XVII International Zhautykov Olympiad in Mathematics. Solutions

Nel. Prove that for some positive integer n the remainder of 3" when divided by 2" is greater than 10202,

Solution I. We choose a positive integer M such that 2M > 10222, and consider the remainder of 3"
when divided by 2M:
3 =r (mod2M), 0 <r < 2™,

If 7 > 10%°2!, then M is the desired number. Otherwise we choose the smallest integer k for which 3%r >
> 1022, Then 3*r < 102022 < 2™ Since 3*™ = 3% (mod 2M), the remainder of 3*™ when divided by
2F+M has the form 3%r 4+ 2Ms with some positive integer s, and is therefore greater than 102921,
Solution II. We choose a positive integer k such that 2¥%2 > 10292, We are going to determine
v5(3%" — 1), 1. e. the largest m such that 2™ divides 32" — 1. According to well-known lifting the exponent
lemma,
(3 =) =32 —1)+k—1=Fk+2.

Then the number n = 2F satisfies the condition, Indeed, if 7 is the remainder when 3" is divided by 27,
then 7 = 32° (mod 22) and therefore r = 32° (mod 25+3) (we use the fact that 28 > k + 3). Since 2++2
divides r — 1 and 2%3 does not, r = 1 + 282 (mod 28+3), thus r > 1 + 28+2 > 102921,

Solution III. Choose a positive integer k£ such that 3*¥ > 102°2!, and a positive integer m such that
2™ > 3k There exists a positive integer T such that 37 = 1 (mod 2™) (we may take, for instance, T' =
= 2™=2) Then for all positive integral s

3k+sT = 3% (mod 2™),

that is, 3¥77 leaves the remainder 3% after division by 2™ and, therefore, a remainder not less than
3% > 10%°2! after division by any higher power of 2. Now we can take n = k + sT such that k 4+ sT > m.



Ne2. In a convex cyclic hexagon ABCDFEF BC = EF and CD = AF'. Diagonals AC and BF intersect
at point ), and diagonals FC' and DF intersect at point P. Points R and S are marked on the segments
DF and BF respectively so that FR = PD and B(@) = FS. The segments R() and PS intersect at
point T". Prove that the line T'C' bisects the diagonal DB.

First solution. It follows obviously that BF' || CE and AC || DF. We denote the circumcircles of
AABQ and ADEP by w; and ws, respectively. Note that the lines AD and BE are internal common
tangents to wy and ws. Indeed, /BAQ) = /BEC = ZEBQ, i. e., EB is tangent to wy; the other tangencies
are established similarly. Note that CPF(Q is a parallelogram. Then CQ) = FFP = RD, that is, CQRD is
also a parallelogram as well as C'PSB. The lines BC' and DC' are not parallel to BD. Therefore R() and
PS intersect the line BD; we denote the intersections by X and Y respectively. It follows that X lies on
wi, since ZQAB = ZCDB = /ZBX(@Q. Similarly, Y lies on w,. Thus

DB-DX = DA? = BE? = BD - BY,

hence DX = BY, or BX = DY. Let TC and BD meet at Z. Then it follows from TX | CD and

TY | BC that
DZ CZ BZ

DX CT BY’

which immediately gives DZ = BZ.

Note. The equality BX = DY can be also proved by applying Menelaus theorem to ABDF and the
lines R—Q—Xand S—P—-Y.

Second solution. We follow the first solution, using BF' || CE and AC || DF to note that CPFQ,
CQRD, and CPSB are parallelograms.

Let N and M be points on the segments C'(Q and RN respectively such that FRN(Q and FRMS are
parallelograms. Then SM = FR = PD and SM || PD, that is, SMDP is also a parallelogram, hence
DM = PS =CB and DM || CB, therefore DM BC' is a parallelogram, and C'M bisects BD. It remains
to prove that T', M, C are collinear.

Applying Menelaus theorem to AF RQ and the line P — T — S (and bearing in mind the parallelograms

found above) we have
FP RT QS QC RT NM

Y= PR TO SF~0ON TO MR’
that is,
QC RT NM _ )
CN TQ MR

The collinearity 7', M, C follows from (1) immediately by converse Menelaus theorem for AQN R.






Ne3. Let n > 2 be an integer. Elwyn is given an n x n table filled with real numbers (each cell of the table
contains exactly one number). We define a rook set as a set of n cells of the table situated in n distinct
rows as well as in n distinct columns. Assume that, for every rook set, the sum of n numbers in the cells
forming the set is nonnegative.

By a move, Elwyn chooses a row, a column, and a real number a, and then he adds a to each number
in the chosen row, and subtracts a from each number in the chosen column (thus, the number at the
intersection of the chosen row and column does not change). Prove that Elwyn can perform a sequence of
moves so that all numbers in the table become nonnegative.

Common remarks. We collect here several definitions and easy observations which will be used in the
solutions.

A rook set is nonnegative (resp., vanishing) if the sum of the numbers in its cells is nonnegative (resp.,
zero). An n x n table filled with real numbers is good (resp., balanced) if every rook set is nonnegative
(resp., vanishing).

Notice that the sum of numbers in any rook set does not change during Elwyn’s moves, so good
(balanced) tables remain such after any sequence of moves. Also, notice that the rows and/or columns of
the table can be permuted with no effect on the condition of the problem, as well as on the desired result.

The proofs of the following two easy propositions can be found in the addendum after Solution 2.

Proposition 1. Assume that ay, as,...,a, and by, be, ..., b, are two sequences of real numbers with equal
sums. Then Elwyn can perform a sequence of moves resulting in adding a; to all cells in the ¢th row, and
subtracting b; from all numbers in the jth column, for all 2,7 =1,2,...,n.

Proposition 2. If an n x n table B is balanced, then Elwyn can perform several moves on that table
getting a table filled with zeros.

Solution 1. We start with the following known consequence of Hall’s lemma.

Lemma. Let G = (U UV, E) be a bipartite multigraph with parts U and V', both of size n. Assume that
each vertex has degree k; then the edges can be partitioned into k£ perfect matchings.

Proof. Induction on k; the base case k£ = 1 is trivial. To perform the step, it suffices to find one perfect
matching in the graph: removing the edges of that matching, we obtain a graph with all degrees equal
to k — 1.

The existence of such matching is guaranteed by Hall’s lemma. Indeed, let U’ be any subset of U,
and let V' be the set of vertices adjacent to U’. Put u = |U’| and v = |V’|. The total degree of vertices
in U’ is ku. so the total degree of vertices in V' is at least ku; hence ku < kv and therefore u < v, which
establishes the conditions of Hall’s lemma. O]

The following claim is the principal step in this solution.
Claim. In any good table, one can decrease some numbers so that the table becomes balanced.

Proof. Say that a cell in a good table is blocked if it is contained in a vanishing rook set (so, decreasing
the number in the cell would break goodness of the table). First, we show that in any good table one can
decrease several numbers so that the table remains good, and all its cells become blocked.

Consider any cell c; let € be the minimal sum in a rook set containing that cell. Decrease the number
in ¢ by €; the obtained table is still good, but now c is blocked. Apply such operation to all cells in the
table consecutively; we arrive at a good table all whose cells are blocked. We claim that, in fact, this table
is balanced.

In the sequel, we use the following correspondence. Let R and C' be the sets of rows and columns of
the table, respectively. Then each cell corresponds to a pair of the row and the column it is situated in;
this pair may be regarded as an edge of a bipartite (multi)graph with parts R and C. This way, any rook
set corresponds to a perfect matching between those parts.

Arguing indirectly, assume that there is a non-vanishing rook set S = {sy, s2,...,s,}. Each cell s; is
contained in some vanishing rook set V;. Now construct a bipartite multigraph G = (RUC, FE), introducing,
for each set V;, n edges corresponding to its cells (thus, G contains n? edges some of which may be parallel).



Mark each edge with the number in the corresponding cell. Since the sets V; are all vanishing, the sum of
all n? marks is zero.

Now, remove n edges corresponding to the cells of S, to obtain a graph G’. Since the sum of numbers
in the cells of S is positive, the sum of the marks in G’ is negative. On the other hand, the degree of every
vertex in G’ is n — 1, so by the Lemma its edges can be partitioned into n — 1 perfect matchings. At least
one of the obtained matchings has negative sum of marks; so this matching corresponds to a rook set with
a negative sum. This is impossible in a good table; this contradiction finishes the proof. O

Back to the problem, let T" be Elwyn’s table. Applying the Claim, decrease some numbers in it to get
a balanced table B. By Proposition 2, Elwyn can perform some moves on table B so as to get a table
filled with zeros. Applying the same moves to T, Elwyn gets a table where all numbers are nonnegative,
as required.

Solution 2. Say that the badness of a table is the sum of absolute values of all its negative entries. In
Step 1, we will show that, whenever the badness of a good table is nonzero, Elwyn can make some moves
decreasing the badness. In a (technical) Step 2, we will show that this claim yields the required result.

Step 1. Let r be a row containing some negative number. Mark all cells in row r containing negative
numbers, and mark all cells in other rows containing nonpositive numbers. Then there is no rook set
consisting of marked cells, since that set would not be nonnegative.

By Konig’s theorem (which is equivalent to Hall’s lemma), for some a and b with a + b < n, one can
choose a rows and b columns such that their union contains all marked cells; fix such a choice. Number
the rows from top to bottom, and the columns from left to right. We distinguish two cases.

Case 1: Row r is among the a chosen rows.

Permute the rows and columns so that the top a rows and the right b columns are chosen. Next, if
row r contains a negative number in some of the a leftmost entries, swap the column containing that entry
with the (n — b)th one (recall that n — b > a). As a result, there exists x > a such that the xth left entry
in row 7 is negative (while the chosen columns are still the b rightmost ones).

