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Zadaqa }1. Dana trapeci� ABCD (AD ∥ BC), v kotoro� ∠ABC > 90◦.
Na bokovo� storone AB otmeqena toqka M . Oboznaqim qerez O1 i
O2 centry opisannyh okolo treugol~nikov MAD i MBC okru�noste�
sootvetstvenno. Izvestno, qto opisannye okolo treugol~nikov MO1D
i MO2C okru�nosti vtoriqno pereseka�ts� v toqke N . Doka�ite, qto
pr�ma� O1O2 prohodit qerez toqku N .

Zadaqa }2. Na�dite vse neqetnye natural~nye n > 1 takie, qto suwest-
vuet perestanovka a1, a2, . . . , an qisel 1, 2, . . . , n, v kotoro� pri vseh k,
1 ≤ k ≤ n, odno iz qisel a2k − ak+1 − 1 i a2k − ak+1 + 1 delits� na n (zdes~
my sqitaem an+1 = a1).

Zadaqa }3. Pust~ a, b, c, d > 0, abcd = 1. Doka�ite neravenstvo

(a− 1)(c+ 1)

1 + bc+ c
+

(b− 1)(d+ 1)

1 + cd+ d
+

(c− 1)(a+ 1)

1 + da+ a
+

(d− 1)(b+ 1)

1 + ab+ b
≥ 0.

Zadaqa }4. Dan kvadratny� trehqlen p(x) s vewestvennymi ko�fficien-
tami. Doka�ite, qto suwestvuet natural~noe n, dl� kotorogo uravnenie
p(x) = 1

n ne imeet racional~nyh korne�.

Zadaqa }5. Dan vypukly� xestiugol~nik ABCDEF , v kotorom AB ∥
DE, BC ∥ EF , CD ∥ FA. Rassto�nie me�du pr�mymi AB i DE ravno
rassto�ni� me�du pr�mymi BC i EF i rassto�ni� me�du pr�mymi CD
i FA. Doka�ite, qto summa AD + BE + CF ne prevoshodit perimetra
xestiugol~nika ABCDEF .

Zadaqa }6. Tablica 10 × 10 razbita na 100 ediniqnyh kvadratikov.
Nazovem blokom l�bo� kvadrat 2 × 2, sosto�wi� iz qetyreh ediniqnyh
kvadratikov �to� tablicy. Mno�estvo C, sosto�wee iz n blokov, pokry-
vaet tablicu (t.e. ka�dy� ediniqny� kvadratik tablicy nakryt nekoto-
rym blokom iz C), no nikakie n−1 blokov iz C �tu tablicu ne pokryva�t.
Na�dite naibol~xee vozmo�noe znaqenie n.
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Problem 1. Given a trapezoid ABCD  ( AD BC ) with 90ABC∠ >  . Point M  is chosen on the 
lateral side AB . Let 1O  and 2O  be the circumcenters of the triangles MAD  and MBC  
respectively. The circumcircles of the  triangles 1MO D  and 2MO C  meet again at the point N . 
Prove that the line 1 2O O  passes through the point N . 
Solution.  
 

 
We have 2 1360 2 2MO C MBC MAD MO D∠ = − ∠ = ∠ = ∠ , hence 1 2MO D MO C∆ ∆ . 
It follows that 

2

1

MOMC
MD MO

=              (1) 

and 2 1CMO O MD∠ = ∠ . 
Therefore  
                                           1 2O MO DMC∠ = ∠ .                (2) 
From (1) and (2) we get  
                                                     1 2O MO DMC∆ ∆ .         (3) 
Let the lines 1 2 ,O O CD  intersect at point K . 
From  (3) it follows that 1MO K MDK∠ = ∠ . Hence the points 1, , ,M O D K  lie on the same circle. 
Thus 2 1 1CMO O MD O KD∠ = ∠ = ∠ .  
So, 2 2CMO O KC∠ = ∠ , i.е. the points 2, , ,M O C K  lie on the same circle. 
It means that the points K and N  coincide, i.е. the line 1 2O O  passes through the point N . 
Problem 2. Find all odd positive integers 1n >  such that there is a permutation 1 2, ,..., na a a  of 
the numbers 1, 2,..., ,n  where n  divides one of the numbers 2

