33. MATEMATICKI TURNIR GRADOVA

Laksa jesenja varijanta, 9.10.2011.

Miadji uzrast (8. razred osnovnih i 1. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena)

poeni zadatak

1. Nanajduzoj stranici AB, trougla ABC, uocene su tacke P i () takve da
3 je AQ = AC i BP = BC'. Dokazati da se centar opisane kruznice oko
trougla PQC' poklapa sa centrom upisane kruznice u trougao ABC.

2. Za okruglim stolom sedi nekoliko gostiju koji jedu bobice iz korpice u
kojoj ima 2011 bobica. Svaki gost je pojeo ili duplo vise bobica ili 6
bobica manje od svog suseda sa desne strane. Dokazati da gosti nisu
pojeli sve bobice.

3. Iz table 9 x 9 (koja sadrzi 81 jedini¢no polje) izbacena su sva jedini¢na
polja koja se nalaze u parnim vrstama i parnim kolonama (time je
izbaceno 16 jedini¢nih polja). Iseéi tako dobijenu tablu na pravougaonike
tako da broj pravougaonika koji su dimenzija 1 x 1 bude Sto manji.

4. Iznad svakog temena tridesettrougla zapisan je prirodan broj koji je
izmedju 1 i 33, pri ¢emu je svaki broj od 1 do 33 zapisan tacno jednom.
Nakon ovoga je iznad svake stranice zapisan broj koji je jednak zbiru
brojeva koji su zapisani iznad temena koja su krajnje tacke te stranice.
Da li je moguce da su na taj nacin, iznad stranica, dobijena (u nekom
poretku) 33 uzastopna prirodna broja?

5. Na pravolinijskom putu u jednom smeru krec¢u se pesak i biciklista, a
u drugom (suprotnom) motociklista i automobil. Brzine svih ucesnika
su konstantne (svako ima svoju konstantnu brzinu). Biciklista je na-
jpre sustigao pesaka, posle odredjenog vremena je susreo motociklistu, a
nakon isto toliko vremena (vreme koje je proteklo od sustizanja pesaka
do susreta sa motociklistom) susreo se sa automobilom. Automobil
se najpre susreo sa biciklistom, posle odredjenog vremena susreo se sa
pesakom, a nakon isto toliko vremena (vreme koje je proteklo od susreta
sa biliklistom do sustera sa pesakom) sustigao je motociklistu. Poznato
je da je biciklista sustigao pesaka u 10 casova, a susret pesaka i auto-
mobila dogodio se u 11 ¢asova. U koliko sati se dogodio susret peSaka i
motocikliste?



33. MATEMATICKI TURNIR GRADOVA

Laksa jesenja varijanta, 9.10.2011.

Stariji uzrast (2. i 3. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena)

poeni zadatak

1. Za okruglim stolom sedi nekoliko gostiju koji jedu bobice iz korpice u
kojoj ima 2011 bobica. Svaki gost je pojeo ili duplo vise bobica ili 6
bobica manje od svog suseda sa desne strane. Dokazati da gosti nisu
pojeli sve bobice.

2. U svako polje tajne tablice n x n upisana je jedna cifra od 1 do 9.
Pomoéu nje je formirano ukupno 2n n—tocifrenih brojeva - svaka vrsta,
odnosno svaka kolona predstavlja n—tocifreni broj. Peca Zeli da napise
n—tocifreni broj koji ne sadrzi cifru 0, takav da se taj broj, kao i broj
koji se dobije suprotnim redosledom cifara ne nalazi medju formiranim
brojevima. Zbog toga on mora da sazna nekoliko cifara koje su upisane u
polja tajne tablice. Koliko najmanje cifara mora da sazna da bi sigurno
uspeo u svojoj nameri?

3. U konveksnom cetvorouglu ABCD duzine stranica su: AB = 10,
4 BC =14, CD = 11i AD = 5. Odrediti ugao izmedju dijagonala

tog cetvorougla.

4. Za prirodne brojeve a < b < cvazib—a|b+aic—0b|c+ b Poznato

je da broj a ima 2011, a broj b 2012 cifara. Koliko cifara ima broj c?
5. U ravni je dato 10 pravih u opstem polozaju (nikoje dve nisu paralelne
5 i nikoje tri nemaju zajednicku tacku). Za svaku preseénu tacku tih

pravih uocen je manji ugao koji obrazuju prave koje prolaze kroz tu
tacku. Koliko najvise moze biti zbir svih tako uocenih uglova?



33. MATEMATICKI TURNIR GRADOVA

Teza jesenja varijanta, 23.10.2011.

Mladji uzrast (8. razred osnovnih i 1. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena)

poeni

zadatak

Na tabli je zapisan prirodan broj N > 1. SaSa nastavlja da zapisuje prirodne brojeve
na tabli u niz. Novi broj dobija tako sto poslednjem zapisanom broju doda ili oduzme
neki njegov (koji zeli) delilac veéi od 1. Sasa zeli da u nekom trenutku na tabli dobije
broj 2011. Da li moze ovo da postigne bez obzira na prvozapisani broj N > 17

Na stranici AB, trougla ABC| uocena je tacka P, takva da je AP = 2PB. Neka je tacka
Q srediste duzi AC. Ispostavilo se da je CP = 2P(Q. Dokazati da je ABC pravougli
trougao.

U nizu je nekoliko tegova, pri cemu su svaka dva tega razlicite tezine. Poznato je da
ako na levi tas terazija stavimo proizvoljna dva tega, medju ostalim tegovima mozemo
pronadi jedan ili vise tegova koji ¢e stavljeni na desni tas terazija dovesti do ravnoteze.
Koliko najmanje tegova moze biti u tom nizu?

Na nekom polju prve kolone (skroz levo) tablice koja ima 2012 vrsta i k& > 2 kolona
postavljen je zeton. Dva igraca naizmeni¢no pomeraju zeton, pri ¢emu je u jednom
potezu moguce pomeriti zeton za jedno polje na gore, na dole ili desno, ali obavezno
na polje gde Zeton u toku igre nije ve¢ bio. Igra se zavrsava onog trenutka kada zeton
prvi put dospe u poslednju (skroz desnu) kolonu. Medjutim, igra¢i ne znaju da li je
onaj koji dovede Zeton u poslednju kolonu pobednik ili porazeni. To im se saopstava
tek u momentu kada zeton prvi put dospe u pretposlednju kolonu. Da li neki od igraca
ima pobednicku strategiju?

Neka su a,b,c,d € (0,1), takvi da je abed = (1 — a)(1 — b)(1 — ¢)(1 — d). Dokazati
nejednakost
(a+b+c+d)—(a+c)(b+d) > 1.

Automobil se kreée po pravolinijskom putu konstanstnom brzinom 60km /h. Nedaleko
od puta, paralelno sa njim, nalazi se ograda duzine 100m. Svake sekunde, tokom
celokupnog putovanja, suvoza¢ automobila snima (belezi) ugao pod kojim se tog
trenutka vidi ograda. Dokazati da je zbir svih tako snimljenih (zabelezenih) uglova
manji od 1100°.

Temena pravilnog 45—tougla obojena su pomocu tri boje, pri ¢emu je svaka od njih
koriséena po 15 puta. Dokazati da postoje tri podudarna trougla tako da su temena
prvog obojena prvom, temena drugog obojena drugom, a temena tre¢eg obojena tre¢om
bojom.



33. MATEMATICKI TURNIR GRADOVA

Teza jesenja varijanta, 23.10.2011.

Stariji uzrast (2. i 3. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena)

poeni

zadatak

Peca je u ravni obelezio nekoliko (bar tri) tacaka, tako da su (svaka dva) rasto-
janja medju njima medjusobno razli¢ita. Za par A, B obelezenih tacaka kazemo da
je neobican ako je A najudaljenija tacka od tacke B i ako je B najbliza tacka tacki A
(ne racunajuéi samu tacku A). Koliko najvise neobi¢nih parova moze dobiti Peca?

Neka su a,b,c,d € (0,1), takvi da je abed = (1 — a)(1 — b)(1 — ¢)(1 — d). Dokazati
nejednakost
(a+b+c+d)—(a+c)(b+d) > 1.

Neka su A;, By i C} podnozja visina konstruisanih, redom, iz temena A, B i C trougla
ABC. Ozna¢imo, redom, sa C'y i Cp podnozja normala iz tacke C; na AC i BC.
Dokazati da prava C'4Cp polovi duzi C1A; i C1B;.

Da li postoji konveksan N —tougao sa svim jednakim stranicama, ¢ija sva temena pri-
padaju paraboli y = 22, ako je

N = 2011,

N = 20127

Prirodan broj je dobar ako njegov dekadni zapis ne sadrzi cifru 0. Za dobar broj kazemo
da je poseban ako njegov dekadni zapis sadrzi najmanje k cifara i cifre ¢ine strogo rastuci
niz (gledano sa leva na desno). U jednom potezu dobrom broju mozemo umetnuti
izmedju ma koje dve cifre poseban broj ili mu dopisati (sa leve ili desne strane) poseban
broj ili mu pak izbrisati niz uzastopnih cifara koje ¢ine poseban broj. Odrediti najveci
broj k za koji je moguce od proizvoljnog dobrog broja, nizom poteza, dobiti proizvoljan
dobar broj.

Neka je n > 1 prirodan broj. Dokazati da je broj 1! +33 +5% +-- - + (2" — 1)*"~1 deljiv
sa 2", ali nije deljiv sa 2"T!,

Data je plava kruznica. Na njoj je obelezeno 100 crvenih tacaka, tako da je te tacke
dele na 100 kruznih lukova ¢ije su duzine, nekim redosledom, 1,2,....100. Dokazati
da postoje dve tetive koje su medjusobno normalne i ¢ije su krajnje tacke obelezene
crvenom bojom.



TPUAIIATH TPETUN TYPHUP I'OPOJI0B

Ocennnii Typ,

8 — 9 kjaccol, 6a30BbIi BapuanT, 9 okTsaOpsa 2011 1.

(Hror momsoaurest o Tpem 3ajadam, 110 KOTOPBIM JJOCTUTHY ThI HAUJIY IIIIHE PE3YJIbTATHI).

OaJLIbl  3a/1a9u

1. Ha wmaubosbmeit cropone AB tpeyroibuuka ABC B3sym Touku P
u @@ rakue, uro AQ = AC, BP = BC. Jlokaxwure, 9TO IEHTP
OKPY?KHOCTH, OIMCAHHON OKOJ0 Tpeyroiabauka PQC, coBnamgaer ¢
IEHTPOM OKPY?KHOCTH, BIHCAHHOW B Tpeyroybauk ABC.

B. IIpoussonos

2. Toctu 3a KpyrJyibIM CTOJIOM €11 U3IOM U3 KOp3unbl ¢ 2011 nsioMuHKaMu.
Oxkazayioch, 9TO KayKJIbIil ¢bes ubo Bipoe 6obIne, ub0 Ha 6 MeHbIIre
U3IOMUHOK, YeM ero cocej cipasa. Jlokaxkure, 9T0 OBLIN ChEJIeHbI He
BCE M3IOMUHKI.

/1. Bapanos

3. W3 xnergaroro npamoyroiabanka 9 X 9 Bboipe3aan 16 KJIeTOK, y KOTOPBIX
HOMEpa TOpU30HTAJEN U BepTUKAaJell deTHble. Pa3pekbTe ocTaBIIyIOCs
durypy Ha HECKOJIBKO KJIETYATBHIX IMPAMOYTOJTBHUKOB TaK, YTOOBI CpeIu
HIX OBIJI0 KaK MOYKHO MeHbIIle KBaIpaTUKoB 1 X 1.

I1. Kootcesnuxos

4. B Bepmumnax 33-yrojbHHKa 3allicajd B HEKOTOPOM TIOPSJIKE IIEJIbIe

qucsia oT 1 10 33. 3areMm Ha KaxKJ0i CTOPOHE HAIMCAJIU CYMMY UHCE]T

B ee KOHIIaX. MoryT Jii Ha CTOPOHAX OKa3aThCsd 33 IOCJIEI0BATEILHBIX
[eJIbIX YuC/Ia (B KAKOM-HUOY/Ib HOpsijiKe)?

H. Asunos

5. Ilo mocce B 0JiHYy CTOPOHY JIBUKYTCH IEMIEXO]] M BEJIOCUIIEJIUCT, B IPYTYIO
CTOpPOHY — TeJiera 1 MalllhHA. Bce Y9aCTHUKHU JBU2KYTCA C IIOCTOAHHBIMHA
CKOpOCTSAME (KaKJIblit co cBoeit).  Besocunenner cHadama o6GOrHAI
IIEIIEeX0/1a, IIOTOM Yepe3 HEKOTOPOE BPpeMs BCTPETHII TEJIETY, a IIOTOM eIlé

5 yepe3 Takoe Ke BpeMsl BCTpeTu/1 Maluny. MarmmHa cHavasia BCTpeTunia
BEJIOCUIIEIMCTA, IIOTOM Yepe3 HEKOTOPOE BpeMs BCTPETUJIA IIEHIeXOa,
U IIOTOM €IE Uepe3 TaKoe »Ke BpeMsl oborHaJsia Tesery. Bemocumeauct
obornaJ renexona B 10 9acoB, a menrexo/ BCTpeTu/I MamuHy B 11 gacos.
Kora mermexos Becrperus Tejery?
A. Illenv



TPUAIIATH TPETUN TYPHUP I'OPOJI0B

Ocennnii Typ,

10 — 11 k/accer, 6a30BbIit BapuanT, 9 okTaops 2011 .

(Uror momsoaurest o TpeM 3ajavaM, 110 KOTOPBIM JJOCTHTHYThI HAUJIY IIIHE PE3Y/IbTATHI. )

OaJLIbl  3a/1a9u

1. Tocrtm 3a KpyrybIM CTOJIOM €y n3toM n3 Kop3uHb! ¢ 2011 n3tomMrHKamu.
OKkazaj10Ch, 9T0 KaXKIblil ¢bhbesl JIn0Oo BiIBoe 60JibIle, b0 Ha 6 MeHbIIIe
U3IOMUHOK, YeM ero cocej crpaba. Jlokaxkure, 4TO ObLIN CheJICHBI He
BCE UBIOMUHKHU.

