30. TURNIR GRADOVA

Jesenje kolo.
Pripremna (bazna) varijanta, 12. oktobar 2008. god.

8-9. razred (mladi uzrast)
(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
poeni za delove jednog zadatka se sabiraju)

1. (3 poena) U 10 kutija nalaze se olovke. Poznato je da u razlic¢iim
kutijama ima razlicit broj olovaka, pri ¢emu su u svakoj kutiji olovke
razliitih boja. Dokazite da iz svake kutije moZzemo uzeti po olovku
tako da sve one budu razli¢itih boja.

2. (3 poena) Dato je 50 razli¢itih prirodnih brojeva, od kojih 25 nisu veci
od 50, a ostali su veci od 50, ali ne prelaze preko 100. Pri tome ni
koja dva se ne razlikuju tacno za 50. Nadite zbir (svih) tih brojeva.

3. (4 poena) U kruznicu polupreCnika 2 upisan je ostrougli trougao
A1A2A3. Dokazite da se na lukovima AiA;, AAz, AsA; moze naci po
jedna taCka

B1, B2, B3 (tim redom), tako da povrSina Sestougla A;B;A;B,A3B3 bude
broj¢ano jednaka obimu trougla A;A2As.

4. (4 poena) Data su tri prirodna broja takva da je jedan od njih jednak
poluzbiru druga dva. Moze li proizvod ta tri broja biti tatan 2008.
stepen prirodnog broja?

5. (4 poena) Nekoliko sportista startovalo je istovremeno sa jednog kraja
pravolinijske staze. NJihove brzine su razliCite, ali konstantne (stalne).
Kad dodu do kraja staze sportisti se trenutno okrecu i trCe nazad,
zatim sve to ponavljaju, itd. U jednom momentu su se svi sportisti
nasli u jednoj tacki. Dokazite da ¢e takvih susreta biti joS.



30. TURNIR GRADOVA

Jesenje kolo.
Pripremna (bazna) varijanta, 12. oktobar 2008. god.

10-11. razred (stariji uzrast)

(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena) AljoSa ima kolace rasporedene u nekoliko kutija. Aljosa je
zapisao po koliko kolaca ima u svakoj kutiji. SerjoZa je uzeo po jedan
kola€ iz svake kutije | stavio na prvi tanjir. Zatim je ponovo uzeo po
jedan kolac iz svake kutije koja nije prazna i stavio ih na drugi tanjir.
Tako je radio sve dok svi kolaci nisu bili rasporedene po tanjirima.
Posle toga, Serjoza je zapisao po koliko je kola¢a bilo na svakom
tanjiru. Dokazite da je koli€ina razliCitih brojeva koje je AljoSa zapisao
jednaka koli€ini razliCitih brojeva koje je Serjoza zapisao.

2. (3 poena) Resite sistem jednacina (n>2)

X %o+t Xy =% A Xg X X == Xy X X X — Xy =1

3. (4 poena) U kruznicu polupre¢nika 2 upisan je tridesetougao A; A, . . .
Aszo. Dokazite da se na lukovima AiA;, AAs,..., AzpA1 moze naci po
jedna tacka B;,B.,...,B3 (tim redom), tako da povrSina Sezdesetougla
A1B1A:B,...A30B3y  bude Dbrojéano jednaka obimu tridesetougla
A1A2...A3o.

4. (4 poena) Da li postoji aritmetiCka progresija od pet razliCitih prirodnih

brojeva, Ciji je proizvod jednak tacno 2008-om stepenu prirodnog
broja?

5. (4 poena) Na kvadratnoj mrezi nacrtano je nekoliko pravougaonika
Cije se stranice poklapaju sa linijjama mreze. Svaki pravougaonik se
sastoji iz neparnog broja polja (kvadrati¢a) i nikoja dva pravougaonika
nemaju zajednickih polja. Dokazite da te pravougaonike mozemo
obojiti sa 4 boje tako da pravougaonici iste boje nemaju zajednicke
grani¢ne tacCke.



30. TURNIR GRADOVA

Jesenje kolo.
Osnovna varijanta, 26. oktobar 2008. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
a poeni za delove jednog zadatka se sabiraju)

. (4 poena) Na Sahovskoj tabli 100x100 rasporedeno je 100 dama koje ne tuku jedna drugu.
Dokazite da se u svakom ugaonom kvadratu 50x50 nalazi bar jedna dama. (Dama je
Sahovska figura koja se krece po horizontali, vertikali i dijagonali - na bilo koje rastojanje!)

(6 poena) Imamo 4 kamena, od kojih svaki vaze ceo broj grama. Imamo terazije sa
tasovima i strelicom koja pokazuje na kojem od dva tasa se nalazi veca masa i za koliko
grama je ta masa veca. Moze li se sa 4 merenja odrediti masa svakog kamena, ako se u
jednom od tih merenja moze pogresiti za 1 gram? (Masa kamena ne moZe biti ni 0, ni
negativnal)

. (6 poena) Serjoza je nacrtao trougao ABC i njegovu teziSnu duz AD. Zatim je svom drugu
llji saopstio duzinu teziSne duzi AD i duzinu stranice AC. Na osnovu tih podtaka llja je

dokazao tvrdenje: ugao CAB je tup, a ugao DAB je ostar. Nadite odnos % (i dokazite
lljino tvrdenje za svaki trougao u kome vazi takav odnos).

. (6 poena) Baron Minhauzen je pricao da on ima kartu zemlje Oz na kojoj je prikazano 5
gradova. Svaka dva grada spojena su putem koji ne prolazi kroz druge gradove. Svaki put
na karti seCe najvisSe jedan od drugih puteva (i najvise na jednom mestu). Putevi su
oznaceni zutom ili crvenom bojom (prema boji podloge na putu), a pri obilasku oko
svakog grada (po obodu) boje puteva koji iz njega polaze, a na koje se pri takvom
obilasku nailazi, menjaju se naizmeniéno. Moze li Baron biti u pravu?

. (8 poena) Dati su pozitivni brojevi a;, a5, . .., a,. Znasedaje & +a,+...+a, < 5

Dokazite daje (1+a,)-(l+a,) ... -0+a,)<2

. (9 poena) Nad stranicama AC i BC raznostrani¢nog trougla ABC sa spoljasnje strane, kao
nad osnovicama, konstruisani su jednakokraki trouglovi AB'C i CA'B sa jednakim uglovima
na osnovicama. Svaki od tih uglova je ¢. Normala iz temena C povucena na duz A'B' seCe
simetralu duz AB u tacki C,. Odredite ugao AC,B.

. U beskona¢nom nizu a,;, a,, as, ... broj a;jednak je 1, a svaki sedeci broj a, nastaje iz
prethodnog broja a,; po pravilu: ako najveéi neparni delilac broja n ima ostatak 1 pri
deljenju sa 4, tada je a,=a,, +1, a ako ima ostatak 3, tada je a, =a,; —1. Dokazite da se
u tom nizu:

a) (5 poena) broj 1 pojavljuje beskona¢no mnogo puta;

b) (5 poena) svaki prirodan broj javlja beskona¢no mnogo puta.
(Evo nekoliko prvih ¢lanova tog niza: 1, 2,1, 2,3,2,1,2,3,4,3,...)
(Najvedi neparni delilac broja n je najveci neparni broj kojim je broj n deljiv, pri éemu to ne
mora biti prost delilac.)



30. TURNIR GRADOVA
Jesenje kolo.

Osnovna varijanta, 26. oktobar 2008. god.

10-11. razred (stariji uzrast)
(Rezultat se ra¢una na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (4 poena) Kvadratna tabla podeljena je pravama koje su paralelne stranicama table na 64
pravougaona polja koja su zatim obojena kao Sahovska tabla. Rastojanja medu pravama
ne moraju biti jednaka, pa zato polja mogu biti razli€itih dimenzija. Poznato je, medutim,
da odnos povrsine ma kojeg belog polja prema povrsini ma kojeg crnog polja nije veci od
2. Nadite najveéi moguci odnos zbira povrsina belih polja prema zbiru povrSina crnih polja.
(Ako uzmemo da je jedna stranica table vertikalna, a druga horizontalna, onda povucenih
7 vertikalnih i 7 horizontalnih pravih dele tablu na 64 pravougaona polja)

2. (6 poena) Prostor je razdeljen na jednake kocke. Da li je tacho da je za svaku od tih kocki
uvek moguée naci drugu koja sa njom ima zajedni¢ku stranu?

3. (6 poena) Na stolu se nalazi N > 2 gomilica oraha sa bar jednim orahom svakoj od njih..
Dvoje igraju ("vuku poteze") naizmeni¢no. U jednom potezu treba uzeti dve gomilice u
kojima su brojevi oraha uzajamno prosti, a zatim od njih ih napraviti jednu gomilicu.
Pobeduje onaj koji ucini poslednji potez. Za svako N objasnite koji od igraa moze uvek
da pobedi, ma kako igrao njegov protivnik.

4. (6 poena) Dat je nejednakokraki trapez ABCD. Tacka A; je taCka preseka kruznice opisane
oko trougla BCD i prave AC (A; je razli¢ito od C.) Analogno odre¢ujemo tacke B,, C,, D;.
Dokazite da je A;B,;C.D, takode trapez. (Trapez je figura kod koje su dve stranice
paralelne, a dve ne!)

5. (8 poena) U beskonacnom nizu a;, ap, as, ... broja; jednak je 1, a svaki sedeci broj a,
nastaje iz prethodnog broja a,.; po pravilu: ako najvecéi neparni delilac broja n ima ostatak
1 pri deljenju sa 4, tada je a, =a,, +1, a ako ima ostatak 3, tada je a,=a,; —1. Dokazite
da se u tom nizu svaki prirodan broj javlja beskonacno mnogo puta.
(Evo nekoliko prvih €lanova tog niza: 1,2, 1,2,3,2,1,2,3,4,3,...)
(Najveci neparni delilac broja n je najveci neparni broj kojim je broj n deljiv, (pri ¢emu to ne
mora biti prost delilac.)

6. (9 poena) Polinom P(x) sa realnim koeficijentima je takav da jednacina P(m)+P(n)=0 ima
beskonacno mnogo resSenja za cele brojeve m i n. Dokazite da grafik funkcije y=P(x) ima
centar simetrije.

7. Test se sastoji iz 30 pitanja. Na svako pitanje postoje dve varijante odgovora (jedan tacan,
a drugi netacan). U jednom pokuSaju Vita odgovora na sva pitanja, posle ¢ega mu
saopStavaju na koliko pitanja je odgovorio tacno. Moze li Vita da postupa tako da
garantovano sazna na koja je pitanja tacno odgovorio, najkasnije

a) (5 poena) posle 29. pokusaja (i da odgovori tacno na sva pitanja u 30. pokuSaju);
b) (5 poena) posle 24. pokusSaja (i da odgovori tacno na sva pitanja u 25. pokusaju)?
(U pocetku Vita ne zna ni jedan odgovor, a test je stalno jedan te isti)



30. TURNIR GRADOVA

Prole¢no kolo.
Bazna varijanta, 1. mart 2009. god.

8-9. razred (mladi uzrast
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena,
a poeni za delove jednog zadatka se sabiraju)

=

(3 poena) U konveksnom 2009 - uglu povucene su sve dijagonale. Prava
secCe 2009- ugao, ali ne prolazi ni kroz jedno njegovo teme. Dokazite da ta
prava secCe paran broj dijagonala.

(4 poena) Neka a*b znadi izraz a°. U izrazu 7+7#7+7+7+7+7 treba staviti
zagrade koje Ce odredivati redosled operacija (ukupno 5 parova zagrada).
Mogu li se te zagrade postaviti na dva razliita nacina, ali tako da se dobije
isti rezultat?

(4 poena) Vlada hoce da napravi kolekciju kocki istih dimenzija i na svakoj
strani svake kocke da napiSe po jednu cifru, tako da se te kocke mogu
poredati da €ine ma koji 30- cifreni broj. Koliko najmanje kocki mu je za to
dovoljno? (Cifre 6 i 9 se pri obrtanju kocke ne pretvaraju jedna u drugu.)

(4 poena) Prirodan broj su uvecali za 10% i ponovo dobili prirodan broj. Da li
se pri tome zbir cifara mogao umanijiti za 10%?

(5 poena) U rombu ABCD ugao A iznosi 120°. Na stranicama BC i CD uzete
su tatke M i N tako da je Z/NAM=30°. DokaZite da se centar kruznice
opisane oko trougla NAM nalazi na dijagonali romba.



30. TURNIR GRADOVA
Prole¢no kolo.
Bazna varijanta, 1. mart 2009. god.

10-11. razred (stariji uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena) Neka a*b znadi izraz a°. U izrazu 7#7+7+7+7+7+7 treba staviti
zagrade koje Ce odredivati redosled operacija (ukupno 5 parova zagrada).

Mogu li se te zagrade postaviti ha dva razliCita naCina, ali tako da se uvek
dobije isti rezultat?

2. (4 poena) U ravni je dato nekoliko tataka takvih da nikoje tri ne pripadaju
Istoj pravoj. Neke taCke spojene su duzZzima. Zna se da svaka prava koja ne

prolazi kroz date taCke seCe paran broj duzi. Dokazite da iz svake tacke
polazi paran broj duZi.

3. Za svaki prirodan broj n ozna¢imo sa O(n) njegov najveci neparni delilac.
Dati su  proizvoljni prirodni brojevi x;=a i x,=b. Formirajmo beskonacni niz
prirodnih  brojeva po pravilu: x, =0(x,, +x._,), gde je n=3, 4, ...

a) (2 poena) Dokazite da ¢e, poCev od nekog mesta, svi brojevi u nizu biti
jednaki jednom istom broju.
b) (2 poena) Kako naci taj broj, ako se znaju brojevi a i b?

4. (4 poena) Redom je napisano nekoliko nula i jedinica. Posmatrajmo (sve)
parove cifara u tom redu (ne obavezno susednih), gde je leva cifra 1, a
desna 0. Neka se medu tim parovima nalazi taéno M takvih u kojima izmedu
jedinice i nule ima paran broj cifara (moguce i nijedna), i tacno N takvih u
kojima izmedu jedinice i nule stoji neparan broj cifara. Dokazite da je M > N.

5. (4 poena) U unutrasnjosti nekog tetraedra uzeta je proizvoljna tacka X. Kroz
svako teme tetraedra povucena je prava, paralelna duzi koja spaja taCku X
sa tatkom preseka medijana (teziSnih duzi) naspramne strane. Dokazite da
se Cetiri dobijene prave seku u jednoj tacki.



30. TURNIR GRADOVA

Prole¢no kolo.
Slozena varijanta, 15. mart 2009. god.

8-9. razred (mladi uzrast
(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
a poeni za delove jednog zadatka se sabiraju)

1. (3 poena) Vasa i Pera igraju sledecu igru. Na tabli su napisani brojevi 1/2009 i 1/2008.
Pri svakom potezu Vasa bira neki broj x, a Pera uveca jedan od brojeva na tabli (koji
hoce) za x. Vasa pobeduje ako se u nekom trenutku na tabli pojavi broj 1 Moze li Vasa
pobediti bez obzira na to kako igra Pera?

2. a) (2 poena) Dokazati da postoji mnogougao koji se moze podeliti jednom duzi na dva
podudarna dela tako da ta duz deli jednu stranicu na pola, a drugu u odnosu 1 : 2.
b) (3 poena) Da li postoji konveksan mnogougao s takvim svojstvom?

3. (5 poena) U svakom polju kvadrata 101 x 101, osim centralnog, stoji jedan od sledeca
dva saobracajna znaka: "pravo" ili "skreéi". Sahovska figura "auto" moze spolja u¢i (pod
pravim uglom prema ivici) na bilo koje ivicno polje kvadrata. Ako je stala na polje na
kojem je znak "pravo”, onda produzava pravo na sledece polje, a ako je stala na polje sa
znakom "skreéi", onda skreé¢e pod uglom od 90° na stranu koju sama izabere. U
centralnom polju se nalazi garaza. Mogu li se polja oznaciti tako da auto ne moze da
stigne u garazu?

4. (5 poena) Dat je beskonacan niz medusobno razli€itih prirodnih brojeva.
Poznato je da je svaki ¢lan tog niza, osim prvog, ili aritmeti¢ka ili geometrijska sredina
svoja dva susedna ¢lana. Da li su obavezno svi ¢lanovi tog niza, po¢evsi od nekog
mesta, iskljucivo aritmeticke ili isklju€ivo geometrijske sredine svojih suseda?

5. (6 poena) Zamak je opasan kruznim bedemom sa 9 kula na kojima strazare vitezovi.
Kada protekne sat vremena svaki od njih (istovremeno) prelazi na susednu kulu, pri
¢emu se svaki od vitezova stalno krece ili u pravcu kazaljke na satu ili u suprotnom
pravcu. Za jednu no¢ svaki od vitezova je stigao da boravi na svakoj od kula. Poznato
je da su u nekom trenutku na svakoj kuli dezurala bar dva viteza, kao i da je bio
trenutak kada je na tacno 5 kula bio tacno po jedan vitez. Dokazati da je postojao
trenutak kada je postojala kula na kojoj niko nije strazario.

6. (7 poena) Ugao C u vrhu jednakokrakog trougla ABC je 120°. Iz temena C su pustena
(povucéena) dva zraka koji izmedu sebe &ine ugao od 60° i koji se po zakonu "upadni ugao
jednak je uglu odbijanja" odbijaju od osnovice AB i zavrSavaju na kracima tog jednako-
krakog trougla. Na taj nacCin je polazni trougao podeljen na 5 manjih trouglova. Uo¢imo ona
tri koja leze na osnovici AB. Dokazite da je povrSina srednjeg od njih jednaka povrsini
druga dva.

7. (9 poena) Neka C! oznagava broj nagina da se izaberu k predmeta iz skupa od n

razli€itih predmeta (poredak predmeta nije bitan — nacini koji se razlikuju samo u redosledu
izbora predmeta smatraju se istim). Dokazite, ako su prirodni brojevi k i |

manji od n, onda brojevi Cr'fi C,'1 iImaju zajednicki delilac veci od 1.



30. TURNIR GRADOVA
Prole¢no kolo.
Slozena varijanta, 15. mart 2009. god.

10-11. razred (stariji uzrast)
(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (4 poena) Pravougaonik je podeljen na nekoliko manjih pravougaonika. Da li je
moguce da za svaki par dobijenih pravougaonika duz, koja spaja njihova sredista,
sece joS neki od tih pravougaonika?

2. (4 poena) Dat je beskonac¢an niz medusobno razli€itih prirodnih brojeva.
Poznato je da je svaki €lan tog niza, osim prvog, ili aritmeti¢ka ili geometrijska sredina
svoja dva susedna Clana. Da li su obavezno svi ¢lanovi tog niza, po€evsi od nekog
mesta, iskljucivo aritmeticke ili isklju€ivo geometrijske sredine svojih suseda?

3. 6 poena) Na svakom polju table veli¢ine 10x10 nalazi se Zeton. U svakom potezu je
dozvoljeno odabrati dijagonalu na kojoj se nalazi paran broj Zetona i sa nje ukloniti jedan
(proizvoljan) Zeton. Koji je najveci broj zetona koji se mogu tako ukloniti sa table?

4. (6 poena) Tri ravni dele paralelepiped na osam tela, a svako od njih ima
Sest strana od kojih je svaka Cetvorougao (svaka ravan secCe par naspramnih strana
parelelepipeda, a ne se€e preostali par naspramnih strana). Poznato je da se oko
jednog od tih osam tela moze opisati sfera. Dokazati da se i oko svakog od tih osam
tela moZze opisati sfera.

5. (8 poena) Neka Cr‘f oznacava broj nacina da se izaberu k predmeta iz skupa od n

razli€itih predmeta (poredak predmeta nije bitan — nacini koji se razlikuju samo u redosledu
izbora predmeta smatraju se istim). Dokazite, ako su prirodni brojevi ki |

maniji od n, onda brojevi C:i Cr', imaju zajednicki delilac veci od 1.

6. (9 poena) Dat je prirodan broj n > 1. Dvoje naizmenic¢no oznacavaju tacke na kruznici:
prvi crvenom, a drugi plavom bojom. Kada je oznac¢eno po n tac¢aka svake boje,
oznacavanje (igra) se zavrSava. Zatim svaki od igraca bira luk maksimalne duZine Ciji su
krajevi njegove boje, ali tako da se na njemu ne nalazi niti jedna oznacena tacka.
Pobeduje onaj igrac Ciji je luk duzi. Mogu¢ je i nereSen ishod — u slu¢aju da su luci jednaki,
a takode ako se ne moze naci takav luk (tada se smatra da je duzina luka jednaka nuli).
Koji od igraCa ima dobitnu strategiju, ma kako igrao njegov protivnik?

7. (9 poena) U memoriju raCunara je upisan broj 6. Dalje raCunar vrsi milion operacija.
Svaka operacija se sastoji u slede¢em: u n-tom koraku on povecéava broj u svojoj
memoriji za najveci zajednicki delilac tog broja u memoriji i broja n. Dokazite da u ma
kojem koraku raCunar uvecava broj u memoriji ili za 1 ili za neki prost broj.