1 1k ka a +− −  and 2
1 1k ka a +− +  for 

each ,1k k n≤ ≤  (we assume 1 1na a+ = ).  
Solution 1. Since 1 2{ , ,..., } {1,2,..., }na a a n=  we conclude that i ja a n−   only if i j= .  
From the problem conditions it follows that  

2
1k k k ka a nbε+ = + − ,                     (1) 

where  kb Z∈  and 1kε = ± . We have 1 1 ( )( ) ( ) ( )k l k l k l k l k la a a a a a n b bε ε+ +− = − + + − − − . 
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It follows that if k la a n+ =  then k lε ε≠ otherwise 1 1k la a n+ +−   - contradiction. 
The condition k lε ε≠  means that k lε ε= − .  
 Further, one of the ia  equals n . Let, say, ma n= . Then the set 1 2{ , ,..., } \{ }n ma a a a  can 

be divided into 1
2

n −  pairs ( , )k la a  such that k la a n+ = . For any such pairs of indicies ,k l  we 

have 0k lε ε+ = .  

Now add all the equalities (1) for 1, 2,...,k n= . Then 
1

2

2 1 1

n n n

k k k m
k k k

a a n b ε
+

= = =

= − +∑ ∑ ∑ , or 

2 2 2

1
1 2 ... 1 2 ...

n

k m
k

n n n b ε
=

+ + + = + + + − +∑  whence 

1

( 1)(2 1) ( 1) ( 1)( 1)
6 2 3

n

k m m
k

n n n n n n n nn b ε ε
=

+ + + + −
= − + = +∑ .  (2) 

Note that if n  is not divisible by 3 then the number ( 1)( 1)
3

n n n+ −  is divisible by n  (since 

( 1)( 1)
3

n n+ −  is integer). It follows from (2) that m nε   which is impossible. 

Hence n  is  divisible by 3 and from (2) it follows that mε  is  divisible by the number 
3
n . 

The latter is possible only for 3n =  because 1mε = ± . It remains to verify that 3n =  satisfies the 
problem conditions. Indeed, let 1 2 31, 2, 3a a a= = = . Then 2

1 2 1 0 3a a− + =  , 2
2 3 1 0 3a a− − =   and 

2
3 1 1 9 3a a− + =  .  

 
Solution 2. Suppose that 1 2, ,..., na a a  is the desired sequence of residues modulo n, and let 

1( )i if a a +=  (for i n=  we take 1( )nf a a= ).  
The mapping f  thus defined is a bijection. We have either 2( ) 1(mod  ) f x x n≡ + or 

2( ) 1(mod  ) f x x n≡ − . If 2 2 2 (mod  ) x y z n≡ ≡ then there are at most two different residues 
among ( ),  ( ),  ( )f x f y f z , which is impossible. On the other hand, ( ) ( )(mod  ) f x f x n≡ − , 
therefore, if 2 2 (mod  ) x y n≡ then either (mod  ) x y n≡ ± or there is 0 among x and y. It follows 
that n cannot have two different prime factors (if it has, we can find x and y not divisible by n 
such that n divides (x+y)(x-y)). Furthermore, n cannot be divisible by a square of prime: if 

2p divides n  then 
2 2

2 20 0(mod  ) n n n
p p

   
≡ ≡ ≡   
   

. Thus n  is prime.  

    We arrange all residues modulo n=2k+1 on a circle in the natural order 0, 1, …, n-1; there 
are k+1 squares and k  non-squares among them.  

Every residue must have a neighbouring square, therefore, there are no non-squares with 
difference 2.  If 2 2 2(mod  ) a b n− ≡ , i.e. 2 21 1(mod  ) a b n− ≡ + , then f(a), f(-a), f(b), f(-b) have 
only three possible values, and either a or b is 0. Thus every group of consecutive squares 
contains two residues (with only possible exception when it contains three, and 0 stands on the 
outside), and every group of consecutive non-squares contains two residues (with only possible  
exception when it contains only one next to 0). Since the number of squares exceeds that of non-
squares by 1, exactly one of the two exceptions takes place.  