/. Baparos

2. B kaxkoit KjeTke ceKpeTHOI TaOJINIBI 1 X N 3alicaHa oHa U3 1udp oT
1 10 9. W3 Hux nojiydaroTcs n-3HaYHbIE YUCA, 3alUCAHHBIE B CTPOKAX
cJIeBa HAIIpaBO W B CTOJIONAX cBepxy BHU3. IleTst xodueT Hammcarh Takoe
4 n-3HaYHOE YHCJI0 Oe3 HyJell B 3almcu, 9ToObl HU 9TO YHUCIO, HH OHO
JKe, 3allMCcaHHoe 3a/I0M Hallepé), He COBIAJIAJIO HU C OJHUM U3 271 THCes
B CTpOKax W cTojOImax Tabuuibl. B KakoM HamMeHbIIeM KOJIMIeCTBE
KJ1eTOK [leTs mosKeH Jijist 3TOro y3HATH MUMPHI?
I Tarvnepun

3. B Bemykiaom  derwipexyronmbanke  ABCD  cTOpOHBI  paBHBI

4 coorBerctBenno: AB = 10, BC' = 14, CD = 11, AD = 5. Haiigure
YTOJI MEXKJLY €ro JUaroHaJIsIMU.

A. Toanwvizo

4. Harypasbuble uncia a < b < ¢ TakoBbl, 4TO b + a genutcs Ha b — a, a

4 ¢+ b nemures Ha ¢ — b. Yuceno a 3amuceiBaerca 2011 mudpamu, a ancsio
b zarmcoiBaercsa 2012 mudpavu. Ckoysbko mudp B gucie c?

B. Openxun

5. Ha mockoctu ganbr 10 mpsiMbIX 00IIEro MOTOKEHNUsT (HET MapaJiiebHbIX
U HOKaKWe TPU He MPOXOIAT dYepe3 OIHy Touky). Ilpm kaxmoii
) TOYKe IIepecedeHns BbIOMpaeTcs HaUMEHBINHl yros, oOpa3oBaHHBIII
IPOXOAAIIMMHA Yepe3 Hee TpaMbIME. Haitaure HanOo IbITy10 BO3SMOKHYTO
CYMMY BCEX 3THUX YIVIOB.

P. 2Kenodapos



TPUAIIATH TPETUI TYPHUP TOPOJIOB

Ocennnii Typ,

8 — 9 KJacchl, CJA0XKHBIN BapuaHT, 23 oKTsiOps 2011 1.
(Uror nmomsoaurcest mo TpéM 3aja4aM, 110 KOTOPBIM JJOCTHTHY ThI HAUJIY UIIHE PE3Y/IbTATHI)

OaJLIbl  3a/1a9u

1.
3

2.
4

3.
)

4.
6

d.
6

6.
7

7.
9

Camma muIieT Ha JIOCKe IOCEI0BATENIbHOCTh HaTypasbHBIX ducesi. Ileppoe dmcio
N > 1 nmanucano 3apanee. HoBble HaTypaJjibHBIE UHC/Ia OH IOJYyYaeT Tak: BBIUUTAECT
13 IIOCJIETHEr0 3allMCaHHOIO YHUC/Ia WM NPUOaBJsieT K HeMy Jto00ii ero JeanTeb,
oonpmmuit 1. [Ipu smobom m Harypaasaom N > 1 Cara ¢cMOXKeT HAIMCATh Ha JIOCKE B
KaKoii-To0 MoMeHT 4ncjo 20117

A. Beponurkos

Ha cropone AB tpeyronbanka ABC' B3sgra Touka P rtakas, aro AP = 2PB, a Ha
cropone AC' — ee cepenuna, Touka (). WspecrHo, yro CP = 2P(Q). [lokaxkure, 410
tpeyroyibHuK ABC' psiMOyTOTbHBII.

B. IIpoussonos

B nabope HECKOJIBKO I'Mpb, BCe Beca KOTOPBIX pa3/iMdHbl. VI3BecTHO, 4YTO ecim
[IOJIOXKHUTD JIOOYIO Iapy I'Mpb Ha JIEBYIO Yallly, MOXKHO BEChI YPaBHOBECHUTD, IIOJIOXKIB
Ha [IPaBYIO Yallly OJHY WU HECKOJILKO I'MPb M3 OCTaIbHbIX. Haidijnure HauMeHbIee
BO3MOKHOE YUCJIO TUPhL B HAOOPeE.

A. Illanosanos

Ha kirervaroii mocke u3 2012 ctpok u k > 2 ¢TOI0II0B B KAKOM-TO KJIETKE CAMOI'0 JIEBOT'O
crosibra crout duiika. JIBoe XoagT 10 0Uepein, 3a X0l MOXKHO IEePE/IBUHYTH (PUIIKY
BIIPABO, BBEPX WJIM BHHU3 Ha OJIHY KJETKY, IIPH 9TOM HEJb3s IepeIBUraTh (PUIIKY Ha
KJIETKY, B KOTOpOil oHa yke mobbiBasa. Urpa 3akanumBaercs, Kak TOJbKO OJIMH U3
UT'POKOB IepeBUHET (PUIKY B caMmblil mpaBblii crosider;. Ho Oyger jm Takoit urpok
BBIUTPABITIAM WJIA ITPOUTPABIITIM — COODIIAETCsT UTPOKAM TOJBKO B TOT MOMEHT, KOT/Ia
dbuiika nonajgaer B mpeanociaeHuil crosber, (Bropoit cnpasa). Moxker i OJuH U3
UT'POKOB 00ECIIEUNTDh ¢e0€ BBIUTPHIII!

A. Bepodnuxos

Ussectno, 1ro 0 < a,b,¢,d < 1 n abed = (1 —a)(1 —b)(1 —¢)(1 — d). Jokaxkure, 410
(a+b+c+d) —(a+c)(b+d) > 1.

I I'anvnepun

[To mpsimomy tmocce co ckopoctbio 60 KM/4 emer mammua. Hemaneko ot jgoporu
crout 100-meTpoBBIil 3a60p, MapaJsiebHbIl jjopore. Kakiylo cekyHJly TaccaxKup
aBTOMOOWJIS M3MepseT YyroJl, Mo KOTOPBIM BujeH 3ab0p. [lokakuTe, 9TO cymMMa Beex
n3MepeHHbIX UM yry1oB Mesblite 1100 rpajiycos.

A. Hlenw

Bepimuabl mpaBuibHOrO 45-yroibHUKa pacKpallleHbl B TPH IBeTa, NPUIEM BEPIIUH
KaxKJ0ro mpeTa MmopoBHy. JlokaxKure, ITO MOXKHO BBIOPATDH 110 TPU BEPIINHBI KazKI0I0
IBeTa Tak, 9TOObI TPH TPEYTOJbHUKA, 00pPa3s0BaHHbIE BBIOPAHHBIMU OJIHOIIBETHBIMM
BepIIUHAME, ObLIA PABHBI.

B. Bpazun



TPUAIIATH TPETUN TYPHUP I'OPOJI0B

Ocennnii Typ,

10 — 11 k/accel, cjioKHBII BapuanT, 23 okTaOps 2011 .

(Hror nomsomurest mo TpéM 3ajiauaM, 0 KOTOPHIM JIOCTHIHY ThI HAHJIY 9IIIHE PE3YJIBTATHI, OAJIIBI 38 ITYHKTHI
OJIHOI 38,89 CyMMHPYIOTCS. )

OalJIbl  3aJa49n

1. Ilerst orMeTnI Ha IJIOCKOCTH HECKOJIBKO TOYEK (DOJIbIIE JIBYX), BCE PACCTOSHUS MEXK LY
KOTOpbIMU pa3yindubl. [lapy ormevenubrx Touek A, B Ha30BEM Heobuunotl, ecim A —
4 camMasl JlaJibHsAsT OT B oTMedeHHas ToUka, a B — Onamkaiimas K A orMedeHHasT TOTKa
(He cumrast camoit Toukn A). Kakoe HanboJibiiiee BO3SMOKHOE KOJUIECTBO HEOOBITHBIX

nap Moo rnojayuutbesd y Ieru?
b. Openxun

2. Ussecrno, uro 0 < a,b,¢,d < 1 u abed = (1 —a)(1 —b)(1 — ¢)(1 — d). Jokaxkure, 1aro

4 (a+b+c+d) —(a+c)(b+d) > 1.

I Taavnepun

3. B rpeyrompauke ABC touku A, By, Ci — ocHoBanus Bbicor u3 BepmmH A, B, C,

5 toukn C'y u C'p — npoekiuu C7 Ha AC u BC' coorBercrBeHHO. JloKakKuTe, ITO IpsiMast
C4C nenur nonosiam orpesku C1A; u C1B;.

Donvrrop, npedroocun I'. Peavoman

4.  CymiecTByeT Ji BBITYKJIbIH [N-yTOJIBHIK, BCE CTOPOHBI KOTOPOT'O PABHBI, & BCE BEPITHHEI
JexKaT Ha mapabose y = 2, ecin

N = 2011,

4 6) N =20127

w
8
~—

U. Bozdaros

5.  Hazoem HaTypaJibHOE YHCIO TOPOULUM, €CJIU BCe ero Iudpbl HEHYJIeBble. Xopoliee
YUCJIO0 HA30BEM 0CO0bLM, €CJIU B HEM XOTs Obl k pa3psa/ioB U 1udpbl UIAYT B MOPIIKE
cTpororo Bospacranust (cjeBa Hampapo). llycTb mMmeerTcss HEKOe XOpollee 9HCI0. 3a
7 XOJI pa3pemiaeTcs MPUITUCATh ¢ JIIOO0TO Kpas WJIM BIUCATb MEXKJIY JIIOOBIMU €TI0 JIBYMS
nrdpamMu 0coboe INCI0 WK »Ke HaoDOPOT, CTepeTh B ero 3amucu ocoboe ducso. Ilpn
KaKOM HauOOJIbIIIeM Kk MOXKHO M3 JIFOOOI'O XOPOIIEro YhcJa MOJIYIUTh JII000e JIpyroe
XOPOIIee IUCJIO0 ¢ TOMOIIBIO TAKUX XOI0B?
A. Beporurkos

6. Jloxazkure, uTo npu HaTypasibHoM 1 > 1 umeo 11 +33+55+. ..+ (2" —1)*"~! nenurca
7 Ha 2", Ho He jesuTea Ha 2", (B cyMMe yuacTByeT KaxKioe HedeTHoe ducio k ot 1 10
2™ — 1, BO3BEJIEHHOE B CTelleHb k.)

C. Cagpun

7. 100 kpacHBIX TOYEK Ppaz3Je/JUJIM CUHIOK OKPYKHOCTb Ha 100 Jyr, JIMHBI KOTOPBIX

9 SBJIAIOTCA BCEMU HATypaJabHbIMKA duciaamu oT 1 1o 100 B mpom3BOIBLHOM IMOPSJIKE.
JlokaxkuTte, 9TO CYIIECTBYIOT JIBE MEPHEHIUKY/ISIPHBIE XOP/bI ¢ KPDACHBIMU KOHITAMH.

B. IIpoussonos



TPUAIIATH TPETUI TYPHUP T'OPOJIOB

Becennuii Typ,

8 — 9 kytacchl, 6a30BbIi Bapuant, 26 despasia 2012 1.
(Uror noasoauTest 10 TpeM 3ajavaM, 10 KOTOPhIM JIOCTHIHYThI HAHJIYYIIHe PE3YJIbTATHI, OAJLIbI
3a IYHKTHI OJIHOH 38J1a9H CYMMUDYIOTCSL. )

OaJLJIbI

3a1a91

[To ogHOM U3 KIIeTOK JTocKH 8 X 8 3aphiT Kiraj. [loj KaxKio#t u3 oCcTaJlbHBIX 3apbiTa Tab-
JITYKa, B KOTOPOW yKa3aHO, 32 KAKOe HaMMEHbIIIee IUC/I0 MIaroB MOXKHO J100paThCst U3 TOM
KJIETKH JI0 KJ1a/1a (OJJHUM IIaroM MOYKHO MePeHTH U3 KJIETKH B COCEJHIOIO 110 CTOPOHE KJIeT-
Ky) KaKoe HanMeHblIee 9Y1CJIO KJIETOK HaJd0 IIepeKoIlaTb, LITO6bI HaB€pHdKa J0CTaTb KJIa,I[‘?

H. II. Cmpeaxosa

CyrtecTByeT it HATYPAJIbHOE YUCIIO, Y KOTOPOr'O HEYETHOE KOJMIECTBO YETHBIX HATYPAJIb-
HBIX JICJIUTENIEH 1 YeTHOE KOJIMIECTBO HEICTHBIX !
I 2Kyxos

Jan mapaJutesjorpamm ABC'D. Brincannbie okpy2kHocTr TpeyroiabankoB ABC u ADC' ka-
catorcs guaronain AC B toukax X u Y. Brucanubie okpyzkuoctu Tpeyrojibaukos BC'D u
BAD xacaiorcsa guaronaygu BD B roukax Z u 1. Jlokaxkure, 94To eciu Bce Touku X, Y, Z,
T pas/jim9IHbl, TO OHU ABJIAIOTCS BEPITUHAMU TPIMOYTOJTbHIKA.

P. K. I'opoun

B Beipaxkerun 10 :9:8:7:6:5:4:3:2:1 paccraBuin CKOOKH Tak, 9TO B pe3y/bTaTe
BBIYUCJICHUI TIOJIYYIHJIOCH TIejIoe Yucyio. Kakmm

HanOOJIBIIIIM;

HAMMEHBIITIM MOYKET OBITH 9TO UHCJIO?!

. ©. Axyaun

Y Hocopora Ha mKype ecTh BEPTUKAJbHbIE U TOPU30HTAIbHBIE CKJIAIKU. Bcero ckiaiok
17. Ecu Hocopor derrercsa 60KOM 0 JIepeBo, TO JUOO JIBe TOPU30HTAJIBHBIEC, JTUOO JBE BEp-
THKAJIbHBIE CKJIAJIKU Ha 9TOM OOKY IIPONAJIaloT, 3aTO Ha JIPYTroM OOKY HPUOABJISIOTCH JIBE
CKJIQJIKW: TOPU30HTAIbHAS U BepTUKaabHast. (Ecim 1Byx cKIao0K 0HOTO HAIIPABJICHUS HET,
TO HUYero He mpoucxoaut.) Hocopor movecasicst HeCKOJIbKO pa3. Moryio Jiu ciiydnThesi, 9To
Ha KaxkKJI0M OOKY BEPTHUKAJIbHBIX CKJIAJIOK CTaJI0 CTOJBKO, CKOJIBKO TaM paHbIle OBbLIO To-
PU30HTAJIbHBIX, a I'OPU30OHTAJIbHBIX CTaJIO CTOJIbKO, CKOJIbKO TaM 6I)I.HO BepTI/IKa.HbeIX?

