
XVII International Zhautykov Olympiad in Mathematics. Solutions

�1. Prove that for some positive integer n the remainder of 3n when divided by 2n is greater than 102021.
Solution I. We choose a positive integer M such that 2M > 102022, and consider the remainder of 3M

when divided by 2M :
3M ≡ r (mod 2M), 0 < r < 2M .

If r > 102021, then M is the desired number. Otherwise we choose the smallest integer k for which 3kr >
> 102021. Then 3kr < 102022 < 2M . Since 3k+M ≡ 3kr (mod 2M), the remainder of 3k+M when divided by
2k+M has the form 3kr + 2Ms with some positive integer s, and is therefore greater than 102021.

Solution II. We choose a positive integer k such that 2k+2 > 102021. We are going to determine
v2(3

2k − 1), i. e. the largest m such that 2m divides 32k − 1. According to well-known lifting the exponent
lemma,

v2(3
2k − 1) = v2(3

2 − 1) + k − 1 = k + 2.

Then the number n = 2k satis�es the condition, Indeed, if r is the remainder when 3n is divided by 2n,
then r ≡ 32k (mod 22k) and therefore r ≡ 32k (mod 2k+3) (we use the fact that 2k ≥ k + 3). Since 2k+2

divides r − 1 and 2k+3 does not, r ≡ 1 + 2k+2 (mod 2k+3), thus r ≥ 1 + 2k+2 > 102021.
Solution III. Choose a positive integer k such that 3k > 102021, and a positive integer m such that

2m > 3k. There exists a positive integer T such that 3T ≡ 1 (mod 2m) (we may take, for instance, T =
= 2m−2). Then for all positive integral s

3k+sT ≡ 3k (mod 2m),

that is, 3k+sT leaves the remainder 3k after division by 2m and, therefore, a remainder not less than
3k > 102021 after division by any higher power of 2. Now we can take n = k + sT such that k + sT > m.



�2. In a convex cyclic hexagon ABCDEF BC = EF and CD = AF . Diagonals AC and BF intersect
at point Q, and diagonals EC and DF intersect at point P . Points R and S are marked on the segments
DF and BF respectively so that FR = PD and BQ = FS. The segments RQ and PS intersect at
point T . Prove that the line TC bisects the diagonal DB.

First solution. It follows obviously that BF ‖ CE and AC ‖ DF . We denote the circumcircles of
4ABQ and 4DEP by ω1 and ω2, respectively. Note that the lines AD and BE are internal common
tangents to ω1 and ω2. Indeed, ∠BAQ = ∠BEC = ∠EBQ, i. e., EB is tangent to ω1; the other tangencies
are established similarly. Note that CPFQ is a parallelogram. Then CQ = FP = RD, that is, CQRD is
also a parallelogram as well as CPSB. The lines BC and DC are not parallel to BD. Therefore RQ and
PS intersect the line BD; we denote the intersections by X and Y respectively. It follows that X lies on
ω1, since ∠QAB = ∠CDB = ∠BXQ. Similarly, Y lies on ω2. Thus

DB ·DX = DA2 = BE2 = BD ·BY,

hence DX = BY , or BX = DY . Let TC and BD meet at Z. Then it follows from TX ‖ CD and
TY ‖ BC that

DZ

DX
=
CZ

CT
=
BZ

BY
,

which immediately gives DZ = BZ.
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Note. The equality BX = DY can be also proved by applying Menelaus theorem to 4BDF and the
lines R−Q−X and S − P − Y .

Second solution. We follow the �rst solution, using BF ‖ CE and AC ‖ DF to note that CPFQ,
CQRD, and CPSB are parallelograms.

Let N and M be points on the segments CQ and RN respectively such that FRNQ and FRMS are
parallelograms. Then SM = FR = PD and SM ‖ PD, that is, SMDP is also a parallelogram, hence
DM = PS = CB and DM ‖ CB, therefore DMBC is a parallelogram, and CM bisects BD. It remains
to prove that T , M , C are collinear.

Applying Menelaus theorem to4FRQ and the line P − T − S (and bearing in mind the parallelograms
found above) we have

1 =
FP

PR
· RT
TQ
· QS
SF

=
QC

CN
· RT
TQ
· NM
MR

,

that is,
QC

CN
· RT
TQ
· NM
MR

= 1. (1)

The collinearity T , M , C follows from (1) immediately by converse Menelaus theorem for 4QNR.
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�3. Let n ≥ 2 be an integer. Elwyn is given an n×n table �lled with real numbers (each cell of the table
contains exactly one number). We de�ne a rook set as a set of n cells of the table situated in n distinct
rows as well as in n distinct columns. Assume that, for every rook set, the sum of n numbers in the cells
forming the set is nonnegative.

By a move, Elwyn chooses a row, a column, and a real number a, and then he adds a to each number
in the chosen row, and subtracts a from each number in the chosen column (thus, the number at the
intersection of the chosen row and column does not change). Prove that Elwyn can perform a sequence of
moves so that all numbers in the table become nonnegative.

Common remarks. We collect here several de�nitions and easy observations which will be used in the
solutions.

A rook set is nonnegative (resp., vanishing) if the sum of the numbers in its cells is nonnegative (resp.,
zero). An n × n table �lled with real numbers is good (resp., balanced) if every rook set is nonnegative
(resp., vanishing).

Notice that the sum of numbers in any rook set does not change during Elwyn's moves, so good
(balanced) tables remain such after any sequence of moves. Also, notice that the rows and/or columns of
the table can be permuted with no e�ect on the condition of the problem, as well as on the desired result.

The proofs of the following two easy propositions can be found in the addendum after Solution 2.

Proposition 1. Assume that a1, a2, . . . , an and b1, b2, . . . , bn are two sequences of real numbers with equal
sums. Then Elwyn can perform a sequence of moves resulting in adding ai to all cells in the ith row, and
subtracting bj from all numbers in the jth column, for all i, j = 1, 2, . . . , n.

Proposition 2. If an n × n table B is balanced, then Elwyn can perform several moves on that table
getting a table �lled with zeros.

Solution 1. We start with the following known consequence of Hall's lemma.

Lemma. Let G = (U t V,E) be a bipartite multigraph with parts U and V , both of size n. Assume that
each vertex has degree k; then the edges can be partitioned into k perfect matchings.

Proof. Induction on k; the base case k = 1 is trivial. To perform the step, it su�ces to �nd one perfect
matching in the graph: removing the edges of that matching, we obtain a graph with all degrees equal
to k − 1.

The existence of such matching is guaranteed by Hall's lemma. Indeed, let U ′ be any subset of U ,
and let V ′ be the set of vertices adjacent to U ′. Put u = |U ′| and v = |V ′|. The total degree of vertices
in U ′ is ku. so the total degree of vertices in V ′ is at least ku; hence ku ≤ kv and therefore u ≤ v, which
establishes the conditions of Hall's lemma.

The following claim is the principal step in this solution.

Claim. In any good table, one can decrease some numbers so that the table becomes balanced.

Proof. Say that a cell in a good table is blocked if it is contained in a vanishing rook set (so, decreasing
the number in the cell would break goodness of the table). First, we show that in any good table one can
decrease several numbers so that the table remains good, and all its cells become blocked.

Consider any cell c; let ε be the minimal sum in a rook set containing that cell. Decrease the number
in c by ε; the obtained table is still good, but now c is blocked. Apply such operation to all cells in the
table consecutively; we arrive at a good table all whose cells are blocked. We claim that, in fact, this table
is balanced.

In the sequel, we use the following correspondence. Let R and C be the sets of rows and columns of
the table, respectively. Then each cell corresponds to a pair of the row and the column it is situated in;
this pair may be regarded as an edge of a bipartite (multi)graph with parts R and C. This way, any rook
set corresponds to a perfect matching between those parts.

Arguing indirectly, assume that there is a non-vanishing rook set S = {s1, s2, . . . , sn}. Each cell si is
contained in some vanishing rook set Vi. Now construct a bipartite multigraph G = (RtC,E), introducing,
for each set Vi, n edges corresponding to its cells (thus, G contains n2 edges some of which may be parallel).



Mark each edge with the number in the corresponding cell. Since the sets Vi are all vanishing, the sum of
all n2 marks is zero.

Now, remove n edges corresponding to the cells of S, to obtain a graph G′. Since the sum of numbers
in the cells of S is positive, the sum of the marks in G′ is negative. On the other hand, the degree of every
vertex in G′ is n− 1, so by the Lemma its edges can be partitioned into n− 1 perfect matchings. At least
one of the obtained matchings has negative sum of marks; so this matching corresponds to a rook set with
a negative sum. This is impossible in a good table; this contradiction �nishes the proof.

Back to the problem, let T be Elwyn's table. Applying the Claim, decrease some numbers in it to get
a balanced table B. By Proposition 2, Elwyn can perform some moves on table B so as to get a table
�lled with zeros. Applying the same moves to T , Elwyn gets a table where all numbers are nonnegative,
as required.

Solution 2. Say that the badness of a table is the sum of absolute values of all its negative entries. In
Step 1, we will show that, whenever the badness of a good table is nonzero, Elwyn can make some moves
decreasing the badness. In a (technical) Step 2, we will show that this claim yields the required result.

Step 1. Let r be a row containing some negative number. Mark all cells in row r containing negative
numbers, and mark all cells in other rows containing nonpositive numbers. Then there is no rook set
consisting of marked cells, since that set would not be nonnegative.

By K�onig's theorem (which is equivalent to Hall's lemma), for some a and b with a + b < n, one can
choose a rows and b columns such that their union contains all marked cells; �x such a choice. Number
the rows from top to bottom, and the columns from left to right. We distinguish two cases.

Case 1: Row r is among the a chosen rows.
Permute the rows and columns so that the top a rows and the right b columns are chosen. Next, if

row r contains a negative number in some of the a leftmost entries, swap the column containing that entry
with the (n− b)th one (recall that n− b > a). As a result, there exists x > a such that the xth left entry
in row r is negative (while the chosen columns are still the b rightmost ones).

Now, rectangle P formed by the bottom n − a rows and the left a columns contains only positive
numbers, as it contains no marked cells, as well as no cells from row r. Let m be the minimal number in
that rectangle.

Let Elwyn add m to all numbers in the �rst a rows, and subtract m from all numbers in the �rst a
columns. All numbers which decrease after this operation are situated in P , so there appear no new cell
containing a negative number, and no negative number decreases. Moreover, by our choice, at least one
negative number (situated in row r and column x) increases. Thus, the badness decreases, as desired.

Case 2: Row r is not among the a chosen rows.
Add row r to the a chosen rows, and increase a by 1. Notice that the negative numbers in row r are

covered by the b chosen columns. As in the previous case, we permute the rows and columns so that the
top a rows and the tight b columns are chosen. All negative numbers in row r automatically come to the
right b columns. Now the above argument applies verbatim.

