
30. TURNIR GRADOVA   
Jesenje kolo. 

Pripremna (bazna) varijanta, 12. oktobar 2008. god. 
8–9. razred (mlađi uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena, 
poeni za delove jednog zadatka se sabiraju) 

 

 
1. (3 poena) U 10 kutija nalaze se olovke. Poznato je da u različiim 

kutijama ima različit broj olovaka, pri čemu su u svakoj kutiji olovke 
različitih boja. Dokažite da iz svake kutije možemo uzeti po olovku 
tako da sve one budu različitih boja. 

 
 

2. (3 poena) Dato je 50 različitih prirodnih brojeva, od kojih 25 nisu veći 
od 50, a ostali su veći od 50, ali ne prelaze preko 100. Pri tome ni 
koja dva se ne razlikuju tačno za 50. Nađite zbir (svih) tih brojeva.  

 

3. (4 poena) U kružnicu poluprečnika 2 upisan je oštrougli trougao 
A1A2A3. Dokažite da se na lukovima A1A2, A2A3, A3A1 može naći po 
jedna tačka  

    B1, B2, B3 (tim redom), tako da površina šestougla A1B1A2B2A3B3 bude 
brojčano jednaka obimu trougla A1A2A3. 

 

4. (4 poena) Data su tri prirodna broja takva da je jedan od njih jednak 
poluzbiru druga dva. Može li proizvod ta tri broja biti tačan 2008. 
stepen prirodnog broja?   

 

5. (4 poena) Nekoliko sportista startovalo je istovremeno sa jednog kraja 
pravolinijske staze. NJihove brzine su različite, ali konstantne (stalne). 
Kad dođu do kraja staze sportisti se trenutno okreću i trče nazad, 
zatim sve to ponavljaju, itd. U jednom momentu su se svi sportisti 
našli u jednoj tački. Dokažite da će takvih susreta biti još.   

     
                            
 

                                                                                                                                                                                                                                             
 

 



30. TURNIR GRADOVA 
Jesenje kolo. 

Pripremna (bazna) varijanta, 12. oktobar 2008. god. 
10–11. razred (stariji uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena. 
Poeni po delovima jednog zadatka se sabiraju) 

 
1. (3  poena) Aljoša ima kolače raspoređene u nekoliko kutija. Aljoša je 

zapisao po koliko kolača ima u svakoj kutiji. Serjoža je uzeo po jedan 
kolač iz svake kutije i stavio na prvi tanjir. Zatim je ponovo uzeo po 
jedan kolač iz svake kutije koja nije prazna i stavio ih na drugi tanjir. 
Tako je radio sve dok svi kolači nisu bili raspoređene po tanjirima. 
Posle toga, Serjoža je zapisao po koliko je kolača bilo na svakom 
tanjiru. Dokažite da je količina različitih brojeva koje je Aljoša zapisao 
jednaka količini različitih brojeva koje je Serjoža zapisao. 

 

2. (3 poena) Rešite sistem jednačina  2n  

1113221 ............  nnnn xxxxxxxxxx ; 121  xx  

 

3. (4 poena) U kružnicu poluprečnika 2 upisan je tridesetougao A1 A2 . . . 
A30. Dokažite da se na lukovima A1A2, A2A3,..., A30A1 može naći po 
jedna tačka B1,B2,...,B3 (tim redom), tako da površina šezdesetougla 
A1B1A2B2...A30B30  bude brojčano jednaka obimu tridesetougla 
A1A2...A30. 

 
 

4. (4 poena) Da li postoji aritmetička progresija od pet različitih prirodnih 
brojeva, čiji je proizvod jednak tačno 2008-om stepenu prirodnog 
broja? 

 
5. (4 poena) Na kvadratnoj mreži nacrtano je nekoliko pravougaonika 

čije se stranice poklapaju sa linijama mreže. Svaki pravougaonik se 
sastoji iz neparnog broja polja (kvadratića) i nikoja dva pravougaonika 
nemaju zajedničkih polja. Dokažite da te pravougaonike možemo 
obojiti sa 4 boje tako da pravougaonici iste boje nemaju zajedničke 
granične tačke.  

 
 
 

 
 
 
 



 
 
 

30. TURNIR GRADOVA   
Jesenje kolo. 

Osnovna varijanta, 26. oktobar 2008. god. 
8–9. razred (mlađi uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena, 
 a poeni za delove jednog zadatka se sabiraju) 

 

1.  (4 poena) Na šahovskoj tabli 100100 raspoređeno je 100 dama koje ne tuku jedna drugu. 

Dokažite da se u svakom ugaonom kvadratu 5050 nalazi bar jedna dama. (Dama je 
šahovska figura koja se kreće po horizontali, vertikali i dijagonali - na bilo koje rastojanje!) 

 

2.  (6 poena) Imamo 4 kamena, od kojih svaki važe ceo broj grama. Imamo terazije sa 
tasovima i strelicom koja pokazuje na kojem od dva tasa se nalazi veća masa i za koliko 
grama je ta masa veća. Može li se sa 4 merenja odrediti masa svakog kamena, ako se u 
jednom od tih merenja može pogrešiti za 1 gram?  (Masa kamena ne može biti ni 0, ni 
negativna!) 

 

3.  (6 poena) Serjoža je nacrtao trougao ABC i njegovu težišnu duž AD. Zatim je svom drugu 
Ilji saopštio dužinu težišne duži AD   i dužinu stranice AC. Na osnovu tih podtaka Ilja je 

dokazao tvrđenje: ugao CAB je tup, a ugao DAB je oštar. Nađite odnos 
AC

AD
 (i dokažite 

Iljino tvrđenje za svaki trougao u kome važi takav odnos). 
 

4.  (6 poena) Baron Minhauzen je pričao da on ima kartu zemlje Oz na kojoj je prikazano 5 
gradova. Svaka dva grada spojena su putem koji ne prolazi kroz druge gradove. Svaki put 
na karti seče najviše jedan od drugih puteva (i najviše na jednom mestu). Putevi su 
označeni žutom ili crvenom bojom  (prema boji podloge na putu), a pri obilasku oko 
svakog grada (po obodu) boje puteva koji iz njega  polaze, a na koje se pri takvom 
obilasku nailazi, menjaju se naizmenično.  Može li Baron biti u pravu?  

5.  (8 poena) Dati su pozitivni brojevi a1, a2, . . . , an. Zna se da je 
2

1
...21  naaa . 

                  Dokažite da je       .21...11 21  naaa  

6.  (9 poena) Nad stranicama AC i BC raznostraničnog trougla ABC sa spoljašnje strane, kao 
nad osnovicama, konstruisani su jednakokraki trouglovi AB'C i CA'B sa jednakim uglovima 

na osnovicama. Svaki od tih uglova je . Normala iz temena C povučena na duž A'B' seče 
simetralu duž AB u tački C1. Odredite ugao AC1B. 

 

 7. U beskonačnom nizu a1, a2,  a3,  . . .  broj  a1 jednak je 1, a svaki sedeći broj na  nastaje iz 

prethodnog broja an-1  po pravilu: ako najveći neparni delilac broja n ima ostatak 1 pri 
deljenju sa 4, tada je 11  nn aa , a ako ima ostatak 3, tada je 11  nn aa . Dokažite da se 

u tom nizu:  

    a) (5 poena) broj 1 pojavljuje beskonačno mnogo puta; 

    b) (5 poena) svaki prirodan broj javlja beskonačno mnogo puta. 
    (Evo nekoliko prvih članova tog niza: 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, . . .) 
    (Najveći neparni delilac broja n je najveći neparni broj kojim je broj n deljiv, pri čemu to ne    
     mora biti prost delilac.) 
 
 



 

 
 
 

30. TURNIR GRADOVA 
Jesenje kolo. 

Osnovna varijanta, 26. oktobar 2008. god. 
10–11. razred (stariji uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena. 
 Poeni po delovima jednog zadatka se sabiraju) 

 

1.  (4 poena) Kvadratna tabla podeljena je pravama koje su paralelne stranicama table na 64 
pravougaona polja koja su zatim obojena kao šahovska tabla. Rastojanja među pravama 
ne moraju biti jednaka, pa zato polja mogu biti različitih dimenzija. Poznato je, međutim, 
da odnos površine ma kojeg belog polja prema površini ma kojeg crnog polja nije veći od 
2. Nađite najveći mogući odnos zbira površina belih polja prema zbiru površina crnih polja. 

     (Ako uzmemo da je jedna stranica table vertikalna, a druga horizontalna, onda povučenih 
7 vertikalnih i 7 horizontalnih pravih dele  tablu na 64 pravougaona  polja)  

 

2. (6 poena) Prostor je razdeljen na jednake kocke. Da li je tačno da je za svaku od tih kocki 
uvek moguće naći drugu koja sa njom ima zajedničku stranu? 

 

3. (6 poena) Na stolu se nalazi N > 2 gomilica oraha sa bar jednim  orahom svakoj od njih.. 
Dvoje igraju ("vuku poteze") naizmenično. U jednom potezu treba uzeti dve gomilice u 
kojima su brojevi oraha uzajamno prosti, a zatim od njih ih napraviti jednu gomilicu. 
Pobeđuje onaj koji učini poslednji potez. Za svako N objasnite koji od igrača može uvek 
da pobedi, ma kako igrao njegov protivnik. 

4. (6 poena) Dat je nejednakokraki trapez ABCD. Tačka A1 je tačka preseka kružnice opisane 
oko trougla BCD i prave AC (A1 je različito od C.) Analogno odrećujemo tačke B1, C1, D1. 
Dokažite da je A1B1C1D1 takođe trapez.  (Trapez je figura kod koje su dve stranice 
paralelne, a dve ne!) 

5. (8 poena)  U beskonačnom nizu  a1, a2,  a3,  . . .  broj a1 jednak je 1, a svaki sedeći broj na  

nastaje iz prethodnog broja an-1  po pravilu: ako najveći neparni delilac broja n ima ostatak 
1 pri deljenju sa 4, tada je 11  nn aa , a ako ima ostatak 3, tada je 11  nn aa . Dokažite 

da se u tom nizu svaki prirodan broj javlja beskonačno mnogo puta. 
    (Evo nekoliko prvih članova tog niza: 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, . . .) 
    (Najveći neparni delilac broja n je najveći neparni broj kojim je broj n deljiv, (pri čemu to ne  
     mora biti prost delilac.) 
 

6. (9 poena) Polinom )(xP  sa realnim koeficijentima je takav da jednačina 0)()(  nPmP  ima 

beskonačno mnogo rešenja za cele brojeve m i n. Dokažite da grafik funkcije )(xPy   ima 

centar simetrije. 

7.  Test se sastoji iz 30 pitanja. Na svako pitanje postoje dve varijante odgovora (jedan tačan, 
a drugi netačan). U jednom pokušaju Vita odgovora na sva pitanja, posle čega mu 
saopštavaju na koliko pitanja je odgovorio tačno. Može li Vita da postupa tako da 
garantovano sazna na koja je pitanja tačno odgovorio, najkasnije  

    a) (5 poena) posle 29. pokušaja (i da odgovori tačno na sva pitanja u 30. pokušaju); 

    b) (5 poena) posle 24. pokušaja (i da odgovori tačno na sva pitanja u 25. pokušaju)? 

          (U početku Vita ne zna ni jedan odgovor, a test je stalno jedan te isti) 



 
30. TURNIR GRADOVA   

Prolećno kolo. 
Bazna varijanta, 1. mart 2009. god. 

8–9. razred (mlađi uzrast) 
(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena, 

 a poeni za delove jednog zadatka se sabiraju) 

 

1.  (3 poena) U konveksnom 2009 - uglu povučene su sve dijagonale. Prava 
seče 2009- ugao, ali ne prolazi ni kroz jedno njegovo teme. Dokažite da ta 
prava seče paran broj dijagonala. 

 

2. (4 poena) Neka ab znači izraz 
ba . U izrazu 7777777 treba staviti 

zagrade koje će određivati redosled operacija (ukupno 5 parova zagrada). 
Mogu li se te zagrade postaviti na dva različita načina, ali tako da se dobije 
isti rezultat? 

  

3.  (4 poena) Vlada hoće da napravi kolekciju kocki istih dimenzija i na svakoj 
strani svake kocke da napiše po jednu cifru, tako da se te kocke mogu 
poređati da čine ma koji 30- cifreni broj. Koliko najmanje kocki mu je za to 
dovoljno? (Cifre 6 i 9 se pri obrtanju kocke ne pretvaraju jedna u drugu.) 

4.  (4 poena) Prirodan broj su uvećali za 10% i ponovo dobili prirodan broj. Da li 
se pri tome zbir cifara mogao umanjiti za 10%? 

5.  (5 poena) U rombu ABCD ugao A iznosi 120°. Na stranicama BC i CD uzete 
su tačke M i N tako da je NAM=30°. Dokažite da se centar kružnice 
opisane oko trougla NAM nalazi na dijagonali romba. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
30. TURNIR GRADOVA 

Prolećno kolo. 
Bazna varijanta, 1. mart 2009. god. 

10–11. razred (stariji uzrast) 
(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena. 

 Poeni po delovima jednog zadatka se sabiraju) 
 

 

1. (3 poena) Neka ab znači izraz 
ba . U izrazu 7777777 treba staviti 

zagrade koje će određivati redosled operacija (ukupno 5 parova zagrada). 
Mogu li se te zagrade postaviti na dva različita načina, ali tako da se uvek 
dobije isti rezultat? 

 

2. (4 poena) U ravni je dato nekoliko tačaka takvih da nikoje tri ne pripadaju 
istoj pravoj. Neke tačke spojene su dužima. Zna se da svaka prava koja ne 
prolazi kroz date tačke seče paran broj duži. Dokažite da iz svake tačke 
polazi paran broj duži. 

 
 3.  Za svaki prirodan broj n označimo sa O(n) njegov najveći neparni delilac. 

Dati su    proizvoljni prirodni brojevi x1=a i x2=b. Formirajmo beskonačni niz 
prirodnih   brojeva po pravilu:  21   nnn xxOx , gde je n = 3, 4, ... 

    a) (2 poena) Dokažite da će, počev od nekog mesta, svi brojevi u nizu biti 
jednaki jednom istom broju.  

    b) (2 poena) Kako naći taj broj, ako se znaju brojevi a i b? 
 

4. (4 poena) Redom je napisano nekoliko nula i jedinica. Posmatrajmo (sve) 
parove cifara u tom redu (ne obavezno susednih), gde je leva cifra 1, a 
desna 0. Neka se među tim parovima nalazi tačno M takvih u kojima između 
jedinice i nule ima paran broj cifara (moguće i nijedna), i tačno N takvih u 
kojima između jedinice i nule stoji neparan broj cifara. Dokažite da je M  N.           

 

5. (4 poena) U unutrašnjosti nekog tetraedra uzeta je proizvoljna tačka X. Kroz 
svako teme tetraedra povučena je prava, paralelna duži koja spaja tačku X 
sa tačkom preseka medijana  (težišnih duži) naspramne strane. Dokažite da 
se četiri dobijene prave seku u jednoj tački. 

 



30. TURNIR GRADOVA   
Prolećno kolo. 

Složena varijanta, 15. mart 2009. god. 
8–9. razred (mlađi uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena, 
 a poeni za delove jednog zadatka se sabiraju) 

 
1.  (3 poena)  Vasa i Pera igraju sledeću igru. Na tabli su napisani brojevi 1/2009 i 1/2008. 

Pri svakom potezu Vasa bira neki broj x, a Pera uveća jedan od brojeva na tabli (koji 
hoće) za x. Vasa pobeđuje ako se u nekom trenutku na tabli pojavi broj 1 Može li Vasa 
pobediti bez obzira na to kako igra Pera? 

 
2. a) (2 poena) Dokazati da postoji mnogougao koji se može podeliti jednom duži na dva 
podudarna dela tako da ta duž deli jednu stranicu na  pola, a drugu u odnosu 1 : 2. 
     b) (3 poena)  Da li postoji konveksan mnogougao s takvim svojstvom? 
 

 3. (5 poena) U svakom polju kvadrata 101  101, osim centralnog, stoji jedan od sledeća 
dva saobraćajna znaka: "pravo" ili "skreći". Šahovska figura "auto" može spolja ući (pod 
pravim uglom prema ivici) na bilo koje ivično polje kvadrata. Ako je stala na polje  na 
kojem je znak "pravo", onda produžava pravo na sledeće polje, a ako je stala na polje sa 
znakom "skreći", onda skreće pod uglom od 900 na stranu koju sama izabere. U 
centralnom polju se nalazi garaža. Mogu li se polja označiti tako da auto ne može da 
stigne u garažu? 

4.  (5 poena) Dat je beskonačan niz međusobno različitih prirodnih brojeva. 
     Poznato je da je svaki član tog niza, osim prvog, ili aritmetička ili geometrijska sredina 

svoja dva susedna člana. Da li su obavezno svi članovi tog niza, počevši od nekog 
mesta, isključivo aritmetičke ili isključivo geometrijske sredine svojih suseda? 

5.  (6 poena) Zamak je opasan kružnim bedemom sa 9 kula na kojima stražare vitezovi. 
Kada protekne sat vremena svaki od njih (istovremeno) prelazi na susednu kulu, pri 
čemu se svaki od vitezova stalno kreće ili u pravcu kazaljke na satu ili u suprotnom 
pravcu. Za jednu noć svaki od vitezova je stigao da boravi na svakoj od kula. Poznato 
je da su u nekom trenutku na svakoj kuli dežurala bar dva viteza, kao i da je bio 
trenutak kada je na tačno 5 kula bio tačno po jedan vitez. Dokazati da je postojao 
trenutak kada je postojala kula na kojoj niko nije stražario. 

6.  (7 poena) Ugao C u vrhu jednakokrakog trougla ABC je 1200. Iz temena C su puštena 
(povučena) dva zraka koji između sebe čine ugao od 600 i koji se  po zakonu "upadni ugao  
jednak je uglu odbijanja" odbijaju od osnovice AB i završavaju na kracima tog jednako-
krakog trougla. Na taj način je polazni trougao podeljen na 5 manjih trouglova. Uočimo ona 
tri koja leže na osnovici AB. Dokažite da je površina srednjeg od njih jednaka površini 
druga dva. 

7. (9 poena) Neka 
k

nC  označava broj načina da se izaberu k predmeta iz skupa od n 

različitih predmeta (poredak predmeta nije bitan – načini koji se razlikuju samo u redosledu  
izbora predmeta smatraju se istim). Dokažite, ako su prirodni brojevi k i l   

    manji od n,  onda brojevi 
k

nC i 
l

nC  imaju zajednički delilac veći od 1. 
 



 
 

30. TURNIR GRADOVA 
Prolećno kolo. 

Složena varijanta, 15. mart 2009. god. 
10–11. razred (stariji uzrast) 

(Rezultat se računa na osnovu tri zadatka na kojima je dobijeno najviše poena. 
 Poeni po delovima jednog zadatka se sabiraju) 

 
 

1. (4 poena) Pravougaonik je podeljen na nekoliko manjih pravougaonika. Da li je 
moguće da za svaki par dobijenih  pravougaonika duž, koja spaja njihova središta,  
seče još neki od tih pravougaonika? 

 

2. (4 poena) Dat je beskonačan niz međusobno različitih prirodnih brojeva. 
     Poznato je da je svaki član tog niza, osim prvog, ili aritmetička ili geometrijska sredina 

svoja dva susedna člana. Da li su obavezno svi članovi tog niza, počevši od nekog 
mesta, isključivo aritmetičke ili isključivo geometrijske sredine svojih suseda? 

 

 3. 6 poena) Na svakom polju table veličine 1010 nalazi se žeton. U svakom potezu je 
dozvoljeno odabrati dijagonalu na kojoj se nalazi paran broj žetona i sa nje ukloniti jedan 
(proizvoljan) žeton. Koji je najveći broj žetona koji se mogu tako ukloniti sa table? 
 

4. (6 poena) Tri ravni dele paralelepiped na osam tela, a svako od njih ima 
šest strana od kojih je svaka četvorougao (svaka ravan seče par naspramnih strana 
parelelepipeda, a ne seče preostali par naspramnih strana). Poznato je da se oko 
jednog od tih osam tela može opisati sfera. Dokazati da se i oko svakog od tih osam 
tela može opisati sfera. 

 

5. (8 poena) Neka 
k

nC  označava broj načina da se izaberu k predmeta iz skupa od n 

različitih predmeta (poredak predmeta nije bitan – načini koji se razlikuju samo u redosledu  
izbora predmeta smatraju se istim). Dokažite, ako su prirodni brojevi k i l   

    manji od n, onda brojevi 
k

nC i 
l

nC  imaju zajednički delilac veći od 1. 

 
6. (9 poena) Dat je prirodan broj n > 1. Dvoje naizmenično označavaju tačke na kružnici: 
prvi crvenom, a drugi plavom bojom. Kada je označeno po n tačaka svake boje, 
označavanje (igra) se završava. Zatim svaki od igrača bira luk maksimalne dužine čiji su 
krajevi njegove boje, ali tako da se na njemu ne nalazi niti jedna označena tačka. 
Pobeđuje onaj igrač čiji je luk duži. Moguć je i nerešen ishod – u slučaju da su luci jednaki, 
a takođe ako se ne može naći takav luk (tada se smatra da je dužina luka jednaka nuli). 
Koji od igrača ima dobitnu strategiju, ma kako igrao njegov protivnik? 

 
7. (9 poena) U memoriju računara je upisan broj 6. Dalje računar vrši milion operacija. 

Svaka operacija se sastoji u sledećem: u n-tom koraku on povećava broj u svojoj 
memoriji  za najveći zajednički delilac tog broja u memoriji i broja n. Dokažite da u ma 
kojem  koraku računar uvećava broj u memoriji ili za 1 ili za neki prost broj. 
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 d e f g h12345
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3. äÁÎÙ n �×ÅÔÏ× Ó ÎÏÍÅÒÁÍÉ ÏÔ 1 ÄÏ n. äÌÑ ËÁÖÄÏÇÏ k ÏÔ 1 ÄÏ n �ÕÓÔØfk(n) ÏÂÏÚÎÁÞÁÅÔ ËÏÌÉÞÅÓÔ×Ï Ó�ÏÓÏÂÏ× ÏËÒÁÓÉÔØ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ ÏÔ 1ÄÏ n × �ÅÒ×ÙÅ k �×ÅÔÏ× (ËÁÖÄÙÊ ÉÚ ÜÔÉÈ �×ÅÔÏ× ÄÏÌÖÅÎ �ÒÉÓÕÔÓÔ×Ï×ÁÔØ).äÏËÁÖÉÔÅ, ÞÔÏ ÞÉÓÌÁ f1(n)+f3(n)+f5(n)+ : : : É f2(n)+f4(n)+f6(n)+ : : :ÏÔÌÉÞÁÀÔÓÑ ÎÁ 1.(òÁÓËÒÁÓËÉ, ÏÔÌÉÞÁÀÝÉÅÓÑ �ÅÒÅÓÔÁÎÏ×ËÏÊ �×ÅÔÏ×, ÓÞÉÔÁÀÔÓÑ ÒÁÚÎÙÍÉ.îÁ�ÒÉÍÅÒ, f1(2) = 1 É f2(2) = 2.) (í.á.âÅÒÛÔÅÊÎ, ç.á.íÅÒÚÏÎ)4. óÆÅÒÁ ËÁÓÁÅÔÓÑ ×ÓÅÈ ÒÅÂÅÒ ÔÅÔÒÁÜÄÒÁ ABCD ËÒÏÍÅ ÒÅÂÒÁ CD.äÏËÁÖÉÔÅ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÓÆÅÒÁ, ËÏÔÏÒÁÑ ËÁÓÁÅÔÓÑ ×ÓÅÈ ÒÅÂÅÒ ÜÔÏÇÏ ÔÅ-ÔÒÁÜÄÒÁ ËÒÏÍÅ ÒÅÂÒÁ AB. (÷.÷.ðÒÏÉÚ×ÏÌÏ×)5. äÁÎ ÍÎÏÇÏÞÌÅÎ P (x) Ó ÒÁ�ÉÏÎÁÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ. éÚ×ÅÓÔÎÏ,ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ n ÎÁÊÄÅÔÓÑ ÔÁËÏÅ ÎÁÔÕÒÁÌØÎÏÅ k, ÞÔÏP ( 1n) = 1k . äÏËÁÖÉÔÅ, ÞÔÏ ÎÁÊÄÕÔÓÑ ÔÁËÉÅ ÞÉÓÌÁ 
 É m, ÞÔÏ P (x) = 
 � xm.(ó.ó�ÉÒÉÄÏÎÏ×)6. ä×ÕÍ ÒÁÚÕÍÎÙÍ ÍÕÒÁ×ØÑÍ ÚÁÒÁÎÅÅ ÏÂßÑ×ÉÌÉ, ÞÔÏ ÉÈ ÎÏÞØÀ ×ÙÓÁÄÑÔÏÄÎÏ×ÒÅÍÅÎÎÏ × Ä×Å ×ÅÒÛÉÎÙ ÎÁÈÏÄÑÝÅÇÏÓÑ × ÎÅ×ÅÓÏÍÏÓÔÉ �ÒÑÍÏÕÇÏÌØ-ÎÏÇÏ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁ 1�1�2 Í. íÕÒÁ×ØÉ �ÏÌÚÁÀÔ ÔÏÌØËÏ �Ï ÒÅÂÒÁÍ, ÉÈÍÁËÓÉÍÁÌØÎÁÑ ÓËÏÒÏÓÔØ 1 Í/ÍÉÎ. íÏÇÕÔ ÌÉ ÏÎÉ ÄÏÇÏ×ÏÒÉÔØÓÑ ÄÅÊÓÔ×Ï-×ÁÔØ ÔÁË, ÞÔÏÂÙ ÇÁÒÁÎÔÉÒÏ×ÁÎÎÏ ×ÓÔÒÅÔÉÔØÓÑ ÒÁÎÅÅ ÞÅÍ ÞÅÒÅÚ 9 ÍÉÎÕÔ�ÏÓÌÅ ×ÙÓÁÄËÉ? (íÕÒÁ×ÅÊ ÚÎÁÅÔ, ÓËÏÌØËÏ ÏÎ �ÒÏ�ÏÌÚ.) (á.÷.ûÁ�Ï×ÁÌÏ×)



ТРИДЦАТЫЙ ТУРНИР ГОРОДОВ 11 класс, очный тур, 10 мая 2009 г.

Решения задач

1. На доске написаны числа 1, 2, . . . , 100. Разрешается стереть два числа и написать вместо
них их сумму или их произведение. Какое наибольшее число может остаться на доске после 99
таких операций?

(И.И.Богданов)

Ответ: 3
2100!.

Заметим сначала, что для натуральных a и b неравенство a + b > ab выполнено если и только
если a = 1 или b = 1. Действительно, если скажем a ≥ b > 1, то a + b ≤ 2a ≤ ab. А если, например,
a = 1, то 1 + b > b = 1 · b.

Пусть некоторая последовательность действий привела к максимальному результату. Среди них
ровно одно действие содержало в качестве аргумента единицу. Согласно лемме, все остальные дей-
ствия можем считать умножениями. В самом деле, если в результате одного из действий получилось
не меньшее число, чем было, то и результатом последующих действий будут числа, не меньшие, чем
были. Аналогично действие, содержащее единицу, можно считать сложением. Пусть единица была
сложена с числом n. В итоге получится число n+1

n 100! = (1+ 1
n)100!. Поскольку мы ищем максимум,

n = 2.

2. Хромая ладья обошла часть шахматной доски, начав свой путь
на клетке d4. Известно, что ни на какой клетке она не была дважды,
посетила все четыре угла доски, причем на клетку a1 она попала с
клетки a2, на клетку a8 она попала с клетки a7 и на клетку h8 она
попала с клетки h7. С какой клетки она попала на клетку h1?
(Хромая ладья ходит по вертикали и горизонтали на 1 клетку).

(А.К.Толпыго)

Пусть ладья попала на клетку h1 с клетки h2. Посмотрим, в каком
порядке обходятся углы доски. Противоположные углы доски не могут
идти подряд в пути ладьи — тогда соединяющий их путь отделяет один
из двух других противоположных углов, и в этот угол ладья попасть
не может. Значит, углы обходятся либо против часовой стрелки, либо
по часовой стрелке. Случаи абсолютно аналогичны, разберем первый.
Достаточно разобрать варианты, когда первый угол в пути левый. Если
первым проходится левый верхний угол, то путь, соединяющий первые
три угла, отрезает последний угол — ладья не может в него попасть. Если
первым проходится левый нижний угол, то уже пройдя следующий угол,
мы оказываемся отрезанными от остальных углов.

Полученное противоречие доказывает, что на клетку h1 ладья могла
попасть только с клетки g1.

3. Даны n цветов с номерами от 1 до n. Для каждого k от 1 до n пусть fk(n) обозначает
количество способов окрасить натуральные числа от 1 до n в первые k цветов (каждый из этих
цветов должен присутствовать). Докажите, что числа f1(n)+f3(n)+f5(n)+ . . . и f2(n)+f4(n)+
f6(n) + . . . отличаются на 1.
(Раскраски, отличающиеся перестановкой цветов, считаются разными. Например, f1(2) = 1 и
f2(2) = 2.)

