28. TURNIR GRADOVA

Jesenje kolo.
Pripremna varijanta, 22. oktobar 2006. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
poeni za delove jednog zadatka se sabiraju)

1. (4 poena) Na tabli su napisana u rastucem poretku dva prirodna broja
X iy, (x <y). Peda zapisuje u svesku x* (kvadrat prvog broja), a zatim
na tabli zamenjuje mesta brojevima x 1 y-x, pisuci ih u rastu¢em
poretku. Sa novim brojevima na tabli Peda ponavlja tu operaciju, itd.
sve dotle dok jedan od brojeva na tabli ne postane nula. Cemu ¢e u
tom momentu biti jednak zbir brojeva u Pedinoj svesci?

2. Zna se da lazovi uvek lazu, istinoljubci uvek govore istinu, a
prevrtljivci nekad lazu, a nekad govore istinu. Vi mozete postavljati
pitanja na koja se odgovara sa “da” ili “ne”. (Na primer:”"Da li je istina
da je ovaj Covek prevrtljivac?”)

(1 poen) a) Pred vama su trojica — lazov, istinoljubac i prevrtljivac, koji
znaju ko je ko medu njima. Kako vi to mozete saznati?

(3 poena) b) Pred vama su Cetvorica — lazov, istinoljubac i dva prevrt-
ljivca i sva Cetvorica znaju ko je ko medu njima. Dokazite da se
prevrtljivei mogu dogovoriti da odgovaraju tako da vi, postavljajuci
pitanja toj Cetvorici, ni za koga od njih ne mozZete sa sigurnos¢u
utvrditi ko je ko.

3. (2 poena) a) Napisano je 2007 prirodnih brojeva vecih od 1. Dokazite
da se moze precrtati jedan broj, tako da se proizvod ostalih brojeva
moze predstaviti u vidu razlike kvadrata dva prirodna broja.

(2 poena) b) Napisano je 2007 prirodnih brojeva vecih od 1, medu
kojima je jedan jednak 2006. Pokazalo se da medu napisanim
brOJeV|ma postoji samo jedan broj, tako da se proizvod ostalih brojeva
moze predstaviti u vidu razlike kvadrata dva prirodna broja. Dokazite
da je taj broj 2006.

4. (4 poena) Na produzetku stranice BC trougla ABC preko temena B
oznacena je duz BB' jednaka stranici AB. Simetrale spoljasnjih uglova
kod temena B i C seku se u tacki M. Dokazite da tacke A, B, M i C
pripadaju istoj kruznici.

5. (4 poena) Koji je najveci broj nekonveksnih podudarnin mnogouglova
na koje se moze razrezati kvadrat, tako da sve stranice mnogouglova
budu paralelne stranicama kvadrata i da se ni koja dva od tih
mnogouglova ne mogu dobiti jedan iz drugog paralelnim pomeranjem
(translacijom)? /Paralelno pomeranje — pomak bez obrtanja/



28. TURNIR GRADOVA

Jesenje kolo.
Pripremna varijanta, 22. oktobar 2006. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (4 poena ) Na tabli su napisana tri prirodna broja x, y, z. Peda
zapisuje u svesku proizvod bilo koja dva od njih, a na tabli umanjuje
treCi broj za 1. Sa nova tri broja na tabli Peda ponavlja istu operaciju,
itd. sve dotle dok jedan od brojeva na tabli ne postane nula. Cemu ée
u tom momentu biti jednak zbir brojeva u Pedinoj svesci?

2. (4 poena) Dat je tangentni Cetvorougao. Dodirne taCke Cetvorougla i
kruznice oko koje je opisan spojene su redom duzima. U tako nastale
trouglove upisane su kruznice. Dokazite da su dijagonale Cetvorougla
Cija su temena centri tih kruznica uzajamno normaine.

3. (4 poena) Tablica 2006x2006 popunjena je brojevima 1, 2, 3, ...
2006°. Dokazite da se u takvoj tablici mogu naéi dva broja u poljima
sa zajedniCkom stranicom ili temenom, takva da je njihov zbir deljiv sa
4.

4. (4 poena) Date su dve beskonacne (na jednu stranu) progresije:
aritmetiCka aj;, a, as, ... i geometrijska by, by, bs, ..., pri Cemu svi
brojevi koji se nalaze medu €lanovima geometrijske progresije takode
se nalaze i medu Clanovima aritmetiCke progresije. Dokazite da je
koli€nik geometrijske progresije (lj) ceo broj.

5. (5 poena) Moze li se upisati pravilni oktaedar u kocku tako da se
temena oktaedra nalaze na ivicama kocke? (Pravilni oktaedar ima 6
temena, iz svakog njegovog temena polaze 4 ivice, a sve njegove
strane su jednakostranicni trouglovi.)



28. TURNIR GRADOVA

Jesenje kolo.
Osnovna varijanta, 29. oktobar 2006. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
a poeni za delove jednog zadatka se sabiraju)

1. (3 poena) Oko pravilnog 7-ugla opisna je kruznica i u njega je upisana kruznica.
Isto je uradeno i sa pravilnim 17 — uglom. Svaki od mnogouglova se posle toga
nasao u svom kruznom prstenu. Pokazalo se da su povrSine tih prstenova
jednake. Dokazite da su stranice tih mnogouglova jednake.

2. (5 poena) Dosavsi u novu kompaniju CiCikov je Zeleo da sazna ko se s kim
poznaje. Da bi sve zapamtio, on je crtao kruznicu i svakog ¢lana prikazivao
pomocu tetiva (duzi), pri Cemu se duzi onih koji se poznaju seku, a onih koji se
ne poznaju ne seku. Ci¢ikov je uveren da takva kolekcija tetiva postoji za ma
koju kompaniju. Da li je on u pravu? (Poklapanje krajeva tetiva smatra se
njihovim presekom).

3. U kvadratu 3x3 rasporedeni su brojevi: a, b, ¢ u prvoj vrsti; d, e, f udrugoj; g,

h, i utrecoj (tim alb ¢ redom).
d e |f
g |h |1

Zna se da je kvadrat magi¢an: zbirovi brojeva u svakoj vrsti, svakoj koloni i na
svakoj dijagonali su jednaki. Dokazite da je:

(3poena) a) 2(@+c+g+i)=b+d+ f +h+4e
(3 poena) b) 2(@° +c® +g®+i*)=b® +d°+ % +h° + 4e°
4. (6 poena) U ostrougli trougao upisana je kruznica polupre¢nika R. Onda su
povucene tri tangente te kruznice, koje dele trougao na tri pravougla trougla i

Sestougao. Obim Sestougla iznosi LJ. Odredite zbir pre€nika kruznica upisanih
u nastale pravougle trouglove.

5. Omotnicom (omotom) ravne slike dimenzija 1x1 zvac¢emo pravougaoni list
papira povrsine 2, kojim mozemo, ne razrezujuéi ga, sasvim uviti (zamotati)
sliku sa obe strane. Jasno je da su omotnice pravougaonik 2x1 i kvadrat
stranice /2.