Step 2. We show that among the tables which Elwyn can obtain (call such tables reachable), there exists
a table with the smallest badness. Applying the argument in Step 1 to that table, we get that its badness
is zero, which proves the claim of the problem.

Notice that the e�ect of any sequence of Elwyn's moves has the form described in Proposition 1.
Moreover, subtraction of some number ε from all the ai and the bi provides no e�ect on the result. Hence,
we may assume that the sums of the ai and of the bi are both zero.

Let tij denote the (i, j)th entry of the initial table T . For any two sequences a = (a1, . . . , an) and
b = (b1, . . . , bn) both summing up to zero, denote by T (a,b) the table obtained from T by adding ai to all
numbers in the ith row, and subtracting bj from all numbers in the jth column, for all i, j = 1, 2, . . . , n;
in particular, T = T (0,0), where 0 = (0, 0, . . . , 0). Let f(a,b) denote the badness of T (a,b). Clearly,
function f is continuous. Now we intend to bound the set of values that make sense to put in sequences a
and b.



Let m be the maximal number in T . Take any a and b summing up to zero, such that some ai is
smaller than −M = −(m+ b). Then there exists an index j with bj ≥ 0; hence the entry (i, j) in T (a,b)
is tij + ai − bj < m−M + 0 = −b, so f(a,b) > b = f(0,0).

So, all pairs of sequences a and b satisfying f(a,b) ≤ b should also satisfy ai ≥ −M and bj ≥ −M ,
and hence ai ≤ nM and bj ≤ nM as well (since each of the sequences sums up to zero). Thus, in order to
minimize f(a,b), it su�ces to consider only those a and b whose entries lie in [−M,nM ]. Those values
form a compact set, so the continuous function f attains the smallest value on that set.

Addendum. Say that the price of Elwyn's move is the number a chosen on that move.

Proof of Proposition 1. Let Elwyn perform a move of price a to row i and column j, and then a move of
price −a to row i′ and the same column j. The result will consist in adding a to row i and subtracting a
from row i′. Similar actions can be performed with columns.

So, Elwyn may add Σ = a1 + · · ·+ an to the numbers in the �rst row and subtract Σ from those in the
�rst column, and then distribute those increments and decrements among the rows and columns, using
the above argument.

Proof of Proposition 2. It is easy to see, using Proposition 1, that Elwyn can vanish all numbers in the
�rst column, as well as all numbers in the �rst row, except for the last its entry.

The resulting table is also balanced; denote the number in its cell (i, j) by dij. For any i, j > 1 with
j < n, there are two rook sets R and R′, one containing cells (1, 1) and (i, j), and the other obtained by
replacing those by cells (1, j) and (i, 1). The sums in those two sets are both zero, so

dij = di1 + d1j − d11 = 0.

Hence, only the nth column of the obtained table might contain nonzero numbers. But, since each entry
in the nth column is contained in some (vanishing) rook set, that entry is also zero.

Solution 3 (sketch). We implement some tools from multi-dimensional convex geometry.

Each table can be regarded as a point in Rn×n. The set G of good tables is a convex cone determined
by n! non-strict inequalities (claiming that the rook sets are nonnegative). Thus this cone is closed.

The set T of tables which can be transformed, by a sequence of Elwyn's moves, into a table with
nonnegative entries, is also a convex cone. This cone is the Minkowski sum of the (closed) cone N of
all tables with nonnegative entries and the linear subspace V of all tables Elwyn can add by a sequence
of moves. Such sum is always closed (a pedestrian version of such argument is presented in Step 2 of
Solution 2).

It is easy to see that T ⊆ G; we need to show that T = G. Arguing indirectly, assume that there is some
table t ∈ G \ T . Then there exists a linear function f separating t and T , that is � f takes nonnegative
values on T but a negative value on t.

This function f has the following form: Let x ∈ Rn×n be a table, and denote by xij its (i, j)th entry.
Then

f(x) =
n∑

i,j=1

fijxij,

where fij are some real constants. Form a table F whose (i, j)th entry is fij.
Since f(x) ≥ 0 for all tables in N having only one nonnegative entry, we have fij ≥ 0 for all i and j.

Moreover, f must vanish on all tables in the subspace V , in particular � on each table having 1 in some
row, −1 in some column, and 0 elsewhere (the intersection of the row and the column also contains 0).
This means that the sum of numbers in any row in F is equal to the sum of the numbers in any its column.

Now it remains to show that F is the sum of several rook tables which contain some nonnegative
number p at the cells of some rook set, while all other entries are zero; this will yield f(t) ≥ 0 which is not
the case. In other words, it su�ces to prove that one can subtract from F several rook tables to make it
vanish. This can be done by means of Hall's lemma again: if the table is still nonzero, it contains n positive
entries forming a rook set, and one may make one of them vanish, keeping the other entries nonnegative,
by subtracting a rook table.



�4. A circle with radius r is inscribed in the triangle ABC. Circles with radii r1, r2, r3 (r1, r2, r3 < r) are
inscribed in the angles A, B, C so that each touches the incircle externally. Prove that r1 + r2 + r3 ≥ r.

First solution. Let ω be the incircle of 4ABC, I its center, and p = (AB + BC + AC)/2 its
semiperimeter. We denote the tangency points of the sides BC, AC, AB with ω by A0, B0, C0 respectively.
Let the circle of radius r1 touches ω at A1.
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We draw a tangent ` to ω such that ` ‖ BC. Let r′1 be the inradius of the triangle formed by the lines
AB, AC, `. The line AI intersects the circle of radius r′1 at two points. From these two points let A2 be

closest to I. Then r1
r′1

= AA1
AA2

≥ 1 and
r′1
r = AB0

p (here we use that the semiperimeter of the triangle

formed by the lines AB, AC, ` equals AB0 and that this triangle is similar to 4ABC). Applying the same
argument to the circles of raidii r′2 and r

′
3 and adding the obtained inequalities, we get

r1 + r2 + r3 ≥ r′1 + r′2 + r′3 = r

(
AB0

p
+
BC0

p
+
CB0

p

)
= r.

Second solution. Let A0, B0, C0, A1, B1, C1 retain the meaning they had in the �rst solution. We

have ∠B1IC1 = 90◦ + ∠A
2 , ∠A1IC1 = 90◦ + ∠B

2 , ∠A1IB1 = 90◦ + ∠C
2 . Obviously(−−→

IA1 +
−−→
IB1 +

−−→
IC1

)2
≥ 0. (1)

It follows from (1) that

r2 + r2 + r2 + 2r2 cos

(
90◦ +

∠A
2

)
+ 2r2 cos

(
90◦ +

∠B
2

)
+ 2r2 cos

(
90◦ +

∠C
2

)
≥ 0 ⇔

⇔ sin

(
∠A
2

)
+ sin

(
∠B
2

)
+ sin

(
∠C
2

)
≤ 3

2
. (2)
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Let I1 be the centre of the circle of radius r1. Draw the perpendicular I1H from I1 onto IB0. One of the

acute angles in the right triangle II1H is ∠A
2 , the leg opposite this angle is r − r1, and the hypotenuse



is r + r1. Therefore sin
(
∠A
2

)
= r − r1

r + r1
. Similarly sin

(
∠B
2

)
= r − r2

r + r2
and sin

(
∠C
2

)
= r − r3

r + r3
. According

to (2)
r − r1
r + r1

+
r − r2
r + r2

+
r − r3
r + r3

≤ 3

2
⇔ 2r

r + r1
+

2r

r + r2
+

2r

r + r3
≤ 9

2
. (3)

Applying Cauchy-Schwarz inequality we have

1

r + r1
+

1

r + r2
+

1

r + r3
≥ 9

r + r1 + r + r2 + r + r3
, (4)

thus, (3) and (4) give 9
2 ≥

18r
3r + r1 + r2 + r3

⇔ r1 + r2 + r3 ≥ r.



�5. On a party with 99 guests, hosts Ann and Bob play a game (the hosts are not regarded as guests).
There are 99 chairs arranged in a circle; initially, all guests hang around those chairs. The hosts take turns
alternately. By a turn, a host orders any standing guest to sit on an unoccupied chair c. If some chair
adjacent to c is already occupied, the same host orders one guest on such chair to stand up (if both chairs
adjacent to c are occupied, the host chooses exactly one of them). All orders are carried out immediately.
Ann makes the �rst move; her goal is to ful�ll, after some move of hers, that at least k chairs are occupied.
Determine the largest k for which Ann can reach the goal, regardless of Bob's play.

Answer. k = 34.

Solution. Preliminary notes. Let F denote the number of occupied chairs at the current position in the
game. Notice that, on any turn, F does not decrease. Thus, we need to determine the maximal value of F
Ann can guarantee after an arbitrary move (either hers or her opponent's).

Say that the situation in the game is stable if every unoccupied chair is adjacent to an occupied one.
In a stable situation, we have F ≥ 33, since at most 3F chairs are either occupied or adjacent to such.
Moreover, the same argument shows that there is a unique (up to rotation) stable situation with F = 33,
in which exactly every third chair is occupied; call such stable situation bad.

If the situation after Bob's move is stable, then Bob can act so as to preserve the current value of F
inde�nitely. Namely, if A puts some guest on chair a, she must free some chair b adjacent to a. Then Bob
merely puts a guest on b and frees a, returning to the same stable position.

On the other hand, if the situation after Bob's move is unstable, then Ann may increase F in her turn
by putting a guest on a chair having no adjacent occupied chairs.

Strategy for Ann, if k ≤ 34. In short, Ann's strategy is to increase F avoiding appearance of a bad situation
after Bob's move (conversely, Ann creates a bad situation in her turn, if she can).

So, on each her turn, Ann takes an arbitrary turn increasing F if there is no danger that Bob reaches
a bad situation in the next turn (thus, Ann always avoids forcing any guest to stand up). The exceptional
cases are listed below.

Case 1. After possible Ann's move (consisting in putting a guest on chair a), we have F = 32, and Bob
can reach a bad situation by putting a guest on some chair. This means that, after Ann's move, every
third chair would be occupied, with one exception. But this means that, by her move, Ann could put a
guest on a chair adjacent to a, avoiding the danger.

Case 2. After possible Ann's move (by putting a guest on chair a), we have F = 33, and Bob can reach
a stable situation by putting a guest on some chair b and freeing an adjacent chair c. If a = c, then Ann
could put her guest on b to create a stable situation after her turn; that enforces Bob to break stability
in his turn. Otherwise, as in the previous case, Ann could put a guest on some chair adjacent to a, still
increasing the value of F , but with no danger of bad situation arising.

So, acting as described, Ann increases the value of F on each turn of hers whenever F ≤ 33. Thus, she
reaches F = 34 after some her turn.

