
Дистанционные графы и теорема Турана

А. М.Райгородский

Задачу представляют Л. Неустроева, А.М. Райгородский, О.В. Бурсиан, К. П. Кохась

1 Базовые определения
Пусть G = (V,E) — граф без петель, кратных ребер и ориентации. Назовем кликой в этом графе

любой его полный подграф. Одна вершина и одно ребро — это тоже клики. Назовем, далее, кликовым
числом графа G величину ω(G), равную максимальному такому k, что в графе G есть клика на k
вершинах. В то же время назовем независимым множеством такое множество вершин графа G, что
ни одна пара вершин в нем не образует ребра. В своем роде это “антиклика”. Одна вершина является
не только кликой, но и независимым множеством вершин. Соответственно, число независимости
графа G — это максимальное k, при котором в G есть независимое множество вершин мощности
k. Обозначается это число α(G). Наконец, хроматическое число графа G — это минимальное число
χ(G) цветов, в которые можно так покрасить все вершины графа, чтобы концы каждого ребра имели
разные цвета.

2 Задачи до промежуточного финиша

2.1 Простые упражнения

Задача 1. Докажите, что χ(G) > ω(G).

Задача 2. Докажите, что χ(G) > |V |
α(G)

.

Задача 3. Пусть ∆(G) — максимальная степень вершины графаG. Докажите, что χ(G) 6 ∆(G)+1.

Теорема Брукса (без доказательства). Если граф G связен и не является ни полным графом,
ни простым (несамопересекающимся) циклом нечетной длины, то χ(G) 6 ∆(G).

2.2 Теорема Турана

Задача 4. Пусть G = (V,E) и |V | = n. Докажите, что если ω(G) < 3 (или, иначе говоря, в графе
нет треугольников), то число ребер в G не больше, чем

⌊
n
2

⌋
·
⌈
n
2

⌉
. Докажите также, что эта оценка

неулучшаема.

Задача 5. Докажите, что утверждение задачи 4 равносильно следующему: пусть G = (V,E) и
|V | = n; если α(G) < 3, то число ребер в G не меньше, чем

C2
n −

⌊n
2

⌋
·
⌈n

2

⌉
,

и эта оценка неулучшаема.

Задача 6 (теорема Турана). Пусть G = (V,E) и |V | = n. Докажите, что если α(G) 6 k, то число
ребер в G не меньше, чем

n ·
[n
k

]
− k ·

[
n
k

] ([
n
k

]
+ 1
)

2
,

и эта оценка неулучшаема.
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2.3 Дистанционные графы на плоскости

Назовем дистанционным графом на плоскости (или графом расстояний на плоскости) такой
граф, вершины которого — это точки плоскости, а ребра — все пары точек, расстояние между кото-
рыми равно 1.

Задача 7. Докажите, что в дистанционном графе нет подграфов K4 (полных графов на 4-х вер-
шинах).

Задача 8. Докажите, что в дистанционном графе нет подграфов K2,3 (полных двудольных графов
с долями размера 2 и 3).

Задача 9. Докажите, что в дистанционном графе нет подграфов W = .

Задача 10. Дистанционный граф не стоит путать с планарным графом (графом, который можно
так изобразить на плоскости, чтобы ребра на рисунке пересекались только по вершинам). Приве-
дите пример непланарного графа расстояний и планарного графа, не являющегося дистанционным.
(Критерий Куратовского можно использовать без доказательства. Я его напомню.)

2.4 Теорема Турана для дистанционных графов на плоскости

Задача 11. Пусть в дистанционном графе G = (V,E) на плоскости 4n вершин, а α(G) 6 n. Со-
гласно теореме Турана |E| > 6n. Докажите, что в текущем случае (когда граф G дистанционный)
имеет место более сильная оценка |E| > 7n. Воспользуйтесь результатом задачи 7.

Дальнейшая серия задач посвящена уточнению результата задачи 11. При этом по-прежнему мы
используем только задачу 7.

Задача 12. Докажите, что если у графа G = (V,E) (не обязательно дистанционного!) 4n вершин,
α(G) 6 n, ω(G) 6 3 (граф не содержит K4) и минимальная степень вершины G не больше трех,
то из графа можно так удалить не более четырех вершин со всеми примыкающими к ним ребрами,
чтобы в новом графе G′ = (V ′, E ′) было α(G′) 6 α(G) − 1, |E ′| 6 |E| − 8 (удалив не более четырех
вершин, избавимся от не менее восьми ребер).

Для решения задачи 12 можно действовать так. Пусть A — вершина минимальной степени в
G. Рассмотрите по отдельности все 4 случая значения степени от 0 до 3. В первых трех случаях
удаляйте вершину A со всеми соседями и используйте задачу 2 в сочетании с теоремой Брукса для
доказательства существования вершины большой степени в остающемся графе. В последнем случае
проведите небольшой перебор возможных ситуаций.

Задача 13. С помощью индукции выведите из задачи 12 оценку |E| > 8n в условиях задачи 11.

Задача 14. Докажите, что для графов (не обязательно дистанционных!), у которых 4n вершин,
α(G) 6 n и ω(G) 6 3, оценка |E| > 8n неулучшаема.

И еще большие усиления за счет дополнительных “запрещенных” подграфов.

Задача 15∗. С помощью результатов задач 7, 8 и 9 докажите, что если у дистанционного графа
на плоскости 4n вершин и α(G) 6 n, то |E| > 26

3
n.

Задача 16 (открытая проблема). Улучшите оценку задачи 15.
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2.5 Дистанционные графы в пространствах большей размерности

Если Вы знаете, что такое n-мерное пространство, обозначаемое традиционно Rn, то Вы молодец,
но прямо сейчас это знание не является обязательным. Позже мы дадим определения, достаточные
для решения соответствующих задач. Однако пока можно обойтись без слова “пространство”. Рас-
смотрим граф G(n, 3, 1). Его вершинами служат все возможные C3

n трехэлементные подмножества
множества {1, 2, . . . , n}. А ребрами в нем соединяются те и только те вершины, которым отвечают
трехэлементные подмножества, пересекающиеся ровно по одному элементу. На рисунке 2 изображен
пример графа G(5, 3, 1).

Задача 17. Найдите число ребер в графе G(n, 3, 1).

Задача 18. Найдите число треугольников в графе G(n, 3, 1).

Задача 19. Докажите, что α(G(n, 3, 1)) = n, n− 1 или n− 2 в зависимости от величины остатка от
деления числа n на 4.

Задача 20. Найдите ω(G(n, 3, 1)).

Задача 21∗. Докажите, что если n = 2k, то χ(G) = |V |
α(G)

= (n−1)(n−2)
6

.

Напомним, что две функции f и g натурального аргумента n, не принимающие нулевых значений,
называются асимптотически равными (или эквивалентными), если f(n)

g(n)
→ 1 при n→∞. Например,

асимптотически равны функции n4 и n4 + 100n2. Пишут f ∼ g. Далее, функция f бесконечно мала
по сравнению с g, если f(n)

g(n)
→ 0 при n→∞. В этом случае пишут f = o(g). Например, n3 = o(n4).

Задача 22. ПустьWn — произвольное подмножество множества вершин графа G(n, 3, 1) (для каж-
дого n рассматриваем свое множествоWn). Обозначим r(Wn) число ребер, оба конца которых принад-
лежатWn. Пусть n = o(|Wn|) при n→∞. Докажите, что обычная теорема Турана гарантирует тогда,
что r(Wn) > f(n), где f — некоторая функция, асимптотически равная величине |Wn|2

2α(G(n,3,1))
∼ |Wn|2

2n
.

Вот теперь дадим формальное определение пространства Rn. Это просто множество всех “то-
чек” x, каждая из которых есть последовательность, состоящая из n действительных чисел: x =
(x1, . . . , xn). При этом между любыми двумя точками x = (x1, . . . , xn) и y = (y1, . . . , yn) можно
померить расстояние по формуле

|x− y| =
√

(x1 − y1)2 + . . .+ (xn − yn)2.

В частности, при n = 1 получаем обычную прямую, при n = 2 — обычную плоскость, при n = 3 —
обычное пространство.

Далее, скалярное произведение векторов x = (x1, . . . , xn),y = (y1, . . . , yn) в Rn — это выражение

(x,y) = x1y1 + . . .+ xnyn.

Нетрудно проверить, что всегда

|x− y|2 = (x,x) + (y,y)− 2(x,y).

Задача 23. Докажите, что граф G(n, 3, 1) изоморфен следующему графу в Rn:

V = {x = (x1, . . . , xn) : xi ∈ {0, 1}, x1 + . . .+ xn = 3}, E = {{x,y} : (x,y) = 1}.

Таким образом, этот граф дистанционный, т.е. его вершины — точки в пространстве, а ребра — пары
точек на заданном наперед расстоянии.

Задача 24. Пусть Kl1,...,lr — полный r-дольный граф с размерами долей l1, . . . , lr. Докажите, что
дистанционный граф в Rn не содержит в качестве подграфа граф K3,...,3 с числом долей [n/2] + 1.
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3 Задачи после промежуточного финиша
Задача 25. Докажите, что если в условиях задачи 22 дополнительно потребовать выполнение
условия |Wn| = o(n2), то оценка из задачи 22 (т.е. обычная турановская оценка) асимптотически
неулучшаема. Иными словами, для любой функции g, удовлетворяющей условиям g(n) = o(n2) и
h = o(g(n)) при n→ +∞, существует последовательность Wn, такая что |Wn| ∼ g(n) и r(Wn) ∼ |Wn|2

2n
.

Задача 26-27. Назовем вершинами правильного симплекса в Rn любой набор из k точек, попарные
расстояния между которыми равны 1. Докажите, что такие множества существуют при всех k 6 n+1
(задача 26) и не существуют ни при каких k > n+ 2 (задача 27).

Задача 28. Пусть Gn = (Vn, En), n = 1, 2, . . . , — дистанционные графы в Rn. Обозначим их числа
независимости αn. Пусть Wn — произвольное подмножество множества вершин графа Gn (как обыч-
но, для каждого n рассматриваем свое множество Wn). Обозначим r(Wn) число ребер, оба конца
которых принадлежат Wn. Пусть nαn = o(|Wn|) при n→∞. С помощью задачи 26-27 докажите, что
r(Wn) > f(n), где f — некоторая функция, асимптотически равная величине |Wn|2

αn
.

Применив утверждение задачи 28 к последовательности графов Gn = G(n, 3, 1) мы получим
оценку примерно в 2 раза лучше, чем в задачах 22 и 25 (вдвое лучшая турановской). Здесь нет
противоречия, потому что в этих задачах сформулированы разные (практически противоположные)
требования к числу вершин |Wn|: |Wn| = o(n2) в задаче 25 и (проверьте!) n2 = o(|Wn|) в задаче 28.
Оказывается, для графов G(n, 3, 1), как ни странно, можно получить еще более сильные оценки ту-
рановского типа, временно отказавшись от использования в них числа независимости. Идея состоит
в том, чтобы посмотреть вершины, содержащие тот или иной элемент множества {1, . . . , n}, оценить
соответствующие количества ребер и воспользоваться некоторыми стандартными неравенствами.

Задача 29. Пусть Wn — произвольное подмножество множества вершин графа G(n, 3, 1). Пусть
n2 = o(|Wn|) при n→∞. Докажите, что r(Wn) > f(n), где f — некоторая функция, асимптотически
равная величине 4.5 · |Wn|2

n
. Иными словами, получается примерно в 4.5 раза лучшая оценка, чем в

задаче 28!

Задача 30. Докажите, что оценка из задачи 29 в стандартном смысле асимптотически неулучша-
ема.

Само обозначение “G(n, 3, 1)” подсказывает, что у этого графа есть обобщение. Это граф G(n, r, s).
У него вершинами служат все r-элементные подмножества множества {1, . . . , n}, а ребрами сединя-
ются две вершины, если и только если соответствующие множества пересекаются ровно по s эле-
ментам. Иными словами, вершины — n-мерные точки с “координатами” 0 или 1, причем в каждой
точке ровно r единиц. Ребро проводится тогда и только тогда, когда скалярное произведение вершин
равно s. Графы G(n, r, s) называются графами Джонсона, а их частный случай — графы G(n, r, 0)
— называются кнезеровскими графами.

Задача 31. Найдите число ребер в графе G(n, r, s).

Задача 32. Найдите число треугольников в графе G(n, r, s).

Задача 33∗. Докажите, что аналогом результатов из задач 29 и 30 служит асимптотически неулуч-
шаемая оценка величиной |Wn|2

ns · Cs
r ·r!

2·(r−s)! . Здесь надо требовать, чтобы nr−1 = o(|Wn|).

Следующий результат можно использовать без доказательства.

Теорема Эрдеша, Ко и Радо. Пусть n > 2r. Тогда α(G(n, r, 0)) = Cr−1
n−1.
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Задача 34. Докажите, что если Wn — произвольное подмножество множества вершин графа
G(n, r, 0) и l = |Wn| > α(G(n, r, 0)), то

r(Wn) >
l
(
l −
(
Cr
n − Cr

n−r
))

2
.
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Distance graphs and Turán’s theorem

A. Raigorodsky

The project is proposed by O. Bursian, K. Kokhas, L. Neustroeva, A. Raigorodsky

1 Definitions
Let G = (V,E) be a graph without loops, multiple edges and orientation. A clique in G is any complete

subgraph. Single vertex or single edge are also cliques. The clique number of graph G denoted by ω(G) is
the maximal integer k such that G contains a clique on k vertices. An independent set is a set of vertices
in G such that no two of the vertices form an edge. It is an “anticlique” in a sense. Single vertex is not
only a clique but an independent set too. Accordingly, an independence number of graph G is the maximal
integer k such that G contains an independent set of k vertices. It is denoted by α(G). And finally, the
chromatic number of graph G is the minimal number χ(G) of colors for which one can color vertices of
graph in these colors so that the endpoints of any edge have different colors.

2 Problems, I

2.1 Exercises

Problem 1. Prove that χ(G) > ω(G).

Problem 2. Prove that χ(G) > |V |
α(G)

.

Problem 3. Let ∆(G) be the maximum degree of vertices of graph G. Prove that χ(G) 6 ∆(G) + 1.

Brooks’ theorem (without proof). If connected graph G is neither a complete graph nor a simple
cycle (non self-intersecting) of odd length, then χ(G) 6 ∆(G).

2.2 Turán’s theorem

Problem 4. Let G = (V,E)and |V | = n. Prove that if ω(G) < 3 (in other words, the graph does not
contain triangles) then the number of edges in G is at most

⌊
n
2

⌋
·
⌈
n
2

⌉
. Prove that this upper bound is

sharp (i.e. can not be increased).

Problem 5. Prove that problem 4 is equivalent to the following statement. Let G = (V,E) and |V | = n.
Prove that if α(G) < 3 then the number of edges in G is at least

C2
n −

⌊n
2

⌋
·
⌈n

2

⌉
,

and this lower bound is sharp.

Problem 6 (Turán’s theorem). Let G = (V,E) and |V | = n. Prove that if α(G) 6 k then the number
of edges in G is at least

n ·
[n
k

]
− k ·

[
n
k

] ([
n
k

]
+ 1
)

2
,

and this lower bound is sharp.
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2.3 Distance graphs in the palne

A distance graph on the plane or graph of distances on the plane is a graph such that its vertices are
some points of the plane and edges are all pairs of points at distance 1.

Problem 7. Prove that distance graphs do not contain subgraphs K4 (complete graphs on 4 vertices).

Problem 8. Prove that distance graphs do not contain subgraphs K2,3 (complete bipartite graphs with
parts of 2 and 3 vertices).

Problem 9. Prove that distance graphs do not contain subgraphs W = .

Problem 10. Do note confuse distance graphs and planar graphs (the latter can be drawn on the plane
in such a way that its edges intersect only at their endpoints). Give examples of non-planar distance graph
and planar but non-distance graph. You may use Kuratowski’s criterion without proof.

2.4 Turán’s theorem for distance graphs on the plane

Problem 11. Let G = (V,E) have 4n vertices and α(G) 6 n. In this case |E| > 6n by Turán’s theorem.
Prove that if G is a distance graph on the plane then the stronger inequality |E| > 7n holds. Use the result
of problem 7.

Next problems strengthen the inequality of problem 11 by applying the result of problem 7 only.

Problem 12. Let graph G = (V,E) (not necessarily being a distance graph) has 4n vertices. Assume
that α(G) 6 n, ω(G) 6 3 (that means G does not contain K4) and mimimum vertex degree in G is at
most 3. Prove that it is possible to remove at most 4 vertices with all its edges from G in such a way that
in the new graph G′ = (V ′, E ′) we have α(G′) 6 α(G) − 1 and |E ′| 6 |E| − 8 (by removing of at most 4
vertices we delete at least 8 edges).

You may use the following approach to problem 12. Let A be a vertex of minimal degree in G. The
possible the values of this degree are from 0 to 3. For the first three values apply problem 2 plus Brooks’
theorem in order to prove that the remaining graph has a vertex of big degree. For the last value investigate
possible cases.

Problem 13. Let G = (V,E) be a distance graphs on the plane, |V | = 4n and α(G) 6 n. Using induction
and problem 12 prove that |E| > 8n.

Problem 14. Let graph G = (V,E) (not necessarily being a distance graph) have 4n vertices, α(G) 6 n
and ω(G) 6 3. Prove that the estimation |E| > 8n can not be strengthened.

We can improve the bound better by using additional “forbidden” subgraphs.

Problem 15∗. Applying results of problems 7, 8 and 9 prove that if a distance graph has 4n vertices
and α(G) 6 n, then |E| > 26

3
n.

Problem 16 (open problem). Improve the bound of problem 15.
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2.5 Distance graphs in high-dimensional spaces

If you already know what is n-dimensional space usually denoted by Rn, you are extremely smart,
but this knowledge is not obligatory right now. We will give all necessary definitions later. And now we
tend to avoid the word “’space”. Consider graph G(n, 3, 1). Its vertices are all 3-element subsets of the set
{1, 2, . . . , n}, so it has

(
n
3

)
vertices. And the edges correspond to the pairs of subsets which has 1-element

intersection. See example of graph G(5, 3, 1) in fig. 2.

Problem 17. Find the number of edges in graph G(n, 3, 1).

Problem 18. Find the number of triangles in graph G(n, 3, 1).

Problem 19. Prove that α(G(n, 3, 1)) = n, n− 1 or n− 2 depending on the remainder n mod 4.

Problem 20. Find ω(G(n, 3, 1)).

Problem 21∗. Prove that if n = 2k, then χ(G) = |V |
α(G)

= (n−1)(n−2)
6

.

Let f and g be two functions defined on the set of non negative integers and having no zero values. We
remind that f and g are called asymptotically equal (or equivalent) if f(n)

g(n)
→ 1 for n→∞. It is written as

f ∼ g. For example n4 ∼ n4 + 100n2. Function f is said to be infinitesimal with respect to g if f(n)
g(n)
→ 0

for n→∞. It is denoted as f = o(g). For example n3 = o(n4).

Problem 22. For each integer n ≥ 3 let Wn be a subset of the set of vertices of graph G(n, 3, 1).
Denote by r(Wn) the number of edges with both endpoints in Wn. Let n = o(|Wn|) for n → ∞. Prove
that Turán’s theorem implies that r(Wn) > f(n), where f is a function that is asymptotically equal to
|Wn|2

2α(G(n,3,1))
∼ |Wn|2

2n
.

Now we will give a formal definition of the space Rn. It is just a set of “points” x, where each of points
is a sequence of n real numbers: x = (x1, . . . , xn). For any two points x = (x1, . . . , xn) and y = (y1, . . . , yn)
we define a distance between them by formula

|x− y| =
√

(x1 − y1)2 + . . .+ (xn − yn)2.

In particular, for n = 1 this definition gives us the usual line, for n = 2 the usual plane and for n = 3 the
usual space.

Further, the scalar product of vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in Rn is the expression

(x,y) = x1y1 + . . .+ xnyn.

It easy to check that for all x,y ∈ Rn

|x− y|2 = (x,x) + (y,y)− 2(x,y).

Problem 23. Prove that graph G(n, 3, 1) is isomorphic to graph (V,E)

V = {x = (x1, . . . , xn) : xi ∈ {0, 1}, x1 + . . .+ xn = 3}, E = {{x,y} : (x,y) = 1}.

Thus, this is a distance graph in Rn: its vertices are points in Rn, and edges are the pairs of points at
distance 2.

Problem 24. Let Kl1,...,lr be the complete r-partite graphs, with parts of sizes l1, . . . , lr. Prove that
distance graphs in Rn do not contain subgraphs of the form K3, . . . , 3︸ ︷︷ ︸

[n/2]+1

.
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3 Problems after intermediate finish
Problem 25. Prove that if in the statement of problem 22 to impose additionally the condition |Wn| =
o(n2), then the estimation of problem 22 (i. e. usual Turán’s estimation) cannot be asymptotically improved.
In other words, for every function g such that g(n) = o(n2), h = o(g(n)) there exists sequence Wn such
that |Wn| ∼ g(n) and r(Wn) ∼ |Wn|2

2n
.

Problem 26-27. We say that any k points in Rn are the vertices of right simplex, if all the pairwise
distances between them are equal to 1. Prove such sets exist for all k 6 n + 1 (problem 26) and do not
exist for all k > n+ 2 (problem 27).

Problem 28. Let Gn = (Vn, En), n = 1, 2, . . . be unit distance graphs in Rn. Denote their independence
numbers by αn. Let Wn be an arbitrary subset of the set of vertices of graph Gn (as usual, for each n we
consider its own set Wn). Denote by r(Wn) the number of the edges, both ends of which belong to Wn.
Let nαn = o(|Wn|) as n→∞. With the help of problem 26-27 prove that r(Wn) > f(n), where f is some
function asymptotically equal to the value |Wn|2

αn
.

For sequence Gn = G(n, 3, 1) problem 28 give the estimation that is approximately 2 times better than
the estimation in problems 22 and 25 (twise better than Turán’s estimation). There are no contradiction
here, because these problems have different (in fact opposite) limitations for the number of vertices |Wn|:
in problem 25 |Wn| = o(n2) and in problem 28 (check!) n2 = o(|Wn|). It turns out that for graphs
G(n, 3, 1) even stronger estimations of Turán’s kind can be obtained, by temporary refuse of using the
independence number. The idea is to consider the vertices containing an element of set {1, . . . , n}, to
estimate the corresponding numbers of edges and to apply some standard inequalities.

Problem 29. Let Wn be an arbitrary subset of the set vertices of graph G(n, 3, 1). Let n2 = o(|Wn|) as
n→∞. Prove that r(Wn) > f(n), where f is some function asymptotically equal to the value 4.5 · |Wn|2

n
.

By the other words, we have obtained the estimation, approximately 4.5 times better than in problem 28!

Problem 30. Prove that the estimation of problem 29 in the standard sense cannot be asymptotically
improved.

The notation “G(n, 3, 1)” itself prompts that this graph has the generalization. It is graph G(n, r, s).
Its vertices are all r-element subsets of set {1, . . . , n}, and two vertices are connected by edge, if and only
if the intersection of the corresponding sets contains exactly s elements. In other words, the vertices are
n-dimensional points with “coordinates” 0 or 1, where the number of 1’s is exactly r. Edge is drawn if and
only if the scalar product of the vertices equals s. Graphs G(n, r, s) are called Johnson graphs, and the
particular case of them, graphs G(n, r, 0), are called Kneser graph.

Problem 31. Find the number of the edges of graph G(n, r, s).

Problem 32. Find the number of the triangles of graph G(n, r, s).

Problem 33∗. Prove that the analogue for the results from problems 29 and 30 is the estimation of the
form |Wn|2

ns · Cs
r ·r!

2·(r−s)! that asymptotically cannot be improved. Here we have to demand nr−1 = o(|Wn|).

The following result you can apply without proof.

Erdős–Ko–Rado theorem. Let n > 2r. Then α(G(n, r, 0)) = Cr−1
n−1.

4



Problem 34. Prove that if Wn is an arbitrary subset of the set of vertices of graph G(n, r, 0) and
l = |Wn| > α(G(n, r, 0)), then

r(Wn) >
l
(
l −
(
Cr
n − Cr

n−r
))

2
.
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Tur�an type results for distance graphs∗L.E. Shabanov†, A.M. Raigorodskii‡AbstractThe classical Tur�an theorem determines the minimum number of edges in a graph on n verticeswith independence number �. We consider unit-distance graphs on the Euclidean plane, i.e., graphsG = (V;E) with V ⊂ R
2 and E = {{x;y} : |x−y| = 1}, and show that the minimum number of edgesin a unit-distance graph on n vertices with independence number � 6 �n, � ∈

[14 ; 27], is boundedfrom below by the quantity 19−50�3 n, which is several times larger than the general Tur�an bound andis tight at least for � = 27 .Key words: Tur�an theorem, independence number, distance graphs.1 IntroductionThe classical Tur�an theorem proved in [8] can be formulated as follows.Theorem 1. The minimum number of edges in a graph on n vertices with independence number � isattained on a graph consisting of � pairwise disjoint cliques whose sizes di�er at most by one.One of the most important classes of graphs arising from combinatorial geometry is that consisting ofdistance graphs G = (V;E), whereV ⊂ R
n; E = {{x;y} : |x− y| = 1}:On the one hand, distance graphs are naturally related to the famous Nelson{Hadwiger problem onthe chromatic numbers of spaces, and so their chromatic numbers and their independence numbers areintensively studied (see [1], [6], [7]). On the other hand, multiple questions concerning the edge numbersin distance graphs go back to Erd}os (see [1], [3], [6]).In this paper, we study distance graphs on the plane. Our main goal is to prove a Tur�an type resultfor such graphs, that is to �nd a lower bound for the minimum number of edges in a distance graph in R

2given a number n of vertices and an independence number �. Before stating our main result it is worthnoting that for distance graphs with n vertices, � cannot be arbitrary. It is de�nitely at least 0:2293n(see [2], [4], [5]). Moreover, a strong belief is that it is greater than or equal to 0:25n. Anyway, given asequence of graphs with growing sets of vertices, the independence numbers of these graphs are quite farfrom being constant: they are proportional to the numbers of vertices.One of the main results of our paper is as follows.
∗This work is done under the �nancial support of the following grants: the grant 15-01-00350 of Russian Foundation forBasic Research, the grant NSh-2964.2014.1 supporting Leading scienti�c schools of Russia.
†Higher School of Economics, Mathematics Faculty.
‡Moscow State University, Mechanics and Mathematics Faculty, Department of Mathematical Statistics and RandomProcesses; Moscow Institute of Physics and Technology, Faculty of Innovations and High Technology, Department of DataAnalysis; Buryat State University, Institute of Mathematics and Informatics.1



Theorem 2. The minimum number of edges in a distance graph on n vertices with independence number� 6 �n, � ∈
[14 ; 27], is bounded from below by the quantity 19−50�3 n.The result of Theorem 2 is much stronger than that of Theorem 1. If, for example, � = 14 , thenTheorem 1 gives 1:5n edges. In the same case, Theorem 2 gives at least 136 n edges. If, in turn, � = 27and n is divisible by 7, then the classical bound is equal to 97n, and our bound equals 117 n. Moreover, inthis case, our bound is tight, since one can take disjoint copies of the so-called Moser spindle, which has7 vertices, 11 edges and independence number 2 (see �g. 1).

Figure 1: Moser's spindleFinally, for � >
13 , Tur�an's bound is trivially tight, since cliques on at most 3 vertices are distancegraphs.The paper is organized as follows. In Section 2, we give a more general setting of the problem andformulate another main result of the paper. In Section 3, we prove a \key lemma". In Section 4, we proveboth main theorems of the paper. In Section 5, we give some discussion.2 More general settingConsider a graph � = (W;E). We call the con�guration of � the vector (|W |; �(�); |E|) and we denoteit by Con�g(�).Let V be a set of vectors (a; b; c) with non-negative integer coordinates a; b; c. Then we call an extensionof the set V the set of vectors (a; b+n; c+ k), where (a; b; c) ∈ V and n; k are again non-negative integers.We say that a vector (a; b; c) is good, if it belongs to the extension of the set of all linear combinationswith non-negative integer coeÆcients of the following vectors: (1; 1; 0), (2; 1; 1), (3; 1; 3), (4; 1; 9), (5; 1; 15),(6; 1; 22), (7; 2; 11), (n+ 1; 1; n(n− 1)), where n > 6.

Figure 2: Semi-star graph2



We call the graph, which is drawn on Figure 2, semi-star graph with center X and top vertex Y .The following proposition is quite simple, and we omit its proof here.Proposition 1. Any distance graph is free of K4 (complete graphs with four vertices), K3;2 (completebipartite graphs with part sizes 2 and 3), and semi-star graphs.We say that a graph is correct, if it does not contain eitherK4 orK3;2, or a semi-star graph as subgraphs.In particular, as we have just mentioned, every distance graph is correct. The second main result of ourpaper is given below.Theorem 3. The con�guration of a correct graph is a good vector.The proof of Theorem 3 is based onKey Lemma. From any correct graph �, one can delete several vertices together with all the adjacentedges in such a way that for the remaining graph �′, the vector Con�g(�)− Con�g(�′) is good.In the next section, we prove Key Lemma. In Section 4, we deduce Theorems 2 and 3 from Key Lemma.3 Proof of Key Lemma3.1 Some preliminariesWe say that a vector v = (v1; v2; v3) exceeds a vector w = (w1; w2; w3), if v1 = w1; v2 > w2; v3 > w3,and we denote this relation by v � w.Proposition 2. If u; v are vectors of dimension 3 such that u � v and v is good, then u is also good.The proposition is straightforward, and thus we prove Key Lemma, provided we show that the vectorCon�g(�)− Con�g(�′), with an appropriate �′, exceeds some good vector.Proposition 3. The vectors (1; 1; 0), (2; 1; 1), (3; 1; 3), (4; 1; 9), (5; 1; 15), (7; 2; 11), (8; 2; 18), (6; 1; 22),(12; 3; 26), (6; 2; 9), (10; 2; 30), (4n; n; 10n), (4m+1; m; 10m+3), (k+1; 1; k(k−1)) (n;m; k ∈ Z; n;m > 3;k > 6) are good.Proof. The vectors(1; 1; 0); (2; 1; 1); (3; 1; 3); (4; 1; 9); (5; 1; 15); (7; 2; 11); (6; 1; 22); (k + 1; 1; k(k − 1)) for k > 6are good by de�nition. Now, we briey explain what happens with the other vectors:
• (8; 2; 18) = 2(4; 1; 9);
• (12; 3; 26) = (5; 1; 15) + (7; 2; 11);
• (6; 2; 9) � (6; 2; 6) = 2(3; 1; 3);
• (10; 2; 30) = 2(5; 1; 15);
• (4n; n; 10n) � (4n; n; 9n) = n(4; 1; 9);
• (4m+ 1; m; 10m+ 3) � (4m+ 1; m; 9m+ 6) = (m− 1)(4; 1; 9) + (5; 1; 15) for m > 3.Let A be a vertex of the minimum degree in �. Consider several cases depending on the value of degA.3



3.2 Case of degA = 0Remove the vertex A from �. Since A had no neighbours, we get Con�g(�)− Con�g(�′) = (1; 1; 0).3.3 Case of degA = 1Remove from � the vertex A and its unique neighbour B. Obviously the independence number isreduced by 1 and the number of edges is reduced at least by 1. Therefore, Con�g(�)−Con�g(�′) � (2; 1; 1).3.4 Case of degA = 2Remove from � the vertex A and both its neighbours B and C. Note that the number of edges isreduced at least by 3, since AB, AC are removed and also some edge adjacent to B and di�erent from ABis removed (2 is the minimum degree in this case). Now it is clear that Con�g(�)−Con�g(�′) � (3; 1; 3).3.5 Case of degA = 33.5.1 PreliminariesLet B;C;D be the neighbours of A. Since G does not contain K4, we may assume that the vertices Band D are not adjacent. Below we consider several variants of subgraphs induced on A;B;C;D:

Figure 3: First variant Figure 4: Second variant Figure 5: Third variant3.5.2 Graph from Figure 3Let us calculate possible total numbers of edges adjacent to B or D. If the number of such edges is 6or 7, then we remove the vertices B and D and all the vertices adjacent to them. Since the vertices B andD are not adjacent and also they are not adjacent to any of the vertices of the remaining graph �′, theindependence number is reduced at least by 2. Moreover, since � is free of K3;2, the vertices B and D donot have common neighbours di�erent from A and C. Therefore, the number of vertices that have beenremoved is 6 or 7. Finally, since the degree of each vertex is at least 3, the total number of edges adjacentto the removed vertices is not less than 9 or 11, respectively. Thus, the vector Con�g(�) − Con�g(�′)exceeds the vectors (6; 2; 9); (7; 2; 11), respectively.If the number of edges adjacent to B or D is at least 8, then we remove the vertices A;B;C;D. Theindependence number is reduced at least by 1, since the vertex A is not adjacent to any of the remainingvertices. The number of edges is reduced, in turn, at least by 9, for at least 8 edges adjacent to B or Dare removed and also the edge AC is deleted. Thus, Con�g(�)− Con�g(�′) � (4; 1; 9).4



3.5.3 Graph from Figure 4Let us look at possible total numbers of edges adjacent to B or D. If the number of such edges is6, then we remove the vertices B and D and all the vertices adjacent to them. Since the vertices B andD are not adjacent and also they are not adjacent to any of the vertices of the remaining graph �′, theindependence number is reduced at least by 2. The number of vertices that have been removed is 6 or 7.Since the degree of any vertex is at least 3, the total number of edges adjacent to the removed vertices is atleast 9 or 11, respectively. Thus, the vector Con�g(�)− Con�g(�′) exceeds the vectors (6; 2; 9); (7; 2; 11),respectively.If the number of edges adjacent to B or D is 7 or larger, then we remove the vertices A;B;C;D. Theindependence number is reduced at least by 1, since the vertex A is not adjacent to any of the remainingvertices. The number of edges is reduced, in turn, at least by 9, for at least 7 edges adjacent to B or Dare removed and also at least two more edges adjacent to C are deleted. Thus, Con�g(�)− Con�g(�′) �(4; 1; 9).3.5.4 Graph from Figure 5Just remove the vertices A;B;C;D. Since the degree of each vertex B;C;D is at least 3 and thesevertices are pairwise non-adjacent, the number of removed edges is at least 9. As usual, the independencenumber is reduced at least by 1, and therefore Con�g(�)− Con�g(�′) � (4; 1; 9).3.6 Case of degA = 43.6.1 PreliminariesLet B;C;D;E be the vertices adjacent to A. Consider a subgraph induced on B;C;D;E. Note that itcannot have a vertex of degree 3, since otherwise by adding the vertex A we get K3;2, which is forbidden.Also, the absence of K3;2 yields that among B;C;D;E, there are no 4-cycles. Finally, the absence ofK4 yields, in turn, that among B;C;D;E, there are no 3-cycles (triangles). Thus, only the following 5variants are possible for a graph on the vertices A;B;C;D;E (see �g. 6{10).