(4 poena) a) Dokazite da postoje i druge omotnice.
(3 poena) b) Dokazite da ima beskonaCno mnogo omotnica.

1 1 1 a a, :
6. (8 poena) Neka je l+§+§+---+ﬁ=b—” , gde je b neskrativ razlomak.

n n

Dokazite da postoji beskonac¢no mnogo prirodnih brojeva n, za koje je
iapunjena nejednakost b,,; <b,.

7. (9 poena) Voditelj kviza ima Spil od 52 karte. Gledaoci zele da saznaju u kom
poretku su slozene karte (ne precizirajuc¢i pri tome — da li odozgo nadole ili
odozdo nagore). Dopusteno je voditelju postavljati pitanja oblika: “Koliko se
karata nalazi izmedu te i te karte?” Jedan od gledalaca je kriSom video kojim
redom su slozene karte. Koliko najmanje pitanja on mora postaviti, da bi ostali
gledaoci, prema odgovorima na ta pitanja, mogli saznati redosled karata u
Spilu” ?



28. TURNIR GRADOVA

Jesenje kolo.
Osnovna varijanta, 29. oktobar 2006. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (5 poena) Dosavsi u novu kompaniju Cigikov je Zeleo da sazna ko se s kim
poznaje. Da bi sve zapamtio, on je crtao kruznice i svakog cClana
prikazivao pomocu tetiva (duzi), pri c¢emu se duzi onih Koji se poznaju
seku, a onih koji se ne poznaju ne seku. Ci¢ikov je uveren da takva
kolekcija tetiva postoji za ma koju kompaniju. Da li je on u pravu?
(Poklapanje krajeva tetiva smatra se njihovim presekom).

2. (6 poena) Na stranicama BC, AC i AB oStrouglog trougla ABC uzete su
redom tacke A;, B; i C; tako da su poluprave A;A, B:B i C,C bisektrise
uglova trougla A;B;C;. Dokazite da su duzi AA;, BB; i CC; visine trougla
ABC.

3. (6 poena) U broju a = 0,12457... n-ta cifra posle zapete jednaka je cifri
levo od zapete u broju n+2. Dokazite da je a iracionalan broj.

4. (6 poena) Moze |li se neka prizma razdeliti na piramide (koje nemaju
zajedniCkih delova) tako da osnova svake od piramida lezi u jednoj od
osnova (baza) prizme, a naspramno teme (vrh) pripada drugoj osnovi
prizme?

. 1 1 1 a,
5. (7 poena) Neka je 1+§+ 3ttt E‘E , gde je b_ neskrativ razlomak.

Dokazite da postoji beskonacho mnogo prirodnih brojeva n, za koje je
ispunjena nejednakost b,,, <b,.

6. Rec¢i c¢emo da je Spil karata slozen pravilno ako se ma koji par uzastopnih
karata slaze po boiji ili po vrednosti, Sto je takode tacno za kartu na vrhu i
kartu na dnu Spila i na vrhu je “kec’(as) pik. DokazZite da je broj nacCina da
se pravilnio sloZi Spil karata:

(3 poena) a) deqiv sa 12!,
(5 poena) b) deqgiv sa 13! .
7. Pozitivni brojevi x,,..., X, zadovogavaju nejednakosti
3 3
X2+, . X PR LA I X, 4., < T A
2 2

(3 poena) a) DokazZite da je k > 50.

(3 poena) b) Nadite primer takvih brojeva za neko k.

(3 poena) v) Odredite najmanje k za koje je primer moguc.



28. TURNIR GRADOVA
Prole¢no kolo.

Pripremna varijanta, 25. februar 2007. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni za delove jednog zadatka se sabiraju)

1. (4 poena) Pet duzi je nacrtano (ne podizuci olovku sa papira) tako
da je dobijena petokraka zvezda, podeljena povuc¢enim duzima na
pet trouglova i jedan petougao. Pokazalo se da su svih 5 trouglova
podudarni. Da li je tada obavezno petougao pravilan (tj. ima
jednake sve stranice i sve uglove jednake)?

2. (4 poena) Na tabli su napisana dva 2007-cifrena broja. Zna se da
kod svakog mozemo precrtati 7 cifara tako da ostanu jednaki
brojevi. DokaZite da u polazne brojeve mozemo ubaciti (upisati) po
7 cifara, tako da se takode dobiju jednaki brojevi.

3. (4 poena) Koliko najmanje topova mozemo postaviti na Sahovsku
tablu 8x8 tako da sva bela polja budu napadnuta (tu€ena) tim
topovima? (Napadnutim poljima smatramo sva polja kolone i reda u
kojima se nalazi top).

4. (4 poena) Data su tri realna broja razliCita od nule. Ako ih, u bilo
kom poretku, uzmemo za koeficijente kvadratnog trinoma, onda ce
taj trinom imati realan koren (realnu nulu). Da li je tacho da ¢e svaki
od tih trinoma imati pozitivan koren?

5. a) (1 poen) Torta ima oblik trougla kod koga je jedan ugao tri puta
veci od drugog. Kutija za tortu ima oblik istog takvog trougla, ali
simetricnog s njim u odnosu na neku pravu. Kako razrezati tortu na
dva dela koji se (bez obrtanja-prevrtanja) mogu smestiti u tu kutiju?

b) (4 poena) Uradite isti zadatak, ali za tortu koja ima oblik
tupouglog trougla u kome je tup ugao dva puta veci od jednog od
ostrih uglova.

(Tortu i kutiju smatrajte ravnim figurama.)



28. TURNIR GRADOVA

Proleéno kolo.
Pripremna varijanta, 25. februar 2007. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena ) Polja table 9x9 obojena su crnom i belom bojom kao na
Sahovskoj tabli Ugaona polja su bela. Koji najmanji broj topova
treba postaviti na tu tablu da bi ti topovi tukli sva bela polja. (Kaze
se da top tuce neko polje ako se ono nalaze u vrsti i koloni u kojoj
se taj top nalazi).

2. (4 poena) Polinom x°+ px®+gx+r ima tri korena u intervalu (0, 2) .
Dokazite da vazi nejednakost: -2 < p+lj+r <0

3. (4 poena) Prava dodiruje kruznicu u tacki A. Na pravoj je izabrana
taCka B, pa je duz AB rotirana za neki ugao oko centra kruznice.
Tako je dobijena duz A'B'. Dokazite da prava, koja prolazi kroz
taCke dodira Ai A’, polovi duz BB'.

4. (4 poena) Niz nula i jedinica nastao je na sledeci nacin: na k-tom
mestu piSe se nula ako je zbir cifara (rednog) broja k paran, a inace
(ako je zbir cifara broja k neparan) piSe se jedinica. Dokazite da je taj
niz cifara neperiodican. (Evo poCetka tog niza:
101010101101010101001.....)
Niz nazivamo periodicnim, ako postoji prirodan broj d, takav da se
uvek podudaraju dva clana niza, Ciji se indeksi (redni brojevi)
razlikuju za d.