H. Buicourui



TPUAIIATH TPETUI TYPHUP T'OPOJIOB

Becennuii Typ,

10 — 11 kJraccel, 6a30BbIit BapuanT, 26 despass 2012 .
(Uror nogsojuTest o TpeM 3ajiadaM, 110 KOTOPBIM JIOCTHIHY Tl HAHJLYYIIIHe PE3YJIbTATHL. )

OaJlJIBl 3818491

1.
4

2.
4

3.
)

4.
5

D.
)

W3 kazk 1081 BEPIIMHBI BHITYKJIOIO MHOTOI'DAHHUKA BBIXO/IST POBHO TPU pedpa, IPUIEM XOTs
Obl J1Ba M3 9THX Tpex pebep paBubl. Jlokaxkure, 4TO MHOTOIPAHHUK UMEET XOTs ObI TpPHU
paBHBIX pebpa.

B. B. IIpoussonos

Jlana kjeTdaTasi MOJIOCKA U3 2n KJIETOK, MPOHYMEPOBAHHBIX CJIEBA HAIPABO CJIEYIONIM
obpazoM:
1,2, 3...,n —m, ..., =2, —1.

[To 3T0i1 TIOJIOCKE TTepeMenTaloT (PUIKY, KazK/IBIM XOJIOM C/IBUTas €e Ha TO YHCJIO KJIETOK,
KOTOPOE YKa3aHO B TEKYIIeil KIeTKe (BIPaBO, €CJIN YUCJIO MOJOXKUTEIBHO, 1 BJIEBO, €CJIU OT-
puriatesibHo). M3BecTHo, uTo dbulika, HaYaB ¢ J000# KIeTKH, 060HIeT BCe KIETKU MOJOCKH.
Hoxkaxkure, 4To 4ncyo 2n + 1 mpocroe.

A. B. I'pubanko

Ha mmockoctn napucoBasim Kpusbie y = cosz u & = 100 cos(100y) n oTMeTmIn Bce TOUKN
UX TepecedeHnst, KOOPAMHATHI KOTOPBIX MOJOKUTEIbHBI. [lycTh @ — cymma abermee 3Tux
TOYeK, b — cymMma opJuHAT STuX Touek. Haitnure a/b.

U. U. Bozdanos

Yeroipexyroabank ABC' D 6e3 napaJiiebHbIX CTOPOH BIIMCAH B OKPYKHOCTE. J[J1s1 Kask 10
maphbl KACAIOIMXCA OKPYZKHOCTEM, 0JIHAa M3 KOTOPBIX mMeeT Xopay AB, a apyras — XOpiy
CD, ormeruM ux ToUKy Kacanud X. /lokaxkure, 4To Bee Takue TOUKU X JiexKaT Ha OTHOM
OKPY?KHOCTH.

doarvraop, npedaroscun A. Beponukos

Bestas stagps crout na mosie b2 maxmartHoit 1ocku 8 X 8, a uepHas — Ha noje c¢4. Urpoku
XOJAT II0 OYeped, KarxKIblii — CBOeil Jiajabeil, HaumHAIOT OeJible. 3alpelaercs CTaBUTH
CBOIO JIaJIbIO 110/ OOt JPyTroii J1ajibu, a TaKxKe Ha I0Jie, IJie yKe MoObIBaja KaKasi-HIOYy/Ib
Jasbsi. ToT, KTO HE MOXKEeT c/ieJIaTh XO/I, IIPOUrphiBaeT. KTo m3 NTPOKOB MOXKeT 00eCIednuTh
cebe mobey, Kak 6bl HU urpaJs apyroi? (3a XoJ| jajibst CBUrAeTCsI 0 TOPU3OHTAIH HJIH
BePTHUKAJIN Ha JIF0OOe UNCJIO KJIETOK, U CINTAETCHA, 9TO OHAa IIOObIBaJIa TOJIHBKO B HAYAJIHLHOMN
U KOHEUYHOli KJIeTKaX 9TOro Xoja. )

A. K. Toanwizo



TPUIIIATh TPETUI TYPHIP I'OPOJIOB

Becennuii Typ,

8 — 9 Knaccel, cI0XKHBIN BapuaHdT, 18 mapra 2012 .
(Uror moaBoauTest mo TpéM 3ajiadaM, M0 KOTOPBIM JJOCTHTHY ThI HAHJIY 9IIIHE PE3YJIbTATHI)

OaslIbl  3aJa9u

1.
4

2.
4

3.
6

4.
6

d.
8

6.
8

7.
8

B psang nexur gerHoe dncsio rpyir. Macchl JIIOOBIX ABYX COCEIHUX TPYIN OTIMYAIOTCS He OoJiee,
geM Ha 1 I. JlokaxKuTe, 9TO MOXKHO BCE IPYIIN Pa3JIOXKHUTh II0 JBE B OJMHAKOBBLIEC IAKETHI U
BBIJIOKUTH ITaKETBI B PAT TaK, LITO6])I MaCCBhI JIIO6BIX ABYX COCe/IHUX IMTaKeTOB TOXKe OT/INYaJIUCh
He 60stee, yeM Ha 1 TI.

A. B. Illanosanos

Ha mrockocru ormevensr 100 Touek, HUKAKHE TPU U3 KOTOPBIX HE JIEXKAT Ha, OJHON IIPSIMOIi.
Camma paszbuBaeT TOYKHU Ha MAPbl U COEJIMHSET TOUYKU B KaxKJOi mape orpe3koM. Beerna Jjin on
MOXKET CJeJIaTh 9TO TakK, YTOOBI KarKJble JIBa OTPE3Ka IePECEKAJNCH !

A. B. lllanosa.nos

B 6puraze cropoxeii y KayKaoro ectb paspsj (HarypadabHoe uncso). Cropoxk N-ro paspsia
N cyrok pexypurt, motom N cyTOK crutT, cHoBa N CyTOK JexKypuT, N — CIUT, U Tak JaJiee.
W3BecTHO, 9TO pas3psiabl JIOOBIX IBYX CTOPOXKeH pasjmdaioTcs XOoTs Obl B Tpu pasa. Moxker jun
Takas OpUrajia OCyIEeCTBIsThH exenHeBHoe jexkypctBo? (Ilpucrynurh K Je:KypCTBY CTOPOXKA
MOTYT He 00sI3aTeIbHO OJHOBPEMEHHO, B OJIMH JI€Hb MOTYT JI€XKYPUTh HECKOJIBKO CTOPOZKE]i. )
A. C. Bepdnuxos

B kiterkax Tabynnbl 1 X N CTOST 3HAKUA «+» U «—». 34 XOJI Pa3peInaercs B JitoOO CTPOKe UIu
B JIIOOOM CTOJIOIle U3MEHUTh BCE 3HAKU Ha IPOTUBOMOJIOXKHBIE. V3BECTHO, UTO U3 HAYAILHON
PACCTAHOBKHM MOYKHO 38 CKOJIBKO-TO XOJIOB CJIeJIaTh BCe 3HAKM B Tabumiie iocamu. Jlokaxkure,

9TO 3TOT0 MOXKHO JIOOUTHCsI, CIae/IaB He Oojiee 1 XOMOB.
A. 4. Kaneav-Benos

[Tycts p — mpocroe uncso. Habop u3 p + 2 HaTypaabHbIX dnces1 (He 00s13aTebHO PA3/INIHbIX)
Ha30BE€M «MHTEPECHBIM», €CJIN CyMMa .HIO6bIX P U3 HUX JCJIUTCA Ha KazKJ/I0€ U3 JIBYX OCTaBIIINXCSI
ancesn. Haiiagure Bce «mHTEpecHBIE» HADOPHI.

A. A. Honrancxud

Bank ob6ciryKuBaeT MIJLIMOH KJIMEHTOB, CIIUCOK KOTOPLIX n3secren Ocramy Bengepy. Y KaxKaoro
KJmeHTa ectb ¢Boit PIN-ko u3 mectn mudp, y pasHbIX KJINEHTOB Koabl pasuble. Ocran Bermep
3a OJMH XOJ MOXKET BBIOpaTh JII0OOro KJIMEHTa, KOTOPOTO OH €Ile He BLIOMPAJI, W IOJICMOTPETH
y Hero nudpsl Kojia Ha 006X N mo3unusax (y pasHbIX KJANEHTOB OH MOXKET BBIOMPATDH Pa3HbIe
nosurun). Ocran xouer y3HaTh Koj Mmuninonepa Kopeiiko. IIpu kakom nanmenbiiem N oH
rapaHTHPOBAHHO CMOXKET 3TO CIEJIATh?!

I K. 2Kyxos

B pasnocroponuem tpeyronbauke A BC nposennu soicoty AH. B tpeyronbuuke ABH ormernin
TOUKY mepecedeHust buccekrpuc I. B xkaxgom uz tpeyrosnbaukos ABI, BC'I u C Al ormeruin
o Touke rnepecedenus obuccekrpuc — L, K u J coorBercrBenno. Haitnure Bemuauny yria KJL.

K. Toaybes



TPUIIIATh TPETUI TYPHIP I'OPOJIOB

Becennuii Typ,

10 — 11 kuraccel, cioxKHBIN BapuaHT, 18 mapTta 2012 1.
(Uror monsoauTcst 1o TpéM 3aj5a4aM, 10 KOTOPBIM JIOCTUIHYTHI HAUJLY YIIIHE PE3YIbTAThI, OAJLIbI 38 Iy HK-
ThI OJIHOH 3a/1a91 CYMMHUPYIOTCSI. )

OaJLIbI

3a/1a491

B 6puraje cropoxeii y Kaxkjioro ectb paspsiji (HarypajabHoe uncso). Cropoxk N-ro paspsiia
N cyrok pexyput, morom N cytok cout, cuoBa N cyTok Jekyput, N — CIHUT, U Tax jaJee.
M3BecTHO, 9TO pas3psiabl JIOOBIX IBYX CTOPOXKe pasmdaioTcs XoTs Obl B Tpu pasa. Moxker ju
Takas OpUrajia OCyIECTBISThH exejHeBHoe jiexKypcTBo? (IIpucTynurh K JIeKypCTBY CTOPOKA
MOI'YT He 00sI3aTeIbHO OJJHOBDEMEHHO, B OJMH JIEHb MOIYT JI€XKYPUTh HECKOJIBKO CTOPOZKE. )
A. C. Beponuxos

Buyrpu xpyra ormeuennt 100 Touek, HUKAKUE TPU U3 KOTOPLIX HE JIEXKAT HA OJHON IIPIMOIi.
JokaxknuTe, 9TO UX MOXKHO pa30UTh HA HApPbl U MPOBECTU NPAMYIO Yepe3 KarxKIyio Iapy Tak,
4TOOBI BCE TOYKU IIEPECEUEHUs TIPIMBIX JIEYXKAJIN B KPYTe.

A. B. IIlanosanos

Jokazkure, 9To Jyist JIIOOOI0 HATYPAJBHOIO 7 CYMIECTBYIOT TAKHE IEJIBIE YHCIIA (1, a2, . . -, An,
910 npu Beex nenbx @ unucio (... ((z2 +a1)? +a2)? + ...+ an_1)? + a, nemarcs wa 2n — 1.
A. C. Beponuxos

BryTpu Kark1oi#f rpaHd eIUHHIHOrO KybOa BHIOpA/IH IO TOUYKe. 3aTeM KaXKIble JIBe BbHIOpaHHBIE
TOYKH, JIesKAIIe Ha COCEIHUX I'PAHSIX, COCIMHUIN OTPE3KOM. JloKaxkuTe, 9T0 CyMMa, JIJIUH TUX
OTPE3KOB He MeHbIIe, deM 61/2.

B. B. IIpoussonos

Jan Tpeyronbuuk ABC u upsimas [, Kacalomasics BIUCAHHON B Hero okpyzkuHoctu. O603HaIIM
qepes lg, lp, | TpsMble, CAMMETPUYIHbBIE | OTHOCUTEIBHO OMCCEKTPUC BHEITHUX YIJIOB TPEYTOJIbHU-
Ka. JlokaxKuTe, 9TO TPEYrobHUK, 00pa30BaHHbIA 3TUMHI IPIMbIMU, paBeH Tpeyroiabuuky ABC.

A. A. Bacrasckui

B 6eckoneunoii mocsie10BaTeIbHOCTH OyMaXKHBIX PAMOYTOJIBHUKOB ILIOIIA/Ib N-T'0 IIPSIMOYTOJTb-
HUKa PaBHA n’ (st n=1,2,3,...). Obsi3aTe/IbHO JIM MOXKHO MOKPBITH UMU ILJIOCKOCTH? HaJto-
KEHUs JIOMyCKAIOTCH.
Jlana GeckoHeUHAas TOCIEI0BATEBHOCTh OyMaXKHBIX KBagaparoB. O0s3aTe/IbHO JTU MOYXKHO I0-
KDPBITb UMH IIJIOCKOCTH (HAJIOKEHUsI JOIYyCKAIOTCs ), €CIM U3BECTHO, 9TO Jyist joboro wuciaa N
HATyTCsl KBaJIPaThl CYMMApPHON mwioriaau 6obine N7

A. C. Beponuxos

Y Kocru 6b1a kyuka u3 100 kamernkoB. KarkIbiM X0/I0M OH JI€/THJI KAKYIO-TO U3 Ky9IeK Ha JIBE
MEHBIITNX, TIOKa Y HEro B UTore He okKazajgochk 100 Kydek 1o ojfHOMYy Kamelky. JlokaxkuTe, 9T0
B KaKOI-TO MOMEHT B Kakmux-To 30 KydkKax ObLIO B cyMMe PoBHO 60 KaMeIKos;
B KaKOH-TO MOMEHT B Kakux-TO 20 KydKax OBbLIO B cyMMe POBHO 60 KaMeIIKOB;
Kocra mor meficrBoBaTh Tak, 9YTOOBI HU B KaKOW MOMEHT HE HAILIOCh 19 KyUuek, B KOTOPBIX B
cymMe poBHO 60 KaMeITKoB.

K. Knon



TPUAIIATH TPETII TYPHUP T'OPOJIOB

11 knace, ycrabIi TYD, 22 MapTa 2012 1.

1. /Tano mHatypaJibHOe uncsio, OoJibiiee 4. 3a X0/ pa3peniaeTcs MPeJICTABUTH ero
B BHUJI€ CyMMbI HECKOJIbKUX HEEJIMHUYHBIX HATYPAJIbHBIX C/IaraeMbIX U 3aMEHUTH
Ha ux npomsBejienue. /lokaxKkure, 4To He OoJsiee YeM 3a 4 XOJa MOXKHO MOJYyYUTH
dakTopras KaKoro-HUOY b HATYPAJIBLHOIO YUC/IA.

U. 1. Bozdanos

2. B munuaapudeckunii KOJIOJIel majlaeT MyvoK HapaiebHbIX JTydeil, TpuIeM
HU OJ[HA TOYKa JHAa He ocBeleHa. /lokaxkure, 4TO rpaHUIla OCBEMIEHHONW U HEOCBeE-
IIEHHOI 0b/1acTeil KOIoAIa JIEXKUT B OIHON IIJIOCKOCTH.

