XI Mestcdynapodnan 2Kaymuikosckaa osumnuada no Mamemamure

Aamamut, 2015

13 aaBapsa 2015 roma, 9.00-13.30
IlepBoIii neunp
(Kaxpas 3amada oneHuBaercs B 7 6aJioB)

1. Ka:kmas TouKa IMJIOCKOCTH C MEJBIMEA KOOpAMHATAMHE ToKpallleHa B Oemblit mian rosyboii nper. loka-
JKUTE, ITO MOJKHO BRIOPATh IIBET TaK, ITOOBI IPH KaKI0M HATYPAJILHOM 1 HAMIEICI TPEYTOMbHIK IIOMIAIN T}
¢ TpeMA BepIITHAME BHEIOPAHHOTO IIBETA.

2. Touka M mexwut BuHyTpH Tpeyroabinka ABC. Ilpamas BM mnepecekaet cropony AC B Toure N.
Touka K cummerpmuna M otHocutenbHo AC. Ilpamaa BK mepecekaer AC B Touke P. IloKaxKuTe, ITO
ectmn LAMP = /ZCMN, o ZABP = ZCBN.

3. Haitaute Bce dyukmun f : R — R Taxme, 910

F@®+ 07 +ay) =27 f(2) + v f(y) + fzy)

npu Bcex z,y € R.
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(Each problem is worth 7 points)

1. Each point with integral coordinates in the plane i1s coloured white or blue. Prove that one can
choose a colour so that for every positive integer n there is a triangle of area n with three vertices of the
chosen colour.

2. Inside the triangle ABC' a point M is given. The line BM meets the side AC at N. The point K
is symmetrical to M with respect to AC'. The line BK meets AC' at P. If ZAMP = ZCMN, prove that
LABP = ZCBN.

3. Determine all the functions f : R — R such that

F@®+ 07 +ay) =27 f(2) + v f(y) + fzy)

for all z,y € R.



1. Each integral point of the plane is coloured white or blue. Prove that one can choose a colour so that
for every positive integer n there i1s a triangle of area n with three vertices of the chosen colour.

Solution. If every two neighbouring points (that is, points at distance 1) have different colours then,
in fact, we have a monochromatic lattice of v/2 x v/2 squares, where triangle with any integral area is easily
found.

When this is not the case, we consider neighbouring points A and B (AB = 1) of the same colour (say
white). To find a triangle of area n, we need a white point on the line parallel to AB at the distance 2n. If
there is such point for each n, we are done. Otherwise, we have a line £ with blue points only.

Consider a line £; “next to £”, that is, the line parallel to £ at distance 1 from 1t. If it contains a blue
point, we have a triangle with blue vertices of area % for each positive integer n.

The only remaining case is that of line £ containing only white points. Then we consider the line £y # ¢
at distance 1 from £;, and again, if there is a white point on ¢y, we are done. Now, if all points of ¢y are
blue, then for each n we have a triangle of area n with three blue vertices.



2. Inside the triangle ABC' a point M is given. The line BM meets the side AC at N. The point K
is symmetrical to M with respect to AC. The line BK meets AC' at P. If ZAMP = /CMN, prove that
/ABP = LCBN.

Solution. Let D, E, F be the feet of perpendiculars to BP, M P, BM respectively drawn through A,
and G, ), H be the feet of perpendiculars to BP, M P, BM respectively drawn through C'.

Note that AAFM ~ ACQM and AAME ~ ACM H, therefore % = % = %. By symmetry we
have also CQ = CG, AE = AD and LFAD = (FBD = LGCH, therefore % = %. It follows that
AFAD ~ AGCH, thus LAFD = /CGH.

Now the points A, B, F', D are concyclic, therefore /ZABP = /AF D, and similarly /CBN = /CGH.
Combining that with the above, we have ZABP = ZLUBN.