TPUJIIIATHIN TYPHUP I'OPOJOB

11 xmace, yerusm Typ, 10 mas 2009 r.

1. Ha mocke mamucansr qucaa 1, 2, ..., 100. Paspemraercs crepers 1Ba
qucCjia 1 HalliCaTh BMECTO HUX UX CYMMY UJIN UX IIPOU3BEIACHUE. KaKOG Han-
OOJIBIIEE TUCIO0 MOXKET OCTATBhCA Ha JOCKe mocae 99 Takux omepamnnn’

(U.U.Bozdanos)

2. Xpomasa jgaaba 000mLTIa FaCTh ITaXMaT-
HOW TOCKU, HAYAB CBOU IMyTh Ha KJaeTke d4. V3-
BECTHO, YTO HI HA KAKOU KJIETKE OHA He OBLIA

MBAaYXTbI, MOCETUJIA BCE YETHIPE yIIa TOCKH,
mpwyeM Ha KIeTKYy al oHa momana ¢ KIeTKn a2,
Ha KJETKy a8 OHa Momata ¢ KJIeTKA a7 W Ha
K1eTKy h8 oma momaaa ¢ kaetku h7. C kakou
KJIeTKM OHA TomaJgaa Ha KJ1eTKy hl?

(Xpomas Jagba XOAUT MO BEPTUKAIN U TOPU-

30HTAIN Ha | KIETKY). abcde fgh
(A.K.Toanvieo)

N W ke Ot Oy N

3. [auwr n uBeToB ¢ HOMepamu oT 1 1o n. [1s1 kaxgoro k or 1 10 n mycThb
fr(n) o6o3HATAET KOIMIECTBO CIOCOOGOB OKPACUTH HATYPAIbHBIE TUCIA OT 1
IO 1 B EPBBIE £ IBETOB (KAXK IbIN M3 DTUX [BETOB JONKEH IPUCYTCTBOBATH).
Nokaxkure, aro aucaa fi(n)+ fs(n)+ fs(n)+... 1 foa(n)+ fa(n)+ fe(n)+. ..
oTJan4aloTcA Ha 1.

(Packpacku, orTamdaiommecs nepecTaHOBKOU LBETOB, CUUTAIOTCA PA3HBIMIU.
Hampumep, f1(2) =1 u f»(2) =2.)
(M.A.Bepwmeiin, I'.A.Mepson)

4. Cdepa kacaercsa Bcex pebep terpasapa ABCD kpome pebpa CD.
[lokaxkuTe, 9TO CyIMIECTBYeT chepa, KOTOpas KacaeTcsa BCeX pebep dTOro Te-
Tpasapa Kpome pebpa AB.

(B.B.Ilpouzso.08)

5. [Jan muorounen P(z) ¢ paunonanbubiMu kodddunuentamu. 3sectHo,
YTO MIA KaXKJIOrO HATYPAJBLHOTO 7 HAUAETCA TaKoe HATypaabHOe k, |UTO

1y 1 u — m
P() = 1. JoxaxuTe, 9To HAUAYTCA TaKue 9ucIa ¢ u m, 410 P(z) = c- 2™,

! (C.Cnupudonos)

6. /IByM pasyMHBIM MypaBbAM 3apaHee 00BABIIN, 9TO UX HOYBIO BHICAIAT
OJHOBPEMEHHO B IB€ BEPIIMHLI HAXOAAMICIOCA B HEBECOMOCTH TIPAMOYTOMb-
HOTO mapaJierenunena 1 X 1 x 2 m. MypaBbu moI3ai0T TOJBKO 1O pebpaM, ux
MaKCUMAIbHAA CKOPOCTH 1 M/MuH. MODYT JM OHE JOTOBOPUTHCA AEUCTBO-
BATh TAK, YTOOLI TAPAHTUPOBAHHO BCTPETUTLCA paHee deM depe3 9 MUHYT
nocte Beicaaku? (MypaBel 3HAET, CKOIBKO OH TIPOMO.3. )

(A.B.Illanosanos)



TPUILATHIA TYPHIAP I'OPOJIOB 11 kJacc, ounslit Typ, 10 mag 2009 r.
Pemennga 3agaa

1. Ha docke nanucanv wucaa 1, 2, ..., 100. Paszpewaemcsa cmepemv 08a 4UCAG U HATUCAMD 8MECMO
HUT UL CYMMY usu ux npoudsederue. Karxoe HauboAbULEE YUCAO MOHCEM OCMAMBLCA Ha docke nocae 99

maxux onepayuti?
(H.H1.Bozdanos)

Otser: 2100!.

BaMeTuM cHavaJsa, 9TO i HATYPAJbHBIX ¢ U b HEpaBeHCTBO a + b > ab BBIIOJIHEHO €CJU U TOJBKO
ecit a = 1 wm b = 1. HeiicrBurebHo, ecym cKaxkeM a > b > 1, o a + b < 2a < ab. A eciu, Haupumep,
a=1,tol+b>b=1-b.

[IycTh HEKOTOpAsT MOCJIEIOBATEILHOCTD JEHCTBUI ITpUBe/ia K MAKCUMAJIbHOMY pesysbrary. Cpean Hux
POBHO OJTHO JIEfiCTBHE COMEPXKAJIO B KadecTBe aprymenta ejunuily. CoryiacHO jieMMe, Bce OCTajbHbIE Jeii-
CTBUS MOXKEM CUMTATh YMHOXKEHUsIMU. B caMoM Jiejte, eciin B pe3yabTaTe OJHOTO0 U3 JefCTBUH MOy InI0Ch
HE MEHbIIIee YHCJI0, YeM ObLIO, TO U PE3YJILTaTOM IIOC/IELYIONUX JeHCTBUil OyAyT Ynuciia, He MEeHbINe, YeM
ObLIM. AHAJIOTMIHO JIEHCTBHUE, CoJiepXKalllee eUHUILy, MOXKHO CUNTATh cjaoKeHumeM. llycTs enmHuia ObLIa
CJIOKEHA, C YUCJIOM 1. B mTore moyanTces Iucio "TH100! =1+ %)100!. [TockobKY MBI UIIEM MaKCUMYM,
n=2.

2. Xpomas radvsa 060UAG HACTD WATMAMHOT JOCKU, HAYAE CEOT NYMb

na xaemxe dd. Hzsecmmuo, wmo Hu Ha Kakot Kaemxke oHa He 6vLaa 08axicowvt, A A

nocemuaa 6ce uemuipe yaaa Jdocku, npuvem wa kaemxy al ona monaaa c

KAEMKU G2, HG KAEMKY a8 ona nonasa ¢ xiemku al u Ha xiemxy h8 ona
nonasa ¢ kaemxu h7. C xaxol xiemxu ona nonasa wa xaemxy hl?

(Xpomas aadvs xodum no eepmuKait U 20pU30OHMaIY Ha 1 Kaemky). .

(A.K. Toanwizo)

[Iycrs nagpsa monasia na kierky hl ¢ kiaerku h2. [locmorpum, B KakoMm
HOPsiJIKe OOXOAATCS YIJIbl JOCKU. [IpOTUBOIIOIOXKHBIE YIJIBI JIOCKH HE MOTYT

UJTUA IOJAPSJT B IIyTH JIQJbU — TOIIA COCAUHAIONINN UX IIyTh OTJAE/]AET OJUH

U3 ABYX APYTUX IPOTUBOIOJIOXKHBIX YIJIOB, U B 9TOT yIOJI JIaJbs IOIACTDH T ’}‘
HE MOXKET. 3Ha4UT, YIJIbl OOXOISTCs JIMOO IIPOTUB YaCOBOM CTPEJIKHU, JIMOO

o dacosoit crpesike. Cirydanm abCOIOTHO aHAJOIMYHBI, pa3dbepeM MePBLIil.
JocraTouno pazobpaTh BapUAHTLI, KOTJa MEPBBIH yros B IyTHu JjeBbiii. Ecim
NIEPBBIM MPOXOAUATCA JIEBBIA BEPXHUN yTOJI, TO IIYTh, COCIUHAIONINI IIepBbIe
TPH yIJIa, OTPe3aeT MOCAeTHUN YTIoJI — JIaJIbsd He MOXKET B HEro IonacThb. Ecym
IIePBbLIM IIPOXOAUTCH JIEBbII HUXKHUNU yT0JI, TO Y2Ke IIPOad Cile 1y oIyl yroJi, | |
MbI OKa3bIBae€MCsl OTPE3aHHBIMU OT OCTAJIbHBIX YIJIOB.

[Tosryaennoe mporuBopetne MOKa3bIBAET, YTO HA KJIeTKY hl j1aabs Moriia

II0ITIaCThb TOJIBKO C KJIETKHN gl

3. Jlanw n uysemos ¢ momepamu om 1 do n. [aa xascdoeo k om 1 do n nycmov fr(n) obosnauaem
KOAUMECTNBO cnocobos oKpacums Hamypasvhuie wucaa om 1 do n e nepsvie k ysemos (kaosrcdvd u3 amux
usemos dosoicen npucymemeosams). Aoxaostcume, wmo wucaa fi(n)+ fs(n)+ fs(n)+... u fa(n)+ fa(n)+
fe(n) 4+ ... omauvuaromes na 1.

(Packpacku, omauvarowueca nepecmanoskol yeemos, cuumatomesa pasnwomu. Hanpumep, f1(2) = 1 u
f2(2)=2.)
(M.A. Bepwmetin, I'A.Mepson)

O6ozuaunm cymmy f1(n)+ fa(n)+... gepes O(n), a cymmy fa(n)+ fa(n)+... gepes E(n). Hokaxkem
naykipeir mo n, aro |O(n) — E(n)] = 1. Jna n = 1 sro paseHcTBO cupaBeyinBo. Ilycrs oHO BepHO
JIJIs1 HEKOTOPOT'O JIJIsi HEKOTOPOT'O KOJIMYIECTBa I[BETOB N. 3ameTnM, 910 fr(n+ 1) = kfi(n) + kfr—1(n) npn
1 < k < n+1, nockoyibky 1006aBUB IUCIO N+ 1, MBI MOYKEM ITOKPACUTDH €0 B OJUH U3 UMEIOIIUXCs k I[BETOB,
€cJIM ocTasIbHBIE UHCTIA y’Ke PACKpalleHbl B Kk I[BETOB, JmbO, €C/IH OCTAIbHbIE UNC/Ia PACKpAlleHsl B k — 1



I[BET, IIOKPACUTD €r0 B OCTABINUiiCS u3 k MePBBIX IBETOB. 3aMeTUM Takke, 910 fri1(n+1) = (n+1)f,(n)
u fi(n+1) = fi(n). Torga

O(n+1) = fi(n) +3(fs(n) + f2(n)) +5(fs(n) + fa(n)) + ...,

En+1)=2(fa(n) + fi(n)) + 4(fa(n) + f3(n)) +....

Bbrunrast 071HO BbIpazkeHne U3 JAPyroro u HPOM3BOJIsl COKPAIIEHUs], Oy IUM, YTO
On+1)—E(n+1)=E(Mn)—0(n),

OTKYy/a CJeIyeT YTBEPXKIeHNe 3aa4uu AJis 1 + 1 11BeToB.

Kommernmapuii. Kak HI yIuBUTEIHHO, y 9TOM 3a/1a41 UMEETCsI U reoMeTpryeckoe pernerne. Jleo B Tom,
410 (J1s1 PUKCHPOBAHHOTO N) dncia fi(n) cyTh KoamdecTBa (n — k)-MepHBIX rpaHeii y HekoToporo (n — 1)-
MEPHOIO0 MHOT'OI'DaHHUKA — nepmymasdpa. Taxoit MHONOIPAHHUK MOXKHO [OJIY9UTh, B3SB B N-MEPHOM IIPO-
CTPAHCTBE BLITYKJIYIO 0001049KY N! TOYeK, KOOPUHATHI KOTOPBIX — YUCIa OT 1 710 N B KAKOM-JTM00 MOPsIJIKe.
Yro0b1 pazobpaThbCsa B 3TOM yTBEPKIECHUM, MOXKHO HAYATL C IMOCTPOEHUsI OMEKInM MeXKIy pedpamu mep-
MyTa’/Ipa U packpackamu MHOxkecTBa {1,...,n} B n — 1 nser.

Hamnpumep, KOJM4aecTBO BEPIIMH 3TOIO MHOTOYToJIbHUKA 1!, To ecTb paBHo f(n). (B kadecTse xoporiero
YIPasKHEHUsI MOYKHO MONPOOOBATH YCTAHOBUTH OUEKIMIO MEXKy pebpaMu IepMyTaeipa U pacKpacKaMmu
muoxecrsa {1,...,n} B n — 1 nser.)

s n = 2 mepMyTasap — 9TO MPOCTO OTPE3OK, AJd N = 3 — MIEeCTUYTOJBHUK, IJIsI n = 4 — yCe'ueHHbI
OKTa3p (CM. PUCYHOK).

(4,1,2,3)
(3,1,2,4)

(4,231,3)

(2,1,3,4) (4,3,1,2)

(3,1,4,2) (4,2,3,1)

(1,2,3,4)

(1,2,4,3) (3,4,2,1)

(1,3,4,2)

(1,4,3,2)

Taxum obpaszom, Jjid pelleHns 3aa4uu JJOCTATOYHO JI0Ka3aTh, YTO 3HAKOIIEPEMEHHAs! CyMMa, KOJIMYECTB
k-mepHBIX rpaHeil nepmyTasiapa pasaa 1. Ho dopmysia Ditsiepa rapaHTupyer, 9To Takas cyMMma paBHa 1
BOOOIIIE Jist JTI060r0 BBIIYKJIOrO (MHOIOMEPHOI0) MHOrOIpaHHHKa. Hampumep, jist TpeXMEpHBIX MHOTO-
FPAHHHUKOB 3Ta (popMyJsia mpeBpaiiaercs: B u3Bectuoe papeuctso V —E+F—1=1,rtne V, E u F — qucia
BepIuH, pebep u rpaHeil MHOTOrpaHHUKA, a cjaraeMoe “—1” cOOTBETCTBYET €ro BHY TPEHHOCTH; PABEHCTBO
KOJINYECTB BEPIIUH U Pebep MHOTOYTOJIbHUKA — TOXKE YaCTHBIN CIydail 910 pOpMyJIbL.



4. Cpepa xacaemces ecex pebep mempasdpa ABCD xpome peopa CD. Jokaosrcume, wmo cyuecmsyem
chepa, Komopas Kacaemes ecex pebep amozo mempasdpa kpome pebpa AB.
(B.B.IIpouseos08)

Jlemma. Cywecmeyem cepa, wacarowasca ecex pébep mempasdpa, 6vims moocem, xpome C D, ecau u
moavko ecau AC + BD = AD + BC.

[IycTb nckomasi cepa cymectByer. Torna Brnmcanable OKpy»KHOCTH TpeyroiabankoB ABC u ABD xa-
CAIOTCsI B TOYKe KacaHus JJaHHoil cdepnl ¢ pebpom A B. HaobopoT, eciin BIUCaHHBIE OKPYKHOCTH TPEYTOJIb-
ko ABC u ABD umeror ofliyo TOUKy (a 3HAUNUT, KAcaloTcsl), TO cojeprKalias ux cdepa — HCKOMas.
ITycts M1 n Mo— TOYKHM KacaHUs BIUCAHHBIX OKpYyKHOCTeH Tpeyronbankos ABC u ABD c pebpom AB.

Ilo msBecTHO! dopmyse s JJIUH OTPE3KOB, Ha KOTOPbIE Pa30MBAIOTCS CTOPOHBI TPEYTOJIHLHUKA TOUKA-

W u AM, = ABEAD—BD Y ,capue BOncanHbIX
AB+AC—BC _ AB+AD-BD
2 = 2

MU KaCaHMs BIIMCAHHON OKpyKHOCcTH, AM| =

OKPY2KHOCTEll 9KBUBAJIEHTHO ToMYy, YT0 AM; = AM>s, T0 ecThb
Ho paserctBy AC' + BD = AD + BC.

Bepuémcst k periennto 3a/iaun. Tak Kak CymecTByeT cdepa, KacaroIasicss Bcex PEdep Terpasipa, KpoMme
CD, to o memme AC + BD = AD + BC. U 1o Toit XKe JieMMe, IpUMeHEHHON K pebpy AB, mojydyaeM
uckoMyIio cdepy. Ocrajaoch HoKa3aTh, UYTO HoJydeHHas cdepa He Kacaercs Bcex pébep Terpasapa. Ilpen-
mosioxkuM potuBHOe. Torma oHa ObI mepecekasa miockocty ABC u ABD 10 BIHCAHHBIM OKPYKHOCTSIM

, YTO PABHOCHUJIb-

COOTBETCTBYIOIINX TPEYTOJIbHUKOB, TO €CTh UMeJia Obl JiBe 00IIre OKPYKHOCTH cO cepoil, TaHHON B yCJIO-
BHUH, & 3HAYUT, COBIaaJa Obl ¢ Hell.

5. Jan mmozounsen P(xz) ¢ payuonasvhvmu kosdduyuenmamu. Hzeecmmuo, wmo das xkadtcdozo namy-
paavnozo n natidemea makoe namypanvnoe k, wmo P(L) = 1. Joxaswcume, wmo natidymea maxue wucaa
cum, wmo P(x) =c-x™.

(C.Cnupudoros)

[Iycrs P(2) = ama™+- - -+a1z+ag. [Ipusenst apobu ayy, . . ., a1, ag K 06IeMy 3HAMEHATEJIIO ¢, 3aIUIIeM
P(zx) B BUZE
1
;(bm:rm + ...+ bz +by),
rae gucaa t, by, ..., by — meabie. BodbMeM & paBHBIM JIOCTATOYHO OOJILIIIOMY IIPOCTOMY YHCIy p. Torma
P 1 _bm+pbm—1+-'-+pmb0
p t-pm '

Eciu p > |by,|, To unciuresnb mosydeHHoi npobu B3auMuo 1poct ¢ p'™. C Apyroii CTOPOHBI, ecjin XOTs Obl
oH u3 KO3 DUIUEeHToB by, 1, ..., by OTJIMIEH OT HYJISI U P JOCTATOYHO BEJIUKO,

|bm 4+ pbm_1+ ... —i—pmbo‘ > ’t’,

OTKY/Ia YHUCJIATEh Halleil Apodu He MOXKET IMOJHOCTHIO COKPATHUTCH CO 3HAMEHATEJIEM, U 3HAYUT HYUCJIO
P(%) He UMeeT BHJa %, 9TO TpOTHBOpednuT ycjaoButo. lloatomy b,,—1 = ... = by = 0, u yTBep)IcHUE
3aJa4n TOKA3aHO.

6. Jl6ym pasymHbim MYPABLAM 3GPAHEE 00BABUAU, MO UL HOUDBIO 6BICAOAM 00HOBPEMEHHO 6 d8e Gep-
WUHDBL HAGTOOAULE20CA 8 HEBECOMOCTNU NPAMOY204H020 napasresenuneda 1 X 1 X 2 m. Mypasvu noasarom
MOALKO MO PEOPAM, UT MAKCUMAALHAA cKopocmb 1 m/mun. Mozym au onu dozogopumuvcs deticmeosamy
MaK, 4mobvl 2aPAHMUPOSAHHO BCMPEMUMBCA panee wem uepe3 9 munym nocae evicadku? (Mypaset sna-
em, CKOAbKO OH NPONoA3.)

(A.B.Illanosanos)

V napaJuiesienuieia ecThb JIBe KBa paTHble PPaHi CO CTOPOHOI 1 M — Ha30BeM UX MaJIbIMHU. 3a IE€PBbIE
TPU MHUHYTBI KaKIblii MypaBeil HAXOIUT MaJjyio T'PaHb: OH HIET 10 pebpy 0 KOHIIA, TOTOM II0 JPYyTOMY
— U TOrJia OH 3HAeT, Kakue pedpa obpa3yloT MaJjyio rpanb. lajgee BTOpoii OeraeT mo cBoeil MaJioif rpaHu
[IPOTHUB YACOBOI CTPEJIKH, & IEPBLIi ¢ Hadasa 4-# 1o KoHell 5-if MUHYThI 00X0auT 1Ba pedpa cBoeil Majoi
IrpaHu 10 49acoBoil crpeske. JImb6o OH BcTperuT BTOPOro, JubO 3aTeM 3a 2 MHHYTBHI Iepeiiger Ha APyryio
MAaJIyIo TpaHb, U TaM, UJIsl CHOBA IO 9aCOBOU CTpeJIKe, He TT03/IHee 9eM depe3 1,5 MUHYTHI BCTPETUT BTOPOTO.
Wroro makcumyM OyaeT morpadeHo 8,5 MUHYT.



Pemennsa 3agad ocernero typa 30-ro TypHupa ropomaos.

BazoBbin BapumaHT, MJIaJIIAE KJIACCHI.