A. C. Bepdnukos

3. B crpane ®Ouarmanaun g1Boe OJU30PYKUX MOJUTIEHCKIX JIOBAT MPECTYITHUKA.
Bce sronn saBasoTes Kpyramu guaMerpa 1 M Ha TIockocTH. MakcnMmasibHas CKO-
POCTH TOJIUIIEICKOTO paBHa 1 M/c, a MPECTYITHUK yMeeT JBUTAThCSA CO CKOJIb YTOJIHO
60bI1101 cKOpOCThIO. [lo/uieiickuii He BUIUT MIPECTYITHUKA, [T0Ka HE KOCHETCH ero,
a KaK TOJIbKO KacaeTcd — cpagy JoBHUT. [Ipectynnuk Bcé BuuT. [leso mpoucxoaur
B KpyTe quameTrpa [ M, 3a KOTOPBIII HUKTO He MOXKeT BhiiiTu. [Ipn kKakom Hanmbo1b-
meM D moJmmreiickue MOTYT JefiCTBOBATDL TaK, 4TOOBI MapaHTUPOBAHHO IMONMAaTh
HPECTYITHUKA !

B. b. Moxun

4. B pan crogar 100 kopobok. B camoit JieBoit jiezkat 100 crimuek, ocTajbHbIE
IIyCTHI. 3a XOJI pa3pelraeTcst BEIOpaTh JI00BIE IBE COCEIHIE KOPOOKHU U ITEPEJIOKUTH
OJIHY CIIMYKY M3 JICBOIl KOPOOKH B IPABYIO, €CJIU MOCJEC TEPEKIAIbIBAHUS B JIEBOiT
KOpOOKe OYJIeT He MEHBIIE CITMYEK, YeM B IIPaBoii. XOIbI JeJaI0TC TTOKA BO3MOYKHO.
JlokaxkuTe, 9TO KOHEUHBII PEe3y/IbTaT HE 3aBUCHT OT IIOC/IE/I0BATE/ILHOCTH XO/0B.

A. Hlewnw

5. Buucannas okpy2kaocTh Kacaercs cropon BC', CA, AB Tpeyronbauka ABC

B Toukax A, By, C|. BHeBmucanHas OKpy»KHOCTh Kacaercs: cropoubl BC' u mpo-
nokennii cropon C'A, AB B Toukax As, By, Cy. Yepes cepennnnl orpeskoB A By,
Ag By mipoBesin ipsiMyto 1, a depe3 cepeaunbl orpeskoB A1Ch, As Cy ipoBesn mpsi-
Mmyto ly. Jlokaxkure, aro [y u ly nepecekatorcs Ha Boicore AH Tpeyrosbauka ABC.
A. A. Horancrut

6. Janer kBajgpaTtHbie TpexaaeHs! f(x), h(z) ¢ eMHIIHBIME CTAPIITIMA KO-
dbunmenTaMn 1 HEKOTOPBIH MHOrOWIEH ¢(x) HeHyseBoil cremenu. V3BecTHO, UTO
flg(h(z))) = h(g(f(x))) nnsa Beex z. Hokaxkure, uro ecau rpabuku f(x) u h(x)
UMEIOT OOILYIO TOUKY, TO OHU COBIAIAIOT.

I K. ?2Kyxos



TPUIIIATh TPETUI TYPHUP I'OPOJIOB

11 xumacc, yerubI TYD, 22 MapTa 2012 1.

PEIITEHN A 3AJAY

1. Jano namypasvroe wucao, boavwee 4. 3a xod padpewaemca npedcmasumsv €20 6 6Uude CYMMbl
HECKOALKUL HECOUNHUNHBLT HAMYPAANOHBLL CAGRAEMBIT U 3GMEHUMD Ha U npouseedenue. Jlokascume, 4mo
He boaee wem 3a 4 000 MOAHCHO NOAYHUMD GAKMOPUAL KaK020-HUbOYIb HATYPANDHO20 YUCAQ.

U. U. Bozdanos

JlocTaTOYHO JTayke TpeX XOJIOB.

Ecin nano uwmcio suga 3k + 1 (rue k£ > 2), 1o 3a xox mnosydaem u3 Hero ducyo k - (2k + 1), koropoe
ecTb cymMmma 142+ 3+ - - -+ 2k. Tak Kak euHAYHBIE CJIaraeMble 3alperneHbl, BMecTo 1+ 2 + 3 6epeM o1HO
ciaraemoe 6 u 3a xoJ 3amensieM 6 + 4 + - - - + (2k + 1) na daxropuan (2k + 1)!.

Amnagrornuno, u3 uncia Bujga 3k — 1 (rae k > 2) 3a xo nosyvaem uncio k - (2k — 1) — ym6o cpasy 3!
(st k = 2), 6o cymmy 1+ 2+ 3+ -+ 4 (2k — 1), Koropyto cHOBa 3a X0J1 IIpeBpaIiaeM B (hbakTopuas
(2k — 1)L

Ecsin uznavanbho gano aucio suja 3k (tae k > 2), To 3a xoj jgesiaem u3 Hero 2 - (3k — 2), u3 KOTOpOro
3a 7Ba Xo1a JemaeM (haKTOpHAJ.

2. B yuaundpuveckut xoa00ey, nadaem nyuox napaiiesoHus AYet, npuvém Hu 00Ha mouka 0Ha He
oceewena. Jloxascume, wmo 2panula 0CEEULEHHOT U HeoC8eW,EHHOT obaacmeti K0A00ua Aedcum 6 00notl
NAOCKOCTNAL.

A. C. Bepdnuxos

BeeméM mpsiMOyToJIbHBIE KOODIUHATHI CJIEAYOmMUM obpaszoM: ock Oy mapajiebHa OCH CUMMETPUH
KOJIO/IA, a och Ox JIEKUT B OJHON MIOCKOCTH ¢ ockbio Oy U HAMpaBjeHueM cBeTa. 1lycTh TakKe MeHTpP
BepXHero ocHoBaHmsl Kososua umeer koopauuarsl (0;0;2), a cBer HamnpasieH Biosb Bekropa (1;—1;0).
OueBnHO, TPAHUIIA TEHN — IIPOEKINS TPAHUIIBI KOJIOIA Ha ero MOBEPXHOCTH BJOJb BekTopa (1; —1;0).

Pemenne 1. TTocMoTpuM, Kak M3MEHATCS KOOPJAUHATHI TOYKH 3TOH MPOEKIUHU MPU yBEJIUYEHUU -
KOOPJIMHATHI MCXOIHONW TOYKM Ha T1. TaK KaK KOJOJEN CHMMETPHIEeH OTHOCUTENBHO Tockoctn © = 0,
Y-KOOPJIMHATA MPOEKIUH yMEHBIIUTC Ha 1. PaccTosiHue MeXKly TOYKAMU 10 L YMEHBIIUIOCh Ha 21,
a 3HAYUT, Ha CTOJILKO K€ YBEIMYUIACH Y-KOODIMHATA (IIPOEKINs MOoaydaeTcs npubasienueM (—a;a;0),
CyMMa pacCTOsiHUil 710 Heé 10 T W 10 Yy paBHA HyJr0). Jljisi TOUKM IPOEKIUN He M3MEHWIACH BETHMYnHA
y + 2x, 3HAUUT, OHA [IOCTOSIHHA, U I'PAHMIA TE€HU JIEKUT B IJIOCKOCTH Y + 22 = const (HECJI0KHO BUJIETD,
qro const = 0).

Pemtenwe 2. ITycrb koopauHaThl nexoaHoit Toukn (—x1;0; 1), TOrga KOOPAUHATHL €ro HpoeKimu (a —
x1;—a; z1). Tak KaK KOJIOJEI] CUMMETPHYIEH OTHOCUTENIbHO TutockocTn & = 0, —x1 + (a — 1) = 0, oTKyna
a = 2x1, 1 KOOpAUHATHI HPOeKIWHK (21; —2x1; 21), BCE TaKUe TOUKH JIeXKaT B I1ockocTu y + 2z = 0.

3. B cmpane Daamaarduu 060e 6AUSOPYKUL NOAUYUETUCKUT A08AM Npecmynwuka. Bee awodu asasomes
Kpyeamu duamempa 1 m 1a naockocmu. Maxcumarvran ckopocms nosuyetickozo pasha 1 m/c, a npecmyn-
HUK yMeem d8u2amubCs Co Ckoab Y2odno 60abwot cropocmvio. Tloauuetickul ne sudum npecmynnukra, noxka
He KOCHEMCA €20, G KUK MOALKO Kacaemcs — cpady sosum. Ipecmynnux ecé sudum. eao npoucxodum 6
xpyee duamempa D m, 3a komopwvid nukmo ne moocem suilimu. Ipu xaxom nauborvwem D nosuyedickue
Mo2ym, deticmeosams mak, ¥mobvl, 2aPAHMUPOEAHHO NOTMAMD NPECTYNHUKG?

B. B. Moxun

OrBer: D = 5.

Ecmu D = 5, To nosuneiickue pacrosiaraiorcs Tak, 9TOObI UX IMEHTPBI JIEXKAJH, CKAYXKEM, Ha TOPU-
30HTAJBHOM JHaMeTpe Kpyra Ha paccrosuuu 0,5 oT meHTpa Kpyra. 1orja Ha 9TOM JuaMeTrpe ecTb TPH
«JIBIDKU» IMAPUHBL 1, 9epe3 KOTOpbIe MPECTYITHUK ITPOCKOYUTH He MOXKeT. [lajee moJmneiickne CHHXPOHHO
[IOJIHUMAIOTCS. BBEPX, [MOKA HEe KOCHYTCS I'PAHUIBI KPYTa, Jlajlee CHHXPOHHO COJIMXKAIOTCSH, KaCasiCh 3TOi
rpaHuiibl. B Kakoi-To MOMEHT JiubO0 MPECTYIHUK OyJeT MmofiMaH, Jinbo MOIUIEeiCKre KOCHYTCS APYT JIpy-
ra. Bo BropoMm ciiytae oHE COBepIaioT obpaTHOe JABUKEHNE U, JBUTASCH AHAJOTHIHO B «HUKHEH» IaCTH
Kpyra, JIOBAT IIPECTYIHUKA.



Ecmu D < 5, To crparerus takas ke, Ju0O IPOIIIE.

[Iycts D > 5. JlokaxkeMm, 9TO MPECTYIHUK CMOXKET yOEXKATD.

B kaxprit MoMeHT BpemeHu OyJieM pacCMaTPUBATDL XOP/LY, IIPOXOISIIYIO Yepe3 IEeHTPHI MOJTUIIEHCKIX.
DTa Xopaa JeJUT Kpyr Ha gBe dacTu. IlycTh BHadYaje IpecTyIHUK HAXOAWJICA B Oojblreil n3 HuX. IlycThb
h — paccTrostHre OT XOPJIbI 0 IeHTpa Kpyra. Haitnem kakoe-Hubynp 1 > a > 0, uro eciin h < @, TO JIuHA
Xopibl OboJibIte 5. flcHO, 9TO Takoe a HaAeTCs.

Teneps MBI MOXKEM ONHCATH CTPATErHIO MpecTymHuKa. [loka oH HaxoauTcst B OOJIBINEH YacTH, OH JI0JI-
JKEH KacaThCs TPAHUIHON JIyTH 9TOM 9acTh B ee cepenie (Ha30BeM 9TO CTAHIAPTHBIM MOJI0KeHneM ). Ecm
YaCTh CTAHOBUTCSI MEHBIINEH, IIPECTYITHUK JIOJI2KEH MTPUJIEPYKUBATHCST TOW YKe CTpaTernu J0 MOMEHTa, [TOKa
h He cTraneT paBHBIM a. [Ipu 5TOM paccTosHEE OT IIEHTPa IPECTYITHUKA 10 XOPbI OyIeT BCce BpeMsi OOJIbIIe
1, Tak 9TO OH HE KOCHETCSI HU OJHOIO IOJIUIEHCKOro.

B moment, korga h craHeT paBHBIM @, IPECTYIHUK JTOJKEH «MIHOBEHHO» IIEPEMECTUTHLCT B OOJIBIITYIO
qacTh, 3aHAB B HEll cTaHIapTHOE IojIoxKeHne. Takoe mepeMelrnenne O0yaeT BO3MOXKHO, IIOCKOIbKY ITPOEKIINI
MTOJIUIIEMCKUX HA XOPJy — OJUH WU JBa OTPE3Ka CyMMAapHON JIMHBI He OOJIbINe 2, a 3HAYUT, HA XOPIe
HaliIeTcsl OTPE30K JJIMHBI OOJIbITe 1 cO CBOMCTBOM: II0JIOCA, Kpasli KOTOPOH IIPOXOIST depe3 KOHIIBI 9TOI0O
OTpe3Ka MePIIEeHINKYJISPHO XOp/Ie, He 33JIeBaeT HUKAKOIO MTOJIUIECKOTo. IIpecTyTHIK CMOXKeT TPOCKOYUTD
B OOJIBIIYIO YaCTh 9€pe3 ITY I0JIOCY.

4. B pad cmoam 100 xopobok. B camoti sesoti aescam 100 cnuver, ocmansvrvie nycmot. 36 xod paspe-
Waemces suopamy A0bvie dse cocedHue KOpooKU U NePesoHcumsd 00HY CRUYKY U3 AE60T KOPObKY 6 npasyio,
ECAU NOCAE NEPERAAIBBARUSA 6 Ae60T KOpobke bydem He Menvbwe cnudex, wem 6 npasoti. Xodv deaaromces
noKa 603mooicHo. Jloxkasrcume, WMo KOHEUHbT PE3YALMAM HE 3GEUCUM, 0M NOCAED0BAMEALHOCTNU LOJ0E.

A. Hlenw

[IycTh ecTh JiBe pasHBIE MOCJIEI0BATEILHOCTH X0M0B. OHU Pa3InvatoTcss B KAKOM-TO MeCTe: B IEPBOil
[IOCJIEIOBATEILHOCTHU OBLII CIeJIaH XOJI, IIEPEMEIAIONINN MAPUK 13 KOPOOKU a B KOPOOKY a+ 1, a Bo BTOpOit
— u3 KOpobKku b B Kopobky b + 1. Jlokaxkem, 4TO
1) xom b — b+ 1 6yzer 06s13aTEIbHO C/IeTIAH U B IEPBOIi TTOCIEI0BATEILHOCTH XO/IOB;

2) 9TOT XOJ| MOXKHO CJEJIATh IPSIMO epeJ XOJ0M a — a + 1, COXpaHUB BCe OCTaJIbHbIE XOJbl (M UTOTOBOE
PACIOJIOYKEHNEe [IAPUKOB B KOPOOKaX).