(М.А.Берштейн, Г.А.Мерзон)

Обозначим сумму f1(n)+ f3(n)+ . . . через O(n), а сумму f2(n)+ f4(n)+ . . . через E(n). Докажем
индукцией по n, что |O(n) − E(n)| = 1. Для n = 1 это равенство справедливо. Пусть оно верно
для некоторого для некоторого количества цветов n. Заметим, что fk(n+1) = kfk(n)+ kfk−1(n) при
1 < k < n+1, поскольку добавив число n+1, мы можем покрасить его в один из имеющихся k цветов,
если остальные числа уже раскрашены в k цветов, либо, если остальные числа раскрашены в k − 1
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цвет, покрасить его в оставшийся из k первых цветов. Заметим также, что fn+1(n+1) = (n+1)fn(n)
и f1(n+ 1) = f1(n). Тогда

O(n+ 1) = f1(n) + 3(f3(n) + f2(n)) + 5(f5(n) + f4(n)) + . . . ,

E(n+ 1) = 2(f2(n) + f1(n)) + 4(f4(n) + f3(n)) + . . . .

Вычитая одно выражение из другого и производя сокращения, получим, что

O(n+ 1)− E(n+ 1) = E(n)−O(n),

откуда следует утверждение задачи для n+ 1 цветов.

Комментарий. Как ни удивительно, у этой задачи имеется и геометрическое решение. Дело в том,
что (для фиксированного n) числа fk(n) суть количества (n−k)-мерных граней у некоторого (n−1)-
мерного многогранника — пермутаэдра. Такой многогранник можно получить, взяв в n-мерном про-
странстве выпуклую оболочку n! точек, координаты которых — числа от 1 до n в каком-либо порядке.
Чтобы разобраться в этом утверждении, можно начать с построения биекции между ребрами пер-
мутаэдра и раскрасками множества {1, . . . , n} в n− 1 цвет.

Например, количество вершин этого многоугольника n!, то есть равно f(n). (В качестве хорошего
упражнения можно попробовать установить биекцию между ребрами пермутаедра и раскрасками
множества {1, . . . , n} в n− 1 цвет.)

Для n = 2 пермутаэдр — это просто отрезок, для n = 3 — шестиугольник, для n = 4 — усеченный
октаэдр (см. рисунок).

Таким образом, для решения задачи достаточно доказать, что знакопеременная сумма количеств
k-мерных граней пермутаэдра равна 1. Но формула Эйлера гарантирует, что такая сумма равна 1
вообще для любого выпуклого (многомерного) многогранника. Например, для трехмерных много-
гранников эта формула превращается в известное равенство V −E+F −1 = 1, где V , E и F — числа
вершин, ребер и граней многогранника, а слагаемое “−1” соответствует его внутренности; равенство
количеств вершин и ребер многоугольника — тоже частный случай это формулы.
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4. Сфера касается всех ребер тетраэдра ABCD кроме ребра CD. Докажите, что существует
сфера, которая касается всех ребер этого тетраэдра кроме ребра AB.

(В.В.Произволов)

Лемма. Существует сфера, касающаяся всех рёбер тетраэдра, быть может, кроме CD, если и
только если AC +BD = AD +BC.

Пусть искомая сфера существует. Тогда вписанные окружности треугольников ABC и ABD ка-
саются в точке касания данной сферы с ребром AB. Наоборот, если вписанные окружности треуголь-
ников ABC и ABD имеют общую точку (а значит, касаются), то содержащая их сфера — искомая.
Пусть M1 и M2— точки касания вписанных окружностей треугольников ABC и ABD с ребром AB.
По известной формуле для длин отрезков, на которые разбиваются стороны треугольника точка-
ми касания вписанной окружности, AM1 = AB+AC−BC

2 и AM2 = AB+AD−BD
2 . Касание вписанных

окружностей эквивалентно тому, что AM1 = AM2, то есть AB+AC−BC
2 = AB+AD−BD

2 , что равносиль-
но равенству AC +BD = AD +BC.

Вернёмся к решению задачи. Так как существует сфера, касающаяся всех рёбер тетраэдра, кроме
CD, то по лемме AC + BD = AD + BC. И по той же лемме, применённой к ребру AB, получаем
искомую сферу. Осталось доказать, что полученная сфера не касается всех рёбер тетраэдра. Пред-
положим противное. Тогда она бы пересекала плоскости ABC и ABD по вписанным окружностям
соответствующих треугольников, то есть имела бы две общие окружности со сферой, данной в усло-
вии, а значит, совпадала бы с ней.

5. Дан многочлен P (x) с рациональными коэффициентами. Известно, что для каждого нату-
рального n найдется такое натуральное k, что P ( 1n) =

1
k . Докажите, что найдутся такие числа

c и m, что P (x) = c · xm.
(С.Спиридонов)

Пусть P (x) = amxm+· · ·+a1x+a0. Приведя дроби am, . . . , a1, a0 к общему знаменателю t, запишем
P (x) в виде

1

t
(bmxm + . . .+ b1x+ b0),

где числа t, bm, . . . , b0 — целые. Возьмем x равным достаточно большому простому числу p. Тогда

P

(
1

p

)
=

bm + pbm−1 + . . .+ pmb0
t · pm

.

Если p > |bm|, то числитель полученной дроби взаимно прост с pm. С другой стороны, если хотя бы
один из коэффициентов bm−1, . . . , b0 отличен от нуля и p достаточно велико,

|bm + pbm−1 + . . .+ pmb0| > |t|,

откуда числитель нашей дроби не может полностью сократится со знаменателем, и значит число
P (1p) не имеет вида 1

k , что противоречит условию. Поэтому bm−1 = . . . = b0 = 0, и утверждение
задачи доказано.

6. Двум разумным муравьям заранее объявили, что их ночью высадят одновременно в две вер-
шины находящегося в невесомости прямоугольного параллелепипеда 1× 1× 2 м. Муравьи ползают
только по ребрам, их максимальная скорость 1 м/мин. Могут ли они договориться действовать
так, чтобы гарантированно встретиться ранее чем через 9 минут после высадки? (Муравей зна-
ет, сколько он прополз.)

(А.В.Шаповалов)

У параллелепипеда есть две квадратные грани со стороной 1 м — назовем их малыми. За первые
три минуты каждый муравей находит малую грань: он идет по ребру до конца, потом по другому
— и тогда он знает, какие ребра образуют малую грань. Далее второй бегает по своей малой грани
против часовой стрелки, а первый с начала 4-й по конец 5-й минуты обходит два ребра своей малой
грани по часовой стрелке. Либо он встретит второго, либо затем за 2 минуты перейдет на другую
малую грань, и там, идя снова по часовой стрелке, не позднее чем через 1,5 минуты встретит второго.
Итого максимум будет потрачено 8,5 минут.

3



òÅÛÅÎÉÑ ÚÁÄÁÞ ÏÓÅÎÎÅÇÏ ÔÕÒÁ 30-ÇÏ ÔÕÒÎÉÒÁ ÇÏÒÏÄÏ×.âÁÚÏ×ÙÊ ×ÁÒÉÁÎÔ, ÍÌÁÄÛÉÅ ËÌÁÓÓÙ.1. òÁÓ�ÏÌÏÖÉÍ ËÏÒÏÂËÉ × ÒÑÄ ÔÁË, ÞÔÏÂÙ ÞÉÓÌÏ ËÁÒÁÎÄÁÛÅÊ × ÎÉÈ ×ÏÚÒÁÓÔÁÌÏ ÓÌÅ×ÁÎÁ�ÒÁ×Ï. úÁÍÅÔÉÍ, ÞÔÏ ÔÏÇÄÁ × ÓÁÍÏÊ ÌÅ×ÏÊ ËÏÒÏÂËÅ ÍÉÎÉÍÕÍ ÏÄÉÎ ËÁÒÁÎÄÁÛ, ×Ï ×ÔÏÒÏÊÓÌÅ×Á | ÍÉÎÉÍÕÍ Ä×Á, . . . , × ÄÅÓÑÔÏÊ ÓÌÅ×Á | ÍÉÎÉÍÕÍ 10 ËÁÒÁÎÄÁÛÅÊ. éÚ ÓÁÍÏÊ ÌÅ×ÏÊËÏÒÏÂËÉ ×ÏÚØÍ£Í ÌÀÂÏÊ ÌÅÖÁÝÉÊ × ÎÅÊ ËÁÒÁÎÄÁÛ. ðÏÓËÏÌØËÕ ×Ï ×ÔÏÒÏÊ ËÏÒÏÂËÅ ÌÅÖÁÔËÁÒÁÎÄÁÛÉ ÍÉÎÉÍÕÍ Ä×ÕÈ ÒÁÚÎÙÈ �×ÅÔÏ×, ÔÁÍ ÎÁÊÄÅÔÓÑ ËÁÒÁÎÄÁÛ ÎÅ ÔÏÇÏ �×ÅÔÁ, ÞÔÏ ÍÙ×ÚÑÌÉ ÉÚ �ÅÒ×ÏÊ ËÏÒÏÂËÉ. ÷ÏÚØÍ£Í ÅÇÏ. ÷ ÔÒÅÔØÅÊ ËÏÒÏÂËÅ ÌÅÖÁÔ ËÁÒÁÎÄÁÛÉ ÍÉÎÉÍÕÍÔÒ£È ÒÁÚÎÙÈ �×ÅÔÏ×. ðÏÜÔÏÍÕ ÔÁÍ ÎÁÊÄ£ÔÓÑ ËÁÒÁÎÄÁÛ, �×ÅÔ ËÏÔÏÒÏÇÏ ÏÔÌÉÞÁÅÔÓÑ ÏÔ �×ÅÔÏ×ÏÂÏÉÈ ÕÖÅ ×ÙÂÒÁÎÎÙÈ. ÷ÏÚØÍÅÍ ÅÇÏ. ðÒÏÄÏÌÖÁÑ ÔÁËÕÀ �ÒÏ�ÅÄÕÒÕ, ÍÙ ×ÙÂÅÒÅÍ ÉÓËÏÍÙÅ10 ËÁÒÁÎÄÁÛÅÊ ÒÁÚÎÙÈ �×ÅÔÏ×.2. ÷ÙÞÔÅÍ 50 ÉÚ ËÁÖÄÏÇÏ ÞÉÓÌÁ, ËÏÔÏÒÏÅ ÂÏÌØÛÅ 50. ðÏ ÕÓÌÏ×ÉÀ ÎÉ ÏÄÎÁ ÉÚ ÒÁÚÎÏÓÔÅÊ ÎÅÒÁ×ÎÁ ÎÉ ÏÄÎÏÍÕ ÉÚ 25 ÞÉÓÅÌ, ËÏÔÏÒÙÅ ÎÅ �ÒÅ×ÏÓÈÏÄÑÔ 50. ðÏÜÔÏÍÕ ×ÍÅÓÔÅ Ó ÎÉÍÉ ÒÁÚÎÏÓÔÉÄÁÀÔ 50 ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ, ËÏÔÏÒÙÅ ÎÅ �ÒÅ×ÏÓÈÏÄÑÔ 50, ÔÏ ÅÓÔØ ÜÔÏ ×ÓÅ ÞÉÓÌÁ ÏÔ1 ÄÏ 50. éÈ ÓÕÍÍÁ ÒÁ×ÎÁ 51�25, Á ÓÕÍÍÁ ×ÓÅÈ ÉÓÈÏÄÎÙÈ ÞÉÓÅÌ ÒÁ×ÎÁ, ÓÔÁÌÏ ÂÙÔØ, 51�25+50�25 =101 � 25 = 2525.3. ðÕÓÔØ ÔÏÞËÉ B1, B2, B3 | ÓÅÒÅÄÉÎÙ ÄÕÇ A1A2, A2A3, A3A1 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ðÌÏ-ÝÁÄØ ÛÅÓÔÉÕÇÏÌØÎÉËÁ A1B1A2B2A3B3 ÒÁ×ÎÁ ÓÕÍÍÅ �ÌÏÝÁÄÅÊ ÞÅÔÙÒ£ÈÕÇÏÌØÎÉËÏ× OA1B1A2,OA2B2A3 É OA3B3A1. îÏ Õ ÜÔÉÈ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÏ× ÄÉÁÇÏÎÁÌÉ �ÅÒ�ÅÎÄÉËÕÌÑÒÎÙ, Á ÚÎÁÞÉÔ�ÌÏÝÁÄØ ËÁÖÄÏÇÏ ÒÁ×ÎÁ �ÏÌÏ×ÉÎÅ �ÒÏÉÚ×ÅÄÅÎÉÑ ÅÇÏ ÄÉÁÇÏÎÁÌÅÊ. éÓËÏÍÁÑ ÓÕÍÍÁ ÒÁ×ÎÁ ÔÏÇÄÁ12OB1 � A1A2 + 12OB2 � A2A3 + 12OB3 � A3A1. ðÏÓËÏÌØËÕ �Ï ÕÓÌÏ×ÉÀ OB1 = OB2 = OB3 = 2,ÜÔÁ ÓÕÍÍÁ ÞÉÓÌÅÎÎÏ ÒÁ×ÎÁ A1A2 + A2A3 + A3A1, ÞÔÏ ÎÁÍ É ÎÕÖÎÏ.4. ïÔ×ÅÔ: íÏÖÅÔ.òÅÛÅÎÉÅ. ÷ÏÚØÍ£Í ÓÎÁÞÁÌÁ ÌÀÂÙÅ ÔÒÉ ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÌÁ, ÏÄÎÏ ÉÚ ËÏÔÏÒÙÈÒÁ×ÎÏ �ÏÌÕÓÕÍÍÅ Ä×ÕÈ ÄÒÕÇÉÈ, ÎÁ�ÒÉÍÅÒ, ÞÉÓÌÁ 1, 2 É 3. éÈ �ÒÏÉÚ×ÅÄÅÎÉÅ ÒÁ×ÎÏ 6 É ÎÅÑ×ÌÑÅÔÓÑ 2008-Ê ÓÔÅ�ÅÎØÀ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ. äÏÍÎÏÖÉÍ ËÁÖÄÏÅ ÉÚ ÞÉÓÅÌ ÎÁ 6n, �ÏÌÕÞÉÍÞÉÓÌÁ 6n, 2 � 6n, 3 � 6n. ðÏ-�ÒÅÖÎÅÍÕ, ÏÄÎÏ ÉÚ ÞÉÓÅÌ ÂÕÄÅÔ ÒÁ×ÎÏ �ÏÌÕÓÕÍÍÅ Ä×ÕÈ ÄÒÕÇÉÈ, Á�ÒÏÉÚ×ÅÄÅÎÉÅ ÂÕÄÅÔ ÒÁ×ÎÏ 63n+1. ïÓÔÁÌÏÓØ �ÏÄÏÂÒÁÔØ n ÔÁË, ÞÔÏÂÙ 3n + 1 ÒÁ×ÎÑÌÏÓØ 2008(ÉÌÉ ÄÅÌÉÌÏÓØ ÎÁ 2008). ðÏÓËÏÌØËÕ 2007 ÄÅÌÉÔÓÑ ÎÁ ÔÒÉ, ÍÏÖÎÏ ×ÚÑÔØ 3n+1 = 2008, ÔÏ ÅÓÔØn = 669.5. éÚÏÂÒÁÚÉÍ ÂÅÇÏ×ÕÀ ÄÏÒÏÖËÕ × ×ÉÄÅ ÌÅ×ÏÊ �ÏÌÏ×ÉÎÙ ÎÅËÏÔÏÒÏÊ ÏËÒÕÖÎÏÓÔÉ. âÕÄÅÍÓÞÉÔÁÔØ, ÞÔÏ ÂÅÇÕÎ, ÄÏÂÅÇÁÑ ÄÏ ËÏÎ�Á ÄÏÒÏÖËÉ, ÎÅ �Ï×ÏÒÁÞÉ×ÁÅÔ ÏÂÒÁÔÎÏ, Á ÂÅÖÉÔ ÄÁÌØÛÅ�Ï �ÒÁ×ÏÊ �ÏÌÏ×ÉÎÅ ÜÔÏÊ ÏËÒÕÖÎÏÓÔÉ. �ÏÇÄÁ ×ÓÅ ÂÅÇÕÎÙ �ÒÏÓÔÏ ÂÅÇÕÔ �Ï ÜÔÏÊ ÏËÒÕÖÎÏÓÔÉ.õÓÌÏ×ÉÅ ÔÏÇÏ, ÞÔÏ ÂÅÇÕÎÙ ÏËÁÚÙ×ÁÀÔÓÑ × ÏÄÎÏÊ ÔÏÞËÅ ÉÓÈÏÄÎÏÊ ÂÅÇÏ×ÏÊ ÄÏÒÏÖËÉ, ÏÚÎÁÞÁÅÔ,ÞÔÏ ÏÎÉ ÎÁÈÏÄÑÔÓÑ ÎÁ �ÒÑÍÏÊ, �ÅÒ�ÅÎÄÉËÕÌÑÒÎÏÊ ÄÉÁÍÅÔÒÕ, ÒÁÚÄÅÌÑÀÝÅÍÕ ÌÅ×ÕÀ É �ÒÁ×ÕÀ�ÏÌÏ×ÉÎÙ ÎÁÛÅÊ ÏËÒÕÖÎÏÓÔÉ. ðÕÓÔØ ÞÅÒÅÚ ×ÒÅÍÑ t �ÏÓÌÅ ÎÁÞÁÌÁ ÚÁÂÅÇÁ ÂÅÇÕÎÙ ×ÓÔÒÅÔÉÌÉÓØ(ÎÁÈÏÄÑÔÓÑ ÎÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÒÑÍÏÊ). �ÏÇÄÁ ÂÅÇÕÎÙ, ÎÁÈÏÄÑÝÉÅÓÑ ÎÁ ÌÅ×ÏÊ �ÏÌÏ×ÉÎÅ,ÎÁÈÏÄÑÔÓÑ ÎÁ ÎÅËÏÔÏÒÏÍ ÒÁÓÓÔÏÑÎÉÉ x ÏÔ ÔÏÞËÉ ÓÔÁÒÔÁ, É ÂÅÇÕÎÙ, ÎÁÈÏÄÑÝÉÅÓÑ ÎÁ �ÒÁ×ÏÊ�ÏÌÏ×ÉÎÅ, ÔÏÖÅ ÎÁÈÏÄÑÔÓÑ ÎÁ ÒÁÓÓÔÏÑÎÉÉ x ÏÔ ÔÏÞËÉ ÓÔÁÒÔÁ. ðÒÉ ÜÔÏÍ ËÁÖÄÙÊ ÂÅÇÕÎ ÎÁÌÅ×ÏÊ �ÏÌÏ×ÉÎÅ �ÒÏÂÅÖÁÌ ÎÅËÏÔÏÒÏÅ �ÅÌÏÅ ÞÉÓÌÏ ËÒÕÇÏ× É ÅÝÅ ÒÁÓÓÔÏÑÎÉÅ x, Á ËÁÖÄÙÊ ÂÅ-ÇÕÎ ÎÁ �ÒÁ×ÏÊ �ÏÌÏ×ÉÎÅ ÎÅ ÄÏÂÅÖÁÌ ÄÏ ÎÅËÏÔÏÒÏÇÏ �ÅÌÏÇÏ ÞÉÓÌÁ ËÒÕÇÏ× ÒÁÓÓÔÏÑÎÉÅ x. çÄÅÂÕÄÕÔ ÂÅÇÕÎÙ ÞÅÒÅÚ ×ÒÅÍÑ 2t ÏÔ ÎÁÞÁÌÁ ÚÁÂÅÇÁ? ëÁÖÄÙÊ ÂÅÇÕÎ ÎÁ ÌÅ×ÏÊ �ÏÌÏ×ÉÎÅ �ÒÏÂÅÖÉÔÎÅËÏÔÏÒÏÅ �ÅÌÏÅ ÞÉÓÌÏ ËÒÕÇÏ× É ÅÝÅ ÒÁÓÓÔÏÑÎÉÅ 2x, Á ËÁÖÄÙÊ ÂÅÇÕÎ ÎÁ �ÒÁ×ÏÊ �ÏÌÏ×ÉÎÅÎÅ ÄÏÂÅÖÉÔ ÄÏ ÎÅËÏÔÏÒÏÇÏ �ÅÌÏÇÏ ÞÉÓÌÁ ËÒÕÇÏ× ÒÁÓÓÔÏÑÎÉÅ 2x. îÏ ÜÔÏ ËÁË ÒÁÚ É ÏÚÎÁ-ÞÁÅÔ, ÞÔÏ ÏÎÉ ÎÁÈÏÄÑÔÓÑ ÎÁ ÎÅËÏÔÏÒÏÊ �ÒÑÍÏÊ, �ÅÒ�ÅÎÄÉËÕÌÑÒÎÏÊ ÄÉÁÍÅÔÒÕ, ÒÁÚÄÅÌÑÀÝÅÍÕÌÅ×ÕÀ É �ÒÁ×ÕÀ �ÏÌÏ×ÉÎÙ ÎÁÛÅÊ ÏËÒÕÖÎÏÓÔÉ (�ÏÓËÏÌØËÕ ÎÁÈÏÄÑÔÓÑ ÎÁ ÏÄÉÎÁËÏ×ÏÍ ÒÁÓÓÔÏ-ÑÎÉÉ (×ÄÏÌØ ÏËÒÕÖÎÏÓÔÉ) ÏÔ ÔÏÞËÉ ÓÔÁÒÔÁ). úÎÁÞÉÔ ÎÁ ÉÓÈÏÄÎÏÊ ÄÏÒÏÖËÅ ÂÅÇÕÎÙ ÓÎÏ×Á×ÓÔÒÅÔÑÔÓÑ ÞÅÒÅÚ ×ÒÅÍÑ 2t, É ÁÎÁÌÏÇÉÞÎÏ ÞÅÒÅÚ ×ÒÅÍÑ 3t, É ÔÁË ÄÁÌÅÅ.1