Now, rectangle P formed by the bottom n — a rows and the left a columns contains only positive
numbers, as it contains no marked cells, as well as no cells from row r. Let m be the minimal number in
that rectangle.

Let Elwyn add m to all numbers in the first a rows, and subtract m from all numbers in the first a
columns. All numbers which decrease after this operation are situated in P, so there appear no new cell
containing a negative number, and no negative number decreases. Moreover, by our choice, at least one
negative number (situated in row r and column x) increases. Thus, the badness decreases, as desired.

Case 2: Row r is not among the a chosen rows.

Add row r to the a chosen rows, and increase a by 1. Notice that the negative numbers in row r are
covered by the b chosen columns. As in the previous case, we permute the rows and columns so that the
top a rows and the tight b columns are chosen. All negative numbers in row r automatically come to the
right b columns. Now the above argument applies verbatim.

Step 2. We show that among the tables which Elwyn can obtain (call such tables reachable), there exists
a table with the smallest badness. Applying the argument in Step 1 to that table, we get that its badness
is zero, which proves the claim of the problem.

Notice that the effect of any sequence of Elwyn’s moves has the form described in Proposition 1.
Moreover, subtraction of some number € from all the a; and the b; provides no effect on the result. Hence,
we may assume that the sums of the a; and of the b; are both zero.

Let t;; denote the (7,7)th entry of the initial table 7. For any two sequences a = (ay,...,a,) and
b = (by,...,b,) both summing up to zero, denote by T'(a, b) the table obtained from T' by adding a; to all
numbers in the ith row, and subtracting b; from all numbers in the jth column, for all 4,57 = 1,2,...,n;
in particular, 7" = 7(0,0), where 0 = (0,0,...,0). Let f(a,b) denote the badness of T'(a,b). Clearly,
function f is continuous. Now we intend to bound the set of values that make sense to put in sequences a
and b.



Let m be the maximal number in 7. Take any a and b summing up to zero, such that some a; is
smaller than —M = —(m + b). Then there exists an index j with b; > 0; hence the entry (¢,7) in T'(a, b)
istij+a;,—b; <m—M+0=-b,s0 f(a,b) >b= f(0,0).

So, all pairs of sequences a and b satisfying f(a,b) < b should also satisfy a; > —M and b; > —M,
and hence a; < nM and b; < nM as well (since each of the sequences sums up to zero). Thus, in order to
minimize f(a,b), it suffices to consider only those a and b whose entries lie in [—M, nM]. Those values
form a compact set, so the continuous function f attains the smallest value on that set.

Addendum. Say that the price of Elwyn’s move is the number a chosen on that move.

Proof of Proposition 1. Let Elwyn perform a move of price a to row i and column 7, and then a move of
price —a to row ¢’ and the same column j. The result will consist in adding a to row i and subtracting a
from row 4’. Similar actions can be performed with columns.

So, Elwyn may add ¥ = a; + - - - + a,, to the numbers in the first row and subtract > from those in the
first column, and then distribute those increments and decrements among the rows and columns, using
the above argument. O

Proof of Proposition 2. 1t is easy to see, using Proposition 1, that Elwyn can vanish all numbers in the
first column, as well as all numbers in the first row, except for the last its entry.

The resulting table is also balanced; denote the number in its cell (¢, j) by d;;. For any 4,j > 1 with
J < n, there are two rook sets R and R’, one containing cells (1,1) and (¢, 5), and the other obtained by
replacing those by cells (1, 7) and (¢,1). The sums in those two sets are both zero, so

dij = dil + dlj — d11 = 0.

Hence, only the nth column of the obtained table might contain nonzero numbers. But, since each entry
in the nth column is contained in some (vanishing) rook set, that entry is also zero. ]

Solution 3 (sketch). We implement some tools from multi-dimensional convex geometry.

Each table can be regarded as a point in R"*". The set GG of good tables is a convex cone determined
by n! non-strict inequalities (claiming that the rook sets are nonnegative). Thus this cone is closed.

The set T of tables which can be transformed, by a sequence of Elwyn’s moves, into a table with
nonnegative entries, is also a convex cone. This cone is the Minkowski sum of the (closed) cone N of
all tables with nonnegative entries and the linear subspace V' of all tables Elwyn can add by a sequence
of moves. Such sum is always closed (a pedestrian version of such argument is presented in Step 2 of
Solution 2).

It is easy to see that T' C GG; we need to show that T' = (. Arguing indirectly, assume that there is some
table t € G\ T. Then there exists a linear function f separating ¢ and T, that is — f takes nonnegative
values on T" but a negative value on t.

This function f has the following form: Let x € R™™™ be a table, and denote by x;; its (7, j)th entry.
Then

n
f(z) = Z JijTij,
ij=1
where f;; are some real constants. Form a table F' whose (¢, j)th entry is f;;.

Since f(z) > 0 for all tables in N having only one nonnegative entry, we have f;; > 0 for all 7 and j.
Moreover, f must vanish on all tables in the subspace V, in particular — on each table having 1 in some
row, —1 in some column, and 0 elsewhere (the intersection of the row and the column also contains 0).
This means that the sum of numbers in any row in F is equal to the sum of the numbers in any its column.

Now it remains to show that F' is the sum of several rook tables which contain some nonnegative
number p at the cells of some rook set, while all other entries are zero; this will yield f(¢#) > 0 which is not
the case. In other words, it suffices to prove that one can subtract from F' several rook tables to make it
vanish. This can be done by means of Hall’s lemma again: if the table is still nonzero, it contains n positive
entries forming a rook set, and one may make one of them vanish, keeping the other entries nonnegative,
by subtracting a rook table.



Neq. A circle with radius r is inscribed in the triangle ABC. Circles with radii rq, ro, 73 (r1,72,73 < 1) are
inscribed in the angles A, B, C' so that each touches the incircle externally. Prove that r{ + 179 + 13 > r.

First solution. Let w be the incircle of AABC, I its center, and p = (AB + BC + AC)/2 its
semiperimeter. We denote the tangency points of the sides BC', AC, AB with w by Ag, By, Cy respectively.
Let the circle of radius r; touches w at Aj;.

B Ao C
We draw a tangent ¢ to w such that ¢ || BC. Let r] be the inradius of the triangle formed by the lines
AB, AC, ¢. The line AI intersects the circle of radius r} at two points. From these two points let Ay be
/
closest to I. Then ;:—,1 = ﬁ% > 1 and 7;—1 _ ABo (here we use that the semiperimeter of the triangle

p
formed by the lines AB, AC, ¢ equals ABy and that this triangle is similar to AABC'). Applying the same

argument to the circles of raidii r, and r} and adding the obtained inequalities, we get

ABy B B
0, CO+C 0)_7"'
p p

r1+r2+r32r'1+r§+rg—r(

Second solution. Let Ag, By, Cy, A, By, C retain the meaning they had in the first solution. We
have ZBIC) = 90° + 48 | ZA1C, = 90° + 4B | 2A,1B, = 90° + 4F . Obviously

(1)

It follows from (1) that

2 2 2

& i ﬁ + si Q + si £ < = (2)
S1n 9 S1n 9 S1n 9 _2

LA /B 40
24+ 2+ 1%+ 2r% cos <90° + —) + 2r2 cos (90o + —) + 212 cos (90° + —) >0 &

Let I; be the centre of the circle of radius ;. Draw the perpendicular Iy H from I; onto I By. One of the
acute angles in the right triangle 1, H is 4‘4, the leg opposite this angle is » — 1, and the hypotenuse



is 7 4+ r1. Therefore sin <ATA> = ;4__ :i . Similarly sin <é£> = % and sin (%) = ;4__ ;g According

to (2)
T—T T — T2 r—7Ts

T+ T+ T T+ T3

Applying Cauchy-Schwarz inequality we have

2r 2r 2r 9
+ + <. (3)
r4+mr. r—4+ry r+r3 2

<35
-2

1 1 1 9
+ + > 7 (4)
r+nr r+1ry 4+ 13 r+nri+r+ro+r-+r;3

18r
> 3r+ry+ro+r3 S T2ty

[\ N}

thus, (3) and (4) give



Ne5. On a party with 99 guests, hosts Ann and Bob play a game (the hosts are not regarded as guests).
There are 99 chairs arranged in a circle; initially, all guests hang around those chairs. The hosts take turns
alternately. By a turn, a host orders any standing guest to sit on an unoccupied chair c. If some chair
adjacent to c is already occupied, the same host orders one guest on such chair to stand up (if both chairs
adjacent to ¢ are occupied, the host chooses exactly one of them). All orders are carried out immediately.
Ann makes the first move; her goal is to fulfill, after some move of hers, that at least k chairs are occupied.
Determine the largest k£ for which Ann can reach the goal, regardless of Bob’s play.

Answer. k = 34.

Solution. Preliminary notes. Let F' denote the number of occupied chairs at the current position in the
game. Notice that, on any turn, I’ does not decrease. Thus, we need to determine the maximal value of F’
Ann can guarantee after an arbitrary move (either hers or her opponent’s).

Say that the situation in the game is stable if every unoccupied chair is adjacent to an occupied one.
In a stable situation, we have F' > 33, since at most 3F' chairs are either occupied or adjacent to such.
Moreover, the same argument shows that there is a unique (up to rotation) stable situation with F' = 33,
in which exactly every third chair is occupied; call such stable situation bad.

If the situation after Bob’s move is stable, then Bob can act so as to preserve the current value of F'
indefinitely. Namely, if A puts some guest on chair a, she must free some chair b adjacent to a. Then Bob
merely puts a guest on b and frees a, returning to the same stable position.