1) B camom gseste, ecsim 3T0T X0/ MOXKHO OBLIO CJI€IATh BO BTOPOil MOC/IEI0BATEILHOCTH, TO cefiuac B
KOpobOke b xoTst 661 Ha 1 1rapuk GoJibite, ¥eM B Kopobke b + 1. JIobbie apyrue xomnl, kpome b — b+ 1, He
YMEHBIIAIOT YUCJIO MAPUKOB B KOPOOKE b U HE yBEJIUUIUBAIOT UUCJIO IMAPUKOB B KOPOOKe b + 1 — 3HaquT
IIpOITecC He 3aKOHIHUTCs, ecyiu xoix b — b+ 1 me Oyner cuesam.

2) cuenaem xom b — b+ 1 mepes xomom a — a + 1 (910 Bo3MOxkHO). JI06oit JApyroil xoj Kpome
b — b+ 1 Toxke MoxkHO OyJzieT cliesiaTh, TaK KaK 3TOT JAPYroil xo OyaeT nbo He 3aTparuBaTh KOPOOOK b,
b+ 1, mmbo Gyaer oCyIecTBIATh MepeKIaIbiBanne B KOpoOKy b (1 910 OymeT BO3MOXKHO, TaK KaK B ITOMH
KOpPOOKe MapuKOB TOJIBKO Ha 1 MeHbIe), jubo OyIeT OCyIeCTBIATh NepeKIaiblBanne u3 Kopooku b+ 1 (u
9TO Oy/IeT BO3MOXKHO, TaK KaK B 9TOIl KOPOOKe IMIAPUKOB TOJBKO Ha 1 Gosbiie). Tak Mbl mofigeM 10 TOro
MOMEHTA, KOTJIa JOJIZKEH ObLI ObITH ciiesiad X0 b — b+ 1, mociie dero packjiagpiBanue OYJIeT POBHO TAKUM
’Ke, Kak U panbliie. VToropoe pacipejesenne MapruKkoB IIPU 9TOM He U3MEHUTCS.

Tak MOXKHO IOCTEIIEHHO TPeobpa30BaTh OJHY IOCJIEI0BATEIbHOCTD B JAPYIYIO, HE MEHSIS UTOTOBOTO
pacrpeie/ieHusl IMapUKOB. SHAYUT PE3YIbTAT HE 3aBUCHT OT IIOCJIEI0BATEIEHOCTH XOJIOB.

5. Bnucanmnas oxpyorcrocms xacaemea cmopon BC, CA, AB mpeyzorvruxa ABC 6 mouwkazr A1, By,
C1. Buesnucannas oxpysichocmo xacaemcs cmopons, BC u mpodoasicenut cmopon C A, AB 6 mouxax
Ay, Bs, Cy. UYepes cepedunv. ompeskros A1By, AsBo nposeau npamyro 11, a uepes cepedurv, ompesros
A1Cq, A O nposeau npamyro lo. Hoxaosicume, wmo 11 u lo nepecexaromes na evicome AH mpeyzorvruka
ABC.

A. A. Honrancrut

IIycrs K1, Ko — cepemunbt A1Cy u AoCos, Ly, Lo — cepenunbt A1 B u AsBs, 1, I 4 — NeHTPbI BHUCAHHOIA
U BHEBIIMCAHHON OKpyzKHOCTell, a A}, A}, — auamerpanbHO HPOTHBONONOKHBIE TOUKY Jist A1, Ay Ha 9THX
OKPYZKHOCTSIX.

BamerumM, yro npsimbie Bl napasienbna Cy Ay (oHu nepnenukyasapasl Bly), upsvas C'1 napasiesb-
Ha By Ay (onu nepuenaukyisipast CI4), upsmast Ky Ly napasutesnbia KoLo (KaxK/1ast 13 HUX IapasuiesibHa



B1C1 u Bs(Cy cOOTBETCTBEHHO KaK CpeJIHNe JIMHUH, a IOC/IeIHNe IPsSIMble B CHJIYy paBHOOEIPEHHOCTH IIa-
pasutesibhbl). 3uaaut Tpeyroabuuku (KLl u KoLgAs), 00pa3oBaHHbI JAHHBIME TPSIMBIMHE, SIBJISIEOTCST
romoreTudHbIMUA. 10 ecTb npsimbie K1 Ko, L1 Lo u 1Ay nepecekaiorcst B OJHOI TOYKE.

AHnajornaabiM 00pa3oM oJrydaemM, 9To Tpeyroiabauku K1 L1 A1 u KoLol 4 SIBIISIIOTCS TOMOTETHIHBIMHU.
To ecrb npsimbie K1 Ko, L1 Lo u A1l 4 niepecekarorcss B OHONM TOYKE.

BuauuT Bce dernipe npsiMble K1 Ko, L1Lo, Ao u A1l4 niepecekatoTcss B OIHOM TOYKE, TO €CTh JI0CTa-
TOYHO PACCMOTPETH TOYKY IIEPECEUYEHHsI IOCAEIHNX JIBYX MPSIMbBIX.

ITockoabKy BIMCaHHAsl 1 BHEBIUCAHHAS OKPYKHOCTH MOMOTETUYHBI C IIEHTPOM B A, TO Ipu 9TOi To-
morerun Touka A} mepexoaur B Az, a rouka A; — B A)). Bnaunr Tak Kak Al siBisleTcs MeIMaHON B
Tpeyronbanke As Ay Al, To oHa siBiISIeTCst U MenmaHol B 110106HOM Tpeyrosbauke As HA. Orciona nouy-
qaeM, 4To Aol mpoxomuT dyepes cepenuny BbIcoThl AH.

Amnasornuno, paccmarpusas meguany Ajla B rpeyronbauke Aj Ag Al mosydaem, 4To OHA TOXKE IPO-
xomur 4yepes cepenuny AH.

6. Janve keadpammvie mpexusenve f(x), h(x) ¢ edunuunvmu cmapwumu Kosphuyuernmamu u Hexo-
mopuili mnozouaen g(x) nenyaesot cmenenu. Mzeecmno, wmo f(g(h(x))) = h(g(f(x))) daa ecex x. Jo-
Kaotcume, wmo ecau epaguru f(x) u h(x) umerom obwyro mouky, mo onu cosnadarom.

I K. 2Kyxos

BaMeTuM, YTO €CJiu T = @ SIBJISIeTCs. OCbI0 CUMMETPHU MHOrowieHa R(z), To x = a sIBJISIETCS OCbIO
cummerpun u muorowiena Q(R(x)), a, snaunt, u muorowiena P(Q(R(x))).

Hastee ocvio cummempuu MHOTOUIEHA OYIeM Ha3bIBATH OCh CUMMETPUH €ro rpaduka, napasiebHyo
ocu opjmHaT. [TockobKy f u g — mnpuBejeHHBIE KBaJIPATHBIE TPEXUJIEHDBI C MMEPECEKAIONMMUCS rpadu-
KaMH, y HUX pa3Hble ocu cummerpuu. 3Haunt, y muorowiena 1'(x) = f(g(h(z))) = h(g(f(x))) ects nBe
pazauunble ocu cuMmMmeTpuu. Ho 3Toro, oueBumaHO, He MOXKET ObITh, TaK Kak nHade rpaduk 1 nmesna Obl
nepeceveHne ¢ KaKoi-To rOPU30HTAILHOM MPAMON B OECKOHEYHOM YHCJIe TOYEK, U 3HAYUT COBIAJIAJ ObI C
9TOM MPsIMOit, HO cTereHb 1’ GoJIbIe HyJIs.



International Mathematics

TOURNAMENT OF THE TOWNS
Junior O-Level Paper Fall 2011.

1. P and @) are points on the longest side AB of triangle ABC such that AQ = AC' and
BP = BC. Prove that the circumcentre of triangle C'PQ) coincides with the incentre of
triangle ABC.

2. Several guests at a round table are eating from a basket containing 2011 berries. Going in
clockwise direction, each guest has eaten either twice as many berries as or six fewer berries
than the next guest. Prove that not all the berries have been eaten.

3. From the 9 x 9 chessboard, all 16 unit squares whose row numbers and column numbers are
both even have been removed. Disect the punctured board into rectangular pieces, with as
few of them being unit squares as possible.

4. The vertices of a 33-gon are labelled with the integers from 1 to 33. Each edge is then labelled
with the sum of the labels of its two vertices. Is it possible for the edge labels to consist of 33
consecutive numbers?

5. On a highway, a pedestrian and a cyclist were going in the same direction, while a cart and a
car were coming from the opposite direction. All were travelling at different constant speeds.
The cyclist caught up with the pedestrian at 10 o’clock. After a time interval, she met the
cart, and after another time interval equal to the first, she met the car. After a third time
interval, the car met the pedestrian, and after another time interval equal to the third, the
car caught up with the cart. If the pedestrian met the car at 11 o’clock, when did he meet
the cart?

Note: The problems are worth 3, 4, 4, 4 and 5 points respectively.



Solution to Junior O-Level Fall 2011

. The bisector of /A is also the perpendicular bisector of C'(), and the bisector of /B is also
the perpendicular bisector of C'P. The incentre of triangle ABC' is the point of intersection
of the bisectors of /A and /B. The circumcentre of triangle C'P() is the point of intersection
of the perpendicular bisectors of C'() and C'P. Hence the incentre of triangle ABC is also the
circumcentre of triangle C'P(Q).

. It is not possible for each guest to eat six fewer berries than the next guest. Hence one of
them has to eat twice as many, and therefore an even number of berries. Going now in the
counter-clockwise direction, the next guest eats either twice as many as or six fewer than the
preceding guest. It follows that every guest has eaten an even number of berries. Since 2011
is odd, not all the berries have been eaten.

. The following diagram shows a disection of the punctured chessboard into rectangular pieces,
none of them being unit squares.

. The task is possible. Label the vertices 17, 1, 18, 2, 19, 3, ..., 15, 32, 16 and 33. Then the
edge labels are 18, 19, 20, 21, 22, ..., 47, 48, 49 and 50.

. The diagram below shows five snapshots of the highway. Since all speeds are constant, the
motions can be represented by straight lines, AD for the pedestrian, AC for the cyclist, BE
for the cart and C'FE for the car. The equality of time intervals yield AB = BC and CD = DE.
Hence F', which represents the moment the pedestrian met the cart, is the centroid of triangle
ACE, so that AF = %AD. Since A is at 10 o’clock and D is at 11 o’clock, F is at 10:40.

\ ¢
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TOURNAMENT OF THE TOWNS
Senior O-Level Paper Fall 2011.

1. Several guests at a round table are eating from a basket containing 2011 berries. Going in
clockwise direction, each guest has eaten either twice as many berries as or six fewer berries
than the next guest. Prove that not all the berries have been eaten.

2. Peter buys a lottery ticket on which he enters an n-digit number, none of the digits being 0.
On the draw date, the lottery administrators will reveal an n X n table, each cell containing
one of the digits from 1 to 9. A ticket wins a prize if it does not match any row or column
of this table, read in either direction. Peter wants to bribe the administrators to reveal the
digits on some cells chosen by Peter, so that Peter can guarantee to have a winning ticket.
What is the minimum number of digits Peter has to know?

3. In a convex quadrilateral ABC'D, AB = 10, BC' = 14, C'D = 11 and DA = 5. Determine
the angle between its diagonals.

4. Positive integers a < b < ¢ are such that b+ a is a multiple of b — a and ¢ + b is a multiple of
c—0b. If a is a 2011-digit number and b is a 2012-digit number, exactly how many digits does
¢ have?

5. In the plane are 10 lines in general position, which means that no 2 are parallel and no 3 are
concurrent. Where 2 lines intersect, we measure the smaller of the two angles formed between
them. What is the maximum value of the sum of the measures of these 45 angles?

Note: The problems are worth 3, 4, 4, 4 and 5 points respectively.



Solution to Senior O-Level Fall 2011

. It is not possible for each guest to eat six fewer berries than the next guest. Hence one of
them has to eat twice as many, and therefore an even number of berries. Going now in the
counter-clockwise direction, the next guest eats either twice as many as or six fewer than the
preceding guest. It follows that every guest has eaten an even number of berries. Since 2011
is odd, not all the berries have been eaten.

. The minimum number is n. If Peter knows at most n — 1 of the digits, he will not know any
digit on one of the rows, and his ticket may match that row. On the other hand, if Peter
knows every digit on a diagonal, he can guarantee to have a winning ticket. Let the digits
on this diagonal be dy,ds,...,d,. Peter can enter the digits ¢1,%s,...,%, on his ticket such
that neither ¢4 nor t,,1_x matches dy or d,,11_ for any k, 1 < k < n. Then his ticket cannot
match the k-th row or the k-th column for any & in either direction.

. Let AC and BD intersect at O. Suppose the diagonals are not perpendicular to each other.
By symmetry, we may assume that /AOB = /COD < 90°. Then

(OA® + OB?) + (OC* + OD?*) > AB* + CD* = 221

while

(OD* + OA*) + (OB? + OC?) < DA* + BC? = 221.

This is a contradiction. Hence both angles between the diagonals are 90°.

. Since ¢ > b, ¢ has at least 2012 digits. We have b + a = k(b — a) for some integer k > 1.
Hence a(k + 1) = b(k — 1), so that 2 = ¥4 =14 2. <3, with equality if and only if k = 2.
Similarly, { < 3, so that ¢ = ¢ - g < 9. Hence ¢ < 10a. Since a has 2011 digits, ¢ has at most

2012 digits. It follows that ¢ has exactly 2012 digits.

. Solution by Alex Rodriques:

Despite the statement of the problem, whether the lines are concurrent or not is totally
irrelevant. In fact, it facilitates our argument to have them all pass through the same point.
Let the lines be ¢y, ¢4, ..., fy, forming the angles 0y, 61, ..., 0y as shown in the diagram
below.

ls




Define ¢(i, j) to be the smaller angle formed between ¢; and ¢;. Then

¢(i,7) = min{0; +0iq + - +0;1,180° — (O + 01 + - +0;1)}
< O+l ++ 0

Now

= 180°;

$(0,2) +¢(1,3) + -+ ¢(9,1) < (0o +01) + (01 +02) -+ (0 + 0p)
= 2(0g+6;+ -+ 06y
= 360°;

#(0,3) + ¢(1,4) + -+ ¢(9,2) < (O + 01+ 0) + (01 + O3+ 03) - - - + (0 + Oy + 01)
= 540

$(0,4) +¢(1,5) +--- 4+ ¢(9,3) < 40+ 01+ -+ by)
= 720°%

$(0,5) + ¢(1,6) +--- +6(9,4) < 900°.

The last expression yields ¢(0,5) + ¢(1,6) + ¢(2,7) + ¢(3,8) + ¢(4,9) < 450°. It follows that
the overall sum cannot exceed 180° 4 360° + 540° 4 720° + 450° = 2250°. Equality holds if
0o =60, =--- =0y = 18°, but the maximum value 2250° can be attained in many other ways.
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1.