Problem 3
Setting * = 1, y = 0 in the initial equation
f@ +y* +ay) = 2" f2) +y* f(y) + f(zy) (1)

gives f(0) = 0.
Taking y = 0 in (1) we obtain

fla®) =22 f(x). (2)
Substituting y = —x into (1) leads to
f(=a®) = a*f(a) + 2 f(—x) + f(=2%) = f(=2) = = f(x). (3)

From (1) and (3) it follows that
F@ v’ Fay) + f(@ =y — xy)
=2 f(a) + ¥ fly) + fley) + 2 f(2) = fly) — flay) = 22 f(2) = 2f (). (4)
Note that for any a, b € R there exist z, y € R such that
a=2"+y° +ay, b=z"—y’—zy.
To this end, we take z, y that satisfy the equations

3_a—l—b 3 _a—b
= y tay = 3

(we see that functions in left hand sides of the equations have the ranges R). There-
fore, we can rewrite (4) in the form

flay+ i) =27(“F0), aver
Thus, we have
1)+ fla+0) =27 (“E2) 5 flatb) = fla) + 1) 0, bR

Further, we change  — x4+ 1 in (2), denote ¢ = f(1), and from additivity of f obtain

S 4+1)7°) = (e +1)*f(e +1)
& fa?)+3f(2*) +3f(x) + ¢ = (2 + 22 + 1)(f(2) + ¢)
& 3f(2?) = (2z = 2) f(x) + (2 + 22)c (5)

Substituting « — —x in (5), we get
3£(2) = (=20 — ) f(—0) + (& — 2e)e = (20 + 2)f(2) + (2= 20)e  (6)
From the equality of right hand sides of (5) and (6) we obtain
f(z) = ca.

It is easy to verify that this function satisfies the given equation for all ¢ € R.
Answer: f(z) = cx,c € R.



4. Determine the maximum integer n such that for each & < % there are two positive divisors of n with
difference k.

Solution. The answer is 24. This number obviously satisfies the condition: 1 = 2—1, 2 = 4 — 2,
J=6-3,4=8-4,5=8-3,6=8-2,7=8-1,8=12-4,9=12-3,10=12-2, 11 -12-1,
12 =24 —12.

1

Suppose n > 24 satisfies the condition. If n is odd, it has no divisors between n and %, therefore “5=
must have the form n — d, where d divides n. But then d = ”T‘H clearly does not divide n. Thus n is even.
If 4 <k <5 and k=dy —dz, where d; and ds divide n, then d; = 5 (since obviously d; > %, and for

d; = n the number dy must be greater than %). Therefore, for every such k& the number % — k divides n.

This means that n is divisible by all positive integers not exceeding %. Since n > 24, it is divisible by 3 and
4 and therefore by 12.

The numbers & and % — 1 are coprime and divide n. Therefore their product also divides n, and

n > % (% — 1), that is, n < 42. Since 12|n, it remains to check the number 36, which is not divisible by
5 3

< % and therefore does not satisfy the condition.



5. Let A, be the set of partitions of the sequence 1, 2, ..., n into several subsequences such that
every two neighbouring terms of each subsequence have different parity, and B, the set of partitions of
the sequence 1, 2, ..., n into several subsequences such that all the terms of each subsequence have the
same parity (for example, the partition {(1,4,5,8),(2,3),(6,9),(7)} is an element of Ag, and the partition
{(1,3,5),(2,4),(6)} is an element of Bg).

Prove that for every positive integer n the sets A, and B,4; contain the same number of elements.

Solution. To prove that |A,| = |B,41| we construct a bijection between the two types of partitions.

Let A be a partition of the first type, that is, the elements of each subsequence in A have alternating
parities. We map this partition to the partition B defined by the following rule:

Two numbers x < y are adjacent in some subsequence in A if and only if x and y + 1 are adjacent in
some subsequence in B.

For example, the partition {(1,4,7,8),(2,5,10),(3,6),(9)} € A1o is mapped to the partition {(1,5,11),
(2,6),(4,8),(3,7,9),(10)} € By;.

It follows immediately that all the terms of each subsequence in B have the same parity, that 1is,
B e Bn+1.

Transforming each pair (z, z) of consecutive terms in any partition B € Bj,41 into pair (z,z — 1) (where
obviously # < z — 1 and the numbers # and z — 1 have different parity) we construct the unique 4 € A4,
which maps to B. Thus our mapping is a bijection.