On the other hand, if the situation after Bob’s move is unstable, then Ann may increase F' in her turn
by putting a guest on a chair having no adjacent occupied chairs.

Strategy for Ann, if k < 34. In short, Ann’s strategy is to increase F' avoiding appearance of a bad situation
after Bob’s move (conversely, Ann creates a bad situation in her turn, if she can).

So, on each her turn, Ann takes an arbitrary turn increasing F' if there is no danger that Bob reaches
a bad situation in the next turn (thus, Ann always avoids forcing any guest to stand up). The exceptional
cases are listed below.

Case 1. After possible Ann’s move (consisting in putting a guest on chair a), we have F' = 32, and Bob
can reach a bad situation by putting a guest on some chair. This means that, after Ann’s move, every
third chair would be occupied, with one exception. But this means that, by her move, Ann could put a
guest on a chair adjacent to a, avoiding the danger.

Case 2. After possible Ann’s move (by putting a guest on chair a), we have F' = 33, and Bob can reach
a stable situation by putting a guest on some chair b and freeing an adjacent chair c. If a = ¢, then Ann
could put her guest on b to create a stable situation after her turn; that enforces Bob to break stability
in his turn. Otherwise, as in the previous case, Ann could put a guest on some chair adjacent to a, still
increasing the value of F', but with no danger of bad situation arising.

So, acting as described, Ann increases the value of I’ on each turn of hers whenever F' < 33. Thus, she
reaches F' = 34 after some her turn.

Strategy for Bob, if k > 35. Split all chairs into 33 groups each consisting of three consecutive chairs,
and number the groups by 1,2,...,33 so that Ann’s first turn uses a chair from group 1. In short, Bob’s
strategy is to ensure, after each his turn, that

() In group 1, at most two chairs are occupied; in every other group, only the central chair
may be occupied.

If () is satisfied after Bob’s turn, then F' < 34 < k; thus, property (*) ensures that Bob will not lose.

It remains to show that Bob can always preserve (k). after any his turn. Clearly, he can do that oat
the first turn.

Suppose first that Ann, in her turn, puts a guest on chair a and frees an adjacent chair b, then Bob
may revert her turn by putting a guest on chair b and freeing chair a.



Suppose now that Ann just puts a guest on some chair a, and the chairs adjacent to a are unoccupied.
In particular, group 1 still contains at most two occupied chairs. If the obtained situation satisfies (x),
then Bob just makes a turn by putting a guest into group 1 (preferably, on its central chair), and, possibly,
removing another guest from that group. Otherwise, a is a non-central chair in some group ¢ > 2; in this
case Bob puts a guest to the central chair in group ¢ and frees chair a.

So Bob indeed can always preserve (x).



Ne6. Let P(x) be a nonconstant polynomial of degree n with rational coefficients which can not be
presented as a product of two nonconstant polynomials with rational coefficients. Prove that the number
of polynomials Q(z) of degree less than n with rational coefficients such that P(x) divides P(Q(x))

a) is finite;

b) does not exceed n.

Solution. It is known that an irreducible polynomial P(z) of degree n with rational coefficients has n

different complex roots which we denote by aq, as, ..., a,.
a) If P(z) divides P(Q(x)), then Q(ay) is also a root of P(x) for each k < n. It follows that the values
of Q at ay, as, ..., a, form a sequence o, a;,, ..., a; , where all terms are roots of P, not necessarily

different. The number of such sequences is n", and for each sequence there exists at most one polynomial
@ such that Q(ax) = «, (since two polynomials of degree less than n with equal values at n points must
coincide).

Thus the number of possible polynomials Q(x) does not exceed n™.

b) For each polynomial @) satisfying the condition, Q(«;) equals one of the roots a;. However, there is
at most one polynomial ) of degree less than n with rational coefficients such that Q(«;) = «;, Indeed, if
Q1(a1) = Q2(q) = «, then g is a root of the polynomial @)1 — Q)2 with rational coefficients and degree
less than n. If this polynomial is not identically zero, its greatest common divisor with P is a nonconstant
divisor of P with rational coefficients and degree less than n, a contradiction.

Thus the number of possible polynomials Q(z) does not exceed n.



XVII Meocdynapodnan XHaymuoikosckas osrumnuada no mamemamuxe. Pewenus sadaw.

Nel. JTokazkuTe, 9TO IIPH HEKOTOPOM HATYPAJBLHOM 1 OCTATOK OT jesienust 3" Ha 2" Gosbrre 102021,

IlepBoe pemennue. Bridepem narypasibnoe M, miast koroporo 2M > 102022 4 paccmorpuM ocTarok r
npu genennn 3M mwa 2M:
3M =r (mod 2M), 0 <r < 2™,

Ecm r > 10%°?2! qucno M — mexoMoe. B mpoTHBHOM ciTydae BHIOepeM HamMeHbImee k, 171d KOTOporo 3Fr >
> 10202%, TIpu srom 3kr < 102022 < 2M | TTockonbky 3™ = 3%y (mod 2M), ocrarox or genenns 35 na
2k M ypneer Bug 37 4+ 2Ms i1 HEKOTOPOTO 11€JI0r0 HEOTPUIATEILHOTO S, CJIeI0BATeNbHO, 6obine 102921,

Bropoe pemenne. BriGepenm mo6oe narypaisiuoe k, as koroporo 2542 > 102021, Haiiném v,(32 — 1),
TO ecTh HAMGOIBIIee M, JIst KoToporo 327 — 1 gesmrest Ha 2. COMIACHO U3BECTHOI JeMMe 06 yTOUHEHUN

moKas3aresd, .
(37 — 1) =03 -1 +k—1=Fk+2.

Torpa uncio n = 2% ynoaersopser yciosuio 3aaa4n. JIeCTBATENILHO, €CM 7' — OCTATOK HPH JejeHnd 3"
ma 2", to r = 3% (mod 22") u, cienosarensuo, r = 32° (mod 2843) (mbr momssyemest Ten, uro 28 > k43).
Tax kax r — 1 gemurca ma 2842 u me gemmrea ma 2843 1 =1 + 2842 (mod 28+3), mosromy r > 1 + 28+2 >
> 102021'

Tperne pemenme. Boibepem narypaibuoe k, s koroporo 3F > 1 , U HaATypaJbHOE M, JIJsd
kotoporo 2™ > 3. Cymectsyer T, ams koroporo 37 =1 (mod 2™) (manpumep, MoxHO B3aTh T = 2m2).
Torma mpu BCeX HATYPAJIBHBIX S

02021

38T = 3k (mod 2™),

to ectb 38T maét ocraTox 3% npu gemenn ma 2™ m, ce0BaTEBHO, OCTATOK, He Menbmmil 3% > 102921 mpn
JleJIeHUN Ha, JII0OYI0 DoJee BBICOKYIO cTeneHb 2. Temepb MOXKHO B34Th N = k + 1 Takoe, uto k + sT > m.



Ne2. Jlan Beimykeiit Buucanusiii mecruyroibank ABCDEF, 8 kotopom BC' = EF u CD = AF. Jlna-
ronasmm AC' u BF mepecekarorca B Touke (), a mumaronamu FC u DF — B touke P. Ha orpeskax DF
n BF ormedensl Touku R u S coorBeTcTBeHHO Tak, uto FFR = PD u BQ) = FS. Orpe3ku R u PS
nepecekaiorcsa B rouke 1. Jlokazkure, uyro npsamas 1T'C' pequr jpuaronaib DB mnomosiam.

ITepBoe pemenne. /13 ycaoBust 3aga4du oueBuano ciaeayior mapasiensunoctu BE || CE u AC || DF.
O6o3uaunm onucanubie okpyxkuOoCcTH NABQ w ADEP depe3 w; u wy COOTBETCTBEHHO. 3aMETUM, UTO
upambie AD n BE gaBasgioTcsa oOmuMn BHYTPEHHIMEI KacaTeJbHBIMHA K w1 U wy. JleiictBurensro, /BAQ =
= /BFEC = ZFEBQ, 1o ectb npamasa FE B Kacaercda wi. OcTraabHble KaCaHUs YCTAHABIMBAIOTCS aHAJIOINY-
HO. 3ameruM, 410 derbipexyroibiuk C'PF () sBiserca napajuiesorpammom. Torga CQQ = FP = RD, o
ecTh 1 deTbipexyronbHuk C'QRD — mapasuiesorpamum (Takzxe, Kak u derbipexyroabauk C'PSB). [Tpsivbie
BC' n DC ue napamiensusl npsivoii BD. Tlostomy RQ) w PS nepecekator npsmyto BD (06o3naduM 3tu
TOoYKU nepecedenns depes X u Y coorBercTBenHO). Torma Touka X JiexKUT Ha wy, Tak Kak ZQAB =
= /CDB = /ZBX(@Q. Arajgorn4no, Y JexKHT Ha wy. CeaoBaTe/bHO,

DB-DX = DA? = BE? = BD - BY,

orkyna DX = BY wm xxe BX = DY. Ilycte T'C' u BD mepecekaiorcd B Touke 7. Torga n3 mapaJienb-
wocreit TX || CD u TY || BC cienyer

DZ CZ BZ
DX COT BY’

YTO HEMEJJIEHHO JlaeT PpaBeHCTBO oTpe3koB D/ u BZ.

Bameuanne. Pasencrso BX = DY takzke MOXKHO HOJIy4duTh U3 TeopeMbl MeHesast (HpuMeHHB JBa
paza) qyist ABDF u cekymux R—Q —XuS—P-Y.