Figure 6: First variant Figure 7: Second variant Figure 8: Third variant3.6.2 Graphs from Figures 6 and 7Remove the vertices A;B;C;D;E. The independence number is reduced at least by 1. The number ofedges is reduced at least by 15, since any vertex among B;C;D;E is of degree at least 4 and at most 1edge is calculated twice. Therefore, Con�g(�)− Con�g(�′) � (5; 1; 15).5



Figure 9: Fourth variant Figure 10: Fifth variant3.6.3 Graph from Figure 8

Figure 11: Figure 12: Figure 13:First, assume that the vertices B;D are both of degree 4. Denote by F;G the vertices adjacent to Band di�erent from A and C. Also, denote by H the fourth vertex adjacent to D. The vertex H does notcoincide either with F or with G, since otherwise B and D share three neighbours and we obtain a K3;2.Remove the 8 vertices A,B,C,D,E,F ,G,H (see �g. 11). The independence number is reduced at least by2, since the vertices B and D are neither adjacent one to the other, nor adjacent to any of the remainingvertices.Let us prove that the number of removed edges is greater than or equal to 18. The sum of the degreesof the vertices A,B,C,D,E,F ,G,H is at least 32. If we show that the number of edges in a subgraph onthe vertices A,B,C,D,E,F ,G,H is at most 14, then we are done.Some 10 edges are drawn on �g. 11. Moreover, all the edges adjacent to A;B;D are indicated there.Let us prove that among the vertices C;E; F;G;H, there are at most 4 edges. Since the vertices B;Chave no more than 2 common neighbours, the edges CF;CG cannot appear simultaneously. Without lossof generality, assume that there is no CG.Since C and E have at most 2 common neighbours, the edges CH and EH cannot appear simultane-ously.If the edge EF (EG) is present as on �g. 12, then the vertices A;B;C;D;E; F (G) form a semi-stargraph with center A and top vertex F (G). Therefore, the graph � does not have edges EF and EG.If in �, the edges CF and FH appear simultaneously (see �g. 13), then the vertices A;B;C;D; F;Hform a semi-star graph with center C and top vertex H.The edge CE is absent due to the construction of the subgraph on the vertices A;B;C;D;E. So onlythe pairs of vertices (F;G); (G;H) remain, which can form the third and the fourth edges of the subgraph6



on the vertices C;E; F;G;H. Thus, we really get the bound 14 for the number of edges in the subgraphon the vertices A;B;C;D;E; F;G;H, and we eventually have that Con�g(�)− Con�g(�′) � (8; 2; 18).Recall that we assumed that the vertices B;D were both of degree 4. Of course, if the same is true forC;E, then again Con�g(�)− Con�g(�′) � (8; 2; 18).Thus, assume that there exists a vertex of degree at least 5 both among B;D and C;E. In this case,remove the vertices A;B;C;D;E. The independence number is reduced at least by 1. The number ofedges is, in turn, reduced at least by 15, since the sum of the degrees of the vertices B;C;D;E is at least18 and there are only 3 edges between these vertices. Finally, Con�g(�)− Con�g(�′) � (5; 1; 15).3.6.4 Graph from Figure 9Divide the argument into two parts roughly in the same way as it was done in the previous case.Namely, either the degrees of both B and D equal 4, or at least one among B;D has at least 5 neighbours.The second situation is much simpler, as before, so let us start here with it. Indeed, remove the verticesA;B;C;D;E. The independence number is reduced at least by 1. The number of edges is, in turn, reducedat least by 15, since the total number of edges adjacent to the vertices B;C;D;E is not less than 17 andonly 2 of them were calculated twice. Thus, Con�g(�)− Con�g(�′) � (5; 1; 15).Now, assume that both B;D are of degree 4. We proceed like in Subsection 3.6.3. Since the vertices Band D cannot have 3 common neighbours (due to the absence of K3;2), they have exactly 2 such neighbours| A and C. So we can denote by F;G the two other vertices adjacent to B and by H; I | the two othervertices adjacent to D (see �g. 14).

Figure 14:Let us prove, as in Subsection 3.6.3, that removing some 8 vertices (namely, A;B;C;D; F;G;H; I)gives us the bound Con�g(�)−Con�g(�′) � (8; 2; 18). Of course, we just need to show that here again thenumber of edges is reduced at least by 18, and to this end we need to analize the structure of a subgraphon the vertices A;B;C;D; F;G;H; I and to see that the number of edges in this subgraph is at most 14.This seems to be very similar to what was done earlier. However, there are important subtleties: actually,either that is true, or we come back to a previously considered situation.Since the graph � is free of K3;2, among CF;CG as well as among CH;CI, at most one edge is presentin �. Without loss of generality, assume that the edges CG;CI are absent.If among CF; FG both edges are drawn, then we come back to the situation from �g. 8 with the verticesB;A;C; F;G. Analogously, if among CH;HI both edges are drawn, then we come back to the situationfrom �g. 8 with the vertices D;A;C;H; I. Therefore, we may assume that among CF; FG;CH;HI atmost two edges are present.Furthermore, � is free of K3;2 and thus among FH; FI;GH;GI we have at most 3 edges.Summing up all the above inequalities, we see that a subgraph on the vertices C; F;G;H; I has at most5 edges, which means that we do really have the bound by 14 for the number of edges in a subgraph onthe vertices A;B;C;D; F;G;H; I. The case is complete.7



3.6.5 Graph from Figure 10If the degree of a vertex among B;C;D;E is at least 5, then we remove A;B;C;D;E. It is alreadyclear that Con�g(�)− Con�g(�′) � (5; 1; 15). Let us discuss the opposite case.We need some new de�nitions. Let a vertex of a graph satisfy the three following conditions: it is ofdegree 4; each of its neighbours is of degree 4; the con�guration of the neighbours is the same as the oneof the vertex A on �g. 10. We call such vertex a key vertex. If all the vertices of a graph are key vertices,then we call key graph the graph itself.Proposition 4. If in a connected graph, there is a vertex of degree 4 and all the vertices of degree 4 arekey ones, then the graph is key.All the cases, in which a graph � has a non-key vertex of degree 4, are already considered. Thus, itremains to analize the case of a key graph.Lemma 1. Any key graph contains a cycle of length at least 4.Proof. Take a vertex A in a key graph and suspend the graph on A. Let the level of A be 0. Let U be avertex of the maximum level and V be a vertex of the previous level adjacent to U . Let W be a commonneighbour of U and V . Let X be a vertex adjacent to V and di�erent from U andW . Consider paths fromU to A and from X to A, in which the level of any vertex is by 1 smaller than the level of the preceedingvertex. Since obviously the level of V is greater than 1, the vertices U and X do not coincide with A. LetB be the �rst common point of the paths UA, XA. Then since U and X are not adjacent and their levelsdi�er at most by 1, they do not coincide with B. Therefore, the cycle UBXV (UB;BX denote paths,whereas UV; V X denote edges) consists of at least 4 edges, which completes the proof.Take a key graph �. Consider its shortest cycle of length greater than 3. Note that if two vertices inthe cycle are not consecutive, then they cannot be adjacent. Indeed, otherwise, if the length of the cycleexceeds 4, then we would get a cycle, which is shorter than the initial one, although its length would bestill greater than 3; if the length of the initial cycle is, in turn, exactly 4, then the existence of an edgeinside the cycle would contradict our assumption that all the vertices are key ones.

Figure 15: A minimum cycle of length greater than 3 in a key graphLet us analize the vertices, which are adjacent to the cycle. Let P be a vertex of the cycle. Denote byQ and R its neighbours in the cycle. Let S; T be the two other neighbours of P . Clearly among Q;R; S; Twe have two pairs of adjacent vertices and they are not among (Q;R); (S; T ). Without loss of generality,we assume that they are (Q; S); (R; T ). Now, consider the vertices adjacent to Q. These are of courseP; S and two more vertices that are also adjacent one to the other, but not adjacent to P; S: one of thesevertices belongs to the cycle. Taking the next vertex of the cycle and proceeding the same way we see thatall the edges coming out from the vertices of the cycle look like on �g, 15 (an example with 8 vertices).Here any two vertices adjacent to some two di�erent vertices of the cycle do not coincide, since otherwiseeither they are not key ones, or there is a shorter cycle of lenght exceeding 3.Consider di�erent cases as on �g. 16{19. 8



Figure 16: Figure 17: Figure 18: Figure 19:Cycle of length 4 (�g. 16) Among the edges, which are not drawn on the picture, only the edgesEG and FH might belong to the graph �. Therefore, the number of edges in a subgraph on the verticesA;B;C;D;E; F;G;H is at most 14. Remove the vertices A;B;C;D;E; F;G;H. The number of edges isreduced at least by 18, since, as usual, the total number of edges adjacent to the removed vertices is 32and at most 14 edges are counted twice. The independence number is reduced at least by 2, since thevertices A and C are not adjacent one to the other as well as they are not adjacent to any of the remainingvertices. Thus, Con�g(�)− Con�g(�′) � (8; 2; 18).Cycle of length 5 (�g. 17) Among the edges, which are not drawn on the picture, only some twoedges from K and some two edges from L may belong to the graph, since otherwise a cycle of length 4appears. Remove the 12 vertices A;B;C;D;E; F;G;H; I; J;K; L. The number of removed edges is at least48 − 22 = 26. The independence number is reduced at least by three due to the vertices A;C; J . Thus,Con�g(�)− Con�g(�′) � (12; 3; 26).Cycle of length 2n, n > 3 (�g. 18) Let the cycle consist of vertices A1; : : : ; A2n, and let B1; : : : ; B2nbe the vertices outside the cycle adjacent to the vertices of the cycle. Note that all possible edges aredrawn on the picture, since otherwise there is a cycle of length strictly greater than 3, but strictly smallerthan 2n. Remove the vertices A1; : : : ; A2n; B1; : : : ; B2n. The independence number is reduced at least byn due to the vertices A2; A4; : : : ; A2n. The number of edges is reduced at least by 16n− 6n = 10n. Thus,Con�g(�)− Con�g(�′) � (4n; n; 10n).Cycle of length 2n + 1, n > 3 (�g. 19) Let the cycle consist of vertices A1; : : : ; A2n+1, and letB1; : : : ; B2n+1 be the vertices outside the cycle adjacent to the vertices of the cycle. Note that, as in theprevious case, all possible edges are drawn on the picture. Remove the vertices A1,: : :,A2n+1,B1,: : : ;B2n.The independence number is reduced at least by n due to the vertices A2; A4; : : : ; A2n. The number of edgesis reduced at least by (16n+4)− (6n+1) = 10n+3. Thus, Con�g(�)−Con�g(�′) � (4n+1; n; 10n+3).3.7 Case of degA = 5Let B;C;D;E; F be the vertices adjacent to A. If a subgraph on the vertices B;C;D;E; F contains a3-cycle, then, with the addition of the vertex A, a K4 appears. In case of a 4-cycle, we get a K3;2. Finally,with a 5-cycle, we obtain a semi-star graph. Therefore, there are no cycles on the vertices B;C;D;E; F ,which means that the number of edges in this subgraph is at most 4. Also, the absence of K3;2 yieldsthat in the subgraph on the vertices B;C;D;E; F there are no vertices of degree 3. Thus, 4 edges can bedrawn only as on �g. 20.If the number of edges in a graph on the vertices B;C;D;E; F is bounded by 3, then the subgraphon the vertices A;B;C;D;E; F has at most 8 edges. Remove these vertices. As usual, the number of theremoved edges is at least 30− 8 = 22. Thus, Con�g(�)− Con�g(�′) � (6; 1; 22).9



Figure 20:If the number of edges in a graph on the vertices B;C;D;E; F is exactly 4, then the subgraph on thevertices A;B;C;D;E; F has 9 edges (see �g. 20). Call the vertex A a support vertex, if each of the verticesB;C;D;E; F is of degree 5.If A is not a support vertex, then remove the vertices A;B;C;D;E; F . Clearly in this case, the sumof the degrees of the removed vertices is at least 31. Thus, the number of the removed edges is not lessthan 22 and we have Con�g(�)− Con�g(�′) � (6; 1; 22).Let A be support. Since � is K3;2-free, the vertices C and E have no other common neighbours thanA and D. Since the vertices C;E are of degree 5, let G;H be the vertices adjacent to C and let I; J bethe vertices adjacent to E (see �g. 21).
Figure 21:Let us prove that the number of edges in a subgraph on the vertices on �g. 21 does not exceed 20.On Figure 21, 13 edges are drawn. Moreover, for the vertices A;C;E, all the adjacent edges areindicated there. So it remains to show that a subgraph on the vertices B;D; F;G;H; I; J has at most 7edges.Since in the graph on �g. 20 all the edges between the vertices A;B;C;D;E; F are present, the edgesBD;BF;DF do not belong to �. Furthermore, since � does not contain a semi-star, it does not have anyof the edges BI;BJ; FG; FH. Also � is K3;2-free, which means, in particular, that � cannot contain morethan one edge in each of the following pairs: (BG;BH); (DG;DH); (DI;DJ); (FI; FJ). Since the edgesBG;DG cannot be present in � simaltaneously, we may assume without loss of generality that � does notcontain the edges BH and DG. Similarly, let us assume that � does not contain the edges DJ and FI.
Figure 22:Only 10 edges remain that are colored red on �g. 22. Suppose that, in contrast to what we want to10



prove, one can keep some 8 red edges in such a way that the subgraph on the verticesA;B;C;D;E; F;G;H; I; Jstay correct. Since � does not contain a semi-star graph, among the edges BG;GH;DH, only at most 2can be drawn. Also, at most 2 edges are among DI; IJ; FJ . Therefore, if among the red edges, at least 8are in �, then � contains the edge HI. If � contains the edge DH, then the vertices A;C;D;E;H; I forma semi-star graph with center D and top vertex I. Similarly, the edge DI is not in �. Once again, sincewe have at least 8 edges in �, we have in � the edges GH;GI;GJ;HJ; IJ . This eventually gives us a K4on the vertices G;H; I; J leading to a contradiction.Thus, we have �nally shown that the number of edges on the vertices A;B;C;D;E; F;G;H; I; J isat most 20. Remove these vertices. The number of the removed edges is at least 50 − 20 = 30. Theindependence number is reduced at least by 2, since the vertices C;E are not adjacent one to the other.So Con�g(�)− Con�g(�′) � (10; 2; 30).3.8 Case of degA = n > 6Let B1; : : : ; Bn be the vertices adjacent to A. If in a subgraph on the vertices B1; : : : ; Bn, there is avertex of degree at least 3, then we obtain a K3;2. Therefore, the maximum degree of a vertex in thissubgraph is bounded by 2. So this subgraph has at most n edges. Then the number of edges in thesubgraph on the vertices A;B1; : : : ; Bn does not exceed 2n.Remove the vertices A;B1; : : : ; Bn. Clearly the independence number is reduced at least by 1 andthe number of edges is reduced at least by (n + 1)n − 2n = n(n − 1). Thus, Con�g(�) − Con�g(�′) �(n+ 1; 1; n(n− 1)).4 Proofs of the two main theorems4.1 Proof of Theorem 3Let us proceed by induction in the number of vertices.Base of induction. Note that in cases 3.6{3.8 of Key Lemma de�nitely not all the vertices were beingremoved from the corresponding graphs �. And in cases 3.2{3.5 at most 7 vertices were being removed.So we may consider here all the graphs on at most 7 vertices.Let us call the graph from Theorem 1 the �; n-Tur�an graph. Note that for � >
13n, the �; n-Tur�angraph is the disjoint union of K3; K2 and K1, and so it is correct and its con�guration is good.Consider all possible pairs (�; n), where � 6 n 6 7. For all such pairs, but(1; 4); (1; 5); (1; 6); (1; 7); (2; 7);we have � > n=3, which has been just discussed. For the pairs (1; 4); (1; 5); (1; 6); (1; 7), the only corre-sponding graphs are the complete graphs on 4,5,6,7 vertices. They are of course not correct.Only one case of � = 2; n = 7 remains. Consider a vertex of the minimum degree in any such correctgraph. Remove it and all its neighbours. The new graph is correct, and its independence number is atmost 1. Therefore, it has no more than 3 vertices. This means that at least 4 vertices were removed,and so the above-considered vertex had at least 3 neighbours. Thus, each vertex in the graph has degreegreater than or equal to 3, and consequently the number of edges is bounded from below by 7·32 , that is,it is at least 11.The base of induction is proved. 11



Inductive step. Apply Key Lemma and remove from graph � some of its vertices in such a way that thevector Con�g(�) − Con�g(�′) is good. Then by the induction hypothesis, the vector Con�g(�′) is good.Since the sum of good vectors is good, the vector Con�g(�) = (Con�g(�) − Con�g(�′)) + Con�g(�′) isgood, too.4.2 Proof of Theorem 2Lemma 2. If a vector (u; v; w) is good, then it exceeds the vector (u; v; 193 u− 503 v)Proof. Let us check the lemma for the \basis" vectors:(1; 1; 0) � (1; 1;−31=3); (2; 1; 1) � (2; 1;−12=3); (3; 1; 3) � (3; 1; 7=3);(4; 1; 9) � (4; 1; 26=3); (5; 1; 15) � (5; 1; 15); (6; 1; 22) � (6; 1; 64=3);(7; 2; 11) � (7; 2; 11); (n+ 1; 1; n(n− 1)) � (n+ 1; 1; 19=3n− 31=3); n > 6:The last series of inequalities holds true, since for n = 6, we have (7; 1; 30) � (7; 1; 83=3) and if n increasesby 1, then the third coordinate in the left-hand side increases by 2n and the third coordinate in theright-hand side increases by 19=3.Suppose the lemma is true for some vectors u, v. Of course the relations a � c; b � d yield the relationa + b � c + d. Then for u + v, the lemma is also true. The same type of argument can be used for any�u, where � is a positive constant. Finally, the relation \�" is transitive. Thus, the lemma is true for allgood vectors.It follows from the lemma that the con�guration of our graph � exceeds the vector (n; �n; 19−50�3 n),and, therefore, the number of edges in our graph is really greater than or equal to 19−50�3 n.5 Some commentsIn order to prove the main results, we used the fact that in any distance graph on the plane, thereare no K4, K3;2 and semi-stars. A natural question arises: maybe one could use only one or two of theseforbidden graphs and get the same result?First, assume that only K4 and semi-stars are forbidden. In this case, one can prove the followingresult.Theorem 4. The minimum number of edges in a graph on n vertices with independence number � 6 �n,� ∈
[14 ; 27], and without K4 and semi-stars is bounded from below by the quantity 17−43�3 n.This result is a bit worse than the one of Theorem 2. For example, if � = 14 , then Theorem 4 gives thebound by 2512n instead of 2612n following from Theorem 2.The proof of Theorem 4 is very close to the proof of Theorem 2. We do not present it in this paperbecause of its complete similarity to the above-given argument. We only list here a set of \good" vectors,which plays, in a proof, the same role as it was in Proposition 3:(1; 1; 0); (2; 1; 1); (3; 1; 3); (4; 1; 9); (5; 1; 14); (6; 1; 20); (7; 2; 11); (8; 2; 17); (n+ 1; 1; 3n24 ); n > 6;(5; 2; 8); (6; 2; 9); (6; 2; 12); (7; 2; 14); (7; 3; 14); (8; 3; 16); (9; 3; 18); (10; 3; 20); (11; 3; 22):Note that we do not claim that Theorem 4 cannot be improved further. However, for our proofs, K3;2appears to be important. 12



Now, assume that only K4 is exluded. For simplicity, consider again the illustrative case of � 6 n=4.We claim that in this case, the bound for the number of edges is 2n and this bound is tight for n ≡ 0(mod 4). If we are right, then of course semi-stars appear to be important as well: 2n is smaller than 2512n.So let us prove the claim. On the one hand, the graphs on �g. 23 show that 2n is the best possible boundunder the current conditions.
Figure 23: Graphs for the 2n boundIt is worth noting that the graphs on �g. 23 are not only K4-free, but also K3;2-free. Thus, K3;2 isimportant only together with both K4 and the semi-star graph. Of course, we see a semi-star graph on�g. 23.On the other hand, let us show that the lower bound for the number of edges in a K4-free graph withindependence number at most one fourth of the number n of vertices is indeed 2n. For more transparence,let us switch to the case when the number of vertices is 4n and the independence number is at most n. Inthis notation, we have to show that the number of edges is at least 8n. As usual, we proceed by inductionon n.The case of n = 1 is obviously impossible: there are no graphs on 4 vertices without K4, but with� = 1. So let n = 2. Either each of the 8 vertices of a given graph is of degree at least 4, in which casethe number of edges is indeed at least 16 (and thus the base of induction is proved), or there is a vertexof degree at most 3, and we will show below that in this case, one can remove 4 vertices from the graphreducing the independence number at least by 1 and the number of edges at least by 8: for n = 2, thatis impossible, as we would again obtain a graph on 4 vertices without K4, but with independence number1. Therefore, we get the base of induction. To make this argument complete and to provide the inductionstep, we need the following lemma.Lemma 3. Let � be a graph with 4n vertices (n > 2), without K4 and with �(�) 6 n. Let A be a vertexof the minimum degree in �. Suppose degA 6 3. Then one can remove 4 vertices from the graph reducingthe independence number at least by 1 and the number of edges at least by 8.The induction step is obvious, so that it remains to prove the lemma.Proof. Let us consider all possible values of degA.Case of degA = 0. Remove the vertex A from �. Obviously in the new graph �′ the independencenumber is smaller. However, we have not yet removed 8 or more edges. Consider �′. It has 4n−1 verticesand �(�′) 6 n − 1. Consequently, the chromatic number �(�′) is bounded from below by 4n−1n−1 > 4. Inother words, �(�′) > 5. Of course this means that the maximum degree of a vertex in �′ is greater than3. It cannot be exactly equal to 4, since by Brook's theorem (we do not forget that �′ is K4-free) thechromatic number would be bounded by 4 from above. Thus, we have a vertex B of degree at least 5 in�′. Remove it. In the new graph �′′, the number of vertices is 4n−2, the independence number is at mostn − 1, and the number of edges is by at least 5 smaller than in the initial graph �. Since 4n−2n−1 > 4, weapply once again the above argument and �nd a vertex C of degree at least 5. Removing C, we alreadyget even more than we needed: the number of vertices is reduced by 3 (we promised 4). The number ofedges is reduced by 10 (we promised 8). The independence number is reduced by 1 or more. The case iscomplete. 13



Cases of degA ∈ {1; 2}. Here the same procedure as in the �rst case applies. Let us consider only thecase of degree 2. Remove the vertex A and both its neighbours B;C. We removed 3 vertices and at least3 edges (2 is the minimum degree of a vertex). The independence number is already reduced. In the newgraph, we have 4n− 3 vertices, and since 4n−3n−1 > 4, we �nd a vertex D of degree 5. We remove it, and weare done.Case of degA = 3. Let B;C;D be the neighbours of A. We do not forget that the degrees of thesevertices are at least 3 each. Since K4 is forbidden, we may assume that BD is not in our graph. One caneasily check that if in addition some of the edges BC;CD is absent or the degree of at least one vertexamong B;C;D is strictly greater than 3, then the total amount of edges adjacent to A;B;C;D is at least8. Thus, it suÆces to remove the vertices A;B;C;D.It remains to consider the case when the degrees of the vertices B;C;D are all exactly equal to 3 andboth edges BC and CD are in the graph. In this case, the vertex B has one more neighbour E. Removefrom the graph the vertices A;B;C;E, and we are done.References[1] P. Brass, W. Moser, J. Pach, Research problems in discrete geometry, Springer, 2005.[2] H.T. Croft, Incident incidents, Eureka (Cambridge), 30 (1967), 22 - 26.[3] P. Erd}os, On sets of distances of n points, Amer. Math. Monthly, 53 (1946), 248 - 250.[4] A.A. Kokotkin, On large subgraphs of a distance graph which have small chromatic number, Math.Notes, 96 (2014), N2, 298 - 300.[5] D.G. Larman, C.A. Rogers, The realization of distances within sets in Euclidean space, Mathematika,19 (1972), 1 - 24.[6] A.M. Raigorodskii, Cliques and cycles in distance graphs and graphs of diameters, \Discrete Geometryand Algebraic Combinatorics", AMS, Contemporary Mathematics, 625 (2014), 93 - 109.[7] A.M. Raigorodskii, Coloring Distance Graphs and Graphs of Diameters, Thirty Essays on GeometricGraph Theory, J. Pach ed., Springer, 2013, 429 - 460.[8] P. Tur�an, On an extremal problem in graph theory, Matematikai Fizikai Lapok, 48 (1941), 436 - 452(in Hungarian).
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Некоторые свойства конструкций Микеля.

Проект представляет Константин Иванов при деятельном участии Ивана Фролова. Идея: Павел
Долгирев. Отдельная благодарность Александру Скутину за формулировку задач 20-23.

При поддержке Алексея и Олега Заславских, а также Павла Кожевникова.

Значком ◦ обозначены некоторые общеизвестные факты, без которых, однако, решение дальней-
ших задач будет затруднительно. Звёздочкой ? обозначены предположительно сложные задачи.

Часть 1

1◦ (Теорема Микеля) В треугольнике ABC на сторонах AB,BC,CA взяты точки C1, A1, B1

соответственно. Докажите, что окружности, описанные около 4AB1C1,4A1BC1,4A1B1C, имеют
общую точку.

2◦ (Лемма о воробьях) Дан угол ABC. По прямым AB,BC перемещаются с постояннымы
(необязательно равными) скоростями точки C1, A1 соответственно. Докажите, что все окружности
BC1A1 проходят через другую точку, отличную от B. В каком случае это неверно?

3◦ (Теорема Чевы в форме синусов) В треугольнике ABC на сторонах AB,BC,CA взяты точки
C1, A1, B1 соответственно. Докажите, что прямые AA1, BB1, CC1 пересекаются в одной точке или все
три параллельны тогда и только тогда, когда

sin∠
−−−−→
ABB1 · sin∠

−−−→
BCC1 · sin∠

−−−→
CAA1

sin∠
−−−−→
B1BC · sin∠

−−−→
C1CA · sin∠

−−−→
A1AB

= 1

4◦ (Точка Микеля) Пусть даны четыре прямые общего положения. Исключением одной прямой
можно получить три прямые, образующие треугольник, всего четыре треугольника. Докажите, что
описанные окружности этих четырёх треугольников пересекаются в одной точке.

5◦ (Окружность Микеля) Пусть даны 5 прямых общего положения. Докажите, что точки
Микеля всех пяти возможных четвёрок прямых лежат на одной окружности.

6◦ Даны две окружности A,B. Докажите, что ГМТ точек X таких, что

степень X относительно A

степень X относительно B
= const

является окружностью, в случае
a) когда A,B пересекаются
b) для произвольного положения A и B .

7◦ В треугольнике ABC педальные окружности двух точек совпадают. Докажите, что точки
изогонально сопряжены в 4ABC.

8. Внутри треугольника ABC выбрана точка M , а на сторонах AB,BC,CA взяты точки
C1, A1, B1 соответственно. Прямые AM,BM,CM пересекают окружности, описанные около тре-
угольников AB1C1, A1BC1, A1B1C в точках Ma,Mb,Mc соответственно. Докажите, что точки M,
Ma, Mb, Mc лежат на одной окружности (в дальнейшем будем называть её окружностью M).

9. Пусть в обозначениях предыдущей задачи P – точка пересечения окружностей AB1C1, A1BC1,
A1B1C. Пусть прямая PA1 пересекает M в точке A′. Докажите, что MA′ ‖ BC.

10. Докажите, что прямые MaA
′, MbB

′, McC
′ пересекаются в одной точке или параллельны.

11? Докажите, что окружности, описанные около треугольников AMaA
′, BMbB

′, CMcC
′, соосны.

12? Пусть есть четыре прямые a, b, c, d общего положения и их точки пересечения Xab, Xac, Xad,
Xbc, Xbd, Xcd. Есть окружность K с выделенной точкой K на ней. Пусть Yi – точка пересечения XiK
c K. Докажите, что прямые YabYcd, YacYbd, YadYbc пересекаются в одной точке или параллельны.

13. В треугольнике ABC выбираются произвольно точки C1, C2 на стороне AB, точки A1, A2 на
стороне BC, точки B1, B2 на стороне CA. Пара прямых A1B1 и A2B2 пересекается в точке Lc, точки
La, Lb определяются аналогично. Окружности, описанные около 4A1A2Lc и 4B1B2Lc пересекаются
в точках Lc и Nc, точки Nb, и Na определяются аналогично.
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a) Докажите, что прямые ANa, BNb, CNc пересекаются в одной точке (назовём её N).
b) Докажите, что N, Na, Nb, Nc лежат на одной окружности (назовём её N).

Пусть окружности AB1C1, A1BC1, A1B1C пересекаются в точке P , а окружности AB2C2, A2BC2,
A2B2C пересекаются в точке Q.

c) Докажите, что P и Q лежат на N.
d) Докажите, что точка A′ пересечения прямых PA1 и QA2 лежит на N.

Часть 2

В этом разделе значком гиперболы )( обозначены задачи, в которых Вашей целью будет доказать
исходное утверждение, а затем сформулировать и доказать аналогичное утверждение для гиперболы.

14. Даны две неподвижные точки A, B и точка X, двигающаяся по прямой. Исследуйте на
промежутки монотонности функцию f . Постройте циркулем и линейкой точку экстремума, если

a) f(X) = XA+XB
b) f(X) = XA−XB

15◦ (Задача Фаньяно) В треугольнике ABC на сторонах AB, BC, CA взяты точки C ′, A′,
B′ соответственно, не совпадающие с вершинами 4ABC. Известно, что треугольник A′B′C ′ имеет
минимальный возможный периметр из всех треугольников, вписанных в4ABC. Докажите, что AA1,
BB1 и CC1 — высоты 4ABC.

16)( (Оптическое свойство) Пусть A — точка на эллипсе с фокусами F1 и F2. Докажите, что
внешняя биссектриса угла F1AF2 является касательной к эллипсу (имеет ровно одну общую точку с
ним).

17)( Эллипс с фокусами F1 и F2 касается сторон угла ABC. Докажите, что ∠ABF1 = ∠CBF2.
18)( Фиксирован эллипс с фокусом F , прямая ` его касается. Пусть P — проекция F на `.

Докажите, что если ` движется, то P движется по окружности, касающейся эллипса в двух точках.
19. Дан эллипс K с фокусами F1 и F2. Окружность ω с центром O дважды касается его в точках

X и Y (эллипс внутри окружности). Докажите, что
a) OF1 = OF2.
b) XF1OF2Y — вписанный пятиугольник.
c))( Пусть точка P движется по ω. Тогда угол между PF1 и одной из касательных из P к

эллипсу постоянен.
d) Дайте другое определение ω так, чтоб ω необязательно дважды касалась K.
e) Прямая через O и центр K пересекает K в точке Z. Докажите, что окружность, описанная

около 4OZF1, касается ω.
f) Пусть окружности α и β касаются ω внутренним образом, проходят через F1 и второй раз

пересекаются в точке E. Докажите, что из двух точек пересечения α и K можно выбрать точку I, а
из двух точек пересечения β и K можно выбрать точку J , так, что E будет лежать на прямой IJ .

g)? Прямая через O и центр эллипса пересекает эллипс в точках Z и T , а окружность в точках
A и B. На прямой ZT выбрана точка U так, что ∠UF1O = 90◦. Докажите, что двойное отношение
точек A,Z, U,B равно двойному отношению точек B, T, U,A (в указанном порядке).

h) Покажите, что, если принять ω за абсолют модели Клейна плоскости Лобачевского, то K

будет окружностью или эквидистантой.
20)( Даны две окружности α и β, пересекающиеся в точках X и Y , в "дольку"их пересечения

вписан эллипс, дважды касающийся каждой из окружностей. Прямая `X касается эллипса, отделяет
от него точку X и пересекает "дольку"в двух точках. Также прямая `X пересекает окружность α вне
дольки в точке A1, и пересекает окружность β вне дольки в точке B1. Аналогично выберем прямую
`Y и определим точки A2 и B2. Докажите, что A1A2 ‖ B1B2.

21? По двум окружностям с одинаковыми угловыми скоростями движутся две точки N и M .
Найдите огибающую (кривую, касающуюся всех) прямых NM .

22? По двум прямым с постоянными скоростями движутся две точки N и M . Найдите огибаю-
щую прямых NM .

23)( Даны две пересекающиеся окружности. В "дольку"их пересечения вписываются всевоз-
можные эллипсы, дважды касающиеся каждой из окружностей. Найдите ГМТ их фокусов.
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Часть 3

24◦ (Ортологичные треугольники) Даны точки A,B,C,A1, B1, C1 общего положения. Пусть
перпендикуляры из точки A на прямую B1C1, из B на A1C1, из C на A1B1 пересекаются в одной
точке. Докажите, что перпендикуляры из A1 на прямую BC, из B1 на AC, из C1 на AB тоже
пересекаются в одной точке.