5. a) (3 poena ) Torta ima oblik tupouglog trougla kod kojeg je tup
ugao dva puta veci od jednog od oStrih uglova. Kutija za tortu ima
oblik istog takvog trougla, ali simetrichog s njim u odnosu na neku
pravu. Kako razrezati tortu na dva dela koji se (bez obrtanja-
prevrtanja) mogu smestiti u tu kutiju?

b) (8 poena) Uradite isti zadatak za tortu koja ima oblik trougla sa
uglovima od 20°, 30° i 130°.
(Tortu i kutiju smatrajte ravnim figurama.)



28. TURNIR GRADOVA
Prole¢no kolo.

Osnovna varijanta, 4. mart 2007. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
a poeni za delove jednog zadatka se sabiraju)

. (3 poena) Dat je prirodan broj N. Da bismo nasli ceo broj, najblizi kvadratnom
korenu iz N, |skor|st|cemo slede¢i nacin: medu kvadratima prirodnih brojeva
nadimo broj a% najblizi broju N; tada ée i a biti trazeni broj. Da li uvek takav
nacin daje prawlan odgovor?

. (4 poena) Na stranicama jedinicnog kvadrata oznacene su tacke K, L, M i N
tako da je KM paralelno dvema stranicama kvadrata, a LN paralelno sa dve
druge stranice kvadrata. Duz KL od kvadrata odseca trougao obima 1. Kolika je
povrSina trougla koji od kvadrata odseca duz MN?

. (5 poena) Pera je uzeo dvadeset uzastopnih prirodnih brojeva, zapisao ih je
jedan za drugim nekim redom i tako dobio broj M. Vasa je uzeo dvadeset jedan
uzastopni prirodan broj, zapisao ih jedan za drugim po nekom redu i tako je
dobio broj M. Da li se moglo dogoditi da bude M=N ?

. (poena) U konveksnom mnogouglu povuceno je nekoliko dijagonala (moguce i
takvih da se seku) tako da se ni u kojoj tacki unutar mnogougla ne seku tri ili
viSe dijagonala. Pokazalo se da je na kraju mnogougao podeljen na trouglove.
Koliki je najve¢i moguci broj tih trouglova?

. (7 poena) Pronadite sve rastuce aritmeticke progresije, Ciji su Clanovi prosti
brojevi sa svojstvom da je broj ¢lanova progresije konac¢an i veéi od razlike
progresije.

. (8 poena) Kod Cetvorougla ABCD stranice AB, BC i CD su Jednake tacka M je
srediéte stranice AD. Poznato je da je ugao BMC jednak 90°. Nadite koliki je
ugao izmedu dijagonala ¢etvorougla ABCD.

. Kapetan Vrungel u svojoj kabini je promeSao Spil od 52 karte i rasporedio ih po
krugu, ostavivsi jedno slobodno mesto. Mornar Fuks s palube, ne odvajajuéi se
od svog kormila i ne znajuci pocetni raspored, imenuje kartu. Ako je ta karta do
slobodnog mesta, Vrungel je premesta na to slobodno mesto, ne govoreci
Fuksu o tome nista. U protivnhom slu€aju niSta se ne deSava. Fuks onda
imenuje josS jednu Kkartu, i tako koliko hoce puta, sve dok on ne kaze “stop”.

(5 poena) a) Moze li Fuks postici to da se posle “stop” svaka karta nade tamo
gde nije bila na pocCetku?

(5 poena) b) Moze li Fuks postici to, da posle “stop” pored slobodnog mesta ne
bude as (kec) pik?



28. TURNIR GRADOVA

Prole¢no kolo.
Osnovna varijanta, 4. mart 2007. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena) Na paraboli y = x* uzete su &etiri tacke A, B, C, D, tako da se
duzi AB i CD seku na ordinatnoj osi. Nadite apscisu taCke D, ako su
apscise taCaka A, BiCredoma, bic.

2. (5 poena) Konveksna figura F ima sledeCe svojstvo: ma Kkoji
jednakostrani¢ni trougao stranice 1 moze se paraleln o premestiti tako da
se sva njegova temena nadu na obodu (granici) figure F. Sledi li iz tog
svojstva da je F krug?

3. (5 poena) Neka je f(x) neki polinom nenultog stepena. Moze li se desiti da
jednacina f(x)=a za ma koju vrednost a ima paran broj reSenja?

4. Kapetan Vrungel u svojoj kabini je promesao Spil od 52 karte i rasporedio ih po
krugu, ostavivsi jedno slobodno mesto. Mornar Fuks s palube, ne odvajajuci se
od svog kormila i ne znajuci pocetni raspored, imenuje kartu. Ako je ta karta do
slobodnog mesta, Vrungel je premesta na to slobodno mesto, ne govoreci
Fuksu o tome nista. U protivhom slu€aju niSta se ne deSava. Fuks onda
imenuje jo$ jednu kartu, i tako koliko hoée puta, sve dok on ne kaze “stop”.

(4 poena) a) Moze li Fuks postici to da se posle “stop” svaka karta nade tamo
gde nije bila na pocetku?

(4 poena) b) Moze li Fuks postici to, da posle “stop” pored slobodnog mesta ne
bude as (kec) pik?

5. (8 poena) Od pravilnog oktaedra stranice 1 odrezano je 6 uglova - piramidica sa
kvadratnom osnovom i bo¢nom ivicom % Dobijen je poliedar Cije su strane

kvadrat’i)i pravilni Sestouglovi. Moze li se kopijama takvog poliedra popuniti
prostor

6. (4 poena) Dat je iracionalan broj a, takav da je 0<a<% . Prema njemu se

odreduje novi broj a; kao maniji od dva broja 2a i 1-2a. Prema ovom broju se
onda odreduje ay, i tako dalje.

(4 poena) a) Dokazite da je za neko n ispunjena nejednakost a, < %.

(4 poena) b) Moze li se dogoditi da bude an>% za svaki prirodan broj n?

7. (8 poena) Stranice trougla ABC vide se iz tatke T pod uglovima od 120°.
Dokazite da se prave simetricne pravama AT, BT i CT u odnosu na prave BC,
CA i AB (tim redom) seku u jednoj tacki.



28-1 MexknyHnapoanblii matemMaTudeckuid Typuup ropoaos
Pemenust 3agau
(mnammcanbl JI.MeanukoBbiM 1 A.lllanoBasioBbIM)

OcHoBHoIi BapuaHT, 8-9 Kiacchl.