An integer n > 1 is written on the board. Alex replaces it by n + d or n — d, where d is any
divisor of n greater than 1. This is repeated with the new value of n. Is it possible for Alex
to write on the board the number 2011 at some point, regardless of the initial value of n?

P is a point on the side AB of triangle ABC such that AP =2PB. If CP = 2P(Q), where )
is the midpoint of AC, prove that ABC' is a right triangle.

A set of at least two objects with pairwise different weights has the property that for any pair
of objects from this set, we can choose a subset of the remaining objects so that their total
weight is equal to the total weight of the given pair. What is the minimum number of objects
in this set?

. A game is played on a board with 2012 horizontal rows and k& > 2 vertical columns. A marker

is placed in an arbitrarily chosen cell of the left-most column. Two players move the marker
in turns. During each move, the player moves the marker one cell to the right, or one cell
up or down to a cell that has never been occupied by the marker before. The game is over
when any of the players moves the marker to the right-most column. There are two versions
of this game. In Version A, the player who gets the marker to the right-most column wins. In
Version B, this player loses. However, it is only when the marker reaches the second column
from the right that the players learn whether they are playing Version A or Version B. Does
either player have a winning strategy?

Let 0 < a,b, ¢, d < 1 be real numbers such that abed = (1 —a)(1 —b)(1—¢)(1 —d). Prove that
(a+b+c+d)—(a+c)(b+d) > 1.

. A car goes along a straight highway at the speed of 60 kilometres per hour. A 100 metre long

fence is standing parallel to the highway. Every second, the passenger of the car measures the
angle of vision of the fence. Prove that the sum of all angles measured by him is less than
1100°.

Each vertex of a regular 45-gon is red, yellow or green, and there are 15 vertices of each colour.
Prove that we can choose three vertices of each color so that the three triangles formed by
the chosen vertices of the same color are congruent to one another.

Note: The problems are worth 3, 4, 5, 6, 6, 7 and 9 points respectively.



Solution to Junior A-Level Fall 2011

. Solution by Wen-Hsien Sun:
Starting from any positive integer n, Alex adds n a total of 2010 times to get 2011n. Then
he subtracts 2011 a total of n — 1 times to get 2011.

. Extend QP to R so that RP = 2P(). Then P is the centroid of triangle ARC. Since
AP = 2PB, the extension of AP intersects RC' at its midpoint B. Since RP = C'P, triangles
PRB and PCB are congruent, so that /ABR = /ABC'. Since their sum is 180°, each is 90°.

A

R B C

. Clearly, the set cannot have 2, 3 or 4 objects, as it would not be possible to balance the heaviest
two objects. Suppose it has only 5 objects, of respective weights a > b > ¢ > d > e. Clearly,
we must have a+b = c+d+e. Since a+c > b+ d, we must also have a + ¢ = b+ d+ e, which
implies b = ¢. The set may have 6 objects, of respective weights 8, 7, 6, 5, 4 and 3. Then
8+7=6+5+4, 8+6=7+4+3, 8+5=T7+6, 8+4=T7+5, 8+3=7+4=6+5, 7+3=6+4, 6+3=5+4,
5+3=8 and 4+3="7.

. The first player has a winning strategy. She will only move the counter up or down until she
learns whether Version A or Version B of the game is being played. Since 2012 is even, she
can choose a direction (up or down) so that the marker stays in the same column for an odd
number of moves. If the marker starts at the end of the column, the only possible direction
allows her to keep it in the same column for an odd number of moves. Thus she can ensure
that the second player is always the one to move the marker to the right, whether by choice
earlier or being forced to do so when the marker reaches the end of the column. When the
marker reaches the second column from the right, if Version A is being played, the first player
can win by simply moving the marker to the right. If Version B is being played, she can keep
the marker in this column as before, and wait for the second player to lose.

. From abed = (1 — a)(1 = b)(1 — ¢)(1 — d), we have

a+b+c+d—(a+c)(b+d)
l1+ac(l—b—d)+bd(l—a—c)

= l4ac(l—-b)(1—d)+bd(l—a)(l—c)—2abcd
1+ 2\/ac(1 —b)(1 —d)bd(1 — a)(1 — ¢) — 2abcd
1 + 2abed — 2abed

1.

Y



6. Solution by Central Jury:
Divide the points of observation into six groups cyclically, so that the points in each group
are 100 metres apart, the same as the length of the billboard.The diagram below shows the
angles of visions from the points of a group.

=3 =3 1 0 1 5 3 1

We now parallel translate all these points to a single point, along with their billboards and
angles of vision, as shown in the diagram below.

4 3 2 1 0 —2 -3

The sum of all these angles is clearly at most 180°. Since there are six groups of points of
observations, the sum of all angles of vision is at most 6 x 180° < 1100°.

7. Solutioin by Central Jury:

Copy the regular 45-gon onto a piece of transparency and marked on it the 15 red points. Call
this the Red position, and rotate the piece of transparency about the centre of the 45-gon 8°
at a time. For each of the 45 positions, count the number of matches of yellow points with
the 15 marked points. Since each of the 15 yellow points may match up with any of the 15
marked points, the total number of matches is 15 x 15 = 225, so that the average number of
matches per position is 5. However, in the Red position, the number of matches is 0. Hence
there is a position with at least 6 matches. Call this the Yellow position, choose any 6 of
the matched marked points and erase the other 9. Repeat the rotation process, but this time
counting the number of matches of green points with the 6 marked points. The total number
of matches is 6 x 15 = 90, so that the average number of matches per position is 2. As before,
there is a position with at least 3 matches. Call this the Green position, choose any 3 of the
matched marked points and erase the other 3. The 3 remaining marked points define three
congruent triangles, a red one in the Red position, a yellow one in the Yellow position and a
green one at the Green position.
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1.

Pete has marked at least 3 points in the plane such that all distances between them are
different. A pair of marked points A and B will be called unusual if A is the furthest marked
point from B, and B is the nearest marked point to A (apart from A itself). What is the
largest possible number of unusual pairs that Pete can obtain?

Let 0 < a,b, ¢, d < 1 be real numbers such that abed = (1 —a)(1 —b)(1—¢)(1 —d). Prove that
(a+b+c+d)—(a+c)(b+d) > 1.

In triangle ABC, points D, E and F are bases of altitudes from vertices A, B and C' respec-
tively. Points P and @) are the projections of F' to AC' and BC respectively. Prove that the
line P bisects the segments DF and EF.

Does there exist a convex n-gon such that all its sides are equal and all vertices lie on the
parabola y = 22, where

(a) n = 2011,
(b) n = 20127

We will call a positive integer good if all its digits are nonzero. A good integer will be called
special if it has at least k digits and their values are strictly increasing from left to right.
Let a good integer be given. In each move, one may insert a special integer into the digital
expression of the current number, on the left, on the right or in between any two of the digits.
Alternatively, one may also delete a special number from the digital expression of the current
number.What is the largest £ such that any good integer can be turned into any other good
integer by a finite number of such moves?

Prove that for n > 1, the integer 1' + 3% +5° + ... + (2" — 1)*"~! is a multiple of 2" but not
a multiple of 27+1,

. A blue circle is divided into 100 arcs by 100 red points such that the lengths of the arcs are the

positive integers from 1 to 100 in an arbitrary order. Prove that there exist two perpendicular
chords with red endpoints.

Note: The problems are worth 4, 4, 5, 344, 7, 7 and 9 points respectively.
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1. First, we show by example that we may have one unusual pair when there are at least 3
points. Let A and B are chosen arbitrarily. Add some points within the circle with centre
B and radius AB but outside the circle with centre A and radius AB. Then B is the point
nearest to A while A is the point furthest from B. We now prove that if there is another pair
of unusual points, we will have a contradiction. We consider two cases.

Case 1.

The additional unusual pair consists of C' and D such that D is the point nearest to C' while
C' is the point furthest from D. Now DA > AB since B is the point nearest to A, AB > BC
because A is the point furthest from B, BC' > CD since D is the point nearest to C, and
CD > DA because C'is the point furthest from D. Hence DA > DA, which is a contradiction.
Case 2.

The additional unusual pair consists of B and C' such that C' is the point nearest to B and
B is the point furthest from C'. Now C'A > AB since B is the point nearest to A, AB > BC
since A is the point furthest from B, and BC' > C'A because B is the point furthest from C.
Hence CA > C'A, which is a contradiction.

2. Solution by Adrian Tang:

From abed = (1 — a)(1 = b)(1 — ¢)(1 — d), we have 57— = (171)1)”(11761). It follows that
atc-l ac 1 — U=DU=d) g dobod Ny latesDU=bod) 5 0 gince i is the product

(1—a)(1—c) — (1—a)(1—c) bd bd (1—a)(1—c)bd
of two equal terms. From (1 —a)(1 —¢)bd > 0, we have (a+c¢—1)(1 —b—d) > 0. Expansion
yields a—ab—ad+c—cb—cd—1+b+d > 0, which is equivalent to a+b+c+d—(a+c)(b+d) > 1.

3. Solution by Wen-Hsien Sun:
Let H be the orthocentre of triangle ABC. Then H is the incentre of triangle DEF'. Note
that CDHE and CQFP are cyclic quadrilaterals. Hence /ZADE = /FCP = /FQP. Since
AD and FQ are parallel to each other, so are ED and PQ. Thus /PQD = /EDC = /FDQ.
Let M and N be the points of intersection of PQ) with EF and DF respectively. Then
ND = NQ. Since /FQD = 90°, N is the circumcentre of triangle F'QQD so that FN = ND.
Similarly, we have FM = M E.

C
D
E
Q
‘N
el
A F B
4.
(a) This is possible. Let V' be the vertex of the parabola. On one side, mark on the parabola
points Al, AQ, ey A1005 such that VAl = AlAQ == A1004A1005 = t, and on the
other Side, points Bl, BQ, ce 81005 such that VBl = 31‘/2 = . = 8100431005 =t.

The length ¢ of Ajgp5B1005 varies continuously with t. When ¢ is very small, we have
¢ >t. When t is very large, £ is less than a constant times v/¢, which is in turn less than
t. Hence at some point in between, we have ¢ = t.



(b) We first prove a geometric result.
Lemma.
In the convex quadrilateral ABCD, AB = CD and /ABC + /BCD > 180°. Then
AD > BC.
Proof:
Complete the parallelogram BCDE. Then /EBC + /BCD = 180° < /ABC + /BCD.
Hence /ABC > /EBC. We also have BD = BD and AB = CD = EB. By the
Side-angle-side Inequality, AD > ED + BC.
Corollary.
If A, B, C'and D are four points in order on a parabola ad AB = CD, then AD > BC.
Proof:
Since the parabola is a convex curve, the extension of AB and DC meet at some point L,
Then /ABC' + /BCD = (LALD + /BCL)+ (LALD + /CBL) = 180° + /ALD > 180°.
We will now apply the It follows from the Lemma that AD > BC.
Returning to our problem, suppose P, P>, ..., Ps12 are points in order on a parabola,
such that PiPy, = P,P3 = - -+ = Pyy11Pa912. We now apply the Corollary 1005 times to
obtain Py Pag19 > PoPog11 > -+ > PigosProo7- Hence the 2012-gon cannot be equilateral.

5. Solution by Daniel Spivak:
We cannot have £ =9 as the only special number would be 123456789. Adding or deleting it
does not change anything. We may have k£ = 8. We can convert any good number into any
other good number by adding or deleting one digit at a time. We give below the procedures
for adding digits. Reversing the steps allows us to deleting digits.
Adding 1 or 9 anywhere.
Add 123456789 and delete 23456789 or 12345678.
Adding 2 anywhere.
Add 23456789 and then add 1 between 2 and 3. Now delete 13456789.
Adding 8 anywhere.
Add 12345678 and then add 9 between 7 and 8. Now delete 12345679.
Adding 3 anywhere.
Add 23456789 and delete 2. Now add 1 and 2 between 3 and 4 and delete 124567809.
Adding 7 answhere.
Add 12345678 and delete 8. Now add 8 and 9 between 6 and 7 and delete 12345689.
Adding 4 anywhere.
Add 23456789 and delete 2 and 3, Now add 1, 2 and 3 between 4 and 5 and delete 12356789.
Adding 6 anywhere.
Add 12345678 and delete 7 and 8. Now add 7, 8 and 9 between 5 and 6 and delete 12345789.
Adding 5 anywhere.
Add 23456789, delete 2, 3 and 4 and add 1, 2, 3 and 4 betwen 5 and 6. Albernately, add
12345678, delete 6, 7 and 8 and add 6, 7, 8 and 9 between 4 and 5. Now delete 12346789.

We first prove two preliminary results.
Lemma 1.
For any positive odd integer k, k*" = 1 (mod 2""2).



Proof:
We have k¥ —1 = (k — 1)(k + 1)(k* + 1)(k* + 1) --- (k¥ " +1). This is a product of n + 1
even factors. Moreover, one of k — 1 and k£ + 1 is divisible by 4. The desired result follows.
Lemma 2.
For any integer n > 2, (2" 4+ k)¥ = k*(2" 4+ 1) (mod 2"+2).
Proof:
Expanding (2" + k)¥, all the terms are divisible by 2"*2 except have (I;) kF=12m and k*. The
desired result follows.
Let the given sum be denoted by S,,. We now use induction on n to prove that .S, is divisible
by 2" but not 2"*! for all n > 2. Note that Sy = 1 + 3% = 28 is divisible by 22 but not by 23.
Using Lemmas 1 and 2, we have
2n71
Snt1— Sn = > (2" +2i—1)¥ !

=1
2n71

(2" +2i—1)*" (mod 2"?)
=1

an—1 ‘

Y (2i—1)* 12"+ 1) (mod 2"?)
i=1

= S,(2"+1).

Now S,i1 = 25,(2"1 +1). By the induction hypothesis, S,, is divisible by 2" but not by
2nFL Tt follows that S, is divisible by 2"*! but not by 27+2.

We first prove a geometric result.

Lemma.

Let P, (, R and S be four points on a circle in cyclic order. If the arcs PQ and RS add up
to a semicircle, then PR and ().S are perpendicular chords.

Proof:

Let O be the centre of the circle. From the given condition, /POQ + /ROS = 180°. Hence
/PSQ + /RPS = %(ZPOQ + /ROS) = 90°. It follows that PR and @S are perpendicular
chords. 0

NP

S

The circumference of the circle is 5050. By an arc is meant any arc with two red endpoints.
A simple arc is one which contains no red points in its interior. A compound arc is one which
consists of at least two adjacent simple arcs whose total lengths is less than 2525. For each
red point P, choose the longest compound arc with P as one of its endpoints. We consider
two cases.



Case 1.