Strategy for Bob, if k ≥ 35. Split all chairs into 33 groups each consisting of three consecutive chairs,
and number the groups by 1, 2, . . . , 33 so that Ann's �rst turn uses a chair from group 1. In short, Bob's
strategy is to ensure, after each his turn, that

(∗) In group 1, at most two chairs are occupied; in every other group, only the central chair
may be occupied.

If (∗) is satis�ed after Bob's turn, then F ≤ 34 < k; thus, property (∗) ensures that Bob will not lose.

It remains to show that Bob can always preserve (∗). after any his turn. Clearly, he can do that oat
the �rst turn.

Suppose �rst that Ann, in her turn, puts a guest on chair a and frees an adjacent chair b, then Bob
may revert her turn by putting a guest on chair b and freeing chair a.



Suppose now that Ann just puts a guest on some chair a, and the chairs adjacent to a are unoccupied.
In particular, group 1 still contains at most two occupied chairs. If the obtained situation satis�es (∗),
then Bob just makes a turn by putting a guest into group 1 (preferably, on its central chair), and, possibly,
removing another guest from that group. Otherwise, a is a non-central chair in some group i ≥ 2; in this
case Bob puts a guest to the central chair in group i and frees chair a.

So Bob indeed can always preserve (∗).



�6. Let P (x) be a nonconstant polynomial of degree n with rational coe�cients which can not be
presented as a product of two nonconstant polynomials with rational coe�cients. Prove that the number
of polynomials Q(x) of degree less than n with rational coe�cients such that P (x) divides P (Q(x))

a) is �nite;
b) does not exceed n.
Solution. It is known that an irreducible polynomial P (x) of degree n with rational coe�cients has n

di�erent complex roots which we denote by α1, α2, . . . , αn.
a) If P (x) divides P (Q(x)), then Q(αk) is also a root of P (x) for each k ≤ n. It follows that the values

of Q at α1, α2, . . . , αn form a sequence αi1 , αi2 , . . . , αin , where all terms are roots of P , not necessarily
di�erent. The number of such sequences is nn, and for each sequence there exists at most one polynomial
Q such that Q(αk) = αik (since two polynomials of degree less than n with equal values at n points must
coincide).

Thus the number of possible polynomials Q(x) does not exceed nn.
b) For each polynomial Q satisfying the condition, Q(α1) equals one of the roots αi. However, there is

at most one polynomial Q of degree less than n with rational coe�cients such that Q(α1) = αi, Indeed, if
Q1(α1) = Q2(α1) = αi, then α1 is a root of the polynomial Q1 −Q2 with rational coe�cients and degree
less than n. If this polynomial is not identically zero, its greatest common divisor with P is a nonconstant
divisor of P with rational coe�cients and degree less than n, a contradiction.

Thus the number of possible polynomials Q(x) does not exceed n.



XVII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Ðåøåíèÿ çàäà÷.

�1. Äîêàæèòå, ÷òî ïðè íåêîòîðîì íàòóðàëüíîì n îñòàòîê îò äåëåíèÿ 3n íà 2n áîëüøå 102021.
Ïåðâîå ðåøåíèå. Âûáåðåì íàòóðàëüíîå M , äëÿ êîòîðîãî 2M > 102022, è ðàññìîòðèì îñòàòîê r

ïðè äåëåíèè 3M íà 2M :
3M ≡ r (mod 2M), 0 < r < 2M .

Åñëè r > 102021, ÷èñëî M � èñêîìîå. Â ïðîòèâíîì ñëó÷àå âûáåðåì íàèìåíüøåå k, äëÿ êîòîðîãî 3kr >
> 102021. Ïðè ýòîì 3kr < 102022 < 2M . Ïîñêîëüêó 3k+M ≡ 3kr (mod 2M), îñòàòîê îò äåëåíèÿ 3k+M íà
2k+M èìååò âèä 3kr + 2Ms äëÿ íåêîòîðîãî öåëîãî íåîòðèöàòåëüíîãî s, ñëåäîâàòåëüíî, áîëüøå 102021.

Âòîðîå ðåøåíèå. Âûáåðåì ëþáîå íàòóðàëüíîå k, äëÿ êîòîðîãî 2k+2 > 102021. Íàéä¼ì v2(3
2k−1),

òî åñòü íàèáîëüøåå m, äëÿ êîòîðîãî 32k − 1 äåëèòñÿ íà 2m. Ñîãëàñíî èçâåñòíîé ëåììå îá óòî÷íåíèè
ïîêàçàòåëÿ,

v2(3
2k − 1) = v2(3

2 − 1) + k − 1 = k + 2.

Òîãäà ÷èñëî n = 2k óäîâëåòâîðÿåò óñëîâèþ çàäà÷è. Äåéñòâèòåëüíî, åñëè r � îñòàòîê ïðè äåëåíèè 3n

íà 2n, òî r ≡ 32k (mod 22k) è, ñëåäîâàòåëüíî, r ≡ 32k (mod 2k+3) (ìû ïîëüçóåìñÿ òåì, ÷òî 2k ≥ k+ 3).
Òàê êàê r − 1 äåëèòñÿ íà 2k+2 è íå äåëèòñÿ íà 2k+3, r ≡ 1 + 2k+2 (mod 2k+3), ïîýòîìó r ≥ 1 + 2k+2 >
> 102021.

Òðåòüå ðåøåíèå. Âûáåðåì íàòóðàëüíîå k, äëÿ êîòîðîãî 3k > 102021, è íàòóðàëüíîå m, äëÿ
êîòîðîãî 2m > 3k. Ñóùåñòâóåò T , äëÿ êîòîðîãî 3T ≡ 1 (mod 2m) (íàïðèìåð, ìîæíî âçÿòü T = 2m−2).
Òîãäà ïðè âñåõ íàòóðàëüíûõ s

3k+sT ≡ 3k (mod 2m),

òî åñòü 3k+sT äà¼ò îñòàòîê 3k ïðè äåëåíè íà 2m è, ñëåäîâàòåëüíî, îñòàòîê, íå ìåíüøèé 3k > 102021 ïðè
äåëåíèè íà ëþáóþ áîëåå âûñîêóþ ñòåïåíü 2. Òåïåðü ìîæíî âçÿòü n = k + sT òàêîå, ÷òî k + sT > m.



�2. Äàí âûïóêëûé âïèñàííûé øåñòèóãîëüíèê ABCDEF , â êîòîðîì BC = EF è CD = AF . Äèà-
ãîíàëè AC è BF ïåðåñåêàþòñÿ â òî÷êå Q, à äèàãîíàëè EC è DF � â òî÷êå P . Íà îòðåçêàõ DF
è BF îòìå÷åíû òî÷êè R è S ñîîòâåòñòâåííî òàê, ÷òî FR = PD è BQ = FS. Îòðåçêè RQ è PS
ïåðåñåêàþòñÿ â òî÷êå T . Äîêàæèòå, ÷òî ïðÿìàÿ TC äåëèò äèàãîíàëü DB ïîïîëàì.

Ïåðâîå ðåøåíèå. Èç óñëîâèÿ çàäà÷è î÷åâèäíî ñëåäóþò ïàðàëëåëüíîñòè BF ‖ CE è AC ‖ DF .
Îáîçíà÷èì îïèñàííûå îêðóæíîñòè 4ABQ è 4DEP ÷åðåç ω1 è ω2 ñîîòâåòñòâåííî. Çàìåòèì, ÷òî
ïðÿìûå AD è BE ÿâëÿþòñÿ îáùèìè âíóòðåííèìè êàñàòåëüíûìè ê ω1 è ω2. Äåéñòâèòåëüíî, ∠BAQ =
= ∠BEC = ∠EBQ, òî åñòü ïðÿìàÿ EB êàñàåòñÿ ω1. Îñòàëüíûå êàñàíèÿ óñòàíàâëèâàþòñÿ àíàëîãè÷-
íî. Çàìåòèì, ÷òî ÷åòûðåõóãîëüíèê CPFQ ÿâëÿåòñÿ ïàðàëëåëîãðàììîì. Òîãäà CQ = FP = RD, òî
åñòü è ÷åòûðåõóãîëüíèê CQRD � ïàðàëëåëîãðàìì (òàêæå, êàê è ÷åòûðåõóãîëüíèê CPSB). Ïðÿìûå
BC è DC íå ïàðàëëåëüíû ïðÿìîé BD. Ïîýòîìó RQ è PS ïåðåñåêàþò ïðÿìóþ BD (îáîçíà÷èì ýòè
òî÷êè ïåðåñå÷åíèÿ ÷åðåç X è Y ñîîòâåòñòâåííî). Òîãäà òî÷êà X ëåæèò íà ω1, òàê êàê ∠QAB =
= ∠CDB = ∠BXQ. Àíàëîãè÷íî, Y ëåæèò íà ω2. Ñëåäîâàòåëüíî,

DB ·DX = DA2 = BE2 = BD ·BY,

îòêóäà DX = BY èëè æå BX = DY . Ïóñòü TC è BD ïåðåñåêàþòñÿ â òî÷êå Z. Òîãäà èç ïàðàëëåëü-
íîñòåé TX ‖ CD è TY ‖ BC ñëåäóåò

DZ

DX
=
CZ

CT
=
BZ

BY
,

÷òî íåìåäëåííî äàåò ðàâåíñòâî îòðåçêîâ DZ è BZ.

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF
PPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPP

QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

Çàìå÷àíèå. Ðàâåíñòâî BX = DY òàêæå ìîæíî ïîëó÷èòü èç òåîðåìû Ìåíåëàÿ (ïðèìåíèâ äâà
ðàçà) äëÿ 4BDF è ñåêóùèõ R−Q−X è S − P − Y .

Âòîðîå ðåøåíèå. Òàê æå, êàê è â ïåðâîì ðåøåíèè, çàïèøåì ïàðàëëåëüíîñòè BF ‖ CE è AC ‖
‖ DF , è îòìåòèì ïàðàëëåëîãðàììû CPFQ, CQRD è CPSB.

Îòìåòèì íà îòðåçêå CQ òî÷êó N , à íà îòðåçêå RN òî÷êó M òàêèå, ÷òî FRNQ è FRMS �
ïàðàëëåëîãðàììû. Òîãäà SM = FR = PD è SM ‖ PD, òî åñòü SMDP � òàêæå ïàðàëëåëîãðàìì,
îòêóäà DM = PS = CB è DM ‖ CB, òî åñòü è DMBC � ïàðàëëåëîãðàìì, à â íåì CM äåëèò BD
ïîïîëàì. Äëÿ ðåøåíèÿ çàäà÷è îñòàëîñü äîêàçàòü, ÷òî òî÷êè T , M è C ëåæàò íà îäíîé ïðÿìîé.