25? Пусть в условиях предыдущей задачи вместо перпендикуляров из вершин4ABC на стороны
4A1B1C1 опускаются наклонные под улом α, а из вершин 4A1B1C1 на стороны 4ABC опускаются
наклонные под углом 180◦ − α.

Будем использовать обозначения задачи 13. Предположим дополнительно, что точки
A1, A2, B1, B2, C1, C2 лежат на одной окружности R с центром R.

26. Докажите, что P и Q изогонально сопряжены в 4ABC.
27. Докажите, что:

a) R ∈ N.
b) RN — диаметр N.
c) PR = QR.

28. Докажите, что в исходный треугольник можно вписать эллипс K с фокусами P и Q.
29. Прямые PA′ и QA′ вторично пересекают R в точках X и Y . Докажите, что XY касается K.
30. Докажите, что K касается R тогда и только тогда, когда N пересекается с R, причем в этом

случае точки касания совпадают с точками пересечения.
31. Докажите, что в треугольнике:

a) Точка Лемуана, две точки Брокара и центр описанной окружности образуют дельтоид с
двумя прямыми углами.

b) Эллипс с фокусами в точках Брокара касается сторон в основаниях симедиан.
32? Пусть прямые AA1, BB1, CC1 пересекаются в одной точке L. Докажите, что L лежит на

радикальной оси N и R.
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Некоторые свойства конструкций Микеля.

Решения

Часть 1

1◦ Очевидно.

2◦ Пусть в один момент времени точки находятся в положениях A1 и C1, а в другой — в
положениях X и Y соответственно. Окружности (BC1A1) и (BXY ) могут касаться или пересекаться
вторично в точке G 6= B.

В первом случае существует гомотетия с центром B, переводящая окружность (BC1A1) в окруж-
ность (BXY ). Она переводит A1 в X, а C1 в Y . Следовательно, C1A1 ‖ XY . Рассмотрим третий мо-

мент, когда точки A1 и C1 находятся в положениях P и Q соответственно. Тогда
A1X

A1P
=
C1Y

C1Q
, значит,

PQ ‖ A1C1. Следовательно, окружность (BPQ) касается окружности (BA1C1), т.е. все окружности
(BA1C1) касаются друг друга в точке B.

Во втором случае треугольники GXA1 и GY C1 подобны, поэтому ∠(GA1, A1B) = ∠(GC1, C1B)
и ∠(GX,XB) = ∠(GY, Y B). Тогда существует поворотная гомотетия φ с центром G, переводящая
A1 в C1, а X в Y . Вновь рассмотрим момент, когда точки A1 и C1 занимают положения P и Q
соответственно. Тогда φ(P ) = Q и, значит, ∠(GP,PB) = ∠(GQ,QB), т.е. G лежит на окружности
(BPQ).

3-4◦ Известные факты.

5◦ Обозначим точку пересечения прямых `i и `j через Xij, а точку Микеля всех прямых, кроме
`i, через Ai. Достаточно доказать, что A1, A2, A3 и A4 лежат на одной окружности. Рассматривая
окружности (A1A2X35X45), (A2A3X15X45), (A3A4X15X25) и (A4A1X25X35), получаем:

∠(A1A2, A2A3) = ∠(A1A2, A2X45) + ∠(X45A2, A2A3) = ∠(A1X35, X35X45) + ∠(X45X15, X15A3) =

= ∠(A1X35, X35X25) + ∠(X25X15, X15A3) = ∠(A1A4, A4X25) + ∠(X25A4, A4A3) = ∠(A1A4, A4A3).

6◦ Приведем алгебраическое решение, годящееся для обоих пунктов. Геометрическое решение,
в котором пункт a) проще пункта b), мы приведем после алгебраического.

Пусть f(x, y) = 0 и g(x, y) = 0 — уравнения A и B соответственно в декартовых координатах, где
f(x, y) = x2 + y2 + a1x + a2y + a3 и g(x, y) = x2 + y2 + b1x + b2y + b3. Заметим, что степени точки
(x, y) относительно A и B равны f(x, y) и g(x, y) соответственно. Поэтому искомое ГМТ задается
уравнением f(x, y) = cg(x, y) для некоторой константы c. Легко видеть, что это уравнение задает
прямую при c = 1 и окружность C при c 6= 1.

Пусть c 6= 1. Окружность C задается уравнением
f(x, y)− cg(x, y)

1− c
= 0. Пусть (p, q) — произ-

вольная точка на радикальной оси окружностей A и B, т.е. f(p, q) = g(p, q). Тогда степень точки

(p, q) относительно окружности C равна
f(p, q)− cg(p, q)

1− c
= f(p, q) = g(p, q). Следовательно, A, B и

C соосны.
Геометрическое решение, взятое из [1]: Предположим, что окружности A и B пересекаются в

точках A и B. Обозначим центры этих окружностей через O1 и O2 а их радиусы — через r1 и r2
соответственно. Точки, симметричные точке A относительно O1 и O2, обозначим через A1 и A2. По-
кажем, что множество таких точек X, что отношение их степеней относительно ω1 и ω2 равно k,
— это окружность. Проведем прямую XA. Пусть она пересечет ω1 и ω2 в точках X1 и X2 соответ-

ственно. Toгда k будет равно
XX1

XX2

(взятому с нужным знаком). Поскольку AA1 и AA2 — диаметры

соответствуюших окружностей, углы AX1A1 и AX2A2 прямые, а значит, X1 и X2 — это проекции

точек A1 и A2 на прямую AX. Возьмем на прямой A1A2 такую точку P , что
PA1

PA2

= k (таких точек,

1



что это отношение равно |k|, будет две, надо выбрать ту, у которой «знак» соответствующий). Тогда
по теореме Фалеса точка X будет проекцией точки P на прямую AX, а значит, она будет лежать на
окружности с диаметром AP . Обратными рассуждениями легко показать, что для любой точки на
этой окружности отношение степеней точек относительно ω1 и ω2 равно k.

Для того чтобы доказать это утверждение для непересекаюшихся окружностей, применим идею
«выхода» в трехмерное пространство. Пусть даны две пересекающиеся сферы, пересекающие нашу
плоскость по этим двум окружностям. Проводя аналогичные рассуждения, показываем, что геомет-
рическим местом таких точек, что отношение их степеней относительно этих двух сфер равно k, есть
сфера из этого пучка, то есть сфера, содержащая окружность пересечения этих двух сфер. Пересе-
чение этой сферы с нашей плоскостью есть окружность из пучка, образованного окружностями ω1

и ω2, а это и требовалось доказать.

7◦ Пусть Xb и Yb — проекции X и Y соответсвенно на AC, а Xc и Yc — проекции X и Y
соответственно на AB. Так как Xb, Yb, Xc и Yc лежат на одной окружности,

∠(BA,AX) = ∠(XcA,AX) = ∠(XcXb, XbX) = ∠(XcXb, XbYb) + 90◦ =

= ∠(XcYc, YcYb) + 90◦ = ∠(Y Yc, YcYb) = ∠(Y A,AYb) = ∠(Y A,AC)

Аналогично ∠(AB,BX) = ∠(Y B,BC). Значит, X и Y изогонально сопряжены относительно4ABC.

8. Пусть P – точка пересечения окружностей (AB1C1), (A1BC1), (A1B1C). Заметим, что

∠(MMa,MaP ) = ∠(AMa,MaP ) = ∠(AB1, B1P ) = ∠(CB1, B1P ) =

= ∠(CA1, A1P ) = ∠(CMc,McP ) = ∠(MMc,McP ).

Значит, Mc лежит на окружности (MPMa). Аналогично получаем, что Mb лежит на этой окружно-
сти.

9. Из следующих равенств получаем, что MA′ ‖ BC.

∠(MA′, A′P ) = ∠(MMc,McP ) = ∠(CMc,McP ) = ∠(CA1, A1P ) = ∠(BC,A′P ),

10. Имеем
∠(A′B′, B′Mb) = ∠(A′M,MMb) = ∠(CB,BM).

Аналогично ∠(C ′B′, B′Mb) = ∠(AB,BM) и т.д.. Поэтому треугольники ABC и A′B′C ′ подобны и
противоположно ориентированы. Кроме того, A′Ma, B′Mb и C ′Mc проходят через точку, соответ-
ствующую изогонально сопряженной к M в 4ABC.
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11? Обозначим окружности (AMaA
′), (BMbB

′) и (CMcC
′) через ωa, ωb и ωc соответственно. Пусть

AB = AB∩A′C ′, BA = BA∩B′C ′, AC = AC∩A′B′, CA = CA∩C ′B′, BC = BC∩B′A′, CB = CB∩C ′A′.
Подсчетом углов получаем, что ωa проходит через AB и AC . Аналогично BA, BC ∈ ωb и CA, CB ∈ ωc.
Тогда

AB · ABA

AC · ACA

=
sin∠ACB · sin∠ACABA

sin∠ABC · sin∠ABACA

=
sin∠ACCBC · sin∠ACCAB

′

sin∠ACB′CA · sin∠ACBCC
=
ACBC · ACB

′

ACCA · ACC
,

значит, отношение степеней точки A относительно ωb и ωc равно отношению степеней точки AC

относительно этих окружностей. Такое же отношение степеней поучаем для точки AB. Осталось
применить утверждение задачи 6.
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12? Первое решение: По теореме Дезарга об инволюции существует инволюция пучка прямых,
проходящих через K, которая переставляет KYab с KYcd, KYac с KYbd и KYad с KYbc. Значит, суще-
ствует инволюция на K, переставляющая Yab с Ycd, Yac с Ybd и Yad с Ybc. Эта инволюция переводит
каждую точку P ∈ K во вторую точку пересечения прямой PU с K, где U = YabYcd ∩ YacYbd. Следо-
вательно, YabYcd, YacYbd, YadYbc пересекаются в одной точке.

XabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXab XbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbc

XcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcd

XadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXadXad

XbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbdXbd

XacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXacXac

YabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYabYab

YbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbcYbc
YcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcd

YadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYadYad
YbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbdYbd

YacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYacYac

KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

Второе решение: (Мы игнорируем трудности, связанные с расположением точек.) Имеем

YabYad
YadYac

· YacYcd
YcdYbc

· YbcYbd
YbdYab

=
sin∠YabKYad
sin∠YadKYac

· sin∠YacKYcd
sin∠YcdKYbc

· sin∠YbcKYbd
sin∠YbdKYab

=

=
sin∠XabKXad

sin∠XadKXac

· sin∠XacKXcd

sin∠XcdKXbc

· sin∠XbcKXbd

sin∠XbdKXab

=
XabXad/KXab

XadXac/KXac

· XacXcd/KXac

XcdXbc/KXbc

· XbcXbd/KXbc

XbdXab/KXab

=

=
XabXad

XadXac

· XacXcd

XcdXbc

· XbcXbd

XbdXab

= 1

Утверждение задачи теперь следует из тригонометрической теоремы Чевы для треугольника YabYacYac.

13. Заметим, что Nc является точкой Микеля для AC, BC, A1B1 и A2B2, а значит является
второй точкой пересечения окружностей (A1B1C) и (A2B2C).

a) Следует из тригонометрической теоремы Чевы для треугольника ABC, поскольку

sin∠BCNc

sin∠ACNc

=
A1A2

B1B2

,
sin∠CANa

sin∠BANa

=
B1B2

C1C2

,
sin∠ABNb

sin∠CBNb

=
C1C2

A1A2

.

b) Следует из задачи 8 для треугольника ABC, точек A1, B1, C1 на сторонах и точки N .
c) В решении задачи 8 доказано, что точка P пересечения трёх окружностей также лежит на

окружности N. Отсюда следует утверждение задачи.
d) Пусть A′ — точка на N, такая что NA′ ‖ BC. Из задачи 9 следует, что PA1 и QA2 пересе-

каются в A′.
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Часть 2

14. a) Можно считать, что точки A и B лежат по разные стороны от прямой (в противном
случае отразим точку B относительно прямой). Теперь очевидно, что минимум достигается когда
X, A и B лежат на одной прямой. А на двух лучах функция f монотонно возрастает, что следует из
неравенства треугольника.

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

b) Можно считать, что точки A и B лежат по одну сторону от прямой (в противном случае
отразим точку B относительно прямой). Из неравенства треугольника следует, что экстремум дости-
гается когда точки A, B и X лежат на одной прямой (это положение точки X обозначим через T ).
Чтобы доказать, что на двух лучах функция монотонно убывает, сделаем следующее. Пусть точка
A дальше от прямой чем B. Рассмотрим две разных точки X и Y на прямой (см. рис.). Для того,
чтобы доказать монотонность функции f , надо доказать, что XA−XB < Y A−Y B. Перепишем это
как XA + Y B < XB + Y A, а это верно, потому что сумма диагоналей в четырехугольнике больше
чем сумма двух противоположных сторон.

15◦ Зафиксируем B′, C ′ и будем двигать A′. Так как сумма B′A′+A′C ′ минимальна, BC — внеш-
няя биссектриса угла B′A′C ′. Аналогично AC и AB — внешние биссектрисы углов A′B′C ′ и A′C ′B′
соответственно. Поэтому A, B и C — центры вневписанных окружностей треугольника A′B′C ′, а
AA′, BB′, CC ′ — высоты треугольника ABC.

16)( См. [1], Теорема 1.1 и обсуждение после ее доказательства.

17)( См. [1], Теорема 1.3 и обсуждение после ее доказательства.

18)( Пусть K — эллипс, G — его второй фокус, аM — середина FG. Пусть точка A симметрична
F относительно `, а B = ` ∩ K. Тогда MP = GA/2 = (FB + BG)/2 постоянно, т.е. P движется по
окружности с центром M , касающейся K.

19. a) b) Проведем касательные к эллипсу в точках X и Y . Пусть они пересеклись в точке U .

F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1F1 F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2F2

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU

H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1

H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2H2
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Давайте докажем вспомогательный факт — биссектриса угла XF1Y проходит через точку U .
Для этого отражаем точку F2 относительно обеих касательных и получаем точки H1 и H2. Тогда
треугольники UH1F1 и UH2F1 равны по трем сторонам. Отсюда ∠XF1U = ∠Y F1U .

Мы получаем, что через точку U проходит и биссектриса угла XF1Y (и аналогично угла XF2Y ),
а также серединный перпендикуляр к XY (т.к. касательные равны). Тогда точки X, F1, F2, Y и U
лежат на одной окружности. Так как XOY U вписан, то точка O тоже лежит на этой окружности.
XO является биссектриссой угла F1XF2 (так как это перпендикуляр к касательной к эллипсу), а
значит F1O = OF2.

c))( По задаче 18 ГМТ проекций фокуса F1 на касательные к эллипсу — окружность. Применяя
поворотную гомотетию с центром F1, углом поворота π/2 − α и коэффициентом 1/ sinα, получаем,
что ГМТ P таких, что направленный угол между PF1 и касательной к эллипсу из P равен α, тоже
будет окружностью. При α = ∠Y XU это ГМТ будет окружностью ω.

d) В соответствии с предыдущим пунктом ω можно определить как ГМТ P таких, что на-
правленный угол между PF1 и касательной к эллипсу из P равен данному углу α.

Примечание. Если окружности OF1F2 и ω не пересекаются, точки касания K и ω не будут
существовать на обычной плоскости (при желании можно рассмотреть комплексные точки касания).

e) Пусть перпендикуляр к OF1 в точке F1 пересекает ω в точке U1, Z ′ — проекция U1 на
прямую OZ. Тогда точки F1 и Z ′ лежат на окружности с диаметром OU1, касающейся ω. При этом
∠(F1U1, U1Z

′) = ∠(F1O,OU) = ∠(F1X,XU), поскольку U1Z
′OF1 и F1XOU вписаны. Следователь-

но, U1Z касается K (так как окружность ω — геометрическое место точек, таких что угол между
касательной и отрезком в фокус постоянен) и Z ′ совпадает с Z.

f) Вытекает из следующей леммы, обобщающей утверждение предыдущего пункта (с помощью
поворотной гомотетии с центром в точке F1).

Лемма. Пусть P — произвольная точка эллипса K, касательная к K в точке P пересекает ω в
точках A и B. Тогда окружность APF1 касается ω.

g)? Из п. е) следует, что точки Z и T являются проекциями на прямую AB концов хорды ω с
серединой F1. Поэтому можно в двойных отношениях заменить Z и T на концы этой хорды, а A и B на
точки пересечения касательных в этих точках с прямой UF1. Если U лежит вне окружности, сделаем
проективное преобразование, сохраняющее окружность переводящее U в бесконечную точку. Если
же U внутри окружности, сделаем проективное преобразование, переводящее U в центр. В обоих
случаях утверждение задачи станет очевидно.

h) Непосредственно следует из предыдущего. (Про модели плоскости Лобачевского можно
прочитать в [2].)

20)( Пусть F1 и F2 — фокусы эллипса, причем F1 ближе к Y , чем F2. Из задачи 19c следует, что
треугольники F1A1B1 и F2A2B2 подобны по двум углам. Пусть S = A1B1 ∩ A2B2. Из оптического
свойства эллипса ∠A1SF1 = ∠A2SF2. Поэтому существует композиция гомотетии с центром S и
симметрии относительно биссектрисы угла A1SA2, переводящая треугольник A1F1B1 в треугольник

A2F2B2. Значит,
A1S

A2S
=
B1S

B2S
, откуда A1A2 ‖ B1B2.

21? Пусть O — центр поворотной гомотетии, при которой одна из данных окружностей пере-
ходит в другую, а точка N в M . Так как все треугольники ONM подобны друг другу, проекция H
точки O на прямую MN будет двигаться по некоторой окружности ω. Таким образом задачу мож-
но переформулировать так: даны окружность ω и точка O, найти огибающую прямых, проходящих
через произвольную точку H ∈ ω и перпендикулярных OH.

Если O лежит на ω, то все такие прямые проходят через диаметрально противоположную точку.
В противном случае огибающая будет коникой с фокусом O — эллипсом, если O лежит внутри ω, и
гиперболой, если вне. (Это несложно вывести из задачи 18 обратным ходом.)

22? Ответ: Парабола, касающаяся данных прямых.
Доказательство. ПустьA иB — точки, двигающиеся линейно по двум данным прямым, а эти две

прямые пересекаются в точке X. Рассмотрим точку F , отличную от X, через которую проходят все
окружности (ABX) (такая существует по лемме о воробьях, если A и B в разные моменты времени
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проезжают через X. Если в одинаковые, то AB остаётся параллельна сама себе и огибающей не
существует). Точка Микеля четырёх прямых является фокусом параболы, касающейся этих четырёх
прямых (см. [1], Теорема 4.10). Поэтому искомая огибающая — парабола с фокусом F , касающаяся
двух данных прямых.

23)( Ответ: Окружность, проходящая через точки пересечения данных, являющаяся окружно-
стью Аполлония для их центров.
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Часть 3

24◦ Оба условия эквивалентны равенству AB2
1 +BC2

1 + CA2
1 = BA2

1 + AC2
1 + CB2

1 .

25? По условию существует точка P , такая что ∠(AP,B1C1) = ∠(BP,A1C1) = ∠(CP,A1B1) = α.
Пусть A2B2C2 — образ треугольника ABC при повороте вокруг P на угол α − 90◦. Тогда A1B1C1

и A2B2C2 ортологичны, значит существует точка Q такая, что A1Q ⊥ B2C2, B1Q ⊥ A2C2 и C1Q ⊥
A2B2. Так как ∠(BC,B2C2) = α − 90◦, получаем ∠(A1Q,BC) = ∠(A1Q,B2C2) − ∠(BC,B2C2) = −α.
Аналогично ∠(B1Q,AC) = ∠(C1Q,AB) = −α, что и требовалось.

Ниже приводим набросок еще одного решения, не использующего задачу 24.
Скажем, что тройка прямых a′, b′, c′ гармонична тройке прямых a, b, c, если в треугольнике со

сторонами, параллельными a, b, c, соответствующие чевианы, параллельные a′, b′, c′, конкурентны.
Лемма. Отношение ’быть гармоничным’ симметрично, т.е. если тройка a′, b′, c′ гармонична тройке

a, b, c, то a, b, c гармонична a′, b′, c′.
Доказательство. Пусть ` — прямая. Через точку O, не лежащую на `, проведем прямые, парал-

лельные a, b, c, a′, b′, c′. Пусть эти прямые пересекают ` в точках A, B, C, A′, B′, C ′ соответственно.
Используя синусную теорему Чевы, перепишем условие гармоничности тройки a′, b′, c′ тройке a, b,
c в виде −−→

AB′

−−→
B′C

·
−−→
CA′

−−→
A′B

·
−−→
BC ′

−−→
C ′A

= −1.

Легко видеть, что это условие сохраняется при замене a, b, c на a′, b′, c′. Лемма доказана.
Пусть a, b, c и a′, b′, c′ — прямые, содержащие стороны треугольников ABC и A1B1C1. Через tϕ

обозначаем прямую, получаемую из t поворотом на угол ϕ. Условие задачи означает, что тройка a,
b, c гармонична a′ϕ, b′ϕ, c′ϕ. Выполнив поворот на −ϕ, получаем, что a−ϕ, b−ϕ, c−ϕ гармонична a′, b′,
c′, откуда и следует нужное утверждение.

Используем обозначения из задачи 13. Дополнительно предполагаем, что точки A1, A2, B1, B2,
C1, C2 лежат на одной окружности R с центром R.

26. (Косопедальные треугольники) Пусть P ′ изогонально сопряжена точке P . Пусть Pa, Pb, Pc

— проекции P на BC, CA, AB соответственно; аналогично обозначим проекции точки P ′. Мы зна-
ем, что середина R0 отрезка PP ′ является центром окружности (PaPbPc) = (P ′aP

′
bP
′
c). Положим

∠(PA1, CA1) = ∠(PB1, AB1) = ∠(PC1, BC1) = ϕ. Пусть R1 — центр окружности (A1B1C1). Треуголь-
ник PaPbPc переходит в A1B1C1 при поворотной гомотетии с центром P , отсюда PPaA1 ∼ PR0R1,
значит R1 — точка на серединнном перпендикуляре к PP ′ такая, что ∠(PR1, R1R0) = ϕ. Отсю-
да ∠(R1R0, R1P

′) = ϕ. Рассмотрим поворотную гомотетию с центром P ′, переводящую R0 в R1.
Она переводит P ′aP ′bP ′c в некоторый треугольник A′2B

′
2C
′
2 такой, что P ′R0R1 ∼ P ′P ′aA

′
2 ∼ P ′P ′bB

′
2 ∼

P ′P ′cC
′
2, таким образом, A′2, B′2, C ′2 — точки на прямых BC, CA, AB такие, что ∠(P ′A′2, CA

′
2) =

∠(P ′B′2, AB
′
2) = ∠(P ′C ′2, BC

′
2) = −ϕ. Так как R0 — центр окружности (P ′aP

′
bP
′
c), то R1 — центр

окружности (A′2B
′
2C
′
2). Радиусы окружностей (A1B1C1) и (A′2B

′
2C
′
2) оба равны R(PaPbPc)/ sinϕ, зна-

чит, эти окружности совпадают. Отсюда следует, что A′2 = A2, B′2 = B2, C ′2 = C2, Q = P ′ и R1 = R.
В дополнение, заметим, что треугольники ABC и A1B1C1 удовлетворяют условию задачи 25, с P

и Q в качестве точек пересечения.

27. Из решения предыдущей задачи: ∠(PR,QR) = 2ϕ = ∠(PA1, QA2). Из задачи 13 получаем
A′ = PA1 ∩QA2 ∈ N, откуда R ∈ N.

Заметим, что ∠(PNc, NcN) = ∠(PNc, NcC) = ∠(PA1, A1C) = ϕ. Аналогично ∠(QNb, NbN) = −ϕ.
Это означает, что дуги NP и NQ окружности N равны. Равенство PR = QR следует из решения за-
дачи 26. Таким образом, RN — серединный перпендикуляр к PQ, т.е. RN — диаметр окружности N.

28. Пусть Qa, Qb и Qc симметричны Q относительно BC, CA и AB соответственно. Пусть PQa,
PQb, PQc пересекают BC, CA, AB в точках A∗, B∗, C∗ соответственно. Тогда P является центром
окружности (QaQbQc), отсюда PA∗ +QA∗ = PB∗ +QB∗ = PC∗ +QC∗. Таким образом, существует
эллипс с фокусами P и Q, прозодящий через A∗, B∗, C∗. Он касается сторон треугольника 4ABC,
согласно задаче 16.
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29. Так как ∠(PA1, BC) = ∠(BC,QA2) = ϕ, и A1A2Y X вписан в R, то A1A2Y X симметричен
относительно общего серединного перпендикуляра к отрезкам XY и A1A2 (в частности, XY ‖ A1A2).
Чтобы доказать, что XY касается K, достаточно показать, что центр K (т.е. середина PQ) лежит
на средней линии трапеции A1A2Y X или, эквивалентно, показать, что PA1 = QY . Из доказанного
ранее мы знаем, что ∠(PR,QR) = 2ϕ и RP = RQ. Так как ∠(A1R,RY ) = 2∠(A1A2, A2Y ) = 2ϕ,
имеем ∠(PR,A1R) = ∠(QR, Y R), и по первому признаку равенства, треугольники PRA1 и QRY
равны. Так, нужное равенство PA1 = QY доказано.

30. Для окружности R, точки P и угла ϕ рассмотрим эллипс Брокара, т.е. огибающую образов
прямых PZ после поворота на ϕ вокруг Z ∈ R (см. обратное утверждение к задаче 19c). Для шести
положений точки Z (A1 и X из задачи 29 и три аналогичные пары) соответствующие касательные к
эллипсу Брокара также касаются K. Значит, K совпадает с этим эллипсом Брокара. Теперь нужное
нам утверждение следует из утверждения, обратного к задаче 19b.

31. a) Сведем задачу к общему случаю, рассмотренному в задачах 26-27 (косопедальные тре-
угольники).

Если P и Q — точки Брокара, то ABC — частный случай косопедального треугольника, для
которого B = A1, C = B1, A = C1 и B = C2, C = A2, A = B2. Так, в этом случае O = R, значит
PO = OQ и ∠(PO,OQ) = 2ϕ, где 90◦ − ϕ — угол Брокара.

Пусть L — точка Лемуана. Достаточно доказать, что точка N из задачи 27 лежит на AL, или,
эквивалентно, Na лежит на симедиане 4ABC из вершины A. Мы знаем, что окружности (ANaC)
и (ANaB) касаются AB и AC соответственно. Пусть V изогонально сопряжена Na в 4ABC. Легко
видеть, что окружности (AV C) и (AV B) касаются BC, откуда V лежит на медиане 4ABC из
вершины A, что и требовалось.

В решении выше N = L и R = O. Ниже мы приведем другое расположение точек, при котором
N = O и R = L.

Проведем через L прямую B2C1 (B2 ∈ AC, C1 ∈ AB) так, что B,C,B2, C1 лежат на одной
окружности.

Из подобия ABC ∼ AB2C1 следует, что AL — медиана в треугольнике AB2C1, отсюда B2L = C1L.
Аналогично строим C2A1, A2B1. Имеем ∠(LB2, AC) = ∠(AB,BC) = ∠(AC,LB1). Следовательно
LB2 = LB1. Таим образом, все 6 отрезков LA1, LA2, LB1, LB2, LC1, LC2 равны, и A1, A2, B1, B2, C1, C2

лежат на одной окружности (известной как окружность Тэйлора) с центром R = L. Теперь покажем,
что точки P и Q (определенные как в общей конструкции задачи 26) являются точками Брокара.
(Отметим, что LP = LQ). Так как LA1 = LA2 = LC2, имеем A2C2 ⊥ BC. Аналогично B2A2 ⊥ CA и
C2B2 ⊥ AB. Далее, из окружностей (AB2C2Q), (BC2A2Q), (CA2B2Q) имеем:

y = ∠(C2A2, A2Q) = ∠(C2B,BQ) = 90◦ − ∠(QC2, C2B) = ∠(B2C2, C2Q) = ∠(B2A,AQ)

и аналогично, y = ∠(A2C,CQ). Это означает, что Q— точка Брокара (с углом Брокара y), и (A2B2C2)
— ее косопедальная окружность, отвечающая углу ϕ = ∠(QC2, AB) = 90◦ − y. Следовательно
∠(PL,LQ) = 2ϕ. Таким образом, P,Q, L,O лежат на окржуности, при этом P и Q симметричны
относительно OL.

b) Пусть AS — симедиана, так что BS : CS = c2 : b2. Достаточно доказать, что 4PBS ∼
4QCS, или PB : QC = c2 : b2; отсюда последует, что ∠(PS, SB) = ∠(CS, SQ).

Из теоремы синусов

PB

sin y
=

c

sinAPB
=

c

sinB
и

QC

sin y
=

b

sinC
.

Разделив одно равенство на другое, с учетом теоремы синусов для 4ABC, получаем нужное соот-
ношение.

32? Несложно видеть, что AA2, BB2 и CC2 пересекаются в какой-то точке L′. Пусть Ka = B1C2∩
B2C1, точки Kb и Kc определим аналогично. По теореме Паппа, точки L, L′ и Ka лежат на одной
прямой. Достаточно доказать, что Ka лежит на радикальной оси окружностей R и N (аналогичные
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рассуждения тогда покажут, что Kb и Kc также лежат на этой радикальной оси). Прямые B1C1,
B2C2 и ANa конкурентны, поскольку они являются радикальными осями окружностей (AB1C1Na),
(AB2C2Na) и R. Так, ANaLaN — поляра точки Ka относительно окружности R. Более того, Na ∈ N и
NR— диаметрN, следовательно RNa ⊥ ANa. Таким образом, инверсия относительно R переводитKa

кNa. Эта инверсия переводит прямую B2C1Ka в окружность RB2C1Na. Следовательно,KaC1·KaB2 =
KaR ·KaNa. Отсюда, Ka лежит на радикальной оси окружностей R и N.

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Some features of Miquel’s structures.

The project is presented by Konstantin Ivanov with the active participation of Ivan Frolov. Idea: Pavel
Dolgirev. Special thanks to Alexander Skutin for formulating problems 20-23. With the support of

Alexey Zaslavsky, Oleg Zaslavsky and Pavel Kozevnikov.

The symbol ◦ denotes some well-known facts, without which, however, the solution of further problems
will be difficult. An asterisk ? indicates a problem that is suspected to be difficult.

Part 1

1◦ (Miquel’s theorem) In a triangle ABC, points C1, A1, B1 are chosen on the sides AB,BC,CA,
respectively. Prove that the circumcircles of 4AB1C1,4A1BC1,4A1B1C have a common point.

2◦ Let an angle ABC be given. Points C1, A1 move along the lines AB,BC with constant (not
necessarily equal) speeds. Prove that all circles BC1A1 pass through another fixed point other than B.
When is it wrong?

3◦ (Trigonometric form of Ceva’s theorem) In a triangle ABC, points C1, A1, B1 are chosen on the
sides AB,BC,CA, respectively. Prove that lines AA1, BB1, CC1 meet at one point or are parallel if and
only if

sin∠
−−−−→
ABB1 · sin∠

−−−→
BCC1 · sin∠

−−−→
CAA1

sin∠
−−−−→
B1BC · sin∠

−−−→
C1CA · sin∠

−−−→
A1AB

= 1

4◦ (Miquel’s point) Let `1, `2, `3, and `4 be four lines in general position. Excluding one line, one gets
three lines forming a triangle, four triangles in total. Prove that the circumcircles of these four triangles
have a common point.

5◦ (Miquel’s circle) Let `1, . . . `5 be 5 lines in general position. Prove that Miquel’s points of all five
possible quadruples of these lines are concyclic.

6◦ Given two circles A,B. Prove that the locus of points X such that

power of X with respect to A

power of X with respect to B
= const

is a circle, in the case
a) when A,B intersect
b) for arbitrary position A and B.

7◦ In a triangle ABC, the pedal circles of points X and Y coincide. Prove that X and Y are isogonal
conjugate with respect to 4ABC.

8. Inside a triangle ABC, a point M is selected, and points C1, A1, B1 are chosen on the sides
AB,BC,CA, respectively. Lines AM,BM,CM intersect for the second time the circumcircles of triangles
AB1C1, A1BC1, A1B1C at points Ma,Mb,Mc, respectively. Let P be the intersection point of the circles
AB1C1, A1BC1, A1B1C. Prove that the points M, Ma, Mb, Mc, and P are concyclic. (From now on, we
denote the corresponding circle by M).

9. Let, in the notation of problem 8, the line PA1 intersect M again at A′. Prove that MA′ ‖ BC.
10. Prove that the lines MaA

′, MbB
′, McC

′ are concurrent or parallel.
11? Prove that the circumcircles of the triangles AMaA

′, BMbB
′, CMcC

′ are coaxial.
12? Let a, b, c, d be lines in general position and let Xab, Xac, Xad, Xbc, Xbd, Xcd be their intersection

points. Let K be a circle with a point K on it. Let Yij be the intersection point of XijK with K. Prove
that the lines YabYcd, YacYbd, YadYbc are concurrent or parallel.

13. In a triangle ABC arbitrary points C1, C2 on the side AB, points A1, A2 on the side BC, points
B1, B2 on the side CA are selected. The lines A1B1 and A2B2 intersect at Lc, points La, Lb are defined
similarly. Circumcircles of 4A1A2Lc and 4B1B2Lc intersect at points Lc and Nc. Points Nb, and Na are
defined similarly.

a) Prove that the lines ANa, BNb, CNc meet at one point (let’s call it N)
b) Prove that N,Na, Nb, Nc lie on a circle (let’s call it N).
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Let the circles AB1C1, A1BC1, A1B1C intersect at P , and let the circles AB2C2, A2BC2, A2B2C
intersect at Q.

c) Prove that P and Q lie on N.
d) Prove that the intersection point A′ of lines PA1 and QA2 lies on N.

Part 2

In this section, the hyperbola icon )( will denote some problems. In these problems, your goal will be
to prove the original statement, and then formulate and prove a similar statement for a hyperbola.