Bropoe pemenne. Tak ke, Kak ¥ B IEPBOM pellieHnH, 3anuineM napajeasnoctn BE || CE u AC ||
| DF, u ormerum napasienorpamvbl CPFQ, CQRD u CPSB.

Otmerum Ha orpeske C'Q) Touky N, a ma orpeske RN touky M takwe, uro FRNQ uw FRMS —
napaJuiesnorpammbl. Torga SM = FR = PD u SM || PD, 1o ectb SM DP — takke napa/ijiejiorpamum,
orkyna DM = PS = CB u DM || CB, 1o ectb u DM BC' — napastesnorpamum, a 8 Hem C'M jgenur BD
nomostaM. /st perennst 3aa9u OCTAIOCh T0Ka3aTh, 9to Touku 1, M u C jexar Ha OIHON TPSMOIi.

[Ipumenss Teopemy Menenas Kk AF RQ u cekymeit P — T — S, u3 10Ka3aHHBIX BBIIIE Tapa/IeIbHOCTe
HOJTyJaeM:

,_FP RT QS _QC RT NM




TO €CThb

QC RT NM _ )
CN TQ MR

Konmuneapuocts rouek T, M u C weme yienno cieayer u3 (1) mo o6parnoit reopeme Menenas qyist AQN R.




Ne3. Jlano HaTypaJibHOE 9UCI0 N > 2. Y DJABUHA ecTh TabJnIa n X n, 3an0JHeHHAas] BEIIeCTBEHHBIMH YHC-
gaMu (B KazKJI0# KJIeTKe 3aliCAHO POBHO OJHO YUC/I0). Ha30BEM .adetinom MHOMCECMEOM MHOKECTBO U3
N KJIETOK, PACIOJIOKeHHBIX KaK B 7. PA3JHYHBIX CTOJIOIAX, TAK U B 1 PA3INYIHBIX CTpoKax. [Ipeamomoxmm,
9TO CyMMa 4YuCesI B KJIETKAX JII000r0 JIaIeffHOr0 MHOZKECTBA, HEOTPUIIATETbHA.

3a X0 DJIBHH BHIOMPAET CTPOKY, CTOJIOEI, a TaKyKe BEIeCTBEHHOE YUCI0 () K KayKJIOMY YHCJIY B BbI-
OpaHHOI CTPOKe OH MpHOABIsieT @, a W3 KaXKJIO0TO YNCIa B BHIODAHHOM CTOJIOIE — BHIYHTAET @ (TAKUM
06pa3oM, YUCI0 B IepecedeHnn CTPOKK U CTOJIOIA He W3MeHsaeTcs ). JJoKazKuTe, 9T0 DJIBUH MOXKET, CJIeJIaB
HECKOJIBKO XOJIOB, JIOOUTBLCS, YTOOBI BCe YHUCIA B TaOIUIE CTATH HEOTPUIATETHLHBIMHA.

O061ue 3ameuanus. 3j1eCh COOpaHbl HEKOTOPHBIE OIPE/Ie/IEHUA U IMIPOCThie HAOIOIEHUs, UCIIOIb3yeMble
B peIeHusX.

HasoBéMm JiajieiiHoe MHOXKECTBO HEOMPUUAMEALHUM (COOTB., HYACEHIM), €CJM CyMMa YUCE] B KJeT-
KaxX 9TOr0 MHOYKeCTBa HeOTpHIaTeJbHa (COOTB., HyeBasi). Tabauily n X n, 3aM0JHEHHYIO BENIeCTBEHHBIMU
qHCIAME, Ha30BEM zopowed (COOTB., cbarancuposarnoll), ecian B Hell Bce JaleiiHble MHOKECTBA HEOTPH-
IATeJIbHBI (COOTB., HYJIEBbIE).

BaMeTuM, YTO MPHU XO/aX DJIBHHA CYMMa YUCET B JIOOOM J1adeffHOM MHOXKECTBE He MEHAeTCsd, TaK UTO
xXoporiue n cOATaHCHPOBAHHLIE TAOJIUIBI OCTAIOTCS TAKOBBIMHU. TaK»Ke 3aMeTHM, YTO CBOMCTBO TAOJIHIBI
ObITH XOporeii (cOaJaHCHPOBAHHON), TaK Ke Kak W TpedyeMoe yTBepK/IeHHe, He MEHSIOTCS TPH TIepecTa-
HOBKaX CTPOK W /WJIH CTOJIOIOB.

JlokazarebeTBa CASIYIONIUX JIBYX HECJOKHBIX MpeJIoKeHuil npuseienbl B Jlomonmnenun nocsie Perre-
HUAS 2.

ITpenmoxkenne 1. [lycts ay,as,...,a, u by, by, ..., b, — JBe MOCJIEIOBATEIHHOCTU BEIIECTBEHHBIX YUCET C
OJMHAKOBBIMU cyMMamu. Torna DIBHH MOXKeT COBEPIINTH HECKOTIBKO XOJI0B, Pe3yJIbTaTOM KOTOPBIX OyIer
npubaB/ienne 9ucjaa a; KO BceM KIeTKaM i-if CTPOKU U BbIYMTaHHe Yucjaa b; U3 BceX KIeTOK j-Io CTOJIoNa,
npu Beex 4,7 =1,2,...,n.

ITpepnoxkenne 2. Ecau tabauna n X n cOaJaHCHpOBaHa, TO DJIBHH MOZXKET COBEPIINTH HECKOJIBKO XOJI0B,
mocJie gero tabJsimia OyaeT 3aloTHeHA HYJISIMA.

Pemienne 1. Haumnéwm c¢ jokKa3aTeabCTBa M3BECTHOIO CJEJICTBHS U3 JEMMBI XOJLIA.

JIemma. [lycrs G = (U UV, E) — aByaoabnsiii myabrurpad ¢ goasvu U n V', cocTosiimux U3 n BepIinH
kazkaadg. [lycTb kaxKkmas Beprmmaa uMmeer cremedb k. Torma pédbpa G MOXKHO pas30dUThb Ha k COBEpPIIEHHBIX
MMapoOCOYETAHUIA.

Joxazamenavcmeo. Nnnyknus no k. Baza npu k£ = 1 tpuBnasibua. [ljis mara WHIYKIUA JIOCTATOYHO HANTH
B (7 OJIHO COBEPIIEHHOE MAPOCOYEeTAHNE: BBIOPOCHB €ro pédpa, MbI MOJyInM I'pad, B KOTOPOM BCE CTENeHH
BepIIUH paBHBI k — 1.

Cy1ecrBoBanue TaKOro NapoCodeTaHusi BBITEKAeT U3 JieMMbl Xosuia. deficrBurensno, nycrs U/ — nos-
muOoKecTBO B U, a V'’ — MHOKecTBO Beex coceieit Bepiims u3 U'. Tlonoxkum u = |U'| uv = |V’|. Cymmapnas
crenienb BepiuH u3 U’ paBHa ku, 103TOMY cyMMapHasi crernedb Beex epiind u3 V' He menbie ku. [Tosromy
ku < kv, To ectb © < v, 9TO U JOKA3bIBAET, YTO YCIOBUS JIEMMBI XO0JIJIA BBITIOTHEHBI. O

Cremyroriee yTBepzKaeHIe — KJIIOUeBOE B 9TOM PEIeHUN.

YrBepxkaenne. B j06oit xoporeit Tab/iuie 0:KHO YMEHBIIATD YUC/a B HEKOTOPHIX KJIETKAaX TakK, YTOOBI
HOJIy9rIach cOaJIaHCUPOBAHHAS TAO/IUIIA.

Aokasamenvcmeo. CkaxkeM, 9TO KJIETKA XOPOIIeH TaOIUIbI YCmoUuuea, eCIiu OHa, COJIEPKUTCSA B HYJIEBOM
ﬂaﬂeﬁHOM MHOZ>KECTBE (TaK qTO, eCJin YMEHbBHIIUTH YUCJIO0 B 3TOI KJIeTKe, TO Ta6m/1ua nepecraneT 6bITb
Xopomel'?l). Jist HadaJsia MBI TIOKaKeM, 9TO MOXKHO YMEHBIHTh YHUCJIa B HEKOTOPBHIX KJIETKaX XOpoIei
TabJIMIBI TaK, YTOOBI OHA OCTAJIACh XOPOIIeil, a Bce eé KJIeTKU CTAJIH YCTOININBBIMU.

Paccemorpum 00yio KJIeTKY ¢; MyCTh € — HAUMEHBINAasg CYMMa B J1aAeifHOM MHOXKECTBE, CO/IePKAIeM C.
YMeHbIIUM YHUCJI0 B KJIETKE ¢ Ha €; TabJIMIa OCTaHeTCH XOPOIieii, a KjeTKa ¢ craner ycroiruupoii. [Ipojesias
TaKyIO Olepanuio CO BCEMHU KJIETKAMH TAOJIMIbI, Mbl HOJIYYMM XOPOIIYIO TabJIMILY, BCE KJIETKH KOTOPOW
ycToiauBbl. MBI JoKazkeM, 9To Ta Tab uIa cOaJIaHCHPOBaHA.



B nmanwmeiitiem paccykaeHUE MBI UCTOJIB3yeM cieayioriee coorBercrBue. [lycts R u C' — MHOXKeCTBa
BCEX CTPOK M BCEX CTOJIOIOB TaOJIUIBI COOTBETCTBEHHO. KazK/10il KJeTKe cOOTBETCTBYeT Iapa U3 CTPOKH U
CTOJIOIA, COMEPIKAIIUX ITY KJIETKY; 3Ty Hapy MOXKHO CUATATH PeGPOM JBYI0IBHOTO (MyIbTH)rpada ¢ 1015~
vu R u C. Takum oOpa3oM, KazKI0My JaJIeifHOMY MHOXKECTBY COOTBETCTBYET COBEPIIEHHOE MAPOCOIETAHHEe
MEXK/AY 9TUMU AOJIAMUA.