1. Bokpyr npaBuibHOro 7-yrojbHUKa ONMUCAIN OKPYKHOCTb U BIIMCAJIU B HETO OKPYXXHOCTh. To
K€ IpoAeNaly C MPaBUIbHBIM 17-yrosbHUKOM. B pesynbrare Kaxablii U3 MHOTIOYIOJBHUKOB
OKa3aJICsl paclojOKEHHBIM B CBOEM KpyroBoM Kousiblie. Okazajaoch, U4TO IUIOLIAAN 3THUX KOJIEI|
OJIMHAKOBBI. /[0Ka)KHTe, 4TO CTOPOHBI MHOT'OYI'OJIbBHUKOB OJIMHAKOBBI.

Pemenne. Ilycts 2a — juiMHa CTOPOHBI NIPaBMWIJIBHOIO MHOIOYroJIbHHKA, I 1 R — paaunycsl
BIIMCAHHOW M ONMCAaHHOM OKPYKHOCTHM COOTBETCTBEHHO. BrmcaHHas OKPYXHOCTb Kacaercs
CTOPOHBI B €€ CepeuHe, ITI0ITOMY IIPOBEACHHBIA TyAa paanyC NEpHEHAMKYJsIpeH cropoHe. [Io
Teopeme Indaropa a’+r’=R?. [1o3ToMy IIIOLIAb KOMbIA MEKLY STHMH OKPYKHOCTAMH PaBHA
m(R? — r?) = na’, oTKyja U ClIeyeT YTBEPIKICHNE 3a1atH.

2. IloraB B HOBYIO KOMITaHWIO, UNYHUKOB y3HABAII, KTO C KEM 3HAKOM. A 9TOOBI 3aIIOMHUTH 3TO,
OH PHUCOBAJl OKPYKHOCTb U H300pa)kall Ka)XJ0ro 4jeHa KOMIIAHWU XOpPJOH, MpPUYEM XOpPJbl
3HAKOMBIX MEXJy COOOW MepeceKallncChb, a HE3HAKOMbIX — HET. UMUMKOB YBEpEH, YTO TaKOH
Habop xopa ecth s 060 kommnanuu. [Ipas nu on? (CoBnazeHue KOHIIOB XOpJ CUHUTAETCS
[IEPECEUEHUEM).

Pemenne. UnunkoB He mpaB, BOT KOHTprpumep. IIycTe ecTh X034HMH, TpHU €ro CblHA U TPH
rocts. I'oCTH TOmapHO HE3HAKOMBI, XO35IMH C HUMH BCEMM 3HAKOM, a TPU CbIHA 3HAKOMBI C
TpeMs pa3HbIMM ITapaMu roCTei. XOpIbl TOCTEH NEPECEKAIOT XOPAY XO3IHHA B TPEX Pa3IudHBIX
tToukax. OHa ToUKa — CpeHss, IBE — KpailHhe, COOTBECTBEHHO HA30BEM CPEJHUMH U KpalHUMU
Y XOpJIbl TOCTEW, U CaMUX TOCTEH. SICHO, 4TO KpaillHUE XOPAbI JEXKAT MO Pa3HbIE CTOPOHBI OT
cpenHell. Xopnaa CblHA, 3HAKOMOI'O JIMIIb C KPaWHHMH TOCTSMH JOJDKHA IIEepecedb KpanHue
XOp/Ibl, HO He nepeceub cpeanioro. [IpoTuBopeune.

3ameuanue. EcTb KOHTprnpuMep M Ha 6 4elIOBEK, HO €ro HECKOJbKO
cinoxHee 000cHOBaTh. IlycTh rpad 3HAKOMCTB — MSTUYTOJIbHAS MUpPaAMUAA.

Xopabl, COOTBETCTBYIOIIME BEpPIIMHAM OCHOBAaHUSA MHUPAMMIBI, JOJIKHBI
o0Opa3oBaTh S5-yrojlbHUK C “XBOCTMKaMu~ (CM. pHC.), a Xopna, co-
OTBETCTBYIOLAas BEPIIMHE, HE MOXKET MEPECEUb BCE MATh €r0 “‘CTOPOH .

HNnest HEKOHCTPYKTHBHOIO pelieHus 1JI 3HATOKOB. “JIerko” BUIETH,
yTO BCE ‘“‘CXeMbl UMYMKOBAa” Ha N YEIOBEK MOYKHO PEAJM30BaTh HA CTOPOHAX W JIMArOHAIAX
MpaBUIBLHOTO 2N-yroiabHUKa. Yuciao Takux cxeM UwumkoBa (C yKa3aHMEM HOMEPOB) PaBHO
(2n)!-27". TIpu >TOM pa3HBIM CXEMaM MOKET COOTBETCTBOBATH OJMH M TOT e Ipad) 3HAKOMCTB.
Ho 4KCIIO BCeBO3MOKHBIX Tpad)oB 3HAKOMCTB (¢ HyMmeparweii Bepuis) pasro 2" D2 Tlpu n =
14 BTOpOE uKCIO OOJbIIE:

20! = 2-(3-5)-4-(6-10)-(7-9)-8-(11-21)-(12-20)-(13-19)-(14-18)-(15-17)-16-22-...-28 <

< 2.43.85.1611.329 = 2.96.915.944 935 _ 5101 _ 591 514
CnenoBarenbHO, CYIIECTBYET rpad 3HAKOMCTB, KOTOPBIH HE MOXET ObITh pEaIn30BaH CXEMOI
Ynunkosa.

3. B kBagpare 3x3 paccraBieHsl umcina (cMm. pwuc.). M3BecTHO, 4TO KBajpar

4 . _ lalb
MAaruycCKum. CYMMa YUCCII B KaXXIOM CTOJ'I6I.[C, B KaXXaou CTpOKe U Ha KaXIou d e f
JHaroHajay oJHa U Ta Xke. JlokaxuTe, 9To glhli

a)[3] 2(a+c+g+i)=b+d+f+h+4e.
6)[3] 2@+ +gP+iY) =+ d>+13+h®+ 46,



IlepBoe pemenue. a) IlpubaBum k obeum uwactam b + d + f + h monmyynm oueBmmHOE
paBenctBo (a+b+c)+(@a+d+g)+(c+f+i)+(g+h+i)=2(b+e+h)+2(d+e+f).

0) 1) Ilycts S — cymma uucen B Kakaoi ctpoke. Torma a+i=c+g=b+h=d+f=S-e.
[ToacraBuB B paBEHCTBO U3 11. a), moiayynM 4(S —e) = 2(S —e) + 4e, orkyma 2S = 6e,

TO ecTh S = 3€.

2) JlokaxkeM cHauaia paseHcTBo 2(a° + ¢? + g% +i%) = b? + d® + f2 + h? + 4¢e°,

JIJ1st 3TOTO 3aMuIleM €ro B BUIE

(@+c)’+(c+i)*+(a+g)’+(g+i) —2(ac+ci+ag +gi)=

=(th+e)?+(d+e)+(f+e)’+(b+e)?—2e(b+d+f+h).