14. Let A, B be two fixed points and let X be a point moving along a line. Examine the function f
for intervals of monotonicity. Construct an extremum point with a compass and a ruler if

a) f(X) = XA+XB
b) f(X) = XA−XB

15◦ (Fagnano’s problem) In a triangle ABC, points C ′, A′, B′ are chosen on the sides AB, BC, AC,
respectively, which do not coincide with the vertices of 4ABC. It is known that the triangle A′B′C ′ has
the smallest possible perimeter among all triangles inscribed in 4ABC. Prove that AA1, BB1 and CC1

are altitudes of 4ABC.
16)( (Optical Property) Let A be a point on an ellipse with foci F1 and F2. Prove that the outer

bisector of the angle F1AF2 is tangent to the ellipse (has exactly one common point with it).
17)( An ellipse with foci F1 and F2 is tangent to the sides of an angle ABC. Prove that ∠ABF1 =

∠CBF2.
18)( An ellipse with focus F is fixed, and a line ` is tangent to it. Let P be the projection of F onto

`. Prove that if ` is moving, then P is moving along a circle tangent to the ellipse at two points.
19. Let K be an ellipse with foci F1 and F2. A circle ω with center O is tangent to K at points X

and Y (the ellipse lies inside the circle). Prove that
a) OF1 = OF2.
b) XF1OF2Y is an inscribed pentagon.
c))( Let a point P move along ω. Then the angle between PF1 and one of the tangents from P to

the ellipse is constant.
d) Redefine ω so that ω does not have to touch K twice.
e) The line through O and the center of K meets K at Z. Prove that the circumcircle of 4OZF1

is tangent to ω.
f) Let circles α and β touch ω internally, pass through F1, and intersect for the second time at the

point E. Prove that from the two intersection points α and K you can choose a point I, and from the two
intersection points β and K you can choose a point J , so that E will lie on the line IJ .

g)? The line through O and the center of K intersects K at points Z and T , and the circle at points
A and B. Point U is chosen on the line ZT so that ∠UF1O = 90◦. Prove that the cross-ratio of the points
A,Z, U,B is equal to the cross-ratio of the points B, T, U,A (in the order indicated).

h) Show that if we take ω as an absolute for the Klein model of hyperbolic plane, then K is a circle
or an equidistant curve.

20)( Let circles α and β intersect at points X and Y . An ellipse K is inscribed in the ”slice” of their
intersection, twice tangent to each of the circles. A line `X is tangent to K, separates the point X from K,
and intersects the ”slice” at points S and T . Also, `X intersects the circle α outside the segment ST at
A1, and intersects the circle β outside the segment ST at B1. Similarly, chose a line `Y and define points
A2 and B2. Prove that A1A2 ‖ B1B2.

21? Points N and M move along two circles with the same angular velocities. Find the envelope
(curve touching all) of lines NM .

22? Two points N and M move along two lines with constant speeds. Find the envelope of lines
NM .

23)( Given two intersecting circles, consider all ellipses lying inside both circles and touching each of
the circles twice. Find the locus of their foci.
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Part 3

24◦ (Orthologic triangles) Let A,B,C,A1, B1, C1 be points in general position. Let the perpendiculars
from A, B, and C to the lines B1C1, A1C1, and A1B1, respectively, intersect at one point. Prove that
perpendiculars from A1, B1, and C1 to the lines BC, AC, and AB, respectively, also intersect at one
point.

25? Let A,B,C,A1, B1, C1 be points in general position. Suppose that there exists a point P such
that ∠(AP,B1C1) = ∠(BP,A1C1) = ∠(CP,A1B1) = α. Prove that there exists a point Q such that
∠(A1Q,BC) = ∠(B1Q,AC) = ∠(C1Q,AB) = −α.

We use the notation of Problem 13. Suppose additionally that the points A1, A2, B1, B2, C1, C2 lie on
a circle R with center R.

26. Prove that P and Q are isogonal conjugate with respect to 4ABC.
27. Prove that:

a) R ∈ N.
b) RN is a diameter of N.
c) PR = QR.

28. Prove that an ellipse K with foci P and Q can be inscribed into the triangle ABC.
29. Lines PA′ and QA′ meet R again at points X and Y . Prove that XY is tangent to K.
30. Prove that K is tangent to R if and only if N intersects R, in which case the tangency points

coincide with the intersection points.
31. Prove that in a triangle:

a) The Lemoine point, two Brocard points and the circumcenter form a deltoid (i.e. a kite) with
two right angles.

b) An ellipse with foci at Brocard’s points touches the sides at the bases of the symmedians.
32? Suppose that the lines AA1, BB1, CC1 meet at a point L. Prove that L lies on the radical axis

of N and R.
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Some features of Miquel’s structures.

Solutions

Part 1

1◦ Well-known.

2◦ We consider one position of points A1 and C1, and another position, which we denote X and Y ,
respectively. The circles (BC1A1) and (BXY ) are tangent or intersect at a point G 6= B.

In the first case there is a homothety with center B mapping the circle (BC1A1) to the circle (BXY ).
It maps A1 to X and C1 to Y . Therefore, C1A1 ‖ XY . Consider a third position of points A1 and C1,

which we denote P and Q. Then
A1X

A1P
=
C1Y

C1Q
, hence PQ ‖ A1C1. Thus the circle (BPQ) is tangent to

the circle (BA1C1). So all circles (BA1C1) are tangent at B.
In the second case the triangles GXA1 and GY C1 are similar, since ∠(GA1, A1B) = ∠(GC1, C1B) and

∠(GX,XB) = ∠(GY, Y B). Hence there is a spiral similarity φ with center G, mapping A1 to C1 and X
to Y . Consider a third position of points A1 and C1, which we denote P and Q. Then φ(P ) = Q and it
follows that ∠(GP,PB) = ∠(GQ,QB), so G lies on the cirle (BPQ).

3-4◦ Well-known.

5◦ Denote the intersection point of `i and `j by Xij; and the Miquel point of all lines except `i by Ai.
It suffices to prove that A1, A2, A3, and A4 are concyclic. Using the circles (A1A2X35X45), (A2A3X15X45),
(A3A4X15X25), and (A4A1X25X35) we obtain

∠(A1A2, A2A3) = ∠(A1A2, A2X45) + ∠(X45A2, A2A3) = ∠(A1X35, X35X45) + ∠(X45X15, X15A3)

= ∠(A1X35, X35X25) + ∠(X25X15, X15A3) = ∠(A1A4, A4X25) + ∠(X25A4, A4A3) = ∠(A1A4, A4A3).

6◦ Below we present an algebraic solution of this problem, which works for parts a) and b) simulta-
neously. For a synthetic solution, where part a) is easier than part b), see [1], Theorem 2.12.

Let f(x, y) = 0 and g(x, y) = 0 be the equations of A and B, respectively, in Cartesian coordinates,
where f(x, y) = x2 + y2 + a1x+ a2y + a3 and g(x, y) = x2 + y2 + b1x+ b2y + b3. Note that the powers of
point (x, y) with respect to A and B are equal to f(x, y) and g(x, y), respectively. So the desired locus is
given by equation f(x, y) = cg(x, y) for some constant c. It is easy to see that this equation defines a line
if c = 1 and a circle C if c 6= 1.

Assume now that c 6= 1. The circle C is given by equation
f(x, y)− cg(x, y)

1− c
= 0. Let (p, q) be a point

on the radical axis of A and B, i.e. f(p, q) = g(p, q). The power of the point (p, q) with respect to C is

equal to
f(p, q)− cg(p, q)

1− c
= f(p, q) = g(p, q). Therefore, A, B, and C are coaxial.

7◦ Let Xb and Yb be the projections of X and Y onto AC, respectively. Let Xc and Yc be the
projections of X and Y onto AB, respectively. Since Xb, Yb, Xc, and Yc are concyclic, we obtain

∠(BA,AX) = ∠(XcA,AX) = ∠(XcXb, XbX) = ∠(XcXb, XbYb) + 90◦

= ∠(XcYc, YcYb) + 90◦ = ∠(Y Yc, YcYb) = ∠(Y A,AYb) = ∠(Y A,AC)

Similarly, ∠(AB,BX) = ∠(Y B,BC). Hence X is the isogonal conjugate of Y with respect to 4ABC.

8. Observe that

∠(MMa,MaP ) = ∠(AMa,MaP ) = ∠(AB1, B1P ) = ∠(CB1, B1P )

= ∠(CA1, A1P ) = ∠(CMc,McP ) = ∠(MMc,McP ).

So Mc lies on the circle (MPMa). Similar argument shows that Mb also lies on this circle.
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9. The following equalities imply that MA′ ‖ BC.

∠(MA′, A′P ) = ∠(MMc,McP ) = ∠(CMc,McP ) = ∠(CA1, A1P ) = ∠(BC,A′P ),
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10. We have
∠(A′B′, B′Mb) = ∠(A′M,MMb) = ∠(CB,BM).

Similarly ∠(C ′B′, B′Mb) = ∠(AB,BM), and so on. It follows that the triangles ABC and A′B′C ′ are
similar and have different orientations. Moreover, A′Ma, B

′Mb, and C ′Mc pass through the point, corre-
sponding to the isogonal conjugate of M in 4ABC.
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11? Denote the circles (AMaA
′), (BMbB

′), and (CMcC
′) by ωa, ωb, and ωc, respectively. Let

AB = AB∩A′C ′, BA = BA∩B′C ′, AC = AC∩A′B′, CA = CA∩C ′B′, BC = BC∩B′A′, CB = CB∩C ′A′.
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By angle chase, ωa passes through AB and AC . Similarly BA, BC ∈ ωb and CA, CB ∈ ωc. Then

AB · ABA

AC · ACA

=
sin∠ACB · sin∠ACABA

sin∠ABC · sin∠ABACA

=
sin∠ACCBC · sin∠ACCAB

′

sin∠ACB′CA · sin∠ACBCC
=
ACBC · ACB

′

ACCA · ACC

which implies that the ratio of powers of A with respect to ωb and ωc is equal to the ratio of powers of AC

with respect to ωb and ωc. Similarly, this ratio is the same for AB. The result now follows from problem 6.

12? By the Desargues involution theorem, there exists an involution on the pencil of lines through K,
which swaps KYab with KYcd, KYac with KYbd, and KYad with KYbc. So there exists an involution on K,
which swaps Yab with Ycd, Yac with Ybd, and Yad with Ybc. Such involution must map every point P ∈ K to
the second intersection point of PU with K, where U = YabYcd ∩ YacYbd. Therefore, YabYcd, YacYbd, YadYbc
are concurrent.

XabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXabXab XbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbcXbc

XcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcdXcd
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YcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcdYcd
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13. Observe that Nc is the second intersection point of the circles (A1B1C) and (A2B2C).
a) Follows from trigonometric Ceva’s theorem for the triangle ABC, since

sin∠BCNc

sin∠ACNc

=
A1A2

B1B2

,
sin∠CANa

sin∠BANa

=
B1B2

C1C2

,
sin∠ABNb

sin∠CBNb

=
C1C2

A1A2

.

b, c) Follows from problem 8.
d) Follows from problem 9.

Part 2

14. See [1], pp. 6-7.

15◦ We fix B′, C ′, and move A′. Since B′A′+A′C ′ is minimal, BC is the external bisector of ∠B′A′C ′.
Similarly, AC and AB are the external bisectors of ∠A′B′C ′ and ∠A′C ′B′, respectively. So A, B, and C
are excenters of 4A′B′C ′. Thus AA′, BB′, and CC ′ are altitudes of 4ABC.

16)( See [1], Theorem 1.1 and the discussion after its proof.

17)( See [1], Theorem 1.3 and the discussion after its proof.

18)( Let K be the ellipse, let G be its second focus, and let M be the midpoint of FG. Let A be the
reflection of F in ` and let B = `∩K. Then MP = GA/2 = (FB +BG)/2 is constant, so P moves along
a circle with center M tangent to K.

19. a) b) Construct tangents to the ellipse at X and Y . Let them meet at U .
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First, let us prove an auxiliary fact — the bisector of the angle XF1Y passes through U . Reflect F2

in both tangents, denote reflections by H1 and H2. Triangles UH1F1 and UH2F1 are congruent, by SSS.
Therefore, ∠XF1U = ∠Y F1U .

It follows that U lies on the bisector of the angle XF1Y (and similarly, the angle XF2Y ), and on the
perpendicular bisector of XY (since the segments of tangents are equal). Hence X, F1, F2, Y U are
concyclic. Since XOY U is inscribed, O lies on this circle, too. XO is the bisector of the angle F1XF2

(since it is perpendicular to the tangent to the ellipse), therefore, F1O = OF2.
c))( By Problem 18, the locus of projections of F1 onto tangents to the ellips is a circle. Applying

spiral similitude with center F1, angle π/2 − α and ratio 1/ sinα, we obtain that the locus of points P
such that the oriented angle between PF1 and the tangent to the ellipse through P is equal to α, is also
a circle. For α = ∠Y XU this locus in the circle ω.

d) By the previous item, ω could be defined as the locus of P such that the oriented angle between
PF1 and the tangent to the ellipse through P is equal to α.

Note. If the circles (OF1F2) and ω do not intersect, the tangent points of K and ω are not real
(complex).

e) Let the perpendicular to OF1 through F1 intersects ω at U1, let Z ′ be the projection of U1

onto OZ. Points F1 and Z ′ lie on the circle with diameter OU1 touching ω. Moreover, ∠(F1U1, U1Z
′) =

∠(F1O,OU) = ∠(F1X,XU), since U1Z
′OF1 and F1XOU are inscribed. Hence U1Z touches K (since the

circle ω is the locus of points such that the angle between the tangent and the segment joining with the
focus, is constant), and Z ′ coincides with Z.

f) Follows from the following Lemma that generalizes the statement of the previous item (by a
spiral similitude with center F1).

Lemma. Let P be an arbitrary point of the ellips K, let the tangent to K through P intersect ω at A
and B. It follows that the circle APF1 touches ω.

g)? From e) it follows that Z and T are projections onto AB of the endpoints of the chord of ω
having the midpoint F1. Hence in cross ratios one can replace Z and T by the endpoints of this chord,
and replace A and B by the intersection points of these tangents with UF1. If U lies outside the circle,
then perform a projective transformation that maps the circle to itself and takes U to infinity. If U lies
inside the circle, then perform a projective transformation that maps U to the center. IN both cases the
statement is obvious.

h) Directly follows from the previous. (About models of Lobachevsky plane one can read in [2].)

20)( Let F1 and F2 be the foci of the ellipse, where F1 is closer to Y than F2. From 19c it follows that
F1A1B1 and F2A2B2 are similar, by equal angles. Let S = A1B1 ∩A2B2. from the optic property we have
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∠A1SF1 = ∠A2SF2. Hence there exists a product of a dilation with center S and the reflection in the

bisector of the angle A1SA2, which maps A1F1B1 to A2F2B2. Hence
A1S

A2S
=
B1S

B2S
, therefore A1A2 ‖ B1B2.

21? Let O be the center of the spiral similitude taking one of the circle to the other and taking N
to M . Since all the triangles ONM are similar to each other, the projection H of O onto MN lie on a
certain circle ω. Thus we can reformulate the problem in the following way: let ω and O be a circle and
a point; we need to find a curve touching lines passing through a point H ∈ ω and perpendicular to OH.

If O lies on ω, then all such lines pass through the antipodal point. Otherwise, this curve ia a conic
with one its focus at O. This conic is an ellipse, if O lies inside ω, and a hyperbola, if it lies outside ω (It
could be derived from the Problem 18.)

22? Answer: A parabola tangent to given lines.
Proof. Let A and B be points moving linearly along two given lines intersecting at X. Consider a

point F 6= X, which is a common point of all circles (ABX) (it is known that such point exists, if A and
B do not pass X simultaneously. If they pass X simultaneously, then AB has a constant direction). The
Miquel point of four lines is the focus of the parabola touching these four lines (e.g., see [1], Theorem
4.10). this argument completes the proof.

23)( Answer: The circle passing through the intersection points of two given circles, which as the
Apollonius circle for their centers.
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Part 3

24◦ It is known that both conditions are equivalent to AB2
1 +BC2

1 + CA2
1 = BA2

1 + AC2
1 + CB2

1 .

25? Let A2B2C2 be the image of the triangle ABC under the rotation about the point P through
the angle α − 90◦. Then the triangles A1B1C1 and A2B2C2 are orthologic, so there exists a point Q
such that A1Q ⊥ B2C2, B1Q ⊥ A2C2, and C1Q ⊥ A2B2. Since ∠(BC,B2C2) = α − 90◦, we obtain
∠(A1Q,BC) = ∠(A1Q,B2C2) − ∠(BC,B2C2) = −α. Similarly ∠(B1Q,AC) = ∠(C1Q,AB) = −α, as
required.

Below we sketch a different solution, which does not use problem 24.
Let us call a triple of lines a′, b′, c′ harmonic to a triple of lines a, b, c, if in a triangle whose sidelines

are parallel to a, b, c, the corresponding cevians parallel to a′, b′, c′ are concurrent.
Lemma. The relation ’harmonic’ is symmetric, i.e., if a′, b′, c′ is harmonic to a, b, c, then a, b, c is

harmonic to a′, b′, c′.
Proof. Let ` be a line. Through a point O (O not in `) let us construct lines parallel to a, b, c, a′, b′,

c′. Let these lines intersect ` at A, B, C, A′, B′, C ′, respectively. Using Ceva theorem in the sine form,

rewrite the condition that a′, b′, c′ is harmonic to a, b, c as
~AB′

~B′C
· ~CA′

~A′B
· ~BC′

~C′A
= −1. We see that this condition

is invariant under replacement of a, b, c by a′, b′, c′. Lemma is proved.
Now let a, b, c and a′, b′, c′ be the sidelines of triangles ABC and A1B1C1. By tϕ denote t rotated by

angle ϕ. The condition of the problem means that a, b, c is harmonic to a′ϕ, b′ϕ, c′ϕ. Using rotation by −ϕ,
we get that a−ϕ, b−ϕ, c−ϕ is harmonic to a′, b′, c′, and the statement follows.

We use the notation of Problem 13. Suppose additionally that the points A1, A2, B1, B2, C1, C2 lie on
a circle R with center R.

26. (Generalized pedal triangles) Let P ′ be the isogonal conjugate to P . Let Pa, Pb, Pc be projections
of P onto BC, CA, AB, respectively; similarly denote projections of P ′. We know that the midpoint R0 of
PP ′ is the center of the circle (PaPbPc) = (P ′aP

′
bP
′
c). Let ∠(PA1, CA1) = ∠(PB1, AB1) = ∠(PC1, BC1) =

ϕ. Let R1 be the circumcenter of (A1B1C1). Triangle PaPbPc maps to A1B1C1 by some spiral similitude
with center P , hence PPaA1 ∼ PR0R1, thus R1 is a point on the perpendicular bisector of PP ′ such that
∠(PR1, R1R0) = ϕ. Hence ∠(R1R0, R1P

′) = ϕ. Perform the spiral similitude with center P ′ taking R0

to R1. It maps P ′aP
′
bP
′
c to A′2B

′
2C
′
2 so that P ′R0R1 ∼ P ′P ′aA

′
2 ∼ P ′P ′bB

′
2 ∼ P ′P ′cC

′
2, so A′2, B

′
2, C

′
2 are

the points of BC, CA, AB such that ∠(P ′A′2, CA
′
2) = ∠(P ′B′2, AB

′
2) = ∠(P ′C ′2, BC

′
2) = −ϕ. Since R0

is the center of the circle (P ′aP
′
bP
′
c), R1 is the center of the circle (A′2B

′
2C
′
2). Radii of circles (A1B1C1)

and (A′2B
′
2C
′
2) are both equal to R(PaPbPc)/ sinϕ, hence these circles coincide. It follows that A′2 = A2,

B′2 = B2, C
′
2 = C2, Q = P ′, and R1 = R.

In addition, note that triangles ABC and A1B1C1 satisfy the condition of the Problem 25 with P and
Q as points of concurrency.

27. From the previous proof we have ∠(PR,QR) = 2ϕ = ∠(PA1, QA2). By problem 13, we obtain
A′ = PA1 ∩QA2 ∈ N, hence R ∈ N.

Note that ∠(PNc, NcN) = ∠(PNc, NcC) = ∠(PA1, A1C) = ϕ. Similarly, ∠(QNb, NbN) = −ϕ. This
means that the arcs NP and NQ of N are equal. PR = QR follows from the proof of Problem 26. So
RN is the perpendicular bisector of PQ, i.e. RN is a diameter of N.

28. Let Qa, Qb, and Qc be the reflections of Q in BC, CA, and AB, respectively. Let PQa, PQb,
PQc intersect BC, CA, AB at A∗, B∗, C∗, respectively. Then P is the circumcenter of Qa, Qb, Qc, hence
PA∗ + QA∗ = PB∗ + QB∗ = PC∗ + QC∗. So there is an ellipse with foci P and Q passing through A∗,
B∗, C∗. It is tangent to the sides of 4ABC by problem 16.

29. Since ∠(PA1, BC) = ∠(BC,QA2) = ϕ, A1A2Y X is inscribed in R and A1A2Y X is symmetric
in the common perpendicular bisector of XY and A1A2 (in particular, XY ‖ A1A2. To prove that XY is
tangent to K it suffices to show that the center of K (that is the midpoint of PQ lies on the midline of
A1A2Y X), or, equivalently, to show that PA1 = QY . From previous we know that ∠(PR,QR) = 2ϕ and
RP = RQ. Since ∠(A1R,RY ) = 2∠(A1A2, A2Y ) = 2ϕ, we have ∠(PR,A1R) = ∠(QR, Y R), and by SAS,
triangles PRA1 and QRY are congruent. Thus PA1 = QY follows.
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30. For the circle R, point P and angle ϕ consider the Brocard ellipse that is a conic touching the
lines PZ rotated by ϕ around Z ∈ R (see the Problem 19c, inverse statement). For 6 positions of Z (A1

and X from Problem 29 and 3 analogous pairs) the corresponding tangents to the Brocard ellipse also
touch K. Thus K is the Brocard ellipse. Now the statement follows from the Problem 19b and its inverse.

31.
a) We put this situation into a general case from the solution of Problem 26 (generalized pedal

triangles).
For P and Q being the Brocard points, ABC is a particular case of generalized pedal triangles with

B = A1, C = B1, A = C1 and B = C2, C = A2, A = B2. Thus in this case O = R, and we know that
PO = OQ with ∠(PO,OQ) = 2ϕ, where 90◦ − ϕ is the Brocard angle.

Now let L be Lemoine point. Though L draw a line B2C1 (B2 ∈ AC, C1 ∈ AB) so that B,C,B2, C1 are
concyclic. From ABC ∼ AB2C1 it follows that AL is the median in AB2C1, hence B2L = C1L. Similarly
construct C2A1, A2B1. We have ∠(LB2, AC) = ∠(AB,BC) = ∠(AC,LB1). It follows LB2 = LB1. Thus
all 6 segments LA1, LA2, LB1, LB2, LC1, LC2 are equal, and A1, A2, B1, B2, C1, C2 lie on a circle (known
as Taylor circle) centered at R = L. Now we will show that points P and Q (from general construction of
Problem 26) are Brocard points. (Note that LP = LQ). Since LA1 = LA2 = LC2, We have A2C2 ⊥ BC.
Similarly, B2A2 ⊥ CA, and C2B2 ⊥ AB. Now from the circles (AB2C2Q), (BC2A2Q), (CA2B2Q) we have:
y = ∠(C2A2, A2Q) = ∠(C2B,BQ) = 90◦ − ∠(QC2, C2B) = ∠(B2C2, C2Q) = ∠(B2A,AQ), and similarly,
y = ∠(A2C,CQ). This means that Q is the Brocard point (with y as the Brocard angle), and (A2B2C2) is
its generalized pedal circle corresponding to ϕ = ∠(QC2, AB) = 90◦ − y. Hence ∠(PL,LQ) = 2ϕ. Thus
P,Q, L,O are concyclic with P and Q symmetric in OL.

b) Let AS be the symmedian, so that BS : CS = c2 : b2. It suffices to show that PBS ∼ QCS, or
PB : QC = c2 : b2; from this it follows that ∠(PS, SB) = ∠(CS, SQ).

Now from the sine law, PB
sin y

= c
sinAPB

= c
sinB

. Similarly, QC
sin y

= b
sinC

. Dividing the first equality by the
second one, we get the required similarity.

32? It is not hard to see that the lines AA2, BB2, and CC2 are concurrent at some point L′. Let
Ka = B1C2 ∩ B2C1, points Kb and Kc are defined similarly. By the Pappus theorem the points L, L′,
and Ka are collinear. It suffices to show that Ka lies on the radical axis of R and N (a similar argument
then implies that Kb and Kc also lie on this radical axis). The lines B1C1, B2C2, and ANa are concurrent,
since they are the radical axes of circles (AB1C1Na), (AB2C2Na), and R. So ANaLaN is the polar line
of Ka with respect to R. Moreover Na ∈ N and NR is the diameter of N, hence RNa ⊥ ANa. Thus the
inversion in R maps Ka to Na. This inversion maps the line B2C1Ka to the circle RB2C1Na. Therefore
KaC1 ·KaB2 = KaR ·KaNa. It follows that Ka lies on the radical axis of R and N.
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And the leap is not � is not what I think you sometimes
see it as � as breaking, as acting. It's something much

more like a quiet transition after a lot of patience and �
tension of thought, yes � but with that [enlightenment] as
its discipline, its orientation, its truth. Not confusion and

chaos and immolation and pulling the house down, not
something experienced as a great signi�cant moment.

I. Murdoch, The Message to the Planet

1 Ââåäåíèå è îñíîâíûå ðåçóëüòàòû

1.1 Îáçîð è ìîòèâèðîâêè

Ýòîò ðàçäåë íå èñïîëüçóåòñÿ â äàëüíåéøåì.
Äàííûé òåêñò ñîäåðæèò êîðîòêîå èçëîæåíèå äîêàçàòåëüñòâà Êðî-

íåêåðà òåîðåìû Ãàëóà 1.3.2 î íåðàçðåøèìîñòè àëãåáðàè÷åñêèõ óðàâ-
íåíèé â ðàäèêàëàõ. Ýòî äîêàçàòåëüñòâî èíòåðåñíî, òàê êàê ïðåäïî-
ëîæèòåëüíî îíî ÿâëÿåòñÿ ñàìûì êîðîòêèì.

Ìû íå èñïîëüçóåì òåðìèí ¾ãðóïïà Ãàëóà¿ è äàæå òåðìèí ¾ãðóï-
ïà¿. Òåì íå ìåíåå íàøå èçëîæåíèå äàåò íåïëîõóþ âîçìîæíîñòü îñâî-
èòü (èëè îñâåæèòü â ïàìÿòè) íåêîòîðûå èäåè, ëåæàùèå â îñíîâå
òåîðèè Ãàëóà. Òàêèì îáðàçîì, äàííûé ïðîåêò ïåðåêèäûâàåò ìîñò
(ïîêàçûâàÿ, ÷òî íåò íèêàêîé ïðîïàñòè) ìåæäó ýëåìåíòàðíîé ìàòå-
ìàòèêîé è òåîðèåé Ãàëóà. Ïðîåêò äîñòóïåí øêîëüíèêàì, çíàêîìûì
ñ ìíîãî÷ëåíàìè è êîìïëåêñíûìè ÷èñëàìè (çíàêîìñòâà ñ ïåðåñòà-
íîâêàìè íå òðåáóåòñÿ).

Ïðèâîäèìûå äîêàçàòåëüñòâà íå ïðåòåíäóþò íà íîâèçíó (âîç-
ìîæíî, çà èñêëþ÷åíèåì ìåòîäè÷åñêèõ íàõîäîê). Ãëàâíàÿ èäåÿ äî-
êàçàòåëüñòâà èçâåñòíà (ñì. [Do65, �25], [Pr07, Ti03]), è ïðåäïîëî-
æèòåëüíî ïðèíàäëåæèò Êðîíåêåðó (îøèáêà â ïðèâåäåííûõ âûøå
òåêñòàõ, óêàçàííàÿ â [Sk21m, Çàìå÷àíèå 8.4.18b], èñïðàâëåíà â [Sk08,
PC19] è [Sk21m, �8]). Ê ñîæàëåíèþ, ñàìî äîêàçàòåëüñòâî íå î÷åíü
øèðîêî èçâåñòíî.

Ïðèâîäèìîå äîêàçàòåëüñòâî èíòåðåñíî òàêæå òåì, ÷òî îíî íå
èñïîëüçóåò ïåðåñòàíîâêè. Ïîýòîìó â êà÷åñòâå ¾ïðè÷èíû¿ âîçíèê-
íîâåíèÿ íåðàçðåøèìîñòè â ðàäèêàëàõ ìû âèäèì íå òîò ôàêò, ÷òî
ãðóïïà A5 íåðàçðåøèìà, à ÷òî ñóùåñòâóåò ìíîãî÷ëåí ñòåïåíè 5 ñ
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ðàöèîíàëüíûìè êîýôôèöèåíòàìè, íåïðèâîäèìûé íàä Q, èìåþùèé
áîëåå îäíîãî âåùåñòâåííîãî êîðíÿ è õîòÿ áû îäèí íåâåùåñòâåííûé
êîðåíü. Òàêèì îáðàçîì, äàííîå äîêàçàòåëüñòâî îòëè÷íî îò äîêàçà-
òåëüñòâ òåîðåì Ãàëóà è Àáåëÿ, ïðèâîäèìûõ â [?, Ay82, Be10, Br,
Ed84, FT, Ha78, Le11, PC19, Pe04, Ro95, St94, Sk15] (êîììåíòàðèè
è èñïðàâëåíèÿ íåêîòîðûõ îøèáîê ñì. â [Sk15]).

1.2 Íåðàçðåøèìîñòü â âåùåñòâåííûõ ðàäèêàëàõ

Âåùåñòâåííîå ÷èñëî íàçûâàåòñÿ âåùåñòâåííî ðàäèêàëüíûì, åñ-
ëè åãî ìîæíî ïîëó÷èòü èç ÷èñëà 1 ïðè ïîìîùè ñëîæåíèé, âû÷èòà-
íèé, óìíîæåíèé, äåëåíèé íà íåíóëåâûå ÷èñëà è èçâëå÷åíèé êîðíåé
öåëûõ ïîëîæèòåëüíûõ ñòåïåíåé èç ïîëîæèòåëüíûõ ÷èñåë. Ò.å. åñëè
íåêîòîðîå ìíîæåñòâî, åãî ñîäåðæàùåå, ìîæíî ïîëó÷èòü èç ìíîæå-
ñòâà {1}, èñïîëüçóÿ îïåðàöèè äîáàâëåíèÿ ê óæå èìåþùåìóñÿ ìíî-
æåñòâó M ⊂ R, ñîäåðæàùåìó ÷èñëà x, y,

÷èñåë x+ y, x− y, xy, ÷èñëà x/y ïðè y ̸= 0

è ÷èñëà n
√
x ïðè x > 0 è öåëîì n > 0.

1.2.1. (a) Ëþáîé âåùåñòâåííûé êîðåíü êâàäðàòíîãî óðàâíåíèÿ
ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè âåùåñòâåííî ðàäèêàëåí.

(b) Óðàâíåíèå x3 + x + 1 = 0 èìååò ðîâíî îäèí âåùåñòâåííûé
êîðåíü, êîòîðûé âåùåñòâåííî ðàäèêàëåí.

(ñ) Óðàâíåíèå x4 + 4x − 1 = 0 èìååò äâà âåùåñòâåííûõ êîðíÿ,
êàæäûé èç êîòîðûõ âåùåñòâåííî ðàäèêàëåí.

Òåîðåìà 1.2.2. (a) ×èñëî cos(2π/9) íå ÿâëÿåòñÿ âåùåñòâåííî
ðàäèêàëüíûì.

(b) Ñóùåñòâóåò ìíîãî÷ëåí 3-é ñòåïåíè ñ ðàöèîíàëüíûìè êîýô-
ôèöèåíòàìè (íàïðèìåð, x3−3x+1), íè îäèí èç êîðíåé êîòîðîãî íå
ÿâëÿåòñÿ âåùåñòâåííî ðàäèêàëüíûì.

Âû ñìîæåòå äîêàçàòü ï. (b) ýòîé òåîðåìû ñ ïîìîùüþ çàäà÷, âû-
äàâàåìûõ äî ïðîìåæóòî÷íîãî ôèíèøà. Ðàçðåøàåòñÿ èñïîëüçîâàòü
ï. (b) áåç äîêàçàòåëüñòâà äëÿ ðåøåíèÿ äðóãèõ çàäà÷ â �1.2.

1.2.3. (a) Äëÿ ëþáîãî n > 3 ñóùåñòâóåò ìíîãî÷ëåí n-é ñòåïåíè
ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè , îäèí èç êîðíåé êîòîðîãî íå
ÿâëÿåòñÿ âåùåñòâåííî ðàäèêàëüíûì.

3



(b) Ñïðàâåäëèâ àíàëîã óòâåðæäåíèÿ ï. (a) ñ çàìåíîé ñëîâ ¾îäèí
èç êîðíåé¿ íà ¾íè îäèí èç êîðíåé¿. (Ïðè ýòîì êîðíè íåêîòîðûõ
óðàâíåíèé âûñîêèõ ñòåïåíåé (íàïðèìåð, x5 = 2) âïîëíå ìîãóò áûòü
âåùåñòâåííî ðàäèêàëüíû.)

(c) Òðèñåêöèÿ óãëà íåâîçìîæíà ïðè ïîìîùè âåùåñòâåííûõ ðà-
äèêàëîâ, ò.å. ñóùåñòâóåò òàêîå α (íàïðèìåð, α = 2π/3), ÷òî ÷èñëî
cosα âåùåñòâåííî ðàäèêàëüíî, à ÷èñëî cos(α/3) � íåò.