1. PacmomoxuMm KOpOOKH B pAJ TakK, YTOOLI YMCIO KapaHJaIledl B HUX BO3PACTAIO CJIEBa,
HAMPABO. J3aMEeTUM, YTO TOrAa B CAMOU J€BOU KOPOOKe MUHUMYM ONUH KapaHIall, BO BTOPOU
cJIeBa, — MUHHUMYM JBa, ..., B gecaTou ciaeBa — MuHEMYyM 10 kapangamen. V3 camon seBon
KOPOOKM BO3BMEM JTIOOOU JEXKAIINNA B Hel KapaHmgaml. I[loCKOIBKY BO BTOPOHM KOPOOKE JeXkKAT
KapaHIAlll MAHEMYM [IBYX PA3HBIX [IBETOB, TaM HAWJIETCA KAapaHIAIl He TOrO [BeTa, ITO MBI
B3AMM U3 MepBOU KOpoOKu. BosbMéM ero. B Tperbenm kopoOKe IekKAT KapaHIAIIN MIHIMYM
TPEX pa3HBIX MBETOB. [lopTOMY TaM HAWAETCA KapaHIAll, IBET KOTOPOTO OTJANYIAETCA OT IIBETOB
oboux yxe BBIOpaHHBIX. BoszbMem ero. [Ipomomkas Takyi mpoIenypy, MBI BHIOEpEM HUCKOMBIE
10 xkapaHaIIen pa3sHBIX [IBETOB.

2. Borarem 50 u3 xax goro duciaa, koropoe 6oabire 50. [To ycaoBuio Hu oHa U3 pa3HOCTEN He
paBHa HE OZHOMY U3 25 ducesa, Koropsie He npeBocxoaaT H0. [TooTomy BMecTe ¢ HUMEU pa3HOCTH
maoT 50 pa3ImIHBIX HATYPAJBHBIX IHUCET, KOTOPBIE He TPeBOCcX0oaaT H0, TO eCTh 3TO BCe YUCIA OT
1 1o 50. Mx cymma paBHa 51:25, a cymMMa BCeX UCXOIHBIX YHMCeT paBHA, CTAI0 OBITH, 51-25450:25 =
101 - 25 = 2525.

3. Ilycts Touku B;, B, B3 — cepemuunt ayr A;A,, AsAs, A3A;, coorBercrBenno. I[Lio-
maab mecTuyroabanka Ay By Ay Bo Az By paBHA cyMMe ILIOMIAfeN IeThHIPEXYyroabHuKOB O A1 By As,
OAsByA3 mw OA3B3A . Ho y 5Tux 4eTHIpexXyrolbHIKOB TUATOHAMN MEePIeH IUKYIAPHEBL, a 3HATAT
ILIOMIAIb KayKI0M0 PaBHA MOJOBUHE IPOM3BEICHUA ero uaroHaten. Mckomas cymMMa paBHA TOIA
%OBl - A1 Ay + %OBQ - Ay Az + %OB;), - A3 A;. Tlockoabky mo ycaosuio OB; = OBy = OB3 = 2,
DTa CyMMa dncaIeHHO paBHa A;As + Ay Az + A3Aq, 9T0 HAM U HYXKHO.

4. Oreer: Moxer.

Pemenne. Bo3pMém cHavama a00be TPU PA3JUIHBIX HATYPAJIbHBIX YUCIA, OTHO M3 KOTOPBIX
PaBHO TOJYCYMMe IBYX IPYIHUX, HampuMmep, uucaa 1, 2 u 3. Vx mpoumsBemseHume paBHO 6 u He
apasgercsa 2008-1 cTemeHbI0 HATYPAJBLHOTO ducIa. [JOMHOXKIM Kaxa0e U3 ducel Ha 6", moaydIumm
qucaa 6", 2 - 6", 3 - 6". Ilo-mpexHemy, 0qHO U3 Yucega OyaeT paBHO MOJYCYMMe MBYX IPYTHUX, a
npomssegerne OyaeT pasuo 62" Ocranocs mogo6pars n Tak, 9To6s 3n + 1 paBHAToCchH 2008
(mmm gemmnock Ha 2008). [Mockoasky 2007 meruTces Ha TpU, MOXKHO B3aATh 3n + 1 = 2008, To ecThb
n = 669.

5. N3o6pasum 6eroByio JOPOXKKY B BUIE JEBOW IMOJOBUHLI HEKOTOPOU OKPYKHOCTHU. Bymem
CYNTaTh, 9TO OeryH, goberas 10 KOHIA NOPOXKKHU, HE MOBOpAYMBAET 0OPATHO, a OEXKUT Jajblile
IO TIPABOU MOJOBUHE DTON OKPYXKHOCTU. Torga Bce GeryHBI IPOCTO GErYT IO STOU OKPYKHOCTH.
YenoBue TOro, 9TO GEryHBI OKA3LIBAIOTCA B OJHON TOYKE MCXOTHOU GErOBOU JOPOXKKH, O3HAYAET,
ITO OHM HAXOTATCA HA MPAMOU, HEPIEHINKYIAPHON IUAMETPY, Pa3AeIAI0IIeMy JeBYI0 U IPaBYIo
MOJIOBUHBI HAIIEN OKPYXKHOCTH. [lycTh depes Bpems ¢ mocie Hadaaa 3abera 6eryHbl BCTPETUINCH
(HaxomATCA HAa cooTBeTCTBYIOWEN npsamon). Torma GeryHsl, HAXOIAUIMECA HA JEBOW MOTOBHUHE,
HAXOMATCA HA HEKOTOPOM PACCTOSHUU T OT TOYKU CTAPTA, U OECYHBI, HAXOIANINECS HA MPABOU
OJOBUHE, TOXE HAXONATCA HA PACCTOAHHM X OT TOYKH cTapTa. lIpm >ToM KaxkIb OeryH Ha
JIEBOU MOJOBMHE MPOOEKAT HEKOTOPOE IeJ0€ UUCI0 KPYIOB U €Ille PACCTOAHMNE T, a KAXKIBII Oe-
IYH Ha MPaBOU MOJOBHHE He H00eXKaa N0 HEKOTOPOr'o IEeI0ro Ymucia KPyros paccrosnume . ['xe
OyayT OeryHbl 4epes Bpems 2t or Hadaaa 3abera? Kaxabim 6eryH Ha J€BOU MOJOBUHE MPOOEKUT
HEKOTOPOE IeJ0€ YUCJI0 KPYTOB M €eIle PACCTOAHME 2T, a KaXK bl OeryH Ha MPaBOU MOJOBUHE
He TOOEXUT MO HEKOTOPOrO IEeJIOT0 YHCAa KPYyroe paccrosume 2x. Ho »To kak pas m o3Ha-
YaeT, YTO OHM HAXOJATCA HA HEKOTOPOU MPAMOU, IMEePIeHNKYIAPHON TUAMETPY, Pas3IedaioleMy
JEBYIO ¥ TIPABYIO MOJOBUHBL HAIIEW OKPYXKHOCTHU (HOCKOABKY HAXOIATCS HA OQUHAKOBOM PACCTO-
AHUM (BIOJb OKPYKHOCTH) OT TOYKH CTAapTa). SHAYUT Ha MCXOAHOW MOPOXKKE GEryHbI CHOBA
BCTPETATCS depe3 BpeMms 2f, 1 aHAJOTMIHO Yepe3 Bpems 3t, u Tak Jajee.



BaszoBbiu BapumaHT, cTapiiue KJIACCHI.

1. Pacmonoxum KopoOKu B psAI Tak, ITOOB TUCIO MUPOKHBIX B HUX YOBIBAJIO CJIeBA HAMPABO.
Tenepb HAPUCYEM Ha KJIETYATOU OyMare «IECEHKY», T/ BHICOTA IMEPBOTO CTOMOMKA (IIMPUHOU B
O[JHY KJeTKY) PaBHA YMCIY MUPOKHBIX B IIEPBOU CJIeBa KOPOOKE, BHICOTA BTOPOT'O CTOOMKA PAaBHA
YUCIY MUPOXKHBIX BO BTOPOU CIeBa KOPOOKe, n T.1. JleCTHUIA pa3aequTcsa Ha cTyneHbKu. [lep-
Bag (caMas JeBas) CTymeHbKa GyIeT COCTOATH U3 CAMBIX BBHICOKUX CTOJOGUKOB, BTOPAs CTYIEHbKA
— W3 CAEIYIOMAX 10 BBICOTE CTOJIOUKOB, W TaK Jajee, MOCAeAHAA (camas MpaBasd) CTYIEHBKA
OyIeT COCTOATH M3 CAMBIX HU3KHUX CTOJAOMKOB. KOMMIECTBO PA3IMIHBIX UMCET B 3AMUCAX AJEIIm
PaBHO YMCIY CTYIEHEeHl 5TOU JeCeHK! (CaMble MOMHBIE KOPOOKH COOTBETCTBYIOT CAMOM BBICOKON
CTYIeHbKe, W Tak maixee). Ho pToOMy ke YHCIy PABHO W KOIMYECTBO PA3MMYHBIX GUCEN CPEIN
samucanabix Cepéxen. B camMoMm gese, MOXKHO CIUTATh, YTO BEIOMpAA 110 MUPOKHOMY M3 Ka¥K JOU
KOpPOOKM, MBI IIPOCTO Cpe3aeM y Hallled JeCeHKHM HUXHUU CJAOU KBaIPATUKOB. Torma 3amoJHUB
MOTHOCHI ¢ HAMOOJBIINM YHCJAOM MUPOXKHBIX, MBI CpekKeM HECKOJIbKO CJIOeB TakK, ITO MpomageT
mesas CTylneHbKa (caMas HU3Kas), M 9UCI0 CTyneHek yMenbmmTesa Ha 1. Korga Mbl 3amonHuM mo-
HOCBI CO CJIEAYIOUMM KOJMIeCTBOM MUPOKHBIX (110 BeJIUYNMHE), MBI CDEXKEM €Ile OJHY CTYIEHbKY,
1 TaK Jajee.

2. OrBer: 21 =1,29 =--- =z, = 0.

Pemenne. Bo3Begénm B KBapaT PABEHCTBO \/T1++\/To + -+ + T = /Ta+y/23 + - + &, + 271,
BBIUTEM U3 00€MX YacTel CyMMy Xp + --- + T, U CHOBa BO3BeIEM B KBaipar. lloaydum xl(xg +
ot my) = x93 + -+ 1y, + 1), oTRYAA (11 — Xo) (T3 + - + x,) = 0. Tax xkak ¥y — 19 = 1,
moaydaeMm, 9T0 x3 + -+ + x, = 0. Ilockoabky m3 wmcen xs, ..., T, U3BICKACTCA KBAIPATHBLIA
KOpeHb, TO OHM HeOTPUIATEIbLHBI, U pa3 UX cymMMa paBHa 0, TO Kaxmoe u3 HuUX paBHO (.

[Iycts x5 # 0, T.e. 13 — 23 # 0. PaccmoTpes cyMMEL ¢ /22 W /T3 U pacCy*kJasd KakK BEIIIe,
norygaem r; = 0. Torga o = —1, HO cymecTByeT /Ty — TmpoTmBOpedme. SHATAT, Tp = 0,
OTKyga r; = 1,  TOraa BCE YCIOBUS BBIMTOJHEHEI.

3. llycrs Touku By, By, ..., B3y — cepeaunnbl nyr A; Ay, Ay Az, ... A3gA; COOTBETCTBEHHO.
[Lromans mecrugecaruyroabauka A; BiAs By ... AzgBsg paBHA CyMMe ILIOMIATEN 9eThIPEXYTOIhb-
HukoB QA1 B1 Ay, OA3ByAs, ..., OA3yB3pA;. Ho y 5TuX 49eTHIPeXyroJbHUKOB IUATCOHAIN TIep-

HeHIUKYAAPHLL, & 3HAYAT ILIOMALbL KaxKAOrO paBHA IOJOBHMHE IIPOU3BEICHUA €r0 IUarOHAJCH.
3aMeTuM, 9TO ONWH W3 DTUX YETHIPEXYTOJbHUKOB MOXKET OKA3ATHLCA HEBBIMYKJIBIM (€CJIU TEeHTP
OKPYKHOCTHU JEKUT CHAPYKU UCXOMHOT'O TPUANATUYTOJBHUKA), HO €r0 IUIOMA b BCe PABHO BHI-
qucaseTca Tak ke (mposepbre). Vckomas cymMMa paBHa TODIa, %OBI -A A+ %OBQ cAQAs -+
%OB;),U - AzgAq. Tockoabky 1o yeaoBuio OBy = OBy = -+ = OBjy = 2, >Ta cyMMa, IUCJIEHHO
paBHa A;As + Ay Az + -+ 4+ A3gAq, 9TO HAM U HYKHO.

4. Oreer: Moxer.

Pemenne. Bozbmém cHadaga 100yI0 MPOrPECCUI0 U3 MATH PA3JIUYHBIX HATYPAJbHBIX TUCET,
Hanpumep, uucaa 1, 2, 3, 4, 5. Ux npoussenenne pasuo 120 u we sasasercsa 2008-u cremeHbio
HaTypaIbHOrO uncaa. JoMHOXUM Kaxgoe u3 aucena Ha 120", morywum umcaa 120", 2-120", 3-120",
4-120", 5-120™. Ilo-mpexuemy, duciaa 6yIyT 0O6pa3oOBLIBATH apU(PMETUICCKYIO IIPOTPECCHIO, a UX
npomssegerne 6y et pasao 1205”1, Ocranock nogo6paTsk n Tak, 9T068 SN+ 1 geamrocs Ha 2008.
[Tockorpky 5 u 2008 B3auMHO MPOCTHI, 3TO BO3MOXKHO. Ummem y Takoe, aTober 5n + 1 = 2008y.
Togurcsa, manpumep, y = 2, n = 403. [Ipomssesenne 6yger Torga 2008-i cremensio wmcra 1202,

5. MOXHO CYMTATh, 9TO HAIIU MPAMOYTOJBLHUKN HAPUCOBAHLI HA OECKOHETHOU KJIETIATOU
MIOCKOCTHU. Pa3o6beM MBICAEHHO MJIOCKOCTb HAa KBAIPATHl pa3MepoM 2 X 2 KJIeTKU, U MPOHYyMe-
pyeM KJIeTKHW KayKJI0ro KBajapaTuka mudpavu 1, 2, 3, 4 M0 4aCOBOU CTPEIKe, HAUMHAS C JEBOTO
BEPXHEro yIia KBaapaTuka. Tak Kak 06e CTOPOHBI KaX I0r'0 HAIIero IPAMOYTOJbHIUKA HEYeTHHI,
B yIiaX J000T0 OPAMOYTOJbHUKA OyIYyT CTOATH OAWHAKOBBIE MUMPHL. J3aHyMepyeM TOoraa Iu-
dpamu 1, 2, 3, 4 FeTHIpe PA3JIUIHBIX IBETA, U KAXK BN TIPAMOYTOJIbHUK BEIKDACHM B IIBET, HOMEpD
KOTOpPOI'0 CTOUT B yIIaX TOr0 MPAMOYToabHUKa. HeTpyano ybenuThcs, 9T0 mudphl B yraax Jro-
OBIX TBYX MPUMBIKAIOMNUX APYT K APYTY OPAMOYTOJBHUKOB OyIYT Pa3JUIHBI.



Pemienus 3agad ocerHero Typa 30-ro TypHHUpa ropojaos.

C/I0XXHBIX BAPUAHT, MJIAJIINAE KJIACCHI.

1. /Tocka coCcTOUT U3 YeTHIpeX YIVIOBHIX KBaapaToB 50X 50: JTeBOTO BepXHEro, JeBOI'0 HIKHET O,
IPaBOr0 BEPXHEr0 M MPaBOr0 HMXKHEro. I[Ipeamosoxum, 9TO B OJHOM M3 YIVIOBBIX KBaJIpPaTOB,
CKajKeM, B JIeBOM BepxHeM, HeT (epsen. [lycTh B mpaBoM HmKHEM KBajapaTe Bcero x ¢gepsen. B
JEBOM HIKHEM KBaJpaTe TOrja Haxomurcs He Gotee 50 — x depsenn (Tak kak ¢eps3u JeBOro u
IPABOr0 HIKHUX KBA,IPATOB HAXOAATCA B 50 cTpoukax npamoyroabauka 50 X 100). Aranorudso,
B IIPABOM BEpXHEM YIVIOBOM KBaJapaTe HaxoauTcsa He Gomee 50 — x ¢pepsen. OObIimee KOIMIeCTBO
(epsen Ha gocke He mpeBocxoauT Torga x + 50 — z + 50 — x = 100 — x. Ho depsen Bcero 100,
a T HEOTPHUIATEJLHO — DTO BO3MOXKHO JUIIL Ipu © = (. 3HAYAT, B MPABOM HIXKHEM KBaJIpaTe
(depsen Toxe HET, TO eCTh BCe (hep3r HAXOAATCA B JEBOM HUKHEM U IMPABOM BEPXHEM KBaJgpaTax.

Paccvorpum y Hamen goCKM KIeTYATYIO AUATOHAIL, COEIMHAIONIYIO JEBYIO HUKHIO W Ipa-
BYIO BEPXHIOIO KJETKHN, a TaK 2K€ BCE€ AUuarOHaJu, IIapaJiaeJbHBIE STOﬁ un nepecekarliue JIeBbIﬁ
HIDKHUK W TIPaBLIM BepXHUU KBajgpaThl. Vx Gymer poBHO 99, m Bce 100 (epsern HaXOmATCA HA
DTUX AuaroHansax. Torga kakwe-To ABa (pep3s HAXOMATCA HA OJHOU JUATOHAIN U 3HAYUT OBIOT
IpYyT Apyra — OPOTUBOpeYne.

2. OTBeT: MOXKHO.

[Tycts rupm Becar a, b, ¢, d rpamm.

IlepBoe perrenme.

logarca, sanpuMep, Takue 4 B3BEITUBAHNA:

1) ma ogHou wamie rupu a, b, Ha Apyrou — ¢, d;

2) Ha OJHOW dYallle TWPH a, ¢, Ha Apyrou — b, d;

3) Ha OMHOW HaIme Tupu a, d, Ha apyrou — b, ¢;

4) omHa Yalma mycTad, HA Apyrou — a, b, ¢, d.

[Mycte b=a+x,¢c=a+y, d = a+ z. /3 nepBuixX Tpex B3BEIUBAHUN (CJIOKUB PE3YIbTATHI),
MBI 3HAM PasHOCTb Mexk 1y 3a + (b+ ¢+ d) u 2(b+ ¢+ d), To ecTb = + y + 2z, MO0 TOIHO, JUOO
¢ omuokon B 1. U3 mocaennero B3pemmBauusa Mbl 3HaeM a + b+ ¢ +d = 4a + (x + y + 2) am6o
TOIHO, 60 ¢ ommbkou B 1. [Ipudem ommbka wHa 1 MOXKeT OBITH TOJBKO POBHO B OJHOM U3 DTUX
CIydaeB. SHAUUT MBI 3HAeM pPasHOCTb (v +y + 2) u 4a + (v + y + 2), TO ecTb 4a, ¢ TOIHOCTHIO
1o 1. Torga jJerko HamaeMm a U3 IeIUMOCTH Ha 4. AHajJoruwvHo Haugem b, ¢, d.

Bropoe permrerne.

logarcs, nanpumep, Takue 4 B3BEIIUBAHUA:

1) Ha ogHOU wamie rupu a, b, ¢, Ha apyrou — d;

2) Ha OJHOU Yaule rUpH a, b, d, Ha IPYrou — ¢;

3) HA OMHOU HAIlle TMPH a, ¢, d, HA Apyroun — b;

4) ma ogHOU |ame rupu b, ¢, d, HA Apyrou — «;

3 nokasaHuil BECOB MBI MOTy4YaeM CIeAyIOmme Yucaa (0QHO, BOZMOXKHO, ¢ OIIUOKON):

r=a+b+c—dy=a+b—c+d,z=a—b+c+d, t=—-a+b+c+d.

Pemraem o1y cucremy: Hampumep, ITOOBI HAWTH @, CKIAIBIBAEM TPU MEPBBIX YPABHEHWUS U
BBIYUTAEM U3 Pe3yJbTaTa deTBepToe, moaydaem: 4a = (r+y+z—t), orkyga a = (x+y+z—1)/4.
Ananoruano mHaxomum b, ¢ u d. OxHO U3 4Yucen x, y, z, t MBI 3HAEM, BO3MOXKHO, C OIMIMOKOU B 1
rpaMm. [loaToMy B BBIpaXeHuUAX @A ducen a, b, ¢, d ducaureau MoryT He geauThesa Ha 4. Ho
JIETKO OJHO3HAYHO BOCCTAQHOBUTH UX MCTUHHBIC 3HAYICHUA (ﬂO6aBHﬂH NN BBIYMUTAA 1 TakK, 9T00BI
qucanTenb geauaca Ha 4). OTKyga HaX0AUM MacChl KAMHEN.