Ïðèìåíÿÿ òåîðåìó Ìåíåëàÿ ê 4FRQ è ñåêóùåé P − T − S, èç äîêàçàííûõ âûøå ïàðàëëåëüíîñòåé
ïîëó÷àåì:

1 =
FP

PR
· RT
TQ
· QS
SF

=
QC

CN
· RT
TQ
· NM
MR

,



òî åñòü
QC

CN
· RT
TQ
· NM
MR

= 1. (1)

Êîëëèíåàðíîñòü òî÷åê T ,M è C íåìåäëåííî ñëåäóåò èç (1) ïî îáðàòíîé òåîðåìå Ìåíåëàÿ äëÿ 4QNR.
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�3. Äàíî íàòóðàëüíîå ÷èñëî n > 2. Ó Ýëâèíà åñòü òàáëèöà n×n, çàïîëíåííàÿ âåùåñòâåííûìè ÷èñ-
ëàìè (â êàæäîé êëåòêå çàïèñàíî ðîâíî îäíî ÷èñëî). Íàçîâ¼ì ëàäåéíûì ìíîæåñòâîì ìíîæåñòâî èç
n êëåòîê, ðàñïîëîæåííûõ êàê â n ðàçëè÷íûõ ñòîëáöàõ, òàê è â n ðàçëè÷íûõ ñòðîêàõ. Ïðåäïîëîæèì,
÷òî ñóììà ÷èñåë â êëåòêàõ ëþáîãî ëàäåéíîãî ìíîæåñòâà íåîòðèöàòåëüíà.

Çà õîä Ýëâèí âûáèðàåò ñòðîêó, ñòîëáåö, à òàêæå âåùåñòâåííîå ÷èñëî a; ê êàæäîìó ÷èñëó â âû-
áðàííîé ñòðîêå îí ïðèáàâëÿåò a, à èç êàæäîãî ÷èñëà â âûáðàííîì ñòîëáöå � âû÷èòàåò a (òàêèì
îáðàçîì, ÷èñëî â ïåðåñå÷åíèè ñòðîêè è ñòîëáöà íå èçìåíÿåòñÿ). Äîêàæèòå, ÷òî Ýëâèí ìîæåò, ñäåëàâ
íåñêîëüêî õîäîâ, äîáèòüñÿ, ÷òîáû âñå ÷èñëà â òàáëèöå ñòàëè íåîòðèöàòåëüíûìè.

Îáùèå çàìå÷àíèÿ. Çäåñü ñîáðàíû íåêîòîðûå îïðåäåëåíèÿ è ïðîñòûå íàáëþäåíèÿ, èñïîëüçóåìûå
â ðåøåíèÿõ.

Íàçîâ¼ì ëàäåéíîå ìíîæåñòâî íåîòðèöàòåëüíûì (ñîîòâ., íóëåâûì), åñëè ñóììà ÷èñåë â êëåò-
êàõ ýòîãî ìíîæåñòâà íåîòðèöàòåëüíà (ñîîòâ., íóëåâàÿ). Òàáëèöó n× n, çàïîëíåííóþ âåùåñòâåííûìè
÷èñëàìè, íàçîâ¼ì õîðîøåé (ñîîòâ., ñáàëàíñèðîâàííîé), åñëè â íåé âñå ëàäåéíûå ìíîæåñòâà íåîòðè-
öàòåëüíû (ñîîòâ., íóëåâûå).

Çàìåòèì, ÷òî ïðè õîäàõ Ýëâèíà ñóììà ÷èñåë â ëþáîì ëàäåéíîì ìíîæåñòâå íå ìåíÿåòñÿ, òàê ÷òî
õîðîøèå è ñáàëàíñèðîâàííûå òàáëèöû îñòàþòñÿ òàêîâûìè. Òàêæå çàìåòèì, ÷òî ñâîéñòâî òàáëèöû
áûòü õîðîøåé (ñáàëàíñèðîâàííîé), òàê æå êàê è òðåáóåìîå óòâåðæäåíèå, íå ìåíÿþòñÿ ïðè ïåðåñòà-
íîâêàõ ñòðîê è/èëè ñòîëáöîâ.

Äîêàçàòåëüñòâà ñëåäóþùèõ äâóõ íåñëîæíûõ ïðåäëîæåíèé ïðèâåäåíû â Äîïîëíåíèè ïîñëå Ðåøå-
íèÿ 2.

Ïðåäëîæåíèå 1. Ïóñòü a1, a2, . . . , an è b1, b2, . . . , bn � äâå ïîñëåäîâàòåëüíîñòè âåùåñòâåííûõ ÷èñåë ñ
îäèíàêîâûìè ñóììàìè. Òîãäà Ýëâèí ìîæåò ñîâåðøèòü íåñêîëüêî õîäîâ, ðåçóëüòàòîì êîòîðûõ áóäåò
ïðèáàâëåíèå ÷èñëà ai êî âñåì êëåòêàì i-é ñòðîêè è âû÷èòàíèå ÷èñëà bj èç âñåõ êëåòîê j-ãî ñòîëáöà,
ïðè âñåõ i, j = 1, 2, . . . , n.

Ïðåäëîæåíèå 2. Åñëè òàáëèöà n×n ñáàëàíñèðîâàíà, òî Ýëâèí ìîæåò ñîâåðøèòü íåñêîëüêî õîäîâ,
ïîñëå ÷åãî òàáëèöà áóäåò çàïîëíåíà íóëÿìè.

Ðåøåíèå 1. Íà÷í¼ì ñ äîêàçàòåëüñòâà èçâåñòíîãî ñëåäñòâèÿ èç ëåììû Õîëëà.

Ëåììà. Ïóñòü G = (U t V,E) � äâóäîëüíûé ìóëüòèãðàô ñ äîëÿìè U è V , ñîñòîÿùèõ èç n âåðøèí
êàæäàÿ. Ïóñòü êàæäàÿ âåðøèíà èìååò ñòåïåíü k. Òîãäà ð¼áðà G ìîæíî ðàçáèòü íà k ñîâåðøåííûõ
ïàðîñî÷åòàíèé.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî k. Áàçà ïðè k = 1 òðèâèàëüíà. Äëÿ øàãà èíäóêöèè äîñòàòî÷íî íàéòè
â G îäíî ñîâåðøåííîå ïàðîñî÷åòàíèå: âûáðîñèâ åãî ð¼áðà, ìû ïîëó÷èì ãðàô, â êîòîðîì âñå ñòåïåíè
âåðøèí ðàâíû k − 1.

Ñóùåñòâîâàíèå òàêîãî ïàðîñî÷åòàíèÿ âûòåêàåò èç ëåììû Õîëëà. Äåéñòâèòåëüíî, ïóñòü U ′ � ïîä-
ìíîæåñòâî â U , à V ′ � ìíîæåñòâî âñåõ ñîñåäåé âåðøèí èç U ′. Ïîëîæèì u = |U ′| è v = |V ′|. Ñóììàðíàÿ
ñòåïåíü âåðøèí èç U ′ ðàâíà ku, ïîýòîìó ñóììàðíàÿ ñòåïåíü âñåõ âåðøèí èç V ′ íå ìåíüøå ku. Ïîýòîìó
ku ≤ kv, òî åñòü u ≤ v, ÷òî è äîêàçûâàåò, ÷òî óñëîâèÿ ëåììû Õîëëà âûïîëíåíû.

Ñëåäóþùåå óòâåðæäåíèå � êëþ÷åâîå â ýòîì ðåøåíèè.

Óòâåðæäåíèå. Â ëþáîé õîðîøåé òàáëèöå îæíî óìåíüøèòü ÷èñëà â íåêîòîðûõ êëåòêàõ òàê, ÷òîáû
ïîëó÷èëàñü ñáàëàíñèðîâàííàÿ òàáëèöà.

Äîêàçàòåëüñòâî. Ñêàæåì, ÷òî êëåòêà õîðîøåé òàáëèöû óñòîé÷èâà, åñëè îíà ñîäåðæèòñÿ â íóëåâîì
ëàäåéíîì ìíîæåñòâå (òàê ÷òî, åñëè óìåíüøèòü ÷èñëî â ýòîé êëåòêå, òî òàáëèöà ïåðåñòàíåò áûòü
õîðîøåé). Äëÿ íà÷àëà ìû ïîêàæåì, ÷òî ìîæíî óìåíüøèòü ÷èñëà â íåêîòîðûõ êëåòêàõ õîðîøåé
òàáëèöû òàê, ÷òîáû îíà îñòàëàñü õîðîøåé, à âñå å¼ êëåòêè ñòàëè óñòîé÷èâûìè.

Ðàññìîòðèì ëþáóþ êëåòêó c; ïóñòü ε � íàèìåíüøàÿ ñóììà â ëàäåéíîì ìíîæåñòâå, ñîäåðæàùåì c.
Óìåíüøèì ÷èñëî â êëåòêå c íà ε; òàáëèöà îñòàíåòñÿ õîðîøåé, à êëåòêà c ñòàíåò óñòîé÷èâîé. Ïðîäåëàâ
òàêóþ îïåðàöèþ ñî âñåìè êëåòêàìè òàáëèöû, ìû ïîëó÷èì õîðîøóþ òàáëèöó, âñå êëåòêè êîòîðîé
óñòîé÷èâû. Ìû äîêàæåì, ÷òî ýòà òàáëèöà ñáàëàíñèðîâàíà.



Â äàëüíåéøåì ðàññóæäåíèè ìû èñïîëüçóåì ñëåäóþùåå ñîîòâåòñòâèå. Ïóñòü R è C � ìíîæåñòâà
âñåõ ñòðîê è âñåõ ñòîëáöîâ òàáëèöû ñîîòâåòñòâåííî. Êàæäîé êëåòêå ñîîòâåòñòâóåò ïàðà èç ñòðîêè è
ñòîëáöà, ñîäåðæàùèõ ýòó êëåòêó; ýòó ïàðó ìîæíî ñ÷èòàòü ðåáðîì äâóäîëüíîãî (ìóëüòè)ãðàôà ñ äîëÿ-
ìè R è C. Òàêèì îáðàçîì, êàæäîìó ëàäåéíîìó ìíîæåñòâó ñîîòâåòñòâóåò ñîâåðøåííîå ïàðîñî÷åòàíèå
ìåæäó ýòèìè äîëÿìè.