CyMMBI KBaJIpaTOB B JIEBOM M MPaBOM YacTsAX PaBHBL, IIOCKOJIBKY a+C=S—b=h+e, ur.x.

Kpome toro, ac+ci+ag+gi=(@+i)c+g)=(S—e)>=2e(S—e)=e(b+d+f+h).

3) 3aMeTuM, 4TO PABEHCTBO I1. §) OCTaeTCs BEPHBIM IPH YBEINYCHUN BCEX YHCEN TAaOIUIIBI HA
OJIHO M TO K€ YKMCIIO0. J|elCTBUTEIBHO,

2@+’ +(c+tyP+ @+t +(i+1)°) =
=2@+c+gd+iY)+6t(@i+cP+ g +iY) +6ti(a+c+g+i)+ 8=
=+ +f3+hP+4e +3t(p? + d* + 2+ h?+4e?) +3t(b+d + f+ h + 4e) + 8% =
= (b + )%+ (d+ )2 +(f +1)° + (h + )° + 4(e + 1),

[TosToMy OCTATOYHO JOKa3aTh PaBEHCTBO Ui ciydas, korma € = 0. Ho B aTom ciydae
pPaBEHCTBO OYEBHIIHO, MIOCKOJBKY a+i=Cc+g=a+c=g+i=b+h=d+f=2e=0, uobe
YaCcTH PaBEHCTBA PABHBI HYIIIO.

Bropoe pemenne. CI0KHB 4 CyMMBI: 110 CPEIHEH CTPOKE. CPeJHEMY CTOJIOIY M JUaroHa-
JISIM, MBI TTOJIyYMM CYMMY BCEX YKCEJT TAOJHIIBI IUTFOC YTPOSHHOE YHCIIO B IEHTPAIBLHOM KIIETKE:
45 =35+ 3e, toectp S = 3e.

ITockoabky b +h=S—e=2e, obo3naunm b =e—2u, h=e+2u.

ITockonpky a+C=S—b=2e+2u, obo3Haunm a=e+U+Vv, C=e+U—V.

[MocnenoBaresHO HAXOIUM

i=S—-(a+e)=e-u-v,g=S—-(c+e)=e—-u+v,d=S—-(a+g)=e-2v, f=e+2v.

Tenepb paBeHCTBO W3 1. a) OYeBHAHO. JIJIs1 MPOBEPKHM paBeHCTBA M. 0) MBI OyJeM MHOTO-
KPAaTHO UCIIONB30BATH 0ueBHAHOE cootHomenne (X +Y)° + (x —y)® = 2x° + 6xy%. Umeem:

2@+ +g@+iY=2((e+u+v)P+(e+u—Vv)y P +(e-—u+v)S+E-u-v))=

= 4((e + u)*+ (e — u)®) + 12((e + u) + (e — W)V = 8e> + 24e(U? + V),
BB+ +f3+hP+4e=(e+2u)+(e—2uP+(+2v)P+(e—2v)®+4e’=
= 2e® + 6e(2u)” + 23 + 6e(2v)? + 4e° = 8e® + 24e(u” + VP

4. B ocTpOyroNibHEIN TPEyrolbHUK BIUCAaHA OKPYKHOCTH paguyca R. K okpyXHOCTH TTpOBeIeHBI
TPU KacarelbHbIC, pPa30MBAIONIUE TPEYTOJBHUK HA TPHU MPSIMOYTOIbHBIX TPEYrolbHUKA U
mectuyronbHuk. [lepumerp 1mmectuyronbHuka paBeH Q. Haiigute cymmy nuameTrpoB
OKPY>KHOCTEH, BIIMCAHHBIX B MIPSIMOYTOJLHBIE TPEYTOJIbHUKHU.

Pemenne. Touku KacaHUs BIUCAHHOM OKPY>KHOCTH CO
CTOPOHAMH MIECTUYTOJILHUKA U €r0 BEPIINHBI
pa30oMBaIOT ero mepuMeTp Ha 12 OTpe3KoB (CM.
Hanpumep puc.). OTpe3Ku, BEIXOASIINE U3 BEPIIUH
MPSIMBIX YTJIOB IIECTHYTONBHHUKA (HAa KaKUX OBl
CTOpPOHAX TPEYroJbHUKA ITH BEPUINHBI HE JICHKAIIN )
paBHbl R (Haripumep, nposeas paguycsl OD u OE B
TOYKH KacaHwusl, moyduM kBaapar CDOE, 3nauwur,
CD=CE=R). Otpe3ku kacaTeiabHbIX, IPOBEICHHBIX U3
TPEX OCTaJIbHBIX BEPIIUH IECTUYTOJIbHIKA 0003HAYHM
X, Y, Z (cm. puc.). Torna nepuMeTp meCTHYTOTbHUKA

Q=6R+2x+ 2y + 2z.



Kak wm3BecTHO, nmuameTp BIHCAaHHOW B TMPSMOYTOJBHBIA TPEYTOJLHUK OKPYXHOCTH PaBEH
CyMME€ KaTeTOB MHHYC THIOTEHy3a (CM, Hampumep, puc. crupasa). s Tpeyrompnuka ABC
TOJTy4aeM

AC + BC-AB =(AD - R) + (R + x) — (AF — x) = 2x + (AD — AF) = 2x, A
nmockonbKy kacarenbHble AD u AF paBHBL. AHaIOTMYHO, JABa APYTHX g 4
JIMaMeTpa paBHbI 2Y M 2Z, OTKyAa UX cymma 2X+2y+2z = Q — 6R.

HNnest 2-ro pemenus (15 3HaTOKOB). [lycTh BmHMcCaHHAs OKPYXHOCTb ,
tpeyronbanka ABC kacaercs ctoponsl BC B Touke K. Kak m3Bectho, CK =, » r

BE = x (E — Touka kacaHus BHEBNHMCaHHOH okpyxnoctn). C gpyrol o~ * ¥ p &
ctoponbl, CK paBeH paauycy BnucaHHou okpyxHocTH. [loatomy nuamerp ee
paBeH 2X.

5. O6epTKOH MIIOCKON KapTHHBI pa3MepoM 1x1 Ha30BeM MPSMOYTOJIBHBIHN JIUCT OyMaru IiomajIm
2, KOTOPBIM MOXHO, HE pa3pe3as ero, MOJIHOCThI0 OOEPHYTh KapTUHY ¢ 00€UX CTOpOH. SICHO, YTO

IPSIMOYTOJIBHUK 2x 1 U KBajipaT co CTOPOHOM V2 - 00epTKHU.
a) JIokaxxute, 4TO €CTh U JPyrue 00CPTKH.
0) [loxaxxute, 9T0 00EPTOK OECKOHEYHO MHOTO.