âÁÚÏ×ÙÊ ×ÁÒÉÁÎÔ, ÓÔÁÒÛÉÅ ËÌÁÓÓÙ.1. òÁÓ�ÏÌÏÖÉÍ ËÏÒÏÂËÉ × ÒÑÄ ÔÁË, ÞÔÏÂÙ ÞÉÓÌÏ �ÉÒÏÖÎÙÈ × ÎÉÈ ÕÂÙ×ÁÌÏ ÓÌÅ×Á ÎÁ�ÒÁ×Ï.�Å�ÅÒØ ÎÁÒÉÓÕÅÍ ÎÁ ËÌÅÔÞÁÔÏÊ ÂÕÍÁÇÅ �ÌÅÓÅÎËÕ�, ÇÄÅ ×ÙÓÏÔÁ �ÅÒ×ÏÇÏ ÓÔÏÌÂÉËÁ (ÛÉÒÉÎÏÊ ×ÏÄÎÕ ËÌÅÔËÕ) ÒÁ×ÎÁ ÞÉÓÌÕ �ÉÒÏÖÎÙÈ × �ÅÒ×ÏÊ ÓÌÅ×Á ËÏÒÏÂËÅ, ×ÙÓÏÔÁ ×ÔÏÒÏÇÏ ÓÔÏÂÉËÁ ÒÁ×ÎÁÞÉÓÌÕ �ÉÒÏÖÎÙÈ ×Ï ×ÔÏÒÏÊ ÓÌÅ×Á ËÏÒÏÂËÅ, É Ô.Ä. ìÅÓÔÎÉ�Á ÒÁÚÄÅÌÉÔÓÑ ÎÁ ÓÔÕ�ÅÎØËÉ. ðÅÒ-×ÁÑ (ÓÁÍÁÑ ÌÅ×ÁÑ) ÓÔÕ�ÅÎØËÁ ÂÕÄÅÔ ÓÏÓÔÏÑÔØ ÉÚ ÓÁÍÙÈ ×ÙÓÏËÉÈ ÓÔÏÌÂÉËÏ×, ×ÔÏÒÁÑ ÓÔÕ�ÅÎØËÁ| ÉÚ ÓÌÅÄÕÀÝÉÈ �Ï ×ÙÓÏÔÅ ÓÔÏÌÂÉËÏ×, É ÔÁË ÄÁÌÅÅ, �ÏÓÌÅÄÎÑÑ (ÓÁÍÁÑ �ÒÁ×ÁÑ) ÓÔÕ�ÅÎØËÁÂÕÄÅÔ ÓÏÓÔÏÑÔØ ÉÚ ÓÁÍÙÈ ÎÉÚËÉÈ ÓÔÏÌÂÉËÏ×. ëÏÌÉÞÅÓÔ×Ï ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ × ÚÁ�ÉÓÑÈ áÌ£ÛÉÒÁ×ÎÏ ÞÉÓÌÕ ÓÔÕ�ÅÎÅÊ ÜÔÏÊ ÌÅÓÅÎËÉ (ÓÁÍÙÅ �ÏÌÎÙÅ ËÏÒÏÂËÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÓÁÍÏÊ ×ÙÓÏËÏÊÓÔÕ�ÅÎØËÅ, É ÔÁË ÄÁÌÅÅ). îÏ ÜÔÏÍÕ ÖÅ ÞÉÓÌÕ ÒÁ×ÎÏ É ËÏÌÉÞÅÓÔ×Ï ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ ÓÒÅÄÉÚÁ�ÉÓÁÎÎÙÈ óÅÒ£ÖÅÊ. ÷ ÓÁÍÏÍ ÄÅÌÅ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ×ÙÂÉÒÁÑ �Ï �ÉÒÏÖÎÏÍÕ ÉÚ ËÁÖÄÏÊËÏÒÏÂËÉ, ÍÙ �ÒÏÓÔÏ ÓÒÅÚÁÅÍ Õ ÎÁÛÅÊ ÌÅÓÅÎËÉ ÎÉÖÎÉÊ ÓÌÏÊ Ë×ÁÄÒÁÔÉËÏ×. �ÏÇÄÁ ÚÁ�ÏÌÎÉ×�ÏÄÎÏÓÙ Ó ÎÁÉÂÏÌØÛÉÍ ÞÉÓÌÏÍ �ÉÒÏÖÎÙÈ, ÍÙ ÓÒÅÖÅÍ ÎÅÓËÏÌØËÏ ÓÌÏÅ× ÔÁË, ÞÔÏ �ÒÏ�ÁÄÅÔ�ÅÌÁÑ ÓÔÕ�ÅÎØËÁ (ÓÁÍÁÑ ÎÉÚËÁÑ), É ÞÉÓÌÏ ÓÔÕ�ÅÎÅË ÕÍÅÎØÛÉÔÓÑ ÎÁ 1. ëÏÇÄÁ ÍÙ ÚÁ�ÏÌÎÉÍ �ÏÄ-ÎÏÓÙ ÓÏ ÓÌÅÄÕÀÝÉÍ ËÏÌÉÞÅÓÔ×ÏÍ �ÉÒÏÖÎÙÈ (�Ï ×ÅÌÉÞÉÎÅ), ÍÙ ÓÒÅÖÅÍ ÅÝÅ ÏÄÎÕ ÓÔÕ�ÅÎØËÕ,É ÔÁË ÄÁÌÅÅ.2. ïÔ×ÅÔ: x1 = 1; x2 = � � � = xn = 0.òÅÛÅÎÉÅ. ÷ÏÚ×ÅÄ£Í × Ë×ÁÄÒÁÔ ÒÁ×ÅÎÓÔ×Ïpx1+px2 + � � �+ xn = px2+px3 + � � �+ xn + x1,×ÙÞÔÅÍ ÉÚ ÏÂÅÉÈ ÞÁÓÔÅÊ ÓÕÍÍÕ x1 + � � �+ xn É ÓÎÏ×Á ×ÏÚ×ÅÄ£Í × Ë×ÁÄÒÁÔ. ðÏÌÕÞÉÍ x1(x2 +� � � + xn) = x2(x3 + � � �+ xn + x1), ÏÔËÕÄÁ (x1 � x2)(x3 + � � �+ xn) = 0. �ÁË ËÁË x1 � x2 = 1,�ÏÌÕÞÁÅÍ, ÞÔÏ x3 + � � � + xn = 0. ðÏÓËÏÌØËÕ ÉÚ ÞÉÓÅÌ x3; : : : ; xn ÉÚ×ÌÅËÁÅÔÓÑ Ë×ÁÄÒÁÔÎÙÊËÏÒÅÎØ, ÔÏ ÏÎÉ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ, É ÒÁÚ ÉÈ ÓÕÍÍÁ ÒÁ×ÎÁ 0, ÔÏ ËÁÖÄÏÅ ÉÚ ÎÉÈ ÒÁ×ÎÏ 0.ðÕÓÔØ x2 6= 0, Ô.Å. x2 � x3 6= 0. òÁÓÓÍÏÔÒÅ× ÓÕÍÍÙ Ó px2 É px3 É ÒÁÓÓÕÖÄÁÑ ËÁË ×ÙÛÅ,�ÏÌÕÞÁÅÍ x1 = 0. �ÏÇÄÁ x2 = �1, ÎÏ ÓÕÝÅÓÔ×ÕÅÔ px2 | �ÒÏÔÉ×ÏÒÅÞÉÅ. úÎÁÞÉÔ, x2 = 0,ÏÔËÕÄÁ x1 = 1, É ÔÏÇÄÁ ×ÓÅ ÕÓÌÏ×ÉÑ ×Ù�ÏÌÎÅÎÙ.3. ðÕÓÔØ ÔÏÞËÉ B1, B2, . . . , B30 | ÓÅÒÅÄÉÎÙ ÄÕÇ A1A2, A2A3, . . .A30A1 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ðÌÏÝÁÄØ ÛÅÓÔÉÄÅÓÑÔÉÕÇÏÌØÎÉËÁ A1B1A2B2 : : : A30B30 ÒÁ×ÎÁ ÓÕÍÍÅ �ÌÏÝÁÄÅÊ ÞÅÔÙÒ£ÈÕÇÏÌØ-ÎÉËÏ× OA1B1A2, OA2B2A3, . . . , OA30B30A1. îÏ Õ ÜÔÉÈ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÏ× ÄÉÁÇÏÎÁÌÉ �ÅÒ-�ÅÎÄÉËÕÌÑÒÎÙ, Á ÚÎÁÞÉÔ �ÌÏÝÁÄØ ËÁÖÄÏÇÏ ÒÁ×ÎÁ �ÏÌÏ×ÉÎÅ �ÒÏÉÚ×ÅÄÅÎÉÑ ÅÇÏ ÄÉÁÇÏÎÁÌÅÊ.úÁÍÅÔÉÍ, ÞÔÏ ÏÄÉÎ ÉÚ ÜÔÉÈ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÏ× ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ ÎÅ×Ù�ÕËÌÙÍ (ÅÓÌÉ �ÅÎÔÒÏËÒÕÖÎÏÓÔÉ ÌÅÖÉÔ ÓÎÁÒÕÖÉ ÉÓÈÏÄÎÏÇÏ ÔÒÉÄ�ÁÔÉÕÇÏÌØÎÉËÁ), ÎÏ ÅÇÏ �ÌÏÝÁÄØ ×ÓÅ ÒÁ×ÎÏ ×Ù-ÞÉÓÌÑÅÔÓÑ ÔÁË ÖÅ (�ÒÏ×ÅÒØÔÅ). éÓËÏÍÁÑ ÓÕÍÍÁ ÒÁ×ÎÁ ÔÏÇÄÁ 12OB1 �A1A2+ 12OB2 �A2A3+ � � �+12OB30 � A30A1. ðÏÓËÏÌØËÕ �Ï ÕÓÌÏ×ÉÀ OB1 = OB2 = � � � = OB30 = 2, ÜÔÁ ÓÕÍÍÁ ÞÉÓÌÅÎÎÏÒÁ×ÎÁ A1A2 + A2A3 + � � �+ A30A1, ÞÔÏ ÎÁÍ É ÎÕÖÎÏ.4. ïÔ×ÅÔ: íÏÖÅÔ.òÅÛÅÎÉÅ. ÷ÏÚØÍ£Í ÓÎÁÞÁÌÁ ÌÀÂÕÀ �ÒÏÇÒÅÓÓÉÀ ÉÚ �ÑÔÉ ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ,ÎÁ�ÒÉÍÅÒ, ÞÉÓÌÁ 1, 2, 3, 4, 5. éÈ �ÒÏÉÚ×ÅÄÅÎÉÅ ÒÁ×ÎÏ 120 É ÎÅ Ñ×ÌÑÅÔÓÑ 2008-Ê ÓÔÅ�ÅÎØÀÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ. äÏÍÎÏÖÉÍ ËÁÖÄÏÅ ÉÚ ÞÉÓÅÌ ÎÁ 120n, �ÏÌÕÞÉÍ ÞÉÓÌÁ 120n, 2�120n, 3�120n,4 �120n; 5 �120n. ðÏ-�ÒÅÖÎÅÍÕ, ÞÉÓÌÁ ÂÕÄÕÔ ÏÂÒÁÚÏ×Ù×ÁÔØ ÁÒÉÆÍÅÔÉÞÅÓËÕÀ �ÒÏÇÒÅÓÓÉÀ, Á ÉÈ�ÒÏÉÚ×ÅÄÅÎÉÅ ÂÕÄÅÔ ÒÁ×ÎÏ 1205n+1. ïÓÔÁÌÏÓØ �ÏÄÏÂÒÁÔØ n ÔÁË, ÞÔÏÂÙ 5n+1 ÄÅÌÉÌÏÓØ ÎÁ 2008.ðÏÓËÏÌØËÕ 5 É 2008 ×ÚÁÉÍÎÏ �ÒÏÓÔÙ, ÜÔÏ ×ÏÚÍÏÖÎÏ. éÝÅÍ y ÔÁËÏÅ, ÞÔÏÂÙ 5n + 1 = 2008y.çÏÄÉÔÓÑ, ÎÁ�ÒÉÍÅÒ, y = 2, n = 403. ðÒÏÉÚ×ÅÄÅÎÉÅ ÂÕÄÅÔ ÔÏÇÄÁ 2008-Ê ÓÔÅ�ÅÎØÀ ÞÉÓÌÁ 1202.5. íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÎÁÛÉ �ÒÑÍÏÕÇÏÌØÎÉËÉ ÎÁÒÉÓÏ×ÁÎÙ ÎÁ ÂÅÓËÏÎÅÞÎÏÊ ËÌÅÔÞÁÔÏÊ�ÌÏÓËÏÓÔÉ. òÁÚÏÂØÅÍ ÍÙÓÌÅÎÎÏ �ÌÏÓËÏÓÔØ ÎÁ Ë×ÁÄÒÁÔÙ ÒÁÚÍÅÒÏÍ 2 � 2 ËÌÅÔËÉ, É �ÒÏÎÕÍÅ-ÒÕÅÍ ËÌÅÔËÉ ËÁÖÄÏÇÏ Ë×ÁÄÒÁÔÉËÁ �ÉÆÒÁÍÉ 1, 2, 3, 4 �Ï ÞÁÓÏ×ÏÊ ÓÔÒÅÌËÅ, ÎÁÞÉÎÁÑ Ó ÌÅ×ÏÇÏ×ÅÒÈÎÅÇÏ ÕÇÌÁ Ë×ÁÄÒÁÔÉËÁ. �ÁË ËÁË ÏÂÅ ÓÔÏÒÏÎÙ ËÁÖÄÏÇÏ ÎÁÛÅÇÏ �ÒÑÍÏÕÇÏÌØÎÉËÁ ÎÅÞÅÔÎÙ,× ÕÇÌÁÈ ÌÀÂÏÇÏ �ÒÑÍÏÕÇÏÌØÎÉËÁ ÂÕÄÕÔ ÓÔÏÑÔØ ÏÄÉÎÁËÏ×ÙÅ �ÉÆÒÙ. úÁÎÕÍÅÒÕÅÍ ÔÏÇÄÁ �É-ÆÒÁÍÉ 1, 2, 3, 4 ÞÅÔÙÒÅ ÒÁÚÌÉÞÎÙÈ �×ÅÔÁ, É ËÁÖÄÙÊ �ÒÑÍÏÕÇÏÌØÎÉË ×ÙËÒÁÓÉÍ × �×ÅÔ, ÎÏÍÅÒËÏÔÏÒÏÇÏ ÓÔÏÉÔ × ÕÇÌÁÈ ÜÔÏÇÏ �ÒÑÍÏÕÇÏÌØÎÉËÁ. îÅÔÒÕÄÎÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ �ÉÆÒÙ × ÕÇÌÁÈ ÌÀ-ÂÙÈ Ä×ÕÈ �ÒÉÍÙËÁÀÝÉÈ ÄÒÕÇ Ë ÄÒÕÇÕ �ÒÑÍÏÕÇÏÌØÎÉËÏ× ÂÕÄÕÔ ÒÁÚÌÉÞÎÙ.2



òÅÛÅÎÉÑ ÚÁÄÁÞ ÏÓÅÎÎÅÇÏ ÔÕÒÁ 30-ÇÏ ÔÕÒÎÉÒÁ ÇÏÒÏÄÏ×.óÌÏÖÎÙÊ ×ÁÒÉÁÎÔ, ÍÌÁÄÛÉÅ ËÌÁÓÓÙ.1. äÏÓËÁ ÓÏÓÔÏÉÔ ÉÚ ÞÅÔÙÒÅÈ ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÏ× 50�50: ÌÅ×ÏÇÏ ×ÅÒÈÎÅÇÏ, ÌÅ×ÏÇÏ ÎÉÖÎÅÇÏ,�ÒÁ×ÏÇÏ ×ÅÒÈÎÅÇÏ É �ÒÁ×ÏÇÏ ÎÉÖÎÅÇÏ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ × ÏÄÎÏÍ ÉÚ ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÏ×,ÓËÁÖÅÍ, × ÌÅ×ÏÍ ×ÅÒÈÎÅÍ, ÎÅÔ ÆÅÒÚÅÊ. ðÕÓÔØ × �ÒÁ×ÏÍ ÎÉÖÎÅÍ Ë×ÁÄÒÁÔÅ ×ÓÅÇÏ x ÆÅÒÚÅÊ. ÷ÌÅ×ÏÍ ÎÉÖÎÅÍ Ë×ÁÄÒÁÔÅ ÔÏÇÄÁ ÎÁÈÏÄÉÔÓÑ ÎÅ ÂÏÌÅÅ 50 � x ÆÅÒÚÅÊ (ÔÁË ËÁË ÆÅÒÚÉ ÌÅ×ÏÇÏ É�ÒÁ×ÏÇÏ ÎÉÖÎÉÈ Ë×ÁÄÒÁÔÏ× ÎÁÈÏÄÑÔÓÑ × 50 ÓÔÒÏÞËÁÈ �ÒÑÍÏÕÇÏÌØÎÉËÁ 50�100). áÎÁÌÏÇÉÞÎÏ,× �ÒÁ×ÏÍ ×ÅÒÈÎÅÍ ÕÇÌÏ×ÏÍ Ë×ÁÄÒÁÔÅ ÎÁÈÏÄÉÔÓÑ ÎÅ ÂÏÌÅÅ 50 � x ÆÅÒÚÅÊ. ïÂÝÅÅ ËÏÌÉÞÅÓÔ×ÏÆÅÒÚÅÊ ÎÁ ÄÏÓËÅ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ ÔÏÇÄÁ x + 50� x + 50 � x = 100� x. îÏ ÆÅÒÚÅÊ ×ÓÅÇÏ 100,Á x ÎÅÏÔÒÉ�ÁÔÅÌØÎÏ | ÜÔÏ ×ÏÚÍÏÖÎÏ ÌÉÛØ �ÒÉ x = 0. úÎÁÞÉÔ, × �ÒÁ×ÏÍ ÎÉÖÎÅÍ Ë×ÁÄÒÁÔÅÆÅÒÚÅÊ ÔÏÖÅ ÎÅÔ, ÔÏ ÅÓÔØ ×ÓÅ ÆÅÒÚÉ ÎÁÈÏÄÑÔÓÑ × ÌÅ×ÏÍ ÎÉÖÎÅÍ É �ÒÁ×ÏÍ ×ÅÒÈÎÅÍ Ë×ÁÄÒÁÔÁÈ.òÁÓÓÍÏÔÒÉÍ Õ ÎÁÛÅÊ ÄÏÓËÉ ËÌÅÔÞÁÔÕÀ ÄÉÁÇÏÎÁÌØ, ÓÏÅÄÉÎÑÀÝÕÀ ÌÅ×ÕÀ ÎÉÖÎÀÀ É �ÒÁ-×ÕÀ ×ÅÒÈÎÀÀ ËÌÅÔËÉ, Á ÔÁË ÖÅ ×ÓÅ ÄÉÁÇÏÎÁÌÉ, �ÁÒÁÌÌÅÌØÎÙÅ ÜÔÏÊ É �ÅÒÅÓÅËÁÀÝÉÅ ÌÅ×ÙÊÎÉÖÎÉÊ É �ÒÁ×ÙÊ ×ÅÒÈÎÉÊ Ë×ÁÄÒÁÔÙ. éÈ ÂÕÄÅÔ ÒÏ×ÎÏ 99, É ×ÓÅ 100 ÆÅÒÚÅÊ ÎÁÈÏÄÑÔÓÑ ÎÁÜÔÉÈ ÄÉÁÇÏÎÁÌÑÈ. �ÏÇÄÁ ËÁËÉÅ-ÔÏ Ä×Á ÆÅÒÚÑ ÎÁÈÏÄÑÔÓÑ ÎÁ ÏÄÎÏÊ ÄÉÁÇÏÎÁÌÉ É ÚÎÁÞÉÔ ÂØÀÔÄÒÕÇ ÄÒÕÇÁ | �ÒÏÔÉ×ÏÒÅÞÉÅ.2. ïÔ×ÅÔ: ÍÏÖÎÏ.ðÕÓÔØ ÇÉÒÉ ×ÅÓÑÔ a, b, 
, d ÇÒÁÍÍ.ðÅÒ×ÏÅ ÒÅÛÅÎÉÅ.çÏÄÑÔÓÑ, ÎÁ�ÒÉÍÅÒ, ÔÁËÉÅ 4 ×Ú×ÅÛÉ×ÁÎÉÑ:1) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, b, ÎÁ ÄÒÕÇÏÊ | 
, d;2) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, 
, ÎÁ ÄÒÕÇÏÊ | b, d;3) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, d, ÎÁ ÄÒÕÇÏÊ | b, 
;4) ÏÄÎÁ ÞÁÛÁ �ÕÓÔÁÑ, ÎÁ ÄÒÕÇÏÊ | a, b, 
, d.ðÕÓÔØ b = a+ x, 
 = a+ y, d = a+ z. éÚ �ÅÒ×ÙÈ ÔÒÅÈ ×Ú×ÅÛÉ×ÁÎÉÊ (ÓÌÏÖÉ× ÒÅÚÕÌØÔÁÔÙ),ÍÙ ÚÎÁÅÍ ÒÁÚÎÏÓÔØ ÍÅÖÄÕ 3a+ (b+ 
+ d) É 2(b+ 
+ d), ÔÏ ÅÓÔØ x + y + z, ÌÉÂÏ ÔÏÞÎÏ, ÌÉÂÏÓ ÏÛÉÂËÏÊ × 1. éÚ �ÏÓÌÅÄÎÅÇÏ ×Ú×ÅÛÉ×ÁÎÉÑ ÍÙ ÚÎÁÅÍ a + b + 
 + d = 4a + (x + y + z) ÌÉÂÏÔÏÞÎÏ, ÌÉÂÏ Ó ÏÛÉÂËÏÊ × 1. ðÒÉÞÅÍ ÏÛÉÂËÁ ÎÁ 1 ÍÏÖÅÔ ÂÙÔØ ÔÏÌØËÏ ÒÏ×ÎÏ × ÏÄÎÏÍ ÉÚ ÜÔÉÈÓÌÕÞÁÅ×. úÎÁÞÉÔ ÍÙ ÚÎÁÅÍ ÒÁÚÎÏÓÔØ (x + y + z) É 4a + (x + y + z), ÔÏ ÅÓÔØ 4a, Ó ÔÏÞÎÏÓÔØÀÄÏ 1. �ÏÇÄÁ ÌÅÇËÏ ÎÁÊÄÅÍ a ÉÚ ÄÅÌÉÍÏÓÔÉ ÎÁ 4. áÎÁÌÏÇÉÞÎÏ ÎÁÊÄÅÍ b, 
, d.÷ÔÏÒÏÅ ÒÅÛÅÎÉÅ.çÏÄÑÔÓÑ, ÎÁ�ÒÉÍÅÒ, ÔÁËÉÅ 4 ×Ú×ÅÛÉ×ÁÎÉÑ:1) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, b, 
, ÎÁ ÄÒÕÇÏÊ | d;2) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, b, d, ÎÁ ÄÒÕÇÏÊ | 
;3) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ a, 
, d, ÎÁ ÄÒÕÇÏÊ | b;4) ÎÁ ÏÄÎÏÊ ÞÁÛÅ ÇÉÒÉ b, 
, d, ÎÁ ÄÒÕÇÏÊ | a;éÚ �ÏËÁÚÁÎÉÊ ×ÅÓÏ× ÍÙ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÅ ÞÉÓÌÁ (ÏÄÎÏ, ×ÏÚÍÏÖÎÏ, Ó ÏÛÉÂËÏÊ):x = a + b+ 
� d; y = a+ b� 
+ d; z = a� b+ 
+ d; t = �a + b + 
+ d:òÅÛÁÅÍ ÜÔÕ ÓÉÓÔÅÍÕ: ÎÁ�ÒÉÍÅÒ, ÞÔÏÂÙ ÎÁÊÔÉ a, ÓËÌÁÄÙ×ÁÅÍ ÔÒÉ �ÅÒ×ÙÈ ÕÒÁ×ÎÅÎÉÑ É×ÙÞÉÔÁÅÍ ÉÚ ÒÅÚÕÌØÔÁÔÁ ÞÅÔ×ÅÒÔÏÅ, �ÏÌÕÞÁÅÍ: 4a = (x+y+z�t), ÏÔËÕÄÁ a = (x+y+z�t)=4.áÎÁÌÏÇÉÞÎÏ ÎÁÈÏÄÉÍ b, 
 É d. ïÄÎÏ ÉÚ ÞÉÓÅÌ x, y, z, t ÍÙ ÚÎÁÅÍ, ×ÏÚÍÏÖÎÏ, Ó ÏÛÉÂËÏÊ × 1ÇÒÁÍÍ. ðÏÜÔÏÍÕ × ×ÙÒÁÖÅÎÉÑÈ ÄÌÑ ÞÉÓÅÌ a, b, 
, d ÞÉÓÌÉÔÅÌÉ ÍÏÇÕÔ ÎÅ ÄÅÌÉÔØÓÑ ÎÁ 4. îÏÌÅÇËÏ ÏÄÎÏÚÎÁÞÎÏ ×ÏÓÓÔÁÎÏ×ÉÔØ ÉÈ ÉÓÔÉÎÎÙÅ ÚÎÁÞÅÎÉÑ (ÄÏÂÁ×ÌÑÑ ÉÌÉ ×ÙÞÉÔÁÑ 1 ÔÁË, ÞÔÏÂÙÞÉÓÌÉÔÅÌØ ÄÅÌÉÌÓÑ ÎÁ 4). ïÔËÕÄÁ ÎÁÈÏÄÉÍ ÍÁÓÓÙ ËÁÍÎÅÊ.3. ïÔ×ÅÔ: 1/2.îÅÍÎÏÇÏ �ÅÒÅÆÏÒÍÕÌÉÒÕÅÍ ÚÁÄÁÞÕ. ðÒÏÄÌÉÍ ÍÅÄÉÁÎÕ AD ÎÁ ÅÅ ÄÌÉÎÕ ÚÁ ÔÏÞËÕ D, �ÏÌÕ-ÞÉÍ ÔÏÞËÕ D0. �ÏÇÄÁ CABD0 | �ÁÒÁÌÌÅÌÏÇÒÁÍÍ (ÔÁË ËÁË ÄÉÁÇÏÎÁÌÉ ÜÔÏÇÏ ÞÅÔÙÒÅÈÕÇÏÌØ-ÎÉËÁ ÄÅÌÑÔÓÑ �Ï�ÏÌÁÍ ÉÈ ÔÏÞËÏÊ �ÅÒÅÓÅÞÅÎÉÑ), ÏÔËÕÄÁ ÕÇÏÌ DAB ÒÁ×ÅÎ ÕÇÌÕ DD0C. ðÏ-ÓËÏÌØËÕ ÕÇÌÙ CAB É ACD0 �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁ × ÓÕÍÍÅ ÄÁÀÔ 180Æ, ÕÓÌÏ×ÉÅ ÔÏÇÏ, ÞÔÏ ÕÇÏÌCAB ÔÕ�ÏÊ, ÏÚÎÁÞÁÅÔ, ÞÔÏ ÕÇÏÌ ACD0 ÏÓÔÒÙÊ. ÷ ÉÔÏÇÅ ÉÍÅÅÍ: éÌØÑ, ÚÎÁÑ ÔÏÌØËÏ ÄÌÉÎÕ



ÓÔÏÒÏÎÙ AD0 (ÏÎÁ ÒÁ×ÎÁ ÕÄ×ÏÅÎÎÏÊ ÄÌÉÎÅ AD), ÓÍÏÇ ÄÏËÁÚÁÔØ, ÞÔÏ × ÔÒÅÕÇÏÌØÎÉËÅ CAD0ÕÇÌÙ �ÒÉ ÓÔÏÒÏÎÅ CD0 ÏÓÔÒÙÅ. ðÒÉ ËÁËÏÍ ÓÏÔÎÏÛÅÎÉÉ ÓÔÏÒÏÎ AC É AD0 ÜÔÏ ×ÏÚÍÏÖÎÏ?ñÓÎÏ, ÞÔÏ ÅÓÌÉ ÔÒÅÕÇÏÌØÎÉË CAD0 ÒÁ×ÎÏÂÅÄÒÅÎÎÙÊ (AC = AD0 = 2AD), ÔÏ ÕÇÌÙ �ÒÉÏÓÎÏ×ÁÎÉÉ ÏÓÔÒÙÅ (×ÅÄØ ÏÎÉ ÒÁ×ÎÙ É ÉÈ ÓÕÍÍÁ ÍÅÎØÛÅ 180Æ). úÎÁÞÉÔ, ÏÔ×ÅÔ AD=AC = 1=2�ÏÄÈÏÄÉÔ (É ÍÙ ÄÏËÁÚÁÌÉ ÄÌÑ ÜÔÏÇÏ ÓÌÕÞÁÑ ÕÔ×ÅÒÖÄÅÎÉÅ éÌØÉ).åÓÌÉ ÔÒÅÕÇÏÌØÎÉË CAD0 ÎÅÒÁ×ÎÏÂÅÄÒÅÎÎÙÊ (AC 6= AD0), ÔÏ ÎÁ�ÒÉÍÅÒ ×ÏÚØÍÅÍ ÂÏÌØÛÕÀÉÚ ÓÔÏÒÏÎ AC É AD0 ÚÁ ÇÉ�ÏÔÅÎÕÚÕ, Á ÍÅÎØÛÕÀ | ÚÁ ËÁÔÅÔ, É �ÏÓÔÒÏÉÍ ÔÒÅÕÇÏÌØÎÉË CAD0,× ËÏÔÏÒÏÍ ÏÄÉÎ ÉÚ ÕÇÌÏ× ACD0 ÉÌÉ AD0C ÂÕÄÅÔ �ÒÑÍÙÍ. äÏÓÔÒÏÉÍ ÔÅ�ÅÒØ �ÁÒÁÌÌÅÌÏÇÒÁÍÍCABD0 É �ÏÌÕÞÉÍ ÔÒÅÕÇÏÌØÎÉË CAB, ËÏÔÏÒÙÊ ×�ÏÌÎÅ ÍÏÇ ÏËÁÚÁÔØÓÑ Õ óÅÒÅÖÉ, É × ÜÔÏÍÔÒÅÕÇÏÌØÎÉËÅ ÏÄÉÎ ÉÚ ÕÇÌÏ× DAB ÉÌÉ CAB ÂÕÄÅÔ �ÒÑÍÙÍ. úÎÁÞÉÔ éÌØÑ ÎÅ ÓÍÏÇ ÂÙ ÄÏËÁÚÁÔØÓ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÌÑ AD=AC 6= 1=2.4. ïÔ×ÅÔ: ÍÏÇÕÔ.ðÒÉÍÅÒ ÉÚÏÂÒÁÖÅÎ ÎÁ ÒÉÓÕÎËÅ:

5. ðÅÒ×ÏÅ ÒÅÛÅÎÉÅ. òÁÓËÒÏÅÍ × �ÒÏÉÚ×ÅÄÅÎÉÉ (1+a1)(1+a2) : : : (1+an) ÓËÏÂËÉ. ðÏÌÕÞÉÍÓÕÍÍÕ 1+(a1+� � �+an)+(a1a2+� � �+an�1an)+(a1a2a3+: : : an�2an�1an)+� � �+a1a2 : : : an: ÷ �ÅÒ×ÏÊÓËÏÂËÅ ÓÔÏÉÔ �ÒÏÓÔÏ ÓÕÍÍÁ ÞÉÓÅÌ a1, . . . , an, ÓÌÁÇÁÅÍÙÅ ×Ï ×ÔÏÒÏÊ ÓËÏÂËÅ �ÏÌÕÞÁÀÔÓÑ ÔÁË |×ÙÂÉÒÁÅÍ �ÁÒÕ ÞÉÓÅÌ ÉÚ a1, . . . , an É ÚÁ�ÉÓÙ×ÁÅÍ ÉÈ �ÒÏÉÚ×ÅÄÅÎÉÅ, ÓÌÁÇÁÅÍÙÅ × ÔÒÅÔØÅÊ ÓËÏÂËÅ�ÏÌÕÞÁÀÔÓÑ ÔÁË | ×ÙÂÉÒÁÅÍ ÔÒÏÊËÕ ÞÉÓÅÌ ÉÚ a1, . . . , an É ÚÁ�ÉÓÙ×ÁÅÍ ÉÈ �ÒÏÉÚ×ÅÄÅÎÉÅ, É ÔÁËÄÁÌÅÅ. ñÓÎÏ, ÞÔÏ ÓÕÍÍÁ ÞÉÓÅÌ ×Ï ×ÔÏÒÏÊ ÓËÏÂËÅ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ (a1 + � � �+ an)2, ÓÕÍÍÁ ÞÉÓÅÌ× ÔÒÅÔØÅÊ ÓËÏÂËÅ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ (a1+ � � �+ an)3, É ÔÁË ÄÁÌÅÅ. úÎÁÞÉÔ, ÎÁÛÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÎÅ�ÒÅ×ÏÓÈÏÄÉÔ 1 + 12 + 14 + 18 + � � �+ 12n = 2� 12n < 2.÷ÔÏÒÏÅ ÒÅÛÅÎÉÅ. äÏËÁÖÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ ÄÌÑ ×ÓÅÈ k ÏÔ 1 ÄÏ n ×ÅÒÎÏ ÕÔ×ÅÒÖÄÅÎÉÅ:(1 + a1)(1 + a2) : : : (1 + ak) < 1 + 2(a1 + � � �+ ak) .äÌÑ k = 1 ÕÔ×ÅÒÖÄÅÎÉÅ ÏÞÅ×ÉÄÎÏ (1 + a1 < 1 + 2a1, ÔÁË ËÁË a1 �ÏÌÏÖÉÔÅÌØÎÏ).óÄÅÌÁÅÍ ÛÁÇ ÉÎÄÕË�ÉÉ.ðÕÓÔØ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ k, ÇÄÅ k < n, ×ÅÒÎÏ (1+ a1)(1+ a2) : : : (1 + ak) < 1+ 2(a1 + � � �+ ak).äÏÍÎÏÖÉÍ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÎÁ (1 + ak+1). ðÏÌÕÞÉÍ:(1 + a1)(1 + a2) : : : (1 + ak+1) < (1 + 2(a1 + � � �+ ak))(1 + ak+1) 66 1 + 2(a1 + � � �+ ak) + ak+1(1 + 2 � 12) = 1 + 2(a1 + � � �+ ak+1):õÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ.÷ÚÑ× k = n, �ÏÌÕÞÉÍ, ÞÔÏ (1 + a1)(1 + a2) : : : (1 + an) < 1 + 2(a1 + � � �+ an) < 1 + 2 � 12 = 2,ÞÔÏ É ÔÒÅÂÏ×ÁÌÏÓØ ÄÏËÁÚÁÔØ.úÁÍÅÞÁÎÉÅ ÄÌÑ ÚÎÁÔÏËÏ×. îÁ ÓÁÍÏÍ ÄÅÌÅ ×Ù�ÏÌÎÅÎÏ ÂÏÌÅÅ ÔÏÞÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï. íÏÖÎÏÄÏËÁÚÁÔØ, ÞÔÏ �ÒÉ �ÏÓÔÏÑÎÎÏÊ ÓÕÍÍÅ a1 + � � � + an ×ÙÒÁÖÅÎÉÅ (1 + a1)(1 + a2) : : : (1 + an)�ÒÉÎÉÍÁÅÔ ÎÁÉÂÏÌØÛÅÅ ÚÎÁÞÅÎÉÅ, ËÏÇÄÁ ÞÉÓÌÁ a1, . . . , an ÒÁ×ÎÙ. úÎÁÞÉÔ(1 + a1)(1 + a2) : : : (1 + an) 6 �1 + 12n�n =s�1 + 12n�2n:



