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APMO SOLUTIONS

PROBLEM 1. Let I be the set of all n-tuples (A, Aq,..
1,2,...,nis a subset of {1,2,..
set A. Find the number

.y An) where each A;, i =
., 1998}, Let |A]| denote the number of elements of the

> [A1U A9 U... U Ap].
(A],Ag,...,/in)

MARKING SCHEME:

Let M be a subset of the set {1,2...., 1998} and let [A]| = k. Then the set
Al can be obtained as the union of 1 sets A;..4s,...,.4, in (2t — 1)* different
ways since cach element » € M can belong to 2/ — 1 nonempty families of subsets

“I.."'l....,.“l[.

3 points for describing the correct counting method
Thus we have

1998

(AI,A;:'A{)EF AU AU U 4| = ,; k(l!);)g) T
2 points for setting up the above formula
= 1998(2" - 1) §-<1997>(2’ — 1)F = 1998(2" — 1)21%°7,
= k

2 points for correctly carrying out the computation



PROBLEM 2. Show that for any positive integers a and b, (36a + b)(a + 36b) cannot be

a power of 2.

MARKING SCHEME:

Suppose that (36a + b)(a + 36b) is a power of 2 for some positive integers a
and b. Write 36a 4+ b =2" = and a+ 36b = 2" = 5. Then

36r — s = 35 x 37aand36s — r = 35 x 37b.

Hence
1/36 < r/s=2""" < 36,0r—6<m—n<6.
2 points for the basic setting and observation
Furthermore.
47 (4™ — 1) = r? — 5% = 35 x 37(a® = b%).
Thus

47" = 1(mod37).

2 points for this congruence

Observe that the 9th power of 4 is the smallest power of 4 that is congruent
(o [(mod3T). Thus 9](m — n). Also note that m # n. Hence [m —n| > 9. which

is not possible because [ — n| < 6. 3 points for the final conclusion




Problem 3. Let a. b, ¢ be positive real numbers. Prove that
. b L+ 0
(1.}.2) <1+_) <1+£) 22(]4_@)_
b c It v abe

MARKING SCHEME:

Let

We need to show that

(1+§‘-> (1+¥) (1+%)22(1+I+y+:)

or, since gys =1,
(r+ )y + ) +0) > 2420 +y+ (1)
2 points for (1) by making change of variables or
by assuming abe = 1 without loss of generality

which is equivalent to

(24 y+2)ay+ys+ 2z —2) - 2yz 2 22

2 points for reducing o (2)
Since ryz = 1, the AM-GM inequality implies
r+y+:>3andry+yz+:r2 3

So. (2) follows. 3 points for successful application of AM-GAM inequality



ALTERNATE SOLUTION

2 points for (1) by making change of variables or
by assuming abc = 1 without loss of generality

;. From (1), one can proceed as follows:

2

() (=) (zr) = 2ryz a2 (y+2)+y (sr)+27 (2 4y) = 242 (3; + l) +y (t + —>+: <— +

Thus, (1) is equivalent to

11 11 i
cl2+2 4y =4+=)+z{=+-) 22a+y+2)3
y s oz &y

2 points for reducing to (3)

Assume that # >y > =z Then

1
-+
y

>

+—>—+-

1
r Y

0| —

1

B —

henee we can apply Chebyshev's inequality
1 poinls for checking the hypothesis of Cheuvyshev's inequality
to get

1 1 11 1 1 1 2 2 2
elex=)+yl24=)+:{=+=)2z+ty+a) |-+ +7]-
- Ny E 5 @ r oy 3 r Yy z
; From the AM-GM inequality and the fact that zyz =1 we obtain

2 2 2
(— + =+ —) >6
r oy oz -

and hence (3) follows. 2 points for successful applications of Chevyshev's and

AM-GM inequalities



Problem 4. Let ABC be a triangle and D the foot of the altitude from A
Let /2 and 17 be on a line passing through D such that AE is perpendicular to
BIE. AF is perpendicular to ('F. and E and F are different from D. Let Af
and N be the midpoints of the line segments BC' and EF, respectively. Prove
that AN is perpendicular to VM.

MARKING SCHEME:

Let P be such that ADM P is a rectangle. Choose points @ and R on the line
AP such that QBDA and ADCR are tectangles. Points Q, B and D lie on the
cirele of diameter AB, hence ADEQ is a cyclic quadrilateral. Similarly, R. C
and D lic on the circle of diameter AC, hence ADFR is a cyclic quadrilateral.

1 point for proving ADEQ and/or ADFR are cyclic

The two quadrilaterals share a side, and have the same supporting lines for
other two sides. Since they are cyclic, the remaining two sides EQ and RF
must be parallel. Thus E. @, R and I are vertices of a trapezoid.

I point for proving EQ // RF

On the other hand. in rectangle QBCR M is the midpoint of BC.and AP
is parallel to @B, so P is the midpoint of @R. Since N is the midpoint of £F,
we obtain that, in trapezoid QEFR, N P is parallel to QE.

2 points for proving NP //QE

This implies that quadrilateral ADN P is cyclic, having the sides parallel
to the sides of ADFR. Moreover, A lies on the circle circumscribed to this
quadrilateral, because the other three vertices of the rectangle A DM P lie on it.
ence the quadrilateral ADAM N is cyclic.

2 points for proving ADN P and ADMN are cyclic
Consequently, ZANA = 180° = LADM = 90°.
! point for proving LAN M — 180° — LADM = 90°



Problem 5. Determine the largest of all integers n with the property that
1 is divisible by all positive integers that are less than /n.

MARKING SCHEME:

Ohservation from that lem(2.3,4.5,6.7) = 4920 iz divisible by every integer
less than or equal to 7 = [V420] and that [em(2.3.4.5.6.7.8) = 840 is not
divisible by 9 = [/840]. one may guess 420 is the required integer. 2 points for

the correct guess
Let N be the required integer and suppose N > 120. Put 1 = [VN]. Then
N o<t 30+ 000)

Since t > 7, lem(2.3.1.5.6.7) = 420 should divide N and hence N > 840,
which implies ¢ > 9. But then lem(2.3.4.5.6.7.8.9) = 2520 should divide N,
which implies ¢ > 13 = [V/2520].

1 points fort > 13

Observe that any four consecutive integers are divisible by 8 and that any
(wo out of four consecutive integers have ged cither 1.2. or 3. So, we have
(=N =2)(t = 3) divides 6N and in particular.

(1= D)t =2)(t =) < BN

2 points for t(t = 1)(t = 2)(t —3) < 6N

;. From (1) and (2) follows

] 12 7 24
IU—MhJW—MSWW+M+MT+F+FZL
Since t > 13.
12 i 7 i 24 .
T
which is a contradiction.
2 pomts for the contradiction
6
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