3. Orser: 1/2.
Hemuoro nepedopmyaupyem 3agady. [Ipomxmum meguany AD Ha ee gimHYy 3a TOUYKY [, mMOJy-
qum Touky D'. Torma CABD' — napamrenrorpaMm (Tak Kak TUATOHAIU HTOTO YeTHIPEXYTOMb-

HUKA [IeIATCA TONOJIaM WX TOYKOU mepecedenus), oTkyaa yron DAB pasen yray DD'C. Tlo-
ckoabky yriasl CAB u AC'D' napamterorpamma B cymme gaior 180°, ycaoBue TOro, 9T0 yroua
CAB tynon, osuadaer, 9ro yror ACD' octpein. B urore mmeem: Iiaba, 3Hag TOILKO IIMHY



cropoust AD' (ona pasua yasoennon maune AD), cMor gokasaTh, 4TO B TpeyroabHuke C'AD’
yrasl mpu cropore C'D' octprie. [Ipu kakom cornomenun cropon AC u AD' 510 Bo3aMOXKHO?

fcuo, aro ecan tpeyroabuuk C'AD' paBuoGenpennvin (AC = AD' = 2AD), To yrisl npn
OCHOBaHUM OCTpHIE (Beib OHM PAaBHBI U uxX cymMa MeHbire 180°). 3uauur, orBer AD/AC = 1/2
MOAXOMUT (M MBI JOKA3AMM /I DTOrO CIydas yTBepkaenue Vibn).

Ecan rpeyroasauk CAD' uepaBuoGenpenusinn (AC # AD'), To HanpuMep Bo3bMeM GOJIBIILYIO
3 croporn AC' u AD' 3a rumoTeny3sy, a MEHBIILYIO — 3a KaTeT, 1 mocTpouM Tpeyroabauk C AD',
B KoTopoM oauH u3 yriaos AC D' niu AD'C 6yxer nupameiM. [JocTpouM Temepb MapaLIeJIorpaMM
CABD' n noxyunm Tpeyroabauk C'AB, KOTOpLIU BIOJHE MOT oOKaszaThea y Cepexu, U B 5>TOM
Tpeyroabauke oaue u3 yriaoB DAB wiu C'AB 6yaet npsaveiv. SuaquT Uiabs He cMor ObI 10KA3aThH
cBoe yrBepxkaenne wis AD/AC # 1/2.

4. OTBeT: MOTYT.

[Ipumep m3006pazkeH Ha PUCYHKE:

5. Ileppoe pemenne. Packpoem B npoussegennn (1+aq)(1+az)...(1+a,) ckobku. [Toxyunm
cymmy 14(a1+- - ~+ay,)+(aras+ - +ap_1a,)+(a1aza3+. . . ay_2ay,_10,)+- - -+a1as ... a,. B nepson
CKOOKE CTOUT IPOCTO CyMMa THCel G, ..., (p, CIATAEMBIe BO BTOPOH CKOOKe MOIyIaroTCA TaK —
BBEIOMPACM TIaPy YUCET U3 O, . . . , 4y, W 3AIUCHIBACM UX IPOM3BEICHNE, CIAraeMBIC B TPEThel CKOOKe
HOIYYAIOTCA TAK — BBIOMPACM TPOUKY HHUCeI U3 (1, . . ., (, 1 3aIMCHIBACM UX IPOU3BEICHNEC, U TaK
natee. SlcHo, 9TO cymMMa Umcen BO BTOPOMl CKOOKe He MPeBOCXOAUT (aj + - -+ + a,)?, cyMMa Hqucen
B TpeThbel CKOOKe He MPeBOCXOAUT (aj + -+ + a,)?, m Tax 1anee. 3HAUAT, HAIC POU3BEICHUE HE
IPEBOCXOIUT 1+%+i+§+---+2%:2—2% < 2.

Bropoe pemierme. [Joxaxem 1m0 WHIYKIIAYW, ITO 11 BCeX k oT 1 10 m BepHO yTBEPXKIEHUE:
(14+a)(14a)...(14+ar) <14+2(a+---+ay) .

Mus k = 1 yreepx genue oueBugo (1 + a; < 1+ 2a;, Tak Kak @y TOJOKATEIBHO).

CpenaeM mar nHIyKIWMN.

[Iycte i mexkoroporo k, rae k < n, Bepro (1 +a1)(1+az)...(L+ax) < 1+2(ay+---+ak).
MomuOXkuM 570 HepaBeHCTBO Ha (1 + afy1). TTomyuamm:

(14+a)(14as)...(L+ar1) < (L+2(a+ -+ +ag) (1 + apr1) <

1
g1+2(a1+---+ak)+ak+1(1+2-5):1+2(a1+---+ak+1).

YTBepx geHue moxKaszaHo.

Basas k = n, noxyany, 9o (1+a1)(1+as)...(14+a,) <142(a+---+a,) <1425 =2,
9T0 1 TpeOOBAJOCH JOKA3aTh.

3amedanue [14 3HATOKOB. Ha caMoM jefe BBLIIOIHEHO GoJdee TOYHOE HepaBeHCTBO. MOXKHO
I0KA3aTh, YTO HPU MOCTOSHHOU CyMMe ai + --- + a, Bbipaxkenue (1 + a;)(1 + az)...(1 + a,)
OPUHUMAET HamOOIblIee 3HAYeHUe, KOrga YUCIa dy, ..., (, PABHLL. J3HAYUT

(14+a)(14+az)...(14+a,) < <1+i>n: <1+i>2n.

2n 2n



KaK N3BECTHO U3 KypCa MaTEMAaTUYICCKOI'O aHaJl3a, BBIpazkK€Hue IO KOPpHEeM He IIPEeBOCXOIUT
qncaa Jurepa e = 2, 71828.., otkyna (1 +a1)(1 +a2)...(1+a,) < Ve=1,64...

1\7 1 \n 1
Kcratu, mHepaBeHCTBO (1 + %) < 2 paBHOCHJIBHO HEPABEHCTBY (1 — 2n+1) > 3, KOTOpOe

cpasy caeayeT U3 HepaBeHCTBa bepHy./uin.

6. Oo6osnauum Touky nepecedenus CC, ¢ A'B' 3a (', cepequny AC' — Mp, a cepenuny
BC— M ,. 3amerum, uro C'B'MpC" — Binucannwin, tak kak ZCC'B' = ZCMgB'. Anaroruvso
prnucauusin CA'MAC'. Tlostomy yrasr ZCC' Mg, ZCC'M, pasust o 90° + . IIposexem depes
BepmuHbl A u B npamvbie napamteasusie MpC', MoC' coorBercTBenno. IlycTh oHE mepecekanch B
rouxe C". W3 noxo6ua moxyaum, uro Touka C" mexur ma apamon C'C'. Ilpu stom CC' apaserca
oucckrpucon B Tpeyroibauke AC”B. Tlo m3BeCTHOMY CBOUCTBY, YTO OUCCEKTPUCA MPOXOMUT
qepes cepeuHy NyTU ONUCAHHOW OKPYXKHOCTH, noxydaem, uro ZAC) B = 180° —2(90° — ) = 2.

7.

a) Ilycrs b, paBHO 1, ecin HAUGOMBIINY HEIETHLIN TEIATENb THUCIA 1 UMEET OCTATOK 1 mpu
neqeHun Ha 4, 1 —1 B mpoTUBHOM caydae. Torga a, = by + by + - -+ + by,.

Pazobbem mocaenoBaTelbHOCTE Yucen b, Ha CTPOYKU TaKUM O0Opa3oM, 9TOOBI JJIUHA TEPBOU
CTPOYKY PaBHAIACH 1, IIMHA BTOPOM — 2, ..., nauHa k-oi — 2871
bla
ba, b3,
ba, bs, bg, b7,

)

bgk—l, ey b2k-,1,

[IepBble MATH CTPOK BHINVIAAAT TaK:

]‘7
17 _17
17 17 _17 _17
17 17 17 _17 _17 17 _17 _17
1,1,1,-1,1,1,-1,-1,-1,1,1,—-1,—-1,1,—1, —1,
3aMeTnM, 9YTO KaxkKIas CTPOKA, HAYMHAA C TPETher, MOAYIaeTCA “BTACOBBIBAHHEM B Mperbl-
YLy CTPOKY TmocaenoBarensaoctu 1, —1,1, —1, ... Takon xe mauasl. (/11 HADIATHOCTH, YUCIA,

B3ATHIE U3 MPEABIAYIIEN CTPOKU, BBIAEICHBI KUPHBIM mpudToM.) [lencTBurensto, by, = by, 1
n060ro m; npu sToM (k + 1)-as cTpoka uMeeT BUI:

bar, b2k+1, b2k+2, b2’“+37 b2k+4, b2k+57 s

ITO CBOJTUTCA K

bor—1,1,bgr-1,1, =1, bor-1,9,1, ...

MsI Bocnmoab3oBaauch TeM, 9ro 2F nerurca ma 4 mpm k > 1.

[llokaxkem, 9T0 cymMMa BCeX 4mcen B k- cTpoke paBHa Hyato npu k > 1. Bocmoabsyemcs
uaaykmuen mno k. Basza unaykmuu by + by = 0 odeBuaHA.

[IpeamonoxuM, 9TO CyMMa BCeX 4UHCET B k- CTPOKE paBHA HYJIIO. I[lOCKOIBKY DIeMEHTHI
(k+1)-1 cTpOKH — DTO DJIEMEHTHI k-U CTPOKH ILIIOC €Ile IeTHOE KOJAUIECTBO IePeTyIONIUXCA
1 u —1, To u cymma Beex gucen B (k + 1)- cTpoke paBHA HY.IIO.

Orcioga erko cieayer (BHOBb 110 WHAYKINK), UTO Gor_; = 1 1 1106010 k > 0, TO ecTh 4uc/io
1 BcTpedaeTcs B MOCAEI0BATEALHOCTH (a,) GECKOHEYHO MHOIO pas3.

6) lokaxem Teneps, 9T npu k > 1 y k-l CTPOKHU €CTh HAYAJIBHBIN YIACTOK, CyMMa UHCE] B
koTopoM paBHa k — 1. Bocmoabsyemcsa nnaykinuen. basa BHOBL oueBHIHA.

[TycTs gamHA HaYAIBHOrO y9acTKa ¢ cymmon k — 1 B k-u cTpoke paBHa my. [Ipu geTHOM My
MOJOXKUM My = 2my — 1, & IPpU HEIETHOM My MOJOKUM My = 2my. PaccMoTpum mepBbie
my41 aucen B (k+1)-nn crpoke Jlerko moHATH, 9TO B IH060M CIydae HAYAIbHBIN yIacToK (k+ 1)-u
CTPOKHU [JIWHBI My 1 TOJYIALTCA BCTABICHUEM MEXK Y YUCIAMEA HAYATLHOTO YIACTKA k-U CTPOKI
HEYEeTHOrO KoamdecTBa depenyiommuxca 1 u —1. IlosTomy cymma yBerwmduBaeTcsa Ha 1, ITO u
TPeOOBATOCH.



[To mokasaHHOMY B IIyHKTE a), Gge-1_; = 1, 9TO cooTBeTcTByeT KOHiy (k — 1)-i cTpoku.
[TosTomy age-1_14,,, = k. Tak xax mpm yBeiudeHuH:m n Ha eIUHULY a, U3MEHAETCA (B Ty HIH
IPYTYIO0 CTOPOHY) HA €UHUITY, MBI BUJUM, 9TO @, 0OA3aTEIbHO IPUHAMAET BCE 3HAYEHUSA OT 1 10
k npu n mpo6eratomem HaTypatsabie duncaa ot 2871 —1 1o 2871 — 1 +my,. Orcioga crexyer, aTo
KaK[0€ HATYPAJIbHOE YUCIO BCTPEUAETCA B MOCICJOBATEIBHOCTH () GECKOHEYTHO MHOIO Pa3.

Kpurepuu npoBepku

Kak Bcerga, «+» craBuTca 3a 11060€ MpaBUIbHOE pPEIIeHMe, «t» 3a PEIIeHue C CYIIeCTBEH-

HBIM, HO JIETKO BOCIIOJTHUMBIM MPOOEIOM, «F» — 3a HEBEpHOe pelleHne, 0 THAKO ¢ CyIIeCTBEHHBIM
IPOIBUKEHNEM, «—» 3a HeBepHOe pemrerue. «0» CTABUTCI, ecaum 3ajgaqda He 3anucana. OleHKn
«+.» «—». (BapHAHTHL «+» U «—») CTABATCA B CIydae MeHee CYyMIECTBEHHBIX HETOCTATKOB (IPO-

MBUKEHUN), 4eM «t» u «F». OueHka «+/2» cTaBATCA B OTAEMBHBIX CIydadX, KOTAa B TEKCTe
IPUCYTCTBYET NPAaBWILHAA HIed, HeJOCTATOYHO Pa3BUTAsA, ITOOBI CINTATH 3aJady PelIeHHON.
OTa OIEHKA CTABUTCA U B TOM CIydae, €CIN 3313493 eCTeCTBEHHO PACIIafaeTCs HA [Be TOJOBUHHI,
U3 KOTOPBIX OMHA pelreHa. Ecam xkropu xodeT o6paTUTh BHUMaHUE HA HEOOBIMHOE TOCTUKEHUE
ydamerocsa (KpaTKOCTh, KPACOTa, YCUICHAE PE3yIbTAaTa U T.I.), — DTO OTMEYAeTCA 3HAKOM «+y.
[Ipu MaccoBou mpoBepke pabOT BO3HUKAIOT TUINIHBEIE CIVIaW, B KOTOPHIX TPEOYIOTCS YTOU-
HEHUA, CIUTATDH JU HeJOCTATOK (MPOIBUKEHNE) CYIIECTBEHHBIM. JTH CJIy9al OMUCAHBI HUXKE.

BazoBbin BapumaHT, MJjIaIIAe KJIACCHI.

3agada 1.

F KopobOku pacmonaraiorcs mo Bo3pacTaHWIO TUCIa KaPAH AN B HUX W KaPaH Al BEIOUPa-
I0TCA ToCaeqoBaTeI5HO. HO HET KII0ME€BOT0 YTBEPK IEHNS, ITO B 09€PETHON KOPOOKE KapaH IaIien
60JIBIIIe, TeM BEIOPAHO M3 Mpeab IyIInX KopoOok. Hampumep, HammcaHo TOJIBKO, 9TO B OY€peTHON
KOpOOKe eCTh KapaHIaIlll APYrOro IBeTa, 9eM B IPEIbILAVIIen KOPOOKe.

3agada 2.

+ 3a omubKy B BBIMHUCJIEHUAX, MPUBEAIIYI0O K HEBEPHOMY OTBETY, €CJIU TOCIe e€ UCIPABJICHUS
MOJYYIAETCSA BEPHOE PelleHue.

F M BHIIIE CTh Uesd pa3OouTh HA MapPhl TUCE]I ¢ PA3HOCTBIO 50, M3 KayKIOU IMaphl B3ATO POBHO
OJTHO TUCJTO

—. Tonpko BepHBIN OTBET 2525 WIN OTBET M YACTHBLIE CIYIaW BHIOOPA THCENT

3agada 3.

— 3a pa3bop TOJIBKO Caydas PABHOCTOPOHHETO TPEYTOJbHUKA

3agadga 5.

— Bce BeTpedn TonbKO B TOUKe cTapTa

F Ectb umgesa, 9To BcTpeda TOBTOPUTCA Uepe3 TOT XKe TPOMEeXYTOK BpeMeHU

CI0XHBIM BAPUAHT, MJIAJIINE KJIACCHI.

3agada 1.

+ 3amada permreHa, HO He JOKA3aHO YTBEPXKIEHUE, ITO eCJAU B OJHOM W3 YIVIOBBIX KBAIPATOB
dep3er HET, TO B ABYX COCEIHUX ¢ HUM (IO CTOPOHE) YIMOBBIX KBajaparax OymeT mo 50 depsen

F Joka3aHo TOJIBKO, 9TO €CIM B OJHOM U3 YIVIOBBIX KBAaIpaTOB (hep3er HeT, TO B ABYX COCE[-
HUX ¢ HUM ([0 CTOPOHE) YIUIOBHIX KBaapaTax OyxeT 1o 50 depsen

3agaga 2.

+ Toabko BepHBIN MpUMEDP B3BEIIUBAHUU Ge3 T0KA3ATEILCTBA

3agada 3.

+ CkaszaHo, UTO ecau OTHOIIeHWe GogbIne 1/2, TO OAMH Yroad MOXKET OBITh OCTPBIM, €CJIU
Menblie 1/2, To apyrou TymeiM, ecam 1/2, To BCé moaydaerca. Bo Bcex TPEX caydasx ecTb
MONBITKN MOKA3aTEeILCTBA IIeBeJeHNeM TPeTel BepUINHbI TPEeyroJIbHUKA, HO OHI HECTPOTHE.



+/2 Torbko HaIEHO BEpHOE OTHOLICHHE (C JOKA3ATEIBCTBOM), MM TOIBKO JOKA3AHO IIPH
TAKOM OTHOIIEHUN yTBepkKaeHue Vibu

F [oxazaHo HEPABEHCTBO B OJAHY cTOpOHY (Hampumep, uro AD/AC ue npesocxoaut 1/2)

F Joxazana nonosuHa yTBepK nenus ibu (Hanpumep, uro ZBAC oCTPbI) IPU OTHOIIEHUN
1/2.

—. Toabko oTBeT

3agadga 4.

—. llokasaHo, 9TO JOPOrW OJHOIO IIBETA 0OPA3YIOT HECAMOIEPECEKAIOUNUC THK.I

—. llokasaHo, 9TO KaxKIasd HOpora JOMKHA HEepeceKaTh JOPOTY APYroro IBeTa

3agada 5.

Omenka He CHUXAETCA, eCId HET NOKA3aTeIhCTBA, ITO CYMMa, KOHEYHOU TeOMEeTPUIeCKOU
IPOTPECCUU CO 3HAMeHaTeneM 1/2 n HadalbHBIM 9ieHoM 1/2 Menbime 1.

+ OueHka He CHHXKAETCA, €CIU CCBLIAIOTCA HAa HepaBeHCTBO Komm mim ecIm roBOpPAT, HITO
MaKCAMYM HPOU3BEICHNA TOCTUCAETCA IMPU PABHBIX.

+ YrBepxkgaerTcsa 6e3 TOKa3aTEIbCTBA, UTO 33Jad9a CBOAUTCA K CAYIA0 () = - -+ = a,, 0€3
00BACHEHUS WM HEMPABUIBHO U 33,1298 PEIIaeTCsa I DTOTO CIyvasd

F 3ajgada cBeleHa K CIYYal0 ap = - -+ = (, JAJbHENIIEro MpOIBUKEHUA HeT

F EcTb uges, 9To mpu pacKpeITHEN CKOOOK CIAraeMble MPYNNUPYIOTCA, X 9TO CyMMa OI€HHUBA-
eTCA MeOMeTPUICCKOU MPOrPECCUen, HO 3TO He JOKA3AHO

— PaccmoTpen Toabko caydan n = 2

3aga4da 6.

—. Toabko oTBeT

3apgaga 7a).

—. YTBepxk gaeTca 6e3 TOKa3aTeIbCTBa, YTO €CIU G, = 1, TO U Qgnyq = 1

—. YTBepxkpaeTca 6e3 H0Ka3aTeIbCTBa, 9TO LIEHBI MOCIeI0BATEILHOCTH ¢ HOMepamu 2" — 1
paBHHI 1

F CkazaHo, 9TO y HEYETHBIX YUCET OCTATKU OT AETeHUs Ha 4 HAmOOJIBIIEr0 HEYeTHOTO Ie-
JUTEIA 9epenyioTcsa, a OCTATKHA OT AeJeHuA Ha 4 HanOOJBIIero HeIeTHOTO NEJUTEII Y IeTHOrO
YUCAA Uy €0 MOJOBHHEBI COBIATAIOT, OOJBIIE HUYIErO He CIeJAHO

+ To xe, 9TO U B IpeILIIYIIEM IYHKTE, HO TOBOPUTCS, ITO OTCIOAA CICAYET, 9TO CyMMa OCTaT-
KOB (10 MOIyaf0 4) HANOOIBIINX HEYETHBIX AeINTeNell HedeTHBIX duce] paBHa 0, 1S 9eTHBIX H-
CeJl MPOBOAUTCSA AHAJOTUIHOE PACCYXKIEHNE U YTBEPK IaeTcsa 6e3 00biacHeHun, 4To 1 BeTpeTnTes
OeCKOHETHOe YHMCJIO Pas.

3agaga 76)

F Jl1A HEKOTOPOTO OTPE3KA [y, by], KOTOPBIN CTPOUTCA YABOGHUEM MPEILIIYIIETr0, IKOJIbHIK
OBITAETCA JHOKA3aTh YTBEPKAEHWE O TOM, UTO TaM €CTh YUCIO Kk, HO IJIS DTOTO OTPE3Ka DTO
HEBEPHO



Pemienus 3agad ocerHero Typa 30-ro TypHHUpa ropojaos.

C/I0XXHBIM BAPUAHT, CTAPIITHAE KJIACCHI.

1. Orer: 5/4.

PaccmorpuMm cpein BepTUKAIBHBIX JTUHUEA 2-10, 4-10 U 6-10, U Cpeau TOPU30OHTAJBHBEIX TOXE 2-
10, 4-10 ¥ 6-10. DTU JUHANA TeIAT TOCKY Ha 16 IpAMOYTOJbLHUKOB, KaXKIBIM U3 KOTOPLIX pa3IeleH
Ha 4 KIeTKHU, pacKpalleHHBIE B MIAXMATHOM MOPAAKE. ECIM B KaXKIOM TAKOM MIPAMOYTOJILHUKE
OTHOIIIEHNE CYMMAaPHOW ILIOMALN GeIbIX KIeTOK K CYMMAapHOW IUIOIIAAN YepPHBIX He Oouablie 5/4,
TO BTO XK€ GyJeT BEpHO W AJIA OOJBIIOrO MPAMOYTOABHUKA (B CAMOM [eJe, eClId B i-OM MPAMO-
YTOJIBHUKE (; — TLIOMALL OEIBIX KIETOK, a b; — MmIoma b 9epHbiX, u a; < (5/4)b;, TO CJI0KUB Bce
STU HEPABEHCTBA MOIYYNM HYKHOE HEPABEHCTBO A BCEU NOCKH).