ëÁË ÉÚ×ÅÓÔÎÏ ÉÚ ËÕÒÓÁ ÍÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÁÎÁÌÉÚÁ, ×ÙÒÁÖÅÎÉÅ �ÏÄ ËÏÒÎÅÍ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔÞÉÓÌÁ üÊÌÅÒÁ e = 2; 71828::, ÏÔËÕÄÁ (1 + a1)(1 + a2) : : : (1 + an) < pe = 1; 64::.ëÓÔÁÔÉ, ÎÅÒÁ×ÅÎÓÔ×Ï �1 + 12n�n � 2 ÒÁ×ÎÏÓÉÌØÎÏ ÎÅÒÁ×ÅÎÓÔ×Õ �1� 12n+1�n � 12 , ËÏÔÏÒÏÅÓÒÁÚÕ ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á âÅÒÎÕÌÌÉ.6. ïÂÏÚÎÁÞÉÍ ÔÏÞËÕ �ÅÒÅÓÅÞÅÎÉÑ CC1 Ó A0B0 ÚÁ C 0, ÓÅÒÅÄÉÎÕ AC | MB, Á ÓÅÒÅÄÉÎÕBC| MA. úÁÍÅÔÉÍ, ÞÔÏ CB0MBC 0 | ×�ÉÓÁÎÎÙÊ, ÔÁË ËÁË \CC 0B0 = \CMBB0. áÎÁÌÏÇÉÞÎÏ×�ÉÓÁÎÎÙÊ CA0MAC 0. ðÏÜÔÏÍÕ ÕÇÌÙ \CC 0MB, \CC 0MA ÒÁ×ÎÙ �Ï 90Æ + '. ðÒÏ×ÅÄÅÍ ÞÅÒÅÚ×ÅÒÛÉÎÙ A É B �ÒÑÍÙÅ �ÁÒÁÌÌÅÌØÎÙÅMBC 0,MAC 0 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ðÕÓÔØ ÏÎÉ �ÅÒÅÓÅËÌÉÓØ ×ÔÏÞËÅ C 00. éÚ �ÏÄÏÂÉÑ �ÏÌÕÞÉÍ, ÞÔÏ ÔÏÞËÁ C 00 ÌÅÖÉÔ ÎÁ �ÒÑÍÏÊ CC 0. ðÒÉ ÜÔÏÍ CC 0 Ñ×ÌÑÅÔÓÑÂÉÓÓËÔÒÉÓÏÊ × ÔÒÅÕÇÏÌØÎÉËÅ AC 00B. ðÏ ÉÚ×ÅÓÔÎÏÍÕ Ó×ÏÊÓÔ×Õ, ÞÔÏ ÂÉÓÓÅËÔÒÉÓÁ �ÒÏÈÏÄÉÔÞÅÒÅÚ ÓÅÒÅÄÉÎÕ ÄÕÇÉ Ï�ÉÓÁÎÎÏÊ ÏËÒÕÖÎÏÓÔÉ, �ÏÌÕÞÁÅÍ, ÞÔÏ \AC1B = 180Æ�2(90Æ�') = 2'.7.Á) ðÕÓÔØ bn ÒÁ×ÎÏ 1, ÅÓÌÉ ÎÁÉÂÏÌØÛÉÊ ÎÅÞÅÔÎÙÊ ÄÅÌÉÔÅÌØ ÞÉÓÌÁ n ÉÍÅÅÔ ÏÓÔÁÔÏË 1 �ÒÉÄÅÌÅÎÉÉ ÎÁ 4, É �1 × �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ. �ÏÇÄÁ an = b1 + b2 + � � �+ bn.òÁÚÏÂØÅÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÞÉÓÅÌ bn ÎÁ ÓÔÒÏÞËÉ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ ÄÌÉÎÁ �ÅÒ×ÏÊÓÔÒÏÞËÉ ÒÁ×ÎÑÌÁÓØ 1, ÄÌÉÎÁ ×ÔÏÒÏÊ { 2, . . . , ÄÌÉÎÁ k-ÏÊ { 2k�1:b1;b2; b3;b4; b5; b6; b7;: : : ;b2k�1 ; : : : ; b2k�1;: : : ðÅÒ×ÙÅ �ÑÔØ ÓÔÒÏË ×ÙÇÌÑÄÑÔ ÔÁË:1;1;�1;1; 1;�1;�1;1; 1; 1;�1;�1; 1;�1;�1;1; 1; 1;�1; 1; 1;�1;�1;�1; 1; 1;�1;�1; 1;�1;�1;úÁÍÅÔÉÍ, ÞÔÏ ËÁÖÄÁÑ ÓÔÒÏËÁ, ÎÁÞÉÎÁÑ Ó ÔÒÅÔØÅÊ, �ÏÌÕÞÁÅÔÓÑ \×ÔÁÓÏ×Ù×ÁÎÉÅÍ" × �ÒÅÄÙ-ÄÕÝÕÀ ÓÔÒÏËÕ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ 1;�1; 1;�1; : : : ÔÁËÏÊ ÖÅ ÄÌÉÎÙ. (äÌÑ ÎÁÇÌÑÄÎÏÓÔÉ, ÞÉÓÌÁ,×ÚÑÔÙÅ ÉÚ �ÒÅÄÙÄÕÝÅÊ ÓÔÒÏËÉ, ×ÙÄÅÌÅÎÙ ÖÉÒÎÙÍ ÛÒÉÆÔÏÍ.) äÅÊÓÔ×ÉÔÅÌØÎÏ, b2m = bm ÄÌÑÌÀÂÏÇÏ m; �ÒÉ ÜÔÏÍ (k + 1)-ÁÑ ÓÔÒÏËÁ ÉÍÅÅÔ ×ÉÄ:b2k ; b2k+1; b2k+2; b2k+3; b2k+4; b2k+5; : : :ÞÔÏ Ó×ÏÄÉÔÓÑ Ëb2k�1 ; 1; b2k�1+1;�1; b2k�1+2; 1; : : :íÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÔÅÍ, ÞÔÏ 2k ÄÅÌÉÔÓÑ ÎÁ 4 �ÒÉ k > 1.äÏËÁÖÅÍ, ÞÔÏ ÓÕÍÍÁ ×ÓÅÈ ÞÉÓÅÌ × k-Ê ÓÔÒÏËÅ ÒÁ×ÎÁ ÎÕÌÀ �ÒÉ k > 1. ÷ÏÓ�ÏÌØÚÕÅÍÓÑÉÎÄÕË�ÉÅÊ �Ï k. âÁÚÁ ÉÎÄÕË�ÉÉ b2 + b3 = 0 ÏÞÅ×ÉÄÎÁ.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÕÍÍÁ ×ÓÅÈ ÞÉÓÅÌ × k-Ê ÓÔÒÏËÅ ÒÁ×ÎÁ ÎÕÌÀ. ðÏÓËÏÌØËÕ ÜÌÅÍÅÎÔÙ(k + 1)-Ê ÓÔÒÏËÉ | ÜÔÏ ÜÌÅÍÅÎÔÙ k-Ê ÓÔÒÏËÉ �ÌÀÓ ÅÝÅ ÞÅÔÎÏÅ ËÏÌÉÞÅÓÔ×Ï ÞÅÒÅÄÕÀÝÉÈÓÑ1 É �1, ÔÏ É ÓÕÍÍÁ ×ÓÅÈ ÞÉÓÅÌ × (k + 1)-Ê ÓÔÒÏËÅ ÒÁ×ÎÁ ÎÕÌÀ.ïÔÓÀÄÁ ÌÅÇËÏ ÓÌÅÄÕÅÔ (×ÎÏ×Ø �Ï ÉÎÄÕË�ÉÉ), ÞÔÏ a2k�1 = 1 ÄÌÑ ÌÀÂÏÇÏ k > 0, ÔÏ ÅÓÔØ ÞÉÓÌÏ1 ×ÓÔÒÅÞÁÅÔÓÑ × �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (an) ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÒÁÚ.Â) äÏËÁÖÅÍ ÔÅ�ÅÒØ, ÞÔÏ �ÒÉ k > 1 Õ k-Ê ÓÔÒÏËÉ ÅÓÔØ ÎÁÞÁÌØÎÙÊ ÕÞÁÓÔÏË, ÓÕÍÍÁ ÞÉÓÅÌ ×ËÏÔÏÒÏÍ ÒÁ×ÎÁ k � 1. ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÉÎÄÕË�ÉÅÊ. âÁÚÁ ×ÎÏ×Ø ÏÞÅ×ÉÄÎÁ.ðÕÓÔØ ÄÌÉÎÁ ÎÁÞÁÌØÎÏÇÏ ÕÞÁÓÔËÁ Ó ÓÕÍÍÏÊ k � 1 × k-Ê ÓÔÒÏËÅ ÒÁ×ÎÁ mk. ðÒÉ ÞÅÔÎÏÍ mk�ÏÌÏÖÉÍ mk+1 = 2mk � 1, Á �ÒÉ ÎÅÞÅÔÎÏÍ mk �ÏÌÏÖÉÍ mk+1 = 2mk. òÁÓÓÍÏÔÒÉÍ �ÅÒ×ÙÅmk+1 ÞÉÓÅÌ × (k+1)-Ê ÓÔÒÏËÅ ìÅÇËÏ �ÏÎÑÔØ, ÞÔÏ × ÌÀÂÏÍ ÓÌÕÞÁÅ ÎÁÞÁÌØÎÙÊ ÕÞÁÓÔÏË (k+1)-ÊÓÔÒÏËÉ ÄÌÉÎÙ mk+1 �ÏÌÕÞÁÅÔÓÑ ×ÓÔÁ×ÌÅÎÉÅÍ ÍÅÖÄÕ ÞÉÓÌÁÍÉ ÎÁÞÁÌØÎÏÇÏ ÕÞÁÓÔËÁ k-Ê ÓÔÒÏËÉÎÅÞÅÔÎÏÇÏ ËÏÌÉÞÅÓÔ×Á ÞÅÒÅÄÕÀÝÉÈÓÑ 1 É �1. ðÏÜÔÏÍÕ ÓÕÍÍÁ Õ×ÅÌÉÞÉ×ÁÅÔÓÑ ÎÁ 1, ÞÔÏ ÉÔÒÅÂÏ×ÁÌÏÓØ.



ðÏ ÄÏËÁÚÁÎÎÏÍÕ × �ÕÎËÔÅ Á), a2k�1�1 = 1, ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ËÏÎ�Õ (k � 1)-Ê ÓÔÒÏËÉ.ðÏÜÔÏÍÕ a2k�1�1+mk = k. �ÁË ËÁË �ÒÉ Õ×ÅÌÉÞÅÎÉÉ n ÎÁ ÅÄÉÎÉ�Õ an ÉÚÍÅÎÑÅÔÓÑ (× ÔÕ ÉÌÉÄÒÕÇÕÀ ÓÔÏÒÏÎÕ) ÎÁ ÅÄÉÎÉ�Õ, ÍÙ ×ÉÄÉÍ, ÞÔÏ an ÏÂÑÚÁÔÅÌØÎÏ �ÒÉÎÉÍÁÅÔ ×ÓÅ ÚÎÁÞÅÎÉÑ ÏÔ 1 ÄÏk �ÒÉ n �ÒÏÂÅÇÁÀÝÅÍ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ ÏÔ 2k�1� 1 ÄÏ 2k�1� 1 +mk. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏËÁÖÄÏÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ ×ÓÔÒÅÞÁÅÔÓÑ × �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (an) ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÒÁÚ.ëÒÉÔÅÒÉÉ �ÒÏ×ÅÒËÉëÁË ×ÓÅÇÄÁ, �+� ÓÔÁ×ÉÔÓÑ ÚÁ ÌÀÂÏÅ �ÒÁ×ÉÌØÎÏÅ ÒÅÛÅÎÉÅ, ��� ÚÁ ÒÅÛÅÎÉÅ Ó ÓÕÝÅÓÔ×ÅÎ-ÎÙÍ, ÎÏ ÌÅÇËÏ ×ÏÓ�ÏÌÎÉÍÙÍ �ÒÏÂÅÌÏÍ, ��� | ÚÁ ÎÅ×ÅÒÎÏÅ ÒÅÛÅÎÉÅ, ÏÄÎÁËÏ Ó ÓÕÝÅÓÔ×ÅÎÎÙÍ�ÒÏÄ×ÉÖÅÎÉÅÍ, ��� ÚÁ ÎÅ×ÅÒÎÏÅ ÒÅÛÅÎÉÅ. �0� ÓÔÁ×ÉÔÓÑ, ÅÓÌÉ ÚÁÄÁÞÁ ÎÅ ÚÁ�ÉÓÁÎÁ. ï�ÅÎËÉ�+.� ���. (×ÁÒÉÁÎÔÙ �+� É ���) ÓÔÁ×ÑÔÓÑ × ÓÌÕÞÁÅ ÍÅÎÅÅ ÓÕÝÅÓÔ×ÅÎÎÙÈ ÎÅÄÏÓÔÁÔËÏ× (�ÒÏ-Ä×ÉÖÅÎÉÊ), ÞÅÍ ��� É ���. ï�ÅÎËÁ �+/2� ÓÔÁ×ÉÔÓÑ × ÏÔÄÅÌØÎÙÈ ÓÌÕÞÁÑÈ, ËÏÇÄÁ × ÔÅËÓÔÅ�ÒÉÓÕÔÓÔ×ÕÅÔ �ÒÁ×ÉÌØÎÁÑ ÉÄÅÑ, ÎÅÄÏÓÔÁÔÏÞÎÏ ÒÁÚ×ÉÔÁÑ, ÞÔÏÂÙ ÓÞÉÔÁÔØ ÚÁÄÁÞÕ ÒÅÛÅÎÎÏÊ.üÔÁ Ï�ÅÎËÁ ÓÔÁ×ÉÔÓÑ É × ÔÏÍ ÓÌÕÞÁÅ, ÅÓÌÉ ÚÁÄÁÞÁ ÅÓÔÅÓÔ×ÅÎÎÏ ÒÁÓ�ÁÄÁÅÔÓÑ ÎÁ Ä×Å �ÏÌÏ×ÉÎÙ,ÉÚ ËÏÔÏÒÙÈ ÏÄÎÁ ÒÅÛÅÎÁ. åÓÌÉ ÖÀÒÉ ÈÏÞÅÔ ÏÂÒÁÔÉÔØ ×ÎÉÍÁÎÉÅ ÎÁ ÎÅÏÂÙÞÎÏÅ ÄÏÓÔÉÖÅÎÉÅÕÞÁÝÅÇÏÓÑ (ËÒÁÔËÏÓÔØ, ËÒÁÓÏÔÁ, ÕÓÉÌÅÎÉÅ ÒÅÚÕÌØÔÁÔÁ É Ô.�.), | ÜÔÏ ÏÔÍÅÞÁÅÔÓÑ ÚÎÁËÏÍ �+!�.ðÒÉ ÍÁÓÓÏ×ÏÊ �ÒÏ×ÅÒËÅ ÒÁÂÏÔ ×ÏÚÎÉËÁÀÔ ÔÉ�ÉÞÎÙÅ ÓÌÕÞÁÉ, × ËÏÔÏÒÙÈ ÔÒÅÂÕÀÔÓÑ ÕÔÏÞ-ÎÅÎÉÑ, ÓÞÉÔÁÔØ ÌÉ ÎÅÄÏÓÔÁÔÏË (�ÒÏÄ×ÉÖÅÎÉÅ) ÓÕÝÅÓÔ×ÅÎÎÙÍ. üÔÉ ÓÌÕÞÁÉ Ï�ÉÓÁÎÙ ÎÉÖÅ.âÁÚÏ×ÙÊ ×ÁÒÉÁÎÔ, ÍÌÁÄÛÉÅ ËÌÁÓÓÙ.úÁÄÁÞÁ 1.� ëÏÒÏÂËÉ ÒÁÓ�ÏÌÁÇÁÀÔÓÑ �Ï ×ÏÚÒÁÓÔÁÎÉÀ ÞÉÓÌÁ ËÁÒÁÎÄÁÛÅÊ × ÎÉÈ É ËÁÒÁÎÄÁÛÉ ×ÙÂÉÒÁ-ÀÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ. îÏ ÎÅÔ ËÌÀÞÅ×ÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ, ÞÔÏ × ÏÞÅÒÅÄÎÏÊ ËÏÒÏÂËÅ ËÁÒÁÎÄÁÛÅÊÂÏÌØÛÅ, ÞÅÍ ×ÙÂÒÁÎÏ ÉÚ �ÒÅÄÙÄÕÝÉÈ ËÏÒÏÂÏË. îÁ�ÒÉÍÅÒ, ÎÁ�ÉÓÁÎÏ ÔÏÌØËÏ, ÞÔÏ × ÏÞÅÒÅÄÎÏÊËÏÒÏÂËÅ ÅÓÔØ ËÁÒÁÎÄÁÛÉ ÄÒÕÇÏÇÏ �×ÅÔÁ, ÞÅÍ × �ÒÅÄÙÄÕÝÅÊ ËÏÒÏÂËÅ.úÁÄÁÞÁ 2.� úÁ ÏÛÉÂËÕ × ×ÙÞÉÓÌÅÎÉÑÈ, �ÒÉ×ÅÄÛÕÀ Ë ÎÅ×ÅÒÎÏÍÕ ÏÔ×ÅÔÕ, ÅÓÌÉ �ÏÓÌÅ Å£ ÉÓ�ÒÁ×ÌÅÎÉÑ�ÏÌÕÞÁÅÔÓÑ ×ÅÒÎÏÅ ÒÅÛÅÎÉÅ.� É ×ÙÛÅ ÅÓÔØ ÉÄÅÑ ÒÁÚÂÉÔØ ÎÁ �ÁÒÙ ÞÉÓÅÌ Ó ÒÁÚÎÏÓÔØÀ 50, ÉÚ ËÁÖÄÏÊ �ÁÒÙ ×ÚÑÔÏ ÒÏ×ÎÏÏÄÎÏ ÞÉÓÌÏ�: �ÏÌØËÏ ×ÅÒÎÙÊ ÏÔ×ÅÔ 2525 ÉÌÉ ÏÔ×ÅÔ É ÞÁÓÔÎÙÅ ÓÌÕÞÁÉ ×ÙÂÏÒÁ ÞÉÓÅÌúÁÄÁÞÁ 3.� úÁ ÒÁÚÂÏÒ ÔÏÌØËÏ ÓÌÕÞÁÑ ÒÁ×ÎÏÓÔÏÒÏÎÎÅÇÏ ÔÒÅÕÇÏÌØÎÉËÁúÁÄÁÞÁ 5.� ÷ÓÅ ×ÓÔÒÅÞÉ ÔÏÌØËÏ × ÔÏÞËÅ ÓÔÁÒÔÁ� åÓÔØ ÉÄÅÑ, ÞÔÏ ×ÓÔÒÅÞÁ �Ï×ÔÏÒÉÔÓÑ ÞÅÒÅÚ ÔÏÔ ÖÅ �ÒÏÍÅÖÕÔÏË ×ÒÅÍÅÎÉóÌÏÖÎÙÊ ×ÁÒÉÁÎÔ, ÍÌÁÄÛÉÅ ËÌÁÓÓÙ.úÁÄÁÞÁ 1.� úÁÄÁÞÁ ÒÅÛÅÎÁ, ÎÏ ÎÅ ÄÏËÁÚÁÎÏ ÕÔ×ÅÒÖÄÅÎÉÅ, ÞÔÏ ÅÓÌÉ × ÏÄÎÏÍ ÉÚ ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÏ×ÆÅÒÚÅÊ ÎÅÔ, ÔÏ × Ä×ÕÈ ÓÏÓÅÄÎÉÈ Ó ÎÉÍ (�Ï ÓÔÏÒÏÎÅ) ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÁÈ ÂÕÄÅÔ �Ï 50 ÆÅÒÚÅÊ� äÏËÁÚÁÎÏ ÔÏÌØËÏ, ÞÔÏ ÅÓÌÉ × ÏÄÎÏÍ ÉÚ ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÏ× ÆÅÒÚÅÊ ÎÅÔ, ÔÏ × Ä×ÕÈ ÓÏÓÅÄ-ÎÉÈ Ó ÎÉÍ (�Ï ÓÔÏÒÏÎÅ) ÕÇÌÏ×ÙÈ Ë×ÁÄÒÁÔÁÈ ÂÕÄÅÔ �Ï 50 ÆÅÒÚÅÊúÁÄÁÞÁ 2.� �ÏÌØËÏ ×ÅÒÎÙÊ �ÒÉÍÅÒ ×Ú×ÅÛÉ×ÁÎÉÊ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×ÁúÁÄÁÞÁ 3.� óËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ ÏÔÎÏÛÅÎÉÅ ÂÏÌØÛÅ 1=2, ÔÏ ÏÄÉÎ ÕÇÏÌ ÍÏÖÅÔ ÂÙÔØ ÏÓÔÒÙÍ, ÅÓÌÉÍÅÎØÛÅ 1/2, ÔÏ ÄÒÕÇÏÊ ÔÕ�ÙÍ, ÅÓÌÉ 1/2, ÔÏ ×Ó£ �ÏÌÕÞÁÅÔÓÑ. ÷Ï ×ÓÅÈ ÔÒ£È ÓÌÕÞÁÑÈ ÅÓÔØ�Ï�ÙÔËÉ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÛÅ×ÅÌÅÎÉÅÍ ÔÒÅÔÅÊ ×ÅÒÛÉÎÙ ÔÒÅÕÇÏÌØÎÉËÁ, ÎÏ ÏÎÉ ÎÅÓÔÒÏÇÉÅ.



+=2 �ÏÌØËÏ ÎÁÊÄÅÎÏ ×ÅÒÎÏÅ ÏÔÎÏÛÅÎÉÅ (Ó ÄÏËÁÚÁÔÅÌØÓÔ×ÏÍ), ÉÌÉ ÔÏÌØËÏ ÄÏËÁÚÁÎÏ �ÒÉÔÁËÏÍ ÏÔÎÏÛÅÎÉÉ ÕÔ×ÅÒÖÄÅÎÉÅ éÌØÉ� äÏËÁÚÁÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï × ÏÄÎÕ ÓÔÏÒÏÎÕ (ÎÁ�ÒÉÍÅÒ, ÞÔÏ AD=AC ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ 1=2)� äÏËÁÚÁÎÁ �ÏÌÏ×ÉÎÁ ÕÔ×ÅÒÖÄÅÎÉÑ éÌØÉ (ÎÁ�ÒÉÍÅÒ, ÞÔÏ \BAC ÏÓÔÒÙÊ) �ÒÉ ÏÔÎÏÛÅÎÉÉ1=2.�: �ÏÌØËÏ ÏÔ×ÅÔúÁÄÁÞÁ 4.�: äÏËÁÚÁÎÏ, ÞÔÏ ÄÏÒÏÇÉ ÏÄÎÏÇÏ �×ÅÔÁ ÏÂÒÁÚÕÀÔ ÎÅÓÁÍÏ�ÅÒÅÓÅËÁÀÝÉÊÓÑ �ÉËÌ�: äÏËÁÚÁÎÏ, ÞÔÏ ËÁÖÄÁÑ ÄÏÒÏÇÁ ÄÏÌÖÎÁ �ÅÒÅÓÅËÁÔØ ÄÏÒÏÇÕ ÄÒÕÇÏÇÏ �×ÅÔÁúÁÄÁÞÁ 5.ï�ÅÎËÁ ÎÅ ÓÎÉÖÁÅÔÓÑ, ÅÓÌÉ ÎÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÞÔÏ ÓÕÍÍÁ ËÏÎÅÞÎÏÊ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ�ÒÏÇÒÅÓÓÉÉ ÓÏ ÚÎÁÍÅÎÁÔÅÌÅÍ 1=2 É ÎÁÞÁÌØÎÙÍ ÞÌÅÎÏÍ 1=2 ÍÅÎØÛÅ 1.+ ï�ÅÎËÁ ÎÅ ÓÎÉÖÁÅÔÓÑ, ÅÓÌÉ ÓÓÙÌÁÀÔÓÑ ÎÁ ÎÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ ÉÌÉ ÅÓÌÉ ÇÏ×ÏÒÑÔ, ÞÔÏÍÁËÓÉÍÕÍ �ÒÏÉÚ×ÅÄÅÎÉÑ ÄÏÓÔÉÇÁÅÔÓÑ �ÒÉ ÒÁ×ÎÙÈ.� õÔ×ÅÒÖÄÁÅÔÓÑ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÞÔÏ ÚÁÄÁÞÁ Ó×ÏÄÉÔÓÑ Ë ÓÌÕÞÁÀ a1 = � � � = an, ÂÅÚÏÂßÑÓÎÅÎÉÑ ÉÌÉ ÎÅ�ÒÁ×ÉÌØÎÏ É ÚÁÄÁÞÁ ÒÅÛÁÅÔÓÑ ÄÌÑ ÜÔÏÇÏ ÓÌÕÞÁÑ� úÁÄÁÞÁ Ó×ÅÄÅÎÁ Ë ÓÌÕÞÁÀ a1 = � � � = an, ÄÁÌØÎÅÊÛÅÇÏ �ÒÏÄ×ÉÖÅÎÉÑ ÎÅÔ� åÓÔØ ÉÄÅÑ, ÞÔÏ �ÒÉ ÒÁÓËÒÙÔÉÉ ÓËÏÂÏË ÓÌÁÇÁÅÍÙÅ ÇÒÕ��ÉÒÕÀÔÓÑ, É ÞÔÏ ÓÕÍÍÁ Ï�ÅÎÉ×Á-ÅÔÓÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ �ÒÏÇÒÅÓÓÉÅÊ, ÎÏ ÜÔÏ ÎÅ ÄÏËÁÚÁÎÏ� òÁÓÓÍÏÔÒÅÎ ÔÏÌØËÏ ÓÌÕÞÁÊ n = 2úÁÄÁÞÁ 6.�: �ÏÌØËÏ ÏÔ×ÅÔúÁÄÁÞÁ 7Á).�: õÔ×ÅÒÖÄÁÅÔÓÑ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÞÔÏ ÅÓÌÉ an = 1, ÔÏ É a2n+1 = 1�: õÔ×ÅÒÖÄÁÅÔÓÑ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÞÔÏ ÞÌÅÎÙ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ Ó ÎÏÍÅÒÁÍÉ 2n � 1ÒÁ×ÎÙ 1� óËÁÚÁÎÏ, ÞÔÏ Õ ÎÅÞÅÔÎÙÈ ÞÉÓÅÌ ÏÓÔÁÔËÉ ÏÔ ÄÅÌÅÎÉÑ ÎÁ 4 ÎÁÉÂÏÌØÛÅÇÏ ÎÅÞÅÔÎÏÇÏ ÄÅ-ÌÉÔÅÌÑ ÞÅÒÅÄÕÀÔÓÑ, Á ÏÓÔÁÔËÉ ÏÔ ÄÅÌÅÎÉÑ ÎÁ 4 ÎÁÉÂÏÌØÛÅÇÏ ÎÅÞÅÔÎÏÇÏ ÄÅÌÉÔÅÌÑ Õ ÞÅÔÎÏÇÏÞÉÓÌÁ É Õ ÅÇÏ �ÏÌÏ×ÉÎÙ ÓÏ×�ÁÄÁÀÔ, ÂÏÌØÛÅ ÎÉÞÅÇÏ ÎÅ ÓÄÅÌÁÎÏ� �Ï ÖÅ, ÞÔÏ É × �ÒÅÄÙÄÕÝÅÍ �ÕÎËÔÅ, ÎÏ ÇÏ×ÏÒÉÔÓÑ, ÞÔÏ ÏÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÓÕÍÍÁ ÏÓÔÁÔ-ËÏ× (�Ï ÍÏÄÕÌÀ 4) ÎÁÉÂÏÌØÛÉÈ ÎÅÞÅÔÎÙÈ ÄÅÌÉÔÅÌÅÊ ÎÅÞÅÔÎÙÈ ÞÉÓÅÌ ÒÁ×ÎÁ 0, ÄÌÑ ÞÅÔÎÙÈ ÞÉ-ÓÅÌ �ÒÏ×ÏÄÉÔÓÑ ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÓÓÕÖÄÅÎÉÅ É ÕÔ×ÅÒÖÄÁÅÔÓÑ ÂÅÚ ÏÂßÑÓÎÅÎÉÊ, ÞÔÏ 1 ×ÓÔÒÅÔÉÔÓÑÂÅÓËÏÎÅÞÎÏÅ ÞÉÓÌÏ ÒÁÚ.úÁÄÁÞÁ 7Â)� äÌÑ ÎÅËÏÔÏÒÏÇÏ ÏÔÒÅÚËÁ [ak; bk℄, ËÏÔÏÒÙÊ ÓÔÒÏÉÔÓÑ ÕÄ×ÏÅÎÉÅÍ �ÒÅÄÙÄÕÝÅÇÏ, ÛËÏÌØÎÉË�ÙÔÁÅÔÓÑ ÄÏËÁÚÁÔØ ÕÔ×ÅÒÖÄÅÎÉÅ Ï ÔÏÍ, ÞÔÏ ÔÁÍ ÅÓÔØ ÞÉÓÌÏ k, ÎÏ ÄÌÑ ÜÔÏÇÏ ÏÔÒÅÚËÁ ÜÔÏÎÅ×ÅÒÎÏ