1.3 Íåðàçðåøèìîñòü â êîìïëåêñíûõ ðàäèêàëàõ

Êîìïëåêñíîå ÷èñëî íàçûâàåòñÿ (êîìïëåêñíî) ðàäèêàëüíûì, åñëè
åãî ìîæíî ïîëó÷èòü èç ÷èñëà 1 ïðè ïîìîùè ñëîæåíèé, âû÷èòàíèé,
óìíîæåíèé, äåëåíèé íà íåíóëåâûå ÷èñëà è èçâëå÷åíèé êîðíåé öå-
ëûõ ïîëîæèòåëüíûõ ñòåïåíåé. Ò.å. åñëè íåêîòîðîå ìíîæåñòâî, åãî
ñîäåðæàùåå, ìîæíî ïîëó÷èòü èç ìíîæåñòâà {1}, èñïîëüçóÿ îïåðà-
öèè äîáàâëåíèÿ ê óæå èìåþùåìóñÿ ìíîæåñòâó M , ñîäåðæàùåìó
÷èñëà x, y,

÷èñåë x+ y, x− y, xy, ÷èñëà x/y ïðè y ̸= 0

è ëþáîãî òàêîãî ÷èñëà r ∈ C, ÷òî rn = x äëÿ íåêîòîðîãî öåëîãî n > 0.

1.3.1. (a) Ëþáîé (êîìïëåêñíûé) êîðåíü êâàäðàòíîãî óðàâíåíèÿ
ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè ðàäèêàëåí.

(b) ×èñëî cos(2π/9) ðàäèêàëüíî.
(c,d) Òî æå, ÷òî è â ï. (a) äëÿ ìíîãî÷ëåíîâ 3-é è 4-é ñòåïåíè.
(e) Åñëè äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè êîìïëåêñíîãî ÷èñëà z

âåùåñòâåííî ðàäèêàëüíû, òî ÷èñëî z ðàäèêàëüíî.
(f) Îáðàòíîå óòâåðæäåíèå ê ï. (e) íåâåðíî.

Àíàëîãè óòâåðæäåíèé ïï. (a,c,d) äëÿ óðàâíåíèé áîëåå âûñîêèõ
ñòåïåíåé íåâåðíû.

Òåîðåìà 1.3.2 (Ãàëóà). Ñóùåñòâóåò óðàâíåíèå 5-é ñòåïåíè ñ ðà-
öèîíàëüíûìè êîýôôèöèåíòàìè (íàïðèìåð, x5−4x+2 = 0), íè îäèí
èç êîðíåé êîòîðîãî íå ÿâëÿåòñÿ ðàäèêàëüíûì.

Çíàìåíèòóþ ïðîáëåìó ðàçðåøèìîñòè óðàâíåíèé â ðàäèêàëàõ ðå-
øèëè äîêàçàííûå íåìíîãî ðàíåå áîëåå ñëàáûå òåîðåìû Ðóôôèíè�
Àáåëÿ. Ñòðîãèå ôîðìóëèðîâêè ýòèõ òåîðåì ñëîæíåå [Sk21m, Òåî-
ðåìà Ðóôôèíè 8.2.2], [Sk15, Çàìå÷àíèå 7]. Áîëåå ïðîñòîé ñïîñîá
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ðåøèòü ïðîáëåìó ðàçðåøèìîñòè óðàâíåíèé â ðàäèêàëàõ ïðåäëîæåí
â [Sk21m, Òåîðåìà 8.1.13 è åå äîêàçàòåëüñòâî â �8.4.F]. Çäåñü ìû
ïðåäëàãàåì äðóãîé êîðîòêèé ñïîñîá: âûâåñòè òåîðåìó Ãàëóà 1.3.2
èç ñëåäóþùåãî ðåçóëüòàòà.

Òåîðåìà 1.3.3 (Êðîíåêåð). Åñëè ìíîãî÷ëåí ïðîñòîé ñòåïåíè
ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè íåïðèâîäèì íàä Q, èìååò áî-
ëåå îäíîãî âåùåñòâåííîãî êîðíÿ è õîòÿ áû îäèí íåâåùåñòâåííûé,
òî íè îäèí èç åãî êîðíåé íå ÿâëÿåòñÿ ðàäèêàëüíûì.

Ýòà òåîðåìà èíòåðåñíà è íåòðèâèàëüíà äàæå äëÿ ìíîãî÷ëåíà
ïÿòîé ñòåïåíè. Âû ñìîæåòå äîêàçàòü ýòó òåîðåìó ñ ïîìîùüþ çàäà÷,
âûäàâàåìûõ ïîñëå ïðîìåæóòî÷íîãî ôèíèøà.

1.4 Ðåêîìåíäàöèè ó÷àñòíèêàì

Ó÷àñòíèê (èëè ãðóïïà ó÷àñòíèêîâ) êîíôåðåíöèè, ðåøàþùèé çàäà-
÷è ïðîåêòà, ïîëó÷àåò ¾áîá¿ çà êàæäîå çàïèñàííîå ðåøåíèå, îöå-
íåííîå â ¾+¿ èëè ¾+.¿. Äîïîëíèòåëüíûå áîáû ìîãóò âûäàâàòüñÿ
çà êðàñèâûå ðåøåíèÿ, ðåøåíèÿ ñëîæíûõ ïðîáëåì, èëè îôîðìëåíèå
íåêîòîðûõ ðåøåíèé â ñèñòåìå TEX. Ó æþðè áåñêîíå÷íî ìíîãî áî-
áîâ. Ðåøåíèÿ ìîæíî ñäàâàòü è óñòíî, îòäàâàÿ îäèí áîá çà êàæäûå
ïÿòü ïîïûòîê (íåâàæíî, óäà÷íûõ èëè íåò).

Åñëè óñëîâèå çàäà÷è ÿâëÿåòñÿ ôîðìóëèðîâêîé óòâåðæäåíèÿ, òî
â çàäà÷å òðåáóåòñÿ ýòî óòâåðæäåíèå äîêàçàòü. Çàãàäêîé íàçûâàåòñÿ
íå ñôîðìóëèðîâàííûé ÷åòêî âîïðîñ; çäåñü íóæíî ïðèäóìàòü è ÷åò-
êóþ ôîðìóëèðîâêó, è äîêàçàòåëüñòâî. Åñëè çàäà÷à âûäåëåíà ñëîâîì
¾òåîðåìà¿ (¾ëåììà¿, ¾ñëåäñòâèå¿ è ò. ä.) è æèðíûì øðèôòîì, òî
å¼ óòâåðæäåíèå áîëåå âàæíîå. Êàê ïðàâèëî, ìû ïðèâîäèì (â âèäå
çàäà÷è) ôîðìóëèðîâêó êðàñèâîãî èëè âàæíîãî óòâåðæäåíèÿ ïåðåä
åãî äîêàçàòåëüñòâîì. Â òàêèõ ñëó÷àÿõ äëÿ äîêàçàòåëüñòâà óòâåð-
æäåíèÿ ìîãóò ïîòðåáîâàòüñÿ ïîñëåäóþùèå çàäà÷è. Åñëè Âû çàñòðÿ-
ëè íà êàêîé-òî äðóãîé çàäà÷å, òàêæå ïåðåéäèòå ê ñëåäóþùèì, îíè
ìîãóò ïîìî÷ü. Ïðèãëàøàåì Âàñ îáñóæäàòü ñ æþðè âîçíèêàþùèå
âîïðîñû. Îñîáî óñïåøíûì ðåøàòåëÿì ìû âûäàåì äîïîëíèòåëüíûå
çàäà÷è äëÿ èññëåäîâàíèÿ.

Ïîæàëóéñòà, ñîîáùèòå íàì, åñëè Âû óæå çíàåòå ðåøåíèÿ íåñêîëü-
êèõ ïðåäëîæåííûõ çàäà÷. Åñëè Âû ïîäòâåðäèòå ñâîè çíàíèÿ, ñî-
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îáùèâ íàì ðåøåíèÿ íåêîòîðûõ èç íèõ, Âàì áóäåò ðàçðåøåíî íå
ïîëó÷àòü ïëþñû ïî âñåì ýòèì çàäà÷àì, íî ïîëüçîâàòüñÿ èìè ïðè
ðåøåíèè îñòàëüíûõ.

2 Äîêàçàòåëüñòâà íåðàçðåøèìîñòè â çàäà÷àõ

Â ýòîì òåêñòå ¾ìíîãî÷ëåí ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè¿ êî-
ðîòêî íàçûâàåòñÿ ìíîãî÷ëåíîì. Îáîçíà÷èì

εq := cos(2π/q) + i sin(2π/q).

2.1 Îäíî èçâëå÷åíèå êâàäðàòíîãî êîðíÿ (1-2)

2.1.1. Ïðåäñòàâèìî ëè ñëåäóþùåå ÷èñëî â âèäå a+
√
b, ãäå a, b ∈

Q:
(a)

√
3 + 2

√
2; (b) 1

7+5
√
2
; (c)

3
√
7 + 5

√
2; (d) 3

√
2;

(e)
√
2+ 3

√
2; (f)

√
2 +

√
2; (g)

√
2+

√
3+

√
5; (h) cos(2π/9)?

Äëÿ ï. (g) âàì ïîòðåáóþòñÿ èäåè èç �2.4.

Ëåììà 2.1.2 (î ðàñøèðåíèè). Ïóñòü ÷èñëî ìîæíî ïîëó÷èòü èç
÷èñëà 1 ïðè ïîìîùè íåñêîëüêèõ îïåðàöèé ñëîæåíèé, âû÷èòàíèé,
óìíîæåíèé, äåëåíèé íà íåíóëåâûå ÷èñëà, è îäíîé îïåðàöèè èçâëå-
÷åíèÿ êâàäðàòíîãî êîðíÿ èç ïîëîæèòåëüíîãî ÷èñëà (ò.å. ÷èñëî âå-
ùåñòâåííî ïîñòðîèìî ñ èçâëå÷åíèåì êîðíÿ òîëüêî îäèí ðàç). Òîãäà
îíî èìååò âèä a±

√
b, ãäå a, b ∈ Q è b > 0.

Ëåììà 2.1.3. Ïóñòü r ∈ R−Q è r2 ∈ Q.
(a) Î íåïðèâîäèìîñòè. Ìíîãî÷ëåí x2− r2 íåïðèâîäèì íàä Q.
(b) Î ëèíåéíîé íåçàâèñèìîñòè. Åñëè a, b ∈ Q è a + br = 0,

òî a = b = 0.
(c) Åñëè ìíîãî÷ëåí P èìååò êîðåíü r, òî P äåëèòñÿ íà x2 − r2.
(d) Î ñîïðÿæåíèè. Åñëè ìíîãî÷ëåí èìååò êîðåíü r, òî êîðíåì

ýòîãî ìíîãî÷ëåíà ÿâëÿåòñÿ òàêæå ÷èñëî −r.
(e) Î ñîïðÿæåíèè. Åñëè a, b ∈ Q è ìíîãî÷ëåí èìååò êîðåíü

a+ br, òî êîðíåì ýòîãî ìíîãî÷ëåíà ÿâëÿåòñÿ òàêæå ÷èñëî a− br.
(f) Åñëè a, b ∈ Q è êóáè÷åñêèé ìíîãî÷ëåí èìååò êîðåíü a + br,

òî îí èìååò ðàöèîíàëüíûé êîðåíü.
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Òåîðåìà 2.1.4. Åñëè ìíîãî÷ëåí ñòåïåíè âûøå âòîðîé íåïðèâî-
äèì íàä Q, òî íè îäèí èç åãî êîðíåé íå ïðåäñòàâèì â âèäå a±

√
b,

ãäå a, b ∈ Q.

2.2 Îäíî èçâëå÷åíèå êîðíÿ òðåòüåé ñòåïåíè

2.2.1. Ïðåäñòàâèìî ëè ñëåäóþùåå ÷èñëî â âèäå a+ b 3
√
2 + c 3

√
4,

ãäå a, b, c ∈ Q:
(a)

√
3; (b) 1

1+5 3√2+ 3√4
; (c) cos(2π/9); (d) 5

√
3; (e) 3

√
3;

(f) íàèáîëüøèé âåùåñòâåííûé êîðåíü ìíîãî÷ëåíà x3 − 4x+ 2;
(g)∗ åäèíñòâåííûé âåùåñòâåííûé êîðåíü ìíîãî÷ëåíà x3−6x−6;
(h)∗ åäèíñòâåííûé âåùåñòâåííûé êîðåíü ìíîãî÷ëåíà x3−9x−12?

Ëåììà 2.2.2. Ïóñòü r ∈ R−Q è r3 ∈ Q.
(a) Î íåïðèâîäèìîñòè. Ìíîãî÷ëåí x3− r3 íåïðèâîäèì íàä Q.
(b)Î ëèíåéíîé íåçàâèñèìîñòè. Åñëè a, b, c ∈ Q è a+br+cr2 =

0, òî a = b = c = 0.
(b′) Î ëèíåéíîé íåçàâèñèìîñòè íàä Q[ε3]. Åñëè

k, l,m ∈ Q[ε3] := {u+ vε3 : u, v ∈ Q}

è k + lr +mr2 = 0, òî k = l = m = 0.
(c) Åñëè ìíîãî÷ëåí èìååò êîðåíü r, òî ýòîò ìíîãî÷ëåí äåëèòñÿ

íà x3 − r3.
(d)Î ñîïðÿæåíèè. Åñëè ìíîãî÷ëåí èìååò êîðåíü r, òî êîðíÿìè

ýòîãî ìíîãî÷ëåíà ÿâëÿþòñÿ òàêæå ÷èñëà ε3r è ε23r.
(e) Î ñîïðÿæåíèè. Åñëè a, b, c ∈ Q è ìíîãî÷ëåí èìååò êîðåíü

x0 := a + br + cr2, òî êîðíÿìè ýòîãî ìíîãî÷ëåíà ÿâëÿþòñÿ òàêæå
÷èñëà

x1 := a+ bε3r + cε23r
2 è x2 := a+ bε23r + cε3r

2.

(f) Î ðàöèîíàëüíîñòè. Åñëè a, b, c ∈ Q, òî ÷èñëî a + br + cr2

ÿâëÿåòñÿ êîðíåì íåêîòîðîãî íåíóëåâîãî ìíîãî÷ëåíà ñòåïåíè 3.

Òåîðåìà 2.2.3. Ïóñòü ìíîãî÷ëåí íåïðèâîäèì íàä Q è ëèáî åãî
ñòåïåíü îòëè÷íà îò 3 è 1, ëèáî îí èìååò áîëåå îäíîãî âåùåñòâåííîãî
êîðíÿ. Òîãäà íè îäèí èç åãî êîðíåé íå ïðåäñòàâèì â âèäå a+br+cr2,
ãäå r ∈ R−Q è a, b, c, r3 ∈ Q.
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Ëåììà 2.2.4 (î ðàñøèðåíèè). ×èñëî, âåùåñòâåííî ðàäèêàëü-
íîå ñ èçâëå÷åíèåì êîðíÿ òîëüêî îäèí ðàç, ïðè÷¼ì òðåòüåé ñòåïåíè,
èìååò âèä a+ br + cr2, ãäå r ∈ R è a, b, c, r3 ∈ Q.

2.3 Îäíî èçâëå÷åíèå êîðíÿ ïðîñòîé ñòåïåíè

2.3.1. Ïðåäñòàâèìî ëè ñëåäóþùåå ÷èñëî â âèäå

a0 + a1
7
√
2 + a2

7
√
22 + . . .+ a6

7
√
26,

ãäå a0, a1, a2, . . . , a6 ∈ Q?
(a)

√
3; (b) cos 2π

21 ; (c) 11
√
3; (d) 7

√
3;

(e) êàêîé-íèáóäü èç êîðíåé ìíîãî÷ëåíà x7 − 4x+ 2.

Ëåììà 2.3.2. Ïóñòü q ïðîñòîå, r ∈ R−Q è rq ∈ Q.
(a) Î íåïðèâîäèìîñòè. Ìíîãî÷ëåí xq − rq íåïðèâîäèì íàä Q.
(b) Î ëèíåéíîé íåçàâèñèìîñòè. Åñëè A�ìíîãî÷ëåí ñòåïåíè

ìåíüøå q è A(r) = 0, òî A = 0.
(c)Î ñîïðÿæåíèè. Åñëè ìíîãî÷ëåí èìååò êîðåíü r, òî îí èìååò

òàêæå êîðíè rεkq äëÿ êàæäîãî k = 1, 2, 3, . . . , q − 1.
(d) Î ðàöèîíàëüíîñòè. Åñëè A�ìíîãî÷ëåí, òî ÷èñëî A(r) ÿâ-

ëÿåòñÿ êîðíåì íåêîòîðîãî íåíóëåâîãî ìíîãî÷ëåíà ñòåïåíè íå âûøå
q.

Îáîçíà÷èì

Q[εq] := {a0 + a1εq + a2ε
2
q + . . .+ aq−2ε

q−2
q : a0, . . . , aq−2 ∈ Q}.

2.3.3. Ïóñòü q ïðîñòîå, r ∈ C−Q[εq] è rq ∈ Q[εq].
(a) Ìíîãî÷ëåí xq − rq íåïðèâîäèì íàä Q[εq].
(b), (c) Äîêàæèòå àíàëîãè ïóíêòîâ (b), (c) ïðåäûäóùåé çàäà÷è

äëÿ ìíîãî÷ëåíà ñ êîýôôèöèåíòàìè â Q[εq].

Ëåììà 2.3.4. * Ïóñòü q ïðîñòîå, r ∈ R−Q è rq ∈ Q.
(a) Î íåïðèâîäèìîñòè íàä Q[εq]. Ìíîãî÷ëåí xq − rq íåïðèâî-

äèì íàä Q[εq].
(b) Î ëèíåéíîé íåçàâèñèìîñòè íàä Q[εq]. Åñëè A�ìíîãî-

÷ëåí ñòåïåíè ìåíüøå q ñ êîýôôèöèåíòàìè â Q[εq] è A(r) = 0, òî
A = 0.
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Òåîðåìà 2.3.5. Ïóñòü ìíîãî÷ëåí íåïðèâîäèì íàä Q è ëèáî åãî
ñòåïåíü îòëè÷íà îò ïðîñòîãî q è îò 1, ëèáî îí èìååò áîëåå îäíîãî
âåùåñòâåííîãî êîðíÿ. Òîãäà íè îäèí èç åãî êîðíåé íå ïðåäñòàâèì â
âèäå A(r) äëÿ íåêîòîðûõ r ∈ R−Q è ìíîãî÷ëåíà A ∈ Q[x], ïðè÷¼ì
rq ∈ Q.

Ëåììà 2.3.6 (î ðàñøèðåíèè). ×èñëî, âåùåñòâåííî ðàäèêàëüíîå
ñ èçâëå÷åíèåì êîðíÿ òîëüêî îäèí ðàç, ðàâíî A(r) äëÿ íåêîòîðûõ
A ∈ Q[x] è r ∈ R, ïðè÷¼ì rq ∈ Q äëÿ íåêîòîðîãî q ∈ Z.

Òàêèì îáðàçîì, åñëè ìíîãî÷ëåí ïðîñòîé ñòåïåíè, áîëüøåé 2,
íåïðèâîäèì íàä Q è èìååò áîëåå îäíîãî âåùåñòâåííîãî êîðíÿ, òî
íè îäèí èç ýòèõ êîðíåé íå ÿâëÿåòñÿ âåùåñòâåííî ðàäèêàëüíûì ñ
èçâëå÷åíèåì êîðíÿ òîëüêî îäèí ðàç.

2.4 Íåñêîëüêî èçâëå÷åíèé êâàäðàòíûõ êîðíåé

2.4.1. Ñóùåñòâóþò ëè ðàöèîíàëüíûå ÷èñëà a, b, c, d, äëÿ êîòî-
ðûõ 3

√
2 ðàâíî

(a) a+ b 4
√
2 + c

√
2 + d 4

√
8; (b)

a+
√
b

c+
√
b
; (c) a+

√
b+

√
c;

(d) a+
√

b+
√
c; (e) a+

√
b+

√
c+

√
d?

2.4.2. (a) ×èñëî 3
√
2 íå ÿâëÿåòñÿ âåùåñòâåííî ðàäèêàëüíûì ñ

èçâëå÷åíèåì êîðíåé òîëüêî êâàäðàòíûõ è òîëüêî äâà ðàçà.
(b) ×èñëî cos(2π/9) íå ÿâëÿåòñÿ âåùåñòâåííî ðàäèêàëüíûì ñ

èçâëå÷åíèåì êîðíåé òîëüêî äâà ðàçà.

Åñëè F ⊂ C, r ∈ C è rq ∈ F äëÿ íåêîòîðîãî öåëîãî ïîëîæèòåëü-
íîãî q, òî îáîçíà÷èì

F [r] := {a0 + a1r + a2r
2 + . . .+ aq−1r

q−1 | a0, . . . , aq−1 ∈ F}.

Â ýòîì òåêñòå ïîëåì íàçûâàåòñÿ ïîäìíîæåñòâî ìíîæåñòâà C, çà-
ìêíóòîå îòíîñèòåëüíî îïåðàöèé ñëîæåíèÿ, óìíîæåíèÿ, âû÷èòàíèÿ
è äåëåíèÿ íà íåíóëåâîå ÷èñëî. Îáùåïðèíÿòîå íàçâàíèå: ÷èñëîâîå
ïîëå (à ïîëåì â ìàòåìàòèêå íàçûâàåòñÿ áîëåå îáùèé îáúåêò). Ýòî
ïîíÿòèå ïîëåçíî äëÿ íàñ òåì, ÷òî òåîðåìà äåëåíèè ñ îñòàòêîì âåðíà
äëÿ ìíîãî÷ëåíîâ ñ êîýôôèöèåíòàìè â ïîëå.

Ëåììà 2.4.3 (î ðàäèêàëüíîì ðàñøèðåíèè). Åñëè ÷èñëî a ∈ C
ðàäèêàëüíî, òî íåêîòîðîå ñîäåðæàùåå åãî ïîëå ìîæíî ïîëó÷èòü èç
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Q ñëåäóþùèìè îïåðàöèÿìè: çàìåíèòü ïîëå F íà F [r] äëÿ íåêîòî-
ðîãî r ∈ C òàêîãî, ÷òî rq ∈ F äëÿ íåêîòîðîãî ïðîñòîãî q.

2.4.4. (a�d) Äîêàæèòå àíàëîãè óòâåðæäåíèé 2.3.2.(a�d) ñ çàìå-
íîé Q íà ïðîèçâîëüíîå ïîëå è ìíîãî÷ëåíû íàä Q íà ìíîãî÷ëåíû
íàä ýòèì ïîëåì.

Ëåììà 2.4.5. Ïóñòü q ïðîñòîå, F ⊂ R�ïîëå, r ∈ R− F è rq ∈
F . Åñëè ìíîãî÷ëåí ñ êîýôôèöèåíòàìè â F ñòåïåíè 3 èìååò òðè
âåùåñòâåííûõ êîðíÿ, íè îäèí èç êîòîðûõ íå ëåæèò â F , òî íè îäèí
èç åãî êîðíåé íå ëåæèò â F [r].

2.5 Ê òåîðåìå Êðîíåêåðà

Â ýòîì ïóíêòå q > 2 � ïðîñòîå ÷èñëî, r ∈ C � êîìïëåêñíîå ÷èñëî,
F ⊂ C � ïîëå, ñîäåðæàùåå ε = εq è rq, íî íå ñîäåðæàùåå r.

Ëåììà 2.5.1. (a) Íåïðèâîäèìîñòü. Ìíîãî÷ëåí tq − rq ∈ F [t]
íåïðèâîäèì íàä F .

(b) Ëèíåéíàÿ íåçàâèñèìîñòü. Åñëè P (r) = 0 äëÿ íåêîòîðîãî
ìíîãî÷ëåíà P ∈ F [t] ñòåïåíè ìåíüøå q, òî P = 0.

(c) Ñîïðÿæåíèå. Åñëè P (r) = 0 äëÿ íåêîòîðîãî ìíîãî÷ëåíà
P ∈ F [t], òî P (rεk) = 0 äëÿ ëþáîãî k = 1, . . . , q − 1.

(d) Ïàðàìåòðè÷åñêîå ñîïðÿæåíèå. Åñëè P ∈ F [x, t], ïðè÷¼ì
P (x, r) = 0 êàê ìíîãî÷ëåí îò x, òî P (x, rεk) = 0 êàê ìíîãî÷ëåí îò
x ïðè ëþáîì k = 0, 1, . . . , q − 1.

(e) Ðàöèîíàëüíîñòü. Äëÿ ëþáîãî H ∈ F [x, t] âåðíî, ÷òî

H(x, r)H(x, εr) . . .H(x, εq−1r) ∈ F [x].

(f) Âåùåñòâåííîñòü. Ïóñòü F = F , à òàêæå r ∈ R èëè |r|2 ∈
F . Òîãäà ñðåäè çíà÷åíèé A(rεk) ìíîãî÷ëåíà A ∈ F [t] ïðè k =
0, 1, . . . , q − 1 ëèáî íå áîëåå îäíî ÿâëÿåòñÿ âåùåñòâåííûì, ëèáî âñå
ýòè çíà÷åíèÿ âåùåñòâåííû.

2.5.2. (a) ÏóñòüH ∈ F [x, t] èH(x, r) íåïðèâîäèì íàä F [r]. Òîãäà
äëÿ ëþáîãî k = 0, 1, . . . , q−1 ìíîãî÷ëåíH(x, rεk) òàêæå íåïðèâîäèì
íàä F [r].

(b) ÏóñòüH ∈ F [x, t] èH(x, r) � íåïðèâîäèìûé íàä F [r] ìíîæè-
òåëü íàä F [r] íåïðèâîäèìîãî íàä F ìíîãî÷ëåíà G ∈ F [x], ïðè÷åì

10



0 < degH(x, r) < degG. Òîãäà G äåëèòñÿ íàä F íà ïðîèçâåäåíèå

H(x, r)H(x, εr) . . .H(x, εq−1r).

(c) Åñëè â óñëîâèÿõ ï. (b) degG ïðîñòîå, òî ñóùåñòâóåò òàêîé
ìíîãî÷ëåí A ∈ F [t], ÷òî êîðíè ìíîãî÷ëåíà G ðàâíû A(rεk) ïðè
k = 0, 1, . . . , q − 1.

Ëåììà 2.5.3 (î ñîõðàíåíèè íåïðèâîäèìîñòè). Ïóñòü F = F , à
òàêæå r ∈ R èëè |r|2 ∈ F , ïðè÷åì ìíîãî÷ëåí G ∈ F [t] ïðîñòîé ñòå-
ïåíè èìååò áîëåå îäíîãî âåùåñòâåííîãî êîðíÿ è íå ìåíåå îäíîãî íå
âåùåñòâåííîãî. Åñëè ïðè ýòîì G íåïðèâîäèì íàä F , òî G íåïðèâî-
äèì íàä F [r].

Ëåììà 2.5.4 (î õèòðîì ðàäèêàëüíîì ðàñøèðåíèè). (a) Åñëè
÷èñëî a ∈ C ðàäèêàëüíî, òî íåêîòîðîå ñîäåðæàùåå åãî ïîëå ìîæíî
ïîëó÷èòü èç Q ñëåäóþùèìè îïåðàöèÿìè: çàìåíèòü ïîëå F íà F [r]
äëÿ íåêîòîðîãî r ∈ C, òàêîãî, ÷òî r ∈ R èëè |r|2 ∈ F , ïðè÷åì rq ∈ F
äëÿ íåêîòîðîãî ïðîñòîãî q.

(b) Òî æå, ÷òî â ï. (a), ñ çàìåíîé rq ∈ F íà rq, ε ∈ F .

Â äîêàçàòåëüñòâå ï. (b) ìîæíî èñïîëüçîâàòü áåç äîêàçàòåëüñòâà
ñëåäóþùèé ðåçóëüòàò (åãî ýëåìåíòàðíîå äîêàçàòåëüñòâî íà îäíîé
ñòðàíèöå ñì. â [ZSS, �5], [Sk21m, �8.4.D], [Sk21y]).

Òåîðåìà 2.5.5 (òåîðåìà Ãàóññà î ïîíèæåíèè ñòåïåíè). Åñëè q
ïðîñòîå, òî ÷èñëî ε ðàäèêàëüíî ñ èñïîëüçîâàíèåì ëèøü êîðíåé ñòå-
ïåíè q − 1.

2.6 Ðåøåíèÿ çàäà÷ äî ïðîìåæóòî÷íîãî ôèíèøà

2.1.1. Îòâåòû: (a), (b), (c) � äà, (d), (e), (f), (g), (h) � íåò.

(a), (c) Èìååì
√
3 + 2

√
2 =

3
√
7 + 5

√
2 = 1 +

√
2.

(b) Èìååì 1
7+5

√
2
= 7−5

√
2

72−2·52 = −7 + 5
√
2.

(d) Ïóñòü ÷èñëî 3
√
2 ïðåäñòàâèìî. Òîãäà

2 = (
3
√
2)3 = (a3 + 3ab) + (3a2 + b)

√
b.

Òàê êàê 3a2 + b ̸= 0, òî
√
b ∈ Q. Çíà÷èò, 3

√
2 ∈ Q�ïðîòèâîðå÷èå.

Äðóãîé ñïîñîá � àíàëîãè÷íî òåîðåìå 2.1.4.
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(e) Íàáðîñîê ïåðâîãî ðåøåíèÿ. Ïðåäïîëîæèì ïðîòèâíîå è âîç-
âåäåì â êóá ðàâåíñòâî 3

√
2 = a+

√
b−

√
2.

Íàáðîñîê âòîðîãî ðåøåíèÿ. Äîêàæåì, ÷òî

3
√
2 ̸= a+ p

√
b+ q

√
c+ r

√
bc íè äëÿ êàêèõ a, b, c, p, q, r ∈ Q.

Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî 3
√
2 ̸= u + v

√
c íè äëÿ êàêèõ

÷èñåë u, v, c ∈ Q[
√
b] := {x + y

√
b : x, y ∈ Q}. Èäåÿ äîêàçàòåëüñòâà

ñîñòîèò â òîì, ÷òî ÷èñëà èç Q[
√
b] (ñ ôèêñèðîâàííûì b) ¾íè÷óòü

íå õóæå¿ ðàöèîíàëüíûõ ÷èñåë, ò. å. ñóììà, ðàçíîñòü, ïðîèçâåäåíèå
è ÷àñòíîå ÷èñåë èç Q[

√
b] òîæå ÿâëÿþòñÿ ÷èñëàìè èç Q[

√
b] (èëè,

ãîâîðÿ íàó÷íî, Q[
√
b] � ÷èñëîâîå ïîëå). Ïîýòîìó ìîæíî äîêàçûâàòü

óòâåðæäåíèå àíàëîãè÷íî óòâåðæäåíèþ (d).
Íàáðîñîê òðåòüåãî ðåøåíèÿ. Ïóñòü

√
2+ 3

√
2 = a+

√
b äëÿ íåêî-

òîðûõ a, b ∈ Q. Ýòî ÷èñëî ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà P (x) :=
((x−

√
2)3−2)((x+

√
2)3−2) ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè. Ïî

ëåììå î ñîïðÿæåíèè 2.1.3 (e) äëÿ r =
√
b, ìíîãî÷ëåí P èìååò êîðåíü

a−
√
b. Òàê êàê

√
b ̸∈ Q, òî êîðíè a±

√
b ðàçëè÷íû. Íî ó ìíîãî÷ëåíà

P òîëüêî äâà âåùåñòâåííûõ êîðíÿ:
√
2 + 3

√
2 è −

√
2 + 3

√
2. Ïîýòîìó

a +
√
b =

√
2 + 3

√
2 è a −

√
b = −

√
2 + 3

√
2. Îòñþäà 3

√
2 = a ∈ Q.

Ïðîòèâîðå÷èå.
(f) Íàáðîñîê ïåðâîãî ðåøåíèÿ. Ïðåäïîëîæèì ïðîòèâíîå è âîçâå-

äåì â êâàäðàò ðàâåíñòâî
√
2 +

√
2 = a+

√
b.

Íàáðîñîê âòîðîãî ðåøåíèÿ. Êîðíÿìè ìíîãî÷ëåíà P (x) := (x2 −
2)2 − 2 ÿâëÿþòñÿ ÷åòûðå ÷èñëà ±

√
2±

√
2, ãäå çíàêè + è − íå îáÿ-

çàòåëüíî ñîãëàñîâàíû. Âñå ýòè ÷èñëà èððàöèîíàëüíû. Çíà÷èò, ïî
òåîðåìå 2.1.4 äîñòàòî÷íî äîêàçàòü, ÷òî ìíîãî÷ëåí P íå ðàçëàãàåò-
ñÿ â ïðîèçâåäåíèå äâóõ êâàäðàòíûõ òðåõ÷ëåíîâ ñ ðàöèîíàëüíûìè
êîýôôèöèåíòàìè. Ýòà íåðàçëîæèìîñòü ñëåäóåò èç òîãî, ÷òî ïðîèç-
âåäåíèå ëþáûõ äâóõ êîðíåé ìíîãî÷ëåíà P èððàöèîíàëüíî.

(h) Ïóñòü ÷èñëî cos(2π/9) ïðåäñòàâèìî. Òîãäà îíî ÿâëÿåòñÿ êîð-
íåì óðàâíåíèÿ 4x3 − 3x = −1

2 . Ïî ñëåäñòâèþ 2.1.3(f) ýòî óðàâíåíèå
èìååò ðàöèîíàëüíûé êîðåíü. Ïðîòèâîðå÷èå.