PaccMmoTpuM Temeps OTAeAbHBIN OPAMOYTOJBHUK, pa3buThin Ha 4 kaeTkn. [lycTh IIMHBL €ro
cTopoH — z (mo ropusonTamu) u y (o Beprukanu). FcHO, 9TO y OTHON U3 GeIbIX KIeTOK JIJINHA
POPU3OHTAJIBHOU CTOPOHBI He MeHblre x/2. IlycThb A ONpeIeNeHHOCTH STa KIeTKa BEPXHA
neBasg. ['OpUM3OHTAMBHYIO MPAMYIO, pa3JeIAONni IPAMOYTOJbHUK, MOXKHO TOTJa MepeIBUraTh
BHU3 [0 Te€X MOp, MOKA OTHONIEHWE ILIOMATA JeBOU BEPXHEHN KJIeTKH (6elom) K JeBOU HUKHEH
(1epuon) He craHeT pasHO 2. I[Ipm sTom ycaoBue 3amadu (0 TOM, YTO ILIOMWALL JIOO0U Geaon
KJIETKU MEHbIIe yIBOCHHON ILUIOLA N OO0 YePHON KJIeTKHU) MO-TIPeKHEMY OyI1eT BBIIOJIHEHO, a
CyMMapHas IIOWAIb OelbIX KIETOK TOABKO YBEIUYUTCA (MaM He m3MeHUTCs). [aibline nmpsamyro
NBUTATH HEJb3A (HAPYIIUTCA YCIOBHE 3a1a4). AHATIOTUYHO, MOCAE YTOTO MOXKHO IBATATDH BIPABO
BEPTUKAIBHYIO IPAMYIO (MOKa ILIOMALL BEPXHEN JeBOU KJIeTH He CTAHeT B 2 pa3a GOJIbIIIe MLIOMIA I’
BepxHen mpasoi). CTOPOHBI BEPXHER JeBOU KIETKU OyAyT TOTAa PaBHBL 27/3 u 2y /3, u mioma,ib
Geablx KaeToK OyneT paBHa 4xy/9+xy/9 = bxy/9, a miowans YepHbIx OyaeT paBHa Ty — Hry/9 =
4xy/9. Toayumnu, 9TO OTHOLIEHME IIOWAAN GEIBIX KJIETOK K IUIOIAAN YePHBIX PaBHO 5/4, u
60sbIIe OBITH HE MOXKET.

Ocrajgoch IpUBeCTH MpUMep, KOrAa B KaxKJIOM u3 16 IpAMOYTOJIbHIUKOB HYXKHOE OTHOIICHHE
paBHO 5/4. Pazgeaum 1ocKy Tak, 9T00B HAIU 16 TPAMOYTOIBHUKOB OBLIN OJNHAKOBEIME KBAa IPa-
TaM#, B KaXXKJIOM U3 HUX JeBasd BePXHAA KJICTKa ObLIa KBAaIPATHOW, IPUYEM €€ CTOPOHHL B 2 pa3a
JIIAHHEE CTOPOH MPaBOM HUXKHEM KJAeTKH. SICHO, 9TO Tak pa3geJuThb JOCKY MOXKHO, W IMOJYIUTCH
HNCKOMBIN IIPUMEP.

2. OTBer: He 00I3aTEIBHO.

[IpuBexemM 0UH U3 TPUMEPOB, KOTOPHIX HETPYIHO OMUCAThL. ByaIeM cuuTaTh, ITO B IPOCTPAH-
CTBe 3aJaHBl TPU HANPABIEHWS: BBEPX-BHU3, BIPABO-BJIEBO, Bnepen-aHaszam. (CHavaIa 3am0JHAM
BCe TMPOCTPAHCTBO KyOuMKamu OObIYHBIM OOpazoMm. Bribepem Teneps onmu m3 KyOmkoB. K Hemy
IPUMBIKAIOT TAKWEe MECTh OECKOHETHBIX CJI0EB TOMIIMHON B OJWH KyOUK: [1BA MAPALTEIBHBIX CJIOS
COOTBETCTBEHHO CJeBa U CIpaBa, HAllPaBIeHHBLIE BBePX-BHU3, ABa APYTUX — CIOepeIu U C3a1H, Ha-
IpaBJIeHHBIE BICBO-BIPABO, U €Ille IBA — CHU3Y U CBepXY, HANPABJICHHLIE Bepea-Hazax. CaBuHeM
KaXKBII CJIOM BAOMb €r0 HAPABICHUA HA TOJOBUHY IIUHLI pebpa KyOuka (mepBble 1Ba CIBHHEM
BBEDX, CJEAYIOLe IBa — BJIEBO, CJACAYIONMEe IBa — BIepen). Bce MpoCTPAHCTBO MO-TPEKHEMY
OyIeT 3aI0HEHO, HO BEIODAHHBIN KyOUK HU C OJHUM APYTUM He OyIeT PPAHUYIUTD IO [IEI0W IPAH.

3. Bcerga moxer BeIMrpHIBATE BTOpOU Urpok. Paszbepem mBa caydas.

[Tycte N > 2 HedeTHO.

[lokaxkeM, ITO BTOPOU MOXKET KaXK IHIM CBOMM OU€PETHBIM XOI0M 00BeIUHATD 1BE HAMOOIBIINE
nmMermunecs KyIKun.

Cravana mepBbIll 0643aTEIBHO CAETaeT KYIKY U3 IBYX OPEXOB, MOCIE 9er0 BTOPOU CAeTaeT
KYYKYy W3 TPEX OPEeXOB, W CUTYAIWSI MOCTe XOAa BTOPOTrO OyAeT TaKas: B HAUOOJIBIIEN Kyde He-
YeTHOE TUCIO0 OPEXOB, a B KAXKJIOU U3 OCTAIBHBIX KYIeK MO OTHOMY Opexy.

B Takou curyanumm y mepBOro €CTh ABE BO3MOXKHOCTH. JImbGo OH creraeT KydKy M3 ABYX
OpPEXOB — U TOT'a BTOPOU MPUCOETUHUT ee K HauOoIbIIen Kyde. JIubo oH yBeIuIuT HAMOOIBIIYIO
Ky9Ky Ha OIWH KaMeHb — TOrJa B He:W OyJeT YeTHOE FHUCI0 OPEXOB, U Tak Kak N HeYeTHO, TO



OCTAHETCS eIe XOTs Obl OJHA KydYKa M3 OJHOTO OPEeXa, W BTOPOU CMOXKET MPUCOEIWHUTH OIUH
opex K HambOoJbIen Kyduke. B uTore cHOBa MOMyvaeTCAa OMUCAHHAA CUTYAIIUA.

MepI BuaUM, 9TO Y BTOPOT'O BCerjga ecTh Xoa. Kydm co BpeMeHeM KOHYATCS, U MePBBIA MIPO-
Urpaer.

[Tycte N > 2 geTHo.

3aMeTuM, ITO MOCTe XOIa JTH000r0 UIPOKa MUCI0 Kyd YMeHbIraeTcs Ha ogHy. [lycTs BTOpOU
TEeUCTBYeT TaK XKe, KaK U B CIydae HedeTHOro [N, 10 TeX IMop, MOKa IMepe ero X0I0M He OCTAHYTCA
Be WIN TPU KYyIH

B mepBoM ciiydae OH POCTO OOBEIUHACT OCTABIINECA KY9H (DTO BO3BMOXKHO, TAK KAK B HAU-
GOJIBIIEN YeTHOE YUCIO OPEXOB, a B APYT'OU — [BA WM OJVH).

Bo BTOpOM caydae, ecau B IBYX «(MaJEHBKUX» KydaX 10 OTHOMY OPEXY, OH MPOCTO 0ObeIUHAET
«MAJTEHBKUE» KYYH U OCTABIAET MEPBOMY ABE KY4IU C YeTHBIM TUCIOM OPEXOB — UM TOT MPOUTPAT,;
eCclu B (MAJCHUKUX» KydaX OJUH U ABA Opexa, TO N00aBIgeT OJUH OpeX B HAUGOJBIIYIO Kydy (u
CHOBA TEPBLIN MPOUTPAI).

4. Tlycts O — Touka nepecevenus puaronasten tpamernun ABCD.

Tax kak gersipexyroabauk Ay BC'D Buucan B oKpyx)HOCTE, umeeMm BO -OD = A;0 - OC (u3
nono6usa Tpeyroiabuukos BOA; u COD). Aunasoruuno, BO-OD = AO-OC,, AO-OC = BO-OD,
u AO -OC = B0 - OD.

3 mepsrix aByx pasencTs noayvaeMm, uro OC/AO = OC1/A;0, u3 1ByX APYIHUX MOIy4YaeM,
aro BO/OD = B;0/OD;.

3aMeTuM, 9T0 ycaoBue napasreabaoctu cropon BC' u AD rpanemun ABC' D M0XHO 3amucaTh
B Bujge BO/OD = OC/AO (u3 nogo6us rpeyroasuukos BOC u DOA).

Ho Torga (u3 npensiaymero) BO,/OD; = OC/A;0, To ects cropoust BiCy u A; Dy mapaa-
JIETHHBL.

AHajsoruvHO TpoBeEpsieM, ITO HemapaLieabHOCTh CTOPOH AB u C'D BieveT HemapalielbHOCTh
cropor A1 By u C1D;.

Suaunt A;B;C1D; — Tpanenusa, 4To 1 Tpe6OBAIOCH TOKA3AT.

5. IlycTs b, paBHO 1, ecium HAMOOABUINU HEYETHBIM TEAUTEIb UNCIA 7 UMEET OCTATOK OIUH
npu geneHuu Ha 4, u paBHO —1 B apyrom cay4ae. Torma a, = by + by + - - -+ b,,.

[lokaxeM Mo WHIYKIWUWU, ITO ok, = 1. Basa Bemmoanena. Ilycts age ; = 1. 3amerum, 910
by = bok iy, mpm m < 28 mm # 2. JeicrBuTeasno: ecim m = a - 2!, rie a — HeYIETHO, TO
2F +m = (2’“’1 +a)- 2! rae | < k, To ecth 287! + @ — HAMGOIBIIME HEUSTHBIA JeIUTETb THCIA
2F1 4+ m. A rak xak m # 2571 to k > [+ 1, To ectb 2¥ ! gemmTca ma 4.

Opu k=141 umeem m = 28"t um + 28 =3 - 2571 10 ecTb byk-1 = 1 1 byor1 = —1.

Torga mo MpeamoIOKEeHUIO WHIYKIIUU U MO TOIBKO 9TO TOKA3AHHOMY:

by + by + - A bokrr g = (b + by + - 4 bok 1) + bk + (bysyy + gk yg + -+ bokra_g) =
=2 (i byt tby ) —2+4bp=2-1-2+1=1

JlokaskeM Tenephk M0 WHAVKIMA, 9TO Ha oTpe3ke 1 . ..2F—1 mocieqoBarerbHOCTD @, MPUHAMAET
sraqenne k. JI14 mepBBEIX JBYX OTPE3KOB yTBepkaeHme BepHO. IIycTh a, = n — 1, rae < 2"
TOKaXKeM, 9TO Ugni, = N + 1. Torga mo npeamoaoxennio WHIYKIINT U IO TOKAa3aHHOMY paHee

by+Dby+ -+ bongg = (b +bo4 -4 bonq) +bon + (bynyy +bonyo+ -+ + bonygy =
=14+14+(0b+by+---+b)=n+1.

3aMeTuM, ITO Ha oTpeske 2" — 1...2" + x BcTpedatoTcs Bce duciaa or 1 1o n + 1. [losTomy
KaxXX10€e YUCIO0 BCTPeIaeTCsa GECKOHETHO MHOIO pas.
3amedaHWe: U3 PEIMICHUS CACAYET, 9TO Qgn yon—24on—4y = N1+ L.

6. MoxHo cunrarh, 9To crapumi koddduuuent P(x) pasen 1. Ecan 651 cTenens MHOrOUIEHA
P(z) 6bu1a 9€THOU, TO TPU AOCTATOYHO GOJBIINX MO MOIYI I BHINOJIHATIOCH GBI HEPABEHCTBO



P(z) > 0, 1 MOTJIO HAUTUCH JUIIb KOHEIHOE YUCIO HAD LEIBIX YUCeX 1M, 1, A1 KOTOPHIX BBIIIOJHEHO
paserctBo P(m) + P(n) = 0. 3uaunr, crenenb P(r) HederHa (OyzeM STUM IOJIb30BATHCA B
TanbHeueM 6e3 HATOMUHAHUS).

3aMeTuM Telepb, 9TO, HAYMHAA C HEKOTOPOro T, P(I) MOHOTOHHO yBEJIMYMBAETCA HPU YBe-
JUYEeHUN T W CTPEMUTCA K OECKOHEYHOCTH IPU CTPEMJICHNN T K OeCKOHedHOCTH. VI aHAIOrmdHO,
HAYMHASA C HEKOTOPOro x, P(T) MOHOTOHHO YMEHBIIAETCS MPU YMEHBIIEHUNM T U CTPEMUTCA K
MUHYC 6ECKOHETHOCTH TIPH CTPEMJICHUN T K MUHYC GECKOHETHOCTH.

Kpowme Toro, 11i TaHHOTO IUCIA N MOKET HAUTUCH JUIIb KOHETHOE YUCI0 TAKAX TUCEN 17, ITO
P(m) = —P(n) (DOCKOIBbKY MHOTOYIEH MOXKET MPUHUMATHL OJHO W TO ke KOHKPETHOE 3HAYCHUe
JUIIb B KOHEYHOM YHCJIe TOYEK, He TPEBBIMAIONIEM er0 CTeleHb).

YaureBasg Bce BBINIECKA3AHHOE, MOLyIaeM, 9TO 1/ JI060ro Hanepen 3aganHoro ducia C' ecThb
IapBL 9UCex M, n, 111 KOTOpbIX P(m)+ P(n) = 0, npudem 49ucia m u n Pa3sHbIX 3HAKOB, U MOJY.Ib
KaxXa1oro u3 Hux 6oabire C.

[Iycts crenens P(z) pana k, u P(xr) = zF +azF 1 +... (31ecy u garee TpoeToumem 0603HA-
JeHBI CIaraeMble MeHbIIuX creneren). Jlerko momo6pars Takoe 4ucio d, 4To MHorowies P(x — d)
oyzer umeTs Bug xF +bx* "2 +. .., To ecTb kOdpumEenT npu crenenu k —1 Gyger myaessM. [led-
cteuTensho, P(r —d) = (x — d)* + a(x —d)* '+ .-+ = 2% — kda*~' + az*~' + ..., u gocTaTounO
B3ATH d paBHbIM a/k. [okaxkewm, uro Touka (d;0) u ABIAETCA HEHTPOM CUMMETDHU Tpaduka.
O6osuatum P(r — d) 3a Q(z). Jocrarodno gokasarsb, 40 Q(r) = —Q(—z) mpu a060M .

Utax, Q(z) = 2% + ba*~2 + ..., w mam msBecTHO, wTO ypasenne Q(m) + Q(n) = 0 mueer
6EeCKOHETHO MHOT'O PEIIeHNN B TAKUX YUCIAX M U N, 9T0 m —d u n —d — ueabie. Bo3pmem Takue
TOCTATOIHO GoJbImme Mo MOxy o pemenns m > 0 u n < 0. [Joxaxem, 9to |m| = |n|. Ilycrs
|m| < |n|, manpumep n = —m — 1. Torga

Q(m) +Q(n) = Q(m) + Q(—m —1) =
=mF+omF - (m = D) b(m - 1) =
= —km*' + R(m),

rae R(r) — Hexny PpUKCHPOBAHHBIN MHOrOWIeH crenenn k — 2. Ecau m 10cTaToMHO BEJIMKO, TO
qucao kmF~! 6yrer muoro Goawme, wem |R(m)|, n smaunt cymma —km*~! + R(m) 6yger memnbime
uy1a. [Ipu yBerudennn moxyna n cymma Q(m) + Q(n) 6yieT eme yMeHbIIATHCA (Tak Kak OygeT
yMeHbIIATHCA (Q(n)). [losTOMy HE MOXKET OBITEH |m| < |n| IpE TOCTATOYHO GOMBIIMX IO MOILYIIO
m u n. AHAIOMMYHO He MOXeT OBITH u |m| > |n|. 3Ha4nT, ecTh GECKOHEYHO MHOIO HHCET M
raxkux, 910 QQ(m) + Q(—m) = 0, To ectb mHOrouwIeH Q(x) + QQ(—2) MMeeT GECKOHETHO MHOIO
KOPHEH. JTO BO3MOXKHO, TOIBKO €CJIM DTOT MHOTOWIEH HYJIEBOH, TO €CTh BBIIOJHEHO TOXKIECTBO
Q(z) + Q(—x) = 0, a >To KaKk pa3 W O3HAYAET, 4TO rpaduK MHOrOWIEHA ()(r) cHUMMeTpUYeH
orHocurensuo Touku (0;0), u 3HaUnT rpadpuxk P(x) cuMMeTputder OTHOCUTEILHO TOUKH (d;0).

7. a) OTBeT: CMOXeT.

[TycTe mpu mepBeix 29 momeiTkax BuTsa oTBedaeT Tak: B k-OUM MONBITKE OTBEYAaET «Ia» HA,
k-BI BOMPOC U «HET» — HA OCTAJbHBIE BOMPOCHL. 3aMETHUM, UTO JIOOBE IBE MOMBITKYA U3 MEePBBIX
29-TH OTIMYAIOTCA POBHO B ABYX OTBeTaX. [[03TOMY KOIM4IeCTBO BEPHBIX OTBETOB B JIOOBIX IBYX
ASTUX HOIBITKAX JA160 OJMHAKOBO, 60 oTamdIaeTcsa Ha 2. Ecim ecTh IBe MONBITKHU, CKAaXKeM i-A
U j-f, B KOTOPBIX YHUCJIO BEPHLIX OTBETOB PA3IMYaeTCA Ha 2, MBI Cpa3y 3HaeM BepHBIE OTBETHI
Ha (-U W j-U BOMPOCHL. Torma, CpaBHWBAsS HANPUMED (-}0 MOMBITKY C OCTAJbHBIME MOTMBITKAME,
Yy3HAeM BepHBIE OTBETHI Ha BCE BOMPOCH ¢ mepBoro mo 29-u. Orser Ha 30-u BOIPOC Temepsb Jerko
YV3HATH U3 MEPBOU MOMBITKN: MOCIUTAEM, CKOJBKO BEPHBIX OTBETOB OBLIO HA TepBbie 29 BOMPOCOB,
1, CDABHUBASA C COOOIIEHUEM O JHCJIE BEPHBIX OTBETOB MPU MEPBOU MONBITKE, HAUIEM OTBET Ha
30-u BompoOC.

OcraeTcs ciaydan, KOrjga KOJIXIECTBO BEPHBIX OTBETOB B JIOOBIX IBYX MOMBITKAX C MEPBOU IO
29-10 OMMHAKOBO. IJTO O3HAYALT, 9TO OTBETHI HA BCE BOMPOCHI C MePBOTO Mo 29-u o quHAKOBHI. HoO
TOT/Ia IO COOOIIEHNO O YUCJIe BEPHBIX OTBETOB B MEPBOU MOMBITKE MBI IIOUMEM, 3TO OTBETHI «Iay,



WM OTBETHI «HET»(B MEPBOM CIydae HAM MOTYT CKa3aTh, YTO BEPHBIX OTBETOB ObLIO 1 mim 2, BO
BTOPOM CJIy9ae — 9TO BEPHBIX OTBETOB ObLI0 28 mwim 29). 3arem ysHaem oTseT Ha 30-U BOMPOC
(ToXKe U3 MEePBOU MOMBITKN).

3aMeTuM, 9TO 3TOT MEeTOJ paboTaeT, ecan OOIIee IUCI0 BOIPOCOB B TECTE HE MEHBIIE 5.

6) Paso6nem Bompocs! TecTa Ha Ipynnsl mo 5 Bonpocos (¢ 1-ro no 5-u, ¢ 6-ro mo 10-it u T.1.)
[Ipu mepBOU TONBITKE OTBETHUM «HET» HA, BCE BOMPOCHI.