òÅÛÅÎÉÑ ÚÁÄÁÞ ÏÓÅÎÎÅÇÏ ÔÕÒÁ 30-ÇÏ ÔÕÒÎÉÒÁ ÇÏÒÏÄÏ×.óÌÏÖÎÙÊ ×ÁÒÉÁÎÔ, ÓÔÁÒÛÉÅ ËÌÁÓÓÙ.1. ïÔ×ÅÔ: 5/4.òÁÓÓÍÏÔÒÉÍ ÓÒÅÄÉ ×ÅÒÔÉËÁÌØÎÙÈ ÌÉÎÉÊ 2-À, 4-À É 6-À, É ÓÒÅÄÉ ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÔÏÖÅ 2-À, 4-À É 6-À. üÔÉ ÌÉÎÉÉ ÄÅÌÑÔ ÄÏÓËÕ ÎÁ 16 �ÒÑÍÏÕÇÏÌØÎÉËÏ×, ËÁÖÄÙÊ ÉÚ ËÏÔÏÒÙÈ ÒÁÚÄÅÌÅÎÎÁ 4 ËÌÅÔËÉ, ÒÁÓËÒÁÛÅÎÎÙÅ × ÛÁÈÍÁÔÎÏÍ �ÏÒÑÄËÅ. åÓÌÉ × ËÁÖÄÏÍ ÔÁËÏÍ �ÒÑÍÏÕÇÏÌØÎÉËÅÏÔÎÏÛÅÎÉÅ ÓÕÍÍÁÒÎÏÊ �ÌÏÝÁÄÉ ÂÅÌÙÈ ËÌÅÔÏË Ë ÓÕÍÍÁÒÎÏÊ �ÌÏÝÁÄÉ ÞÅÒÎÙÈ ÎÅ ÂÏÌØÛÅ 5/4,ÔÏ ÜÔÏ ÖÅ ÂÕÄÅÔ ×ÅÒÎÏ É ÄÌÑ ÂÏÌØÛÏÇÏ �ÒÑÍÏÕÇÏÌØÎÉËÁ (× ÓÁÍÏÍ ÄÅÌÅ, ÅÓÌÉ × i-ÏÍ �ÒÑÍÏ-ÕÇÏÌØÎÉËÅ ai | �ÌÏÝÁÄØ ÂÅÌÙÈ ËÌÅÔÏË, Á bi | �ÌÏÝÁÄØ ÞÅÒÎÙÈ, É ai � (5=4)bi, ÔÏ ÓÌÏÖÉ× ×ÓÅÜÔÉ ÎÅÒÁ×ÅÎÓÔ×Á �ÏÌÕÞÉÍ ÎÕÖÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÄÌÑ ×ÓÅÊ ÄÏÓËÉ).òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÏÔÄÅÌØÎÙÊ �ÒÑÍÏÕÇÏÌØÎÉË, ÒÁÚÂÉÔÙÊ ÎÁ 4 ËÌÅÔËÉ. ðÕÓÔØ ÄÌÉÎÙ ÅÇÏÓÔÏÒÏÎ | x (�Ï ÇÏÒÉÚÏÎÔÁÌÉ) É y (�Ï ×ÅÒÔÉËÁÌÉ). ñÓÎÏ, ÞÔÏ Õ ÏÄÎÏÊ ÉÚ ÂÅÌÙÈ ËÌÅÔÏË ÄÌÉÎÁÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÓÔÏÒÏÎÙ ÎÅ ÍÅÎØÛÅ x=2. ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌÅÎÎÏÓÔÉ ÜÔÁ ËÌÅÔËÁ ×ÅÒÈÎÑÑÌÅ×ÁÑ. çÏÒÉÚÏÎÔÁÌØÎÕÀ �ÒÑÍÕÀ, ÒÁÚÄÅÌÑÀÝÉÊ �ÒÑÍÏÕÇÏÌØÎÉË, ÍÏÖÎÏ ÔÏÇÄÁ �ÅÒÅÄ×ÉÇÁÔØ×ÎÉÚ ÄÏ ÔÅÈ �ÏÒ, �ÏËÁ ÏÔÎÏÛÅÎÉÅ �ÌÏÝÁÄÉ ÌÅ×ÏÊ ×ÅÒÈÎÅÊ ËÌÅÔËÉ (ÂÅÌÏÊ) Ë ÌÅ×ÏÊ ÎÉÖÎÅÊ(ÞÅÒÎÏÊ) ÎÅ ÓÔÁÎÅÔ ÒÁ×ÎÏ 2. ðÒÉ ÜÔÏÍ ÕÓÌÏ×ÉÅ ÚÁÄÁÞÉ (Ï ÔÏÍ, ÞÔÏ �ÌÏÝÁÄØ ÌÀÂÏÊ ÂÅÌÏÊËÌÅÔËÉ ÍÅÎØÛÅ ÕÄ×ÏÅÎÎÏÊ �ÌÏÝÁÄÉ ÌÀÂÏÊ ÞÅÒÎÏÊ ËÌÅÔËÉ) �Ï-�ÒÅÖÎÅÍÕ ÂÕÄÅÔ ×Ù�ÏÌÎÅÎÏ, ÁÓÕÍÍÁÒÎÁÑ �ÌÏÝÁÄØ ÂÅÌÙÈ ËÌÅÔÏË ÔÏÌØËÏ Õ×ÅÌÉÞÉÔÓÑ (ÉÌÉ ÎÅ ÉÚÍÅÎÉÔÓÑ). äÁÌØÛÅ �ÒÑÍÕÀÄ×ÉÇÁÔØ ÎÅÌØÚÑ (ÎÁÒÕÛÉÔÓÑ ÕÓÌÏ×ÉÅ ÚÁÄÁÞÉ). áÎÁÌÏÇÉÞÎÏ, �ÏÓÌÅ ÜÔÏÇÏ ÍÏÖÎÏ Ä×ÉÇÁÔØ ×�ÒÁ×Ï×ÅÒÔÉËÁÌØÎÕÀ �ÒÑÍÕÀ (�ÏËÁ �ÌÏÝÁÄØ ×ÅÒÈÎÅÊ ÌÅ×ÏÊ ËÌÅÔÉ ÎÅ ÓÔÁÎÅÔ × 2 ÒÁÚÁ ÂÏÌØÛÅ �ÌÏÝÁÄÉ×ÅÒÈÎÅÊ �ÒÁ×ÏÊ). óÔÏÒÏÎÙ ×ÅÒÈÎÅÊ ÌÅ×ÏÊ ËÌÅÔËÉ ÂÕÄÕÔ ÔÏÇÄÁ ÒÁ×ÎÙ 2x=3 É 2y=3, É �ÌÏÝÁÄØÂÅÌÙÈ ËÌÅÔÏË ÂÕÄÅÔ ÒÁ×ÎÁ 4xy=9+xy=9 = 5xy=9, Á �ÌÏÝÁÄØ ÞÅÒÎÙÈ ÂÕÄÅÔ ÒÁ×ÎÁ xy�5xy=9 =4xy=9. ðÏÌÕÞÉÌÉ, ÞÔÏ ÏÔÎÏÛÅÎÉÅ �ÌÏÝÁÄÉ ÂÅÌÙÈ ËÌÅÔÏË Ë �ÌÏÝÁÄÉ ÞÅÒÎÙÈ ÒÁ×ÎÏ 5/4, ÉÂÏÌØÛÅ ÂÙÔØ ÎÅ ÍÏÖÅÔ.ïÓÔÁÌÏÓØ �ÒÉ×ÅÓÔÉ �ÒÉÍÅÒ, ËÏÇÄÁ × ËÁÖÄÏÍ ÉÚ 16 �ÒÑÍÏÕÇÏÌØÎÉËÏ× ÎÕÖÎÏÅ ÏÔÎÏÛÅÎÉÅÒÁ×ÎÏ 5/4. òÁÚÄÅÌÉÍ ÄÏÓËÕ ÔÁË, ÞÔÏÂÙ ÎÁÛÉ 16 �ÒÑÍÏÕÇÏÌØÎÉËÏ× ÂÙÌÉ ÏÄÉÎÁËÏ×ÙÍÉ Ë×ÁÄÒÁ-ÔÁÍÉ, × ËÁÖÄÏÍ ÉÚ ÎÉÈ ÌÅ×ÁÑ ×ÅÒÈÎÑÑ ËÌÅÔËÁ ÂÙÌÁ Ë×ÁÄÒÁÔÎÏÊ, �ÒÉÞÅÍ ÅÅ ÓÔÏÒÏÎÙ × 2 ÒÁÚÁÄÌÉÎÎÅÅ ÓÔÏÒÏÎ �ÒÁ×ÏÊ ÎÉÖÎÅÊ ËÌÅÔËÉ. ñÓÎÏ, ÞÔÏ ÔÁË ÒÁÚÄÅÌÉÔØ ÄÏÓËÕ ÍÏÖÎÏ, É �ÏÌÕÞÉÔÓÑÉÓËÏÍÙÊ �ÒÉÍÅÒ.2. ïÔ×ÅÔ: ÎÅ ÏÂÑÚÁÔÅÌØÎÏ.ðÒÉ×ÅÄÅÍ ÏÄÉÎ ÉÚ �ÒÉÍÅÒÏ×, ËÏÔÏÒÙÊ ÎÅÔÒÕÄÎÏ Ï�ÉÓÁÔØ. âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ × �ÒÏÓÔÒÁÎ-ÓÔ×Å ÚÁÄÁÎÙ ÔÒÉ ÎÁ�ÒÁ×ÌÅÎÉÑ: ××ÅÒÈ-×ÎÉÚ, ×�ÒÁ×Ï-×ÌÅ×Ï, ×�ÅÒÅÄ-ÎÁÚÁÄ. óÎÁÞÁÌÁ ÚÁ�ÏÌÎÉÍ×ÓÅ �ÒÏÓÔÒÁÎÓÔ×Ï ËÕÂÉËÁÍÉ ÏÂÙÞÎÙÍ ÏÂÒÁÚÏÍ. ÷ÙÂÅÒÅÍ ÔÅ�ÅÒØ ÏÄÉÎ ÉÚ ËÕÂÉËÏ×. ë ÎÅÍÕ�ÒÉÍÙËÁÀÔ ÔÁËÉÅ ÛÅÓÔØ ÂÅÓËÏÎÅÞÎÙÈ ÓÌÏÅ× ÔÏÌÝÉÎÏÊ × ÏÄÉÎ ËÕÂÉË: Ä×Á �ÁÒÁÌÌÅÌØÎÙÈ ÓÌÏÑÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÓÌÅ×Á É Ó�ÒÁ×Á, ÎÁ�ÒÁ×ÌÅÎÎÙÅ ××ÅÒÈ-×ÎÉÚ, Ä×Á ÄÒÕÇÉÈ | Ó�ÅÒÅÄÉ É ÓÚÁÄÉ, ÎÁ-�ÒÁ×ÌÅÎÎÙÅ ×ÌÅ×Ï-×�ÒÁ×Ï, É ÅÝÅ Ä×Á | ÓÎÉÚÕ É Ó×ÅÒÈÕ, ÎÁ�ÒÁ×ÌÅÎÎÙÅ ×�ÅÒÅÄ-ÎÁÚÁÄ. óÄ×ÉÎÅÍËÁÖÄÙÊ ÓÌÏÊ ×ÄÏÌØ ÅÇÏ ÎÁ�ÒÁ×ÌÅÎÉÑ ÎÁ �ÏÌÏ×ÉÎÕ ÄÌÉÎÙ ÒÅÂÒÁ ËÕÂÉËÁ (�ÅÒ×ÙÅ Ä×Á ÓÄ×ÉÎÅÍ××ÅÒÈ, ÓÌÅÄÕÀÝÉÅ Ä×Á | ×ÌÅ×Ï, ÓÌÅÄÕÀÝÉÅ Ä×Á | ×�ÅÒÅÄ). ÷ÓÅ �ÒÏÓÔÒÁÎÓÔ×Ï �Ï-�ÒÅÖÎÅÍÕÂÕÄÅÔ ÚÁ�ÏÌÎÅÎÏ, ÎÏ ×ÙÂÒÁÎÎÙÊ ËÕÂÉË ÎÉ Ó ÏÄÎÉÍ ÄÒÕÇÉÍ ÎÅ ÂÕÄÅÔ ÇÒÁÎÉÞÉÔØ �Ï �ÅÌÏÊ ÇÒÁÎÉ.3. ÷ÓÅÇÄÁ ÍÏÖÅÔ ×ÙÉÇÒÙ×ÁÔØ ×ÔÏÒÏÊ ÉÇÒÏË. òÁÚÂÅÒÅÍ Ä×Á ÓÌÕÞÁÑ.ðÕÓÔØ N > 2 ÎÅÞÅÔÎÏ.äÏËÁÖÅÍ, ÞÔÏ ×ÔÏÒÏÊ ÍÏÖÅÔ ËÁÖÄÙÍ Ó×ÏÉÍ ÏÞÅÒÅÄÎÙÍ ÈÏÄÏÍ ÏÂßÅÄÉÎÑÔØ Ä×Å ÎÁÉÂÏÌØÛÉÅÉÍÅÀÝÉÅÓÑ ËÕÞËÉ.óÎÁÞÁÌÁ �ÅÒ×ÙÊ ÏÂÑÚÁÔÅÌØÎÏ ÓÄÅÌÁÅÔ ËÕÞËÕ ÉÚ Ä×ÕÈ ÏÒÅÈÏ×, �ÏÓÌÅ ÞÅÇÏ ×ÔÏÒÏÊ ÓÄÅÌÁÅÔËÕÞËÕ ÉÚ ÔÒÅÈ ÏÒÅÈÏ×, É ÓÉÔÕÁ�ÉÑ �ÏÓÌÅ ÈÏÄÁ ×ÔÏÒÏÇÏ ÂÕÄÅÔ ÔÁËÁÑ: × ÎÁÉÂÏÌØÛÅÊ ËÕÞÅ ÎÅ-ÞÅÔÎÏÅ ÞÉÓÌÏ ÏÒÅÈÏ×, Á × ËÁÖÄÏÊ ÉÚ ÏÓÔÁÌØÎÙÈ ËÕÞÅË �Ï ÏÄÎÏÍÕ ÏÒÅÈÕ.÷ ÔÁËÏÊ ÓÉÔÕÁ�ÉÉ Õ �ÅÒ×ÏÇÏ ÅÓÔØ Ä×Å ×ÏÚÍÏÖÎÏÓÔÉ. ìÉÂÏ ÏÎ ÓÄÅÌÁÅÔ ËÕÞËÕ ÉÚ Ä×ÕÈÏÒÅÈÏ× | É ÔÏÇÄÁ ×ÔÏÒÏÊ �ÒÉÓÏÅÄÉÎÉÔ ÅÅ Ë ÎÁÉÂÏÌØÛÅÊ ËÕÞÅ. ìÉÂÏ ÏÎ Õ×ÅÌÉÞÉÔ ÎÁÉÂÏÌØÛÕÀËÕÞËÕ ÎÁ ÏÄÉÎ ËÁÍÅÎØ | ÔÏÇÄÁ × ÎÅÊ ÂÕÄÅÔ ÞÅÔÎÏÅ ÞÉÓÌÏ ÏÒÅÈÏ×, É ÔÁË ËÁË N ÎÅÞÅÔÎÏ, ÔÏ



ÏÓÔÁÎÅÔÓÑ ÅÝÅ ÈÏÔÑ ÂÙ ÏÄÎÁ ËÕÞËÁ ÉÚ ÏÄÎÏÇÏ ÏÒÅÈÁ, É ×ÔÏÒÏÊ ÓÍÏÖÅÔ �ÒÉÓÏÅÄÉÎÉÔØ ÏÄÉÎÏÒÅÈ Ë ÎÁÉÂÏÌØÛÅÊ ËÕÞËÅ. ÷ ÉÔÏÇÅ ÓÎÏ×Á �ÏÌÕÞÁÅÔÓÑ Ï�ÉÓÁÎÎÁÑ ÓÉÔÕÁ�ÉÑ.íÙ ×ÉÄÉÍ, ÞÔÏ Õ ×ÔÏÒÏÇÏ ×ÓÅÇÄÁ ÅÓÔØ ÈÏÄ. ëÕÞÉ ÓÏ ×ÒÅÍÅÎÅÍ ËÏÎÞÁÔÓÑ, É �ÅÒ×ÙÊ �ÒÏ-ÉÇÒÁÅÔ.ðÕÓÔØ N > 2 ÞÅÔÎÏ.úÁÍÅÔÉÍ, ÞÔÏ �ÏÓÌÅ ÈÏÄÁ ÌÀÂÏÇÏ ÉÇÒÏËÁ ÞÉÓÌÏ ËÕÞ ÕÍÅÎØÛÁÅÔÓÑ ÎÁ ÏÄÎÕ. ðÕÓÔØ ×ÔÏÒÏÊÄÅÊÓÔ×ÕÅÔ ÔÁË ÖÅ, ËÁË É × ÓÌÕÞÁÅ ÎÅÞÅÔÎÏÇÏ N , ÄÏ ÔÅÈ �ÏÒ, �ÏËÁ �ÅÒÅÄ ÅÇÏ ÈÏÄÏÍ ÎÅ ÏÓÔÁÎÕÔÓÑÄ×Å ÉÌÉ ÔÒÉ ËÕÞÉ÷ �ÅÒ×ÏÍ ÓÌÕÞÁÅ ÏÎ �ÒÏÓÔÏ ÏÂßÅÄÉÎÑÅÔ ÏÓÔÁ×ÛÉÅÓÑ ËÕÞÉ (ÜÔÏ ×ÏÚÍÏÖÎÏ, ÔÁË ËÁË × ÎÁÉ-ÂÏÌØÛÅÊ ÞÅÔÎÏÅ ÞÉÓÌÏ ÏÒÅÈÏ×, Á × ÄÒÕÇÏÊ | Ä×Á ÉÌÉ ÏÄÉÎ).÷Ï ×ÔÏÒÏÍ ÓÌÕÞÁÅ, ÅÓÌÉ × Ä×ÕÈ �ÍÁÌÅÎØËÉÈ� ËÕÞÁÈ �Ï ÏÄÎÏÍÕ ÏÒÅÈÕ, ÏÎ �ÒÏÓÔÏ ÏÂßÅÄÉÎÑÅÔ�ÍÁÌÅÎØËÉÅ� ËÕÞÉ É ÏÓÔÁ×ÌÑÅÔ �ÅÒ×ÏÍÕ Ä×Å ËÕÞÉ Ó ÞÅÔÎÙÍ ÞÉÓÌÏÍ ÏÒÅÈÏ× | É ÔÏÔ �ÒÏÉÇÒÁÌ;ÅÓÌÉ × �ÍÁÌÅÎÉËÉÈ� ËÕÞÁÈ ÏÄÉÎ É Ä×Á ÏÒÅÈÁ, ÔÏ ÄÏÂÁ×ÌÑÅÔ ÏÄÉÎ ÏÒÅÈ × ÎÁÉÂÏÌØÛÕÀ ËÕÞÕ (ÉÓÎÏ×Á �ÅÒ×ÙÊ �ÒÏÉÇÒÁÌ).4. ðÕÓÔØ O | ÔÏÞËÁ �ÅÒÅÓÅÞÅÎÉÑ ÄÉÁÇÏÎÁÌÅÊ ÔÒÁ�Å�ÉÉ ABCD.�ÁË ËÁË ÞÅÔÙÒÅÈÕÇÏÌØÎÉË A1BCD ×�ÉÓÁÎ × ÏËÒÕÖÎÏÓÔØ, ÉÍÅÅÍ BO �OD = A1O �OC (ÉÚ�ÏÄÏÂÉÑ ÔÒÅÕÇÏÌØÎÉËÏ× BOA1 É COD). áÎÁÌÏÇÉÞÎÏ, BO�OD = AO�OC1, AO�OC = BO�OD1É AO �OC = B1O �OD.éÚ �ÅÒ×ÙÈ Ä×ÕÈ ÒÁ×ÅÎÓÔ× �ÏÌÕÞÁÅÍ, ÞÔÏ OC=AO = OC1=A1O, ÉÚ Ä×ÕÈ ÄÒÕÇÉÈ �ÏÌÕÞÁÅÍ,ÞÔÏ BO=OD = B1O=OD1.úÁÍÅÔÉÍ, ÞÔÏ ÕÓÌÏ×ÉÅ �ÁÒÁÌÌÅÌØÎÏÓÔÉ ÓÔÏÒÏÎ BC É AD ÔÒÁ�Å�ÉÉ ABCD ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ× ×ÉÄÅ BO=OD = OC=AO (ÉÚ �ÏÄÏÂÉÑ ÔÒÅÕÇÏÌØÎÉËÏ× BOC É DOA).îÏ ÔÏÇÄÁ (ÉÚ �ÒÅÄÙÄÕÝÅÇÏ) BO1=OD1 = OC1=A1O, ÔÏ ÅÓÔØ ÓÔÏÒÏÎÙ B1C1 É A1D1 �ÁÒÁÌ-ÌÅÌØÎÙ.áÎÁÌÏÇÉÞÎÏ �ÒÏ×ÅÒÑÅÍ, ÞÔÏ ÎÅ�ÁÒÁÌÌÅÌØÎÏÓÔØ ÓÔÏÒÏÎ AB É CD ×ÌÅÞÅÔ ÎÅ�ÁÒÁÌÌÅÌØÎÏÓÔØÓÔÏÒÏÎ A1B1 É C1D1.úÎÁÞÉÔ A1B1C1D1 | ÔÒÁ�Å�ÉÑ, ÞÔÏ É ÔÒÅÂÏ×ÁÌÏÓØ ÄÏËÁÚÁÔØ.5. ðÕÓÔØ bn ÒÁ×ÎÏ 1, ÅÓÌÉ ÎÁÉÂÏÌØÛÉÊ ÎÅÞ�ÅÔÎÙÊ ÄÅÌÉÔÅÌØ ÞÉÓÌÁ n ÉÍÅÅÔ ÏÓÔÁÔÏË ÏÄÉÎ�ÒÉ ÄÅÌÅÎÉÉ ÎÁ 4, É ÒÁ×ÎÏ �1 × ÄÒÕÇÏÍ ÓÌÕÞÁÅ. �ÏÇÄÁ an = b1 + b2 + � � �+ bn.äÏËÁÖÅÍ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ a2k�1 = 1. âÁÚÁ ×Ù�ÏÌÎÅÎÁ. ðÕÓÔØ a2k�1 = 1. úÁÍÅÔÉÍ, ÞÔÏbm = b2k+m �ÒÉ m < 2k É m 6= 2k�1. äÅÊÓÔ×ÉÔÅÌØÎÏ: ÅÓÌÉ m = a � 2l, ÇÄÅ a | ÎÅÞ�ÅÔÎÏ, ÔÏ2k +m = (2k�l + a) � 2l, ÇÄÅ l < k, ÔÏ ÅÓÔØ 2k�l + a | ÎÁÉÂÏÌØÛÉÊ ÎÅÞ�ÅÔÎÙÊ ÄÅÌÉÔÅÌØ ÞÉÓÌÁ2k�1 +m. á ÔÁË ËÁË m 6= 2k�1, ÔÏ k > l + 1, ÔÏ ÅÓÔØ 2k�l ÄÅÌÉÔÓÑ ÎÁ 4.ðÒÉ k = l + 1 ÉÍÅÅÍ m = 2k�1 É m + 2k = 3 � 2k�1, ÔÏ ÅÓÔØ b2k�1 = 1 É b3�2k�1 = �1.�ÏÇÄÁ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÉÎÄÕË�ÉÉ É �Ï ÔÏÌØËÏ ÞÔÏ ÄÏËÁÚÁÎÎÏÍÕ:b1 + b2 + � � �+ b2k+1�1 = (b1 + b2 + � � �+ b2k�1) + b2k + (b2k+1 + b2k+2 + � � �+ b2k+1�1) == 2 � (b1 + b2 + � � �+ b2k�1)� 2 + b2k = 2 � 1� 2 + 1 = 1äÏËÁÖÅÍ ÔÅ�ÅÒØ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ ÎÁ ÏÔÒÅÚËÅ 1 : : : 2k�1 �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ an �ÒÉÎÉÍÁÅÔÚÎÁÞÅÎÉÅ k. äÌÑ �ÅÒ×ÙÈ Ä×ÕÈ ÏÔÒÅÚËÏ× ÕÔ×ÅÒÖÄÅÎÉÅ ×ÅÒÎÏ. ðÕÓÔØ ax = n� 1, ÇÄÅ x < 2n�1,ÄÏËÁÖÅÍ, ÞÔÏ a2n+x = n + 1. �ÏÇÄÁ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÉÎÄÕË�ÉÉ É �Ï ÄÏËÁÚÁÎÎÏÍÕ ÒÁÎÅÅb1 + b2 + � � �+ b2n+x = (b1 + b2 + � � �+ b2n�1) + b2n + (b2n+1 + b2n+2 + � � �+ b2n+x) == 1 + 1 + (b1 + b2 + � � �+ bx) = n+ 1:úÁÍÅÔÉÍ, ÞÔÏ ÎÁ ÏÔÒÅÚËÅ 2n � 1 : : : 2n + x ×ÓÔÒÅÞÁÀÔÓÑ ×ÓÅ ÞÉÓÌÁ ÏÔ 1 ÄÏ n + 1. ðÏÜÔÏÍÕËÁÖÄÏÅ ÞÉÓÌÏ ×ÓÔÒÅÞÁÅÔÓÑ ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÒÁÚ.úÁÍÅÞÁÎÉÅ: ÉÚ ÒÅÛÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ a2n+2n�2+2n�4+::: = n + 1:6. íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÓÔÁÒÛÉÊ ËÏÜÆÆÉ�ÉÅÎÔ P (x) ÒÁ×ÅÎ 1. åÓÌÉ ÂÙ ÓÔÅ�ÅÎØ ÍÎÏÇÏÞÌÅÎÁP (x) ÂÙÌÁ ÞÅÔÎÏÊ, ÔÏ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ �Ï ÍÏÄÕÌÀ x ×Ù�ÏÌÎÑÌÏÓØ ÂÙ ÎÅÒÁ×ÅÎÓÔ×Ï