2.1.2. Îáîçíà÷èì ÷åðåç
√
c ÷èñëî, ïîëó÷åííîå ïðè åäèíñòâåííîì

èçâëå÷åíèè êîðíÿ, ãäå c ∈ Q. Äîêàæåì, ÷òî âñå ïîëó÷åííûå ÷èñëà
èìåþò âèä a+b

√
c, ãäå a, b ∈ Q. Äîñòàòî÷íî äîêàçàòü, ÷òî ìíîæåñòâî

÷èñåë òàêîãî âèäà çàìêíóòî îòíîñèòåëüíî ñëîæåíèÿ, âû÷èòàíèÿ,
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óìíîæåíèÿ è äåëåíèÿ. Ýòî íåî÷åâèäíî òîëüêî â ñëó÷àå äåëåíèÿ,
äëÿ êîòîðîãî îíî ñëåäóåò èç ðàâåíñòâà (a+b

√
c)(a−b

√
c) = a2−b2c.

2.1.3. (a) Åñëè ìíîãî÷ëåí x2 − r2 ïðèâîäèì íàä Q, òî îí èìååò
ðàöèîíàëüíûé êîðåíü. Ïðîòèâîðå÷èå.

(b) Åñëè b ̸= 0, òî r = −a/b ∈ Q, ÷òî íåâîçìîæíî. Ïîýòîìó b = 0,
à çíà÷èò, a = 0.

(c) Ïîäåëèì ìíîãî÷ëåí ñ îñòàòêîì1 íà x2 − r2:

P (x) = (x2 − r2)Q(x) +mx+ n.

Ïîäñòàâëÿÿ x = r, ïî ëåììå î ëèíåéíîé íåçàâèñèìîñòè (ñì. ï. (b))
ïîëó÷àåì, ÷òî îñòàòîê íóëåâîé.

(d) Èç ï. (c) ñëåäóåò, ÷òî åñëè R2 = r2, òî R åñòü êîðåíü ìíîãî-
÷ëåíà.

(e) Îáîçíà÷èì ÷åðåç P ìíîãî÷ëåí èç óñëîâèÿ, è ïóñòüG(t):=P (a+
bt). Òîãäà G(r) = 0. Çíà÷èò, ïî ïóíêòó (d) èìååì G(−r) = 0.

(f) Åñëè b = 0, òî óòâåðæäåíèå äîêàçàíî. Â ïðîòèâíîì ñëó÷àå
ïî ï. (e) ìíîãî÷ëåí èìååò (ðàçëè÷íûå) êîðíè a± br, çíà÷èò òðåòèé
êîðåíü ðàöèîíàëåí ïî òåîðåìå Âèåòà.

2.1.4. Ïóñòü, íàïðîòèâ, äàííûé ìíîãî÷ëåí P èìååò êîðåíü x0 =
a ±

√
b, ãäå

√
b ̸∈ Q. Ïî ëåììå 2.1.3 (e) î ñîïðÿæåíèè è àíàëîãè÷íî

åé, êîðíåì ìíîãî÷ëåíà P ÿâëÿåòñÿ òàêæå ÷èñëî x1 = a ∓
√
b. Ïðè

b = 0 óòâåðæäåíèå î÷åâèäíî. Ïîýòîìó ñ÷èòàåì, ÷òî b ̸= 0. Òîãäà
x0 ̸= x1. Çíà÷èò, P (x) äåëèòñÿ íà (x− a)2 − b. Òàê êàê degP > 2, òî
ìíîãî÷ëåí P ïðèâîäèì. Ïðîòèâîðå÷èå.

2.2.1. Îòâåòû: (a), (c), (d), (e), (f), (h) � íåò, (b), (g) � äà.
Îáîçíà÷èì r := 3

√
2.

(a) Ïóñòü ÷èñëî
√
3 ïðåäñòàâèìî.

Ïåðâîå ðåøåíèå. Òîãäà

3 = (a2 + 4bc) + (2ab+ 2c2)
3
√
2 + (2ac+ b2)

3
√
4.

Òàê êàê ìíîãî÷ëåí x3 − 2 íå èìååò ðàöèîíàëüíûõ êîðíåé, òî îí
íåïðèâîäèì íàä Q. Çíà÷èò, 2ab + 2c2 = 2ac + b2 = 0 (ñð. ñ çàäà÷åé

1Ýòî äåëåíèå ñ îñòàòêîì� òî æå ñàìîå, ÷òî ¾çàìåíà¿ x2 íà r2.

13



2.2.2 (b)). Ïîýòîìó b3 = −2abc = 2c3. Òîãäà ëèáî b = c = 0, ëèáî
3
√
2 = b/c. Îáà ñëó÷àÿ íåâîçìîæíû.
Âòîðîå ðåøåíèå. Îáîçíà÷èì P (x):=x2 − 3. Ïî ëåììå 2.2.2 (e)

î ñîïðÿæåíèè P èìååò òðè êîðíÿ x0, x1, x2, ââåä¼ííûõ â ôîðìóëè-
ðîâêå ëåììû. Òàê êàê íè îäèí èç íèõ íå ðàöèîíàëåí, òî ðàâåíñòâî
b = c = 0 íåâîçìîæíî. Çíà÷èò, ïî ëåììå î ëèíåéíîé íåçàâèñèìîñòè
íàä Q[ε3] 2.2.2 (b

′) ýòè êîðíè ðàçëè÷íû. Ïðîòèâîðå÷èå.
(b) Èìååì (1+ 5 3

√
2+ 3

√
4)(3+ 3

√
2− 8 3

√
4) = −75. (Ýòî ðàâåíñòâî

íåñëîæíî ïîëó÷èòü ìåòîäîì íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ èëè
ïðè ïîìîùè àëãîðèòìà Åâêëèäà äëÿ ìíîãî÷ëåíîâ x3−2 è x2+5x+1,
ñì. ðåøåíèå çàäà÷è 2.2.4.) Ïîýòîìó

1

1 + 5 3
√
2 + 3

√
4
= − 1

25
− 1

75
· 3
√
2 +

8

75
· ( 3
√
2)2.

(c) Ïóñòü ÷èñëî cos(2π/9) ïðåäñòàâèìî. Îíî ÿâëÿåòñÿ êîðíåì
óðàâíåíèÿ 4x3−3x = −1

2 . Äâà äðóãèõ åãî âåùåñòâåííûõ êîðíÿ åñòü
cos(8π/9) è cos(4π/9).

Ïðèìåíèì âòîðîå ðåøåíèå ïóíêòà (a) äëÿ P (x) := 8x3 − 6x− 1.
Ïîëó÷èì, ÷òî êîðíè x0, x1, x2 ðàçëè÷íû. Òàê êàê ε3 = ε23, òî x2 =
x1. Çíà÷èò, x2 è x1 íå ìîãóò áûòü âåùåñòâåííûìè è ðàçëè÷íûìè.
Ïðîòèâîðå÷èå.

(f) Äîêàçàòåëüñòâî àíàëîãè÷íî ï. (c).

2.2.2. (a) Åñëè ìíîãî÷ëåí x3 − r3 ïðèâîäèì íàä Q, òî îí èìååò
ðàöèîíàëüíûé êîðåíü. Ïðîòèâîðå÷èå.

(b) Ïðåäïîëîæèì ïðîòèâíîå. Ïîäåëèì x3 − r3 íà a + bx + cx2

ñ îñòàòêîì. Ïî ï. (a) îñòàòîê íåíóëåâîé. Îáà ìíîãî÷ëåíà x3 − r3

è a + bx + cx2 èìåþò êîðåíü x = r. Çíà÷èò, îñòàòîê èìååò êîðåíü
x = r. Ñëåäîâàòåëüíî, îñòàòîê èìååò èððàöèîíàëüíûé êîðåíü. Ïðî-
òèâîðå÷èå ñ òåì, ÷òî ñòåïåíü îñòàòêà ðàâíà 1.

(b′) Ðàññìîòðèòå âåùåñòâåííóþ è ìíèìóþ ÷àñòè.
Çàìå÷àíèå. Ýòî óòâåðæäåíèå ðàâíîñèëüíî íåïðèâîäèìîñòè ìíî-

ãî÷ëåíà x3 − r3 íàä Q[ε3]. Åñëè ìíîãî÷ëåí x3 − r3 íåïðèâîäèì íàä
Q[ε3], òî ìíîãî÷ëåí k + lx+mx2 ∈ Q[ε3][x] íå ìîæåò èìåòü êîðåíü
r. Åñëè ìíîãî÷ëåí x3− r3 ïðèâîäèì íàä Q[ε3], òî îäèí èç ñîìíîæè-
òåëåé äàåò ëèíåéíóþ çàâèñèìîñòü ÷èñåë 1, r, r2 íàä Q[ε3].
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(c) Ïîäåëèì ìíîãî÷ëåí ñ îñòàòêîì íà x3− r3. Ïîäñòàâëÿÿ x = r,
ïî ëåììå î ëèíåéíîé íåçàâèñèìîñòè ï. (b) ïîëó÷àåì, ÷òî îñòàòîê
íóëåâîé.

(d) Ïî ï. (c) ïîëó÷àåì, ÷òî åñëè R3 = r3, òî R åñòü êîðåíü ìíî-
ãî÷ëåíà.

(e) Îáîçíà÷èì ÷åðåç P ìíîãî÷ëåí èç óñëîâèÿ, è ïóñòüG(t):=P (a+
bt+ct2). ÒîãäàG(r) = 0. Çíà÷èò, ïî ï. (d) èìååìG(rε3) = 0 = G(rε23).

(f) Ïåðâîå äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå
äëÿ a = 0. Äëÿ ÷èñëà t = br + cr2 âûïîëíåíî ðàâåíñòâî t3 = b3r3 +
c3r6 + 3bcr3t.

Èíûìè ñëîâàìè, ââèäó òîãî, ÷òî u3+ v3+w3− 3uvw äåëèòñÿ íà
u+ v + w, ÷èñëî a+ br + cr2 ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà

(x− a)3 − 3bcr3(x− a)− b3r3 − c3r6.

Âòîðîå äîêàçàòåëüñòâî. Îáîçíà÷èì x0 = a+br+cr2. Ðàçëîæèì
÷èñëà xk0 ïðè k = 0, 1, 2, 3 ïî ñòåïåíÿì ÷èñëà r:

xk0 = ak + bkr + ckr
2.

Äîñòàòî÷íî íàéòè ÷èñëà λ0, λ1, λ2, λ3 ∈ Q, íå âñå èç êîòîðûõ ðàâíû
íóëþ, óäîâëåòâîðÿþùèå óñëîâèþ λ0 + λ1x0 + λ2x

2
0 + λ3x

3
0 = 0. Äëÿ

ýòîãî íóæíî, ÷òîáû ýòè ÷èñëà óäîâëåòâîðÿëè ñèñòåìå óðàâíåíèé
λ0a0 + . . .+ λ3a3 = 0,

λ0b0 + . . .+ λ3b3 = 0,

λ0c0 + . . .+ λ3c3 = 0.

Êàê èçâåñòíî, îäíîðîäíàÿ (ò. å. ñ íóëåâûìè ïðàâûìè ÷àñòÿìè) ñè-
ñòåìà ëèíåéíûõ óðàâíåíèé ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, â êî-
òîðîé óðàâíåíèé ìåíüøå, ÷åì ïåðåìåííûõ, èìååò íåòðèâèàëüíîå ðà-
öèîíàëüíîå ðåøåíèå. Çíà÷èò, òðåáóåìûå ÷èñëà íàéäóòñÿ.

Ïîëó÷åííûé ìíîãî÷ëåí èìååò ñòåïåíü ðîâíî 3 ââèäó ëåìì 2.2.2 (e,
b′).

Òðåòüå äîêàçàòåëüñòâî. Îáîçíà÷èì A(x) := a+bx+cx2. Ïðîèç-
âåäåíèå (x−A(t0))(x−A(t1))(x−A(t2)) ÿâëÿåòñÿ ñèììåòðè÷åñêèì
ìíîãî÷ëåíîì îò t0, t1, t2. Çíà÷èò, îíî ÿâëÿåòñÿ ìíîãî÷ëåíîì îò x
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è îò ýëåìåíòàðíûõ ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ îò t0, t1, t2. Çíà÷å-
íèÿ ýòèõ ýëåìåíòàðíûõ ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ ïðè tk = rεk3,
k = 0, 1, 2, ðàâíû êîýôôèöèåíòàì ìíîãî÷ëåíà x3−r3, êîòîðûå ðàöè-
îíàëüíû. Ïîýòîìó ðàññìîòðåííîå ïðîèçâåäåíèå ÿâëÿåòñÿ èñêîìûì
ìíîãî÷ëåíîì.

2.2.4. Ïóñòü ïðè èçâëå÷åíèè êîðíÿ òðåòüåé ñòåïåíè ïîëó÷èëîñü
÷èñëî r. Åñëè |r| ∈ Q, òî óòâåðæäåíèå î÷åâèäíî. Åñëè |r| ̸∈ Q, òî
ìíîãî÷ëåí x3 − r3 íåïðèâîäèì íàä Q.

Äîñòàòî÷íî äîêàçàòü, ÷òî 1
a+br+cr2

= h(r) äëÿ íåêîòîðîãî ìíîãî-

÷ëåíà h. Ïî ëåììå î íåïðèâîäèìîñòè, ìíîãî÷ëåí x3−r3 íåïðèâîäèì
íàä Q. Ïîýòîìó îí âçàèìíî ïðîñò ñ a+bx+cx2. Çíà÷èò, ñóùåñòâóþò
ìíîãî÷ëåíû g è h, äëÿ êîòîðûõ h(x)(a+bx+cx2)+g(x)(x3−r3) = 1.
Òîãäà h�èñêîìûé ìíîãî÷ëåí.

2.3.2. (a) Âñå êîðíè ìíîãî÷ëåíà xq − rq åñòü r, rεq, rε
2
q , . . . , rε

q−1
q .

Ïóñòü îí ïðèâîäèì íàä Q. Ìîäóëü ñâîáîäíîãî ÷ëåíà îäíîãî èç óíè-
òàðíûõ ñîìíîæèòåëåé ðàçëîæåíèÿ ðàöèîíàëåí è ðàâåí ïðîèçâåäå-
íèþ ìîäóëåé íåêîòîðûõ k èç ýòèõ êîðíåé, 0 < k < q. Çíà÷èò, rk ∈ Q.
Òàê êàê q ïðîñòîå, òî èìååì kx+ qy = 1 äëÿ íåêîòîðûõ öåëûõ x, y.
Òîãäà r = (rk)x(rq)y ∈ Q. Ïðîòèâîðå÷èå.

(b) Ïðåäïîëîæèì ïðîòèâíîå. Ðàññìîòðèì ìíîãî÷ëåí A(x) íàè-
ìåíüøåé ñòåïåíè, äëÿ êîòîðîãî ëåììà íå âûïîëíÿåòñÿ. Ïîäåëèì
xq − rq íà A(x) ñ îñòàòêîì R(x). Òîãäà degR < degA, R(r) = 0 è ïî
ï. (a) ìíîãî÷ëåí R(x) íåíóëåâîé. Ïðîòèâîðå÷èå ñ âûáîðîì ìíîãî-
÷ëåíà A.

(c) Äîêàçàòåëüñòâî àíàëîãè÷íî çàäà÷àì 2.1.3 (ñ, d), 2.2.2 (d). Èñ-
ïîëüçóéòå ï. (b).

(d) Äîêàçàòåëüñòâà ïîâòîðÿþò âòîðîå è òðåòüå äîêàçàòåëüñòâà
ëåììû î ðàöèîíàëüíîñòè 2.2.2 (f). Íóæíî òîëüêî âåçäå çàìåíèòü 3
íà q è 2 íà q− 1 (íàïðèìåð, âî âòîðîé ñòðî÷êå âòîðîãî äîêàçàòåëü-
ñòâà k = 0, 1, 2, . . . , q).

2.7 Ðåøåíèÿ îñòàëüíûõ çàäà÷

1.2.3. (a,c) Ýòî ñëåäóåò èç Òåîðåì 1.2.2.b,a, ñîîòâåòñòâåííî.
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1.3.1. (c,d) Èñïîëüçóéòå ìåòîäû äåëü Ôåððî è Ôåððàðè [Sk21m,
�3].

2.2.1. (d) Åñëè ÷èñëî 5
√
3 ïðåäñòàâèìî, òî ïî ëåììå î ðàöèîíàëü-

íîñòè 2.2.2 (f) îíî ÿâëÿåòñÿ êîðíåì íåêîòîðîãî êóáè÷åñêîãî ìíîãî-
÷ëåíà. Ïðîòèâîðå÷èå ñ íåïðèâîäèìîñòüþ ìíîãî÷ëåíà x5 − 3 íàä Q.

(e) Àíàëîãè÷íî ï. (a), (c) ïîëó÷àåì, ÷òî êîìïëåêñíûå êîðíè ìíî-
ãî÷ëåíà x3−3 åñòü ÷èñëà x0, x1, x2, ââåä¼ííûå â ôîðìóëèðîâêå ëåì-
ìû 2.2.2 (e). Ïîýòîìó (a + br + cr2)εs3 = a + brε3 + cr2ε23 äëÿ íåêî-
òîðîãî s ∈ {1, 2}. Îòñþäà ïî ëåììå î ëèíåéíîé íåçàâèñèìîñòè íàä
Q[ε3] 2.2.2 (b

′) ïîëó÷àåì, ÷òî a = 0 è bc = 0. Ïîýòîìó ëèáî 3
√
3 = br,

ëèáî 3
√
3 = cr2. Ïðîòèâîðå÷èå.

2.2.3. Ïî ëåììå î ðàöèîíàëüíîñòè 2.2.2 (f) ñóùåñòâóåò ìíîãî÷ëåí
ñòåïåíè íå âûøå 3 ñ êîðíåì a+ br+ cr2. Èç ýòîãî ôàêòà è èç íåïðè-
âîäèìîñòè íàä Q äàííîãî ìíîãî÷ëåíà P ïîëó÷àåì, ÷òî degP 6 3.
Ïî ëåììå î ñîïðÿæåíèè 2.2.2 (e) ìíîãî÷ëåí P èìååò òðè êîðíÿ
x0, x1, x2, ââåä¼ííûõ â ôîðìóëèðîâêå ëåììû. Òàê êàê ìíîãî÷ëåí
P íåïðèâîäèì íàä Q, òî íè îäèí èç êîðíåé íå ðàöèîíàëåí. Ïîýòî-
ìó ðàâåíñòâî b = c = 0 íåâîçìîæíî. Çíà÷èò, ïî ëåììå î ëèíåéíîé
íåçàâèñèìîñòè íàä Q[ε3] 2.2.2 (b

′) êîðíè x0, x1, x2 ðàçëè÷íû. Ñëåäî-
âàòåëüíî, degP = 3.

Òàê êàê εk3 = ε−k
3 , òî x2 = x1. Çíà÷èò, x2 è x1 íå ìîãóò áûòü âåùå-

ñòâåííûìè è ðàçëè÷íûìè. Ñëåäîâàòåëüíî, x2, x1 ∈ C− R. Ïîýòîìó
P èìååò ðîâíî îäèí âåùåñòâåííûé êîðåíü.

2.3.1. Îáîçíà÷èì r := 7
√
2 è A(x) := a0 + a1x+ a2x

2 + . . .+ a6x
6.

(a) Ïóñòü ÷èñëî
√
3 ïðåäñòàâèìî. Òîãäà ïî ëåììå î ñîïðÿæåíèè

2.3.2 (ñ) ìíîãî÷ëåí x2 − 3 èìååò êîðíè A(rεk7) äëÿ k = 0, 1, 2, . . . , 6.
Òàê êàê ýòîò ìíîãî÷ëåí íå èìååò ðàöèîíàëüíûõ êîðíåé, òî ïî ëåììå
î ëèíåéíîé íåçàâèñèìîñòè íàä Q[εq] 2.3.4 (b) ýòè êîðíè ðàçëè÷íû.
Ïðîòèâîðå÷èå.

(b) Îáîçíà÷èì ÷åðåç P ìíîãî÷ëåí, äëÿ êîòîðîãî cos 7x = P (cosx).
(Äîêàæèòå, ÷òî òàêîé ìíîãî÷ëåí ñóùåñòâóåò!)

Ïåðâîå ðåøåíèå. Ïóñòü ÷èñëî cos 2π
21 ïðåäñòàâèìî. Àíàëîãè÷íî

ï. (a) äàííûé ìíîãî÷ëåí P èìååò ïîïàðíî ðàçëè÷íûå êîðíè xk :=
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A(rεk7) äëÿ k = 0, 1, 2, . . . , 6. Òàê êàê P (0) > 0, P (1) < 0 è P (2) > 0,
òî ìíîãî÷ëåí P èìååò âåùåñòâåííûé êîðåíü xk, îòëè÷íûé îò x0.

Èìååì εk7 = ε−k
7 . Ïîýòîìó xk = xk = x7−k. Ïðîòèâîðå÷èå.

Âòîðîå ðåøåíèå. Êîðíÿìè ìíîãî÷ëåíà 2P (x) + 1 ÿâëÿþòñÿ âå-

ùåñòâåííûå ÷èñëà yk := cos 2(3k+1)π
21 ïðè k = 0, . . . , 6. Îäíî èç íèõ,

à èìåííî y2 = −1/2, ðàöèîíàëüíî.
Â ñëåäóáùåì àáçàöå ìû äîêàæåì, ÷òî ÷èñëî y0 èððàöèîíàëüíî.
(Èíà÷å èç ðàâåíñòâà ε221−2y0ε21+1 = 0 ñëåäóåò, ÷òî ε21 = a+i

√
b

äëÿ íåêîòîðûõ a, b ∈ Q. Òîãäà è ÷èñëî ε7 = ε321 òîæå èìååò òàêîé
âèä. Íî ε7 ÿâëÿåòñÿ êîðíåì íåïðèâîäèìîãî2 ìíîãî÷ëåíà 1+x+ . . .+
x6, ÷òî ïðîòèâîðå÷èò àíàëîãó òåîðåìû 2.1.4 äëÿ ÷èñåë âèäà a+i

√
b.)

Èòàê, ÷èñëî y0 èððàöèîíàëüíî è ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà
2P (x)+1
2x+1 ñòåïåíè 6. Òîãäà ïî ëåììàì î ñîïðÿæåíèè 2.3.2 (ñ) è î ëè-

íåéíîé íåçàâèñèìîñòè íàä Q[εq] 2.3.4 (b) ýòîò ìíîãî÷ëåí èìååò ñåìü
ïîïàðíî ðàçëè÷íûõ êîðíåé, ÷òî íåâîçìîæíî.

(c) Ïóñòü ÷èñëî 11
√
3 ïðåäñòàâèìî. Òîãäà ïî ëåììå î ðàöèîíàëü-

íîñòè 2.3.2 (d) ñóùåñòâóåò íåíóëåâîé ìíîãî÷ëåí ñòåïåíè íå âûøå 7
ñ êîðíåì 11

√
3. Ïðîòèâîðå÷èå ñ íåïðèâîäèìîñòüþ ìíîãî÷ëåíà x11−3

íàä Q.
(d) Ïóñòü ÷èñëî 7

√
3 ïðåäñòàâèìî. Àíàëîãè÷íî ï. (a) âñå êîì-

ïëåêñíûå êîðíè ìíîãî÷ëåíà x7 − 3 åñòü A(rεk7) äëÿ k = 0, 1, 2, . . . , 6.
Ïîýòîìó A(r)εs7 = A(rε7) äëÿ íåêîòîðîãî s ∈ {1, 2, 3, 4, 5, 6}. Îòñþäà
ïî ëåììå î ëèíåéíîé íåçàâèñèìîñòè íàä Q[εq] 2.3.4 (b) ak = 0 äëÿ
ëþáîãî k ̸= s. Ïîýòîìó 7

√
3 = asr

s. Ïðîòèâîðå÷èå.
(å) Ïóñòü êàêîé-íèáóäü èç êîðíåé ïðåäñòàâèì. Äàííûé ìíîãî-

÷ëåí P íå èìååò ðàöèîíàëüíûõ êîðíåé. Òîãäà ïî ëåììå î ñîïðÿæå-
íèè 2.3.2.c è ëåììå î ëèíåéíîé íåçàâèñèìîñòè íàä Q[εq] 2.3.4.b P
èìååò ïîïàðíî ðàçëè÷íûå êîðíè xk := A(rεk7) äëÿ k = 0, 1, 2, . . . , 6.
Òàê êàê P (0) > 0, P (1) < 0 è P (2) > 0, òî P èìååò âåùåñòâåííûé êî-

ðåíü xk, îòëè÷íûé îò x0. Èìååì εk7 = ε−k
7 . Ïîýòîìó xk = xk = x7−k.

Ïðîòèâîðå÷èå.

2Íåïðèâîäèìîñòü ìíîãî÷ëåíà g(x) = 1 + x + . . . + x6 ìîæíî ïîêàçàòü, íà-
ïðèìåð, ïðèìåíèâ ïðèçíàê Ýéçåíøòåéíà ê ìíîãî÷ëåíó g(x+1). Âïðî÷åì, çäåñü
äîñòàòî÷íî äîêàçàòü, ÷òî ó íåãî íåò ðàöèîíàëüíûõ äåëèòåëåé ñòåïåíè 1 è 2.
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2.3.3. (a) Ïóñòü ìíîãî÷ëåí ïðèâîäèì. Ñâîáîäíûé ÷ëåí îäíîãî èç
óíèòàðíûõ ñîìíîæèòåëåé ðàçëîæåíèÿ ëåæèò â Q[εq] è ðàâåí ± rkεmq
äëÿ íåêîòîðîãî m. Ïîýòîìó rk ∈ Q[εq]. Äàëåå àíàëîãè÷íî ëåììå
2.3.2 (a) ïîëó÷àåì r ∈ Q[εq]. Ïðîòèâîðå÷èå.

Ïóíêòû (b) è (c) âûâîäÿòñÿ èç ï. (a) àíàëîãè÷íî ñîîòâåòñòâóþ-
ùèì ïóíêòàì çàäà÷è 2.3.2.

2.3.5. Ïðåäïîëîæèì ïðîòèâíîå. Îáîçíà÷èì äàííûé ìíîãî÷ëåí ÷å-
ðåç P . Ïðè q < degP ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé î ðàöèîíàëü-
íîñòè 2.3.2 (d). Ïðè q > degP ïî ëåììå î ñîïðÿæåíèè 2.3.2 (ñ) è ëåì-
ìå î ëèíåéíîé íåçàâèñèìîñòè íàä Q[εq] 2.3.4 (b) ìíîãî÷ëåí P èìååò
ïîïàðíî ðàçëè÷íûå êîðíè xk = A(rεkq ) äëÿ k = 0, 1, 2, . . . , q−1. Ïðè
q > degP ïîëó÷àåì ïðîòèâîðå÷èå. Ïðè q = degP èç óñëîâèé q ̸= 2
è xk = xq−k ̸= xk ïîëó÷àåì åäèíñòâåííîñòü âåùåñòâåííîãî êîðíÿ.

2.4.1. Îòâåòû: íåò. Äîêàçàòåëüñòâà àíàëîãè÷íû ðåøåíèÿì çà-
äà÷ 2.1.1.(e,g). (a) Ïåðâîå ðåøåíèå. Ïåðåïèøåì óñëîâèå â âèäå (a+

c
√
2) + (b + d

√
2) 4
√
2 = 0. Òàê êàê b + d

√
2 ̸= 0, òî − 4

√
2 = a+c

√
2

b+d
√
2
=

A + B
√
2 äëÿ íåêîòîðûõ A,B ∈ Q. Âîçâîäÿ â êâàäðàò, ïîëó÷àåì

A2 + 2B2 = 0. Ïðîòèâîðå÷èå.
Âòîðîå ðåøåíèå. Ðàññìàòðèâàÿ âñå êîìïëåêñíûå êîðíè ìíîãî-

÷ëåíà x4 − 2, äîêàæåì åãî íåïðèâîäèìîñòü íàä Q. Ïîýòîìó îí íå
ìîæåò èìåòü îáùèé êîðåíü ñ ìíîãî÷ëåíîì a+bx+cx2+dx3 íå áîëåå
÷åì òðåòüåé ñòåïåíè.

(b) Äîìíîæüòå íà ñîïðÿæ¼ííîå.
(c) Ïðîùå äîêàçàòü ñðàçó, ÷òî 3

√
2 ̸= a + p

√
b + q

√
c + r

√
bc, ãäå

a, b, c, p, q, r ∈ Q. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî 3
√
2 ̸= u+v

√
c,

ãäå u è v - ÷èñëà âèäà α+β
√
b, α, β ∈ Q (ñ ôèêñèðîâàííûì b) "íè÷óòü

íå õóæå"ðàöèîíàëüíûõ ÷èñåë, ò.å. ñóììà, ðàçíîñòü, ïðîèçâåäåíèå
è ÷àñòíîå ÷èñåë òàêîãî âèäà òîæå ÿâëÿþòñÿ ÷èñëàìè òàêîãî âèäà
(èëè, ãîâîðÿ íàó÷íî, òàêèå ÷èñëà áóäóò îáðàçîâûâàòü ÷èñëîâîå ïî-
ëå). Ïîýòîìó ìîæíî äîêàçûâàòü óòâåðæäåíèå àíàëîãè÷íî 2.1.1(e).

2.4.2 (a) Äîêàæåì áîëåå ñèëüíûé ôàêò: ÷èñëî 3
√
2 íå ÿâëÿåòñÿ ðà-

äèêàëüíûì ñ èçâëå÷åíèåì ëþáîãî êîëè÷åñòâà êâàäðàòíûõ êîðíåé.
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Òîãäà ñóùåñòâóåò òàêàÿ áàøíÿ êâàäðàòè÷íûõ ðàñøèðåíèé

Q = F1 ⊂ F1 ⊂ F2 ⊂ F3 ⊂ ...Fs−1 ⊂ Fs ⊂ R,

÷òî 3
√
2 ∈ Fs−Fs−1. Ïîñêîëüêó

3
√
2 /∈ Q, ïîëó÷àåì, ÷òî s > 2. Çíà÷èò,

3
√
2 = α+ β

√
a, ãäå α, β, a ∈ Fs−1,

√
a /∈ Fs−1 è β ̸= 0.

Îòñþäà

2 = (
3
√
2)3 = (α3 + 3αβ2a) + (3α2β + β3a)

√
a = u+ v

√
a.

Ïîñêîëüêó 2 ∈ Q ⊂ Fs−1, èìååì 2− u ∈ Fs−1. Èç òîãî, ÷òî

v
√
a = 2− u è v ∈ Fs−1,

ñëåäóåò ðàâåíñòâî
0 = v = 3α2β + β3a.

Òàê êàê 3α2 + β2a > 0, òî β = 0. Ïðîòèâîðå÷èå.

Ðåøåíèÿ îñòàëüíûõ çàäà÷ ìîæíî íàéòè â [ZSS, �9.1, �9.4.5, �9.4.7]
(ýòî �5.1, �5.4.3, �5.4.4 áóìàæíîé âåðñèè). Â ÷àñòíîñòè, äîêàçàòåëü-
ñòâà òåîðåì 1.2.2.a è 1.3.3 ïðèâåäåíû â [ZSS, �9.4.5, �9.4.7], ñîîòâåò-
ñòâåííî.
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And the leap is not — is not what I think you sometimes
see it as — as breaking, as acting. It’s something much

more like a quiet transition after a lot of patience and —
tension of thought, yes — but with that [enlightenment] as
its discipline, its orientation, its truth. Not confusion and

chaos and immolation and pulling the house down, not
something experienced as a great significant moment.

I. Murdoch, The Message to the Planet

1 Introduction and main results

1.1 Overview and motivation

This subsection is formally not used later.
We present a short exposition of Kronecker’s proof of the well-known

Galois theorem 1.3.2 on insolvability of algebraic equations in radicals.
This proof is interesting because it is presumably the shortest.

We do not use the terms ‘Galois group’ and even ‘group’. However,
our presentation is hopefully a nicely paved shortcut to the edge of
Galois theory. In the proof of the main result we introduce the idea of
conjugation. This is an important particular case of ‘field isomorphism’
sufficient for the main result. So this project provides a bridge (by
showing that there is no gap) between elementary mathematics and
Galois theory.

The project is accessible to students familiar with polynomials and
complex numbers (permutations are not involved).

We claim no novelty (except possibly expository novelty). The idea
of proof presented here is known [Do65, §25], [Pr07, Ti03] and is pre-
sumably due to Kronecker. (A mistake in these expositions [Sk21m,
Remark 8.4.18b] is corrected in expositions [Sk08, PC19], [Sk21m, §8].)
Unfortunately, this proof is not well-known.

The proof presented is also interesting because it does not involve
permutations. Thus as the ‘reason’ for the insolvability we see not
that the group A5 of even permutations is not solvable, but that there
is a degree 5 polynomial with rational coefficients irreducible over Q,
having more than one real root and having at least one non-real root.
So this proof is different from other proofs of Galois and Abel theorems
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presented in [Al04, Ay82, Be10, Be06, Br, Ed84, FT, Ha78, Le11, PC19,
Pe04, Ro95, St94, Sk15] (see comments and corrections of some mistakes
in [Sk15]).

1.2 Insolvability in real radicals

A real number is called expressible in real radicals if it can be
obtained using number 1 and operations of addition, subtraction, mul-
tiplication, division by a non-zero number, and taking the n-th root of
a positive number, where n is a positive integer. In other words, a real
number a is expressible in real radicals if some set containing this num-
ber can be obtained starting from the set {1} and using the following
operations. To a given set M ⊂ R containing numbers x, y ∈ M one
can add

numbers x+ y, x− y, xy, number x/y when y ̸= 0,

and number n
√
x for x > 0 and integer n > 0.

1.2.1. (a) Any real root of a quadratic equation with rational coef-
ficients is expressible in real radicals.

(b) The equation x3 + x+ 1 = 0 has exactly one real root which is
expressible in real radicals.

(c) The equation x4 + 4x− 1 = 0 has two real roots; both of them
are expressible in real radicals.

Theorem 1.2.2. (a) The number cos(2π/9) is not expressible in
real radicals.

(b) There exists a cubic polynomial with rational coefficients (for
example, x3−3x+1) none of whose roots is expressible in real radicals.

You can prove part (b) of this theorem after solving the problems
before the semifinal. You can use without proof part (b) for other
problems (only) of §1.2.