Ïðåäïîëàãàÿ, ÷òî äîêàçûâàåìîå óòâåðæäåíèå íåâåðíî, âûáåðåì íåíóëåâîå ëàäåéíîå ìíîæåñòâî S =
= {s1, s2, . . . , sn}. Êàæäàÿ êëåòêà si ñîäåðæèòñÿ â íåêîòîðîì íóëåâîì ëàäåéíîì ìíîæåñòâå Vi. Ïî-
ñòðîèì äâóäîëüíûé ìóëüòèãðàô G = (RtC,E), âêëþ÷è â íåãî, äëÿ êàæäîãî ìíîæåñòâà Vi, n ð¼áåð,
ñîîòâåòñòâóþùèõ êëåòêàì â Vi (òàêèì îáðàçîì, â G ðîâíî n2 ð¼áåð, íåêîòîðûå èç êîòîðûõ ìîãóò áûòü
ïàðàëëåëüíûìè). Ïîìåòèì êàæäîå ðåáðî ÷èñëîì, ñòîÿùèì â ñîîòâåòñòâóþùåé åìó êëåòêå òàáëèöû.
Ïîñêîëüêó âñå ìíîæåñòâà Vi íóëåâûå, ñóììà âñåõ n

2 ïîìåòîê ðàâíà íóëþ.
Óäàëèì òåïåðü èç G n ð¼áåð, ñîîòâåòñòâóþùèõ êëåòêàì èç S; îáîçíà÷èì ïîëó÷åííûé ãðàô ÷å-

ðåç G′. Ïîñêîëüêó ñóììà ÷èñåë â êëåòêàõ ìíîæåñòâà S ïîëîæèòåëüíà, ñóììà âñåõ ïîìåòîê íà ð¼áðàõ
ãðàôà G′ îòðèöàòåëüíà. Ñ äðóãîé ñòîðîíû, ñòåïåíè âñåõ âåðøèí â ãðàôå G′ ðàâíû n − 1, òàê ÷òî
ïî Ëåììå åãî ð¼áðà ðàçáèâàþòñÿ íà n− 1 ñîâåðøåííîå ïàðîñî÷åòàíèå. Õîòÿ áû â îäíîì èç ïîëó÷åí-
íûõ ïàðîñî÷åòàíèé ñóììà ïîìåòîê áóäåò îòðèöàòåëüíîé; ýòî ïàðîñî÷åòàíèå ñîîòâåòñòâóåò ëàäåéíîìó
ìíîæåñòâó ñ îòðèöàòåëüíîé ñóììîé. Çíà÷èò. íàøà òàáëèöà � íå õîðîøàÿ; ïðîòèâîðå÷èå.

Âåðí¼ìñÿ ê ðåøåíèþ. Ïóñòü T � èñõîäíàÿ òàáëèöà. Ïî Óòâåðæäåíèþ, íåêîòîðûå ÷èñëà â T
ìîæíî óìåíüøèòü òàê, ÷òîáû ïîëó÷èëàñü ñáàëàíñèðîâàííàÿ òàáëèöà B. Ïî Ïðåäëîæåíèþ 2, Ýëâèí
ìîæåò ñäåëàòü íåñêîëüêî õîäîâ â òàáëèöå S, ïîëó÷èâ òàáëèöó, çàïîëíåííóþ íóëÿìè. Ïðèìåíÿÿ òàêèå
æå õîäû ê ñâîåé òàáëèöå T , îí ïîëó÷èò òàáëèöó, çàïîëíåííóþ íåîòðèöàòåëüíûìè ÷èñëàìè, ÷òî è
òðåáîâàëîñü.

Ðåøåíèå 2. Íàçîâ¼ì äåôåêòîì òàáëèöû ñóììó ìîäóëåé âñåõ îòðèöàòåëüíûõ ÷èñåë, ñòîÿùèõ â
íåé. Ðåøåíèå ñîñòîèò èç äâóõ øàãîâ. Íà Øàãå 1 ìû ïîêàæåì, ÷òî, åñëè äåôåêò õîðîøåé òàáëèöû
íåíóëåâîé, òî Ýëâèí ìîæåò ñîâåðøèòü íåñêîëüêî õîäîâ, â ðåçóëüòàòå êîòîðûõ äåôåêò óìåíüøèòñÿ.
Íà (òåõíè÷åñêîì) øàãå 2 ìû ïîêàæåì, ÷òî èç ýòîãî óòâåðæäåíèÿ âûòåêàåò óòâåðæäåíèå çàäà÷è.

Øàã 1. Ïóñòü ñòðîêà r ñîäåðæèò õîòÿ áû îäíî îòðèöàòåëüíîå ÷èñëî. Îòìåòèì âñå êëåòêè â ýòîé
ñòðîêå, ñîäåðæàùèå îòðèöàòåëüíûå ÷èñëà, à òàêæå îòìåòèì âñå êëåòêè â äðóãèõ ñòðîêàõ, ñîäåðæàùèå
íåïîëîæèòåëüíûå ÷èñëà. Òîãäà íå ñóùåñòâóåò ëàäåéíîãî ìíîæåñòâà, ñîñòîÿùåãî èç îòìå÷åííûõ
êëåòîê, èáî ñóììà ÷èñåë â êëåòêàõ òàêîãî ìíîæåñòâà áûëà áû îòðèöàòåëüíîé.

Ïî òåîðåìå Ê¼íèãà (ýêâèâàëåíòíîé ëåììå Õîëëà), íàéäóòñÿ òàêèå ÷èñëà a è b, ÷òî a + b < n,
è ìîæíî âûáðàòü a ñòðîê è b ñòîëáöîâ, îáúåäèíåíèå êîòîðûõ ñîäåðæèò âñå îòìå÷åííûå êëåòêè.
Çàôèêñèðóåì òàêîé âûáîð ñòðîê è ñòîëáöîâ. Ïðîíóìåðóåì ñòðîêè ñâåðõó âíèç, à ñòîëáöû � ñëåâà
íàïðàâî. Âîçìîæíû äâà ñëó÷àÿ.

Ñëó÷àé 1: Ñòðîêà r íàõîäèòñÿ â ÷èñëå âûáðàííûõ a ñòðîê.
Ïåðåñòàâèì ñòðîêè è ñòîëáöû òàê, ÷òîáû âûáðàííûìè îêàçàëèñü âåðõíèå a ñòðîê è ïðàâûå

b ñòîëáöîâ. Äàëåå, åñëè ñðåäè ëåâûõ a ÷èñåë â ñòðîêå r åñòü îòðèöàòåëüíîå, ïåðåñòàâèì ñòîëáåö,
ñîäåðæàùèé òàêîå ÷èñëî, ñî ñòîëáöîì n− b; íàïîìíèì, ÷òî n− b > a. Òîãäà â ëþáîì ñëó÷àå íàéä¼òñÿ
íîìåð x > a òàêîé, ÷òî x-é ñëåâà ýëåìåíò ñòðîêè r îòðèöàòåëåí; ïðè ýòîì âûáðàíû ïî-ïðåæíåìó b
ïðàâûõ ñòîëáöîâ.

Ðàññìîòðèì ïðÿìîóãîëüíèê P â ïåðåñå÷åíèè íèæíèõ n − a ñòðîê è ëåâûõ a ñòîëáöîâ òàáëèöû.
Âñå ÷èñëà â í¼ì ïîëîæèòåëüíû, ïîñêîëüêó îí íå ñîäåðæèò îòìå÷åííûõ êëåòîê è íå ïåðåñåêàåòñÿ ñî
ñòðîêîé r. Ïóñòü m � íàèìåíüøåå ÷èñëî â ýòîì ïðÿìîóãîëüíèêå.

Ïóñòü Ýëâèí ïðèáàâèò m ê êàæäîìó ÷èñëó â âåðõíèõ a ñòðîêàõ è âû÷òåò m èç âñåõ êëåòîê ëå-
âûõ a ñòîëáöîâ. Âñå ÷èñëà, êîòîðûå óìåíüøàòñÿ â ðåçóëüòàòå ýòîãî, íàõîäÿòñÿ â ïðÿìîóãîëüíèêå P ;
ïîýòîìó íîâûõ êëåòîê ñ îòðèöàòåëüíûìè ÷èñëàìè íå ïîÿâèòñÿ, è íè îäíî îòðèöàòåëüíîå ÷èñëî íå
óìåíüøèòñÿ. Áîëåå òîãî, ñîãëàñíî íàøåé ïðîöåäóðå, õîòÿ áû îäíî îòðèöàòåëüíîå ÷èñëî (ñòîÿùåå â
ïåðåñå÷åíèè ñòðîêè r è ñòîëáöà x) óâåëè÷èòñÿ. Çíà÷èò, äåôåêò òàáëèöû óìåíüøèòñÿ, ÷òî è òðåáîâà-
ëîñü.

Ñëó÷àé 2: Ñòðîêà r íå âûáðàíà.



Äîáàâèì ñòðîêó r ê a âûáðàííûì ñòðîêàì (óâåëè÷èâ a íà 1). Çàìåòèì, ÷òî îòðèöàòåëüíûå ÷èñëà
â ýòîé ñòðîêå íàõîäÿòñÿ â b âûáðàííûõ ñòîëáöàõ Êàê è â ïðåäûäóùåì ñëó÷àå, ïåðåñòàâèì ñòðîêè
è ñòîëáöû òàê, ÷òîáû a âûáðàííûõ ñòðîê ñòîÿëè ñâåðõó, à b âûáðàííûõ ñòîëáöîâ � ñïðàâà. Òîãäà
âñå îòðèöàòåëüíûå ÷èñëà â ñòðîêå r àâòîìàòè÷åñêè íàõîäÿòñÿ â b ïðàâûõ ñòîëáöàõ. Ïîñëå ýòîãî
íàáëþäåíèÿ ðàññóæäåíèÿ èç ïðåäûäóùåãî ñëó÷àÿ ïðîõîäÿò äîñëîâíî.

Øàã 2. Ïîêàæåì, ÷òî ñðåäè òàáëèö, êîòîðûå Ýëâèí ìîæåò ïîëó÷èòü èç èñõîäíîé (íàçîâ¼ì òàêèå
òàáëèöû äîñòèæèìûìè), åñòü òàáëèöà ñ íàèìåíüøèì äåôåêòîì. Ïðèìåíÿÿ ê ýòîé òàáëèöå óòâåð-
æäåíèå Øàãà 1, ïîëó÷èì, ÷òî å¼ äåôåêò íóëåâîé, ÷òî è äîêàçûâàåò óòâåðæäåíèå çàäà÷è.

Çàìåòèì, ÷òî ëþáàÿ ïîñëåäîâàòåëüíîñòü õîäîâ Ýëâèíà ïðèâîäèò ê ðåçóëüòàòó âèäà, îïèñàííîãî
â Ïðåäëîæåíèè 1. Áîëåå òîãî, âû÷èòàíèå êàêîãî-òî ÷èñëà ε èç âñåõ ÷èñåë ai è èç âñåõ ÷èñåë bj íå
ìåíÿåò ðåçóëüòàòà. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî ñóììà ÷èñåë ai è ñóììà ÷èñåë bj ðàâíû íóëþ.