P (x) > 0, É ÍÏÇÌÏ ÎÁÊÔÉÓØ ÌÉÛØ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ �ÁÒ �ÅÌÙÈ ÞÉÓÅÌm;n, ÄÌÑ ËÏÔÏÒÙÈ ×Ù�ÏÌÎÅÎÏÒÁ×ÅÎÓÔ×Ï P (m) + P (n) = 0. úÎÁÞÉÔ, ÓÔÅ�ÅÎØ P (x) ÎÅÞÅÔÎÁ (ÂÕÄÅÍ ÜÔÉÍ �ÏÌØÚÏ×ÁÔØÓÑ ×ÄÁÌØÎÅÊÛÅÍ ÂÅÚ ÎÁ�ÏÍÉÎÁÎÉÑ).úÁÍÅÔÉÍ ÔÅ�ÅÒØ, ÞÔÏ, ÎÁÞÉÎÁÑ Ó ÎÅËÏÔÏÒÏÇÏ x, P (x) ÍÏÎÏÔÏÎÎÏ Õ×ÅÌÉÞÉ×ÁÅÔÓÑ �ÒÉ Õ×Å-ÌÉÞÅÎÉÉ x É ÓÔÒÅÍÉÔÓÑ Ë ÂÅÓËÏÎÅÞÎÏÓÔÉ �ÒÉ ÓÔÒÅÍÌÅÎÉÉ x Ë ÂÅÓËÏÎÅÞÎÏÓÔÉ. é ÁÎÁÌÏÇÉÞÎÏ,ÎÁÞÉÎÁÑ Ó ÎÅËÏÔÏÒÏÇÏ x, P (x) ÍÏÎÏÔÏÎÎÏ ÕÍÅÎØÛÁÅÔÓÑ �ÒÉ ÕÍÅÎØÛÅÎÉÉ x É ÓÔÒÅÍÉÔÓÑ ËÍÉÎÕÓ ÂÅÓËÏÎÅÞÎÏÓÔÉ �ÒÉ ÓÔÒÅÍÌÅÎÉÉ x Ë ÍÉÎÕÓ ÂÅÓËÏÎÅÞÎÏÓÔÉ.ëÒÏÍÅ ÔÏÇÏ, ÄÌÑ ÄÁÎÎÏÇÏ ÞÉÓÌÁ n ÍÏÖÅÔ ÎÁÊÔÉÓØ ÌÉÛØ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ ÔÁËÉÈ ÞÉÓÅÌ m, ÞÔÏP (m) = �P (n) (�ÏÓËÏÌØËÕ ÍÎÏÇÏÞÌÅÎ ÍÏÖÅÔ �ÒÉÎÉÍÁÔØ ÏÄÎÏ É ÔÏ ÖÅ ËÏÎËÒÅÔÎÏÅ ÚÎÁÞÅÎÉÅÌÉÛØ × ËÏÎÅÞÎÏÍ ÞÉÓÌÅ ÔÏÞÅË, ÎÅ �ÒÅ×ÙÛÁÀÝÅÍ ÅÇÏ ÓÔÅ�ÅÎØ).õÞÉÔÙ×ÁÑ ×ÓÅ ×ÙÛÅÓËÁÚÁÎÎÏÅ, �ÏÌÕÞÁÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ÎÁ�ÅÒÅÄ ÚÁÄÁÎÎÏÇÏ ÞÉÓÌÁ C ÅÓÔØ�ÁÒÙ ÞÉÓÅÌ m;n, ÄÌÑ ËÏÔÏÒÙÈ P (m)+P (n) = 0, �ÒÉÞÅÍ ÞÉÓÌÁ m É n ÒÁÚÎÙÈ ÚÎÁËÏ×, É ÍÏÄÕÌØËÁÖÄÏÇÏ ÉÚ ÎÉÈ ÂÏÌØÛÅ C.ðÕÓÔØ ÓÔÅ�ÅÎØ P (x) ÒÁ×ÎÁ k, É P (x) = xk+ axk�1+ : : : (ÚÄÅÓØ É ÄÁÌÅÅ ÔÒÏÅÔÏÞÉÅÍ ÏÂÏÚÎÁ-ÞÅÎÙ ÓÌÁÇÁÅÍÙÅ ÍÅÎØÛÉÈ ÓÔÅ�ÅÎÅÊ). ìÅÇËÏ �ÏÄÏÂÒÁÔØ ÔÁËÏÅ ÞÉÓÌÏ d, ÞÔÏ ÍÎÏÇÏÞÌÅÎ P (x�d)ÂÕÄÅÔ ÉÍÅÔØ ×ÉÄ xk+bxk�2+ : : : , ÔÏ ÅÓÔØ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ ÓÔÅ�ÅÎÉ k�1 ÂÕÄÅÔ ÎÕÌÅ×ÙÍ. äÅÊ-ÓÔ×ÉÔÅÌØÎÏ, P (x� d) = (x� d)k + a(x� d)k�1 + � � � = xk � kdxk�1 + axk�1 + : : : , É ÄÏÓÔÁÔÏÞÎÏ×ÚÑÔØ d ÒÁ×ÎÙÍ a=k. äÏËÁÖÅÍ, ÞÔÏ ÔÏÞËÁ (d; 0) É Ñ×ÌÑÅÔÓÑ �ÅÎÔÒÏÍ ÓÉÍÍÅÔÒÉÉ ÇÒÁÆÉËÁ.ïÂÏÚÎÁÞÉÍ P (x� d) ÚÁ Q(x). äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ Q(x) = �Q(�x) �ÒÉ ÌÀÂÏÍ x.éÔÁË, Q(x) = xk + bxk�2 + : : : , É ÎÁÍ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÕÒÁ×ÎÅÎÉÅ Q(m) + Q(n) = 0 ÉÍÅÅÔÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÒÅÛÅÎÉÊ × ÔÁËÉÈ ÞÉÓÌÁÈ m É n, ÞÔÏ m�d É n�d| �ÅÌÙÅ. ÷ÏÚØÍÅÍ ÔÁËÉÅÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÅ �Ï ÍÏÄÕÌÀ ÒÅÛÅÎÉÑ m > 0 É n < 0. äÏËÁÖÅÍ, ÞÔÏ jmj = jnj. ðÕÓÔØjmj < jnj, ÎÁ�ÒÉÍÅÒ n = �m� 1. �ÏÇÄÁQ(m) +Q(n) = Q(m) +Q(�m� 1) == mk + bmk�2 + � � �+ (�m� 1)k + b(�m � 1)k�2 + � � � == �kmk�1 +R(m);ÇÄÅ R(x) | ÎÅËÉÊ ÆÉËÓÉÒÏ×ÁÎÎÙÊ ÍÎÏÇÏÞÌÅÎ ÓÔÅ�ÅÎÉ k � 2. åÓÌÉ m ÄÏÓÔÁÔÏÞÎÏ ×ÅÌÉËÏ, ÔÏÞÉÓÌÏ kmk�1 ÂÕÄÅÔ ÍÎÏÇÏ ÂÏÌØÛÅ, ÞÅÍ jR(m)j, É ÚÎÁÞÉÔ ÓÕÍÍÁ �kmk�1+R(m) ÂÕÄÅÔ ÍÅÎØÛÅÎÕÌÑ. ðÒÉ Õ×ÅÌÉÞÅÎÉÉ ÍÏÄÕÌÑ n ÓÕÍÍÁ Q(m) +Q(n) ÂÕÄÅÔ ÅÝÅ ÕÍÅÎØÛÁÔØÓÑ (ÔÁË ËÁË ÂÕÄÅÔÕÍÅÎØÛÁÔØÓÑ Q(n)). ðÏÜÔÏÍÕ ÎÅ ÍÏÖÅÔ ÂÙÔØ jmj < jnj �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ �Ï ÍÏÄÕÌÀm É n. áÎÁÌÏÇÉÞÎÏ ÎÅ ÍÏÖÅÔ ÂÙÔØ É jmj > jnj. úÎÁÞÉÔ, ÅÓÔØ ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÞÉÓÅÌ mÔÁËÉÈ, ÞÔÏ Q(m) + Q(�m) = 0, ÔÏ ÅÓÔØ ÍÎÏÇÏÞÌÅÎ Q(x) + Q(�x) ÉÍÅÅÔ ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏËÏÒÎÅÊ. üÔÏ ×ÏÚÍÏÖÎÏ, ÔÏÌØËÏ ÅÓÌÉ ÜÔÏÔ ÍÎÏÇÏÞÌÅÎ ÎÕÌÅ×ÏÊ, ÔÏ ÅÓÔØ ×Ù�ÏÌÎÅÎÏ ÔÏÖÄÅÓÔ×ÏQ(x) + Q(�x) = 0, Á ÜÔÏ ËÁË ÒÁÚ É ÏÚÎÁÞÁÅÔ, ÞÔÏ ÇÒÁÆÉË ÍÎÏÇÏÞÌÅÎÁ Q(x) ÓÉÍÍÅÔÒÉÞÅÎÏÔÎÏÓÉÔÅÌØÎÏ ÔÏÞËÉ (0; 0), É ÚÎÁÞÉÔ ÇÒÁÆÉË P (x) ÓÉÍÍÅÔÒÉÞÅÎ ÏÔÎÏÓÉÔÅÌØÎÏ ÔÏÞËÉ (d; 0).7. Á) ïÔ×ÅÔ: ÓÍÏÖÅÔ.ðÕÓÔØ �ÒÉ �ÅÒ×ÙÈ 29 �Ï�ÙÔËÁÈ ÷ÉÔÑ ÏÔ×ÅÞÁÅÔ ÔÁË: × k-ÏÊ �Ï�ÙÔËÅ ÏÔ×ÅÞÁÅÔ �ÄÁ� ÎÁk-ÙÊ ×Ï�ÒÏÓ É �ÎÅÔ� | ÎÁ ÏÓÔÁÌØÎÙÅ ×Ï�ÒÏÓÙ. úÁÍÅÔÉÍ, ÞÔÏ ÌÀÂÙÅ Ä×Å �Ï�ÙÔËÉ ÉÚ �ÅÒ×ÙÈ29-ÔÉ ÏÔÌÉÞÁÀÔÓÑ ÒÏ×ÎÏ × Ä×ÕÈ ÏÔ×ÅÔÁÈ. ðÏÜÔÏÍÕ ËÏÌÉÞÅÓÔ×Ï ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× × ÌÀÂÙÈ Ä×ÕÈÜÔÉÈ �Ï�ÙÔËÁÈ ÌÉÂÏ ÏÄÉÎÁËÏ×Ï, ÌÉÂÏ ÏÔÌÉÞÁÅÔÓÑ ÎÁ 2. åÓÌÉ ÅÓÔØ Ä×Å �Ï�ÙÔËÉ, ÓËÁÖÅÍ i-ÑÉ j-Ñ, × ËÏÔÏÒÙÈ ÞÉÓÌÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÒÁÚÌÉÞÁÅÔÓÑ ÎÁ 2, ÍÙ ÓÒÁÚÕ ÚÎÁÅÍ ×ÅÒÎÙÅ ÏÔ×ÅÔÙÎÁ i-Ê É j-Ê ×Ï�ÒÏÓÙ. �ÏÇÄÁ, ÓÒÁ×ÎÉ×ÁÑ ÎÁ�ÒÉÍÅÒ i-À �Ï�ÙÔËÕ Ó ÏÓÔÁÌØÎÙÍÉ �Ï�ÙÔËÁÍÉ,ÕÚÎÁÅÍ ×ÅÒÎÙÅ ÏÔ×ÅÔÙ ÎÁ ×ÓÅ ×Ï�ÒÏÓÙ Ó �ÅÒ×ÏÇÏ �Ï 29-Ê. ïÔ×ÅÔ ÎÁ 30-Ê ×Ï�ÒÏÓ ÔÅ�ÅÒØ ÌÅÇËÏÕÚÎÁÔØ ÉÚ �ÅÒ×ÏÊ �Ï�ÙÔËÉ: �ÏÓÞÉÔÁÅÍ, ÓËÏÌØËÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÂÙÌÏ ÎÁ �ÅÒ×ÙÅ 29 ×Ï�ÒÏÓÏ×,É, ÓÒÁ×ÎÉ×ÁÑ Ó ÓÏÏÂÝÅÎÉÅÍ Ï ÞÉÓÌÅ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× �ÒÉ �ÅÒ×ÏÊ �Ï�ÙÔËÅ, ÎÁÊÄÅÍ ÏÔ×ÅÔ ÎÁ30-Ê ×Ï�ÒÏÓ.ïÓÔÁÅÔÓÑ ÓÌÕÞÁÊ, ËÏÇÄÁ ËÏÌÉÞÅÓÔ×Ï ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× × ÌÀÂÙÈ Ä×ÕÈ �Ï�ÙÔËÁÈ Ó �ÅÒ×ÏÊ �Ï29-À ÏÄÉÎÁËÏ×Ï. üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÏÔ×ÅÔÙ ÎÁ ×ÓÅ ×Ï�ÒÏÓÙ Ó �ÅÒ×ÏÇÏ �Ï 29-Ê ÏÄÉÎÁËÏ×Ù. îÏÔÏÇÄÁ �Ï ÓÏÏÂÝÅÎÉÀ Ï ÞÉÓÌÅ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× × �ÅÒ×ÏÊ �Ï�ÙÔËÅ ÍÙ �ÏÊÍÅÍ, ÜÔÏ ÏÔ×ÅÔÙ �ÄÁ�,



ÉÌÉ ÏÔ×ÅÔÙ �ÎÅÔ�(× �ÅÒ×ÏÍ ÓÌÕÞÁÅ ÎÁÍ ÍÏÇÕÔ ÓËÁÚÁÔØ, ÞÔÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÂÙÌÏ 1 ÉÌÉ 2, ×Ï×ÔÏÒÏÍ ÓÌÕÞÁÅ | ÞÔÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÂÙÌÏ 28 ÉÌÉ 29). úÁÔÅÍ ÕÚÎÁÅÍ ÏÔ×ÅÔ ÎÁ 30-Ê ×Ï�ÒÏÓ(ÔÏÖÅ ÉÚ �ÅÒ×ÏÊ �Ï�ÙÔËÉ).úÁÍÅÔÉÍ, ÞÔÏ ÜÔÏÔ ÍÅÔÏÄ ÒÁÂÏÔÁÅÔ, ÅÓÌÉ ÏÂÝÅÅ ÞÉÓÌÏ ×Ï�ÒÏÓÏ× × ÔÅÓÔÅ ÎÅ ÍÅÎØÛÅ 5.Â) òÁÚÏÂØÅÍ ×Ï�ÒÏÓÙ ÔÅÓÔÁ ÎÁ ÇÒÕ��Ù �Ï 5 ×Ï�ÒÏÓÏ× (Ó 1-ÇÏ �Ï 5-Ê, Ó 6-ÇÏ �Ï 10-Ê É Ô.Ä.)ðÒÉ �ÅÒ×ÏÊ �Ï�ÙÔËÅ ÏÔ×ÅÔÉÍ �ÎÅÔ� ÎÁ ×ÓÅ ×Ï�ÒÏÓÙ.ðÏËÁÖÅÍ ÔÅ�ÅÒØ, ËÁË ÚÁ 4 ÓÌÅÄÕÀÝÉÅ �Ï�ÙÔËÉ ÕÚÎÁÔØ ×ÓÅ ÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ × �ÅÒ×ÏÊÇÒÕ��Å. îÁ ×Ï�ÒÏÓÙ Ó 6-ÇÏ �Ï 30-Ê ÏÔ×ÅÞÁÅÍ × ÜÔÉÈ �Ï�ÙÔËÁÈ �ÎÅÔ�, Á × ÏÔ×ÅÔÁÈ ÎÁ ×Ï�ÒÏÓÙÓ 1-ÇÏ �Ï 5-Ê ÏÔ×ÅÞÁÅÍ ÔÁË:�ÒÉ 2-Ê �Ï�ÙÔËÅ ÏÔ×ÅÞÁÅÍ �ÄÁ� ÎÁ ×ÓÅ �ÑÔØ ×Ï�ÒÏÓÏ×;�ÒÉ 3-Ê �Ï�ÙÔËÅ ÏÔ×ÅÞÁÅÍ �ÎÅÔ� ÎÁ 1-Ê É 2-Ê ×Ï�ÒÏÓÙ (ÎÁ ÏÓÔÁÌØÎÙÅ ÔÒÉ | �ÄÁ�);�ÒÉ 4-Ê �Ï�ÙÔËÅ ÏÔ×ÅÞÁÅÍ �ÎÅÔ� ÎÁ 1-Ê É 3-Ê ×Ï�ÒÏÓÙ (ÎÁ ÏÓÔÁÌØÎÙÅ ÔÒÉ | �ÄÁ�);�ÒÉ 5-Ê �Ï�ÙÔËÅ ÏÔ×ÅÞÁÅÍ �ÎÅÔ� ÎÁ 1-Ê É 4-Ê ×Ï�ÒÏÓÙ (ÎÁ ÏÓÔÁÌØÎÙÅ ÔÒÉ | �ÄÁ�).úÁÍÅÔÉÍ, ÞÔÏ ÉÚ ÓÏÏÂÝÅÎÉÊ Ï ÞÉÓÌÅ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× × 1-Ê É 2-Ê �Ï�ÙÔËÁÈ ÍÙ ÚÎÁÅÍ,ÎÁ�ÒÉÍÅÒ, ÓËÏÌØËÏ ÂÙÌÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÎÁ ×Ï�ÒÏÓÙ Ó 1-ÇÏ �Ï 5-Ê × �ÅÒ×ÏÊ �Ï�ÙÔËÅ.åÓÌÉ �ÒÉ ×ÔÏÒÏÊ �Ï�ÙÔËÅ ÎÁ ÏÂÁ ×Ï�ÒÏÓÁ 1 É 2 ÍÙ ÏÔ×ÅÔÉÌÉ ×ÅÒÎÏ ÉÌÉ ÎÁ ÏÂÁ | ÎÅ×ÅÒÎÏ,ÔÏ �ÏÓÌÅ ÔÒÅÔØÅÊ �Ï�ÙÔËÉ ÍÙ ÚÎÁÅÍ ÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ 1 É 2, �ÏÓÌÅ ÞÅÔ×ÅÒÔÏÊ | ÎÁ ×Ï�ÒÏÓ3, �ÏÓÌÅ �ÑÔÏÊ | ÎÁ ×Ï�ÒÏÓ 4, Á ÚÎÁÞÉÔ ÎÁ 5-Ê ×Ï�ÒÏÓ ÔÏÖÅ ÚÎÁÅÍ (ÔÁË ËÁË ÚÎÁÅÍ, ÓËÏÌØËÏÂÙÌÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÎÁ ×Ï�ÒÏÓÙ Ó 1-ÇÏ �Ï 5-Ê �ÒÉ ×ÔÏÒÏÊ �Ï�ÙÔËÅ). áÎÁÌÏÇÉÞÎÏ Ó ×Ï�ÒÏÓÁÍÉ1, 3 É 1, 4. úÎÁÞÉÔ ÏÓÔÁÅÔÓÑ ÓÌÕÞÁÊ, ËÏÇÄÁ ÓÒÅÄÉ ÏÔ×ÅÔÏ× �ÒÉ ×ÔÏÒÏÊ �Ï�ÙÔËÅ ÎÁ ×Ï�ÒÏÓÙ 1,2 ÒÏ×ÎÏ ÏÄÉÎ ×ÅÒÎÙÊ, ÓÒÅÄÉ ÏÔ×ÅÔÏ× ÎÁ ×Ï�ÒÏÓÙ 1, 3 | ÒÏ×ÎÏ ÏÄÉÎ ×ÅÒÎÙÊ, É ÓÒÅÄÉ ÏÔ×ÅÔÏ×ÎÁ ×Ï�ÒÏÓÙ 1, 4 | ÒÏ×ÎÏ ÏÄÉÎ ×ÅÒÎÙÊ. �Ï ÅÓÔØ �ÒÉ ×ÔÏÒÏÊ �Ï�ÙÔËÅ ÎÁ ×Ï�ÒÏÓÙ 1, 2, 3 ÎÁÛÉÏÔ×ÅÔÉÌÉ ÂÙÌÉ ÌÉÂÏ ×ÓÅ ×ÅÒÎÙ, ÌÉÂÏ ×ÓÅ ÎÅ×ÅÒÎÙ.îÏ ÍÙ ÕÖÅ ÚÎÁÅÍ, ËÁËÉÈ ÏÔ×ÅÔÏ× ÎÁ ×Ï�ÒÏÓÙ Ó 1-ÇÏ �Ï 5-Ê ÂÏÌØÛÅ (ËÏÇÄÁ ÍÙ ÏÔ×ÅÞÁÅÍ ÎÁÉÈ ×ÓÅ �ÎÅÔ�): ×ÅÒÎÙÈ ÉÌÉ ÎÅ×ÅÒÎÙÈ. úÎÁÞÉÔ, ÍÙ ÚÎÁÅÍ ÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ 2, 3, 4, Á ÔÏÇÄÁ ÉÎÁ ×Ï�ÒÏÓ 1, Á ÚÎÁÞÉÔ É ÎÁ 5-Ê ×Ï�ÒÏÓ.áÎÁÌÏÇÉÞÎÏ ÕÚÎÁÅÍ ÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ 2-Ê, 3-Ê, 4-Ê É 5-Ê ÇÒÕ��Ù (�ÏÔÒÁÔÉ× ÎÁ ËÁÖÄÕÀ4 �Ï�ÙÔËÉ). �ÏÇÄÁ ÚÁ 1+ 4 � 5 = 21 �Ï�ÙÔËÕ ÚÎÁÅÍ ÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ 1 | 25. úÁÍÅÔÉÍ, ÞÔÏÏÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ �ÏÓÌÅÄÎÅÊ ÇÒÕ��Ù ÍÏÖÎÏ ÕÚÎÁÔØ ÚÁ 3 �Ï�ÙÔËÉ, �ÏÓËÏÌØËÕ ÍÙ ÕÖÅ ÚÎÁÅÍ,ÓËÏÌØËÏ ×ÅÒÎÙÈ ÏÔ×ÅÔÏ× ÍÙ ÓÄÅÌÁÌÉ ÎÁ ÜÔÉ ×Ï�ÒÏÓÙ �ÒÉ ÓÁÍÏÊ �ÅÒ×ÏÊ �Ï�ÙÔËÅ. úÎÁÞÉÔ×ÓÅÇÏ È×ÁÔÉÔ 24 ×Ï�ÒÏÓÁ.ëÒÉÔÅÒÉÉ �ÒÏ×ÅÒËÉ.ëÁË ×ÓÅÇÄÁ, �+� ÓÔÁ×ÉÔÓÑ ÚÁ ÌÀÂÏÅ �ÒÁ×ÉÌØÎÏÅ ÒÅÛÅÎÉÅ, �+�� ÚÁ ÒÅÛÅÎÉÅ Ó ÓÕÝÅÓÔ×ÅÎ-ÎÙÍ, ÎÏ ÌÅÇËÏ ×ÏÓ�ÏÌÎÉÍÙÍ �ÒÏÂÅÌÏÍ, ��+� | ÚÁ ÎÅ×ÅÒÎÏÅ ÒÅÛÅÎÉÅ, ÏÄÎÁËÏ Ó ÓÕÝÅÓÔ×ÅÎÎÙÍ�ÒÏÄ×ÉÖÅÎÉÅÍ, ��� ÚÁ ÎÅ×ÅÒÎÏÅ ÒÅÛÅÎÉÅ. �0� ÓÔÁ×ÉÔÓÑ, ÅÓÌÉ ÚÁÄÁÞÁ ÎÅ ÚÁ�ÉÓÁÎÁ. ï�ÅÎËÉ�+:�, ��:� (×ÁÒÉÁÎÔÙ �+� É ��� ) ÓÔÁ×ÑÔÓÑ × ÓÌÕÞÁÅ ÍÅÎÅÅ ÓÕÝÅÓÔ×ÅÎÎÙÈ ÎÅÄÏÓÔÁÔËÏ× (�ÒÏ-Ä×ÉÖÅÎÉÊ), ÞÅÍ �+�� É ��+�. ï�ÅÎËÁ �+=2� ÓÔÁ×ÉÔÓÑ × ÏÔÄÅÌØÎÙÈ ÓÌÕÞÁÑÈ, ËÏÇÄÁ × ÔÅËÓÔÅ�ÒÉÓÕÔÓÔ×ÕÅÔ �ÒÁ×ÉÌØÎÁÑ ÉÄÅÑ, ÎÅÄÏÓÔÁÔÏÞÎÏ ÒÁÚ×ÉÔÁÑ, ÞÔÏÂÙ ÓÞÉÔÁÔØ ÚÁÄÁÞÕ ÒÅÛÅÎÎÏÊ.üÔÁ Ï�ÅÎËÁ ÓÔÁ×ÉÔÓÑ É × ÔÏÍ ÓÌÕÞÁÅ, ÅÓÌÉ ÚÁÄÁÞÁ ÅÓÔÅÓÔ×ÅÎÎÏ ÒÁÓ�ÁÄÁÅÔÓÑ ÎÁ Ä×Å �ÏÌÏ×ÉÎÙ,ÉÚ ËÏÔÏÒÙÈ ÏÄÎÁ ÒÅÛÅÎÁ. åÓÌÉ ÖÀÒÉ ÈÏÞÅÔ ÏÂÒÁÔÉÔØ ×ÎÉÍÁÎÉÅ ÎÁ ÎÅÏÂÙÞÎÏÅ ÄÏÓÔÉÖÅÎÉÅÕÞÁÝÅÇÏÓÑ (ËÒÁÔËÏÓÔØ, ËÒÁÓÏÔÁ, ÕÓÉÌÅÎÉÅ ÒÅÚÕÌØÔÁÔÁ É Ô.�.), | ÜÔÏ ÏÔÍÅÞÁÅÔÓÑ ÚÎÁËÏÍ �+!� .ðÒÉ ÍÁÓÓÏ×ÏÊ �ÒÏ×ÅÒËÅ ÒÁÂÏÔ ×ÏÚÎÉËÁÀÔ ÔÉ�ÉÞÎÙÅ ÓÌÕÞÁÉ, × ËÏÔÏÒÙÈ ÔÒÅÂÕÀÔÓÑ ÕÔÏÞÎÅÎÉÑ,ÓÞÉÔÁÔØ ÌÉ ÎÅÄÏÓÔÁÔÏË (�ÒÏÄ×ÉÖÅÎÉÅ) ÓÕÝÅÓÔ×ÅÎÎÙÍ. üÔÉ ÓÌÕÞÁÉ Ï�ÉÓÁÎÙ ÎÉÖÅ.âÁÚÏ×ÙÊ ×ÁÒÉÁÎÔ.úÁÄÁÞÁ 2.+� îÁÊÄÅÎÙ x1 = 1 É x2 = 0 É ÄÏËÁÚÁÎÏ, ÞÔÏ ÓÕÍÍÁ x3 + � � � + xn = 0, ÎÏ ÏÔ×ÅÔÁ ÎÅÔ(ÒÅÛÅÎÉÅ ÎÅ ÚÁËÏÎÞÅÎÏ)�+ äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÏÇÏ, ÞÔÏ x3 + � � �+ xn = 0, ÂÅÚ ÄÁÌØÎÅÊÛÅÇÏ �ÒÏÄ×ÉÖÅÎÉÑ



�+ îÁÊÄÅÎÙ x1 = 1 É x2 = 0, ÎÏ ÄÁÌØÎÅÊÛÅÇÏ �ÒÏÄ×ÉÖÅÎÉÑ ÎÅÔ (ÎÅÔ ÉÄÅÉ, ÞÔÏ ÓÕÍÍÁx3 + � � �+ xn = 0)úÁÄÁÞÁ 3.òÁÚÂÏÒ ÔÏÌØËÏ ÓÌÕÞÁÑ �ÒÁ×ÉÌØÎÏÇÏ 30-ÕÇÏÌØÎÉËÁ Ï�ÅÎÉ×ÁÅÔÓÑ ÎÅ ×ÙÛÅ, ÞÅÍ �++: åÓÌÉ �ÒÏ×ÅÄÅÎÎÏÅ ÒÁÓÓÕÖÄÅÎÉÅ ÇÏÄÉÔÓÑ ÔÏÌØËÏ ÄÌÑ ÓÌÕÞÁÑ, ËÏÇÄÁ �ÅÎÔÒ ÏËÒÕÖÎÏÓÔÉÌÅÖÉÔ ×ÎÕÔÒÉ 30-ÕÇÏÌØÎÉËÁ�: åÓÔØ ÎÅÒÅÁÌÉÚÏ×ÁÎÎÁÑ ÉÄÅÑ ÓÄÅÌÁÔØ ÞÉÓÌÅÎÎÏ ÒÁ×ÎÙÍÉ ÄÌÉÎÕ A1A2 É �ÌÏÝÁÄØ OA1BA2úÁÄÁÞÁ 5.� úÁ ÒÁÓËÒÁÓËÉ ÔÏÌØËÏ ÏÔÄÅÌØÎÙÈ ËÏÎËÒÅÔÎÙÈ ËÁÒÔÉÎÏË ÉÌÉ ÒÁÓËÒÁÓËÉ ÎÅÂÏÌØÛÏÊ ÞÁÓÔÉÓÏÓÅÄÎÉÈ �ÒÑÍÏÕÇÏÌØÎÉËÏ× (ÌÏËÁÌØÎÁÑ ËÏÎÓÔÒÕË�ÉÑ)óÌÏÖÎÙÊ ×ÁÒÉÁÎÔúÁÄÁÞÁ 1.+: ×ÅÒÎÏ ÒÁÚÏÂÒÁÎ ÓÌÕÞÁÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 2 � 2 ËÌÅÔËÉ, ÅÓÔØ �ÒÉÍÅÒ ÄÌÑ ÄÏÓËÉ 8 � 8,É ÕÔ×ÅÒÖÄÁÅÔÓÑ, ÞÔÏ ÅÓÌÉ × ËÁÖÄÏÍ ÉÚ 16 �ÒÑÍÏÕÇÏÌØÎÉËÏ× 2 � 2 ËÌÅÔËÉ ÏÔÎÏÛÅÎÉÅ ÎÅÂÏÌØÛÅ 5=4, ÔÏ É ×Ï ×ÓÅÍ �ÒÑÍÏÕÇÏÌØÎÉËÅ ÔÏÖÅ (ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÎÅ �ÒÉ×ÏÄÉÔÓÑ ÉÚ-ÚÁ ÅÇÏÏÞÅ×ÉÄÎÏÓÔÉ)+� ×ÅÒÎÏ ÒÁÚÏÂÒÁÎ ÓÌÕÞÁÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 2 � 2 ËÌÅÔËÉ, ÅÓÔØ �ÒÉÍÅÒ ÄÌÑ ÄÏÓËÉ 8 � 8,ÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÕÔ×ÅÒÖÄÅÎÉÑ, ÞÔÏ ÅÓÌÉ × ËÁÖÄÏÍ ÉÚ 16 �ÒÑÍÏÕÇÏÌØÎÉËÏ× 2 � 2 ËÌÅÔËÉÏÔÎÏÛÅÎÉÅ ÎÅ ÂÏÌØÛÅ 5=4, ÔÏ É ×Ï ×ÓÅÍ �ÒÑÍÏÕÇÏÌØÎÉËÅ ÔÏÖÅ, ÄÏËÁÚÁÎÏ ÎÅ×ÅÒÎÏ+� ÅÓÔØ Ï�ÅÎËÁ, ÎÏ ÎÅÔ �ÒÉÍÅÒÁ�+ ÔÏÌØËÏ ×ÅÒÎÏ ÒÁÚÏÂÒÁÎ ÓÌÕÞÁÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 2� 2úÁÄÁÞÁ 2.+� ×ÅÒÎÙÊ �ÒÉÍÅÒ ÂÅÚ ÄÏÓÔÁÔÏÞÎÙÈ �ÏÑÓÎÅÎÉÊ (ÎÁ�ÒÉÍÅÒ, ÎÅ �ÏËÁÚÁÎÏ, ËÁË ËÁÒÔÉÎËÁ�ÒÏÄÏÌÖÁÅÔÓÑ ÎÁ ×ÓÅ �ÒÏÓÔÒÁÎÓÔ×Ï)úÁÄÁÞÁ 3.+� ×ÅÒÎÏ ÒÁÚÏÂÒÁÎ ÔÏÌØËÏ ÞÅÔÎÙÊ ÓÌÕÞÁÊ�+ ×ÅÒÎÏ ÒÁÚÏÂÒÁÎ ÔÏÌØËÏ ÎÅÞÅÔÎÙÊ ÓÌÕÞÁÊúÁÄÁÞÁ 5.�+ ÚÁ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÏÇÏ, ÞÔÏ Á2n�1 = 1úÁÄÁÞÁ 7Á).+� ×ÅÒÎÙÊ ÁÌÇÏÒÉÔÍ ÂÅÚ �ÏÑÓÎÅÎÉÊ.+� ÎÅÂÏÌØÛÉÅ �ÏÇÒÅÛÎÏÓÔÉ × ÁÌÇÏÒÉÔÍÅ (ÎÁ�ÒÉÍÅÒ, ÕÓÔÒÁÎÉÍÁÑ ÏÛÉÂËÁ × ÒÁÚÂÏÒÅ ËÁËÏÇÏ-ÎÉÂÕÄØ �ÏÄÓÌÕÞÁÑ)úÁÄÁÞÁ 7Â).+� ÎÅÂÏÌØÛÉÅ �ÏÇÒÅÛÎÏÓÔÉ × ÁÌÇÏÒÉÔÍÅ (× ÜÔÏÍ ÓÌÕÞÁÅ ÚÁ 7Á)Â) ÓÔÁ×ÉÌÏÓØ + +�)
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Junior O-Level Paper Fall 2008

1 [3] Each of ten boxes contains a different number of pencils. No two pencils in the same box
are of the same colour. Prove that one can choose one pencil from each box so that no two
are of the same colour.