[TokaxxeMm Temepb, Kak 3a 4 caegyiomue MONLITKA Y3HATH BCE OTBETHI HA BOIPOCHL B MEPBON
rpymme. Ha Bompocer ¢ 6-ro mo 30-u oTBedaeM B OTUX MONBITKAX «HET», a B OTBETAX HA BOIPOCHI
¢ 1-ro mo 5-u oTBedaeM Tak:
npu 2-U MONBITKE OTBEYAEM «Ia» Ha BCE MATH BOIMPOCOB;

npu 3-1 MONBITKE OTBEYAEM «HET» Ha 1-U U 2- BOMPOCH! (Ha OCTAIBHBIE TPU — «Ia));
npu 4-U MONBITKE OTBEYAEM (HET» HA 1-U U 3-U BOMPOCH! (HA OCTAIBHBIE TPU — «Ia));
IpU 5-1 MOMBITKE OTBEYAEM (HET» HA 1-U U 4-U BOMPOCH! (HA OCTATBHBIE TPU — «Za)).

3aMeTuM, 9TO W3 COOOIIEHWM O YUCIe BEPHLIX OTBETOB B 1-U M 2-U MOMBITKAX MBI 3HAEM,
HAMPUMEDP, CKOTHKO OBLTO BEPHBIX OTBETOB HA BOMPOCHI ¢ 1-10 10 5-1 B MEPBOU TOMBITKE.

Ecau mpu BTOpou nonbiTke Ha 06a Bompoca 1 u 2 MBI OTBETHIN BEPHO WM Ha 00a — HEBEPHO,
TO TOCJEe TPEThel MOMBITKYA MBI 3HaeM OTBETHI HA BOMPOCH | 1 2, OCIe IeTBePTOU — HA BOIPOC
3, mMOCJe MATOM — Ha BOMPOC 4, a BHAYUT HA 5-U BOMPOC TOXKE 3HAeM (Tak KaK 3HAEM, CKOIBKO
OBLIO BEPHBIX OTBETOB HA BOMPOCH ¢ 1-T0 MO 5-1 IPU BTOPOU MOMBITKE). AHAJOTMYIHO ¢ BOIPOCAME
1,3 u 1, 4. 3HauuT ocTaeTCA CAyYad, KOTa CPeIr OTBETOB MPU BTOPOU MOMBITKE HA, BOMPOCH 1,
2 POBHO OIWH BEPHBIW, CPEIN OTBETOB HA BOMPOCH! 1, 3 — POBHO OJWH BEPHBIU, U CPEIN OTBETOB
Ha BOMPOCH! 1, 4 — POBHO OJWH BepHBIU. 10 €CTh IPU BTOPOU MOMBITKE HA BOMPOCH 1, 2, 3 Hamm
OTBEeTHIN OBLIN OO BCE BEPHEI, TUOO BCe HEBEPHEI.

Ho MBI yKe 3HAEM, KAKUX OTBETOB HA BOMPOCH ¢ 1-T0 MO 5-1 GoJbIIe (KOrja Mbl OTBEIAeM Ha
MX BCE (HET»): BEPHBIX WM HEBEPHBIX. SHAYUT, MBI 3HAEM OTBETHI HA BONPOCH! 2, 3, 4, a Toraa u
Ha BOMpPOC 1, a 3HAYWUT U HA H-U BOMPOC.

AHATOrMYHO y3HAEM OTBETHI HA BONPOCHL 2-U, 3-, 4-U U 5-U rpynnbl (HOTPATUB HA KaXk IyIO
4 nonbitku). Torga 3a 144 -5 = 21 NONLITKY 3HAEM OTBETHI HA BOMPOCHL 1 — 25. 3aMeTuM, 4TO
OTBETHI HA BOMPOCHL MOCAETHEN TPYIIBI MOXKHO Y3HATH 32 3 MOMBITKA, MTOCKOJIBKY MBI YK€ 3HAEM,
CKOJBKO BEPHBIX OTBETOB MBI CAETAMN HA DTU BOMPOCHI MPU CAMOU MEPBOU MOMBITKE. OSHATUT
BCero XBaTutT 24 BOmpoca.

Kpurepuu npoBepku.

Kak Bcerga, «+» craBurca 3a a0060e IpaBUIbHOE DeIIeHMe, «+—» 3a PelleHne ¢ CyIeCcTBeH-

HBIM, HO JIETKO BOCITOJHUMBIM ITPOOGETOM, «—-» — 33 HEBEPHOE PeIleHne, O THAKO C CYyIIeCTBEHHBIM
IPOIBUKEHNEM, «—» 3a HeBepHoe perreHue. «0» CTaBUTCA, ecanm 3ajgada He 3amucana. OleHKn
«+.», «—.» (BADHAHTHL «+» U «—» ) CTABATCA B CAydIae MeHee CYNIeCTBEHHBIX HEJOCTATKOB (IPO-

MBUKEHUN ), 9eM «+—» u «——+». OueHka «+/2» cTaBUTCA B OTAEIbHBIX CAyYadx, KOTAa B TEKCTe
OPUCYTCTBYET NMPABUIbHASA WIes, HEJOCTATOYHO PA3BUTAsA, ITOOBI CIMTATH 33ATy PEleHHON.
OTa OIEHKA CTABUTCA U B TOM CIydae, €CIN 3303493 €eCTeCTBEHHO PACIIafaeTCs HA [Be TOJOBUHHI,
n3 KOTOPBIX OTHA pellleHa. Kcam Xiopu XodeT 0O0paTUTh BHUMaHUE HAa HEOOBITHOE TOCTUXKEHUe
ydamerocsa (KpaTKoCTh, KpacoTa, YCUIeHUe Pe3yIbTaTa U T.I1.), — DTO OTMEYAeTCA 3HAKOM «+» .
[Ipu MmaccoBou mpoBepke paboT BOZHUKAIOT TUINIHLIE CIYIal, B KOTOPBEIX TPEOYIOTCA YTOTHEHN,
CYUTATH JM HETOCTATOK (IPOABUKEHNE) CYIUIECTBEHHBIM. DTH CAyYay ONUCAHBI HUXKE.

Bazosbiu Bapuanr.

3agada 2.

+— Hanmgenwsr v1 = 1 u x5 = 0 m gokaszaHo, 9TO cymma 3 + -+ + x, = 0, HO oTBeTa HET
(pelreHue He 3aKOHYEHO)

—+ /lokazaTeabcTBO TOTO, ITO X3 + « -+ + + &, = 0, 6€3 TaTbHEUIIero mpoIBUKeHN



—+ Hamgenst 27 = 1 u 25 = 0, HO JaTbHENNIEr0 MPOIBUKEHUSA HeT (HeT WAeH, YTO CyMMa
T4+ 2, =0)

3agadga 3.

Paz6op TorbKO cayvdas npaBuabHOTO 30-yrolbHUKA OIEHWBAETCA HE BBINIE, TeM —-+

+. Ecau nposengennoe paccyxkjgeHne TOAUTCA TOJBKO A CAydas, KOTTa MEHTDP OKPYKHOCTH
JexnuT BHYTpHU 30-yroabHuKa

—. EcTb HepeannzoBaHHAS UaeA CAEIATH YNCICHHO paBHLIMI IINHY A As m miomans OA; BAs

3agadga 5.

— 3a pacKpacK! TOJBKO OTAEIbHLIX KOHKPETHBIX KAPTUHOK MIN PACKPACKA HEOOABIION IACTH
COCEIHUX MPAMOYTOMBHUKOB (JOKATbHAS KOHCTDYKIIWSA )

C/I0XXHBIX BAPUAHT

3agada 1.

+. BEepHO pa3oOpaH CIydal MPAMOYTOJbHHKA 2 X 2 KJIeTKH, €CTh HpUMep JId TOCKH 8 X 8,
7 YTBEPXKIAETCA, ITO €CAW B KaXAOM u3 16 mpAMOYrOJABHWKOB 2 X 2 KJIETKW OTHOIIEHUEe He
Goabiie 5/4, TO U BO BCeM MPAMOYTOJbHUKE TOXKe (JI0KA3ATEILCTBO HE MPUBOAUTCA U3-32 €U0
OYEBUIHOCTH )

-+— BepHO pa300paH Cayvdanl MPIAMOYTOJBHUKA 2 X 2 KJIeTKU, €CTh MPUMEpP Mg TOCKH 8 X 8,
HO MOKa3aTelbCTBO YTBEPXKIEHWA, ITO €CAW B KaXIOM u3 16 mpAMOYTOIBHUKOB 2 X 2 KIeTKHU
OTHOIIeHUe He (Goablie 5/4, TO U BO BCEM MPAMOYTOJbHUKE TOXKE, TOKA3AHO HEBEPHO

+— ecTb OIleHKA, HO HeT IIpUMepa

—+ TOJBKO BEPHO pas300paH CIydal MPAMOYTOJbHUKA 2 X 2

3agada 2.

+— BepHBbIN mpuMep 6e3 JOCTATOYHBIX MOACHEHNMU (HAIPUMep, He MOKA3AHO, KAK KaPTUHKA
IPOJOTKAETCA HA BCE TPOCTPAHCTBO)

3agadga 3.

-+— BepHO pa306paH TOIHKO YETHBIA CIYIAN

—+ BepHO pa300paH TOJBKO HEIETHBIN CIyTan

3aga4da 5.

—- 3a I0Ka3aTeabCTBO TOI'O, ITO Qon_1 = 1

3apgaga 7a).

-+ — BepHBIA AJTOPUTM O€3 TOACHEHUMN.

+— He6OBIINE TTOrPEITHOCTH B AIMOPUTMe (HAIPUMED, YCTPaHUMAs OIIMOKa B pa3bope KaKoro-
HUOYIb [OICHYYas)

3apgaga 76).

+— HeOOJIBIINe TOrPEMIHOCTH B AICOPUTMe (B DTOM CIydae 3a 7a)6) CTaBUIOCH + +—)



International Mathematics

TOURNAMENT OF THE TOWNS
Junior O-Level Paper Fall 2008

1 [3] Each of ten boxes contains a different number of pencils. No two pencils in the same box
are of the same colour. Prove that one can choose one pencil from each box so that no two
are of the same colour.

2 [3] Twenty-five of the numbers 1, 2, ..., 50 are chosen. Twenty-five of the numbers 51, 52, ...,
100 are also chosen. No two chosen numbers differ by 0 or 50. Find the sum of all 50 chosen
numbers.

3 [4] Acute triangle A; Ay Aj; is inscribed in a circle of radius 2. Prove that one can choose points
B1, By, B3 on the arcs Ay Ay, Ay A3, A3A; respectively, such that the numerical value of the
area of the hexagon A;B;A;ByAsBs is equal to the numerical value of the perimeter of the
triangle A; A5 As.

4 [4] Given three distinct positive integers such that one of them is the average of the two others.
Can the product of these three integers be the perfect 2008th power of a positive integer?

5 [4] On a straight track are several runners, each running at a different constant speed. They
start at one end of the track at the same time. When a runner reaches any end of the track,
he immediately turns around and runs back with the same speed (then he reaches the other
end and turns back again, and so on). Some time after the start, all runners meet at the
same point. Prove that this will happen again.
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1. Arrange the boxes in a line so that the number of pencils in them
increases from left to right. Then the first box from the left contains
at least one pencil, the next one contains at least two pencils, ..., the
tenth box from the left contains at least 10 pencils. Take any pencil
from the first box. Since the second box contains pencils of at least
two different colors, some of these pencils has color distinct from that
of the chosen pencil. Take it. The third box contains pencils of at least
three colors. Hence some of these pencils has color distinct from the
colors of both chosen pencils. Take it. Proceeding in the same manner,
we choose the required 10 pencils of different colors.

2. Subtract 50 from each given number exceeding 50. By the conditions of
the problem, each of the resulting differences is distinct from any of 25
given numbers not exceeding 50. So these numbers and the differences
form a set of 50 distinct positive integers not exceeding 50. Thus it
contains all positive integers from 1 to 50. Their sum equals 51 - 25,
hence the sum of the given numbers equals 51 -25+50-25 = 101-25 =
2525.

3. Let By, Bs, B3 be the midpoints of arcs A;As, AsAs, A3A;, respec-
tively. The area of hexagon A;B;A;ByA3Bs is the sum of the ar-
eas of quadrilaterals OA;B; Ay, OA3ByA3z, and OA3B3A,. But each
of these quadrilaterals has perpendicular diagonals, hence the area of
each quadrilateral is the half-product of its diagonals. Therefore, the
required sum is equal to %OBl <A1 Ag + %OBQ - Ay Az + %OB;), - AsA;.
Since OB; = OBy = OB3 = 2 by the conditions of the problem, this
sum is numerically equal to A1 Ay + Ay Az + A3A;, as required.

4. ANSWER. Yes, it can.

SOLUTION. First take any three distinct positive integers such that one
of them is equal to the half-sum of the remaining two; for instance, 1, 2,
and 3. Their product equals 6 and so is not 2008th power of a positive



integer. Multiply each of these numbers by 6™ to obtain 6", 2-6™, 3-6™.
As before, one of the numbers is the half-sum of two others, and now
their product equals 63", It remains to choose n so that 3n+1 equals
2008 (or is divisible by 2008). Since 2007 is divisible by 3, we can take
3n + 1 = 2008, that is, n = 669.

. Represent the running track as the left half of a circle. We may assume
that a runner at the end of the running track does not turn back but
continues to run along the right half of the same circle. Thus all runners
are always running along this circle. The condition that they are at the
same point of the initial running track means that they are on a line
perpendicular to the diameter separating the left and right halves of
the circle. Suppose all runners meet (are on the corresponding line) in
time t after start. Then all runners in the left and in the right halves
are at the same distance x from the starting point. Each runner in the
left half has covered some integer number of circles plus distance =z,
and each runner in the right half has to run distance x to cover some
integer number of circles. Where will the runners be in time 2t after
start? Each runner in the left half will cover some integer number of
circles plus distance 2x, and each runner in the right half will have
to run distance 2x to cover some integer number of circles. But this
means that they again will be on a line perpendicular to the diameter
separating the left and right halves of the circle, because they are at
the same distance (along the circle) from the starting point. Hence,
on the initial running track, the runners will meet again in time 2¢,
similarly in time 3¢, and so on.
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1 [3]

2 [3]

3 [4]

Alex distributes some cookies into several boxes and records the number of cookies in each
box. If the same number appears more than once, it is recorded only once. Serge takes one
cookie from each box and puts them on the first plate. Then he takes one cookie from each
box that is still non-empty and puts the cookies on the second plate. He continues until all
the boxes are empty. Then Serge records the number of cookies on each plate. Again, if the
same number appears more than once, it is recorded only once. Prove that Alex’s record
contains the same number of numbers as Serge’s record.

Solve the system of equations (n > 2)

VI + Vg + ot =T V3t t o= = o Vo T

r1 — T9 = 1.

A 30-gon A A, ... Agp is inscribed in a circle of radius 2. Prove that one can choose a point
By on the arc ApAg., for 1 < k < 29 and a point Bjzg on the arc AszpA;, such that the
numerical value of the area of the 60-gon A;BjAsBs ... A3gBsg is equal to the numerical
value of the perimeter of the original 30-gon.

Five distinct positive integers form an arithmetic progression. Can their product be equal
to a®%® for some positive integer a?

On the infinite chessboard several rectangular pieces are placed whose sides run along the
grid lines. Each two have no squares in common, and each consists of an odd number of
squares. Prove that these pieces can be painted in four colours such that two pieces painted
in the same colour do not share any boundary points.
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1. Arrange the boxes in a line so that the number of cookies in them
decreases from left to right. On a sheet of squared paper, draw a
“staircase” in which the height of the first column (square side in width)
equals the number of cookies in the first box from the left, the height of
the second column equals the number of cookies in the second box, and
so on. Then the staircase divides into “footsteps”: the first footstep
(from the left) consists of the highest columns, the second footstep
consists of the columns next to the highest, and so on. The last footstep
(to the right) consists of the lowest columns. The number of different
integers in Alex’s records is equal to the number of footsteps of this
staircase (the boxes with the maximal number of cookies correspond
to the highest footstep, and so on). But this number is equal to the
number of different integers in Serge’s records. Indeed, choosing a
cooky in each box may be described as cutting off the bottom row of
cells in our staircase. Therefore, when we fill up the plates with the
maximal number of cookies, several rows will be removed so that the
lowest footstep will disappear, and thus the number of footsteps will
decrease by 1. By filling up the plates with the next to maximal number
of cookies, we remove the next footstep, and so on. Hence the number
of footsteps equals the number of different integers in Serge’s records
as required.

2. ANSWER: 1 =1,2o=... =1z, =0.

SOLUTION. Let us square the equality /x1 + /22 + ... + 2, = /22 +
VT3 + ...+ x, + x1, subtract the sum x;+. . .42, from both sides, and

square again. We obtain xq(z2+...+x,) = x2(x3+. ..+ 2, +21), hence
(x1—x9)(x3+...+2,) = 0. Since 1 —xy = 1, we have z3+...4+x, = 0.
Since our equations contain square roots of xs, ..., z,, these numbers
are nonnegative, and since their sum is 0, each of them is 0.

Suppose xo # 0, that is, x5 — x3 # 0. Considering the sums which
contain /rs and /r3 and arguing as above, we get xry = 0. Then



r9 = —1, but since there exists /x5, we obtain a contradiction. Thus
x9 = 0, hence ;1 = 1, and then all conditions are satisfied.

. Let Bi, B, ..., B3y be the midpoints of arcs A1 Ay, AsAs, ... AzgA;
respectively. The area of 60-gon A;B1AsBs ... A3gBsg is the sum of
the areas of quadrilaterals OAlBlA27 OAQBQA?,, ey OAgoB30A1. But
each of these quadrilaterals has perpendicular diagonals, hence the area
of each quadrilateral is the half-product of its diagonals. Observe that
one of these quadrilaterals can be non-convex (if the center of the circle
lies outside the given 30-gon) but its area is calculated in the same way
(verify this!). The required sum is then equal to %OBl A1 Ay + %OBQ .
A2A3 + ...+ %OBgO : A30A1. Since OBl = 0B2 = ... = 0B30 =2
by the conditions of the problem, this sum is numerically equal to
A1As + A Az + ...+ AzgAy, as required.

. ANSWER: Yes, it can.

SOLUTION. First take any arithmetic progression of five distinct posi-
tive integers, for instance, 1, 2, 3, 4, 5. Their product equals 120 and
so is not 2008th power of a positive integer. Multiply each of these
numbers by 120" to obtain 120", 2- 120", 3- 120", 4-120™ and 5 - 120™.
As before, the numbers form an arithmetic progression, and now their
product equals 120°"*1. It remains to choose n so that 5n + 1 is divisi-
ble by 2008. This is possible, since 5 and 2008 are coprime. We need a
y such that 5n + 1 = 2008y. For instance, y = 2 and n = 803 fit. Then
the product is 2008th power of 1202.

. We may assume that our rectangles are drawn on an infinite sheet
of squared paper. Divide it into squares 2 x 2 and mark the cells in
each square by 1, 2, 3, 4 clockwise starting from the upper left corner.
Since both sides of each rectangle are of odd length, its corner cells are
marked by the same number. Let us number four different colors by
1, 2, 3, 4 and paint each rectangle with the color whose number marks
the corner cells. It is readily seen that the numbers in the corners of
any two adjacent rectangles are distinct.
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1. On a 100 x 100 chessboard, 100 Queens are placed so that no two attack each other. Prove
that if the board is divided into four 50 x 50 subboards, then there is at least one Queen in
each subboard.

2. Each of four stones weighs an integral number of grams. Available for use is a balance which
shows the difference of the weights between the objects in the left pan and those in the right
pan. Is it possible to determine the weight of each stone by using this balance four times, if
it may make a mistake of 1 gram either way in at most one weighing?

3. Serge has drawn triangle ABC and one of its medians AD. When informed of the ratio %v

Elias is able to prove that /C'AB is obtuse and /BAD is acute. Determine the ratio ﬁ—g and
justify your result.

4. Baron Miinchausen asserts that he has a map of Oz showing five towns and ten roads, each
road connecting exactly two cities. A road may intersect at most one other road once. The
four roads connected to each town are alternately red and yellow. Can this assertion be true?

5. Let ay, as, ..., a, be positive numbers such that ay +as + --- + a, < % Prove that
(14+a)(14a) - (1+a,) <2.

6. ABC'is a non-isosceles triangle. E and F' are points outside triangle ABC' such that /ECA =
(FAC = /FAB = /FBA = 6. The line through A perpendicular to E'F intersects the
perpendicular bisector of BC at D. Determine /BDC.

7. In the infinite sequence {a,}, ap = 0. For n > 1, if the greatest odd divisor of n is congruent
modulo 4 to 1, then a,, = a,_1 + 1, but if the greatest odd divisor of n is congruent modulo 4
to 3, then a,, = a,_; — 1. The initial terms are 0, 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, 2, 3, 2 and 1.

(a) Prove that the number 1 appears infinitely many times in this sequence.

(b) Prove that every positive integer appears infinitely many times in this sequence.

Note: The problems are worth 4, 6, 6, 6, 8, 9 and 545 points respectively.



Solution to Junior A-Level Fall 2008!

1. Clearly, the western half of the board has 50 Queens, as does the northern half of the board.
Assume by symmetry that the northwestern quadrant is empty. Then 50 Queens must be in
the southwestern quadrant and another 50 in the northeastern quadrant. Hence the southeast-
ern quadrant is also empty. However, the squares in the southwestern and the northeastern
quadrants all lie on 99 diagonals going between the southwest and the northeast. By the
Pigeonhole Principle, two of the Queens will be on squares of the same diagonal, and hence
attack each other. This is a contradiction. Hence no quadrants may be empty.