6. The area of a convex pentagon ABCDE is S, and the circumradii of the triangles ABC, BCD,
CDFE, DEA, FAB are Ry, Ro, R, R4, Rs. Prove the inequality

4
Ri+Re+RI+ R+ RE> —5— 5
PRI T g sin? 1080
Solution. First we prove the following
Lemma 1. In a convex n-gon A; A, ... A, with area S we have

45 < ApAs - R4+ A1As - Ro+ ...+ Ap_141 - Ry,

where R; is the circumradius of the triangle A;_1A; A; 41, Ao = An, Any1 = Ap.

Let M; be the midpoint of A;A;41 for ¢ = 1,...,n. For each ¢ we consider the quadrilateral formed
by the segments A; M; and A;M;_1 and the perpendiculars to this segments drawn through M; and M;_1,
respectively. We claim that these n quadrilateral cover the n-gon. Indeed, let P be a point inside the
n-gon. Let PAj be the minimum among the distances PA;, PA,y, ..., PA,. We have PAp < PAg4, and
PA, < PAg_1:1, therefore P belongs to the n-gon and to each of the two half-planes containing Ay and
bounded by the perpendicular bisectors to AxAg41 and AxAr_11, that is, to the k-th quadrilateral. To
complete the proof it remains to note that the area of the i-th quadrilateral does nor exceed % . % - R;.

For our problem it follows that 45 < 2R%sin ZA; +2RZsin ZAs + ...+ 2R2sin ZAs. Applying Cauchy-

Buniakowsky inequality, we obtain

2S5 < Risin LAy + R3sin ZAs + ...+ Risin LA5 < \/(R;1+...+Rg)(sm24A1 4 ...+ sin? ZA45) <

< \/5(R;1+ ...+ R)sin? 108°,
thus

452 4 4 4
W<R1+R2++R5

In the above inequality we made use of the following

Lemma 2. If a1, as, ..., as are angles of a convex pentagon, then sin oy + ...+ sin® a5 < 5sin® 108°.

The sum in question does not depend on the order of the angles, therefore we may assume a1 < as <
N < 5.

If oy = 108°, then ay = ... = a5 = 108°, and the inequality turns to equality.

If ay < 108°, then a5 > 108°. Note that oy + a5 < 270° (if ay + a5 > 270°, then ay + az + ag < 270°,
therefore ay < 90°, a fortiori a; < 90° and thus «s > 180°, a contradiction). Then we have

sin? 108° + sin?(ay + a5 — 108°) — sin oy — sin? a5 = 2 cos(ay + as) sin(a; — 108°) sin(as — 108°) > 0.

It means that changing the angles «; by 108° and a5 by a1 + a5 — 108° increases the sum of squares of the
sines. Iterating this operation, we shall make all the angles equal to 108°, thus proving the inequality.



4. Halinure Hamboblilee HaTypalbHOe N TaKoe, UTO JJIA JNI0OOro HaTypanbHOro k £ § HalimyTcsa apa
HaTYypaJbHBIX HEJUTEIA N C PA3HOCTHIO k.

Pemenne. Oter — 24. DT0 UnCyI0, OUEBUIHO, YAOBIETBOpAET yeaoBuio: 1 =2—1,2=4-2, 3 =63,
4=8—-4,5=8-3,6=8—-27T=8-1,8=12—-4,9=12-3,10=12-2,11-12-1,12=24—-12.

[Ipegnonoxum, 910 n > 24 yHOBIETBOPAET yCaOBHIO. Ecian n HeUETHO, Y HETO HET OeJuTeseil Mexmay

nu %, TMO3TOMY ”2;1 JOJIZKHO UMeTh Bua n — d, Toe d — menantens n. Ho Torma d = ﬁ, OYeBUIHO, HE HEJTUT

2
n. Takum obpasom, n 9ETHO.