Suppose for some P there are two equal choices in opposite directions. Then they must be of
length 2475, and the part of the circle not in either of them is the simple arc of length 100. It
follows that one of these two compound arcs, say P(@), does not contain the simple arc RS of
length 50. We may assume that P, ), R and S are in cyclic order. If ) = R, then PS is a
diameter of the circle. If S = P, then QR is a diameter of the circle. In either case, PQ) and
RS are perpendicular chords. If these four points are distinct, then the arcs P(Q) and RS add
up to a semicircle. By the Lemma, PR and )S are perpendicular chords.

Case 2.

The choice is unique for every P. Then we have chosen at least 50 such arcs since each may
serve as the maximal arc for at most two red points. Each of these arcs has length at least
2476 but less than 2525, a range of 49 possible values. By the Pigeonhole Principle, two of
them have the same length 2525 — k for some k£ where 1 < k£ < 49. If one of them does not
contain the simple arc C of length k, we can then argue as in Case 1. Suppose both of them
contain C. This is only possible if one of them ends with C and the other starts with it. By
removing C from both, we obtain two disjoint compund acrs both of length 2525 — 2k, and
note that 2 < 2k < 98. Now one of them does not contain the simple arc of length 2k, and
we can argue as in Case 1.
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1. A treasure is buried under a square of an 8 x 8 board, Under each other square is a message
which indicates the minimum number of steps needed to reach the square with the treasure.
Each step takes one from a square to another square sharing a common side. What is the
minmum number of squares we must dig up in order to bring up the treasure for sure?

2. The number 4 has an odd number of odd positive divisors, namely 1, and an even number
of even positive divisors, namely 2 and 4. Is there a number with an odd number of even
positive divisors and an even number of odd positive divisors?

3. In the parallelogram ABCD, the diagonal AC' touches the incircles of triangles ABC and
ADC at W and Y respectively, and the diagonal BD touches the incircles of triangles BAD
and BC'D at X and Z respectively. Prove that either W, X, Y and Z coincide, or W XY Z
is a rectangle.

4. Brackets are to be inserted into the expression 10 -9 +-8 -7 +6+5+4 + 3 + 2 so that the
resulting number is an integer.

(a) Determine the maximum value of this integer.

(b) Determine the minimum value of this integer.

5. RyNo, a little rhinoceros, has 17 scratch marks on its body. Some are horizontal and the rest
are vertical. Some are on the left side and the rest are on the right side. If RyNo rubs one
side of its body against a tree, two scratch marks, either both horizontal or both vertical, will
disappear from that side. However, at the same time, two new scratch marks, one horizontal
and one vertical, will appear on the other side. If there are less than two horizontal and less
than two vertical scratch marks on the side being rubbed, then nothing happens. If RyNo
continues to rub its body against trees, is it possible that at some point in time, the numbers
of horizontal and vertical scratch marks have interchanged on each side of its body?

Note: The problems are worth 3, 4, 4, 2+3 and 5 points respectively.

LCourtesy of Professor Andy Liu.
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1. Whichever square we dig up first, there is no guarantee that the treasure is there. If the
message we get says that the treasure is one square away, we cannot determine its location
uniquely. Thus we have to dig up at least three squares. Let the first two squares we dig up
be at the lower left corner and the lower right corner. We may as well suppose that we do not
find the treasure under either of them. The diagram below shows the possible coordinates of
the treasure based on the messages under these two squares. Since every square has a unique
pair of coordinates, the treasure can be brought up by digging up just one more square.

7,14 (8,12 19,12 [10,1111,10{12,9 |13,8 | 14,7

6,13 |7,12 8,11 [9,10 {10,9 [11,8 |12,7 | 13,6

512 16,11 |7,10 | 8,9 | 9,8 |10,7 [11,6 |12,5

4,11 (5,10 [ 6,9 | 7,8 | 87 | 9,6 |10,5 (11,4

31049 |58 6776|8594 (103

29 [ 38 47156 |65 |74|73 |92

18127136 |46 5563|7281

0,716 |25 |34 |43 |52]|61 |70

2. Solution ny Ling Long:
All integers under discussion are taken to be positive. The divisors of an integer n can be
divided into pairs such that the product of the two numbers in each pair is n, except when n is
a square, with y/n having no partner. Suppose there exists an integer n with an even number
of odd divisors and an odd number of even divisors. Then it has an odd number of divisors
in total, and must be a square, say n = 2%. Let z = 2"y where y is odd. Then n = 2%y?2, and
the odd divisors of n are precisely the divisors of 2. This number cannot be even.

3. Suppose ABCD is a rhombus. Then both W and Y coincide with the midpoint of AC', and
both X and Z coincide with the midpoint of BD. Since AC' and BD bisect each other,
all four points coincide. Suppose ABCD is not a rhombus. Then none of the four points
coincides with the common midpoint of AC and BD. Hence they are distinct. By symmetry,
AW = CY and BX = DZ. Hence WY and X Z also bisect each other, so that W XY Z is a
parallelogram. Let the incircle of ABC touch AB at P and BC' at ). We may assume that
W is closer to A and Y is closer to C. Then

WY =CW -CY =CW - AW =CQ — AP =CB — AB.

Similarly, XZ = AD — AB = WY. Being a parallelogram with equal diagonals, W XY 7 is a
rectangle.



4. Bracketing simply separates the factors 10, 9, ..., 2 into the numerator and the denominator
of the overall expression.

(a) We have
10+ (((((((9+8)=T7)+6)+5)+4)+3) +2)
—10+2
8!
0!
92
= 44800

Since 9 is the second number in the sequence, it must be in the denominator. Hence the
maximum value cannot be higher than 44800.

(b) Since 7 is the only number in the sequence divisible by 7, it must be in the numerator.
Hence the minimum value cannot be lower than 7. We have

(10 9)+(B+7) =6+ (0+4)+(3+2))
()
3 )

_10;<_6>
9 "\7 75
~ 10 . 10

9 T 63

= T

5. Let a, b, ¢ and d be the numbers of scratch marks which are horizontal and on the left side,
vertical and on the left side, horizontal and on the right side, and vertical and on the right
side. Suppose the initial values of a and b have been interchanged, and so are those of ¢ and
d, then a + b and ¢ + d are unchanged. Since each of these two sums changes by 2 after a
rubbing, the total number of rubbings must be even. If we allow negative values temporarily,
the order of the rubbings is immaterial, and we can assume that they occur alternately on the
left side and on the right side. After each pair of rubbings, the parity of each of a, b, ¢ and
d has changed. Suppose initially a + b is odd so that ¢ + d is even. After an odd number of
pairs of rubbings, the final values of a and b may have interchanged from their initial values,
the odd one becomes even and the even one becomes odd. However, this is not possible for
c and d, as they either change from both even to both odd, or from both odd to both even.
Similarly, after an even number of pairs of rubbings, the final values of ¢ and d may have
interchanged from their initial values, but this is not possible for @ and b. Thus the desired
scenario cannot occur.
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1.

Each vertex of a convex polyhedron lies on exactly three edges, at least two of which have the
same length. Prove that the polyhedron has three edges of the same length.

. The cells of a 1 x 2n board are labelled 1,2, ..., n, —n, ..., —2, —1 from left to right. A

marker is placed on an arbitrary cell. If the label of the cell is positive, the marker moves to
the right a number of cells equal to the value of the label. If the label is negative, the marker
moves to the left a number of cells equal to the absolute value of the label. Prove that if the
marker can always visit all cells of the board, then 2n + 1 is prime.

Consider the points of intersection of the graphs y = cosz and = = 100 cos(100y) for which
both coordinates are positive. Let a be the sum of their z-coordinates and b be the sum of
their y-coordinates. Determine the value of ¢.

A quadrilateral ABC'D with no parallel sides is inscribed in a circle. Two circles, one passing
through A and B, and the other through C' and D, are tangent to each other at X. Prove
that the locus of X is a circle.

In an 8 x 8 chessboard, the rows are numbers from 1 to 8 and the columns are labelled from a
to h. In a two-player game on this chessboard, the first player has a White Rook which starts
on the square b2, and the second player has a Black Rook which starts on the square c4. The
two players take turns moving their rooks. In each move, a rook lands on another square
in the same row or the same column as its starting square. However, that square cannot be
under attack by the other rook, and cannot have been landed on before by either rook. The
player without a move loses the game. Which player has a winning strategy?

Note: The problems are worth 4, 4, 5, 5 and 5 points respectively.

LCourtesy of Professor Andy Liu.
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1. Let the number of vertices be v and the number of edges be e. Since each vertex lies on
exactly 3 edges and each edge joins exactly 2 vertices, 3u = 2e. Suppose to the contrary that
the polyhedron does not have three edges of equal length. Then each vertex has a pair of
equal edges of length different from any other edge. Hence the total number of edges is at
least 2v, but 3v = 2e > 4v is a contradiction.

2. Suppose 2n + 1 is not prime. Then it has a prime divisor p < 2n + 1. If the marker starts
on a cell whose label is divisible by p, it must move in either direction by a number of spaces
equal to a multiple of p. We claim that the cells whose labels are divisible by p are evenly
spaced. Then the marker must stay on cells whose labels are divisible by p, and cannot visit
all cells. The claim certainly holds among the cells with positive labels and among those with
negative labels. To see that it also holds across the two sides, simply add 2n + 1 to each of
the negative labels. Then a label is divisible by p after the modification if and only if it is
divisible by p before the modification. The desired result follows since the modified labels are
1,2, ..., 2n from left to right.

3. Solution by Olga Ivrii.
Define X = {5 and Y = 10y. Then the graphs become the symmetric pair Y = 10 cos(10X)
and X = 10cos(10Y’). Now X and Y are both positive if and only if both x and y are positive.
Let A be the sum of the X-coordinates and B be the sum of the Y-coordinates.for which both
X and Y are positive. Then A = {5 and B = 100 by definition, and A = B by symmetry.
Hence ¢ = % = 100.

4. First Solution by Central Jury:
Draw the circumcircle of ABC'D, a circle w; through A and B and a circle ws through C' and
D such that w; and w, are tangent to each other. Let the lines AB and C'D omtersect at P,
which is necessarily outside all three circle. Let the line PX intersect w; again at Y; and ws
again at Y. We have PA-PB = PC-PD =k, PA-PB = PX-PY; and PC-PD = PX-PY;.
It follows that Y7 and Y5 coincide. Since this point lies on both w; and w-, it must also coincide
with X. Hence PX? is equal to the constant k, so that the locus of X is a circle with centre
P.

P

w2




Second Solution:

Perform an inversion with respect to A, and let B’, C’, D’ and X’ be the respective images
of B, C, D and X. The image of the fixed circle is the line passing through B’, C’ and
D', with B’ not between C’ and D’. The image of the circle passing through C' and D is a
circle w passing through C” and D’, and the image of the circle passing through A and B
is a line passing through B’ and tangent to w at X’. Hence (B'X’")? = B'C'- B'D’. Since
B’, C" and D’ are fixed points, X’ is at a constant distance from B’, so that its locus is a
circle A with centre B’. It follows that the locus of X is the pre-image of A\, which is either a
straight line or a circle. In order for it to be a straight line, A must pass through A, so that
(AB')2 = B'C' - B'D'. Let r be the radius of inversion. Then (5)? = -=BC . ZBD_ hich

AB AB-AC "~ AB-AD>

simplifies to % = %. Since /AC'B = /BDA, triangles ACB and BDA are similar, so that

/ABC = /BAD. It follows that C'D is parallel to AB, but we are given that ABCD has no
parallel sides. Hence the locus of X is indeed a circle.

. The second player has a winning strategy. Divide the eight rows into four pairs (1,3), (2,4),
(5,7) and (6,8), and the eight columns also into four pairs (b, c), (d,e), (f,g) and (h,a). Then
divide the sixty-four squares into thirty-two pairs. Two squares are in the same pair if and
only if they are on two different rows which form a pair, and on two different columns which
also form a pair. Thus the starting squares of the two rooks form a pair. The second player’s
strategy is to move the Black Rook to the square which forms a pair with the square where
the White Rook has just landed. First, this can always be done, because if the White Rook
stays on its current row, the Black Rook will do the same, and if the White Rook stays on
its current column, the Black Rook will do the same. Second, since the square on which the
White Rook has just landed cannot have been landed on before, the square to which the Black
Rook is moving has never been landed on before, since the squares are occupied by the two
rooks in pairs. Third, the Black Rook will not be under attack by the White Rook since the
two squares in the same pair are on different rows and on different columns. Hence the second
player always has a move, and can simply wait for the first player to run out of moves.
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1.

It is possible to place an even number of pears in a row such that the masses of any two
neighbouring pears differ by at most 1 gram. Prove that it is then possible to put the pears
two in a bag and place the bags in a row such that the masses of any two neighbouring bags
differ by at most 1 gram.

One hundred points are marked in the plane, with no three in a line. Is it always possible to
connect the points in pairs such that all fifty segments intersect one another?

In a team of guards, each is assigned a different positive integer. For any two guards, the
ratio of the two numbers assigned to them is at least 3:1. A guard assigned the number n is
on duty for n days in a row, off duty for n days in a row, back on duty for n days in a row,
and so on. The guards need not start their duties on the same day. Is it possible that on any
day, at least one in such a team of guards is on duty?

Each entry in an n x n table is either + or —. At each step, one can choose a row or a column
and reverse all signs in it. From the initial position, it is possible to obtain the table in which
all signs are 4. Prove that this can be accomplished in at most n steps.

Let p be a prime number. A set of p + 2 positive integers, not necessarily distinct, is called
interesting if the sum of any p of them is divisible by each of the other two. Determine all
interesting sets.

A bank has one million clients, one of whom is Inspector Gadget. Each client has a unique
PIN number consisting of six digits. Dr. Claw has a list of all the clients. He is able to break
into the account of any client, choose any n digits of the PIN number and copy them. The n
digits he copies from different clients need not be in the same n positions. He can break into
the account of each client, but only once. What is the smallest value of n which allows Dr.
Claw to determine the complete PIN number of Inspector Gadget?

Let AH be an altitude of an equilateral triangle ABC'. Let I be the incentre of triangle ABH,
and let L, K and J be the incentres of triangles ABI, BCI and C Al respectively. Determine
/K JL.

Note: The problems are worth 4, 4, 6, 6, 8, 8 and 8 points respectively.