2. Label the coins A, B, C and D, with respective weights a, b, ¢ and d. In the four weighings,
weigh B, C and D, A and B against C and D, A and C against B and D, and A and D
against B and C. Let the results be b+c+d=w, a+b—c—d=z, a—b+c—d=y and
a—b—c+d = z. For now, assume that no mistakes are possible. We have w+z+y+ 2z = 3a
so that a = “*HE2 " Since y + z = 2a — 2b, we have b = W Similarly, ¢ = W

and d = w Suppose now a mistake of 1 gram is possible. If w4+ x + y + 2z is a multiple
of 3, no mistakes have been made. If it is one more or one less, we know the direction of
the mistake. In any case, we can round the total to the nearest multiple of 3 and use it to
determine a. Now each of a —w, x, y and z has the same parity as a + b+ ¢+ d, and hence as
one another. Whichever has the opposite parity to the other three is where the mistake has
been made.

3. Note that /C'AB is obtuse if and only if A lies inside the circle with diameter BC, and /BAD
is acute if and only if A lies outside the circle with diameter BD. If ﬁ—g is constant, A lies
on a circle of Apollonius of C' and D, with a diameter on the line C'D. The only such circle
which lies between the circles with diameters BC' and BD must also have B as one end of the
diameter on C'D. Since g—g = %, the other end of this diameter must be the point £ between
C and D such that % = % It follows that the ratio Serge gives Elias must be % Since ABC
is a triangle, A does not lie on BC. Then /C'AB is obtuse since A lies inside the circle with

diameter BC, and /BAD is acute since A lies outside the circle with diameter BD.

ICourtesy of Andy Liu.



4. Solution by Sasha Kitaygorodsky.
The Baron may have the following map. The double lines indicate the yellow brick road while
the single lines indicate the red side-streets.

—

5. Solution by Mariya Sardarli.
By the Arithmetic-Geometric Means Inequality, we have

(1+a)(1+ag) - (1+a,) < <<1+a1)+(1+&2)+'”+(1+a")>ng <1+ ! )n.

By the Binomial Theorem,

() = 2 ()

k
1
< Y —

= m!

1 o1 1
< il - _ =
T ;2(1{—1 3

1
N
m

Hence (1+ )" = /(14 4£)" < V3 < 2.

6. Let D be the point outside triangle ABC such that DB = DC and /BDC = 20. Draw the
circles through A with respective centres F and F. The powers of the point D with respect
to these circles are DE* — CE? and DF? — BF?. We claim that they are equal, so that D
lies on the common chord of these circles, which passes through A and is perpendicular to the
line E'F of centres. By the Cosine Law,

DE? — CE?* = DC? —2DC - CE cos DCE = DC? 4+ 2DC - CEsin BCA
since /DCB + /ACFE = 90°. Similarly,
DF? — BF? = DB? —2DB - BF cos DBF = DB* +2DB - BF sin ABC.

: : o CE _ AC : AC __ sinBCA
Since triangles ACE and ABF' are similar, 35 = 45. By the Sine Law, 47 = 52722, Hence

CFEsin BCA = BFsin ABC. Since DC = DB, we indeed have DE? — CE? = DF? — BF?
and the claim is justified. Since the position of D is uniquely determined, /BDC = 26.




7. Solution by Mariya Sardarli.

(a)

We will prove by induction on m that a, = 1 whenever n = 2™ — 1. It is easy to verify
that a1 = 1, as = 2, a3 =1, ag = 2, a5 = 3, ag = 2 and a; = 1. Suppose that the
result holds for some m > 3. For 1 < k < 2™ — 1, k # 2™ let k = 2°g where g
is odd and s < m — 2. Then 2™ + k = 2°(2™* 4+ g) and 2" ° + g = ¢ (mod 4) since
m — s > 2. On the other hand, the greatest odd divisor of 27! is 1 while that of
2m 4 9m=1 — 9m=13 45 3. Hence agm+1_1 — agm is 2 less than agm_; — ag. By the induction
hypothesis, asm_1; = 1. Since the greastest odd divisor of 2™ is 1, agm = 2. It follows
that agm+1_; =2+1—-0—2=1.

We claim that if a value h appears in the sequence, then the value h + 2 also appears
in the sequence. Since 1 and 2 appear in the sequence, every positive integer appears in
the sequence. Let a; = h for some k£ and let m be such that £ < 2™. By the argument
in (a), ax — ag = agm+14y — agm+1, so that agm+1, = h 4+ 2. Thus the claim is justified
and the sequence is unbounded. Suppose there is a value h which appears only a finite
number of times. Every time the sequence hits a new high, it has to return to 1 at some
point by the result in (a). After the last appearance of h, the sequence either cannot
return to 1 or cannot get to a new high. This is a contradiction.
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1. A standard 8 x 8 chessboard is modified by varying the distances between parallel grid lines,
so that the cells are rectangles which are not necessarily squares, and do not necessarily have
constant area. The ratio between the area of any white cell and the area of any black cell is
at most 2. Determine the maximum possible ratio of the total area of the white cells to the
total area of the black cells.

2. Space is dissected into non-overlapping unit cubes. Is it necessarily true that for each of these
cubes, there exists another one sharing a common face with it?

3. A two-player game has n > 2 piles each initially consisting of a single nut. The players
take turns choosing two piles containing numbers of nuts relatively prime to each other, and
merging the two piles into one. The player who cannot make a move loses the game. For each
n, determine the player with a winning strategy, regardless of how the opponent may respond.

4. In the quadrilateral ABC D, AD is parallel to BC but AB # C'D. The diagonal AC meets the
circumcircle of triangle BC'D again at A’ and the circumcircle of triangle BAD again at C".
The diagonal BD meets the circumcircle of triangle ABC' again at D" and the circumcircle of
triangle ADC' again at B’. Prove that the quadrilateral A’B'C’D’ also has a pair of parallel
sides.

5. In the infinite sequence {a,}, ap = 0. For n > 1, if the greatest odd divisor of n is congruent
modulo 4 to 1, then a,, = a,_1 + 1, but if the greatest odd divisor of n is congruent modulo 4
to 3, then a, = a,_1 — 1. The initial terms are 0, 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, 2, 3, 2 and 1.
Prove that every positive integer appears infinitely many times in this sequence.

6. P(x) is a polynomial with real coefficients such that there exist infinitely many pairs (m,n) of
integers satisfying P(m)+ P(n) = 0. Prove that the graph y = P(x) has a centre of symmetry.

7. A contest consists of 30 true or false questions. Victor knows nothing about the subject
matter. He may write the contest several times, with exactly the same questions, and is told
the number of questions he has answered correctly each time. How can he be sure that he
will answer all 30 questions correctly

(a) on his 30th attempt;

(b) on his 25th attempt?

Note: The problems are worth 4, 6, 6, 6, 8, 9 and 545 points respectively.



Solution to Senior A-Level Fall 2008!

1. We may have rows and columns of alternating widths % and % Let the white cells remain
squares while the black cells become non-squares. Then the area of each white cell is either %
or % while the area of each black cell is %. Thus the ratio between the area of any white cell
and the area of any black cell is at most 2. The total area of the white cells is 16(% + %) = %

while the total area of the black cells is 32(2) = %. Here, the ratio of the total area of the

white cells to the total area of the black cells is %0 : %4 = 5 : 4. To show that this is the
maximum possible, divide the modified chessboard into 16 subboards each consisting of four
cells in a 2 x 2 configuration. Let the dimensions of one of the subboards be a x b. Let the
vertical grid line divide it into two rectangles of widths x and a — x, and we may assume that

x > 5. Let the horizontal grid line divide the subboard into two rectangles of heights y and

b —y, and we may assume that y > g The condition that the ratio between the area of any

white cell and the area of any black cell is at most 2 applies here also, and this is satisfied if

and only if z < 2 and y < 2. Let the white cells be z x y and (a — z)(b — y). Their total
area is T' = 2xy + ab—bxr —ay = x(2y — b) + a(b—y). Since 2y > b, T increases as x increases
to its maximum value of 2. Similarly, T’ = y(2z — a) + b(a — z) increases as y increases to its
maximum value of %b Hence T' < %‘”b + ab — 2%“" = %“b. It follows the ratio of the total area
of the white cells to the total area of the black cells is at most 5:4. Since this is true in each

of the 16 subboards, it is true on the entire board.

2. Tt is not necessarily true. We tile space in the standard way with unit cubes. Choose one of
them and call it C. There are two cubes sharing the front and back faces of C. They belong
to two infinite columns of cubes parallel to the x-axis. There are two cubes sharing the top
and bottom faces of C. They belong to two infinite columns of cubes parallel to the y-axis.
There are two cubes sharing the left and right faces of C. They belong to two infinite columns
of cubes parallel to the z-axis. These six columns do not intersect. Now we shift all the cubes
in each column by half a unit. Then C does not share a complete face with any other cube.

3. Call a pile even if it has an even number of nuts. If it has an odd number of nuts, call it
small if it has only one, and big otherwise. We first consider the case when n is odd. The first
player is forced to form an even pile with two nuts on the first move, and the second player
merges it with a small pile into a big pile. The second player’s strategy is to always leave one
big pile and an even number of small piles for the first player. In each move, the first player
is forced to form an even pile, and it will be the only even pile at the time. If this merger
involves the big pile, the second player merges the even pile with a small pile. If this merger
does not involve the big pile, then the even pile has two nuts, and 2 is relatively prime to any
odd number, in particular, the number of nuts in the big pile. Thus the second player can
merge the big pile with the even pile. It follows that the second player always has a move,
and hence wins the game. We now consider the case where n is even. the second player uses
exactly the same strategy until the game is down to one big pile and three small piles (or four
small piles at the beginning of the game for n = 4). After the first player creates once again
an even pile, the second player merges the other two piles into a second even pile. Now the
first player has no move, and the second player wins.

!Courtesy of Andy Liu.



4. We have /CAD' = /CBD' = /CA'D and /ACB" = /ADB" = /AC’'B from the cyclic
quadrilaterals. Since AD is parallel to BC', all six angles are equal. Hence BC’, B'C, AD’

and A’D are all parallel. Let O be the point of intersection of AC' and BD. From similar

. OB’ _ OD' OC _ OA OB _ OD R TR . OB’ __ OD'
triangles, we have S = 64> 6B = 6b and 00" = 04T Multiplication yields o07 = Gars S0

that triangles OB'C" and OD’A’ are similar. It follows that A’D’ is parallel to B'C".
C’/

5. Solution by Mariya Sardarli.

We first prove by induction on m that a, = 1 whenever n = 2™ — 1. It is easy to verify that
a1 =1, a3=2, a3 =1, ay =2, a5 =3, ag = 2 and a; = 1. Suppose that the result holds for
some m > 3. For 1 <k < 2™ — 1,k # 2™ ! let k = 2°g where g is odd and s < m — 2. Then
2M 4 | = 2%(2™5 4+ g) and 2™° + g = g (mod 4) since m — s > 2. On the other hand, the
greatest odd divisor of 2™~ ! is 1 while that of 2" 4 2m~! = 2m~13 is 3. Hence agm+1_; — aom
is 2 less than asm_1 — ag. By the induction hypothesis, asm_1 = 1. Since the greastest odd
divisor of 2™ is 1, agm = 2. It follows that agm+1_1 =2+ 1—-0—2 = 1. We claim that if
a value h appears in the sequence, then the value h + 2 also appears in the sequence. Since
1 and 2 appear in the sequence, every positive integer appears in the sequence. Let ap = h
for some k and let m be such that k < 2™. As before, ay — ag = agm+1,4 — agm+1, so that
agm+1,x = h + 2. Thus the claim is justified and the sequence is unbounded. Suppose there
is a value h which appears only a finite number of times. Every time the sequence hits a new
high, it has to return to 1 at some point. After the last appearance of h, the sequence either
cannot return to 1 or cannot get to a new high. This is a contradiction.



6.

7.

Solution by Olga Ivrii.

Let P(x) = apr® + a12* ' + -+ + ap_12 + ax. We may assume that ay > 0. Suppose m and
n are of the same sign, say positive. Note that P(x) > 0 whenever z > « for some positive
number «. In order for P(m) + P(n) = 0 to hold, we must have P(m) < 0 or P(n) < 0.
By symmetry, we may assume the former is the case. Then m < «a, so that we have finitely
many values of m. For each of these values of m, we have finitely many values of n for which
P(n) = —P(m). This contradicts the condition that there exist infinitely many pairs (m,n)
of integers satisfying P(m) + P(n) = 0. It follows that m and n must have opposite signs. If
k is even, then P(z) > 0 whenever |z| > « for some positive number «, and we have the same
contradiction as before. It follows that k£ must be odd.

For odd k, m* +n* = (m+n)Q,(m,n), where Q;(m,n) = mF1 —m*2n+... —mnk=2 4 nk-1,
Note, that if mn < 0 then Q(m,n) > mF~1 +nk-L

Therefore, 0 = P(m) + P(n) = (m 4+ n)Q1(m,n) + Q2(m, n) implies
|m +n| = [Qa(m,n)/Q1(m,n)| < 5. ( Q2(m,n) is polynomial of degree at most k — 1)
In case mn > 0, P(m) 4+ P(n) = 0 implies that both |m| < 3, |n| < .

Since there exist infinitely many pairs (m,n) of integers satisfying P(m) + P(n) = 0, some
value of m+n must occur infinitely often. Let this value be ¢. Define R(x) = P(z)+ P(c—x).
Then R(z) has infinitely many roots. Since it is a polynomial, it is identically zero. Hence
P(z) + P(c —x) = 0 for all real numbers x, meaning that the graph y = P(z) has a centre of
symmetry at (3,0).

(a) In the first test, Victor answers True for all 30 questions. Suppose he gets 15 questions
correct. In the second test, Victor changes the answers in test 1 to Questions 2, 3 and 4.
The number of correct answers must be 12, 18, 14 or 16. In the first two cases, Victor
knows the correct answers to Questions 2, 3 and 4, and has enough tests left to sort out
the remaining questions. Hence we may assume by symmetry that the number of correct
answers is 14. This means that the correct answers to two of Questions 2, 3 and 4 are
True, and the other one False. Victor then changes the answers from test 1 to Questions
2k — 1 and 2k in the k-th test, 3 < k < 15. If in the kth test, he gets either 13 or 17
questions correct, then he knows the correct answers to Questions 2k — 1 and 2k. Thus
we may assume that he gets 15 correct answers in each test. Thus one correct answer
is True and other False in each of these 13 pairs of questions. Moreover, Victor now
knows that the correct answer to Question 1 is False. So far, he has used 15 tests. In
test 16, Victor changes the answers from test 1 to Questions 2, 3 and 5, and in test 17
to Questions 2, 4 and 5. The following chart shows he can deduce the correct answers to
Questions 2 to 6. He has just enough tests left to sort out the remaining pairs.

Correct Answer to Question Numbers of Correct Answers in Test
2 | 3 | 4 | 5 | 6 16 \ 17
T T F T F 12 14
T F T T F 14 12
F T T T F 14 14
T T F F T 14 16
T F T F T 16 14
F T T F T 16 16




Suppose that in the first test, Victor gets a correct answers where a # 15. He changes
the answers from test 1 to Questions 2k — 1 and 2k in the k-th test, 2 < k < 15. In each
of these 14 tests, he will get either a questions correct again, or a £ 2 questions correct.
In the latter case, he will know the correct answers to Questions 2k — 1 and 2k. In the
former case, he will know that one of these two answers is True and the other is False.
Victor will also have similar knowledge about Questions 1 and 2 since he knows the total
number of answers that should be True. Because a # 15, Victor must know the correct
answers to one pair of questions. Hence he only needs at most 14 more questions to sort
out the remaining pairs.

Solution by Nhan Nyugen.

In the first test, Victor answers True for all 30 questions. Suppose he gets a questions
correct. In the second test, he changes the answers to the first two questions to False.
He will get either a questions correct again, or a + 2 questions correct. In the latter case,
he will know the correct answers to the first two questions. In the former case, Victor
changes the first four answers to True, False, False and False in the third test, and to
False, True, False and True in the fourth test. In the third test, the number of correct
answers may be a + 1 or a £ 3, while in the fourth test, the number of correct answers
may be a or a £ 2. From these data, he can deduce the correct answers to the first four
questions, as shown in the chart below.

Number of Correct Answers Correct Answer to Question
in the Third Test ‘ in the Fourth Test 1 ‘ 2 ‘ 3 ‘ 4

a—3 a False | True | True | True

a— 2 False | True | False | True

a—1 a False | True | True | False

a+2 True | False | True | True

a—2 True | False | True | False

a-+1 a True | False | False | True

a+2 False | True | False | False

a+3 a True | False | False | False

Victor now handles each of the six subsequent groups of four questions in the same
manner in 3 more questions, because Question 1 is relevant throughout. After 22 tests,
he knows all the correct answers except to the last two questions. He can use the 23rd
test to determine the correct answer to the second last question. Then he also knows the
answer to the last question because he knows the total number of answers that should
be True. Thus in the 24th test, Victor can answer all 30 questions correctly.
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1. In a convex 2009-gon, all diagonals are drawn. A line intersects the 2009-gon but does not
pass through any of its vertices. Prove that the line intersects an even number of diagonals.

2. Let a Ab denote the number a’. The order of operations in the expresson TATATATATATAT
must be determined by inserting five pairs of brackets. Is it possible to put brackets in two
distinct ways so that the expressions have the same value?

3. Vlad is going to print a digit on each face of several unit cubes, in such a way that a 6 does
not turn into a 9. If it is possible to form every 30-digit number with these blocks, what is
the minimum number of the blocks?

4. When a positive integer is increased by 10%, the result is another positive integer whose
digit-sum has decreased by 10%. Is this possible?

5. In the thombus ABC'D, /A =120°. M is a point on BC' and N is a point on C'D such that
LMAN = 30°. Prove that the circumcentre of triangle M AN lies on a diagonal of ABC'D.

Note: The problems are worth 3, 4, 4, 4 and 5 points respectively.

Courtesy of Andy Liu
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Solution to Junior O-Level Spring 2009

. Let there be m vertices of the convex 2009-gon on one side of the line and n vertices on the
other side. Since m + n = 2009, one of m and n is odd and the other is even. Hence mn is
even. The line intersects mn segments which join two points on opposite sides. Two of them
are sides of the 2009-gon, but the remaining mn — 2 are diagonals, and this number is even.

. Solution by Olga Ivrii:
More generally, (n A (n An)) An = (n"")" = (n")""* = (n An)A(nAn). Adding three more
terms to both sides the same way maintains the equal value.

. Solution by Olga Ivrii:

We need at least 30 copies of each non-zero digits because there is a 30-digit number consisting
only of that digit. We need at least 29 copies of zero because there is a 30-digit number whose
last 29 digits are zeros. Since 30 x 10 = 50 x 6, Vlad needs at least 50 cubes. His first five
cubes may consist of the numbers (0,1,2,3,4,5), (6,7,8,9,0,1), (2,3,4,5,6,7), (8,9,0,1,2,3) and
(4,5,6,7,8,9). Since each digit appears three times and no two copies of the same number
appear on the same cube, Vlad can use this set to form any 3-digit number. If he makes nine
more copies of this set, he can use the 50 cubes to form any 30-digit number.

. Solution by Olga Ivrii:

It is possible, and a lot of carrying is involved in changing the old number to the new. We
want the old number to start with a block of 9s, and we want its last digit to be 0. However,
a number with a lone 0 following a block of 9s has the same digit-sum when multiplied by
%. So we put m 9s in front, a lone 0 at the end, and n 5s in between. When this number is
multiplied by %, the new number consists of 10, m — 1 9s, 5, n — 1 1s and 05 in that order.
The digit-sum of the original number is 9m + 5n while the digit-sum of the new number is
9m + n. From 9(9m + 5n) = 10(9m + n), we have 35n = 9m. Hence we can choose m = 35

and n = 9.
A DY

Let O be the circumcentre of MAN. Then /MON = 2/MAN = 60°. Hence OMN is an
equilateral triangle. Since /MON + /MCN = 180°, CMON is a cyclic quadrilateral. Now
LOCM = /ONM =60°=LOMN = /OCN. Hence O lies on the bisector of /M C N, which
is the diagonal AC.

. Solution by Olga Ivrii:
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1.

Let a Ab denote the number a’. The order of operations in the expresson TATATATATATAT
must be determined by inserting five pairs of brackets. Is it possible to put brackets in two
distinct ways so that the expressions have the same value?

Several points on the plane are such that no three lie on a straight line. Some pairs of points
are connected by segments. If any line which does not pass through any of these points
intersects an even number of these segments, prove that each of these points is connected to
an even number of the other points.

Let a and b be arbitrary positive integers. The sequence {z} is defined by 1 = a, x5 = b
and for k > 3, xj is the greatest common divisor of x,_1 + xx_o.

(a) Prove that the sequence is eventually constant.

(b) How can this constant value be determined from a and b7

In an arbitrary binary number, consider any digit 1 and any digit 0 which follows it, not
necessarily immediately. They form an odd pair if the number of other digits in between is
odd, and an even pair if this number is even. Prove that the number of even pairs is greater
than or equal to the number of odd pairs.