In the first case 0, 1, 2 are squares, and 3, 4 are non-squares, a contradiction.  
In the second case all the residues of the form 4k<n and 4k+1<n are squares and the rest 

are non-squares. For n>6 this means that 2, 3, 6 are non-squares which is impossible (since a 



 3 

non-square multiplied by non-zero square is a non-square, the product of two non-squares must 
be a square).  
             Thus 5n ≤ . Immediate calculation shows that n=3.  
 
Problem 3. Let , , , 0a b c d > and 1abcd = . Prove that 

( 1)( 1) ( 1)( 1) ( 1)( 1) ( 1)( 1) 0
1 1 1 1
a c b d c a d b

bc c cd d ad a ab b
− + − + − + − +

+ + + ≥
+ + + + + + + +

. 

Solution 1. It’s easy to see that the needed inequality is equivalent to following one 

4
1 1 1 1

ac a bc bd b cd ac c ad db d ab
bc c cd d ad a ab b
+ + + + + + + +

+ + + ≥
+ + + + + + + +

.                          (1) 

 
Since 

ac a bc+ + =
2 2 2 2( 1) ( ) ( 1 ) ( 1 )

1 1 1
c bc c bc ad c bc
c cbc cd dbc

a a

+ + + + +
+ ≥ =

+ + + ++
, 

or     ( 1 )
1 1

ac a bc ad c bc
bc c cd d
+ + + +

≥
+ + + +

. 

Hence  

1 1 1 1
ac a bc bd b cd ac c ad db d ab

bc c cd d ad a ab b
+ + + + + + + +

+ + + ≥
+ + + + + + + +

 

4

( 1 ) ( 1 ) ( 1 ) ( 1 )
1 1 1 1

( 1 ) ( 1 ) ( 1 ) ( 1 )4 4.
1 1 1 1

ad c bc ba d cd cb a da dc b ab
cd d da a ab b bc c
ad c bc ba d cd cb a da dc b ab

cd d da a ab b bc c

+ + + + + + + +
≥ + + + ≥

+ + + + + + + +
+ + + + + + + +

≥ ⋅ ⋅ ⋅ =
+ + + + + + + +

 

QED. 
 
Solution 2. 
Since 1abcd = , there exist positive real numbers , , ,x y z t , such that  

, , ,x y z ta b c d
y z t x

= = = = .  

Then inequality can be rewritten in the form 
( )( ) ( )( ) ( )( ) ( )( ) 0

( ) ( ) ( ) ( )
x y z t y z x t z t x y t x y z
y y z t z z x t t z x y x x y z
− + − + − + − +

+ + + ≥
+ + + + + + + +

 

or, equivalently, 
2 2 2 2

2 2 2 2

( ) ( ) ( ) ( ) 4
( ) ( ) ( ) ( )

x z t y y x t z z x y t t y z x
y z t y z x t z t x y t x y z x

+ + + + + + + +
+ + + ≥

+ + + + + + + +
. 

Notice that by Cauchy-Bunyakovsky inequality 2 2( ( ) ) 1 ( )z tx z t y z t y
x
+ + + + ≥ + + 

 
  

or  
2

2

( ) ( )
( ) ( )

x z t y x z t y
y z t y y z t x

+ + + +
≥

+ + + +
. 

(Equality occurs iff x y= .)  
Now, writing similar inequalities for other terms we obtain  
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2 2 2 2

2 2 2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) (4
( ) ( ) ( )

x z t y y x t z z x y t t y z x
y z t y z x t z t x y t x y z x

x z t y y x t z z x y t t y z x
y z t x z x t y t x y z x y z t

x z t y y x t z z x y t t y z
y z t x z x t y t x y z

+ + + + + + + +
+ + + ≥

+ + + + + + + +
+ + + + + + + +

≥ + + + ≥
+ + + + + + + +

+ + + + + + +
≥

+ + + + + +
4

) 4
( )

x
x y z t

+
=

+ +

 

 
Equality holds iff x y z t= = =  i.e. 1a b c d= = = = . 