[Ipennonaras, 9To J0Ka3bIBaeMoOe YTBep:K/IeHIe HEBEPHO, BEIOEpeM HeHYyIeBoe JaIeiiHoe MHOYKECTBO S =
= {s1,592,...,5,}. Kagas Kaerka s; ComepKUTCs B HEKOTOPOM HYJI€BOM Jajieiinom Muoxkecrse V. Ilo-
crponM JBynoJbHbI MysabTurpad G = (RUC, E), BKaoun B Hero, Jijist KaxKJ0ro MHOKecTBa V;, n pébep,
COOTBETCTBYIOIIUX KjleTKaM B V; (Takum o6paszom, B G posHO n? pébep, HeKOTOPbIe 13 KOTOPHIX MOTYT OBITh
napasureibHbIMu). [ToMerum Kazkjioe pebpo YHCIOM, CTOSIINM B COOTBETCTBYIOIIEH eMy KJIeTKe TaOJIUIIbL.
[TockombKY Bee MHOZKecTBa V; Hy/eBble, CyMMa BceX n’ HMOMeTOK paBHa HYJIO.

Vianum ternepb u3 G n pédGep, COOTBETCTBYIOMIMX KJeTKaM u3 S; 0003HAYMM IOJIyYeHHBbIH Ipad de-
pe3 G'. TTocko/IbKY CyMMa 9uces B KJIeTKaX MHOXKECTBa, S MOJIOKUTEIbHA, CYMMa, BCEX IOMETOK Ha péopax
rpada G’ orpunarenbna. C apyroit cTopoHbl, crenenn Bcex pepimuH B rpade G paBabl n — 1, Tak 4TO
o Jlemme ero péopa paszbuBaioTcs Ha 1 — 1 coBepIIeHHOe apocodeTanne. X0Ts Obl B OJHOM U3 IOJIYY€H-
HBIX ITApOCOYETaHU CyMMa IOMETOK Oy/IeT OTPHUIATEIbHOI; 9TO MapocoueTaHne COOTBETCTBYeET JaJIeiHOMY
MHOXKECTBY C OTPHIIATEILHON CyMMOM. 3HAYMT. HAIla TAO/IUIA — He XOPOIIas; HIPOTHBOPEYHe. O

Bepuémca k pemenuto. Ilycrs T — ucxomnas tabsuna. [lo YTBepxKaeHuio, HeKOTOpble 4ducjaa B 1
MOXKHO YMEHBIIHTDh TaK, YTOOBI MOJIYIHIacCh cOanmancupoBannasa tabsuma B. [lo Ilpemroxkenuto 2, DaBuH
MOzKeT CJAeJiaTb HECKOJIBKO XO/10B B Ta,6JII/H_Le S, IIOJIY1HnB Ta6HI/IHy, 3allOJIHEHHYIO HYJIAMU. HpI/IMeHHH TaKue
JKe XO0Jibl K cBoeil TabJiuiie T, OH 1mOJyduT TabJIMILY, 3al0JHEHHYIO HEOTPHUIATETbHBIMU YHCJIAMH, 9TO U
TPebOoBaJIOCH.

Pemenne 2. Hazosém degexmom Tabiumpl cymmy MOJy/Ieil BCeX OTPUIATETbHBIX YHUCEJ, CTOSIIAX B
neit. Pemmenne cocront u3 jayx maros. Ha [llare 1 mbr mokaxkem, 4To, eciim gedekT Xopoireir Tab bl
HEHYJIeBOi, TO DJIBUH MOXKET COBEPIINTH HECKOJIHKO XOJIOB, B Pe3yIbTaTe KOTOPHIX JAeMeKT yMEHBITUTCS.
Ha (TexHumveckoMm) mare 2 Mbl TIOKazKeM, 9TO U3 ITOTO YTBEPKJIEHUS BHITEKAET YTBEPKICHHUE 3a/IAYH.

Illaz 1. IlycTb cTpoKa 7 COAEPXKUT XOTS OBl OJHO OTpHIATeTbHOEe Juca0. OTMETHM BCe KJIeTKH B ITOM
CTPOKe, COJIepzKalliie OTPUIATE/IbHbIE YUC/IA, & TAKZKE OTMETUM BCe KJIETKH B JIDYIUX CTPOKAX, COJIeprKalliue
HENOAOAHCUMEALHBIE [THUCTA. TOraa He CyIIeCTBYET JIaJIeHHOr0 MHOXKECTBA, COCTOSIIETO M3 OTMEYEHHBIX
KJIETOK, MO0 CyMMa Yncesl B KJIeTKaX TaKOT0 MHOYKeCTBa Oblja Obl OTpHUIATEIHHOII.

[To Teopeme Kénura (sxBuBasienTHOIl jemmve XoJuaa), HalayTcs Takue duciaa a u b, 4to a + b < n,
U MOXKHO BBIOpaTh @ CTPOK U b cTOIOIOB, 00bEIUHEHHE KOTOPBLIX COAEPKUT BCE OTMEUYEHHBbIE KJIETKH.
Badukcupyem Takoit BEIOOP cTpOK u cTosiOMOB. [IporymMepyem cTpoku cBepxy BHHU3, a CTOJIONBI — CJIEBA
HallpaBO. BOSMO}KHBI JABa CJIy4dad.

Cayuat 1: Cmpoka r HGL00UMCA 68 YUCAE BHLOPAHHLLT A CMPOK.

[TepecraBum cTpoku U CTOJIONBI TaK, 4TOObI BHIODAHHLIMU OKa3a/IUCh BEPXHHUE (G CTPOK U IpaBble
b cronbmon. /lanee, ecanm cpejiu JI€BbIX @ YHCEJ B CTPOKE T €CTh OTPHUIATEJIHHOE, IepecTaBuM CTOJIOeIl,
coJiepzKalnii TaKoe 9uCJI0, CO CTOJIOIOM 1 — b; HammoMHuM, 9T0 . — b > a. Toraa B 000M cirydae HaiaéTCst
HOMEpP X > @ TaKOil, 4TO - cjieBa 3JIeMEHT CTPOKH 7 OTPUIATEJIeH; IIPU 3TOM BBIOPAHBI IO-Ipe:KHEMY b
IpPaBBIX CTOJIOIOB.

Paccmorpum npsimoyrosibHuk P B nepecedeHun HUXKHUX N — @ CTPOK U JIEBBIX @ CTOJIOIOB TAOJIUIIbI.
Bce uunciia B HEM 10JI0KUTEJIHHBI, TTOCKOJIBKY OH HE COJEPKUT OTMEYEHHBIX KJIETOK U He MePeceKaeTcs CO
crpokoii r. [Iycts m — HamMmenbiiee 9UCJI0 B 3TOM MPSIMOYTOJIHHUKE.

[IycTth DaBUH TpuOABUT M K KazKJIOMY YHCIY B BEPXHUX @ CTPOKAX M BBIYTET 1M U3 BCEX KJIETOK Jie-
BBIX @ CTOJIONOB. Bee umcsa, KOTOpble YMEHBIIATCA B pe3y/abTaTe 3TOI0, HAXOAATCA B IPIMOYTOJIbHIKE P
[O9TOMY HOBBIX KJIETOK C OTPUIATENTbHBIMU YHCJIAMEH HE MOABUTCs, ¥ HU OAHO OTPUIATETbHOE YHCJIO HE
yMeHbIUuTCs. Bojiee Toro, corsacHo Harrei nporeype, XoTs Obl OJHO OTPUIATEIbHOE YHCIO (CTOsIee B
IIepeceveHny CTPOKH T W CTOJIONA ) YBEJIWIUTCsI. SHAYHT, jeeKT TabIuIbl YMEeHBIMTHTCS, 9TO H TpeboBa-
JIOCD.

Cayuwat 2: Cmpoka r He vlbpana.



Jlo6aBnM CTPOKY 7" K @ BEIODAHHBIM CTpOKaM (yBeInduB a Ha 1). 3aMeTnm, 9To OTpHIATEbHBIE YHCIa
B 9TOI CTPOKe HAXOJATCA B b BHIOpaHHBIX cToOmax Kak m B HpemplayIneM Caydae, HepecTaBUM CTPOKH
U CTOJIOIBI TaK, YTOOBI @ BHIOPAHHBIX CTPOK CTOSIA CBEPXY, a b BHIOpAHHBIX CTOJOIMOB — cipaBa. Tormaa
BCE OTPHIATE/IbHBIE YHCJIA B CTPOKE I” aBTOMATHYECKH HAXOAATCs B b mpasbix crogbdmax. [locie sroro
HAOJTIO/IEHUST PACCYZK/IEHUsT U3 MPEBIIYIIEro CJIydas TPOXOIAT JIOCTOBHO.

Ilaz 2. Tlokaxkem, 4T0 cpeau TabJIUI, KOTOPble DJIBHH MOXKET IMOJYYHTh U3 MCXOAHON (HA30BEM Takme
TabIHIBI dOCTNUNCUMBLMUY, ), €CTh Tabauna ¢ Haumenvwum aedexrom. ITpumensst K 3Toii Tabinie yTBep-
xaerne [lara 1, moaydnm, 9To €€ medeKT HyaeBoii, YTO U JOKA3BIBAET YTBEPKICHHE 33 1a4M.