Eemn 2 < k< % uk=dy—ds, e d; and dy — genurenn n, To di = & (mockonbKy, ouesuano, di > %,

a mpn dq = n 9UCJIO dy TOIKHO OBITH OOJbIIIe %) [losTomy ny1sa KazKzoro Taxoro k 4meo 4 — k — genuTens

n. DTo O3HAYAET, UTO N JAEJTUTC Ha BCe HaTypaJibHBIEe ducia, He npeBocxosime %. Tlockonbky n > 24,

6
OHO JesuTcA Ha 3, 4 u, cjegoBaTesibHO, Ha 12.

Yucna § m g — 1 B3aumuO npocThl U AenaT n. llosTomy n jenurca Ha WX NpOM3BEleHHE, 3HAYHT,

n> % (% - 1), To ectb n < 42. Tak kak 12|n, ocraéresa npoBeputh ducsao 36, KoTopoe He AeTUTCH HA
5 <

3
& 1 IIOTOMY HE YOOBJIETBOPAECT YCJIOBHUIO.



5. ObGosHauuMm udepes A, MHOXKecTBO pasbueHuil mocsjemoparenbHOocTH 1, 2, ..., m Ha HECKOJLKO MOAIIOC/IEI0OBATEILHO-
crell, B KasKIoll M3 KOTOPBIX JIOOBIE IBa COCEIHMX Y/jeHa HUMET PasHylo YETHOCTh, a depes B, — MHOxecTBO pasbueHuii
OCJEeA0BATEILHOCTH 1, 2, ..., N Ha HECKOJIBKO IOAIOC/IEI0BATEIbHOCTEN, B KaXKI0i U3 KOTOPBIX BCE YIEHB UMEIOT ONHMHAKO-
Byt 4éTHOCTD (Hampumep, pasbuenue {(1,4,5,8),(2,3),(6,9),(7)} apusercs snementom Ag, a pazbuenue {(1,3,5),(2,4),(6)}
ABIAeTCH dJ1eMeHTOM Bg).

IokaxkuTe, 9T0 TpU KaXkKIOM HATYPAJBHOM N MHOXKecTBa A, u B,11 comepkaT oIuHAKOBOE KOJTHIECTBO 3JIEMEHTOB.

Pemenne. /Ina nokasarenbcTBa paBeHCTBa |A,| = |Bphy1| MBI mocTponM GHeKIHIO MeXKIy ABYMS BHIAMH PasOMeHMl.

IIycts A — pasbueHue mepBoro BHIa, TO €CTh B KarKJIOR IOAIOC/IEI0BATEIBHOCTH, BXOAANICH B A, YETHOCTH YJIEHOB 4epe-
ayorcs. Mel comocraBuM »ToMy pasbueHuto pasbuenune B, 3aJaHHOE CJEAYOUIMM IPaBUIOM:

Jlea wucaa v < y — cocednue 6 Hexomopoti nodnocaedosameavrocmu uz A moeda u moavko moeda, koeda x u y+ 1 —
cocednue 6 nexomopoti nodnocaedosameavrocmu uz B.

Hanpumep, pasbuenuto {(1,4,7,8),(2,5,10),(3,6), (9)} € Ao coorBerctnyer {(1,5,11),(2,6),(4,8), (3,7,9),(10)} € B11.

W3 »Toro mpabBuia HEMENJIEHHO CJEAYET, YTO B KaiKIOH IOIAIOCJENOBATEILHOCTH U3 B Bce WeHBl UMEIT OJUHAKOBYIO
9ETHOCTH, TO eCThb B € Bjyq.

ConocraBissa Kaxnoit nape (z, z) coCeIHUX YIEHOB IMOAIOCIEAI0BATEIBHOCTH B J1060M pazbuenuu B € B, 11 napy (z,z—1)
(B KoTOpOI, oueBuaHO, < z — | m 4wucaa ¢ u 2z — | OmHON YETHOCTH), MBI MOJYYUM EAMHCTBeHHOe pasbuenue A € A,
nepexonsinee B B. Takum obpasoM, Hallle COOTBETCTBHE — OUEKITUA.