Ïóñòü tij � ÷èñëî, ñòîÿùåå â êëåòêå (i, j) èñõîäíîé òàáëèöû T . Äëÿ ëþáûõ äâóõ ïîñëåäîâàòåëüíî-
ñòåé a = (a1, . . . , an) è b = (b1, . . . , bn), ñóììû êîòîðûõ ðàâíû íóëþ, îáîçíà÷èì ÷åðåç T (a,b) òàáëèöó,
ïîëó÷åííóþ èç T ïðèáàâëåíèåì ÷èñëà ai êî âñåì ÷èñëàì â i-é ñòðîêå è âû÷èòàíèåì bj èç âñåõ ÷èñåë
â j-ì ñòîëáöå, ïðè âñåõ i, j = 1, 2, . . . , n; â ÷àñòíîñòè, T = T (0,0), ãäå 0 = (0, 0, . . . , 0). Îáîçíà÷èì
÷åðåç f(a,b) äåôåêò òàáëèöû T (a,b). Î÷åâèäíî, ôóíêöèÿ f íåïðåðûâíà. Òåïåðü ìû ñîáèðàåìñÿ
îãðàíè÷èòü ÷èñëà, êîòîðûå èìååò ñìûñë ñòàâèòü â ïîñëåäîâàòåëüíîñòè a è b.

Ïóñòü m � íàèáîëüøåå ÷èñëî â T . Ðàññìîòðèì ïðîèçâîëüíûå ïîñëåäîâàòåëüíîñòè a è b ñ íóëåâû-
ìè ñóììàìè, òàêèå, ÷òî íåêîòîðîå ÷èñëî ai ìåíüøå, ÷åì −M = −(m+ b). Ñóùåñòâóåò íîìåð j òàêîé,
÷òî bj ≥ 0; òîãäà ÷èñëî â êëåòêå (i, j) òàáëèöû T (a,b) åñòü tij + ai − bj < m−M + 0 = −b, ïîýòîìó
f(a,b) > b = f(0,0).

Òàêèì îáðàçîì, âñå ïàðû ïîñëåäîâàòåëüíîñòåé a è b, äëÿ êîòîðûõ f(a,b) ≤ b, óäîâëåòâîðÿþò
íåðàâåíñòâàì ai ≥ −M è, àíàëîãè÷íî, bj ≥ −M ; îòñþäà ñëåäóåò, ÷òî ai ≤ nM è bj ≤ nM (ïîñêîëüêó
ñóììû ïîñëåäîâàòåëüíîñòåé � íóëåâûå). Èòàê, äëÿ ìèíèìèçàöèè äåôåêòà f(a,b) ìîæíî ðàññìàò-
ðèâàòü ëèøü ïîñëåäîâàòåëüíîñòè a è b, ýëåìåíòû êîòîðûõ ëåæàò íà îòðåçêå [−M,nM ]. Ìíîæåñòâî
òàêèõ ïîñëåäîâàòåëüíîñòåé � êîìïàêò, ïîýòîìó íåïðåðûâíàÿ ôóíêöèÿ f äîñòèãàåò íà í¼ì ñâîåãî
íàèìåíüøåãî çíà÷åíèÿ.

Äîïîëíåíèå. Íàçîâ¼ì öåíîé õîäà Ýëâèíà ÷èñëî a, âûáðàííîå íà ýòîì õîäå.

Äîêàçàòåëüñòâî Ïðåäëîæåíèÿ 1. Ïðåäïîëîæèì, ÷òî Ýëâèí ïðèìåíèò õîä öåíû a ê ñòðîêå i è ñòîëá-
öó j, à çàòåì � õîä öåíû −a ê ñòðîêå i′ è òîìó æå ñòîëáöó j. Ðåçóëüòàòîì ýòîãî áóäåò ïðèáàâëåíèå
÷èñëà a êî âñåì ÷èñëàì ñòðîêè i è âû÷èòàíèå a èç âñåõ ÷èñåë ñòðîêè i′. Àíàëîãè÷íûå äåéñòâèÿ Ýëâèí
ìîæåò ïðîäåëûâàòü ñî ñòîëáöàìè.

Òàêèì îáðàçîì, Ýëâèí ìîæåò ïðèáàâèòü â ÷èñëàì ïåðâîé ñòðîêè ÷èñëî Σ = a1+ · · ·+an è âû÷åñòü
åãî æå èç ÷èñåë ïåðâîãî ñòîëáöà, à çàòåì ðàñïðåäåëèòü ýòè ïðèáàâêè è âû÷èòàíèÿ ïî ñòðîêàì è
ñòîëáöàì, êàê îïèñàíî âûøå.

Äîêàçàòåëüñòâî Ïðåäëîæåíèÿ 2. Èñïîëüçóÿ ïðåäëîæåíèå 1, íåòðóäíî âèäåòü, ÷òî Ýëâèí ìîæåò
îáíóëèòü âñå ÷èñëà ïåðâîãî ñòîëáöà è âñå ÷èñëà ïåðâîé ñòðîêè, êðîìå ïîñëåäíåãî ÷èñëà â íåé.

Ïîëó÷åííàÿ òàáëèöà ñáàëàíñèðîâàíà. Îáîçíà÷èì ÷åðåç dij ÷èñëî â å¼ êëåòêå (i, j). Äëÿ ëþáûõ
i, j > 1 òàêèõ, ÷òî j < n, ñóùåñòâóþò äâà ëàäåéíûõ ìíîæåñòâà R è R′; îäíî, ñîäåðæàùåå êëåòêè (1, 1)
è (i, j), à äðóãîå � ïîëó÷åííîå èç ïåðâîãî çàìåíîé ýòèõ êëåòîê íà êëåòêè (1, j) è (i, 1). Ñóììû ÷èñåë,
ñòîÿùèõ â êëåòêàõ ýòèõ ìíîæåñòâ, íóëåâûå è ïîòîìó ðàâíû; çíà÷èò,

dij = di1 + d1j − d11 = 0.

Òàêèì îáðàçîì, ëèøü ïîñëåäíèé ñòîëáåö ïîëó÷åííîé òàáëèöû ìîã áû ñîäåðæàòü íåíóëåâûå ÷èñëà.
Îäíàêî êàæäàÿ êëåòêà ýòîãî ñòîëáöà ñîäåðæèòñÿ â íóëåâîì ëàäåéíîì ìíîæåñòâå, âñå îñòàëüíûå
÷èñëà â êîòîðîì � íóëè; òàê ÷òî ÷èñëî â ýòîé êëåòêå òàêæå ðàâíî íóëþ.

Ðåøåíèå 3 (íàáðîñîê). Ìû áóäåì èñïîëüçîâàòü íåêîòîðûå ñòàíäàðòíûå ìåòîäû ìíîãîìåðíîé
âûïóêëîé ãåîìåòðèè.



Êàæäóþ òàáëèöó, çàïîëíåííóþ ÷èñëàìè, ìû âîñïðèíèìàåì êàê òî÷êó â ïðîñòðàíñòâå Rn×n. Ìíî-
æåñòâî G âñåõ õîðîøèõ òàáëèö � ýòî âûïóêëûé êîíóñ â ýòîì ïðîñòðàíñòâå, çàäàííûé n! íåñòðîãèìè
íåðàâåíñòâàìè (óòâåðæäàþùèìè, ÷òî ñóììû ÷èñåë â ëàäåéíûõ ìíîæåñòâàõ íåîòðèöàòåëüíû). Ïî-
ýòîìó ýòîò êîíóñ çàìêíóò.

Ìíîæåñòâî T âñåõ òàáëèö, èç êîòîðûõ Ýëâèí ìîæåò ïîëó÷èòü òàáëèöó èç íåîòðèöàòåëüíûõ ÷èñåë
� òàêæå âûïóêëûé êîíóñ. Ýòîò êîíóñ ÿâëÿåòñÿ ñóììîé Ìèíêîâñêîãî äâóõ ìíîæåñòâ: (çàìêíóòîãî)
êîíóñà N , ñîñòîÿùåãî èç âñåõ íåîòðèöàòåëüíûõ òàáëèö, è ëèíåéíîãî ïîäïðîñòðàíñòâà V , ñîñòîÿ-
ùåãî èç âñåõ ¾ïðèàâîê¿, êîòîðûå Ýëâèí ìîæåò ñäåëàòü. Òàêàÿ ñóììà òàêæå ÿâëÿåòñÿ çàìêíóòûì
ìíîæåñòâîì (ïî ñóòè, â Øàãå 2 Ðåøåíèÿ 2 ïðèâåäåíî ¾ïðèçåìë¼ííîå¿ äîêàçàòåëüñòâî èìåííî ýòîãî
óòâåðæäåíèÿ).

Íåòðóäíî âèäåòü, ÷òî T ⊆ G; ïîýòîìó â çàäà÷å òðåáóåòñÿ äîêàçàòü, ÷òî T = G. Ïðåäïîëàãàÿ
ïðîòèâíîå, âûáåðåì òàáëèöó t ∈ G \ T . Òîãäà ñóùåñòâóåò ëèíåéíàÿ ôóíêöèÿ f , îòäåëÿþùàÿ t îò T
� èìåííî, f ïðèíèìàåò íåîòðèöàòåëüíûå çíà÷åíèÿ íà T , íî f(t) < 0.

Ýòà ôóíêöèÿ èìååò ñëåäóþùèé âèä: Äëÿ ëþáîé òàáëèöû x ∈ Rn×n, ñîñòîÿùåé èç ÷èñåë xij, èìååì

f(x) =
n∑

i,j=1

fijxij,

ãäå fij � íåêîòîðûå âåùåñòâåííûå êîíñòàíòû. Îáîçíà÷èì ÷åðåç F òàáëèöó, ñîñòîÿùóþ èç ÷èñåë fij.
Ïîñêîëüêó f(x) ≥ 0 äëÿ âñåõ òàáëèö x ∈ N , â êîòîðûõ ëèøü îäíî ÷èñëî íåíóëåâîå, èìååì fij ≥ 0

ïðè âñåõ i è j. Áîëåå òîãî, f äîëæíà îáíóëÿòüñÿ íà âñ¼ì ïîäïðîñòðàíñòâå V , â ÷àñòíîñòè � íà âñåõ
òàáëèöàõ, â êîòîðûõ îäíà ñòðîêà çàïîëíåíà ÷èñëàìè 1, îäèí ñòîëáåö � ÷èñëàìè −1, à âñå îñòàëüíûå
ýëåìåíòû )êàê è ýëåìåíò â ïåðåñå÷åíèè îñîáûõ ñòðîêè è ñòîëáöà) � íóëè. Ýòî çíà÷èò, ÷òî ñóììà
÷èñåë â ëþáîé ñòðîêå F ðàâíà ñóììå ÷èñåë â ëþáîì å¼ ñòîëáöå.