2
Pemenne. HOKa)KeM, 4qTO MPAMOYTIOJIBHUK \/g X— — 06epTKa. HanoxuMm ero na KBaapar

J5

Tak, ‘ITO6I>I ABC BCPHIMHBI KBaJipaTa OKa3aJWCh Ha NJIMHHBIX CTOPOHAX, a TPEThA — B CCPCANHC
KOpoTKo# (cM. puc.1). [Iporecc o6epTriBanms H300pakeH Ha puc. 2 U 3.

>

Puc. 1 Puc. 2 Puc. 3

0) PazneniM BepTHKaJIbHBIC CTOPOHBI KBaapaTa Ha N yacteil. Ha puc 4 moka3ana oOeprka
2 .
KBaJjpaTa NapaulejorpaMMoM, MEHbINAsi CTOPOHA KOTOPOIo paBHa — (M300pakeH ciydai
n

n =5). Ha puc. 5 noka3zaHo Kak MpeBpaTUTh MapajljieIorpaMM B MPSIMOYTOJbHUK (TIPU 3TOM
BBICTYIIAIOIINE 3a TOPU3OHTAJIBHBIE CTOPOHBI KBaJpara IIPSIMOYIOJIBHBIE TPEYTOJbHUKA
pacnagaroTcs Ha 2 yactu). Ha pucynke 6 mokaszano (s N=3) Kak uX HaJ0 3arudarh.



_.ﬁ‘”fff" ff;ﬂ

— = ", _______ /
ffﬁ ff# ....................
_:—'—'_'__'_'_‘-'__'_'_'_'_ - _'—'—'_'__'_'_‘_'__'_'_'_'_ - /
N________ RI _______"_ ......
xﬂ_ﬂ——"‘_ﬂ_’f Lf—ﬂ“_ﬂ_ﬁ_ﬂ_’_
"

Puc. 4 Puc. 5 Puc. 6

3ameuanue. [Ipy n = 1 mnomydaercs oOepTka KBaApaTOM V2 x4/2, npu N = 2 —

IPSIMOYTOJIEHUKOM J5 x 2 (puc 3), mpu N = 3 — OPAMOYTOJILHUKOM V10 x LO (puc. 6).

V5 V10

1 1 1 a
6. Ilyctsb 1+§+§+...+— = —%, rme —- — Hecokpatumas apoOb. JlokKakuTe, 4TO

n b
CYIIECTBYET OECKOHEYHO MHOTO HATYPaIbHBIX N, TPHU KOTOPHIX BHIMOJIHEHO HEPABEHCTBO
bn+1 < b,
Pemenne 1. [Tycte n=p(p—1) — 1, rae p — HEYETHOE MPOCTOE YHCIIO.
3ameTuM, 4TO Dn+1 He genutcs Ha P. J|eHCTBUTENBHO, B COOTBETCTBYIOIICH CYyMME TOJBKO

n n

3HaMeHaTenu apobet —, i, oo _ JIENATCS Ha P, HO MX MOXHO CIPYIIIHPOBATh
2p (p-Dp
nonapHo Tak, IITO6I>I 3HAMCHATCIIb CYMMLI Ha p HC OCIINJICA:
1 1 1 1.1 1
p (p-Dp p-1" 2p (p-2p 2(p-2)° "~
an an+1 1 _ an+1( p _l) p - bn+1

B 10 ke Bpemss — = - =
b, b, (pP-Dp b (P-Dp
[TycTh YHCIUTENh M 3HAMEHATE b ITOCIEAHEH IPOOH yIaI0Ch COKpaTUTh Ha d:
an+1(p — 1)p = bpsr (Mod d), bp+1(p — 1)p =0 (mod d).

Torma ans(p — 1)°p? = bpsa(p — 1)p = 0 (mod d). Yncna d u p B3anmuO mpocTs! (MHAYE byt
kpatHo P). Yucna d u ap+1 TOKE B3aMMHO TIPOCTHI (MHAYe Dpiq AETUTCS HA MX OOIIMIA IEITUTEND,
TO €CTh an+1 U Dp+1 HE B3auMHO mipocTsl). [ToaTomy (p — l)2 nenures Ha d. CiegoBaTeabHO,
d<(p-1)»>~

bn+1(p _1) p - bn+1p

3naunr, b, > = > Dp+1, © yTBEpXKICHHE 3aJa4d CIEAYeT W3
(p-1° p-1

0ECKOHEYHOCTH MHOXECTBA MPOCTHIX YHCEL.

Pewenmne 2. (4. Tpenanun) Jlokaxxkem, 94To MOAXOIAT N BHUIA 2.3 1.

PaccmoTpum 1pobu co 3HaMeHareasimu - by -3k_1 u b, '3k.
UmeeM ap3'q /Do a=1+1/2+.. +1/3%...+1/2-3%1=p/(q-3")+1/3“=(3"p+q)/3"q
(rme ymcia p ¥ ¢ B3aMMHO TPOCTHI IPYT € APYrOM U ¢ unciiom 3; u<Kk),

a3t Ibpg=1+.. +1/3%.. +1/2-3"= p/(q-3")+1/3“+1/2-3* =(2.3“p+q)/2-3

Vmeem by-3*1>hy-5 (mepBast 1poOb HECOKpATHMa, a BTOpasi COKpaTuMa He Oojiee ueM Ha 2).

7. Y Bemymero ecth Kojiofa u3 52 KapT. 3pUTeNu XOTAT y3HATh, B KAKOM TOPSIIKE JIeKAT KapThl
(mpu TOM HEe yTOUHAS — CBEpPXy BHHU3 WM CHM3Y BBepX). Paspemraercs 3amaBaTh Bedyllemy
Bonpockl Buaa “CKONBKO KapT JIKAT MEKAY TaKOW-TO M Takou-To kaptamu?”. OmuH u3
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3puTeNel MoACMOTpEN, B KAKOM IMOpsIIKe JiexaT KapThl. Kakoe HauMeHblllee YHCIIO BOIPO-COB
OH JOJKEH 33/aTh, YTOOBI OCTaJbHBIC 3PUTENM MO OTBETaM Ha ATH BOMPOCHl MOTJIHU Yy3HATh
MOPSAZIOK KapT B Koioje?

Otser. 3a 34 Bomnpoca.