ICourtesy of Professor Andy Liu.
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1. Let the pears be Py, Ps,..., P,,, with respective masses a; < as < --- < ag,. For 1 <k <n,
put P, and P, k.1 in bag By and place the bags in a row in numerical order. We claim that
the difference in the masses of By, and By is at most 1 gram for 1 < k < n. Now the mass of
By is a + as, 1 amd the mass of Byyq is ags1 + aon—k. Both agy1 —ar and agy g1 — a2n—k
are non-negative, and we claim that each is at most 1 gram. The desired result will then
follow. Consider P and Py in the original line-up. If they are in fact neighbours, the claim
follows from the given condition. Suppose there are other pears in between. Moving from
Py, to Pyyq, let P; be the first pear not lighter than P, and P; be the pear before P;. Then
a; < ap < a; and a; —a; < 1. Hence a; —a; < 1. However, we must have a;1; < a;. It follows
that axy1 — ax < 1. Similarly, we can prove that as, i1 — a2, < 1, justifying the claim.

2. Solution by Olga Ivrii.
Let P, P, ..., Py be evenly spaced points on a circle with centre Pjoo. We may assume
that when the points are connected in pairs, P is connected to P;. Let Psy be connected to
P, where k # 1,50,100. If 2 < k <49, P5oP, and P, Py are in opposite semicircles divided
by the diameter passing through Psy. If 51 < k < 99, P5oFP. and PPy are in opposite
semicircles divided by the diameter passing through Pyg. In either case, PsqP, and P, Pgg do
not intersect.

3. Let the guards be Gy, G, ..., Gj and let n; > ng > --- > ng > 1 be the numbers assigned
to them. In fact, n; > 3n;.1 for 1 < i < k. There is an interval of 3ny days during which G,
is not on duty. Within this interval, there is a subinterval of ny, > 3ns days during which G,
is not on duty either. Repeating this argument until we reach G}, we will have an interval of
ny days in which none of the guards are on duty.

4. Solution by Olga Ivrii.

Suppose n > 2. Let 1 <i< k <nand1l<j</¢<n. Weclaim that the number of +s
among a, j, e, ar; and ay, is even. This is because each step reverses the signs of an even
number (0 or 2) of these 4 signs. The claim follows since we can make all signs +s. We now
use induction on n. The basis n = 1 is trivial. Suppose the result holds for some n > 1.
Consider an (n + 1) x (n + 1) table. If there are no —s, there is nothing to prove. We may
assume that a,41,41 15 —. By the induction hypothesis, we can make all signs +s except
possibly for those in the last row and those in the last column, in n steps. Consider a; ;.
Suppose it is +. By our earlier claim, takingi =1, Kk =n+1 and { = n+ 1, we can conclude
that a,41; is — for all j. By the claim again, with k =n+1, j =1 and { =n + 1, we can
conclude that a;,41 is + for all i < n 4+ 1. Reversing the signs in the last row will complete
the desired transformation in n + 1 moves. Suppose a; ,+1 is —. We can prove as above that
all entries in the last column are —s and all entries in the last row except the last one are
+s. Reversing the signs in the last column will complete the desired transformation, again in
n + 1 steps.



5. By factoring it out if necessary, we may assume that the greatest common divisor of the p + 2
numbers in an interesting set is 1. Let S = a1 +as + -+ apro. For 1 <k <p+2, a; divides
S —a; for j # k. Hence ay, divides (p + 1)S — (S — ag), so that a; divides pS. We consider
two cases.

Case 1. None of ay is divisible by p.

Then a;, divides S. For any j # k, a;, divides S — a;, so that it divides a;. It follows that all
the numbers are equal. Since their greatest common divisor is 1, they are all equal to 1.
Case 2. At least one ay, is divisible by p.

Not all of them can be divisible by p since their greatest common divisor is 1. We may assume
that ay is not divisible by p for 1 < k£ < n and divisible by p for n +1 < k < p + 2, where
n<p+1 Supposen <p. Let T =a; +as+ -+ a,. If T is not divisible by p, then
a; + ag + -+ - + a, is not divisible by a,;o. If T'is divisible by p, then as + ag + - -+ 4+ a,+1 is
not divisible by ap42. It follows that n = p + 1, so that a,,o is the only number divisible by
p. Asin Case 1, a1 = ay = --- = ap41 = 1 so that ap12 = p.

In summary, all interesting sets are of the form a; = as = -+ = ap41 = d and ap2 = d or pd
for an arbitrary positive integer d.

6. In order to be sure of knowing a digit of Inspector Gadget’s PIN number, Dr. Claw either
must check it or check that digit of every other client. For n = 3, Dr. Claw can find out
the first three digits of Inspector Gadget’s PIN number, and deduce the last three digits by
checking those of every other client. There is no solution for n < 2 since Dr. Claw can know
at most 2 digits of Inspector Gadget’s PIN number and deduce 2 more by checking those of
every other client.

7. Solution by Central Jury:
Since K is the incentre of triangle BCI, /BKI = 90° + %ZBCI = 97.5°. Let O be the
centre of triangle ABC' and let M be the point symmetric to I about OA. Note that K
lies on BM. We have /MAJ = 7.5° = /OAJ. Since LAOJ = 60° = /MOJ, J is the
incentre of triangle M AO. Hence /M JO = 90° + %ZMAO =97.5°=/BKI. Hence I/MK
is a cyclic quadrilateral and /IJK = /IMK = 15°. Since L is symmetric to K about BO,
(KJL =2/1JK = 30°.
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1.

In a team of guards, each is assigned a different positive integer. For any two guards, the
ratio of the two numbers assigned to them is at least 3:1. A guard assigned the number n is
on duty for n days in a row, off duty for n days in a row, back on duty for n days in a row,
and so on. The guards need not start their duties on the same day. Is it possible that on any
day, at least one in such a team of guards is on duty?

One hundred points are marked inside a circle, with no three in a line. Prove that it is possible
to connect the points in pairs such that all fifty lines intersect one another inside the circle.

Let n be a positive integer. Prove that there exist integers ai, as, ..., a, such that for any
integer z, the number (--- (((2® + a1)* + a2)® + -+ *)* + a,_1)* + a,, is divisible by 2n — 1.

Alex marked one point on each of the six interior faces of a hollow unit cube. Then he
connected by strings any two marked points on adjacent faces. Prove that the total length of
these strings is at least 6+/2.

Let ¢ be a tangent to the incircle of triangle ABC. Let ¢,, ¢, and /. be the respective images
of ¢ under reflection across the exterior bisector of /A, /B and /C. Prove that the triangle
formed by these lines is congruent to ABC'.

We attempt to cover the plane with an infinite sequence of rectangles, overlapping allowed.

(a) Is the task always possible if the area of the nth rectangle is n? for each n?
(b) Is the task always possible if each rectangle is a square, and for any number N, there
exist squares with total area greater than N7

Konstantin has a pile of 100 pebbles. In each move, he chooses a pile and splits it into two
smaller ones until he gets 100 piles each with a single pebble.
(a) Prove that at some point, there are 30 piles containing a total of exactly 60 pebbles.
(b) Prove that at some point, there are 20 piles containing a total of exactly 60 pebbles.

(¢) Prove that Konstantin may proceed in such a way that at no point, there are 19 piles
containing a total of exactly 60 pebbles.

Note: The problems are worth 4, 5, 6, 6, 8, 346 and 6+3+3 points respectively.

ICourtesy of Professor Andy Liu



Solution to Senior A-Level Spring 2012

1. Let the guards be G, Ga, ..., G and let ny > ny > --- > n;, > 1 be the numbers assigned
to them. In fact, n; > 3n;.1 for 1 < i < k. There is an interval of 3ny days during which G,
is not on duty. Within this interval, there is a subinterval of ny, > 3n3 days during which G,
is not on duty either. Repeating this argument until we reach Gy, we will have an interval of
ny days in which none of the guards are on duty.

2. Among all the ways of connecting the one hundred points in pairs, consider the one for which
the total length of the fifty segments is maximum, We claim that this connection has the
desired property. Suppose to the contrary that two lines, AB and C'D, intersect outside the
circle. Then these four points form a convex quadrilateral, and we may assume that it is
ABCD. Let AC intersect BD at E. Then AC+ BD = AE+BE+CE+ DE > AB+CD.
Replacing AB and C'D by AC and BD increases the total length of the fifty segments. This
contradiction justifies our claim.

3. Note that 12 = (2n — 2)?, 22 = (2n —3)%, ..., (n —1)> = n? (mod 2n — 1). We claim that
for any ¢ and j, 1 <i < j <n —1, we can find k such that (i + k)? = (j + k)? (mod 2n — 1).
Suppose j — i = 2m — 1 for some m. Choose k so that j+k=n+m—1andi+k=n—m.
Suppose j — i is even. Then (2n — 1) + i — j is odd and we can make a similar choice for
k. This justifies the claim. Now 22 takes on n different values modulo 2n — 1. By a suitable
choice of a;, we can make (22 + a1)? take on at most n — 1 different values modulo 2n — 1.
By a suitable choice of as, we can make ((2? + a;1)? + a2)? take on at most n — 2 different
values modulo 2n — 1. Continuing in this manner, we can eventually choose a,_; so that
(- (((#*+ a1)*+ a2)*+ -+ ) + a,_1)? takes on only one value. By a suitable choice of a,,, we
can make the final expression divisible by 2n — 1.

4. Let the points Alex marked be F' on the front, B at the back, R to the right, L to the left,
U on the up face and D on the down face. The twelve strings formed three closed loops
FRBL, FUBD and RULD. We claim that the total length of each loop is at least 2v/2.
Let FRBL be projected onto the down face. Then each point lies on one side of a unit
square, as shown in the diagram below on the left. We now fold the loop out as shown in the
diagram below on the right. Since FXY F’ is a parallelogram, the total length of the strings
FR, RB. BL and LF' is at least XY. This is twice the diagonal of a unit square, which is
2V/2.

F’ Y




D.

6.

Instead of reflecting ¢ across the exterior bisectors of the angles of triangle ABC', we reflect it
across the interior bisectors of these angles. Let ¢ intersect the lines AI, BI and CI at L, M
and N respectively, where [ is the incentre of ABC'. Let ¢ intersect BC at Q and CA at Y.
Let ¢, intersect ¢, at F, ¢, at £ and AB at X. Let /, intersect /. at D and AB at P. Let
(. intersect BC' at Z and C'A at R. Note that R may or may not lie on BM. By symmetry
about BM, /BQM = /BPM. By symmetry about CN, /CQN = /CRN. It follows that

LARD = /CRN = /CQN = 180° — /BQM = 180° — /BPM = /APD.

Hence ADRP is cyclic, so that /FDE = /CAB. By symmetry about AL, /AXL = /AY L.
By symmetry about CN, /CYN = /CZN. It follows that

(BZE = /CZN = (CYN =180° — LAY L = 180° — L/AXL = /BXFE.

Hence BEZ X is cyclic, so that /DEF = /ABC. 1t follows that triangles ABC and DEF are
similar. Now the triangle obtained by reflecting ¢ across the interior bisectors of the angles of
triangle ABC' is clearly similar to DEF, and hence to ABC'. Since these two triangles have
the same incircle, they are in fact congruent.
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(a) Solution by Daniel Spivak:
Let the dimensions of the n-th rectangle be n?2" x 2% We claim that this sequence of
rectangles cannot even cover a disk with radius 1. The intersection of the n-th rectangle
with the disk is contained in a 2 x 2% rectangle and has area less than 2n1_1. The total
area of these intersections is less than 1 + % + i +-- <2<

(b) Solution by Hsin-Po Wang;:
Suppose there exists a positive number a such that the side length of infinitely many
of the squares in the sequence is at least a. Then we divide the plane into a sequence
of a X a squares in an outward spiral, and these squares can be covered one at a time.
Henceforth, we assume that for for positive real number a, the number of squares in the
sequence with side length at least a is finite. This induces a well-ordering on the squares
of the sequence in non-ascending order of side lengths a; > ay > a3 > ---. We may
assume that a; < 1.




We divide the plane into a sequence of unit squares in an outward spiral, and try to cover
these squares one at a time. Place the a; X a; square at the bottom left corner of the
first unit square. Place the as X as square on the bottom edge of this unit square to the
right of the a; X a; square. In this manner, we can cover the bottom edge of the unit
square because a; + as + -+ + ag, > ai + a3 + -+ af, > 1 for some ky. Let by = ay,.
Then we have covered the bottom strip of the unit square of height b;. We now focus on
the 1 x (1 —b;) rectangle, and apply the same process to cover the bottom strip of height
b, with squares of side lengths ax, 41, ax,4+2, ..., ag, = be.Continuing in this manner,
we cover strips of height b3, by, .... We claim that by + by + --- + b, > 1 for some h.
Suppose this is not so. Then for all A,

1 > (by+by+-+by)?

> bi(ap 41+ g2+ -0+ ary)
+b2(aky 41 + Ahyyo + - arg) + -0
Fbn(ar,+1 + gpg2 + -+ ag,,,)

2 2 2
2 Oy 41 + Ay 42 +--t gy oy -

This is a contradiction since the last expression is not bounded above.

Solution by Daniel Spivak:

At some point in time, we must have exactly 70 piles. At least 40 of them contain exactly
1 pebble each, as otherwise the total number of pebbles is at least 39 + 2 x 31 = 101.
Removing these 40 piles leave behind exactly 30 piles containing exactly 60 pebbles
among them.

Solution by Peter Xie:

We call k piles containing a total of exactly 2k + 20 pebbles a good collection. We claim
that if £ > 23, a good collection contains either 1 pile with exactly 2 pebbles or 2 piles
each with exactly 1 pebble. Otherwise, the total number of pebbles in the collection is
at least 1 = 3(k — 1) = 3k — 2, which is strictly greater than 2k + 20 when k£ > 23. Now
any partition of the original pile into 40 piles results in a good collection with & = 40.
From this, we can obtain a good collection with & = 39 by either removing 1 pile with
exactly 2 pebbles or removing 2 piles each with exactly 1 pebble and then subdividing
any other pile with at least 2 pebbles. In the same way, we can obtain good collections
down to k = 22, with a total of exactly 64 pebbles. We claim that there exist 2 or more
piles containing a total of exactly 4 pebbles. Suppose this is not the case. If there are
no piles with exactly 1 pebble, then the total number of pebbles in the collection is at
least 2 + 3 x 21 > 64. If there are piles with exactly 1 pebble, then the total is at least
3+ 4 x 19 > 64. Thus the claim is justified. We now remove these 4 pebbles, obtaining
60 pebbles in at most 20 piles. Eventual subdivision of these piles will bring the number
of piles to 20 while keeping the total number of pebbles at 60.

Solution by Peter Xie:

Separate out piles of 3 until we have 32 piles of 3 and are left with 1 pile of 4. Throughout
this process, exactly one pile contains a number of pebbles not divisible by 3. If we include
this pile, the total cannot be 60. If we exclude this pile, the total of 19 piles of 3 is only
57. We now separate the pile of 4 into 2 piles of 2. Now every pile contains at most
3 pebbles, so that 19 piles can contain at most 57 pebbles. Further separation will not
change this situation.



	TG33_Jesen_Laksa.pdf
	TG33_Jesen_Teza.pdf