Îñòàëîñü ïîêàçàòü, ÷òî F ÿâëÿåòñÿ ñóììîé íåñêîëüêèõ ëàäåéíûõ òàáëèö, òî åñòü òàáëèö, ñîäåð-
æàùèõ îäíî è òî æå íåîòðèöàòåëüíîå ÷èñëî p âî âñåõ êëåòêàõ îäíîãî ëàäåéíîãî ìíîæåñòâà è íóëè
â îñòàëüíûõ êëåòêàõ; ýòî áóäåò îçíà÷àòü, ÷òî f(t) ≥ 0, ÷òî íå òàê. Äðóãèìè ñëîâàìè, íàì îñòà-
ëîñü ïîêàçàòü, ÷òî èç F ìîæíî âû÷åñòü íåñêîëüêî ëàäåéíûõ òàáëèö òàê, ÷òîáû ïîëó÷èòü òàáëèöó
èç íóëåé. Ýòî íåòðóäíî ñäåëàòü ñ ïîìîùüþ ëåììû Õîëëà: åñëè òàáëèöà ñîäåðæèò ïîëîæèòåëüíûå
÷èñëà, òî â íåé åñòü n êëåòîê. ñîäåðæàùèõ ïîëîæèòåëüíûå ÷èñëà è îáðàçóþùèõ ëàäåéíîå ìíîæå-
ñòâî. Òîãäà ìîæíî âû÷èòàíèåì ëàäåéíîé òàáëèöû îáíóëèòü îäíî èç ýòèõ ÷èñåë, îñòàâèâ îñòàëüíûå
íåîòðèöàòåëüíûìè.



�4. Â òðåóãîëüíèê ABC âïèñàíà îêðóæíîñòü ðàäèóñà r. Îêðóæíîñòè ñ ðàäèóñàìè r1, r2, r3 (çäåñü
r1, r2, r3 < r) âïèñàíû â óãëû A, B, C ñîîòâåòñòâåííî òàê, ÷òî êàæäàÿ èç íèõ êàñàåòñÿ âïèñàííîé
îêðóæíîñòè âíåøíèì îáðàçîì. Äîêàæèòå, ÷òî r1 + r2 + r3 > r.

Ïåðâîå ðåøåíèå. Ïóñòü ω � âïèñàííàÿ îêðóæíîñòü 4ABC, à I � å¼ öåíòð, p = (AB + BC +
+ AC)/2 � ïîëóïåðèìåòð. Îáîçíà÷èì òî÷êó êàñàíèÿ ω ñî ñòîðîíàìè BC, AC, AB ÷åðåç A0, B0, C0

ñîîòâåòñòâåííî. Ïóñòü îêðóæíîñòü ðàäèóñà r1 êàñàåòñÿ âïèñàííîé îêðóæíîñòè â òî÷êå A1.
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Ïðîâåäåì êàñàòåëüíóþ ïðÿìóþ ` ê ω òàêóþ, ÷òî ` ‖ BC. Îáîçíà÷èì ÷åðåç r′1 ðàäèóñ âïèñàííîé
îêðóæíîñòè òðåóãîëüíèêà, îáðàçîâàííîãî ïðÿìûìè AB, AC, `. Ïðÿìàÿ AI ïåðåñåêàåò îêðóæíîñòü
ñ ðàäèóñîì r′1 â äâóõ òî÷êàõ. Èç ýòèõ äâóõ òî÷åê ÷åðåç A2 îáîçíà÷èì áëèæàéøóþ ê I. Òîãäà r1

r′1
=

= AA1
AA2

≥ 1 è
r′1
r = AB0

p (çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî ïîëóïåðèìåòð òðåóãîëüíèêà, îáðà-

çîâàííîãî ïðÿìûìè AB, AC, ` ðàâåí AB0 è ýòîò òðåóãîëüíèê ïîäîáåí 4ABC). Ïðèìåíÿÿ òå æå
ðàññóæäåíèÿ ê îêðóæíîñòÿì ñ ðàäèóñàìè r′2 è r

′
3 è ñêëàäûâàÿ ïîëó÷åííûå íåðàâåíñòâà, èìååì:

r1 + r2 + r3 ≥ r′1 + r′2 + r′3 = r

(
AB0

p
+
BC0

p
+
CB0

p

)
= r.

Âòîðîå ðåøåíèå. Òàê æå, êàê è â ïåðâîì ðåøåíèè, îòìåòèì òî÷êè A0, B0, C0, A1, B1, C1. Òîãäà

∠B1IC1 = 90◦ + ∠A
2 , ∠A1IC1 = 90◦ + ∠B

2 , ∠A1IB1 = 90◦ + ∠C
2 . Î÷åâèäíî, ÷òî(−−→

IA1 +
−−→
IB1 +

−−→
IC1

)2
≥ 0. (1)

Òîãäà èç (1) ïîëó÷èì

r2 + r2 + r2 + 2r2 cos

(
90◦ +

∠A
2

)
+ 2r2 cos

(
90◦ +

∠B
2

)
+ 2r2 cos

(
90◦ +

∠C
2

)
≥ 0 ⇔

⇔ sin
∠A
2

+ sin
∠B
2

+ sin
∠C
2
≤ 3

2
. (2)
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Ïóñòü I1 � öåíòð îêðóæíîñòè ðàäèóñà r1. Îïóñòèì ïåðïåíäèêóëÿð I1H èç òî÷êè I1 íà ïðÿìóþ IB0.

Òîãäà â ïðÿìîóãîëüíîì òðåóãîëüíèêå II1H îäèí èç îñòðûõ óãëîâ ðàâåí ∠A
2 , êàòåò, ëåæàùèé íàïðîòèâ

ýòîãî óãëà, ðàâåí r − r1, à ãèïîòåíóçà ðàâíà r + r1. Ñëåäîâàòåëüíî, sin ∠A
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Ïî íåðàâåíñòâó Êîøè-Áóíÿêîâñêîãî èìååì
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ñëåäîâàòåëüíî, èç (3) è (4) ïîëó÷èì 9
2 ≥
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⇔ r1 + r2 + r3 ≥ r.



�5. Íà âå÷åðèíêó ïðèøëè 99 ãîñòåé. Äâîå âåäóùèõ âå÷åðèíêè, Àííà è Áîá, èãðàþò â ñëåäóþùóþ
èãðó (âåäóùèå íå âõîäÿò â ÷èñëî ãîñòåé). Ïî êðóãó ðàññòàâëåíû 99 ñòóëüåâ; èçíà÷àëüíî âñå ãîñòè
õîäÿò âîêðóã ñòóëüåâ. Âåäóùèå äåëàþò õîäû ïî î÷åðåäè. Çà õîä âåäóùèé âûáèðàåò ñòîÿùåãî ãîñòÿ
è óêàçûâàåò åìó ñâîáîäíûé ñòóë c, íà êîòîðûé òîò äîëæåí ñåñòü; åñëè õîòÿ áû îäèí ñòóë, ñîñåäíèé
ñ c, çàíÿò, òî òîò æå âåäóùèé âåëèò îäíîìó ãîñòþ íà ñòóëå, ñîñåäíåì ñ c, âñòàòü (åñëè îáà ñòóëà,
ñîñåäíèõ ñ c, çàíÿòû, âåäóùèé âûáèðàåò îäèí èç íèõ). Âñå óêàçàíèÿ èñïîëíÿþòñÿ íåìåäëåííî. Àííà
õîäèò ïåðâîé; å¼ öåëü � äîáèòüñÿ, ÷òîáû ïîñëå êàêîãî-òî å¼ õîäà õîòÿ áû k ñòóëüåâ áûëè çàíÿòû.
Ïðè êàêîì íàèáîëüøåì k Àííà ìîæåò äîáèòüñÿ öåëè, êàê áû íè äåéñòâîâàë Áîá?

Îòâåò. k = 34.
Ðåøåíèå. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Îáîçíà÷èì ÷åðåç F êîëè÷åñòâî çàíÿòûõ ñòóëüåâ â òåêó-

ùèé ìîìåíò èãðû. Çàìåòèì, ÷òî íà êàæäîì õîäó F íå óìåíüøàåòñÿ. Òàêèì îáðàçîì, íàì íóæíî íàéòè
íàèáîëüøåå êîëè÷åñòâî çàíÿòûõ ñòóëüåâ k, êîòîðîå Àííà ìîæåò ãàðàíòèðîâàòü ïîñëå ïðîèçâîëüíîãî
õîäà (å¼ èëè ñîïåðíèêà).

Íàçîâ¼ì ñèòóàöèþ â èãðå ñòàáèëüíîé, åñëè ó êàæäîãî ñâîáîäíîãî ñòóëà åñòü ñîñåäíèé çàíÿòûé
ñòóë. Ïîñêîëüêó çàíÿòû èëè ñîñåäñòâóþò ñ çàíÿòûìè ìàêñèìóì 3F ñòóëüåâ, â ëþáîé ñòàáèëüíîé
ñèòóàöèè èìååì F ≥ 33. Áîëåå òîãî, òîæå ñîîáðàæåíèå ïîêàçûâàåò, ÷òî åñòü åäèíñòâåííàÿ (ñ òî÷íî-
ñòüþ äî ïîâîðîòà) ñòàèëüíàÿ ñèòóàöèÿ, â êîòîðîé F = 33 (êîãäà ðîâíî êàæäûé òðåòèé ñòóë çàíÿò);
íàçîâ¼ì òàêóþ ñèòóàöèþ ïëîõîé.

Åñëè ñèòóàöèÿ ïîñëå õîäà Áîáà ñòàáèëüíà, îí ìîæåò äàëüøå èãðàòü òàê, ÷òîáû çíà÷åíèå F áîëüøå
íèêîãäà íå óâåëè÷èëîñü. Èìåííî, åñëè Àííà ñâîèì õîäîì ñàæàåò ãîñòÿ íà ñòóë a è îñâîáîæäàåò
ñîñåäíèé ñòóë b, Áîá ìîæåò ïîñàäèòü ãîñòÿ íà ñòóë b è îñâîáîäèòü a, âîçâðàùàÿñü ê òîé æå ñòàáèëüíîé
ñèòóàöèè.

Ñ äðóãîé ñòîðîíû, åñëè ñèòóàöèÿ ïîñëå õîäà Áîáà íåñòàáèëüíà, òî íàéä¼òñÿ ñâîáîäíûé ñòóë a,
ñîñåäíèå ñ êîòîðûì òàêæå ñâîáîäíû. Òîãäà Àííà ìîæåò ïîñàäèòü íà íåãî ãîñòÿ, óâåëè÷èâ F .

