
k
T(k,£) == my+ Zmi.
i=1

We claim that these %(r + 1)(2s — r) auxiliary values are all pairwise distinct: Let us assume
that T'(k,f) = T (u,v). Without loss of generality k& < u, so that this equality turns into

u
my = my, + E m;.
i=k+1

But then my can be written as a sum of distinct other numbers in the sequence, unless ¢ = v
and k = u holds. Hence the auxiliary values indeed are distinct. As altogether there are
%(T + 1)(2s — r) auxiliary values, the largest value T'(r, s) must be at least %(r + 1)(2s — 7).
This yields

1 - - :
§(r+1)(2s—r) < T(rys) = ms+;mi < m3+§(mr—r+z).

Here we used m; < m, —r+1i, which follows as the sequence is increasing. The above inequality
can be rewritten into

rs+s—r < r-m;+ me,

which immediately implies the desired inequality from the problem statement.



Problem 3

Prove that there exist infinitely many positive integers x,y, z for which the sum of the digits
in the decimal representation of 4z* + y* — 22 + 4zyz is at most 2.

Solution
This is an easy problem with many solutions. We rewrite
4zt + oyt — 22+ dxyr = (43:4 +yt+ 4:1:2y2) — (4;1:23;2 + 22— 4zyz)
= (22 +¢%)? - (22y - 2)°
= (2% + % — 2zy + 2)(22% + v* + 22y — 2)

The two factors A = 222+ 3% —2xy+2 and B = 222+ 3% + 22y — 2z add up to A+ B = 422 +2y>.
If we choose the values of z and y so that A = 422 = 4-52"12 and B = 2y = 2- 22" then the
product will become AB = 2 - 10?2 and the sum of the digits will equal 2.

Summarizing, we pick an integer n > 1 and set z = 5™t! and y = 2". The desired equation
A = 422 is equivalent to 2z? + y? — 2zy + z = 422, and hence

z = 202 4+ 20y —y? = 2.5212 107t — g,
Note that z indeed is a positive integer. As the described choice of z, y, 2z then yields
qat 4yt — 22 44wy = 210712,

the proof is complete.



Problem 4

Let P be an interior point to an equilateral triangle of altitude one. If x,y,z are the
distances from P to the sides of the triangle, then prove that

2+t + 22>+ 3+ 2% 4 bay.

Solution. It is well-known that in an equilateral triangle the sum of the distances
from an interior point P to its sides equals the altitude of the triangle, as can be easily
proven. On account of the preceding, we have to prove that if x + y + 2 = 1 then it

holds that
Iz+y2+22 EI‘]—I—y‘I-I-zS-{—ﬁIyz

To do it, we begin observing that when x 4+ y 4+ 2 = 1, then
xy + yz + zx = 9ryz

Indeed, applying AM-GM inequality, we get

Yy +yz +z2x = (zy +yz + 22)(z +y + 2) > 3V (xy)(y2)(22) - 3YTYz = Yry2

or
xy + yz + zx — 3ryz = bayz

On account of the constrain and the preceding inequality, we obtain

zy+yz+zx—3zryz = zy(l —z)+yz(l —z)+zz(l —y)
= ay(e+y)+yz(y+2)+22(2 +2)
= bxyz

Adding 1 to both terms of the last inequality and reordering terms, vields
(x+y+2)°2+aye+y) +yz(y+2)+220(z + 2) — 6zyz > 1
or equivalently,
2?4 y? 422 1 20y (1 —2) 4 2y2 (1 —2) +- 222(1 —y) +ay(z+y) +y2(y+2) +2a(2 42) > 1,
and
2? +y? + 2% + Bay(z +y) + Byz(y + 2) + B2x(z +2) 2 1 = (2 +y +2)°

from which
2?4 y? +22> 2%+ + 23 4 6ayz

follows. Equality holds when # = y = 2 = 1/3. That is, when P is the centroid of the
triangle, and we are done.