2 [3] Twenty-five of the numbers 1, 2, . . . , 50 are chosen. Twenty-five of the numbers 51, 52, . . . ,
100 are also chosen. No two chosen numbers differ by 0 or 50. Find the sum of all 50 chosen
numbers.

3 [4] Acute triangle A1A2A3 is inscribed in a circle of radius 2. Prove that one can choose points
B1, B2, B3 on the arcs A1A2, A2A3, A3A1 respectively, such that the numerical value of the
area of the hexagon A1B1A2B2A3B3 is equal to the numerical value of the perimeter of the
triangle A1A2A3.

4 [4] Given three distinct positive integers such that one of them is the average of the two others.
Can the product of these three integers be the perfect 2008th power of a positive integer?

5 [4] On a straight track are several runners, each running at a different constant speed. They
start at one end of the track at the same time. When a runner reaches any end of the track,
he immediately turns around and runs back with the same speed (then he reaches the other
end and turns back again, and so on). Some time after the start, all runners meet at the
same point. Prove that this will happen again.
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TOURNAMENT OF THE TOWNS

Junior O-Level Paper Fall 2008.

1. Arrange the boxes in a line so that the number of pencils in them
increases from left to right. Then the first box from the left contains
at least one pencil, the next one contains at least two pencils, . . . , the
tenth box from the left contains at least 10 pencils. Take any pencil
from the first box. Since the second box contains pencils of at least
two different colors, some of these pencils has color distinct from that
of the chosen pencil. Take it. The third box contains pencils of at least
three colors. Hence some of these pencils has color distinct from the
colors of both chosen pencils. Take it. Proceeding in the same manner,
we choose the required 10 pencils of different colors.

2. Subtract 50 from each given number exceeding 50. By the conditions of
the problem, each of the resulting differences is distinct from any of 25
given numbers not exceeding 50. So these numbers and the differences
form a set of 50 distinct positive integers not exceeding 50. Thus it
contains all positive integers from 1 to 50. Their sum equals 51 · 25,
hence the sum of the given numbers equals 51 · 25 + 50 · 25 = 101 · 25 =
2525.

3. Let B1, B2, B3 be the midpoints of arcs A1A2, A2A3, A3A1, respec-
tively. The area of hexagon A1B1A2B2A3B3 is the sum of the ar-
eas of quadrilaterals OA1B1A2, OA2B2A3, and OA3B3A1. But each
of these quadrilaterals has perpendicular diagonals, hence the area of
each quadrilateral is the half-product of its diagonals. Therefore, the
required sum is equal to 1

2
OB1 · A1A2 + 1

2
OB2 · A2A3 + 1

2
OB3 · A3A1.

Since OB1 = OB2 = OB3 = 2 by the conditions of the problem, this
sum is numerically equal to A1A2 + A2A3 + A3A1, as required.

4. Answer. Yes, it can.

Solution. First take any three distinct positive integers such that one
of them is equal to the half-sum of the remaining two; for instance, 1, 2,
and 3. Their product equals 6 and so is not 2008th power of a positive



integer. Multiply each of these numbers by 6n to obtain 6n, 2 ·6n, 3 ·6n.
As before, one of the numbers is the half-sum of two others, and now
their product equals 63n+1. It remains to choose n so that 3n+1 equals
2008 (or is divisible by 2008). Since 2007 is divisible by 3, we can take
3n + 1 = 2008, that is, n = 669.

5. Represent the running track as the left half of a circle. We may assume
that a runner at the end of the running track does not turn back but
continues to run along the right half of the same circle. Thus all runners
are always running along this circle. The condition that they are at the
same point of the initial running track means that they are on a line
perpendicular to the diameter separating the left and right halves of
the circle. Suppose all runners meet (are on the corresponding line) in
time t after start. Then all runners in the left and in the right halves
are at the same distance x from the starting point. Each runner in the
left half has covered some integer number of circles plus distance x,
and each runner in the right half has to run distance x to cover some
integer number of circles. Where will the runners be in time 2t after
start? Each runner in the left half will cover some integer number of
circles plus distance 2x, and each runner in the right half will have
to run distance 2x to cover some integer number of circles. But this
means that they again will be on a line perpendicular to the diameter
separating the left and right halves of the circle, because they are at
the same distance (along the circle) from the starting point. Hence,
on the initial running track, the runners will meet again in time 2t,
similarly in time 3t, and so on.
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1 [3] Alex distributes some cookies into several boxes and records the number of cookies in each
box. If the same number appears more than once, it is recorded only once. Serge takes one
cookie from each box and puts them on the first plate. Then he takes one cookie from each
box that is still non-empty and puts the cookies on the second plate. He continues until all
the boxes are empty. Then Serge records the number of cookies on each plate. Again, if the
same number appears more than once, it is recorded only once. Prove that Alex’s record
contains the same number of numbers as Serge’s record.

2 [3] Solve the system of equations (n > 2)

√
x1 +

√
x2 + · · ·+ xn =

√
x2 +

√
x3 + · · ·+ xn + x1 = · · · =

√
xn +

√
x1 + · · ·+ xn−1;

x1 − x2 = 1.

3 [4] A 30-gon A1A2 . . . A30 is inscribed in a circle of radius 2. Prove that one can choose a point
Bk on the arc AkAk+1 for 1 ≤ k ≤ 29 and a point B30 on the arc A30A1, such that the
numerical value of the area of the 60-gon A1B1A2B2 . . . A30B30 is equal to the numerical
value of the perimeter of the original 30-gon.

4 [4] Five distinct positive integers form an arithmetic progression. Can their product be equal
to a2008 for some positive integer a?

5 [4] On the infinite chessboard several rectangular pieces are placed whose sides run along the
grid lines. Each two have no squares in common, and each consists of an odd number of
squares. Prove that these pieces can be painted in four colours such that two pieces painted
in the same colour do not share any boundary points.
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1. Arrange the boxes in a line so that the number of cookies in them
decreases from left to right. On a sheet of squared paper, draw a
“staircase” in which the height of the first column (square side in width)
equals the number of cookies in the first box from the left, the height of
the second column equals the number of cookies in the second box, and
so on. Then the staircase divides into “footsteps”: the first footstep
(from the left) consists of the highest columns, the second footstep
consists of the columns next to the highest, and so on. The last footstep
(to the right) consists of the lowest columns. The number of different
integers in Alex’s records is equal to the number of footsteps of this
staircase (the boxes with the maximal number of cookies correspond
to the highest footstep, and so on). But this number is equal to the
number of different integers in Serge’s records. Indeed, choosing a
cooky in each box may be described as cutting off the bottom row of
cells in our staircase. Therefore, when we fill up the plates with the
maximal number of cookies, several rows will be removed so that the
lowest footstep will disappear, and thus the number of footsteps will
decrease by 1. By filling up the plates with the next to maximal number
of cookies, we remove the next footstep, and so on. Hence the number
of footsteps equals the number of different integers in Serge’s records
as required.

2. Answer: x1 = 1, x2 = . . . = xn = 0.

Solution. Let us square the equality
√

x1 +
√

x2 + . . . + xn =
√

x2 +√
x3 + . . . + xn + x1, subtract the sum x1+. . .+xn from both sides, and

square again. We obtain x1(x2+. . .+xn) = x2(x3+. . .+xn+x1), hence
(x1−x2)(x3+. . .+xn) = 0. Since x1−x2 = 1, we have x3+. . .+xn = 0.
Since our equations contain square roots of x3, . . . , xn, these numbers
are nonnegative, and since their sum is 0, each of them is 0.

Suppose x2 6= 0, that is, x2 − x3 6= 0. Considering the sums which
contain

√
x2 and

√
x3 and arguing as above, we get x1 = 0. Then



x2 = −1, but since there exists
√

x2, we obtain a contradiction. Thus
x2 = 0, hence x1 = 1, and then all conditions are satisfied.

3. Let B1, B2, . . . , B30 be the midpoints of arcs A1A2, A2A3, . . . A30A1

respectively. The area of 60-gon A1B1A2B2 . . . A30B30 is the sum of
the areas of quadrilaterals OA1B1A2, OA2B2A3, . . . , OA30B30A1. But
each of these quadrilaterals has perpendicular diagonals, hence the area
of each quadrilateral is the half-product of its diagonals. Observe that
one of these quadrilaterals can be non-convex (if the center of the circle
lies outside the given 30-gon) but its area is calculated in the same way
(verify this!). The required sum is then equal to 1

2
OB1 ·A1A2 + 1

2
OB2 ·

A2A3 + . . . + 1
2
OB30 · A30A1. Since OB1 = OB2 = . . . = OB30 = 2

by the conditions of the problem, this sum is numerically equal to
A1A2 + A2A3 + . . . + A30A1, as required.

4. Answer: Yes, it can.

Solution. First take any arithmetic progression of five distinct posi-
tive integers, for instance, 1, 2, 3, 4, 5. Their product equals 120 and
so is not 2008th power of a positive integer. Multiply each of these
numbers by 120n to obtain 120n, 2 · 120n, 3 · 120n, 4 · 120n and 5 · 120n.
As before, the numbers form an arithmetic progression, and now their
product equals 1205n+1. It remains to choose n so that 5n + 1 is divisi-
ble by 2008. This is possible, since 5 and 2008 are coprime. We need a
y such that 5n + 1 = 2008y. For instance, y = 2 and n = 803 fit. Then
the product is 2008th power of 1202.

5. We may assume that our rectangles are drawn on an infinite sheet
of squared paper. Divide it into squares 2 × 2 and mark the cells in
each square by 1, 2, 3, 4 clockwise starting from the upper left corner.
Since both sides of each rectangle are of odd length, its corner cells are
marked by the same number. Let us number four different colors by
1, 2, 3, 4 and paint each rectangle with the color whose number marks
the corner cells. It is readily seen that the numbers in the corners of
any two adjacent rectangles are distinct.
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1. On a 100 × 100 chessboard, 100 Queens are placed so that no two attack each other. Prove
that if the board is divided into four 50 × 50 subboards, then there is at least one Queen in
each subboard.

2. Each of four stones weighs an integral number of grams. Available for use is a balance which
shows the difference of the weights between the objects in the left pan and those in the right
pan. Is it possible to determine the weight of each stone by using this balance four times, if
it may make a mistake of 1 gram either way in at most one weighing?

3. Serge has drawn triangle ABC and one of its medians AD. When informed of the ratio AD
AC

,
Elias is able to prove that 6 CAB is obtuse and 6 BAD is acute. Determine the ratio AD

AC
and

justify your result.

4. Baron Münchausen asserts that he has a map of Oz showing five towns and ten roads, each
road connecting exactly two cities. A road may intersect at most one other road once. The
four roads connected to each town are alternately red and yellow. Can this assertion be true?

5. Let a1, a2, . . . , an be positive numbers such that a1 + a2 + · · · + an ≤ 1
2
. Prove that

(1 + a1)(1 + a2) · · · (1 + an) < 2.

6. ABC is a non-isosceles triangle. E and F are points outside triangle ABC such that 6 ECA =
6 EAC = 6 FAB = 6 FBA = θ. The line through A perpendicular to EF intersects the
perpendicular bisector of BC at D. Determine 6 BDC.

7. In the infinite sequence {an}, a0 = 0. For n ≥ 1, if the greatest odd divisor of n is congruent
modulo 4 to 1, then an = an−1 + 1, but if the greatest odd divisor of n is congruent modulo 4
to 3, then an = an−1 − 1. The initial terms are 0, 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, 2, 3, 2 and 1.

(a) Prove that the number 1 appears infinitely many times in this sequence.

(b) Prove that every positive integer appears infinitely many times in this sequence.

Note: The problems are worth 4, 6, 6, 6, 8, 9 and 5+5 points respectively.



Solution to Junior A-Level Fall 20081

1. Clearly, the western half of the board has 50 Queens, as does the northern half of the board.
Assume by symmetry that the northwestern quadrant is empty. Then 50 Queens must be in
the southwestern quadrant and another 50 in the northeastern quadrant. Hence the southeast-
ern quadrant is also empty. However, the squares in the southwestern and the northeastern
quadrants all lie on 99 diagonals going between the southwest and the northeast. By the
Pigeonhole Principle, two of the Queens will be on squares of the same diagonal, and hence
attack each other. This is a contradiction. Hence no quadrants may be empty.

2. Label the coins A, B, C and D, with respective weights a, b, c and d. In the four weighings,
weigh B, C and D, A and B against C and D, A and C against B and D, and A and D
against B and C. Let the results be b + c + d = w, a + b− c− d = x, a− b + c− d = y and
a− b− c+ d = z. For now, assume that no mistakes are possible. We have w+x+ y+ z = 3a
so that a = w+x+y+z

3
. Since y + z = 2a − 2b, we have b = 2a−(y+z)

2
. Similarly, c = 2a−(z+x)

2

and d = 2a−(x+y)
2

. Suppose now a mistake of 1 gram is possible. If w+ x+ y + z is a multiple
of 3, no mistakes have been made. If it is one more or one less, we know the direction of
the mistake. In any case, we can round the total to the nearest multiple of 3 and use it to
determine a. Now each of a−w, x, y and z has the same parity as a+ b+ c+d, and hence as
one another. Whichever has the opposite parity to the other three is where the mistake has
been made.

3. Note that 6 CAB is obtuse if and only if A lies inside the circle with diameter BC, and 6 BAD
is acute if and only if A lies outside the circle with diameter BD. If AD

AC
is constant, A lies

on a circle of Apollonius of C and D, with a diameter on the line CD. The only such circle
which lies between the circles with diameters BC and BD must also have B as one end of the
diameter on CD. Since BD

BC
= 1

2
, the other end of this diameter must be the point E between

C and D such that ED
EC

= 1
2
. It follows that the ratio Serge gives Elias must be 1

2
. Since ABC

is a triangle, A does not lie on BC. Then 6 CAB is obtuse since A lies inside the circle with
diameter BC, and 6 BAD is acute since A lies outside the circle with diameter BD.
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1Courtesy of Andy Liu.



4. Solution by Sasha Kitaygorodsky.
The Baron may have the following map. The double lines indicate the yellow brick road while
the single lines indicate the red side-streets.

5. Solution by Mariya Sardarli.
By the Arithmetic-Geometric Means Inequality, we have

(1 + a1)(1 + a2) · · · (1 + an) ≤
(

(1 + a1) + (1 + a2) + · · ·+ (1 + an)

n

)n

≤
(

1 +
1

2n

)n

.

By the Binomial Theorem,

(
1 +

1

m

)m

=
m∑

k=0

(
m

k

)
1

mk

<
n∑

k=0

1

m!

≤ 1

0!
+

1

1!
+

m∑
k=2

(
1

k − 1
− 1

k

)

= 3− 1

m
.

Hence (1 + 1
2n

)n =
√

(1 + 1
2n

)2n <
√

3 < 2.

6. Let D be the point outside triangle ABC such that DB = DC and 6 BDC = 2θ. Draw the
circles through A with respective centres E and F . The powers of the point D with respect
to these circles are DE2 − CE2 and DF 2 − BF 2. We claim that they are equal, so that D
lies on the common chord of these circles, which passes through A and is perpendicular to the
line EF of centres. By the Cosine Law,

DE2 − CE2 = DC2 − 2DC · CE cosDCE = DC2 + 2DC · CE sinBCA

since 6 DCB + 6 ACE = 90◦. Similarly,

DF 2 −BF 2 = DB2 − 2DB ·BF cosDBF = DB2 + 2DB ·BF sinABC.

Since triangles ACE and ABF are similar, CE
BF

= AC
AB

. By the Sine Law, AC
AB

= sin BCA
sin ABC

. Hence
CE sinBCA = BF sinABC. Since DC = DB, we indeed have DE2 − CE2 = DF 2 − BF 2

and the claim is justified. Since the position of D is uniquely determined, 6 BDC = 2θ.
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7. Solution by Mariya Sardarli.

(a) We will prove by induction on m that an = 1 whenever n = 2m − 1. It is easy to verify
that a1 = 1, a2 = 2, a3 = 1, a4 = 2, a5 = 3, a6 = 2 and a7 = 1. Suppose that the
result holds for some m ≥ 3. For 1 ≤ k ≤ 2m − 1, k 6= 2m−1, let k = 2sg where g
is odd and s ≤ m − 2. Then 2m + k = 2s(2m−s + g) and 2m−s + g ≡ g (mod 4) since
m − s ≥ 2. On the other hand, the greatest odd divisor of 2m−1 is 1 while that of
2m + 2m−1 = 2m−13 is 3. Hence a2m+1−1−a2m is 2 less than a2m−1−a0. By the induction
hypothesis, a2m−1 = 1. Since the greastest odd divisor of 2m is 1, a2m = 2. It follows
that a2m+1−1 = 2 + 1− 0− 2 = 1.

(b) We claim that if a value h appears in the sequence, then the value h + 2 also appears
in the sequence. Since 1 and 2 appear in the sequence, every positive integer appears in
the sequence. Let ak = h for some k and let m be such that k < 2m. By the argument
in (a), ak − a0 = a2m+1+k − a2m+1 , so that a2m+1+k = h + 2. Thus the claim is justified
and the sequence is unbounded. Suppose there is a value h which appears only a finite
number of times. Every time the sequence hits a new high, it has to return to 1 at some
point by the result in (a). After the last appearance of h, the sequence either cannot
return to 1 or cannot get to a new high. This is a contradiction.
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1. A standard 8× 8 chessboard is modified by varying the distances between parallel grid lines,
so that the cells are rectangles which are not necessarily squares, and do not necessarily have
constant area. The ratio between the area of any white cell and the area of any black cell is
at most 2. Determine the maximum possible ratio of the total area of the white cells to the
total area of the black cells.

2. Space is dissected into non-overlapping unit cubes. Is it necessarily true that for each of these
cubes, there exists another one sharing a common face with it?

3. A two-player game has n > 2 piles each initially consisting of a single nut. The players
take turns choosing two piles containing numbers of nuts relatively prime to each other, and
merging the two piles into one. The player who cannot make a move loses the game. For each
n, determine the player with a winning strategy, regardless of how the opponent may respond.

4. In the quadrilateral ABCD, AD is parallel to BC but AB 6= CD. The diagonal AC meets the
circumcircle of triangle BCD again at A′ and the circumcircle of triangle BAD again at C ′.
The diagonal BD meets the circumcircle of triangle ABC again at D′ and the circumcircle of
triangle ADC again at B′. Prove that the quadrilateral A′B′C ′D′ also has a pair of parallel
sides.

5. In the infinite sequence {an}, a0 = 0. For n ≥ 1, if the greatest odd divisor of n is congruent
modulo 4 to 1, then an = an−1 + 1, but if the greatest odd divisor of n is congruent modulo 4
to 3, then an = an−1 − 1. The initial terms are 0, 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, 2, 3, 2 and 1.
Prove that every positive integer appears infinitely many times in this sequence.

6. P (x) is a polynomial with real coefficients such that there exist infinitely many pairs (m,n) of
integers satisfying P (m)+P (n) = 0. Prove that the graph y = P (x) has a centre of symmetry.

7. A contest consists of 30 true or false questions. Victor knows nothing about the subject
matter. He may write the contest several times, with exactly the same questions, and is told
the number of questions he has answered correctly each time. How can he be sure that he
will answer all 30 questions correctly

(a) on his 30th attempt;

(b) on his 25th attempt?

Note: The problems are worth 4, 6, 6, 6, 8, 9 and 5+5 points respectively.



Solution to Senior A-Level Fall 20081

1. We may have rows and columns of alternating widths 1
3

and 2
3
. Let the white cells remain

squares while the black cells become non-squares. Then the area of each white cell is either 1
9

or 4
9

while the area of each black cell is 2
9
. Thus the ratio between the area of any white cell

and the area of any black cell is at most 2. The total area of the white cells is 16(1
9

+ 4
9
) = 80

9

while the total area of the black cells is 32(2
9
) = 64

9
. Here, the ratio of the total area of the

white cells to the total area of the black cells is 80
9

: 64
9

= 5 : 4. To show that this is the
maximum possible, divide the modified chessboard into 16 subboards each consisting of four
cells in a 2 × 2 configuration. Let the dimensions of one of the subboards be a × b. Let the
vertical grid line divide it into two rectangles of widths x and a− x, and we may assume that
x > a

2
. Let the horizontal grid line divide the subboard into two rectangles of heights y and

b− y, and we may assume that y > b
2
. The condition that the ratio between the area of any

white cell and the area of any black cell is at most 2 applies here also, and this is satisfied if
and only if x ≤ 2a

3
and y ≤ 2b

3
. Let the white cells be x × y and (a − x)(b − y). Their total

area is T = 2xy+ ab− bx− ay = x(2y− b) + a(b− y). Since 2y > b, T increases as x increases
to its maximum value of 2a

3
. Similarly, T = y(2x− a) + b(a− x) increases as y increases to its

maximum value of 2b
3

. Hence T ≤ 8ab
9

+ ab− 22ab
3

= 5ab
9

. It follows the ratio of the total area
of the white cells to the total area of the black cells is at most 5:4. Since this is true in each
of the 16 subboards, it is true on the entire board.

2. It is not necessarily true. We tile space in the standard way with unit cubes. Choose one of
them and call it C. There are two cubes sharing the front and back faces of C. They belong
to two infinite columns of cubes parallel to the x-axis. There are two cubes sharing the top
and bottom faces of C. They belong to two infinite columns of cubes parallel to the y-axis.
There are two cubes sharing the left and right faces of C. They belong to two infinite columns
of cubes parallel to the z-axis. These six columns do not intersect. Now we shift all the cubes
in each column by half a unit. Then C does not share a complete face with any other cube.

3. Call a pile even if it has an even number of nuts. If it has an odd number of nuts, call it
small if it has only one, and big otherwise. We first consider the case when n is odd. The first
player is forced to form an even pile with two nuts on the first move, and the second player
merges it with a small pile into a big pile. The second player’s strategy is to always leave one
big pile and an even number of small piles for the first player. In each move, the first player
is forced to form an even pile, and it will be the only even pile at the time. If this merger
involves the big pile, the second player merges the even pile with a small pile. If this merger
does not involve the big pile, then the even pile has two nuts, and 2 is relatively prime to any
odd number, in particular, the number of nuts in the big pile. Thus the second player can
merge the big pile with the even pile. It follows that the second player always has a move,
and hence wins the game. We now consider the case where n is even. the second player uses
exactly the same strategy until the game is down to one big pile and three small piles (or four
small piles at the beginning of the game for n = 4). After the first player creates once again
an even pile, the second player merges the other two piles into a second even pile. Now the
first player has no move, and the second player wins.

1Courtesy of Andy Liu.



4. We have 6 CAD′ = 6 CBD′ = 6 CA′D and 6 ACB′ = 6 ADB′ = 6 AC ′B from the cyclic
quadrilaterals. Since AD is parallel to BC, all six angles are equal. Hence BC ′, B′C,AD′

and A′D are all parallel. Let O be the point of intersection of AC and BD. From similar
triangles, we have OB′

OC
= OD′

OA
, OC

OB
= OA

OD
and OB

OC′ = OD
OA′ . Multiplication yields OB′

OC′ = OD′

OA′ , so
that triangles OB′C ′ and OD′A′ are similar. It follows that A′D′ is parallel to B′C ′.
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5. Solution by Mariya Sardarli.
We first prove by induction on m that an = 1 whenever n = 2m − 1. It is easy to verify that
a1 = 1, a2 = 2, a3 = 1, a4 = 2, a5 = 3, a6 = 2 and a7 = 1. Suppose that the result holds for
some m ≥ 3. For 1 ≤ k ≤ 2m − 1, k 6= 2m−1, let k = 2sg where g is odd and s ≤ m− 2. Then
2m + k = 2s(2m−s + g) and 2m−s + g ≡ g (mod 4) since m − s ≥ 2. On the other hand, the
greatest odd divisor of 2m−1 is 1 while that of 2m + 2m−1 = 2m−13 is 3. Hence a2m+1−1 − a2m

is 2 less than a2m−1 − a0. By the induction hypothesis, a2m−1 = 1. Since the greastest odd
divisor of 2m is 1, a2m = 2. It follows that a2m+1−1 = 2 + 1 − 0 − 2 = 1. We claim that if
a value h appears in the sequence, then the value h + 2 also appears in the sequence. Since
1 and 2 appear in the sequence, every positive integer appears in the sequence. Let ak = h
for some k and let m be such that k < 2m. As before, ak − a0 = a2m+1+k − a2m+1 , so that
a2m+1+k = h + 2. Thus the claim is justified and the sequence is unbounded. Suppose there
is a value h which appears only a finite number of times. Every time the sequence hits a new
high, it has to return to 1 at some point. After the last appearance of h, the sequence either
cannot return to 1 or cannot get to a new high. This is a contradiction.



6. Solution by Olga Ivrii.
Let P (x) = a0x

k + a1x
k−1 + · · · + ak−1x + ak. We may assume that a0 > 0. Suppose m and

n are of the same sign, say positive. Note that P (x) > 0 whenever x > α for some positive
number α. In order for P (m) + P (n) = 0 to hold, we must have P (m) ≤ 0 or P (n) ≤ 0.
By symmetry, we may assume the former is the case. Then m < α, so that we have finitely
many values of m. For each of these values of m, we have finitely many values of n for which
P (n) = −P (m). This contradicts the condition that there exist infinitely many pairs (m,n)
of integers satisfying P (m) + P (n) = 0. It follows that m and n must have opposite signs. If
k is even, then P (x) > 0 whenever |x| > α for some positive number α, and we have the same
contradiction as before. It follows that k must be odd.

For odd k, mk +nk = (m+n)Q1(m,n), where Q1(m,n) = mk−1−mk−2n+ · · ·−mnk−2 +nk−1.
Note, that if mn < 0 then Q1(m,n) ≥ mk−1 + nk−1.

Therefore, 0 = P (m) + P (n) = (m+ n)Q1(m,n) +Q2(m,n) implies

|m+ n| = |Q2(m,n)/Q1(m,n)| < β. ( Q2(m,n) is polynomial of degree at most k − 1)

In case mn > 0, P (m) + P (n) = 0 implies that both |m| < β, |n| < β.

Since there exist infinitely many pairs (m,n) of integers satisfying P (m) + P (n) = 0, some
value of m+n must occur infinitely often. Let this value be c. Define R(x) = P (x)+P (c−x).
Then R(x) has infinitely many roots. Since it is a polynomial, it is identically zero. Hence
P (x) + P (c− x) = 0 for all real numbers x, meaning that the graph y = P (x) has a centre of
symmetry at ( c

2
, 0).

7. (a) In the first test, Victor answers True for all 30 questions. Suppose he gets 15 questions
correct. In the second test, Victor changes the answers in test 1 to Questions 2, 3 and 4.
The number of correct answers must be 12, 18, 14 or 16. In the first two cases, Victor
knows the correct answers to Questions 2, 3 and 4, and has enough tests left to sort out
the remaining questions. Hence we may assume by symmetry that the number of correct
answers is 14. This means that the correct answers to two of Questions 2, 3 and 4 are
True, and the other one False. Victor then changes the answers from test 1 to Questions
2k − 1 and 2k in the k-th test, 3 ≤ k ≤ 15. If in the kth test, he gets either 13 or 17
questions correct, then he knows the correct answers to Questions 2k − 1 and 2k. Thus
we may assume that he gets 15 correct answers in each test. Thus one correct answer
is True and other False in each of these 13 pairs of questions. Moreover, Victor now
knows that the correct answer to Question 1 is False. So far, he has used 15 tests. In
test 16, Victor changes the answers from test 1 to Questions 2, 3 and 5, and in test 17
to Questions 2, 4 and 5. The following chart shows he can deduce the correct answers to
Questions 2 to 6. He has just enough tests left to sort out the remaining pairs.