Ñòðàòåãèÿ äëÿ Àííû, êîãäà k 6 34. Âêðàòöå, ñòðàòåãèÿ Àííû � êàæäûì õîäîì óâåëè÷èâàòü çíà-
÷åíèå F , èçáåãàÿ ïîÿâëåíèÿ ïëîõîé ñèòóàöèè ïîñëå õîäà Áîáà (íàîáîðîò, Àííà ñîçäà¼ò ïëîõó ñè-
òóàöèþ ïîñëå ñâîåãî õîäà, åñëè ìîæåò).

Òàêèì îáðàçîì, íà êàæäîì ñâî¼ì õîäó Àííà äåëàåò ïðîèçâîëüíûé õîä, óâåëè÷èâàþùèé çíà÷å-
íèå F , åñëè ýòî íå ïðèâîäèò ê îïàñíîñòè ïîÿâëåíèÿ ïëîõîé ñèòóàöèè ïîñëå îòâåòíîãî õîäà Áîáà
(â ÷àñòíîñòè, Àííà íå çàñòàâëÿåò ãîñòåé âñòàâàòü). Ðàçáåð¼ì èñêëþ÷èòåëüíûå ñëó÷àè, â êîòîðûõ
îïàñíîñòü ïîÿâëÿåòñÿ.

Ñëó÷àé 1. Ïóñòü Àííà ìîæåò ïîñàäèòü ãîñòÿ íà ñòóë a, ïîñëå ÷åãî F óâåëè÷èâàåòñÿ äî 32, è Áîá
ìîæåò äîáèòüñÿ ïëîõîé ñèòóàöèè, ïîñàäèâ åù¼ îäíîãî ãîñòÿ. Ýòî çíà÷èò, ÷òî ïîñëå õîäà Àííû âñå
çàíÿòûå ñòóëà ðàñïîëîæåíû �÷åðåç òðè�, çà îäíèì èñêîþ÷åíèåì. Íî òîãäà Àííà ìîæåò ïîñàäèòü ãîñòÿ
íå íà ñòóë a, à íà ñîñåäíèé ñ íèì (îáà åãî ñîñåäà òàêæå ñâîáîäíû!), èçáåãàÿ îïàñíîñòè.

Ñëó÷àé 2. Ïóñòü Àííà ìîæåò ïîñàäèòü ãîñòÿ íà ñòóë a, ïîñëå ÷åãî F óâåëè÷èâàåòñÿ äî 33, è Áîá ìîæåò
äîáèòüñÿ ïëîõîé ñèòóàöèè, ïîñàäèâ åù¼ îäíîãî ãîñòÿ íà ñòóë b è ïîäíÿâ ãîñòÿ ñ ñîñåäíåãî ñòóëà c.
Åñëè a = c, òî Àííà ìîæåò ñâîèì õîäîì ïîñàäèòü ãîñòÿ íå íà a, à íà b, äîáèâøèñü ïëîõîé ñèòóàöèè
ïîñëå ñâîåãî õîäà; òîãäà Áîá ñâîèì õîäîì âûíóæäåí áóäåò íàðóøèòü ñòàáèëüíîñòü ñèòóàöèè. Èíà÷å,
êàê è â ïðåäûäóùåì ñëó÷àå, Àííà ìîæåò ïîñàäèòü ãîñòÿ íå íà a, à íà îäèí èç ñîñåäíèõ ñòóëüåâ, âñ¼
åù¼ óâåëè÷èâàÿ F , íî èçáåãàÿ îïàñíîñòè.

Äåéñòâóÿ òàêèì îáðàçîì, Àííà óâåëè÷èâàåò F êàæäûì õîäîì, ïîêà F 6 33. Ïîýòîìó îíà äîáü¼òñÿ
çíà÷åíèÿ F = 34.

Ñòðàòåãèÿ äëÿ Áîáà, êîãäà k > 35. Ðàçîáü¼ì âñå ñòóëüÿ íà 33 ãðóïïû ïî òðè ðÿäîì ñòîÿùèõ ñòóëà,
è ïðîíóìåðóåì ãðóïïû ÷èñëàìè îò 1 äî 33 òàê, ÷òî ïåðâûì õîäîì Àííà èñïîëüçóåò ñòóë èç ãðóïïû 1.
Âêðàòöå, Áîá äåéñòâóåò òàê, ÷òîáû ïîñëå êàæäîãî åãî õîäà âûïîëíÿëîñü ñëåäóþùåå óñëîâèå:

(∗) Â ãðóïïå 1 çàíÿòî íå áîëåå äâóõ ñòóëüåâ, à â êàæäîé îñòàâøåéñÿ ãðóïïå ëèøü ñðåäíèé
ñòóë ìîæåò áûòü çàíÿò.

Åñëè óñëîâèå (∗) âûïîëíåíî ïîñëå õîäà Áîáà, òî F 6 34 < k; ïîýòîìó ïîñòîÿííîå âûïîëíåíèå
ýòîãî ñâîéñòâà ãàðàíòèðóåò, ÷òî Áîá íå ïðîèãðàåò.



Îñòàëîñü ïîêàçàòü, ÷òî Áîá âñåãäà ñìîæåò ñîõðàíÿòü âûïîëíåíèå óñëîâèÿ (∗) ïîñëå ñâîåãî õîäà.
Î÷åâèäíî, îí ìîæåò ýòî ñäåëàòü íà ïåðâîì õîäó.

Ïóñòü Àííà íà î÷åðåäíîì õîäó ñàæàåò ãîñòÿ íà ñòóë a è îñâîáîæäàåò ñîñåäíèé ñòóë b; òîãäà Áîá
ìîæåò ïðîñòî ïîñàäèòü ãîñòÿ íà ñòóë b è îñâîáîäèòü a.

Ïóñòü òåïåðü Àííà íà ñâî¼ì õîäå ïðîñòî ñàæàåò ãîñòÿ íà ñòóë a (à ñîñåäíèå ñ íèì ñòóëüÿ ñâî-
áîäíû). Â ÷àñòíîñòè, â ãðóïïå 1 ïî-ïðåæíåìó åñòü ñâîáîäíûé ñòóë. Åñëè ïîëó÷åííàÿ ñèòóàöèÿ óæå
óäîâëåòâîðÿåò (∗), òî Áîá ïðîñòî ñàæàåò ãîñòÿ íà ñâîáîäíûé ñòóë â ãðóïïå 1 (ïî âîçìîæíîñòè �
ñðåäíèé) è, åñëè íàäî, îñâîáîæäàåò äðóãîé ñòóë â ýòîé æå ãðóïïå. Åñëè æå (∗) íàðóøåíî, òî a íàõî-
äèòñÿ â íåêîòîðîé ãðóïïå i (ïðè i > 2), è íå ÿâëÿåòñÿ ñðåäíèì ñòóëîì òàì. Òîãäà Áîá ñàæàåò ãîñòÿ
íà ñðåäíèé ñòóë ãðóïïû i è îñâîáîæäàåò ñòóë a.

Äåéñòâóÿ òàêèì îáðàçîì, Áîá âñ¼ âðåìÿ äîáèâàåòñÿ âûïîëíåíèÿ (∗).



�6. Ïóñòü P (x) � íåïîñòîÿííûé ìíîãî÷ëåí ñòåïåíè n ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, êîòîðûé
íåëüçÿ ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ äâóõ íåïîñòîÿííûõ ìíîãî÷ëåíîâ ñ ðàöèîíàëüíûìè êîýôôè-
öèåíòàìè. Äîêàæèòå, ÷òî êîëè÷åñòâî ìíîãî÷ëåíîâ Q(x) ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, ñòåïåíè,
ìåíüøåé n, òàêèõ, ÷òî P (Q(x)) äåëèòñÿ íà P (x),

à) êîíå÷íî;
á) íå ïðåâîñõîäèò n.
Ðåøåíèå. Êàê èçâåñòíî, íåïðèâîäèìûé ìíîãî÷ëåí P (x) ñòåïåíè n ñ ðàöèîíàëüíûìè êîýôôèöè-

åíòàìè èìååò n ðàçëè÷íûõ êîìïëåêñíûõ êîðíåé, êîòîðûå ìû îáîçíà÷èì α1, α2, . . . , αn.
à) Åñëè P (Q(x)) äåëèòñÿ íà P (x), òî äëÿ êàæäîãî k ≤ n ÷èñëî Q(αk) òàêæå äîëæíî áûòü êîð-

íåì P (x). Òàêèì îáðàçîì, çíà÷åíèÿ ìíîãî÷ëåíà Q â òî÷êàõ α1, α2, . . . , αn îáðàçóþò íåêîòîðûé
óïîðÿäî÷åííûé íàáîð αi1 , αi2 , . . . , αin , âñå ÷èñëà â êîòîðîì � êîðíè P , âîçìîæíî, ïîâòîðÿþùèåñÿ.
Êîëè÷åñòâî òàêèõ íàáîðîâ nn, è äëÿ êàæäîãî èç íèõ ñóùåñòâóåò íå áîëåå îäíîãî ìíîãî÷ëåíà Q òà-
êîãî, ÷òî Q(αk) = αik (ïîñêîëüêó äâà ìíîãî÷ëåíà ñòåïåíè, ìåíüøåé n, ïðèíèìàþùèå îäèíàêîâûå
çíà÷åíèÿ â n òî÷êàõ, ñîâïàäàþò).

Òàêèì îáðàçîì, êîëè÷åñòâî âîçìîæíûõ ìíîãî÷ëåíîâ Q(x) íå ïðåâîñõîäèò nn.
á) Äëÿ êàæäîãî ìíîãî÷ëåíà Q, óäîâëåòâîðÿþùåãî óñëîâèþ çàäà÷è, Q(α1) äîëæíî áûòü ðàâíî

îäíîìó èç αi. Îäíàêî ìíîãî÷ëåíîâ ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè ñòåïåíè, ìåíüøåé n, äëÿ êî-
òîðûõ Q(α1) = αi, íå áîëåå îäíîãî. Äåéñòâèòåëüíî, åñëè Q1(α1) = Q2(α1) = αi, òî α1 ÿâëÿåòñÿ êîðíåì
ìíîãî÷ëåíà Q1−Q2 ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè ñòåïåíè, ìåíüøåé n. Åñëè ýòîò ìíîãî÷ëåí �
íå òîæäåñòâåííûé íîëü, òî åãî íàèáîëüøèé îáùèé äåëèòåëü ñ P èìååò ðàöèîíàëüíûå êîýôôèöèåíòû,
ñòåïåíü ìåíüøå n è ÿâëÿåòñÿ íåïîñòîÿííûìè äåëèòåëåì P , ÷òî ïðîòèâîðå÷èò óñëîâèþ.

Òàêèì îáðàçîì, êîëè÷åñòâî âîçìîæíûõ ìíîãî÷ëåíîâ Q(x) íå ïðåâîñõîäèò n.