BameTnM, 9To JM100as MOCTeI0BATEILHOCTD XOA0B DJIBHHA MPUBOIUT K PE3YILTATY BUIA, OMHCAHHOIO
B Ilpemjioxenun 1. Bojiee TOro, BeluuTaHie KaKOIO-TO YUC/Ia € U3 BCEX 4HCEJ @; U U3 BCeX duces b; He
MeHseT pe3y/brara. I103ToMy MOXKHO CYMTATh, YTO CyMMa YHCe]I @; U CyMMa 4uces b; paBHBI HYJIIO.

Ilycrs t;; — uncio, crosiee B Ki1eTke (i, j) ucxonHoit Tabiumsr 1. [17s1 II0OBIX ABYX HOC/IEI0BATEIBHO-
creit a = (ay,...,a,) ub = (by,...,b,), CcyYMMBI KOTOPBIX paBHbI HYJI10, 0603HauNM 4depe3 T'(a, b) rabiuiy,
NoJIydeHHY0 U3 1 mpubaBiIeHneM 9ucIa @; KO BCeM YHCTaM B i-if CTDOKe U BBIYHTaHHEM b; W3 BCceX dHCces
B j-M crojbue, upu Beex i,j = 1,2,...,n; B wacrhocru, T = T7(0,0), rue 0 = (0,0,...,0). Ob6o3nauuMm
aqepe3 f(a,b) medekr rabaunpr T'(a,b). OueBngno, dyukmus f wenpepsiBaa. Temepb Mbl cobupaemcs
OMPAaHUYHUThH YHCJIA, KOTOPHIE HMEET CMbICJI CTABUTh B MOC/IEJI0BATEJBHOCTH a U b.

[Iycts m — maubosbinee ancio B 1. PaccMoTpuM mpon3BoJIbHBIE ITOCIEI0BATETLHOCTH & U b ¢ HYJIEBBI-
MH CyMMaMH, TaKHe, 9T0 HEKOTOPOe IHCJI0 a; MeHbire, uem — M = —(m +b). CymecTByer HOMEp j TaKoii,
aro b; > 0; Torga uncio B kierke (i,5) rabmunst 1'(a, b) ects t;; +a; — bj < m — M + 0 = —b, mosromy
f(a,b) > b= £(0,0).

Taxkum oOpasom, Bce mapbl HocjaegoBareabHocTedi a u b, mas koropeix f(a,b) < b, ymoBaeTBopsioT
HepaBeHCTBaM a; > —M u, anasnoru4uo, b; > —M; orciona ciaenyer, 110 a; < nM u b; < nM (HOCKOIBKY
CYMMBI MOCJIeIoBaTeIbHOCTeli — Hy/eBbie). Utak, jaus muaumusanun jgedekra f(a,b) MoxkHO pacemar-
pUBATH JIHIIb HOCJEJI0BATEILHOCTH & U D, 3JIeMeHTbl KOTOPbIX Jiexkar Ha orpeske [—M, nM|. Muoxecrso
TAKUX [OCJIe0BATEILHOCTEl — KOMIIAKT, MO9TOMY HelpepbiBHas (pyHKnusi f jgocTuraer Ha HEM CBOEro
HAUMEHBIIIEr0 3HAYEHUSI.

Honmonnenue. Hazosém yenot xona DaBUHA 9UCIO , BHIOPAHHOE HA ITOM XO/IE.

okasamenvcmeo [lpedrosicerus 1. Ilpeanonokum, 910 DIBUH MIPUMEHHT XOJT EHBI @ K CTPOKE ¢ U CTOJI0-
1y j, a 3areM — XOJ IEeHbl —a K CTPOKe i’ u Tomy ke crosomy j. Pesyabrarom sroro Oyaer npubasienue
YHCJIa @ KO BCEM YUCIaM CTPOKH ¢ M BBIYUTAHUE G U3 BCEX YUCEJI CTPOKH 7. AHAJOrHYHbIe JeiicTBUSA DJIBUH
MOYKET TIPOE/IBIBATEH CO CTOJOMAMMU.

Taxum o6pa3zoM, DJIBUH MOXKET IIPUOABUTD B YUCIAM HMEPBOil CTPOKU YHUCJIO X = a1+ -+ -+ @, U BBIYECTH
ero JKe W3 UHCes MEePBOTO CTOJONA, a 3aTeM pPACIpeIe/UTh ITH MPUOABKH U BBLIYHTAHHUS MO CTPOKAM U
CTOIOIAM, KaK OIKICAHO BBIIIE, [

Zoxazamenvcmeo Ilpedroscenus 2. Vcnonb3ys npejjiokenue 1, HETPYJIHO BUJIETH, YTO DJBUH MOZKET
OOHYJIUTDH BCE YUCJIA IEePBOTO CTOJIONA U BCe YUCIA MepBOil CTPOKH, KpOMe MOCJIeTHer0 Yicia B Heil.

[Mosyuennas rabiuna cbarancuposana. ObosnaduMm gepes d;; uciao B eé xiaerke (i,7). s m00bx
i,7 > 1 Takux, 9T0 j < n, CymECTBYIOT JBa JaJeiiHbix MHOKecTBa R u R'; om0, conepzxkariee kierkn (1,1)
u (7,7), a Ipyroe — MOJy4YeHHOE U3 TIePBOr0O 3aMeHOI STHX KJaeTok Ha kiaetku (1,7) u (i, 1). Cymmbr guced,
CTOAIINX B KJIETKAX dTUX MHOYKECTB, HYJI€BbI€ U IIOTOMY PaBHBI; 3HAYHUT,

dij = dz‘l + dlj — du = 0.

Takum o6pa3oM, JIUIIL MOCAETHUANE CTOJIOEI] MOy IeHHO# TaOIUIBl MOT OBl COJIepKaTh HEHYJIeBble YHCIIA.
OHaKo KaxK7aasg KJIeTKa dTOTO CTOJOIA COMEP:KUTCA B HYJIEBOM JAJIeHOM MHOXKECTBE, BCE OCTAIbHbIE
YuCJjla B KOTOPOM — HYJIM; TaK 49TO YUCJIO B ATON KJIETKE TaKKe PaBHO HYJIIO. D

Pemenue 3 (Habpocok). Mel GyjieM HCHOIB30BATH HEKOTOPHIE CTAHJIAPTHBIE METOIBI MHOTOMEPHOMH
BBLIIYKJION reoMerpuu.



Kaxkyio Tabsuiry, 3a0/ITHEHHYIO YUCJIAMU, Mbl BOCIIPUHUMAaEM KakK TOYKY B pocTpancTtse R™ ™. Muo-
»kecTBO (G BCeX XOpOIIHX TabJIMIl — 9TO BBIMYKJ/BIH KOHYC B 9TOM IIPOCTPAHCTBE, 33JaHHbIIH 1! HecTporuMmu
HEPABEHCTBAME (yTBEPZKIAIOMIUME, YTO CYMMBI YHCEJ B JIAJEeHHBIX MHOMKECTBAX HEOTPUIATETbHbI). [1o-
9TOMY ITOT KOHYC 3aMKHYT.

MuozxkectBo T' Bcex TabIuIl, 13 KOTOPBIX DJIBUH MOYKET MOJIYIUThH TAOIUILY W3 HEOTPHUIATETHHBIX TNCET
— TaK’Ke BBIMYKJBI KOHYC. DTOT KOHYC SIBISETCS CyMMOl MHUHKOBCKOTO JBYX MHOKECTB: (3aMKHYTOIO)
KoHyca N, COCTOMINEro M3 BCeX HEOTPHIATETbHBIX TAOJIHI], U JIMHEHHOrO IOANPOCTPAHCTBA V, COCTOS-
IEro U3 BCEX «IIPHABOK», KOTOPBIE DJIBUH MOXKET CJeaaTh. Takas cymMMa TaK:Ke SBIIeTCSI 3aMKHYTHIM
muozkecTBOM (10 cyru, B [llare 2 Peienust 2 npuBeieHO «IPU3EMIEHHOE» JIOKA3ATEIBLCTBO UMEHHO 9TOIO
YTBEPZKICHUS ).

Herpyano Bumers, uto T' C G modroMmy B 3ajade Tpebyercs nokasaTh, urto 1 = (. Ilpeamonaras
uporusHoe, Bbibepem tabauny ¢ € G\ T. Torua cymecrsyer suneiinas dbyuknus f, oraensiiomas ¢ or T
— HMeHHO, f HpUHHMaeT HeoTpunareabHbie 3Hadenus Ha T, Ho f(t) < 0.

Ota bynknnsa nmeer caeaytomuit Bu;: s moboit Tabmuier & € R™™, cocrosmeit n3 aucen x;;, nMeem

f(z) = Z fijiz,

1,7=1

rae f;; — HEeKOTOphIe BelleCTBeHHbIe KOHCTAHTR. Obo3naunm depe3 F' TabimILy, COCTOSAIIYIO U3 amces fi;.

[Tockompky f(x) > 0 mas Beex Tabun & € N, B KOTOPBIX JIMIIb OJHO THCJIO HeHysaeBoe, uMeeM fi; > 0
npu Bcex ¢ U j. Bonee Toro, f moKHA OOHYJIATHCA HA BCEM MOANPOCTPAHCTBe V| B 4aCTHOCTH — HA BCEX
Tab/IUIAX, B KOTOPBIX OJ[HA CTPOKA 3AM0THEHA 9ucjaaMu 1, O CToJI0e — JucjgaMu — 1, a Bce OCTaIbHbIe
9JEMEHTHl )KaK W 3JIEMEHT B IePecedeHnr OCOObIX CTPOKH M CTOJONA) — HYJIH. DTO 3HAYUT, 9TO CyMMa
quces B J1000i cTpoke F' paBHA cymMMe 4nces B JI000M e€ cToJoIe.