Correct Answer to Question Numbers of Correct Answers in Test
2 3 4 5 6 16 17

T T F T F 12 14
T F T T F 14 12
F T T T F 14 14
T T F F T 14 16
T F T F T 16 14
F T T F T 16 16



Suppose that in the first test, Victor gets a correct answers where a 6= 15. He changes
the answers from test 1 to Questions 2k− 1 and 2k in the k-th test, 2 ≤ k ≤ 15. In each
of these 14 tests, he will get either a questions correct again, or a± 2 questions correct.
In the latter case, he will know the correct answers to Questions 2k − 1 and 2k. In the
former case, he will know that one of these two answers is True and the other is False.
Victor will also have similar knowledge about Questions 1 and 2 since he knows the total
number of answers that should be True. Because a 6= 15, Victor must know the correct
answers to one pair of questions. Hence he only needs at most 14 more questions to sort
out the remaining pairs.

(b) Solution by Nhan Nyugen.
In the first test, Victor answers True for all 30 questions. Suppose he gets a questions
correct. In the second test, he changes the answers to the first two questions to False.
He will get either a questions correct again, or a±2 questions correct. In the latter case,
he will know the correct answers to the first two questions. In the former case, Victor
changes the first four answers to True, False, False and False in the third test, and to
False, True, False and True in the fourth test. In the third test, the number of correct
answers may be a ± 1 or a ± 3, while in the fourth test, the number of correct answers
may be a or a± 2. From these data, he can deduce the correct answers to the first four
questions, as shown in the chart below.

Number of Correct Answers Correct Answer to Question
in the Third Test in the Fourth Test 1 2 3 4

a− 3 a False True True True
a− 2 False True False True

a− 1 a False True True False
a+ 2 True False True True
a− 2 True False True False

a+ 1 a True False False True
a+ 2 False True False False

a+ 3 a True False False False

Victor now handles each of the six subsequent groups of four questions in the same
manner in 3 more questions, because Question 1 is relevant throughout. After 22 tests,
he knows all the correct answers except to the last two questions. He can use the 23rd
test to determine the correct answer to the second last question. Then he also knows the
answer to the last question because he knows the total number of answers that should
be True. Thus in the 24th test, Victor can answer all 30 questions correctly.
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1. In a convex 2009-gon, all diagonals are drawn. A line intersects the 2009-gon but does not
pass through any of its vertices. Prove that the line intersects an even number of diagonals.

2. Let a∧b denote the number ab. The order of operations in the expresson 7∧7∧7∧7∧7∧7∧7
must be determined by inserting five pairs of brackets. Is it possible to put brackets in two
distinct ways so that the expressions have the same value?

3. Vlad is going to print a digit on each face of several unit cubes, in such a way that a 6 does
not turn into a 9. If it is possible to form every 30-digit number with these blocks, what is
the minimum number of the blocks?

4. When a positive integer is increased by 10%, the result is another positive integer whose
digit-sum has decreased by 10%. Is this possible?

5. In the rhombus ABCD, 6 A = 120◦. M is a point on BC and N is a point on CD such that
6 MAN = 30◦. Prove that the circumcentre of triangle MAN lies on a diagonal of ABCD.

Note: The problems are worth 3, 4, 4, 4 and 5 points respectively.

victor
Typewritten Text
Courtesy of Andy Liu



Solution to Junior O-Level Spring 2009

1. Let there be m vertices of the convex 2009-gon on one side of the line and n vertices on the
other side. Since m + n = 2009, one of m and n is odd and the other is even. Hence mn is
even. The line intersects mn segments which join two points on opposite sides. Two of them
are sides of the 2009-gon, but the remaining mn − 2 are diagonals, and this number is even.

2. Solution by Olga Ivrii:
More generally, (n∧ (n∧ n))∧n = (nn∧n)n = (nn)n∧n = (n∧ n)∧ (n∧ n). Adding three more
terms to both sides the same way maintains the equal value.

3. Solution by Olga Ivrii:
We need at least 30 copies of each non-zero digits because there is a 30-digit number consisting
only of that digit. We need at least 29 copies of zero because there is a 30-digit number whose
last 29 digits are zeros. Since 30 × 10 = 50 × 6, Vlad needs at least 50 cubes. His first five
cubes may consist of the numbers (0,1,2,3,4,5), (6,7,8,9,0,1), (2,3,4,5,6,7), (8,9,0,1,2,3) and
(4,5,6,7,8,9). Since each digit appears three times and no two copies of the same number
appear on the same cube, Vlad can use this set to form any 3-digit number. If he makes nine
more copies of this set, he can use the 50 cubes to form any 30-digit number.

4. Solution by Olga Ivrii:
It is possible, and a lot of carrying is involved in changing the old number to the new. We
want the old number to start with a block of 9s, and we want its last digit to be 0. However,
a number with a lone 0 following a block of 9s has the same digit-sum when multiplied by
11
10

. So we put m 9s in front, a lone 0 at the end, and n 5s in between. When this number is
multiplied by 11

10
, the new number consists of 10, m − 1 9s, 5, n − 1 1s and 05 in that order.

The digit-sum of the original number is 9m + 5n while the digit-sum of the new number is
9m + n. From 9(9m + 5n) = 10(9m + n), we have 35n = 9m. Hence we can choose m = 35
and n = 9.

5. Solution by Olga Ivrii:
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Let O be the circumcentre of MAN . Then 6 MON = 26 MAN = 60◦. Hence OMN is an
equilateral triangle. Since 6 MON + 6 MCN = 180◦, CMON is a cyclic quadrilateral. Now
6 OCM = 6 ONM = 60◦ = 6 OMN = 6 OCN . Hence O lies on the bisector of 6 MCN , which
is the diagonal AC.
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1. Let a∧b denote the number ab. The order of operations in the expresson 7∧7∧7∧7∧7∧7∧7
must be determined by inserting five pairs of brackets. Is it possible to put brackets in two
distinct ways so that the expressions have the same value?

2. Several points on the plane are such that no three lie on a straight line. Some pairs of points
are connected by segments. If any line which does not pass through any of these points
intersects an even number of these segments, prove that each of these points is connected to
an even number of the other points.

3. Let a and b be arbitrary positive integers. The sequence {xk} is defined by x1 = a, x2 = b
and for k ≥ 3, xk is the greatest common divisor of xk−1 + xk−2.

(a) Prove that the sequence is eventually constant.

(b) How can this constant value be determined from a and b?

4. In an arbitrary binary number, consider any digit 1 and any digit 0 which follows it, not
necessarily immediately. They form an odd pair if the number of other digits in between is
odd, and an even pair if this number is even. Prove that the number of even pairs is greater
than or equal to the number of odd pairs.

5. X is an arbitrary point inside a tetrahedron. Through each of the vertices of the tetrahedron,
draw a line parallel to the line joining X to the centroid of the opposite face. Prove that these
four lines are concurrent.

Note: The problems are worth 3, 4, 2+2, 4 and 4 points respectively.

victor
Typewritten Text
Courtesy of Andy Liu



Solution to Senior O-Level Spring 2009

1. Solution by Olga Ivrii:
More generally, (n∧ (n∧ n))∧n = (nn∧n)n = (nn)n∧n = (n∧ n)∧ (n∧ n). Adding three more
terms to both sides the same way maintains the equal value.

2. Suppose there is a point A connected to an odd number of other points. Then there must be
a second such point B, because each connection involves two points. Take a line very close to
AB, so that it does not pass through any given point. This line cuts a segments connnect to
A, b segments connected to B and c segments not connected to A or B, where a + b + c is an
even number. We now rotate this line slightly so that A remains on the same side but B moves
to the opposite side of this line. Apart from possibly AB, this line cuts a segments connected
to A, d segments connected to B and c segments not connected to A or B. If A is connected
to B, then d− b is even, and the total count 1 + a + d + c = 1 + a + b + c + (d− b) is odd. If
A is not connected to B, then d− b is odd, and the total count a + d + c = a + b + c + (d− b)
is still odd. In either case, we have a contradiction.

3. Solution by Olga Ivrii:

(a) Note that xk is odd for all k ≥ 3. Hence xk+2 = xk+1+xk

2t for some positive integer
t. If xk+1 = xk, then t = 1 and the sequence in constant from this point on. Other-
wise, xk+2 < max{xk+1, xk}. Similarly, xk+3 < max{xk+2, xk+1}. If xk < xk+1, then
xk+2 < xk+1 and xk+3 < xk+1. If xk > xk+1, then xk+2 < xk and xk+3 < xk. Thus
maxxk+3, xk+2},max{xk+1, xk, so that the sequence is essentially decreasing, though not
monotonically. Since the terms are positive integers, an infinite descent is impossible.
Hence the sequence must eventually be constant.

(b) Let g be the greatest common odd divisor of a and b. Then g is an odd divisor of xk for
k ≥ 3. Hence it is the greatest common odd divisor of xk+1 and xk. When the sequence
becomes constant, g is the greatest common odd divisor of two equal terms both of which
are odd. Hence this constant term must be equal to g.

4. We claim that if there is a pair of adjacent 0s, then they may be removed. This affects two
kinds of pairs, those in which the 0 is one of the digits removed, and those in which the 0
comes after the digits removed. Among the first kind, whenever one of the removed 0 had
formed part of an odd pair, the other removed 0 had formed part of an even pair with the same
digit 1, and vice versa. Among the second kind, odd pairs remain odd and even pairs remain
even with the removal of the two 0s. This justifies our claim. Similarly, pairs of adjacent 1s
may be removed. When no pairs of adjacent digits are identical, the digits of the number
are alternately 0 and 1. If we are left with a 0-digit or 1-digit number, then the numbers of
odd and even pairs are both 0. Suppose we are left with a number with at least 2 digits.
Since leading 0s and trailing 1s do not count, we may assume that our number has the form
1010 · · · 10. Clearly all pairs are even.

5. Let O be the centroid of the tetrahedron ABCD and G be the centroid of the face BCD.
Then O lies on AG, with AO = 3OG. Let P be the point on the extension of XO such that
PO = 3OX. Then triangles GOX and AOP are similar, so that XG is parallel to AP . By
symmetry, the fixed point P lies on each of the four lines.



International Mathematics

TOURNAMENT OF THE TOWNS

Junior A-Level Paper Spring

1. Basil and Peter play the following game. Initially, there are two numbers on the blackboard,
1

2009
and 1

2008
. At each move, Basil chooses an arbitrary positive number x, and Peter selects

one of the two numbers on the blackboard and increases it by x. Basil wins if one of the
numbers on the blackboard increases to 1. Does Basil have a winning strategy, regardless of
what Peter does?

2. (a) Prove that there exists a polygon which can be dissected into two congruent parts by a
line segment which cuts one side of the original polygon in half and another side in the
ratio 1:2.

(b) Can such a polygon be convex?

3. The central square of an 101 × 101 board is the bank. Every other square is marked S or T.
A bank robber who enters a square marked S must go straight ahead in the same direction.
A bank robber who enters a square marked T must make a right turn or a left turn. Is it
possible to mark the squares in such a way that no bank robber can get to the bank?

4. In a sequence of distinct positive integers, each term except the first is either the arithmetic
mean or the geometric mean of the term immediately before and the term immediately after.
Is it necessarily true that from a certain point on, the means are either all arithmetic means
or all geometric means?

5. A castle is surrounded by a circular wall with 9 towers. Some knights stand on guard on these
towers. After every hour, each knight moves to a neighbouring tower. A knight always moves
in the same direction, whether clockwise or counter-clockwise. At some hour, there are at
least two knights on each tower. At another hour, there are exactly 5 towers each of which
has exactly one knight on it. Prove that at some other hour, there is a tower with no knights
on it.

6. In triangle ABC , AB = AC and 6 CAB = 120◦. D and E are points on BC , with D closer
to B, such that 6 DAE = 60◦. F and G are points on AB and AC respectively such that
6 FDB = 6 ADE and 6 GEC = 6 AED. Prove that the area of triangle ADE is equal to the
sum of the areas of triangles FBD and GCE.

7. Let
(

n

k

)

be the number of ways of choosing a subset of k objects from a set of n objects. Prove

that if k and ` are positive integers less than n, then
(

n

k

)

and
(

n

`

)

have a common divisor
greater than 1.

Note: The problems are worth 3, 2+3, 5, 5, 6, 7 and 9 points respectively.
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Solution to Junior A-Level Spring

1. Basil starts by choosing the number 2007

2008
. If Peter adds it to 1

2008
, Basil wins immediately.

Hence he must add it to 1

2009
, yielding 4034071

4034072
. Basil now chooses 1

4034072
, and Peter can only

add it to the number which is not 4034071

4034072
. However, when this is done 4032062 times, the

other number will also become 4034071

4034072
. Basil now wins by choosing 1

4034072
once more.

2. (a) The following diagram shows such a polygon along with the dissecting line.

(b) Solution by Daniel Spivak:

Divide the sides of a square in counter-clockwise order in the ratio 1:2. If we connect
both pairs of points of division on opposite sides, the square is dissected into four con-
gruent parts. If we connect only one pair, we have two congruent convex quadrilaterals.
Disregard one of them, and the line connecting the other pair of points of divisioni will
dissect the remaining convex quadrilateral into two congruent parts.
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3. Solution by Yung-lin Yang:

The robber plans ahead for his escape route. Divide the square into 51 layers of concentric
squares. The bank is the sole square of the 0-th layer. The eight surrounding squares constitute
the 1-st layer, and so on. With no movement restriction while in the bank, the robber can get
to the 1-st layer. Suppose the robber gets to the n-th layer. If the square of entry is marked
S, he can go straight into the (n + 1)-st layer. If the square is marked T, he turns either way
and heads for a corner. If he passes on his way a square marked T, he can turn and get to the
(n+1)− st layer. If this does not happen by the time he gets to a corner of the n-th layer, he
can go to the (n + 1) − st layer regardless of whether the corner square is marked S or T. It
follows that he can leave the 101× 101 square. The bank robber then realizes that the escape
route can be traversed in the opposite direction and leads him from outside to the bank!
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4. Solution by Daniel Spivak and Yu Wu, independently: In the sequence defined by
a2k−1 = k2 and a2k = k(k + 1) for all k ≥ 1, we have

√
a2k−1a2k+1 =

√

k2(k + 1)2 = k(k + 1) = a2k

while
1

2
(a2k + a2k+2) =

1

2
(k(k + 1) + (k + 1)(k + 2)) = (k + 1)2 = a2k+1.

Hence the means are alternately geometric and arithmetic.

5. Solution by Olga Ivrii and Yung-lin Yang:

Knights who move together formed a group. At the hour when there are exactly 5 towers
each of which has exactly one knight on it, each of these 5 knights is a group by himself.
Since there are at most 2 groups on each of the other 4 towers, the total number of groups
is at most 13. Suppose the number of groups moving clockwise is no less than the number of
groups moving counter-clockwise. Let the former remain in place and let the latter skip over
one tower and move to the one beyond. We call them stationary groups and skipping groups
respectively. We have exactly the same distribution of knights among the towers. Suppose
there is a stationary group on each tower. At the hour when there are exactly 5 towers each
of which has exactly one knight on it, each of these 5 knights is a stationary group. Now there
can be at most 4 moving groups. So at any hour, one of these 5 towers will have exactly one
knight on it, contradicting the condition that at some hour, there are at least two knights on
each tower. Hence there is at least one tower with no stationary groups. Each skipping group
can visit it once every 9 hours. Since the number of skipping groups is at most 6, this tower
will be unguarded at some hour.

6. We use the symbol [ ] to denote area. Reflect the diagram about BC so that A′, F ′ and G′

are the respective images of A, F and G. Then D lies on AF ′ and E lies on AG′, and both
ABA′ and ACA′ are equilateral triangles. Now

6 A′AG′ = 6 DAE − 6 F ′AG′ = 6 BAA′ − 6 F ′AG′ = 6 BAF ′.

It follows that triangles BAF ′ and A′AG′ are congruent.
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We have

[ADE] + [DEG′A′F ′] = [AF ′A′] + [AA′G′] = [AF ′A′] + [BAF ′] = [BAA′] =
1

2
[BACA′].

On the other hand, triangles BDF and CEG are congruent respectively to triangles BDF ′

and CEG′. Hence

[BDF ] + [CEG] + [DEG′A′F ′] = [BDF ′] + [CEG′] + [DEG′A′F ′] = [BCA′] =
1

2
[BACA′].

It follows that [ADE] = [BDF ] + [CEG].

7. Solution by Jonathan Schneider:

Let 0 < k < ` < n. Then
(

`

k

)

<
(

n

k

)

. Suppose we have n players from which we wish to
choose a team of size `, and to choose k captains among the team players. The team can
be chosen in

(

n

`

)

ways and the captains can be chosen in
(

`

k

)

ways. On the other hand, if

we choose the captains first among all the players, the number of ways is
(

n

k

)

. From the

remaining n − k players, there are
(

n−k

`−k

)

ways of choosing the ` − k non-captain players.

Hence
(

n

`

)(

`

k

)

=
(

n

k

)(

n−k

`−k

)

. Now
(

n

k

)

divides
(

n

`

)(

`

k

)

. If it is relatively prime to
(

n

`

)

, then it

must divide
(

`

k

)

. This is a contradiction since
(

`

k

)

<
(

n

k

)

.



International Mathematics

TOURNAMENT OF THE TOWNS

Senior A-Level Paper Spring 2009.

1. A rectangle is dissected into several smaller rectangles. Is it possible that for each pair of
rectangles so obtained, the line segment joining their centres intersects some other rectangle?

2. In a sequence of distinct positive integers, each term except the first is either the arithmetic
mean or the geometric mean of the term immediately before and the term immediately after.
Is it necessarily true that from a certain point on, the means are either all arithmetic means
or all geometric means?

3. There is a counter is each square of a 10 × 10 board. We may choose a diagonal containing
an even number of countes and remove any counter from it. What is the maximum number
of counters which can be removed from the board by these operations?

4. Three planes dissect a parallelepiped into eight hexahedra such that all of their faces are
quadrilaterals. One of the hexahedra has a circumsphere. Prove that each of these hexahedra
has a circumsphere.

5. Let
(

n

k

)

be the number of ways of choosing a subset of k objects from a set of n objects. Prove

that if k and ` are positive integers less than n, then
(

n

k

)

and
(

n

`

)

have a common divisor
greater than 1.

6. A positive integer n is given. Two players take turns marking points on a circle. The first
player uses the red colour while the second player uses the blue colour. When n points of
each colour has been marked, the game is over,and the circle has been divided into 2n arcs.
The winner is the player who has the longest arc both endpoints of which are of this player’s
colour. Which player can always win, regardless of any action of the opponent?

7. At step 1, the computer has the number 6 in a memory cell. In step n, it computes the
greatest common divisor d of n and the number m currently in that cell, and replaces m with
m + d. Prove that if d > 1, then d must be prime.

Note: The problems are worth 4, 4, 6, 6, 8, 9 and 9 points respectively.
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Solution to Senior A-Level Spring 2009

1. Place the original rectangle in the first quadrant so that its southwest corner coincides with
the origin of the coordinate plane. The small rectangle whose southwest corner also coincides
with the origin is called the main rectangle. Let its centre be at (x, y). Consider the rectangles
which have parts of the northern edge of the main rectangle as their southern edges. Let there
be n of them and let their centres be at (xi, yi), with x1 < x2 < · · · < xn. Let k be such
that xk < x < xk+1. The segment joining (xk, yk) and (x, y) must therefore pass through
the (k + 1)-st rectangle, which means that the segment joining (x, y) and (xk+1, yk+1) cannot
pass through the k-th rectangle. It follows that it must intersect the eastern edge of the main
rectangle rather than its northern edge, so that n = k +1. Similarly, if there are m rectangles
which have parts of the eastern edge of the main rectangle as their western edges, the line
segment joining (x, y) to the centre of the last of these rectangles must intersect the northern
edge of the main rectangle rather than its eastern edge. However, the n-th northern neighbour
and the m-th eastern neighbour of the main rectangle share common interior points, which is
a contradiction. Thus it is not possible that for each pair of rectangles so obtained, the line
segment joining their centres intersects some other rectangle.

2. Solution by Daniel Spivak and Yu Wu, independently:

In the sequence defined by a2k−1 = k2 and a2k = k(k + 1) for all k ≥ 1, we have

√
a2k−1a2k+1 =

√

k2(k + 1)2 = k(k + 1) = a2k

while
1

2
(a2k + a2k+2) =

1

2
(k(k + 1) + (k + 1)(k + 2)) = (k + 1)2 = a2k+1.

Hence the means are alternately geometric and arithmetic.

3. Solution by Zimu Zhu:

The status of a diagonal is the parity of the number of counters currently on it. Initially,
twenty of them are odd. Whenever a counter is removed, it affects the status of the two
diagonals on which it lies. They cannot both be odd. If one is odd and the other is even, the
total number of odd diagonals remains the same. If both are even, that number increases by
two. Hence it cannot fall below its initial value of twenty. It follows that at least ten counters
must remain on the board. Label the squares (i, j) where 0 ≤ i, j ≤ 9. We can remove all
but five counters on the squares (i, j) where i + j is odd, namely (1,0), (3,0), (5,0), (7,0) and
(9,0). This is accomplished in ten stages by removing the counters on the squares, using even
diagonals in alternating directions:
0. (0,1), (0,3), (0,5), (0,7) and (0,9), 1. (1,2), (1,4), (1,6), (1,8).
2. (2,1), (2,3), (2,5), (2,7) and (2,9), 3. (3,2), (3,4), (3,6), (3,8).
4. (4,1), (4,3), (4,5), (4,7) and (4,9), 5. (5,2), (5,4), (5,6), (5,8).
6. (6,1), (6,3), (6,5), (6,7) and (6,9), 7. (7,2), (7,4), (7,6), (7,8).
8. (8,1), (8,3), (8,5), (8,7) and (8,9), 9. (9,2), (9,4), (9,6), (9,8).
Similarly, we can remove all but five counters on the squares (i, j) where i + j is even, namely
(0,0), (2,0), (4,0), (6,0) and (8,0). Thus only the ten counters on the first row are left.



4. Our solution makes use of the following two auxillary results.
Lemma 1. Let ABCD be a parallelogram. Let a line intersect AB at X and CD at Z. Let
another line intersect BC at Y and DA at W . Let WY intersect XZ at P . If the quadrilateral
AXPW is cyclic, then so are the quadrilaterals BY PX, CZPY and DWPZ.
Proof:

Let 6 WAX = θ. Then 6 Y CZ = θ also since ABCD is a parallelogram. We also have
6 WPZ = 6 XPY = θ since AXPW is a cyclic quadrilateral. It follows that so is CZPY .
Now 6 XBY = 6 ZDW = 6 WPX = 6 Y PZ = 180◦−θ. Hence BY PX and DWPZ are cyclic
quadrilaterals also.
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Lemma 2. Let AXPW be a face of a hexahedron. Let A′X ′P ′W ′ be the opposite face such
that AA′, XX ′, PP ′ and WW ′ are the lateral edges. If all six faces are cyclic quadrilaterals,
then the hexahedron itself is cyclic.
Proof:

Since AXPW is cyclic, there are many spheres which contains its circumcircle, and we can
find one which passes through A′. Now A, X and A′ determines a unique circle. It must
be the circumcircle of AXA′X ′, and it must lie on this sphere. It follows that X ′ lies on
this sphere. The same argument shows that P ′ and W ′ also lie on this sphere, so that the
hexahedron is cyclic.
We now return to the original problem. Each of the three planes has a cross-section with the
parallelepiped in the form of a parallelogram. This cross-section does not meet two opposite
faces of the parallelepiped, which are also parallelograms. All three parallelograms are divided
into four quadrilaterals. In two of these parallolgrams, one of the four quadrilaterals is cyclic.
By Lemma 1, the others are also cyclic. In the third parallelogram, which is a face of the
parallelepiped, the dividing lines form the same angles with the sides of the parallelogram as
those in the opposite face. Hence the four quadrilaterals here are cyclic too. It follows that
all faces of the eight hexahedra are cyclic. By Lemma 2, the hexahedra are all cyclic.

5. Solution by Jonathan Schneider:

Let 0 < k < ` < n. Then
(

`

k

)

<
(

n

k

)

. Suppose we have n players from which we wish to
choose a team of size `, and to choose k captains among the team players. The team can
be chosen in

(

n

`

)

ways and the captains can be chosen in
(

`

k

)

ways. On the other hand, if

we choose the captains first among all the players, the number of ways is
(

n

k

)

. From the

remaining n − k players, there are
(

n−k

`−k

)

ways of choosing the ` − k non-captain players.

Hence
(

n

`

)(

`

k

)

=
(

n

k

)(

n−k

`−k

)

. Now
(

n

k

)

divides
(

n

`

)(

`

k

)

. If it is relatively prime to
(

n

`

)

, then it

must divide
(

`

k

)

. This is a contradiction since
(

`

k

)

<
(

n

k

)

.



6. Solution by Jonathan Zung:

The second player has a winning strategy divided into four stages.

1. After the first player has marked the initial red point, the second player define as principal
points the remaining vertices of a regular n-gon inscribed in the circle, with this red point
as one of the vertices.

2. The second player marks principal points whenever possible, until all have been marked.
Since the second player has n moves and there are only n− 1 unmarked principal points
initially, this stage ends before the second player’s last move.

3. Once all the principal points have been marked, the second player find pairs of adjacent
red principal points. For each such pair, the second player marks a blue point between
the two red points. Suppose the first player has marked k principal points red while the
second player has marked the remaining n − k principal points blue. There are at most
k− 1 pairs of adjacent red principal points. Hence this stage also ends before the second
player’s last move.

4. When the second player is ready to make the last move, all n principal points have been
marked. There are n − 1 other marked points. Hence there exist two adjacent principal
points with no other points in between. At least one of them is blue since the second
player ensured there is a blue point between any two adjacent red principal points. The
second player’s final marked point is on this arc, arbitrarily close to a principal point
where the other principal is blue.

The longest arc the second player can claim may be made arbitrarily close to 1

n
of the circle,

while all arcs the first player can claim are shorter than 1

n
of the circle. Hence the second

player can be assured of a win regardless of any action by the first player.

7.

victor
Typewritten Text
See on the next page



7 Let us write down few first terms in the sequence:

Step # 1 2 3 4 5 6 7 8 9 10 11 12 . . .

Number in the cell 6 7 8 9 10 15 18 19 20 21 22 33 36 . . .

Increment 1 1 1 1 5 3 1 1 1 1 11 3

Let us denote by n the number of the step, A(n) the number in the cell, I(n) = A(n) − A(n − 1)
its increment.

One can notice the following pattern: If on some step n I(n) 6= 1 then A(n) = 3n. (In the table
corresponding columns are in bold).

Let A(n) = 3n for some n. On the next step the number increases by I(n + 1) = gcd(n + 1, 3n)
and since n and (n + 1) are coprimes then I(n + 1) = gcd(n + 1, 3). Thus, increment is either
I(n+ 1) = 1 or I(n+ 1) = 3. In the latter case we have that (n+ 1) is divisible by 3 so on the next
step I(n + 2) = 1 for certain.

This observation leads us to the following

Conjecture Let A(n) = 3n for some n, and the next increment be I(n + 1) = 1. Consider the
nearest step n+ k when increment will be different from 1: I(n+ k) 6= 1. Then I(n+ k) is a prime
number and A(n + k) = 3(n + k).

To prove conjecture we use induction. We already checked the base for small numbers n. Let
A(n) = 3n for some n and (n + k) be the nearest number with I(n + k) 6= 1:

Step # n n+1 n+2 . . . n+k-1 n+k

Number in the cell 3n 3n+1 3n+2 . . . 3n+k-1 ?

For increment I(n + k) we have (using here and below gcd(a, b) = gcd(a, a− b)):

I(n + k) = gcd(n + k, 3n + k − 1) = gcd
(
n + k, 3(n + k)− (3n + k − 1)

)
= gcd(n + k, 2k + 1).

Hence, I(n + k) is divisor of (2k + 1).

Assume that (2k + 1) is not a prime and p is a prime divisor of gcd(n+ k, 2k + 1). Since (2k + 1) is
odd then p ≤ (2k + 1)/3. Therefore p < k. Let us look at step n+ k− p. At this step an increment
is

I(n+ k− p) = gcd(n+ k− p, 3n+ k− p− 1) = gcd
(
n+ k− p, 3(n+ k− p)− (3n+ k− p− 1)

)
=

gcd(n + k − p, 2k + 1− 2p).

But since both (n + k − p) and (2k + 1 − 2p) are divisible by p we see that on step (n + k − p)
increment differs from 1. This contradicts to the assumption that (n + k) is the nearest step.

Therefore, (2k + 1) is a prime number and I(n + k) = 2k + 1 and then

A(n + k) = A(n + k − 1) + I(n + k) = (3n + k − 1) + (2k + 1) = 3(n + k).

Our conjecture is proven by induction and the problem solved.
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