Pemenume. [1epBblii Bonpoc 3puTeNb 3a/1a€T Npo ABe kpaiiHue kapThl. OTBET 50 moKaxkeT
BCEM, UTO OHHU B CaMOM jiefie kpaiinue. HazoBem mo0yro u3 HUX 1-if (CBEpXy WM CHU3Y — HaM He
BaXXHO), Torna apyras — 52-s1. Tenepsb y:xe HaJl0 AaTh BO3MOKHOCTh BCE OCTAJIbHBIE HOMEpPA KapT
onpeAenuTh 0lHO3HAaYHO. Ha3zoBeM 2-10 KapTy ABIPKOW, U BTOPHIM BOIIPOCOM CIIPOCUM TIPO JIBE
KapThl PSJIOM C JIBIPKOH (TO ecTh 1-10 1 3-10). OTBeT 1 3amaeT noyokeHue 3-i KapThl
onHO3Ha4yHO. J[anee OyaemM mpoaosKaTh 3a7aBaTh BOIPOCH MapaMu: B HEUETHBIX BOMPOCAX
HA3bIBAEM JIBE CaMble KpailHUE KapThl U3 €llle He YIOMSAHYTHIX (0/IHA U3 HUX ObliIa ABIPKO,
Jpyras — HeJIbIpKOi ), Ha3HaYaeM HOBOM JIBIPKOI paHee HEYOMSIHYTYIO KapTy psJIOM C
HEIBIPKOM, U CJIETYIOIUM YE€THBIM BOIIPOCOM CIIPAIIUBAEM PO ABE KAPThI PAIOM C ABIPKOM.
Tax, B mepBoii mape BOMPOCOB OH Ha3bIBaeT 1-10, 52-10 U 3-10 KapThl, BO BTOPOH — 2-10, S1-10 1
49-10 xapThl, B TpeThell mape — 4-10, 50-10 u 6-10 KapThl U T.4. Kak BUAUM, ABIPKU TIO OYepenu
BO3HUKAIOT TO OJMKe K Havally, To OJMKe K KOHIy. B oTnudre oT mepBoil TpOMKM 7S Kax a0k
CIeyIolIel TPOKY KapT MOCJIe OTBETOB HA OYEPEIHYIO Mapy BOMPOCOB TEOPETUUECKH €CTh JIBa
BO3MOJXKHBIX PACMOJIOXKEHHUS: OCHOBHOE (TO, UYTO Ha CaMOM JIeJie) U MoOouHOe (KpailHie KapThl
MEHSIOTCS MECTaMHM, CPEIHsS MIePEeIBUraeTCs COOTBETCTBEHHO). Tak, n3 oTBeTOB Ha 3-if u 4-i
BOIPOCHI CIEyeT, UTO BTOpasi Tpoiika kapT — 310 2, 51 u 49 mubo 2, 51 u 4. Ota
HEOIpeAeNIEHHOCTh UCYE3HET, OJIHAKO, TIOCTIE OTBETA Ha CIeAYIOIIUi (B mpuMepe — Ha 5-i)
Bonpoc. CyTh B TOM, 4TO MAaKCHMAaJIbHOE YUCIIO KapT MEXAy paHee He YIIOMSHYTHIMU KpaHUMU
KapTam# B MOOOYHOM BapHaHTE MEHBIIIE, YeM B OCHOBHOM (CM. PHC, T/ie KapThl OJTHOM TPOMKHU
0003Ha4YeHBI OIMHAKOBOI OYKBOIi, HeompeaeneHHas — Tpoiika C):

OcuoBuoii  abaC C..........coooiiiiiiiii bCha
[ToGounbld  @baC. ... ..o, CbCba
Tax 3agmaem 33 Bompoca. Ilocnennmii 34-i1 Bompoc 3afaiuM NIpO KPaWHIOK MU KapTy
psaoM c¢ Heill (25-10 u 26-10) (CM. puc, TPEANoCIeNHssT U TOCIeTHsSsT Tpoiika 0003Ha4YeHBI
OykBamu P 1 Q COOTBETCTBEHHO):
abacdcefeghgijiklkmnmopoQQ_pQpnonimljkjhihfgfdedbcba
Torna nonoxeHue nocieIHend TPOMKHU U €IMHCTBEHHOM OCTABIICHCS KapThl ONPEACIIUTCA
OJIHO3HAYHO.
[Tokaxem, 4TO MEHBIIMM YHCJIOM BOMPOCOB OOOWTHCH Henb3s. PazoObeM M3HAYalbHO
BCE KapThl Ha 52 rpynmnsl no oaHou kapte. IIpu Bompoce mpo aBe KapThl M3 pa3HbIX IPyHI
00BeANHSIEM T TPYMILI B 0HY. Ka)IpIit BOMPOC YMEHBIIAET YUCIIO TPYII MAaKCUMyM Ha OJHY.
Ecnu 3amano He Gonee 33 BompocoB, To octaHeTcs He MeHee 52—-33=19 rpymnn. Cpenu HHUX
rpynn u3 3 kapt — He Oosiee 17. 3Hauut, 1100 HaMIyTCs ABE TPYMIBI O OAHOM Kapre, JMOO
TpyMa U3 POBHO JBYX KapT. B 00oux ciyyasx MOXHO 3Ty Mapy KapT MOMEHITh MECTaMH, He
Tporasi OCTaJbHBIX: BCE OTBEThl HE M3MEHATCS. Tem cambIM, MOPSAOK HE BOCCTAHABIMBAETCA
OJIHO3HAYHO.

OcHoBHoii BapuanT, 10-11 kaaccbl
1. Cm. 3agauy 2 nns 8-9 kiaccos.

2. Ha croponax BC, AC u AB octpoyronsHoro tpeyroiabauka ABC B3sitel Touku Ay, B1 u C; Tak,
yro nyun AjA, Bi1B u CiC sBrstores 6uccektpucamu yrioB Tpeyronbauka AijB1Ci. Jlokaxure,
gyro AA;, BB; u CCy — BeicoThI Tpeyronsauka ABC.

Pemienne. IIpoBemem OuccekTpuchl BHEIIHMX yriioB TpeyronbHuka AiBiCq. Ilycts
OuccekTpuchl BHemHUX yriaoB B; m C; mepecekatorcs B Touke Ay, u T.1. Yepe3 Touky A
HNPOXOJHUT Takxke OuccekTpuca yrina A; (MOCKOJIBKY Touka A paBHOyAalieHa OT mpsmbix AiBj,
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B1C1 u A1Cy), T.e mpsamas A;A. 3Hauut, B TpeyroabHuke A;B,C, mpsmeie AA;, BB u CCy
SIBJISIFOTCSL BBICOTaMH. JlokaxkeM, uto TpeyroiasHuku A,B,C, u ABC coBnagaror.

ITycth 3TO HE Tak, Hampumep, Touka A, HaxoauTcs BHe TpeyronbHuka ABC. Torna myu A,B;
nepe-cekaeT ctopony AB TpeyronsHuka ABB; (B Touke Ci) m He mepecekaeT ctopony AB; (ux
pasznmensier nps-mas AxAp). CiemoBatenbHO, OH mepecekaeT cropony BBj, To ecth Touka B
HaxoJUTCS BHYTpH oTpe3ka BBj, a 3naumt, BHyTpu TpeyrosbHuka ABC. Amnamormuno C,
HaxoauTcs BHyTpH TpeyronbHuka ABC. Ho otpesok B,C, nepecekaer ctopony BC B Touke Aj.
[IpoTuBOpeune.

AHaJOTMYHO K MPOTHUBOPEUYUIO BEAET MPEANOJOKEHUE O TOM, 4TO A HAXOIUTCS BHYTpPU
Tpeyroapauka ABC.