1.2.3. (a) For any n ⩾ 3 there exists a polynomial of degree n
with rational coefficients, one of whose roots is not expressible in real
radicals.

(b)* The analogue of (a) with the words ‘one of the roots is not
expressible’ replaced by ‘none of the roots is expressible’ is correct. (At
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the same time, the roots of some equations of high degrees, for example,
x5 = 2, may well be expressible in real radicals.)

(c) The trisection of an angle is impossible in real radicals. That
is, there exists a number α (for example, α = 2π/3) such that the
number cosα is expressible in real radicals and the number cos(α/3) is
not expressible in real radicals.

1.3 Insolvability in complex radicals

A complex number is called expressible in radicals if it can be ob-
tained using number 1 and operations of addition, subtraction, mul-
tiplication, division by a non-zero number and taking the n-th root,
where n is a positive integer. In other words, a complex number a is
expressible in radicals if some set containing this number can be ob-
tained starting from the set {1} and using the following operations. To
a given set M ⊂ C containing numbers x, y ∈ M one can add

numbers x+ y, x− y, xy, number x/y when y ̸= 0,

and any number r ∈ C such that rn = x for some integer n > 0.

1.3.1. (a) Any (complex) root of a quadratic equation with rational
coefficients is expressible in radicals.

(b) The number cos(2π/9) is expressible in radicals.
(c,d) Same as (a) for equations of 3-rd and 4-th degree.
(e) If the real and the imaginary part of a complex number z are

expressible in real radicals, then z is expressible in radicals.
(f) The converse to (e) is incorrect.
Analogous assertions to (a,c,d) for equations of higher degrees do

not hold.
Theorem 1.3.2 (Galois). There exists an equation of 5-th degree

with rational coefficients (for example, x5 − 4x+ 2 = 0) none of whose
roots is expressible in radicals.

The famous problem of solvability in radicals was solved by weaker
Ruffini-Abel theorems proved a little earlier. Their rigorous state-
ments are more complicated [Sk21m, Ruffini Theorem 8.2.2], [Sk15,
Remark 7]. An easier way to solve the solvability problem is presented
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in [Sk21m, Theorem 8.1.13 and its proof in §8.4.F]. Here we present
an alternative short way: deduction of Galois Theorem 1.3.2 from the
following result.

Theorem 1.3.3 (Kronecker). If a polynomial with rational coeffi-
cients is irreducible over Q and has prime degree, has more than one
real root and has at least one non-real root, then the polynomial has
no roots expressible in radicals.

This theorem is interesting and nontrivial even for polynomials of
degree 5. You can prove this theorem after solving the problems after
the semifinal.

1.4 Recommendations for participants

For every solution which has been written down and marked with ei-
ther ‘+’ or ‘+.’ a student (or a group of students) get a ‘bean’. The jury
may also award extra beans for beautiful solutions, solutions of hard
problems, or solutions typeset in TEX. The jury has infinitely many
beans. One may submit a solution in oral form, but one loses a bean
with each 5 attempts (successful or not).

If a mathematical fact is formulated as a problem, then the objec-
tive is to prove this fact. (Open-ended questions are called challenges
or riddles; here one must come up with a clear wording, and a proof.)
If a problem is marked by bold and named ‘theorem’ (‘lemma’, ‘corol-
lary’, etc.), then this statement is important. Usually we provide (as
a problem) the formulation of beautiful or important statement before
its proof. In this case to prove this statement one possibly needs to
solve next problems. If you are stuck on a certain problem, try looking
at the next ones. They may turn out to be helpful. We advise all the
students working on the project to consult the jury on any questions
on the project. Students who successfully work on the project will get
interesting extra problems.

Please notify us if you already know solutions of several problems.
If you confirm your knowledge by presenting some of them, you will be
allowed not to receive plus-marks for their solutions, but to use them
in solutions of other problems.
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2 Proofs as sequences of problems

In this text ‘polynomial with rational coefficients’ is called a ‘polyno-
mial’. Denote

εq := cos(2π/q) + i sin(2π/q).

2.1 Representations using only one square root

2.1.1. Can the following number be represented as a +
√
b with

a, b ∈ Q:
(a)

√
3 + 2

√
2; (b) 1

7+5
√
2
; (c) 3

√
7 + 5

√
2; (d) 3

√
2;

(e)
√
2+ 3

√
2; (f)

√
2 +

√
2; (g)

√
2+

√
3+

√
5; (h) cos(2π/9)?

Observe that for (g) you would need ideas from §2.4.
Lemma 2.1.2 (Extension). Suppose we can obtain a number using

number 1, several operations of addition, subtraction, multiplication,
division by a non-zero number and exactly one operation of taking the
square root of a positive number. Then the number can be represented
as a±

√
b, where a, b ∈ Q and b > 0.

Lemma 2.1.3. Assume that r ∈ R−Q and r2 ∈ Q.
(a) Irreducibility. The polynomial x2 − r2 is irreducible over Q.
(b) Linear independence. If a, b ∈ Q and a + br = 0, then

a = b = 0.
(c) If r is a root of a polynomial, then this polynomial is divisible

by x2 − r2.
(d) Conjugation. If r is a root of a polynomial, then −r is also its

root.
(e) Conjugation. If a, b ∈ Q and a polynomial has a root a + br,

then a− br is also a root of this polynomial.
(f) If a, b ∈ Q and a cubic polynomial has a root a + br, then this

polynomial has a rational root.
Theorem 2.1.4. If a polynomial of degree at least 3 is irreducible

over Q, then none of its roots equals to a±
√
b for some a, b ∈ Q.
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2.2 Representations using only one cubic root

2.2.1. Can the following number be represented as a+ b 3
√
2 + c 3

√
4

with a, b, c ∈ Q:
(a)

√
3; (b) 1

1+5 3√2+ 3√4
; (c) cos(2π/9); (d) 5

√
3; (e) 3

√
3;

(f) the maximal real root of x3 − 4x+ 2 = 0;
(g)* the unique real root of x3 − 6x− 6 = 0;
(h)* the unique real root of x3 − 9x− 12 = 0?
Lemma 2.2.2. Assume that r ∈ R−Q and r3 ∈ Q.
(a) Irreducibility. The polynomial x3 − r3 is irreducible over Q.
(b) Linear independence. If a + br + cr2 = 0 with a, b, c ∈ Q,

then a = b = c = 0.
(b′) Linear independence over Q[ε3]. If

k, ℓ,m ∈ Q[ε3] := {u+ vε3 : u, v ∈ Q}

and k + ℓr +mr2 = 0, then k = ℓ = m = 0.
(c) If r is a root of a polynomial, then this polynomial is divisible

by x3 − r3.
(d) Conjugation. If r is a root of a polynomial, then the numbers

ε3r and ε23r are also its roots.
(e) Conjugation. If a, b, c ∈ Q and a polynomial has root x0 :=

a+ br + cr2, then the numbers

x1 := a+ bε3r + cε23r
2 and x2 := a+ bε23r + cε3r

2

are also its roots.
(f) Rationality. If a, b, c ∈ Q, then the number a + br + cr2 is a

root of some cubic polynomial.
Theorem 2.2.3. Suppose an irreducible polynomial either has more

than one real root or its degree is not equal to 1 or 3. Then this poly-
nomial has no root a+ br + cr2 for any r ∈ R−Q, a, b, c, r3 ∈ Q.

Lemma 2.2.4 (Extension). A number expressible in real radicals
with only one extraction of a cubic root can be represented as a+br+cr2,
where r ∈ R and a, b, c, r3 ∈ Q.

7



2.3 Representations using only one root of prime order

2.3.1. Can the following number be represented in the form

a0 + a1
7
√
2 + a2

7
√
22 + · · ·+ a6

7
√
26

with a0, a1, a2, . . . , a6 ∈ Q:
(a)

√
3; (b) cos 2π

21 ; (c) 11
√
3; (d) 7

√
3;

(e) some root of the polynomial x7 − 4x+ 2?
Lemma 2.3.2. Let q be a prime number, r ∈ R−Q and rq ∈ Q.
(a) Irreducibility. The polynomial xq − rq is irreducible over Q.
(b) Linear independence. If r is a root of a polynomial A whose

degree is less than q, then A = 0.
(c) Conjugation. If r is a root of a polynomial, then all the num-

bers rεkq , k = 1, 2, 3, . . . , q − 1, are also roots of this polynomial.
(d) Rationality. If A is a polynomial, then the number A(r) is a

root of some nonzero polynomial which degree is at most q.
Denote

Q[εq] := {a0 + a1εq + a2ε
2
q + . . .+ aq−2ε

q−2
q : a0, . . . , aq−2 ∈ Q}.

2.3.3. Let q be a prime number, r ∈ C−Q[εq] and rq ∈ Q[εq].
(a) The polynomial xq − rq is irreducible over Q[εq].
(b), (c) Prove the analogues of parts (b,c) of the previous problem

for a polynomial with coefficients in Q[εq].
Lemma 2.3.4. * Let q be a prime number, r ∈ R−Q and rq ∈ Q.
(a) Irreducibility over Q[εq]. The polynomial xq−rq is irreducible

over Q[εq].
(b) Linear independence over Q[εq]. If A is a polynomial of

degree less than q with coefficients in Q[εq] and A(r) = 0, then A = 0.
Theorem 2.3.5. Let q be a prime. Suppose an irreducible over Q

polynomial P either has more than one real root or its degree is not
equal to 1 or q. Then there are no polynomial A ∈ Q[x] and number
r ∈ R−Q such that rq ∈ Q and A(r) is a root of P .

Lemma 2.3.6 (Extension). Any number expressible in real radicals
with only one root extraction is equal to A(r) for some r ∈ R, q ∈ Z
and A ∈ Q[x], with rq ∈ Q.
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Thus if a polynomial of prime degree q > 2 is irreducible over Q and
has more than one real roots, then none of these roots is expressible in
radicals with only one root extraction.

2.4 Multiple root extractions

2.4.1. Are there rational numbers a, b, c, d for which 3
√
2 is equal to

(a) a+ b 4
√
2 + c

√
2 + d 4

√
8; (b)

a+
√
b

c+
√
b
; (c) a+

√
b+

√
c;

(d) a+
√
b+

√
c; (e) a+

√
b+

√
c+

√
d?

2.4.2. (a) The number 3
√
2 is not expressible in radicals with only

two extractions of square roots.
(b) The number cos(2π/9) is not expressible in radicals with only

two root extractions.
If F ⊂ C, r ∈ C and rq ∈ F for some positive integer q, then let

F [r] := {a0 + a1r + a2r
2 + · · ·+ aq−1r

q−1 | a0, . . . , aq−1 ∈ F}.

In this text a field is a subset of C which is closed under summation,
subtraction, multiplication and division by a non-zero number. The
conventional name is ‘number field’ (the technical term ‘field’ in math-
ematics refers to a more general object). This notion is useful for us
because the Polynomial Remainder Theorem holds for polynomials with
coefficients in a field.

Lemma 2.4.3 (Simple Radical Extension). If a number a ∈ C is
expressible in radicals, then some field containing a can be obtained
from Q using only the following operations: replace a field F by F [r]
for r ∈ C and a prime q such that rq ∈ F .

2.4.4. (a–d) Prove the analogues of Assertions 2.3.2.(a–d) with Q
replaced by a field, and with polynomials over Q replaced by polyno-
mials over the field.

Lemma 2.4.5. Let q be a prime, F ⊂ R a field, r ∈ R − F and
rq ∈ F . If a polynomial with coefficients in F has degree 3, has three
real roots none of which lies in F , then none of the roots lies in F [r].

9



2.5 Towards the proof of Kronecker’s theorem

In this subsection q > 2 is a prime, r ∈ C a number, ε = εq and F ⊂ C
a field containing rq, ε but not r.

Lemma 2.5.1. (a) Irreducibility. The polynomial tq − rq ∈ F [t]
is irreducible over F .

(b) Linear independence. If P (r) = 0 for some polynomial P ∈
F [t] of degree less than q, then P = 0.

(c) Conjugation. If P (r) = 0 for some polynomial P ∈ F [t], then
P (rεk) = 0 for every k = 1, . . . , q − 1.

(d) Parametric conjugation. If P ∈ F [x, t] and P (x, r) = 0 as
a polynomial in x, then P (x, rεk) = 0 as a polynomial in x for every
k = 0, 1, . . . , q − 1.

(e) Rationality. For any H ∈ F [x, t] we have

H(x, r)H(x, εr) . . .H(x, εq−1r) ∈ F [x].

(f) Reality. If F = F and either r ∈ R or |r|2 ∈ F , then either
among the values A(rεk), k = 0, 1, . . . , q − 1, of a polynomial A ∈ F [t]
at most one is real, or all these values are real.

2.5.2. (a) Suppose that H ∈ F [x, t] is a polynomial such that
H(x, r) is irreducible over F [r]. Then for any k = 0, 1, . . . , q − 1 the
polynomial H(x, rεk) is irreducible over F [r] as well.

(b) Let G ∈ F [x] be an irreducible over F polynomial. Suppose that
H ∈ F [x, t] is a polynomial such that 0 < degH < degG and H(x, r)
is an irreducible over F [r] factor of G. Then G is divisible in F by the
product

H(x, r)H(x, εr) . . .H(x, εq−1r).

(c) If in addition to the assumptions of (b) degG is a prime, then
there is a polynomial A ∈ F [t] such that the roots of G are A(rεk) for
k = 0, 1, . . . , q − 1.

Lemma 2.5.3 (Keeping Irreducibility). Let r ∈ C be a number.
Suppose that F = F and either r ∈ R or |r|2 ∈ F . Take a polynomial
G ∈ F [t] of prime degree which has more than one real root and has at
least one non-real root. If G is irreducible over F , then G is irreducible
over F [r].

10



Lemma 2.5.4 (Hard Radical Extension). (a) If a number a ∈ R
is expressible in radicals, then some field containing a can be obtained
from Q using only the following operations: replace a field F by F [r]
for r ∈ C such that either r ∈ R or |r|2 ∈ F , and rq ∈ F for a prime q.

(b) Same as (a) with rq ∈ F replaced by rq, ε ∈ F .
In 2.5.4(b) you can use the following result without proof. For an

elementary one-page proof see [Sk21m, §8.4.D].
Theorem 2.5.5 (Gauss Lowering Degree Theorem). If q is a prime,

then the number ε is expressible in radicals using only roots of degree
q − 1.

2.6 Solutions of some problems before the semifinal

1.2.2. (a) Apply the triple-angle formula for cosine. We see that the
numbers cos(2π/9), cos(8π/9), cos(14π/9) are the roots of the equation
8y3 − 6y + 1 = 0. By (b) none of these numbers is expressible in real
radicals.

1.2.3. (a,c) This follows from Theorems 1.2.2.b,a, respectively.
1.3.1. (c,d) Use del Ferro and Ferrari methods [Sk21m, §3].
2.1.2. It would suffice to prove that the set of all numbers of the

form a ±
√
b is closed under operations of addition, subtraction, mul-

tiplication and division. This is obviously false: (1 +
√
2) + (1 +

√
3)

cannot be represented as a±
√
b, where a, b ∈ Q (prove this!).

2.1.1. Answers: (a), (b), (c) — yes, (d), (e), (f), (g) — no.
(a), (c) We have

√
3 + 2

√
2 =

3
√
7 + 5

√
2 = 1 +

√
2.

(b) We have
1

7 + 5
√
2
=

7− 5
√
2

72 − 2 · 52
= −7 + 5

√
2.

(d) Assume that 3
√
2 is representable in this form. Then

2 = (
3
√
2)3 = (a3 + 3ab) + (3a2 + b)

√
b.

Since 3a2 + b ̸= 0, we have
√
b ∈ Q. Thus 3

√
2 ∈ Q, which is a contra-

diction.
(e) Sketch of the first solution. It is easier to prove the stronger

assertion:
3
√
2 ̸= a+ p

√
b+ q

√
c+ r

√
bc for any a, b, c, p, q, r ∈ Q.
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It suffices to show that 3
√
2 ̸= u + v

√
c for any u, v, c ∈ Q[

√
b] :=

{x+y
√
b : x, y ∈ Q}. The idea of our proof is that numbers from Q[

√
b]

(with b fixed) are ‘as good as’ rational numbers. That is, the sum, the
difference, the product and the quotient of the numbers from Q[

√
b]

are also the numbers from Q[
√
b] (the common terminology: Q[

√
b] is

a number field). Then we can prove the assertion similarly to (d).
Sketch of the second solution. Assume that

√
2 + 3

√
2 = a +

√
b

for some a, b ∈ Q. This number is a root of the polynomial P (x) =
((x −

√
2)3 − 2)((x +

√
2)3 − 2) having rational coefficients. We have√

2 + 3
√
2 ̸∈ Q (prove this!). Hence

√
b ̸∈ Q. By the Conjugation

Lemma 2.1.3 (e) for r =
√
b we have P (a −

√
b) = 0. Since

√
b ̸∈ Q,

then roots a ±
√
b are different. The polynomial P has only two real

roots, namely
√
2 + 3

√
2 and −

√
2 + 3

√
2. Thus a+

√
b =

√
2 + 3

√
2 and

a−
√
b = −

√
2 + 3

√
2. Therefore 3

√
2 = a ∈ Q. This is a contradiction.

(f) The roots of the polynomial P (x) = (x2 − 2)2 − 2 are four
numbers of the form ±

√
2±

√
2, where the signs need not agree. All

these numbers are irrational. From Theorem 2.1.4 it follows that it
is sufficient to prove that the polynomial P cannot be written as a
product of two quadratic polynomials with rational coefficients. This
irreducibility follows from the fact that the product of any two roots of
P is irrational.

(g) See [Sk21m, Problem 8.3.1(g)].
(h) See [Sk21m, Problem 8.3.3(n = 9)].
2.1.2. It would suffice to prove that the set of all numbers of the

form a ±
√
b is closed under operations of addition, subtraction, mul-

tiplication and division. This is obviously false: (1 +
√
2) + (1 +

√
3)

cannot be represented as a±
√
b, where a, b ∈ Q (prove this!).

2.1.3. (a) If the polynomial x2 − r2 is reducible over Q, then it has
a rational root. This is a contradiction.

(b) If b ̸= 0, then r = −a/b ∈ Q, which is impossible. Hence b = 0,
thus a = 0.

(c) Divide our polynomial with a remainder1 by x2 − r2:

P (x) = (x2 − r2)Q(x) +mx+ n.

1The division with a reminder is equivalent to ‘replacing’ x2 by r2.
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Substitute x = r. By the Linear Independence Lemma (see (b)) the
remainder is zero.

(d) By (c) if R2 = r2, then R is a root of the polynomial.
(e) Let P be given polynomial, and set G(t) := P (a + bt). Then

G(r) = 0. Hence by (d) we obtain G(−r) = 0.
(f) If b = 0 the assertion is proved. Otherwise by (e) the polynomial

has the roots a ± br. These roots are distinct. Hence the third root is
rational by the Vieta Theorem.

2.1.4. Suppose to the contrary that the given polynomial P has a
root x0 = a±

√
b, where b ̸∈ Q. By the Conjugation Lemma 2.1.3.e and

analogously to it, the number x1 = a ∓
√
b is also a root of P . Since√

b ̸∈ Q, we have b ̸= 0. Then x0 ̸= x1. Therefore P is divisible by
(x− a)2 − b. Since degP > 2, the polynomial P is reducible. This is a
contradiction.

2.2.1. Answers: (a), (c), (d), (e), (f), (h) — no, (b), (g) — yes.
Denote r := 3

√
2.

(a) Assume that
√
3 is representable in this form.

First solution. Then

3 = (a2 + 4bc) + (2ab+ 2c2)
3
√
2 + (2ac+ b2)

3
√
4.

Since the polynomial x3 − 2 has no rational roots, it is irreducible
over Q. Thus, 2ab + 2c2 = 2ac + b2 = 0 (cf. 2.2.2.b). So we have
b3 = −2abc = 2c3. Hence either b = c = 0 or 3

√
2 = b/c. Both cases are

impossible.
Second solution. Denote P (x) := x2 − 3. By the Conjugation

Lemma 2.2.2 (e), P has three roots x0, x1, x2 defined in the statement of
the lemma. Since none of them is rational, the equality b = c = 0 does
not hold. So by the Linear Independence Lemma over Q[ε3] 2.2.2 (b′)
the three roots are distinct. This is a contradiction.

(b) We have (1+5 3
√
2+ 3

√
4)(3+ 3

√
2−8 3

√
4) = −75. (This equality can

be easily obtained by the undetermined coefficients method or applying
Euclid algorithm to x3 − 2 and x2 + 5x + 1, see solution of 2.2.4.)
Therefore,

1

1 + 5 3
√
2 + 3

√
4
= − 1

25
− 1

75
· 3
√
2 +

8

75
· ( 3
√
2)2.
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(c) Assume that cos(2π/9) is representable in this form. This num-
ber is a root of the equation 4x3 − 3x = −1

2 . Its other two real roots
are cos(8π/9) and cos(4π/9).

2.2.2. (a) Suppose that x3 − r3 is reducible over Q. Then it has a
rational root. This is a contradiction.

(b) Assume the contrary. Divide x3 − r3 by a + bx + cx2 with a
remainder. By (a), the remainder is nonzero. Both polynomials x3−r3

and a+ bx+ cx2 have a root x = r. Hence the remainder has the root
x = r. Thus, the remainder has an irrational root. This is impossible
because the remainder has degree 1.

(b′) Consider the real and the imaginary parts separately.
(c) Divide our polynomial by x3 − r3 with a remainder. Taking

x = r and applying Linear Independence Lemma (b), we get that the
remainder is zero.

(d) By (c), if R3 = r3, then R is a root of our polynomial.
(e) Let P be the given polynomial, and set G(t) := P (a+ bt+ ct2).

Then G(r) = 0. Hence by (d) we have G(rε3) = 0 = G(rε23).
(f) First solution. Taking x = y + a we see that it suffices to

prove the assertion for a = 0. The number t = br + cr2 satisfies t3 =
b3r3 + c3r6 + 3bcr3t.

In other words, since u3 + v3 +w3 − 3uvw is divisible by u+ v+w,
the number a+ br + cr2 is a root of the polynomial

(x− a)3 − 3bcr3(x− a)− b3r3 − c3r6.

Second solution. Denote x0 := a+ br + cr2. Expand the numbers
xk0, k = 0, 1, 2, 3, as polynomials in r:

xk0 = ak + bkr + ckr
2.

It suffices to find numbers λ0, λ1, λ2, λ3 ∈ Q, not all zeros, such that
λ0+λ1x0+λ2x

2
0+λ3x

3
0 = 0. So, these numbers must satisfy the system

of equations 
λ0a0 + . . .+ λ3a3 = 0,

λ0b0 + . . .+ λ3b3 = 0,

λ0c0 + . . .+ λ3c3 = 0.
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It is known that a homogeneous (i.e. with zero right-hand parts) sys-
tem of linear equations with rational coefficients, where the number
of equations is smaller than the number of variables, has a nontrivial
rational solution. Hence, the required numbers exist.

The obtained polynomial has degree exactly 3 by lemmas 2.2.2 (e,
b′).

Third solution. Denote A(x) := a + bx + cx2. The product (x −
A(t0))(x − A(t1))(x − A(t2)) is a symmetric polynomial in t0, t1, t2.
Hence this product is a polynomial in x and the elementary symmet-
ric polynomials in t0, t1, t2. The values of these elementary symmetric
polynomials at tk = rεk3 (k = 0, 1, 2) are the coefficients of the polyno-
mial x3 − r3, and hence are rational. So the considered product is the
required polynomial.

2.2.4. Assume that after extracting the third root we get number
r. If |r| ∈ Q, the statement is trivial. If |r| ̸∈ Q, then the polynomial
x3 − r3 is irreducible over Q.

It suffices to prove that 1
a+br+cr2

= h(r) for some polynomial h. By
the Irreducibility Lemma, the polynomial x3 − r3 is irreducible over Q.
Hence it is coprime with a+ bx+ cx2. Therefore, there exist polynomi-
als g and h such that h(x)(a+ bx+ cx2) + g(x)(x3 − r3) = 1. Then h
is the required polynomial.

2.3.1. Answers: no. The arguments are similar to those in the
solutions of problems 2.2.1. Use lemmas stated below the problem.

2.3.5. The proof is analogous to the proofs of Theorems 2.1.4, 2.2.3
and to the solutions of 2.3.1 (abc).

2.3.6. The proof is similar to the proof of the Extension Lemma
2.2.4.

2.7 Solutions of other problems

2.1.2. Let
√
c be the number we obtain with only one extraction of the

root, where c ∈ Q. Prove that all the obtained numbers have the form
a+ b

√
c with a, b ∈ Q.

2.2.1. (d) Assume that 5
√
3 is representable in this form. By the

Rationality Lemma 2.2.2 (f), 5
√
3 is a root of a cubic polynomial. This
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contradicts to the irreducibility of the polynomial x5 − 3 over Q.
Repeat the second solution of (a) for P (x) := x5−3 has three roots

x1, x2, x3. all three roots are distinct. Therefore, x5 − 3 is divisible by
(x− x1)(x− x2)(x− x3).

First solution. Expand the numbers 1, 31/5, 32/5, and 33/5 as poly-
nomials in r. We get that these four numbers are linearly dependent
This shows that there exists a nonzero polynomial of degree at most 3
having a root 31/5. This contradicts the irreducibility of x5 − 3 over Q.

(e) Analogously to (a) and (c), by the Conjugation Lemma 2.2.2 (e)
it follows that the polynomial x3−3 has three roots x0, x1, x2 defined in
the statement of the lemma. Thus, (a+ br + cr2)εs3 = a+ brε3 + cr2ε23
for some s ∈ {1, 2}. By the Linear Independence Lemma over Q[ε3]
2.2.2 (b′) we have a = 0 and bc = 0. Hence either 3

√
3 = br or 3

√
3 = cr2.

This is a contradiction.
(f) The proof is analogous to (c).
(g) This equation has a root 3

√
2 + 3

√
4.

(h) The only real root of this equation is 3
√
3 + 3

√
9. Assume that

this number is representable in the required form. Repeat the second
solution of (a) for P (x) := x3 − 9x− 12. We obtain that x0, x1, x2 are
all roots of P . On the other hand, by the del Ferro theorem all roots
of P are

y0 :=
3
√
3 +

3
√
9, y1 :=

3
√
3ε3 +

3
√
9ε23, y2 :=

3
√
3ε23 +

3
√
9ε3.

Since P has exactly one real root, x0 = y0. Then either x1 = y1,
x2 = y2, or x2 = y1, x1 = y2.

Denote R(x) := 3
√
3x + 3

√
9x2 and let S(x) := a + brx + cr2x2 or

S(x) := a+ brx2+ cr2x in the first and second case, respectively. Then
the polynomial R(x)− S(x) has three distinct roots 1, ε3, and ε23. But
the degree of this polynomial is at most 2. Thus R = S. Hence either
3
√
3 = br or 3

√
3 = cr2. A contradiction.

2.2.3. By the Rationality Lemma 2.2.2 (f) there exists a cubic poly-
nomial having a+ br + cr2 as a root. Since the given polynomial P is
irreducible over Q and has the same root, we conclude that degP ⩽ 3.
By the Conjugation Lemma 2.2.2 (e), P has three roots x0, x1, x2 de-
fined in the statement of the lemma. Since P is irreducible over Q,
none of its roots is rational. So the equality b = c = 0 is impossible.
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By the Linear Independence Lemma over Q[ε3] 2.2.2 (b′), x0, x1, x2 are
distinct. Hence degP = 3.

Since εk3 = ε−k
3 , we have x2 = x1. Hence x2 and x1 cannot be real

and distinct. So x2, x1 ∈ C− R. Then P has a unique real root.
2.3.3. See [Sk21m, Problem 8.3.23].
2.3.4. See [Sk21m, Problem 8.3.24].
2.4.1. See [Sk21m, Problem 8.3.9].
2.4.2. (a) See [Sk21m, Theorem 8.1.2].
(b) See [Sk21m, Theorem 8.1.5].
2.4.3. See [Sk21m, Lemma 8.4.1b].
2.4.4. (a,b,c) See [Sk21m, Lemma 8.4.14].
(d) See [Sk21m, Lemma 8.4.17].
2.4.5. See [Sk21m, Lemma 8.4.11a].
For solutions of the remaining problems see [Sk21m, Lemma 8.4.14,

§8.4.E,G]. In particular, proofs of Theorems 1.2.2.a and 1.3.3 are pre-
sented in [Sk21m, §8.4.E,G], respectively.
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Òåîðèÿ îïðåäåëèìîñòè: Ëîãèêà. Àëãåáðà. Ãåîìåòðèÿ

À.Ë. Ñåìåíîâ, Ñ.Ô. Ñîïðóíîâ

Æþðè ïðîåêòà: À. Êàíåëü-Áåëîâ, È. Èâàíîâ-Ïîãîäàåâ, Ð. Èñàåâ,
Â.Êîíäðàòüåâ, À.Ñåì¼íîâ, Ñ.Ñîïðóíîâ, Á. Ôðåíêèí.

Ââåäåíèå

Ê öåíòðàëüíûì ïîíÿòèÿì âñåé ìàòåìàòèêè îòíîñÿòñÿ èñòèííîñòü è äîêàçóåìîñòü. Íî íàðÿäó ñ
òåîðåìàìè è ãèïîòåçàìè â ìàòåìàòèêå âñòðå÷àþòñÿ òàêæå îïðåäåëåíèÿ îäíèõ ïîíÿòèé ÷åðåç äðó-
ãèå. Íàïðèìåð, ÷åðåç ïðîèçâåäåíèå ÷èñåë xy = z, ìîæíî îïðåäåëèòü äåëèìîñòü x|y è ñâîéñòâî ¾áûòü
ïðîñòûì ÷èñëîì¿. Ìû áóäåì çàíèìàòüñÿ òåîðèåé îïðåäåëèìîñòè, â êîòîðîé ñåãîäíÿ èìååòñÿ áîëü-
øîå êîëè÷åñòâî íåðåøåííûõ çàäà÷ ñ ÿñíûìè è ïðîñòûìè ôîðìóëèðîâêàìè, ïîæàëóé, áîëüøå, ÷åì â
òåîðèè äîêàçàòåëüñòâ è òåîðèè ìîäåëåé. Òàêèå íåðåøåííûå çàäà÷è ìû áóäåì îáñóæäàòü è ïûòàòüñÿ
ðåøèòü âî âòîðîé ÷àñòè ïðîåêòà. Â ïåðâîé ÷àñòè áóäóò êàê ñîâñåì ïðîñòûå çàäà÷è (óïðàæíåíèÿ),
òàê è çàäà÷è ïîñëîæíåå, è ñîâñåì ñëîæíûå, êîòîðûå ìîãóò íå ïîëó÷èòüñÿ, íî ïðîäâèæåíèå â íèõ
è îáñóæäåíèå � ïîëåçíû. Òàêèå çàäà÷è îòìå÷åíû çâåçäî÷êîé. Íåêîòîðûå èç çàäà÷ � îñîáåííî âî
âòîðîé ÷àñòè � áóäóò áîëüøå ïîõîæè íå íà îëèìïèàäíûå, à íà èññëåäîâàòåëüñêèå, â íèõ ïîòðåáóåòñÿ
óòî÷íèòü óñëîâèå è ñàìîñòîÿòåëüíî ñïëàíèðîâàòü ñâîå èññëåäîâàíèå.

Ìû áóäåì èçó÷àòü îïðåäåëåíèÿ ñâîéñòâ è íà÷íåì ñ íåìàòåìàòè÷åñêîãî ïðèìåðà. Îïðåäåëåíèå:
¾Äåâåðü � ýòî áðàò ìóæà¿. Áîëåå ðàçâåðíóòî, áåç ñîêðàùåíèé ðóññêîãî ÿçûêà:
¾÷åëîâåê A � äåâåðü ÷åëîâåêà C¿ ïî îïðåäåëåíèþ îçíà÷àåò, ÷òî ñóùåñòâóåò òàêîé ÷åëîâåê B, ÷òî

B � ìóæ ÷åëîâåêà C è A � áðàò ÷åëîâåêà B.
Ìû îïðåäåëèëè äâóõìåñòíîå ñâîéñòâî D(A,C) ¾áûòü äåâåðåì¿ ÷åðåç ñâîéñòâî H(C,B) ¾áûòü

ìóæåì¿ è ñâîéñòâî F (A,B) ¾áûòü áðàòîì¿. Èñïîëüçóÿ ÿçûê ìàòåìàòèêè, ìîæíî çàïèñàòü:

D(A,C) � (∃B)(H(C,B) ∧ F (A,B)).

Çäåñü � ÷èòàåòñÿ ¾åñòü ïî îïðåäåëåíèþ¿, ñëåâà îò ýòîãî çíàêà ìû óêàçûâàåì èìÿ ñâîéñòâà, êîòîðîå
îïðåäåëÿåì, ñïðàâà � åãî îïðåäåëåíèå ÷åðåç çàäàííûå ñâîéñòâà; (∃B) ÷èòàåòñÿ ¾ñóùåñòâóåò B, òàêîå
÷òî¿; ∧ ÷èòàåòñÿ ¾è¿.

Âîò åùå ïðèìåð: ¾Òî÷íûé êâàäðàò � ýòî ïðîèçâåäåíèå êàêîãî-òî öåëîãî ÷èñëà íà ñåáÿ¿
Áîëåå ðàçâåðíóòî: Öåëîå ÷èñëî x � òî÷íûé êâàäðàò, åñëè ñóùåñòâóåò öåëîå ÷èñëî y òàêîå, ÷òî

x = y · y. Ìû îïðåäåëèëè îäíîìåñòíîå ñâîéñòâî ¾áûòü êâàäðàòîì¿ ÷åðåç òðåõìåñòíîå: ¾x åñòü ïðî-
èçâåäåíèå y íà z¿.

Íà ìàòåìàòè÷åñêîì ÿçûêå: ¾x � òî÷íûé êâàäðàò¿ � (∃y)(x = y · y)
.