6. ILmomanb BREIMyKJIoTO TaTHyToabanka ABC DFE paBHa S, a paguychkl oNMHCAHHBIX OKpYIKHOCTEH Tpeyroabuankos ABC,

BCD, CDE, DEAnu FEAB — Ry, Rs, Rs, R4 n Rs. IlokaxknTe HepaBeHCTBO

4
RI+ R34+ R+ Ry + Rt > ————57
52 5 oinZ 108°
Pemtenne. Ham morpebyercs
Jlemma 1. ILmomanb S BBEIIYKJIOTO n-yroabHuka Ay As ... A, yIOBIeTBOpAET HEPABEHCTRY

45 < ApAs - R4+ A4As - Ro+ ...+ Ap_1A1 - Ry,

rae R; — pammyc ommcaHHON OKpyKHOCTH Tpeyroiabinka A;_1A;Aj41, Ao = An, Ans1 = An.

Mycte M; — cepenuna A;A;4q pu i = 1, ..., n. g KakI0TO ¢ pACCMOTPUM YETHIPEXYTOIBHUK, OOPA30BAHHBIN OTpE3KaMu
A;M; w A;M;_1, a TakKe TEPHEHINKYJIApPAMEA K 9THM OTPE3KaM, BOCCTABIEHHBIME B Toukax M; and M;_1 cooTBeTCTBEHHO.
Ms mokazKeMm, 9TO 3TH N YETHIPEXYTOJBHUKOB MOKPBIBAIOT HAll n-yroJbHuK. leficTBurensbHo, mycTh P — TOYKa BHYTPH N-
yroapauka. Ilycte PAy, — mammenbliee u3s paccroanmit PA;, PAs, ..., PA,. WNUmeem PAy < PAgxy1 mw PAy < PAg_,
mo3ToMy P JIeKUT B n-yroJbHUKE W B KaXkKI0il W3 IBYX MOJYIIIOCKOCTElR, comepiamux Ag W OrPAHUYEHHBIX CEPETNHHBIMI
neprenaukyaapamMu K Ag Apy1 w Ag Ap_1, 3Ha9nUT, B k-OoM deThIpéxyrosibHUKe. [l 3aBepiieHns HOKa3aTeTbCTBA OCTAIOCH
3aMETHTh, UTO IJIOMALE -0 YETHIPEXYTOIBHUKA HE MPEBOCXOINT % : M - R;.

B ycioBusax Hamelt samaqm oTcioma caemyert, uto 45 < 2R? sin LA, —|— 2RZsin LAy + ...+ 2RZsin LAs. Ucnonbaya Hepa-

BeHCcTBO Komu-ByHAKOBCKOTO, MTOJyYaeMm

25 < R%sinéAl—|—R§sin4A2—|—...—|—R§sinéA5 < \/(R‘ll—i—...—i—Rg)(sinzéAl—|—...—|—sin24A5) <

< \/5(R;1 + ...+ RE)sin® 108°,

TaKuM 0OpazoM

45? 4 4 4
———— < R{+Ry;+...+ R;.
Hsin” 108°
B BrimenrpuBenéHHOM HEpaBEHCTBE OBLIIAa HCIOIB30BAHA
Jdemma 2. Ecim oy, o, ..., a5 — yIJIBI BBITYKJIOTO MATHYTONBHUKA, TO sin aq + ...+ sin” as < 5sin? 108°.
OrnennBaeMad cyMMa He 3aBHCHT OT MOPAIKA YIVIOB, TO3TOMY MOZKHO CUHTaTh, 9TO a1 < az < ... < as.
Ecan ap = 108°, 10 ay = ... = a5 = 108°, m HepaBeHCTBO OOpallaeTCA B paBEHCTBO.

Ecnu «q < 108°, To a5 > 108°. Bamerum, uro a1 + a5 < 270° (ecam oy + a5 > 270°, 10 @y + a3 + a4 < 270°, nosromy
as < 90°, Tem Gosee ap < 90° u, caenosarenbro, as > 180° — nporusopeune). Tosromy

sin? 108° + sin?(a; 4 a5 — 108°) — sin? a — sin? a5 = 2 cos(ay + as) sin(a; — 108°) sin(as — 108°) > 0.

DTOo 3HAYNT, ITO 3aMeHa a1 Ha 108° 1 a5 Ha oy + o — 108° yBenmmumBaeT cyMMy KBaIpaToB cHHYcoB. IToBTOps 9Ty omeparmio,
MBI cIeslaeM Bee YIUibl paBHbIME 108°, 1 HepaBeHCTBO OyAET JTOKa3aHo.