Ocrajioch mokasarh, 910 F' saBjIsieTcst CyMMOR HECKOJIBKUX AGOEUHBT MabAUY, TO €CTh TabJIuIL, COaep-
KallluX OJHO M TO 2K€ HEOTpUIlaTeJIbHOE YUCJIO P BO BCEX KJIETKaX OJHOI'O J'Ia,Z[eI';IHOFO MHOZKECTBa U HYJIN
B OCTAJIbHBIX KJIETKax; 3T0 Oymer o3navdarh, 910 f(1) > 0, uro He Tak. /IpyruMu cioBaMu, HaM OCTa-
JIOCHh MOKA3aTh, 9TO U3 F' MOKHO BBIYECTH HECKOJIBKO JIaIeHHBIX TAO/HI] TaK, ITOOBI MOTYIUTH TAOIHILY
u3 HyJeil. 9TO HETPYIHO CIAEIATH C MOMOIIBIO JeMMbl XOJIJIa: €CJIU TaOIUNA COMEP:KUAT MOJOKUATETbHBIE
9HUC/Ia, TO B HEl €CTh N KJIETOK. COAEPKAIUX MOJIOZKHUTEIbHbIE YUC/Ia U 00Pa3yomuX J1a/eiHOe MHOYKEe-
ctBo. Toria MOKHO BbIYMTAHHEM JIaJeHHONW TaOIUIBI OOHYJIUTH OJHO W3 THX YUCEJI, OCTABUB OCTAJIbHBIE
HeoOTpUuaTe/JIbHBIMHA.



Neq4. B tpeyronbank ABC' Brmcana OKpy:KHOCTH paguyca 7. OKPYKHOCTH ¢ PAIUyCaMu 11, re, I3 (371€Ch
r1,T9,73 < 1) BuHCaHbl B yriibl A, B, C' COOTBETCTBEHHO TaK, YTO KayKjas M3 HUX KACAETCs BIUCAHHON
OKPYZKHOCTH BHEITHUM oOpa3oM. /lokaxkuTe, 9T0 11 + 19 + 13 > 7.

IlepBoe pemenune. Ilycts w — Buucannas okpy:kuoctb AABC, a I — eé uenrp, p = (AB + BC +
+ AC) /2 — noaynepumerp. O603HauUM TOUKY Kacanus w co croponamu BC, AC, AB uepe3 Ay, By, Cy
coorBeTcTBEHHO. [lycTh OKPYKHOCTH pajiuyca r; KaCaeTcs BIMCAHHONW OKPYKHOCTH B TOYKe Aj.

B Ao C

[TpoBesiem kacaresbHy0 npsmyo ¢ K w Takyio, aro £ || BC. O6o3naunM 4epe3 1| pajuyc BIUCAHHOI
) 1
OKPY’KHOCTH Tpeyrojbauka, obpaszosanuoro npsmeivu AB, AC, (. Ilpsvast Al mepecekaer OKpyKHOCTH

C paamycoM 1] B ABYX Toukax. 3 sTmx aByx Touek uepe3 A, obozmaumm Oumkaiimyio k I. Torma % =

1
AB
TO (31€Ch MBI BOCHOJIB30BAJIUCH TE€M, YTO HOJIYIIEPUMETP TPEYroJbHUKA, 0Opa-

_AAL S T
9 — T

soBanHoro npsmbiMu AB, AC, ¢ pasen ABy u sror tpeyronbuuk mogoben AABC). Tlpumensist Te ke
paccyzK/JeHnus K OKPYZKHOCTSIM C PaJIMyCaMU 75 U 75 W CKJIAbIBas MOJIydeHHble HEPABEHCTBA, HMeeM:

ABy BC, (B
o, bbo 0)
p p p

T1+T2+T32T1+T;+Tézr(

Bropoe pemienme. Tak ke, Kak U B mepBoM pereHnn, ormeruMm Touku Ag, By, Cy, A1, Bi, C;. Torma
ZB1IC] =90° + ZTA , LAICT =90° + % , LAIBy = 90° + % . O4eBuIHO, ITO

— == —\?2
(IA1 1B, + 101> > 0. (1)
Torma u3 (1) nosyunwm

2 2 2 2 o AA 2 o AB 2 o AC
r“4+r°4+r 4+ 2r°cos | 90 —1—7 + 2r©cos | 90 +7 + 2r©cos | 90 +T >0 <

LA . ZB . L
= 51n7+sm7+3m




[Iycts I} — nenTp okpyzkHOCTH pajguyca ri. Onycrum neprnenaukyasp [ H u3 Toukn [; na npsvyio [ By.

Toraa B npsimoyroJibHOM Tpeyrojibuuke [ [y H o un U3 OCTPHIX YIJIOB PaBeH %, KaTeT, JeyKaluii HAITPOTHUB

3TOTO yrJa, paBeH r — rq, a HIOTeHy3a pasHa 7 + 7. CemoBarenbHo, sin%‘é = % Anasornaao
HOJIy4HuM Sin % = Z:_T_ % u sin % = ;:_T_ 7722 CorytacHo HepaBeHCTBY (2)
r—ry r—ry r—r 3 2r 2r 2r 9
- 2 <l s + + < - (3)
r+ry r4+mre  r4+7r3 2 r+ry r4+nry r+r3 2

[To mepaBencTBy Komu-bByHakoBcKOTO nMmeem

1 1 1 9
+ + > ,
T+ T+ 1o T+ T3 r+nri+r+nro+1r—+r1;3

craesoBarenbio, w3 (3) u (4) momyanm % > 3 rll—é?—rrg Ty & Ntr2tr32T




Ne5. Ha Beuwepunky mpunim 99 rocreit. /IBoe Benymux Bedepunku, Auna n Bob, urparmT B CI€IyIONLYIO
urpy (Beayiiue He BXOAAT B 4nca0 rocteil). ITo Kpyry paccrabiensl 99 CTY/IbeB; H3HAYAIBHO BCE TOCTH
XOJAT BOKPYT CTY/IbeB. Bemyiue memaiorT Xoapl 1Mo odepeau. 3a XOJ BeAYIIN BRIOUpPAET CTOSIIEro rocTd
U YKa3bIBaeT eMy CBOOOJHBIN CTY/I ¢, HA KOTOPBIIl TOT JIOJIZKEH CECTh; eCJI XOTs Obl OJWH CTYJI, COCE/IHUM
C ¢, 3aHAT, TO TOT K€ BeJyIINil BEJUT OJHOMY T'OCTIO Ha CTYyJe, COCeJHeM C ¢, BcTarh (ecam oba cryia,
COCEJTHUX C ¢, 3aHSTHI, BeJIyIHi BEIONpAET OJNH U3 HUX). Bee yKa3aHusT HCOTHSIOTCS HeMe/IeHHO. AHHA
XOJUT HEPBOii; €€ 1eb — JO0OUTHCS, YTOOBI MOC/e KAKOTO-TO €€ X07a XOTs Obl k CTy/IbeB ObLIM 3aHATHI.
[Ipu kakoMm HamboabmeM k AHHA MOXKeT JTOOUTLCH Iead, Kak Obl HE JeiicTBoBag Bob?

OrtBert. k = 34.

Pemtenune. [Ipedsapumenvrvie 3ameuarus. Ob003HaINM depe3 F KOJIUIECTBO 3aHITHIX CTYIbEB B TE€KY-
Ui MOMEHT UTPBI. 3aMeTHM, 9TO Ha KaykK10M Xoay F' He ymenbmraercs. Takum oOpa3oM, HaM HYKHO HATH
HanOOIbIIIee KOJTUIECTBO 3aHATHIX CTYIbeB k, KOTopoe AHHA MOXKET rapaHTHPOBATH IOCIE NPOU3EOALHO20
xozia (€€ WIm comepHuKa).

HazoBém curyanuio B urpe cmabuavhotl, ecjam y KazKJJoro ¢cBOOOJHOIO CTYJIA €CTh COCEHUN 3aHThIi
crysi. IToCKOIbKY 3aHATHI WJIM COCEJACTBYIOT € 3aHATBIMU MakcuMyM 3F' cTyjibeB, B J1I000i cTabU/IbHOIM
curyarun uveem F' > 33. Bosiee Toro, Toxke coobpakeHne MOKa3bIBAET, YTO €CTh eJANHCTBeHHAs (¢ TOYHO-
CTHIO JI0 MOBOPOTA) CTAaWJIbHAs CATYalus, B KoTopoil ' = 33 (Korma poBHO KasKIBIil TpeTHii CTy/I 3aHsT);
HA30BEM TaKyIO CUTYAIHIO NA0LOU.

Ecmm curyanusa mocse xona boba ctabmabaa, OH MOXKET JabIlle HT'PaTh TaK, 9TOOBI 3HaUeHne F' 60bIIe
HUKOIJIa He YBeJMImiIoch. VIMenno, eciim AHHA CBOMM XOJIOM CayKaeT TOCTS HA CTYJ @ U OCBODOXKIAET
coceamnit ¢ty b, Bob Moxker mocaauTh rocTs Ha CTYJI b 1 0CBOOOINTH @, BO3BpAIIAsCh K TOi »Ke cTabn/IbHOiT
CUTYAIIWH.

C apyroii CTOPOHBI, €CJIU CUTyaIus 1mocae xojaa boba HectabuiabHa, TO HaAETCS CBOOOIHBIN CTYI a,
COCeHIe ¢ KOTOPBIM TakzKe cBoOOmHBI. Torma AHHA MOXKeT IMOCAINTh Ha HEro rocTsd, yBeandus F.