X is an arbitrary point inside a tetrahedron. Through each of the vertices of the tetrahedron,
draw a line parallel to the line joining X to the centroid of the opposite face. Prove that these
four lines are concurrent.

Note: The problems are worth 3, 4, 242, 4 and 4 points respectively.

Courtesy of Andy Liu
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Solution to Senior O-Level Spring 2009

. Solution by Olga Ivrii:
More generally, (n A (n An)) An = (n"")" = (n™")""* = (n An)A(nAn). Adding three more
terms to both sides the same way maintains the equal value.

. Suppose there is a point A connected to an odd number of other points. Then there must be
a second such point B, because each connection involves two points. Take a line very close to
AB, so that it does not pass through any given point. This line cuts a segments connnect to
A, b segments connected to B and ¢ segments not connected to A or B, where a + b+ ¢ is an
even number. We now rotate this line slightly so that A remains on the same side but B moves
to the opposite side of this line. Apart from possibly AB, this line cuts a segments connected
to A, d segments connected to B and ¢ segments not connected to A or B. If A is connected
to B, then d — b is even, and the total count 1 +a+d+c=1+a+b+c+ (d—0b) is odd. If
A is not connected to B, then d — b is odd, and the total count a +d+c=a+b+c+ (d—b)
is still odd. In either case, we have a contradiction.

. Solution by Olga Ivrii:

(a) Note that xj is odd for all & > 3. Hence zy40 = “*21# for some positive integer
t. If xp1 = xp, then £ = 1 and the sequence in constant from this point on. Other-
wise, Tjio < max{xgi1,rr}. Similarly, zri3 < max{wgie, rri1}. If 21 < g4, then
Thro < Tpyp and Ty < Ty, If zp > 2y, then xp0 < 2 and xp3 < 2. Thus
max T3, Tgro ), max{xg,1, Tx, so that the sequence is essentially decreasing, though not
monotonically. Since the terms are positive integers, an infinite descent is impossible.
Hence the sequence must eventually be constant.

(b) Let g be the greatest common odd divisor of a and b. Then ¢ is an odd divisor of xy for
k > 3. Hence it is the greatest common odd divisor of x;,; and x;. When the sequence
becomes constant, ¢ is the greatest common odd divisor of two equal terms both of which
are odd. Hence this constant term must be equal to g.

. We claim that if there is a pair of adjacent 0s, then they may be removed. This affects two
kinds of pairs, those in which the 0 is one of the digits removed, and those in which the 0
comes after the digits removed. Among the first kind, whenever one of the removed 0 had
formed part of an odd pair, the other removed 0 had formed part of an even pair with the same
digit 1, and vice versa. Among the second kind, odd pairs remain odd and even pairs remain
even with the removal of the two 0s. This justifies our claim. Similarly, pairs of adjacent 1s
may be removed. When no pairs of adjacent digits are identical, the digits of the number
are alternately 0 and 1. If we are left with a 0-digit or 1-digit number, then the numbers of
odd and even pairs are both 0. Suppose we are left with a number with at least 2 digits.
Since leading Os and trailing 1s do not count, we may assume that our number has the form
1010- - - 10. Clearly all pairs are even.

. Let O be the centroid of the tetrahedron ABC'D and G be the centroid of the face BCD.
Then O lies on AG, with AO = 30G. Let P be the point on the extension of XO such that
PO = 30X. Then triangles GOX and AOP are similar, so that XG is parallel to AP. By
symmetry, the fixed point P lies on each of the four lines.
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Basil and Peter play the following game. Initially, there are two numbers on the blackboard,
ﬁ and Wlos' At each move, Basil chooses an arbitrary positive number x, and Peter selects
one of the two numbers on the blackboard and increases it by x. Basil wins if one of the
numbers on the blackboard increases to 1. Does Basil have a winning strategy, regardless of

what Peter does?

(a) Prove that there exists a polygon which can be dissected into two congruent parts by a
line segment which cuts one side of the original polygon in half and another side in the
ratio 1:2.

(b) Can such a polygon be convex?

The central square of an 101 x 101 board is the bank. Every other square is marked S or T.
A bank robber who enters a square marked S must go straight ahead in the same direction.
A bank robber who enters a square marked T must make a right turn or a left turn. Is it
possible to mark the squares in such a way that no bank robber can get to the bank?

In a sequence of distinct positive integers, each term except the first is either the arithmetic
mean or the geometric mean of the term immediately before and the term immediately after.
Is it necessarily true that from a certain point on, the means are either all arithmetic means
or all geometric means?

A castle is surrounded by a circular wall with 9 towers. Some knights stand on guard on these
towers. After every hour, each knight moves to a neighbouring tower. A knight always moves
in the same direction, whether clockwise or counter-clockwise. At some hour, there are at
least two knights on each tower. At another hour, there are exactly 5 towers each of which
has exactly one knight on it. Prove that at some other hour, there is a tower with no knights
on it.

In triangle ABC, AB = AC and /CAB = 120°. D and E are points on BC', with D closer
to B, such that /DAFE = 60°. F and G are points on AB and AC respectively such that
(FDB = /ADFE and /GEC = /AED. Prove that the area of triangle ADFE is equal to the
sum of the areas of triangles FF'BD and GCFE.

Let (Z) be the number of ways of choosing a subset of k objects from a set of n objects. Prove

n

k) and (?) have a common divisor

that if £ and ¢ are positive integers less than n, then (
greater than 1.

Note: The problems are worth 3, 243, 5, 5, 6, 7 and 9 points respectively.

Courtesy of Andy Liu
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1.

2.

Solution to Junior A-Level Spring 5qng

Basil starts by choosing the number 30—07. If Peter adds it to ﬁ, Basil wins immediately.
Hence he must add it to ﬁ> yielding 30238%. Basil now chooses m, and Peter can only

add it to the number which is not 293971 = However, when this is done 4032062 times, the

4034072°
other number will also become 493407 " Basi] now wins by choosing m once more.

4034072°

(a) The following diagram shows such a polygon along with the dissecting line.

(b) Solution by Daniel Spivak:
Divide the sides of a square in counter-clockwise order in the ratio 1:2. If we connect
both pairs of points of division on opposite sides, the square is dissected into four con-
gruent parts. If we connect only one pair, we have two congruent convex quadrilaterals.
Disregard one of them, and the line connecting the other pair of points of divisioni will
dissect the remaining convex quadrilateral into two congruent parts.

3. Solution by Yung-lin Yang:

The robber plans ahead for his escape route. Divide the square into 51 layers of concentric
squares. The bank is the sole square of the 0-th layer. The eight surrounding squares constitute
the 1-st layer, and so on. With no movement restriction while in the bank, the robber can get
to the 1-st layer. Suppose the robber gets to the n-th layer. If the square of entry is marked
S, he can go straight into the (n 4 1)-st layer. If the square is marked T, he turns either way
and heads for a corner. If he passes on his way a square marked T, he can turn and get to the
(n+ 1) — st layer. If this does not happen by the time he gets to a corner of the n-th layer, he
can go to the (n + 1) — st layer regardless of whether the corner square is marked S or T. It
follows that he can leave the 101 x 101 square. The bank robber then realizes that the escape
route can be traversed in the opposite direction and leads him from outside to the bank!
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4. Solution by Daniel Spivak and Yu Wu, independently: In the sequence defined by
asr—1 = k* and agr = k(k + 1) for all £ > 1, we have

V1041 = \K*(k +1)? = k(k + 1) = ax,

while 1 1
52k + azer2) = S(k(k+1) + (b + (b +2)) = (k+ 1)? = a1

Hence the means are alternately geometric and arithmetic.

5. Solution by Olga Ivrii and Yung-lin Yang:

Knights who move together formed a group. At the hour when there are exactly 5 towers
each of which has exactly one knight on it, each of these 5 knights is a group by himself.
Since there are at most 2 groups on each of the other 4 towers, the total number of groups
is at most 13. Suppose the number of groups moving clockwise is no less than the number of
groups moving counter-clockwise. Let the former remain in place and let the latter skip over
one tower and move to the one beyond. We call them stationary groups and skipping groups
respectively. We have exactly the same distribution of knights among the towers. Suppose
there is a stationary group on each tower. At the hour when there are exactly 5 towers each
of which has exactly one knight on it, each of these 5 knights is a stationary group. Now there
can be at most 4 moving groups. So at any hour, one of these 5 towers will have exactly one
knight on it, contradicting the condition that at some hour, there are at least two knights on
each tower. Hence there is at least one tower with no stationary groups. Each skipping group
can visit it once every 9 hours. Since the number of skipping groups is at most 6, this tower
will be unguarded at some hour.

6. We use the symbol [ | to denote area. Reflect the diagram about BC so that A, F’ and G’
are the respective images of A, I and GG. Then D lies on AF’ and FE lies on AG’, and both
ABA" and ACA’ are equilateral triangles. Now

[A'AG' = {DAE — /F'AG' = /|BAA' — /F'AG' = /BAF".

It follows that triangles BAF’ and A’AG’ are congruent.
A
G

F/

G/

A/



We have
|[ADE) + [DEG'A'F'| = [AF'A') + [AA'G'| = [AF'A'| + [BAF'] = [BAA'] = %[BACA’].

On the other hand, triangles BDF and CEG are congruent respectively to triangles BDF”
and CEG'. Hence

[BDF) + [CEG] + [DEG'A'F'] = [BDF'] + [CEG'] + [DEG'A'F') = [BCA] = %[BAOA’].

It follows that [ADE] = [BDF| + [CEG].

. Solution by Jonathan Schneider:

Let 0 < k < ¢ < n. Then (i) < (Z) Suppose we have n players from which we wish to
choose a team of size ¢, and to choose k captains among the team players. The team can
be chosen in (z) ways and the captains can be chosen in (i) ways. On the other hand, if

we choose the captains first among all the players, the number of ways is (Z) From the

n—k
-k

(Z) (Z:,’j) Now (Z) divides (?) (i) If it is relatively prime to (?), then it
T

remaining n — k players, there are ( ) ways of choosing the ¢ — k non-captain players.

Henee (7)(;)

must divide (i) ) "

.. .. . ¢
his is a contradiction since o) < (%)
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A rectangle is dissected into several smaller rectangles. Is it possible that for each pair of
rectangles so obtained, the line segment joining their centres intersects some other rectangle?

In a sequence of distinct positive integers, each term except the first is either the arithmetic
mean or the geometric mean of the term immediately before and the term immediately after.
Is it necessarily true that from a certain point on, the means are either all arithmetic means
or all geometric means?

There is a counter is each square of a 10 x 10 board. We may choose a diagonal containing
an even number of countes and remove any counter from it. What is the maximum number
of counters which can be removed from the board by these operations?

Three planes dissect a parallelepiped into eight hexahedra such that all of their faces are
quadrilaterals. One of the hexahedra has a circumsphere. Prove that each of these hexahedra
has a circumsphere.

Let (Z) be the number of ways of choosing a subset of k£ objects from a set of n objects. Prove

that if £ and ¢ are positive integers less than n, then (Z) and (ZL) have a common divisor
greater than 1.

. A positive integer n is given. Two players take turns marking points on a circle. The first

player uses the red colour while the second player uses the blue colour. When n points of
each colour has been marked, the game is over,and the circle has been divided into 2n arcs.
The winner is the player who has the longest arc both endpoints of which are of this player’s
colour. Which player can always win, regardless of any action of the opponent?

At step 1, the computer has the number 6 in a memory cell. In step n, it computes the
greatest common divisor d of n and the number m currently in that cell, and replaces m with
m + d. Prove that if d > 1, then d must be prime.

Note: The problems are worth 4, 4, 6, 6, 8, 9 and 9 points respectively.

Courtesy of Andy Liu
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Solution to Senior A-Level Spring 2009

1. Place the original rectangle in the first quadrant so that its southwest corner coincides with
the origin of the coordinate plane. The small rectangle whose southwest corner also coincides
with the origin is called the main rectangle. Let its centre be at (z,y). Consider the rectangles
which have parts of the northern edge of the main rectangle as their southern edges. Let there
be n of them and let their centres be at (z;,y;), with ;7 < x9 < --- < x,. Let k be such
that xy < = < zg41. The segment joining (xg,yx) and (x,y) must therefore pass through
the (k + 1)-st rectangle, which means that the segment joining (z,y) and (Tg41, Yr+1) cannot
pass through the k-th rectangle. It follows that it must intersect the eastern edge of the main
rectangle rather than its northern edge, so that n = k£ + 1. Similarly, if there are m rectangles
which have parts of the eastern edge of the main rectangle as their western edges, the line
segment joining (x,y) to the centre of the last of these rectangles must intersect the northern
edge of the main rectangle rather than its eastern edge. However, the n-th northern neighbour
and the m-th eastern neighbour of the main rectangle share common interior points, which is
a contradiction. Thus it is not possible that for each pair of rectangles so obtained, the line
segment joining their centres intersects some other rectangle.

2. Solution by Daniel Spivak and Yu Wu, independently:
In the sequence defined by asgx_1 = k% and ag, = k(k + 1) for all k > 1, we have

Vak—102k41 = /K2 (k +1)? = k(k + 1) = ax,

while

§(a2k + Gopy2) = %(k‘(k‘ + D4+ (E+1)(k+2) = (k+1)* = agpy1.

Hence the means are alternately geometric and arithmetic.

3. Solution by Zimu Zhu:

The status of a diagonal is the parity of the number of counters currently on it. Initially,
twenty of them are odd. Whenever a counter is removed, it affects the status of the two
diagonals on which it lies. They cannot both be odd. If one is odd and the other is even, the
total number of odd diagonals remains the same. If both are even, that number increases by
two. Hence it cannot fall below its initial value of twenty. It follows that at least ten counters
must remain on the board. Label the squares (i, 7) where 0 < i,5 < 9. We can remove all
but five counters on the squares (7, j) where i + j is odd, namely (1,0), (3,0), (5,0), (7,0) and
(9,0). This is accomplished in ten stages by removing the counters on the squares, using even
diagonals in alternating directions:

0. (0,1), (0,3), (0,5), (0,7) and (0,9), 1. (1,2), (1,4), (1,6), (1,8).
2.(2,1), (2,3) (2,5), (2,7) and (2,9), 3.(3,2), (3:4), (3,6), (3,8).
4. (4,1), (4,3), (4,5), (4,7) and (4,9), 5. (5,2), (5,4), (5,6), (5,8).
6. (6,1), (6,3), (6,5), (6,7) and (6,9), 7.(7,2), (7,4), (7,6), (7.8).
8 (8,1), (8,3), (8,5), (8,7) and (8,9), 9. (9,2), (94), (9,6), (9,8).

Similarly, we can remove all but five counters on the squares (i, 7) where i + j is even, namely
(0,0), (2,0), (4,0), (6,0) and (8,0). Thus only the ten counters on the first row are left.



4. Our solution makes use of the following two auxillary results.
Lemma 1. Let ABCD be a parallelogram. Let a line intersect AB at X and C'D at Z. Let
another line intersect BC' at Y and DA at W. Let WY intersect X Z at P. If the quadrilateral
AXPW is cyclic, then so are the quadrilaterals BY PX, CZPY and DWPZ.
Proof:
Let /WAX = 6. Then /YCZ = 6 also since ABCD is a parallelogram. We also have
(WPZ = [XPY = 0 since AXPW is a cyclic quadrilateral. It follows that so is CZPY.
Now / XBY = /ZDW = /WPX = /YPZ =180°—06. Hence BY PX and DW PZ are cyclic
quadrilaterals also. BV o

X,
P

A W D

Lemma 2. Let AXPW be a face of a hexahedron. Let A’X’P'W' be the opposite face such
that AA’, XX’, PP and WW' are the lateral edges. If all six faces are cyclic quadrilaterals,
then the hexahedron itself is cyclic.

Proof:

Since AX PW is cyclic, there are many spheres which contains its circumcircle, and we can
find one which passes through A’. Now A, X and A’ determines a unique circle. It must
be the circumcircle of AXA’X’, and it must lie on this sphere. It follows that X’ lies on
this sphere. The same argument shows that P’ and W' also lie on this sphere, so that the
hexahedron is cyclic.

We now return to the original problem. Each of the three planes has a cross-section with the
parallelepiped in the form of a parallelogram. This cross-section does not meet two opposite
faces of the parallelepiped, which are also parallelograms. All three parallelograms are divided
into four quadrilaterals. In two of these parallolgrams, one of the four quadrilaterals is cyclic.
By Lemma 1, the others are also cyclic. In the third parallelogram, which is a face of the
parallelepiped, the dividing lines form the same angles with the sides of the parallelogram as
those in the opposite face. Hence the four quadrilaterals here are cyclic too. It follows that
all faces of the eight hexahedra are cyclic. By Lemma 2, the hexahedra are all cyclic.

5. Solution by Jonathan Schneider:
Let 0 < k < ¢ < n. Then (i) < (Z) Suppose we have n players from which we wish to
choose a team of size ¢, and to choose k captains among the team players. The team can
be chosen in (z) ways and the captains can be chosen in (i) ways. On the other hand, if
we choose the captains first among all the players, the number of ways is (Z) From the

n—k
{—k

(Z) (n_k) Now (Z) divides (?) (i) If it is relatively prime to (ZL), then it
T

remaining n — k players, there are ( ) ways of choosing the ¢ — k non-captain players.

Hence (7))

= —k
must divide (i) .

n

.. .. . ¢
his is a contradiction since o) < (%)



6. Solution by Jonathan Zung:
The second player has a winning strategy divided into four stages.

1. After the first player has marked the initial red point, the second player define as principal
points the remaining vertices of a regular n-gon inscribed in the circle, with this red point
as one of the vertices.

2. The second player marks principal points whenever possible, until all have been marked.
Since the second player has n moves and there are only n — 1 unmarked principal points
initially, this stage ends before the second player’s last move.

3. Once all the principal points have been marked, the second player find pairs of adjacent
red principal points. For each such pair, the second player marks a blue point between
the two red points. Suppose the first player has marked & principal points red while the
second player has marked the remaining n — k principal points blue. There are at most
k — 1 pairs of adjacent red principal points. Hence this stage also ends before the second
player’s last move.

4. When the second player is ready to make the last move, all n principal points have been
marked. There are n — 1 other marked points. Hence there exist two adjacent principal
points with no other points in between. At least one of them is blue since the second
player ensured there is a blue point between any two adjacent red principal points. The
second player’s final marked point is on this arc, arbitrarily close to a principal point
where the other principal is blue.

The longest arc the second player can claim may be made arbitrarily close to % of the circle,
while all arcs the first player can claim are shorter than % of the circle. Hence the second

player can be assured of a win regardless of any action by the first player.

See on the next page
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7 Let us write down few first terms in the sequence:

Step # 1 2 3 4 5 6 7 8 9 10 11 12
Number in thecel 6 7 8 9 10 15 18 19 20 21 22 33 36
Increment 1 1 1 1 5 3 1 1 1 1 11 3

Let us denote by n the number of the step, A(n) the number in the cell, I(n) = A(n) — A(n — 1)
its increment.

One can notice the following pattern: If on some step n I(n) # 1 then A(n) = 3n. (In the table
corresponding columns are in bold).

Let A(n) = 3n for some n. On the next step the number increases by I(n + 1) = ged(n + 1,3n)
and since n and (n + 1) are coprimes then I(n + 1) = ged(n + 1,3). Thus, increment is either
I(n+1)=1or I(n+1)=3. In the latter case we have that (n+ 1) is divisible by 3 so on the next
step I(n + 2) =1 for certain.

This observation leads us to the following
Conjecture Let A(n) = 3n for some n, and the next increment be I(n + 1) = 1. Consider the

nearest step n + k when increment will be different from 1: I(n+k) # 1. Then I(n+k) is a prime
number and A(n + k) = 3(n + k).

To prove conjecture we use induction. We already checked the base for small numbers n. Let
A(n) = 3n for some n and (n + k) be the nearest number with I(n + k) # 1:

Step# n n+l n+2 ... nt+k-1 n+k
Number in the cell 3n 3n+1 3n+2 ... 3n+k-1 ?

For increment I(n + k) we have (using here and below ged(a, b) = ged(a, a — b)):
In+k)=ged(n+k,3n+k—1)=ged(n+k,3(n+k)— (Bn+k—1)) =ged(n+k,2k +1).

Hence, I(n + k) is divisor of (2k + 1).

Assume that (2k + 1) is not a prime and p is a prime divisor of ged(n + k, 2k +1). Since (2k+ 1) is
odd then p < (2k +1)/3. Therefore p < k. Let us look at step n+ k —p. At this step an increment
is

In+k—p)=gedln+k—p,3n+k—p—1)=ged(n+k—p,3(n+k—p)—Bn+k—p—1))
ged(n+k —p, 2k + 1 — 2p).

But since both (n + k — p) and (2k + 1 — 2p) are divisible by p we see that on step (n + k — p)
increment differs from 1. This contradicts to the assumption that (n + k) is the nearest step.

Therefore, (2k + 1) is a prime number and I(n + k) = 2k + 1 and then

An+k)=An+k—-1)+In+k)=Bn+k—1)+2k+1) =3(n+k).

Our conjecture is proven by induction and the problem solved.
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