Â äàííîì ïðîåêòå ìû îãðàíè÷èâàåì âîçìîæíûé âèä îïðåäåëåíèé. Âñå âûøåïðèâåäåííûå îïðåäå-
ëåíèÿ ïîäõîäÿò, à âîò îïðåäåëåíèå: ¾÷åëîâåê A � ïðåäîê ÷åëîâåêà B, åñëè åñòü ïîñëåäîâàòåëüíîñòü
ëþäåé, íà÷èíàþùàÿñÿ ñ A è çàêàí÷èâàþùàÿñÿ B, ãäå êàæäûé ñëåäóþùèé � ðîäèòåëü ïðåäûäóùå-
ãî¿ íå ïîäõîäèò. Â îïðåäåëåíèÿõ íå ðàçðåøàåòñÿ ãîâîðèòü î ìíîæåñòâàõ èëè ïîñëåäîâàòåëüíîñòÿõ,
à òîëüêî îá ýëåìåíòàõ, êàê ïðàâèëî �� î ÷èñëàõ. Äðóãèìè ñëîâàìè, íåëüçÿ ãîâîðèòü ¾äëÿ ëþáîãî
ìíîæåñòâà ÷èñåë¿, èëè ¾ñóùåñòâóåò ìíîæåñòâî ÷èñåë¿, íî ìîæíî ãîâîðèòü ¾äëÿ ëþáîãî ÷èñëà¿,
¾ñóùåñòâóåò ÷èñëî¿, ¾÷èñëî x ðàâíî ÷èñëó y. Äàëüøå ìû âñåãäà áóäåì ñ÷èòàòü, ÷òî äâóõìåñòíîå
ñâîéñòâî ðàâåíñòâà x = y ìîæíî èñïîëüçîâàòü â îïðåäåëåíèÿõ âñåãäà.

A. Ââîäíûé öèêë

A1 Îïðåäåëèòü ÷åðåç òðåõìåñòíîå ñâîéñòâî íàòóðàëüíûõ ÷èñåë ¾ïðîèçâåäåíèå¿ xy = z:
a) äâóõìåñòíîå ñâîéñòâî ¾äåëèòüñÿ íà¿;
b) îäíîìåñòíîå ñâîéñòâî ¾áûòü åäèíèöåé¿;
c) îäíîìåñòíîå ñâîéñòâî ¾áûòü ïðîñòûì ÷èñëîì¿.
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A2 Îïðåäåëèòü ÷åðåç òðåõìåñòíûå ñâîéñòâà ¾ïðîèçâåäåíèå¿ è ¾ñóììà¿ íàòóðàëüíûõ ÷èñåë:
a) Îäíîìåñòíûå ñâîéñòâà ¾áûòü 2¿, ¾áûòü 3¿;
b) Îäíîìåñòíûe ñâîéñòâà ¾áûòü ñòåïåíüþ 2¿, ¾áûòü ñòåïåíüþ 4¿;

A3 (*) Îïðåäåëèòü ÷åðåç òðåõìåñòíûå ñâîéñòâà ¾ïðîèçâåäåíèå¿ è ¾ñóììà¿ íàòóðàëüíûõ ÷èñåë îä-
íîìåñòíîå ñâîéñòâî ¾áûòü ñòåïåíüþ 6¿;

A4 Îïðåäåëèòü ÷åðåç òðåõìåñòíîå ñâîéñòâî ¾ñóììà¿ íàòóðàëüíûõ ÷èñåë è îäíîìåñòíîå ñâîéñòâî
¾áûòü êâàäðàòîì íàòóðàëüíîãî ÷èñëà¿ òðåõìåñòíîå ñâîéñòâî ¾ïðîèçâåäåíèå¿ íàòóðàëüíûõ ÷è-
ñåë.

A5 Îïðåäåëèòü ÷åðåç ñâîéñòâî ¾ìåíüøå¿ (¾ïîðÿäîê¿, <) äëÿ ðàöèîíàëüíûõ ÷èñåë:
a) Ñâîéñòâî ¾áîëüøå èëè ðàâíî¿, ñâîéñòâî ¾áîëüøå¿;
b) Òðåõìåñòíîå ñâîéñòâî ¾ëåæàòü ìåæäó¿.

B. Ýêâèâàëåíòíîñòü ñâîéñòâ

Äâà ñâîéñòâà ýêâèâàëåíòíû, åñëè ïåðâîå ìîæíî îïðåäåëèòü ÷åðåç âòîðîå, è íàîáîðîò � âòîðîå
÷åðåç ïåðâîå.

B1 Íàéäèòå íàèáîëüøåå êîëè÷åñòâî íåýêâèâàëåíòíûõ ñðåäè ñâîéñòâ, îïðåäåëèìûõ ÷åðåç ïîðÿäîê
äëÿ ðàöèîíàëüíûõ ÷èñåë. Ïîïðîáóéòå èõ èñêàòü ñðåäè îäíîìåñòíûõ, äâóõìåñòíûõ, òðåõìåñòíûõ
è ò.ä. ñâîéñòâ.

B2 (*) Äîêàæèòå, ÷òî äëÿ âñÿêîãî n ñóùåñòâóåò òîëüêî êîíå÷íîå êîëè÷åñòâî íåýêâèâàëåíòíûõ n-
ìåñòíûõ ñâîéñòâ äëÿ ïîðÿäêà ðàöèîíàëüíûõ ÷èñåë.

B3 Íàéäèòå íàèáîëüøåå êîëè÷åñòâî íåýêâèâàëåíòíûõ ñðåäè ñâîéñòâ, îïðåäåëèìûõ ÷åðåç äâóõìåñò-
íîå ñâîéñòâî ¾cëåäîâàíèå¿ y = x+ 1 äëÿ öåëûõ ÷èñåë.

C. Ïðåîáðàçîâàíèÿ è èíâàðèàíòû

Ïðåîáðàçîâàíèå � ýòî âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå êàêîãî-òî ìíîæåñòâà S íà ñåáÿ. Áóäåì
ãîâîðèòü, ÷òî ïðåîáðàçîâàíèå ñîõðàíÿåò ñâîéñòâî, åñëè âûïîëíåííîñòü ñâîéñòâà äëÿ ïðîèçâîëüíûõ
ýëåìåíòîâ S ðàâíîñèëüíà åãî âûïîëíåííîñòè äëÿ èõ îáðàçîâ. Òàêæå ãîâîðÿò, ÷òî ñâîéñòâî � èíâà-

ðèàíò ïðåîáðàçîâàíèÿ.
Ñîâîêóïíîñòü âñåõ ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ äàííîå ñâîéñòâî, íàçûâàåòñÿ ãðóïïîé ïðåîáðà-

çîâàíèé ýòîãî ñâîéñòâà. Àíàëîãè÷íî äëÿ ñåìåéñòâà ñâîéñòâ.

Â ñëåäóþùèõ çàäà÷àõ ìû ðàññìàòðèâàåì òîëüêî ñâîéñòâà, îïðåäåëèìûå ÷åðåç ïîðÿäîê äëÿ ðàöè-
îíàëüíûõ ÷èñåë.

C1 Ïîñòðîéòå ãðóïïó ïðåîáðàçîâàíèé äëÿ êàæäîãî èç íàéäåííûõ ñâîéñòâ, êîòîðûå ìîãóò îêàçàòüñÿ
íåýêâèâàëåíòíûìè.

C2 Íàéäèòå äëÿ ëþáûõ äâóõ íåýêâèâàëåíòíûõ ñâîéñòâ ïðåîáðàçîâàíèå, êîòîðîå îäíî èç íèõ ñîõðà-
íÿåò, à äðóãîå � íåò.

C3 (*) Äîêàæèòå, ÷òî ñóùåñòâóåò òîëüêî êîíå÷íîå êîëè÷åñòâî íå ýêâèâàëåíòíûõ ñâîéñòâ. Ïîñòà-
ðàéòåñü íàéòè èõ âñå.
Â ñëåäóþùåé çàäà÷å ðå÷ü èäåò î ñëåäîâàíèè öåëûõ ÷èñåë

C4 (*) Ïîïûòàéòåñü ñîçäàòü ïëàí ïîèñêà íå ýêâèâàëåíòíûõ ñâîéñòâ è ïîñòðîåíèÿ äëÿ íèõ ãðóïï
ïðåîáðàçîâàíèé.

D. Íåñòàíäàðòíûå ìîäåëè

D1 (*) Ïóñòü S � ìíîæåñòâî ñâîéñòâ, îïðåäåëèìûõ ÷åðåç ¾ñëåäîâàíèå¿ y = x + 1 äëÿ öåëûõ ÷è-
ñåë. Ìîæåò îêàçàòüñÿ, ÷òî â S èìåþòñÿ äâà ñâîéñòâà, ïðî êîòîðûå ìû õîòèì äîêàçàòü, ÷òî
îíè íå ýêâèâàëåíòíû, íî ïîñòðîèòü ïðåîáðàçîâàíèå "èõ ðàçëè÷àþùåå"íå óäàåòñÿ. Ïîïðîáóéòå
òàê ðàñøèðèòü ìíîæåñòâî öåëûõ ÷èñåë (íàïðèìåð, äîáàâèòü åùå îäíó "êîïèþ"öåëûõ è îïðå-
äåëèòü íà îáúåäèíåíèè äâóõ "êîïèé"ñâîéñòâî ñëåäîâàíèÿ), ÷òîáû â ýòîì ðàñøèðåíèè íàøëîñü
ïðåîáðàçîâàíèå, ðàçëè÷àþùåå ýòè ñâîéñòâà.
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ТЕОРИЯ ОПРЕДЕЛИМОСТИ

ДОПОЛНИТЕЛЬНЫЕ ЗАДАЧИ
B4. Все свойства, определимые через сумму и произведение, называются арифметическими. Как

вы думаете, бывают ли не арифметические свойства натуральных чисел? Как можно было бы такое
свойство построить?
C5. Правда ли, что если свойство R определимо через свойство Q, то множество преобразований

ΓQ , сохраняющих свойство Q является подмножеством множества преобразований (сохранающих)
ΓR?
B5. Рассмотрим множество точек на плоскости. Определимо ли свойство C(x, y, z) -- точки x, y, z

лежат на одной прямой, через свойство D(x, y, z, v) ⇋ d(x, y) = d(z, v)?
C6. На целых числах: Z, задано свойство R(x, y, z) ⇋ z = x+y; Опишите группу преобразований

этого свойства. Определимы ли через R одноместные свойства x = 0;x = 1, двухместное свойство
x < y?
D2. Напишите формулу, означающую, что отношение < не имеет наименьшего и наибольшего

элемента и формулу, означающую, что между любыми двумя различными элементами найдется от-
личный от них третий. Выполнены ли эти утверждения для рациональных, целых, действительных
чисел?

Попробуйте доказать, что существует взаимно однозначное, сохраняющее порядок соотвествие
между любым таким счетным множеством и рациональными числами.

НОВАЯ СТРУКТУРА: СЛОЖЕНИЕ РАЦИОНАЛЬНЫХ
B6. Даны рациональные числа Q со свойством суммы

S(x, y, z) ⇋ (z = x+ y).

Следующие задачи относятся к указанному множеству и свойству.
(а) Опишите группу преобразований данного свойства.
(б) Определимо ли через S двухместное свойство

M(x, y) ⇋ (y = 3 ∗ x)?
Верно ли обратное? Опишите группу преобразований свойствва M .

(в) Попытайтесь найти максимальную систему попарно не эквивалентных семейств свойств.

ЦИКЛ Е: ПРОБЛЕМЫ ДЛЯ ИССЛЕДОВАНИЯ
Цикл Е содержит основные исследовательские задачи проекта, они представлены в таблице ни-

же. Большинство из них представляет собой открытые (пока никем не решенные) проблемы. Те
из них, которые не удастся до конца решить в ближайшие дни, мы продолжим вместе решить в
последующие месяцы и результаты опубликуем .

Отношения/множества Q Z N
(x < y) E1 E2 E3
(y = x+ 1) E4 E5 E6
(z = x+ y) E7 E8 E9

Помимо числовых структур из таблицы мы предлагаем исследовать еще одну.
E10. Бесконечный неориентированный граф без циклов (дерево), где каждая вершина имеет

степень три; свойство "быть соседними вершинами". "Ветвящиеся целые".

Кого-то может заинтересовать и такая структура:
E11. Порядок неотрицательных рациональных чисел.

Date: 5 августа 2021.
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Мы выделяем в исследовании проблемы определимости для каждой структуры (множества с
исходным семейством свойств на нем) следующие основные ступени (которые могут перемешиваться
в наших исследованиях):

I. Поиск свойств (семейств свойств, часто семейств из одного элемента), определимых через за-
данное исходное семейство. Выдвижение гипотезы, что мы нашли максимальную систему свойств,
и что найденные свойства (семейства) не эквивалентны.

II. Построение для каждого свойства его группы преобразований. Воозможно, для этого нам
придется построить расширение исходного множества и определить свойства на расшрении. Дока-
зательство с помощью групп того, что найденные свойства не эквиваленты.

III. Доказательство того, что мы нашли максимальное семейство не эквивалентных свойств.
IV. Для всех найденных свойств (семейств свойств) найти их твг и тнг. Определение
Точной верхней гранью (твг, sup) семейств свойств A и B называется семейство свойств,

определимых через свойства из объединения семейств A и B.
Точной ниженй гранью (тнг, inf) семейств свойств A и B называется семейство свойств,

определимых и через свойства из семейства A и через свойства из семейства B.
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Пример задачи по теории определимости

Задача: определить одноместное свойство «быть степенью 6» через
отношения сложения и умножения на множестве натуральных чисел.
Эта проблема может быть решена (и была решена участниками
проекта) с помощью «техники арифметизации», аналогичной
доказательству Гёделя его теоремы о неполноте. Участник проекта
Валерий Кожуркин предложил другое короткое решение:

Пусть 6k = 2a3b. Найдём 2a and 3b как максимальные степени 2 и 3
которые делят 6k .
Пусть p – простое число, такое что p > 6k .
Минимальные решения сравнений
pm + 2a ≡ 0 mod (p + 2)
and pn + 3b ≡ 0 mod (p + 3)
для нечётных k это m = a и n = b.
Если a и b чётные, мы можем умножить на 6 чтобы работать с
нечётными показателями.
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В нашем проекте под проблемой определимости мы понимаем
описание решетки определимости данной структуры. Решение
проблемы можно разделить на 4 этапа.

1 Найти как можно больше неэквивалентных отношений. В какой-то
момент возникает предположение, что ничего нового получить
нельзя.

2 Для каждого отношения описать группу преобразований, которые
его сохраняют. Рассмотрение этих групп позволяет нам объяснить,
почему одни отношения не могут быть определены через другие.

3 Доказать, что других неэквивалентных отношений нет. Это самая
сложная часть проекта. До сих пор у нас нет общего способа
сделать это, поэтому мы должны изобретать что-то конкретное
для каждого случая. В большинстве случаев полезно групповое
обсуждение.

4 Для каждой пары отношений указать их супремум (сокр. sup)
наименьшая верхняя граница и infimum (сокр. inf) их наибольшая
нижняя граница. Это решеточные операции над замыканиями
отношений.
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Рациональные числа с порядком (1 этап)

1 (x < y)

2 B(x , y , z)� (x < y < z) ∨ (z < y < x)

3 C (x , y , z)� (x < y < z) ∨ (y < z < x) ∨ (z < x < y)

4 S(x , y , z , u): интервалы (x , y) и (z , u) пересекаются, но не
содержатся друг в друге (зацепляются).

5 (x = y)
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Рациональные числа с порядком (2 этап)

Определим группы преобразований в каждом случае
1 Γ состоит из монотонно возрастающих непрерывных

преобразований. Все группы ниже содержат подобные
преобразованя, так что мы не будем упоминать их далее.

2 ΓB содержит монотонно убывающих непрерывных
преобразований.

3 ΓC содержит транспозиции. Это такие преобразования с двумя
иррациональными параметрами s, t, которые отображают
интервалы (−∞, s) и (s,+∞) в (t,+∞) и (−∞, t) соответственно,
при этом сохраняя отношение порядка на каждом из них.

4 ΓS содержит все преобразования из ΓB и ΓC и их композиции.
5 Sym(Q) – группа всех преобразований рациональных чисел. Они

сохраняют отношение равенства.
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Рациональные числа с порядком (3 этап)

Опишем идею доказательства отсутствия других неэквивалентных
соотношений. Для этого нам потребуется теоретико-групповое понятие
k -транзитивности.

Группа G называется k-транзитивной, если для любых двух k-наборов
(a1, . . . , ak); (b1, . . . , bk); ai ̸= aj ; bi ̸= bj существует преобразование
g ∈ G такое, что ∀ (i 6 k) (g(ai ) = bi ).

Например, группа Γ 1-транзитивна, но не 2-транзитивна. А ΓB

2-транзитивна, но не 3-транзитивна.

Опишем все группы, включающие Γ. Для этого мы будем
рассматривать все k-транзитивные, но не (k + 1) - транзитивные
группы для каждого натурального k . Оказывается, мы не получим
никаких групп, кроме пяти групп, описанных выше. Это решающий
шаг в доказательстве отсутствия других отношений. Доказательство
сложное, но прямолинейное. Некоторым участникам проекта удалось
его придумать.
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Рациональные числа с порядком (4 этап)

Представим полученные ранее результаты в виде ориентированного
графа. Его вершинами будут символы отношений, а направление рёбер
будет указывать на определимость одних отношений через другие.
Также вспомним два определения, о которых говорили ранее.

Точной верхней гранью (твг, sup) семейств свойств A и B
называется семейство свойств, определимых через свойства из
объединения семейств A и B .

Точной нижней гранью (тнг, inf) семейств свойств A и B
называется семейство свойств, определимых и через свойства из
семейства A, и через свойства из семейства B .

Точные верхнюю и нижнюю грани двух семейств можно определить
благодаря построенному графу.
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Граф отношений

Помимо графа отношений мы можем представить наши результаты в
виде графа групп, где вместо отношений мы пишем их группы
преобразований. Направление рёбер означать отношение включения
между группами.
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Целые со следованием (1 этап)

1 An(x , y)� y = x + n

2 Bn(x , y , z , u)� (|x − y | = n) ∧ (x − y = z − u)

3 Cn(x , y)� |x − y | = n
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Целые со следованием (2 этап)

Определим основные типы преобразований. Для начала, разобьём
целые числа на n классов в зависимости от их остатков при делении
на n: r + nZ, 0 ≤ r < n. Множество, состоящее из таких классов будет
обозначать за Z/nZ.

Сдвиг класса r + nZ на величину k – это преобразование 𝜎 вида
𝜎(r + n · S) = r + n · (S + k).
Перестановка 𝜎 ∈ Sn классов – это преобразование 𝜎,
действующее следующим образом 𝜎(r + n · S) = 𝜎(r) + n · S .
Разворот класса r + nZ – преобразование вида
𝜎(r + n · S) = r + n · (−S).

Тогда
1 ΓAn состоит из сдвигов и перестановок классов из Z/nZ.
2 ΓBn состоит из сдвигов, перестановок и разворотов классов из

Z/nZ.
3 ΓCn состоит из сдвигов, перестановок классов и одновременного

разворотов всех классов из Z/nZ.
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Открытые проблемы

Отношения/множества Q Z N
(x < y) решена не решена не решена
(y = x + 1) были попытки решена были попытки
(z = x + y) В процессе тяжёлая тяжёлая

И ещё две проблемы, которые также в процессе решения:
1. Бесконечный неориентированный граф без циклов (бесконечное
дерево), где каждая вершина имеет степень три; свойство "быть
соседними вершинами". ("Ветвящиеся целые".)
2. Порядок на неотрицательных рациональных числах.
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Theory of de�nability: Logic. Algebra. Geometry
A.L. Semyonov, S. F. Soprunov

The jury of the project: A.Kanel-Belov, I.Ivanov-Pogodayev, R.Isayev,
V.Kondratyev, A.Semyonov, S.Soprunov, B.Frenkin.

Introduction

Truth and provability belong to central concepts of mathematics. But mathematics includes not only
theorems and conjectures but also de�nitions. For instance, using the ternary relation of product xy = z
we can de�ne the binary relation of divisibility x|y and the unary relation ¾to be a prime¿ Prime(x).
We will deal with the de�nability theory which now has perhaps more unsolved problems with simple and
clear formulation than the proof theory and the model theory. We will consider and try to solve these
open problems in the second part of the project. The �rst part contains some quite simple problems
(exercises) as well as more di�cult problem such that you may fail in solving them but any advancement
and discussion would be useful. These problems are starred. Some problems, especially in the second
part, are more similar not to olympiad but to research problems: you have to specify the condition and
construct your own plan of research.

We will study de�nitions of relations starting with some non-mathematical example.
Here is the �rst example: ¾A brother in law is a brother of the husband.¿ [In English a brother in law

may also mean a brother of the wife but we don't consider this case here.] In more detail, without any
abbreviations:

By de�nition, ¾a person A is a brother in law of a person C¿ means that there exists a person B such
that B is the husband of the person C and A is a brother of the person B.

We have de�ned the binary relation D(A,C) ¾to be a brother in law¿ via the relation H(C,B) ¾to be
the husband¿ and the relation F (A,B) ¾to be a brother¿. Using the language of mathematics we write:

D(A,C) � (∃B)(H(C,B) ∧ F (A,B)).

Here � is read "is by de�nition"; to the left from this sign we indicate the name of the relation that is
de�ned, and to the right we indicate its de�nition via given relations; (∃B) is read ¾there exists B such
that¿; ∧ is read ¾and¿.

A further example: ¾A perfect square is the product of some integer by itself.¿
In more detail: ¾An integer x is a perfect square if there exists an integer y such that x = y · y.¿ We

have de�ned the unary relation ¾to be a perfect square¿ via the ternary relation ¾x is the product of y
by z¿.

In the mathematical language: ¾x is a perfect square¿ � (∃y)(x = y · y).
In this project we restrict the possible form of de�nitions. All the above de�nitions do �t but this is

not the case with the de�nitions of the form ¾a person A is an ancestor of a person B if there exists a
sequence of persons which starts by A and �nishes by B and such that each subsequent person is a parent
of the preceding one¿. In the de�nitions, it is allowed to mention not sets or sequences but only elements,
usually numbers. In other words, in a de�nition it is forbidden to say ¾for any set of numbers¿ or ¾there
exists a set of numbers¿ but it is allowed to say ¾for any number¿, ¾there exists a number¿, ¾the number
x equals the number y¿. In the sequel, we assume that the binary relation of equality ¾x=y¿ is always
admissible.

A. Introductory cycle

A1 De�ne the following relations via the ternary relation of positive integers ¾product¿ xy = z:
a) the binary relation ¾to be divisible by¿;
b) the unary relation ¾to be the unit¿;
c) the unary relation ¾to be a prime¿.

A2 De�ne the following relations via the ternary relations ¾product¿ and ¾sum¿ of positive integers:
a) the unary relations ¾to be 2¿, ¾to be 3¿;
b) the unary relations ¾to be a power of 2¿, ¾to be a power of 4¿.

A3 (*) De�ne the unary relation ¾to be a power of 6¿ via the ternary relations ¾product¿ and ¾sum¿ of
positive integers.
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A4 De�ne the ternary relation ¾product¿ of positive integers via the ternary relation ¾sum¿ of positive
integers and the unary relation ¾to be the square of a positive integer¿.

A5 De�ne the following relations via the relation ¾less¿ (¾order¿, <) of rationals:
a) the binary relations ¾greater or equal¿, ¾greater¿;
b) the ternary relation ¾to lie between¿.

B. Equivalence of relations

Two relations are equivalent if the �rst of them is de�nable through the second one, and conversely,
the second of them is de�nable through the �rst one.

B1 For the relations de�nable via the order of rationals, try to �nd the maximum possible set of non-
equivalent relations; for this, consider unary, binary, ternary etc. relations.

B2 (*) Prove that for each n there exists only a �nite number of non-equivalent n-ary relations for the
order of rationals.

B3 Among the relations de�nable via the binary relation ¾consecution¿ y = x + 1 for integers, �nd the
maximum possible set of non-equivalent ones.

C. Transformations and invariants

A transformation is a one-to-one mapping of a set We say that a transformation preserves a relation

if ful�lment of the relation for arbitrary elements of the domain is equivalent to its ful�lment for their
images. In other words, the relation is an invariant of the transformation.

The collection of all transformations preserving a given relation is called the transformation group of

this relation. Similarly for a family of relations.

In the problems below we consider only relations de�nable via the order of rationals.

C1 Construct the transformation group for each of the relations found above which may occur non-
equivalent.

C2 For any two non-equivalent relations �nd a transformation which preserves one of these and doesn't
preserve the other one.

C3 (*) Prove that there exists only a �nite number of non-equivalent relations. Try to �nd all of these.
C4 (*) Try to construct a plan for search for non-equivalent relations and for constructing their transformation

groups.

D. Non-standard models

D1 Let S is the set of relations de�nable via ¾consecution¿ y = x + 1 for integers. Suppose S contains
two relations for which we want to prove non-equivalence but we fail to construct a transformation
which ¾distinguishes¿ them. Try to extend the set of integers (for instance, add one more ¾copy¿ of
integers and de�ne the relation of consecution on the joint of two ¾copies¿) in such a way that the
extension possesses a transformation which distinguishes these relations.
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DEFINABILITY THEORY

FURTHER PROBLEMS
B4. All relations definable via sum and product are called arithmetical. In your opinion, do there exist

non-arithmetical relations of positive integers? What is a possible way to construct such relations?
C5. Is it true that if a relation R is definable via a relation Q then the set ΓQ of transformations

preserving Q is a subset of the set ΓR of transformations preserving R?
B5. Consider the set of points of the plane. Is it possible to define the relation C(x, y, z): ``points

x, y, z are collinear'' via the relation D(x, y, z, v) ⇋ d(x, y) = d(z, v)?
C6. The relation R(x, y, z) ⇋ z = x+y is defined on the set of integers Z. Describe the transformation

group of this relation. Are the following relations definable via R: the unary relations x = 0;x = 1; the
binary relation x < y?
D2. Present the formula which means that the relation < has no least and greatest elements, and the

formula which means that among any two distinct elements there exists an element distinct from these.
Are these statements fulfilled for rationals, integers, reals?

Try to prove that there exists an order-preserving bijection between rationals and any countable set
with the above properties.

A NEW STRUCTURE: ADDiTiON OF RATiONALS
B6. Given the set of rationals Q with the relation of sum

S(x, y, z) ⇋ (z = x+ y).

In the following problems, we consider this set and this relation.
(a) Describe the transformation group of the above relation.
(b) Is it possible to define via S the binary relation

M(x, y) ⇋ (y = 3 ∗ x)?

Is the converse true? Describe the transformation group for M .
(c) Try to determine the maximal system of pairwise non-equivalent families of relations.

CYCLE Е: PROBLEMS FOR RESEARCH
The cycle Е contains the main research problems of the project, they are presented in the table below.

Most of them are open (up to now, unsolved) problems. If some of these won't be solved in a few days
then we will proceed to collaborate on these problems and will publicate the results.

Relations/sets Q Z N
(x < y) E1 E2 E3
(y = x+ 1) E4 E5 E6
(z = x+ y) E7 E8 E9

Besides the number structures from the table, we suggest to investigate one more.
E10. ``Branching integers:'' an infinite non-oriented graph without cycles (an infinite tree) such that

every vertex is of degree 3; the relation ``to be neighboring vertices''.

Perhaps some of you would be interested in the following structure:
E11. The order on non-negative rationals.
Investigating the issue of definability for every structure (a set with a family of basic relations on it)

we distinguish the following stages of research (which in fact may overlap):

Date: August 5, 2021.
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I. The search for relations (families of relations but often consisting of a single element) which are
definable via a given basic relation. Proposal of the conjecture that the family of relations is the maximal
one, and that these (families of) relations are non-equivalent.

II. For each relation, construction of its transformation group. Perhaps we would have to extend the
basic set and to define the relations on the extension. Proof of non-equivalence of the relations found.

III. Proof that the the found family of non-equivalent relations is maximal.
IV. For all (families of) relations found, determine their least upper bound and greatest lower bound.

Definitions:
The least upper bound (the supremum, sup) of families of relations A and B is the family of

relations definable via the relations from the union of families A and B.
The greatest lower bound (the infimum, inf) of families of relations A and B is the family of

relations that are definable both via the relations from A and via the relations from B.
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An example of definability problem

Problem: to define the unary relation "to be a power of 6"via addition and
multiplication relations on the set of natural numbers.
This problem can be solved (and was solved by members of the Project) by
’Arithmetization technique’ similar to the Goedel proof of his
Incompleteness Theorem. A participant of the project Valery Kozhurkin
proposed a different and short solution:

Let 6k = 2a3b. It is easy to find 2a and 3b as the maximal exponents of 2
and 3 that divide 6.
Let p be a prime number such that p > 6k .
The minimal solutions for the congruences
pm + 2a ≡ 0 mod (p + 2)
and pn + 3b ≡ 0 mod (p + 3)
for odd k are m = a and n = b.
If a and b are even, we can multiply by 6 in order to work with odd
exponents.
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In out project by definability problem we mean describing the definability
lattice of a given structure. A solution for the problem can be divided in 4
stages.

1 Find as many non-equivalent relations as possible. At some moment
you see that nothing new can be obtained. Then you pass to the next
stage.

2 For each relation, describe the group of transformations which
preserve it. Consideration of these groups enables us to explain why
some relations are not definable via others.

3 Prove that there are no other non-equivalent relations. This is the
most difficult part of the project for the given structure. Up to now,
we have no general way to do it, so we have to invent something
specific for each case. In most cases group considerations are helpful.

4 For each pair of relations, indicate their supremum (abbr. sup) least
upper bound and infimum (abbr. inf) their greatest lower bound.
These are the lattice operations on the closures of relations. .
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Rationals with the order (I stage)

1 (x < y)

2 B(x , y , z)� (x < y < z) ∨ (z < y < x)

3 C (x , y , z)� (x < y < z) ∨ (y < z < x) ∨ (z < x < y)

4 S(x , y , z , u): open intervals (x , y) and (z , u) intersect and do not
contain in each other (they are ’linked’).

5 (x = y)
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Rationals with the order (II stage)

Let us indicate the transformation groups for each case.
1 Γ consists of all increasing continuous transformations. All the groups

below contain these transformations, so these will not be mentioned
explicitly.

2 ΓB consists of all continuous decreasing transformations.
3 ΓC contains transpositions. Here we use the term «transposition»

for a transformation with irrational parameters s, t which maps the
intervals (−∞, s) and (s,+∞) onto (t,+∞) and (−∞, t)
respectively and preserves the order of rationals in both cases.

4 ΓS contains all transformations from the groups ΓB and ΓC .
5 Sym(Q) is the group of all transformations of rationals. They preserve

the identity relation.
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Rationals with the order (III stage)

Let us describe the idea of the proof that there are no other non-equivalent
relations. For this we require the group-theoretic notion of k-transitivity.

A group G is called k-transitive if for every two k-tuples
(a1, . . . , ak); (b1, . . . , bk); ai ̸= aj ; bi ̸= bj there exists a transformation
g ∈ G such that ∀ (i 6 k) (g(ai ) = bi ).

For instance, the group Γ is 1-transitive but not 2-transitive. And ΓB is
2-transitive but not 3-transitive.

We will describe all groups including Γ (its supergroups). For this, we will
consider all k-transitive but not (k + 1)-transitive groups for every natural
k . It occurs that we will obtain no groups besides the five groups described
above. This is the crucial step in the proof for absence of other relations.
The proof is difficult but straightforward. Some members of the project
succeeded in it

A.Semenov, S.Soprunov August 10, 2021 6 / 11



Rationals with the order (IV stage)

Let us represent the above results in the form of an oriented graph. Its
vertices are the symbols of relations, and the directed edges indicate
definability of some relations via others. Let us recall two notions.

Supremum of the families of relations A and B is the family of relations
definable via the relations from the union of A and B .

Infimum of the families of relations A and B is the family of relations
definable both via the relations from A and via the relations from B .
On this graph the infimum for families A and B , for instance, is the family
of all relations such that from each of them there exists directed paths to A
and B .

We can represent the results not only as the graph of relations but also as
the graph of transformation groups. Its vertices are the transformation
groups of relations, and the direction of edges corresponds to the inclusion
relation between the groups.

A.Semenov, S.Soprunov August 10, 2021 7 / 11



Graph of relations
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Integers with successor (I stage)

1 An(x , y)� y = x + n

2 Bn(x , y , z , u)� (|x − y | = n) ∧ (x − y = z − u)

3 Cn(x , y)� |x − y | = n
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Integers with successor (II stage)

Let us define the basic sorts of transformations. To begin with, divide the
integers into n classes respective to their remainders modulo n:
r + nZ, 0 ≤ r < n. The set consisting of n these classes will be denoted
Z/nZ.

A shift of a class r + nZ by a value k is a transformation 𝜎 of the
form 𝜎(r + n · S) = r + n · (S + k).
A permutation 𝜎 ∈ Sn of clases is a transformation 𝜎 of the form
𝜎(r + n · S) = 𝜎(r) + n · S .
U-turn of a class r + nZ is a transformation 𝜎 of the form
𝜎(r + n · S) = r + n · (−S).

Then
1 ΓAn consists of the shifts and the permutations of the classes Z/nZ.
2 ΓBn consists of the shifts, the permutations and the U-turns of the

classes Z/nZ.
3 ΓCn consists of the shifts, the permutations and the simultaneous

U-turn of all the classes Z/nZ.
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Unsolved at ToT and Open Problems

Here are some natural problems for usual number sets.

Relations/sets Q Z N
(x < y) solved unsolved unsolved
(y = x + 1) try solved try
(z = x + y) in process hard hard

Two more (from many):
1. “Branching integers:” an infinite non-oriented graph without cycles (an
infinite tree) such that every vertex is of degree 3; the relation “to be
neighboring vertices”.

2. The order on non-negative rationals.
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