Cmpamezus das Annol, xo2da k < 34. Brkparie, ctparerust AHHBI — Kaotcovim T00OM YBEAUNUBAMD 3HO-
wenue F, usbezasn nossaernus naoxol cumyayuu nocae roda Boba (naobopom, Anna cozdaém naory cu-
MYAYUIO NOCAE CE0€20 T00a, ECAL MONHCEM,).

Takum oOpa3om, HA KazKJI0M CBOEM X0y AHHaA Je/1aeT HPOM3BOJIBLHBINA X0/, YBEJMIUBAIONIUNA 3HAUTE-
Hue F', ecam 3TO He TPUBOAUT K OMACHOCTHU MOSIBJIEHHUS ILJIOXOH CHTyaIldd IOCJe OTBETHOrO Xojaa boba
(B wacTHOCTH, AHHA He 3acTaB/seT rocreii BcraBarh). Pa3bepém MCKIOYHTENbHBIE CJOYYad, B KOTOPHIX
OMACHOCTD ITOSIBJISETCS.

Cayuati 1. Tlycts AHHA MOXKET TOCAIUTH TOCTS HA CTYJ a, Tocae dero I ysenmuuBaercs 10 32, u Bob
MOKeT JTOOUThCS IJIOXOH CHTYAIHH, IIOCAIUB eIé OJHOTO I'OCTsS. DTO 3HAYUT, UYTO IOCJTe X013 AHHBI BCe
3aHATHIE CTY/Ia PACIOJIOXKEHHI “depe3 Tpu’, 3a OJHIM HCKOYeHneM. Ho Torna AHHA MOXKET MOCAIUTh FOCTS
He Ha CTYJI @, a Ha cocejnuii ¢ HuMm (0Da ero cocesa Takzke ¢BoOO/HbI!), n3berast OLACHOCTH.

Cayuati 2. Ilycts AHHA MOXKET MOCAIUTH TOCTSI HA CTYJ @, Tocye 4ero F ysenuauBaetcs 10 33, u Bob MozxeT
JIOOUTBCS IJIOXOfl CHTYaIluu, HOCAIUB €IIé OJIHOIO IOCTs Ha CTYJ b U IOIHIB roCTs C COCEJIHEro CryJa C.
Ecnu a = ¢, To AnHa MOXKeT CBOMM XOJ0M MOCAIUTh TOCTs He HA @, a Ha b, JOOWBIINCH ILJIOXOW CUTyaIuu
ocJie ¢60e20 X0J1a; Toria Bob cBOMM X0JI0M BBIHYKJEH OyJIeT HApyIIUTh CTaOUIBHOCTH cutyaruu. Mnade,
KaK U B IPeJIbIIyIeM ciaydae, AHHA MOXKeT MOCAJIUTh FOCTS He HA @, & HA OJIUH U3 COCETHUX CTYJIbEB, BCE
emé ypemunBasg F, HO u3beras OMAacCHOCTH.

JleitcrByst Takmm obpasoMm, AnHa yBennuuBaeT F Kaxkapim xoaoM, moka F' < 33. [Tostomy ona moObéTcs
3nadennsg F = 34.

Cmpamezus daa Boba, koeda k > 35. Pa3obbéMm Bce cTyIbs Ha 33 IPYIIBI IO TPU PSIIOM CTOSIIIIAX CTYJIA,
1 IPOHYMEepYyeM IPYIIbl JucaamMu oT 1 10 33 Tak, 9TO IMepBLIM X010M AHHA HCIOIL3YeT CTY/I U3 TPyl 1.
Bxparne, Bo6 meiictByer Tak, 4TOOBI IOCTE KAXKIOI0 €r0 X0/1a BBIMOJTHSIOCH CIEAYIOIee YCIOBUE:

() B rpymme 1 3amaro me 6osiee IBYyX CTY/IbEB, a B KazKJ0il OCTABINEICS TPYIIIe JIUIIb CPe/THIH
CTYJI MOYXKeT ObITh 3aHT.

Eciu yenosue (%) Bpimoaeno nocse xoga boba, 1o F' < 34 < k; 109TOMY HOCTOSIHHOE BbIIIOJTHEHUE
9TOT0 CBOIICTBa rapanTupyert, 4ro bob He nmpourpaer.



Ocrasioch nokaszarh, 9To Bob Beerja cMozkKeT cOXpaHsITh BHITOJTHEHNE YCJIOBHs (k) TOCTe CBOEro Xo/a.
Ou4eBHUIHO, OH MOXKET 3TO CJIe/IaTh Ha IEPBOM XOJIY.

[Iycts AHHa Ha OYepe HOM XOIy CcarKaeT FOCTd Ha CTYI a W OCBODOXKIAeT cocemumii ctyn b; Torma Bob
MOZKET IIPOCTO MOCAUTH FOCTsI Ha CTYJ b 1 0CBOOOJIUTH a.

[Tycth Temeps AHHA Ha CBOEM XOJ€ MPOCTO cazKaeT IocTs Ha CTYJI a (& COCeJHHe ¢ HUM CTYJbsl CBO-
Goxubl). B wacTHOCTH, B rpymme 1 mo-npexkHeMy ecTh CBOOOMHBI cTy . Ecju nosydenHast CHTYaIust yiKe
yioBierBopseT (x), To Bob mpocTo caxkaer rocTs Ha CBOOOMHBIH Ty B rpymme 1 (10 BO3MOKHOCTH —
CpeJIHUit) ¥, ecJau HAJ0, OCBODOKIAET JAPYTOii CTYJ B 9TOi Ke rpymme. Eciu ke (%) HAPYIIEHO, TO @ HAXO-
JIUTCSL B HEKOTOPOI#i rpyimie ¢ (upu i > 2), u He gBJsieTcs cpejnuM cryjom tam. Torga Bob caxaer rocrst
HA& CPEJIHUI CTYJI IPYIIIBL ¢ U OCBODOXK/IAET CTYJI d.

HeiictByst Takmm o6pa3om, Bob Bcé Bpemst 10OUBAETCST BBITIOJHEHUS ().



Ne6. [Tycrs P(x) — HEMOCTOSIHHBIT MHOTOUJIEH CTENeHH 1 ¢ PAIMOHATHHBIMI KO3 duImenTaMu, KoTophrii
HeJIb3s IPEJICTABUTH B BH/IE TIPOU3BEICHNS JBYX HEITOCTOSHHBIX MHOTOYIEHOB ¢ PAIHOHAIBHBIME K03 -
muenTaMu. J{oKayKuTe, 9TO KOJNIECTBO MHOTOWIEHOB (Q(X) ¢ pannoHaIbHBIME KO MOUIHEHTAME, CTEIeHH,
MeHblieit n, rakux, uro P(Q(z)) menurcs na P(x),

a) KOHETHO;

6) He MPEBOCXOIUT 7.

Pemenue. Kak u3BecTHO, HEMPUBOAUMBI MHOTOWIeH P(Z) cTemeHn n ¢ paloHATbHBIMI KObburu-
EHTAMH MMEET 1 PA3JTHYHBIX KOMILTEKCHBIX KOPHEl, KOTOPBIe Mbl 0003HAUUM (v1, (X9, .. ., (ip.

a) Ecoim P(Q(x)) pemurcs wa P(x), To aus kaxaoro k < n aucio Q(ay) Takzxe J0JIKHO ObITh KOD-
wem P(z). Takum obpasom, 3HadeHusi MHOro4IeHa () B TOYKaxX g, Qg, ..., Q;, 00pPa3ylT HEKOTODHI
YIOPSIIOYeHHBIH HAOOD vy, (i, - .., @, , BCE YHCJIA B KOTOPOM — KODHH P, BO3MOYKHO, MOBTOPSIFOIIHECS.
KonnaecTBo Takux HAOOPOB N, U JJIsk KayKJIOr0 W3 HUX CYIIECTBYeT He 0oJiee OJHOrO MHOTOUYIeHa () Ta-
Koro, 9t0 (o) = ;. (ITOCKONBKY JBa MHOTOWIEHA CTEIeHH, MEHBINeHl 7, MPUHUMAIOIINE OJINHAKOBBIE
3HAYEHUS B N TOYKAX, COBIAJAIOT).

Taxkum 06pa3oM, KOJIHIECTBO BO3MOKHBIX MHOIOYJIEHOB (Q(x) He mpeBocxoauT n'.

6) Hus kaxka0ro MHOrodwaeHa (), yJAOBIETBOPSIOIIErO YCIOBHIO 3ajaa4u, (Q(aq) AO0JKHO OBITH PABHO
ogHOMY 13 ;. OJHAKO MHOTOYJIEHOB C palMoOHAIBHBIMI KO3 dUIHEeHTaM CTeNeHn, MeHbINel n, 1JIa KO-
Topbix Q(aq) = ay, He bostee oxHOTO. [leiicTBUTEMBHO, ecin Q1 () = Q2(y) = v, TO (v ABJISAETCsI KOPHEM
MHOTOWIEHA (1 — (Qo ¢ pAIMOHATBHBIME KOI(DMUIIMEHTAMI CTeIleH!, MeHbIel n. Ecim 370T MHOrOWIeH —
HE TOXKJIECTBEHHbIH HOJIb, TO €0 HAauOOJIbINKI 001Kl JiesiuTe b ¢ P uMeeT paruoHaJ/ibibie KOIMMUIUEHTH,
CTENEeHb MEHBINE 1 U ABJISETCS HEMOCTOSHHBIMU JejnTeaeM P, 9To IPOTUBOPEYUT YCJIOBHIO.

TaxkumM 06pazoM, KOJTHIECTBO BOBMOKHBIX MHOIOYJIEHOB ()(X) He TPEBOCXOIUT 7.