3. B uucne a = 0,12457... n-a nudpa nmocie 3ansaToil paBHa udpe cieBa OT 3ariaTol B YHCIIC
n+/2 . Jokaxure, uto a — UppaIMOHAILHOE YHCIIO.

Pemenue. Ilycts 510 He Tak: 0,12457.. — mepuonuyeckas OecsiTUYHAas ApoOb C JIMHOM
nepuoga M (M HekuMm mnpeanepuonom). Torma 1udpsl, COOTBETCTBYIONIMM YI€HaAM Hallen
MOCJIeIOBATEILHOCTH ¢ HOMepamu M, 10m, 100m, ..., 10km,..., HayuHas ¢ HEKOTOPOTO MOMEHTA
COBMagalT. B TO ke BpeMs — 3TO IOCIEIOBaTENbHBIC HHUQPPHI ACCATUYHOTO PaA3IIOKCHUS

UPPALMOHATILHOTO YKCIa M V2 (To ectb Henepuoanueckoi aApodu). [IpoTuBopeune.

4. MoxHO 11 pa36I/ITB KaKYI-O'HI/I6y,Z[B IIpU3MY Ha HCIICPpECCKArOIUECA NMMUpaMUubl, Yy KaXXJ0M U3
KOTOPBIX OCHOBAHHUC JIC)KUT Ha OAHOM U3 OCHOBaHHI IIPU3MBI, a IIPOTHUBOIIOJIOKHAA BCpIIMHA —
Ha JpyromM OCHOBAaHHUUN HpI/ISMH?

HepBoe peuicHue. Henp3zs. PaCCMOTpI/IM HEHTPAJIbHOC CCUCHUC TIPHU3MBI. Ka)I(I[aSI
pa3pC€uiCHHasd nrupamMua NepecekKacT €ro 1o MHOTOYI'OJIbHUKY, IUIOIIaJAb KOTOPOI'o B 4 pasa
MCHBIIC IIJI0oIagn €€ OCHOBAHMA. CYMMa ILTOIIA/Iei OCHOBAaHMM TaKUX NnmUupaMuJ JOJIKHA OBITE
paBHa ABYM OCHOBAHUSM ITPU3MBI. Ho Torma CymMMa ILTIOMIA e nepecequI/Iﬁ C HNCHTpAJIbHBIM
CCUCHUCM PpaBHA II0JIOBUHC OCHOBAHUSA IIPU3MBI. 3Ha‘H/IT, AaXKE LCHTPAJIBbHOC CCUCHUC HC
3aIlOJIHACTCA ICIUKOM.

BTOpOG pelmeHue. CYMMa 00BEMOB nmupamMu/Ji, BEpUIMHbBI KOTOPBIX HAXOAATCA Ha BECPXHCM
OCHO-BAHUU TMPU3MBI, HC MMPEBOCXOIAUT OJIHOM TPETH o0BeMa IMPU3MBI. To xe BCPpHO JIiA
nupamujg ¢ BepHJHHOﬁ Ha HHXHCM OCHOBAHHMH. TaKHUM O6p330M, CymMMa 00BEeMOB nmpaMug
MEHbIIIE 00beMa IMPU3MBI.

5. Cm. 3amauy 6 nns 8-9 kiaccos.

6. CkaxxeM, 4TO KOJIO/a U3 52 KapT CIOKEHA MPABUIIBHO, €CIIH JI00ast mapa JIeKalux psaoM
KapT COBIAJAET [0 MACTU WJIM JOCTOMHCTBY, TO K€ BEPHO JUIsl BEpXHEW U HUKHEHN KapThl, U
HaBepXY JCKHUT Ty3 MUK. JIOKaXHTe, 4TO YUCIIO CIIOCOOO0B CIOKUTH KOOIy MPAaBUIILHO

a) nenutcs Ha 12!;

0) nenutcs Ha 13!.

Pemenne. OueBHIHO, NPAaBUIBHOMY pACIOJOKEHUIO KapT B KOJIOAE COOTBETCTBYET
KOJIBLIEBOM 00X07 Jajpeil (KOTopas MOXeT HpbIraTh yepe3 kietku!) gocku 4x13 (ropusoHTanu
COOTBETCTBYIOT MacTsM, a BEPTUKAJIM — JOCTOMHCTBAM), HAUMHAIOIIMNCSA M KOHYAIOIIMMCS B
KJIETKE, COOTBETCTBYIOIIEH Ty3y MUK (OyAeM CYHTaTh, YTO 3TO JIeBBI HIDKHUN yron). Takoii
00xo01 ymoOHO 3aKOMpOBaTh, 3aHyMEPOBaB KJIETKH OT 1 10 52, rae 1 CTOUT B JI€BOM HUMIKHEM
yriy, a mo0as mapa coceTHUX HOMEpoB (BKI0oYas 1 u 52) CTOWT B OJHOU CTPOKE WK B OJHOM
cronone.

a) CosepmuB nmo0yto 3 (12! — 1) HeTpuUBHANIBbHBIX MEPECTaHOBOK 12 MpaBhIX BEpTUKANEH,
MBI M3 JAHHOTO 00XOJa MOJy4uM HOBBIM (Apyras Hymepauus!). Takum oOpa3oM, Bce 00XOmIbI
pa3buBatorcst Ha rpynnsl o 12! 00x0/10B.



0) JloctaTo4HO OKa3aTh, YTO ATO YKCIO neauTcs Ha 13. CBepHEM MOCKY B MHJIMHIP, CKIICUB
BEpPTHUKAJIbHbIE CTOPOHBI. JI1000i1 13 12 BO3MOKHBIX MOBOPOTOB IMJIMHIPA MEPEBOAUT JaHHBIN
00Xx01 B Ipyroi, HAYMHAIOIIUICS y)Ke He ¢ “Ty3a mukK’. Ho MOCKOJIbKY OH MPOXOAUT Yepe3 ATy
KJIETKY, TO €ro MOXHO pacCMaTpuBaTh KakK ‘“TIPaBWIbHBIA 00X01~ (COOTBETCTBYIOIIYIO
HyMEpalHio MOKHO MOJY4YUTh, CIIBUHYB BCE HOMEpa Ha OJJHO U TO K€ YUCIIO IO MOAYIIO 52 Tak,
4yTOOBI B JIEBOM HHKHEM YTy oka3zanach 1). Huxke Mbl mokaxem, 4To 3TOT 00X0/ OTIMYAETCS OT
nepBoHavyanbHOr0. TakuM 00pazom, Bce 00X0/1bl pa30MBaoTCs Ha TPyIIbI 0 13 06X010B.

BoccranoBuM npomnyiieHHbIi MOMeHT. [lycTh ipu MOBOPOTE HEKOTOPHIM 00X0/ MEPEXOAUT B
ce0s1. PaccMoTpum 11000# TOpU3OHTAIBHBIN X011 (0OH J0JKeH ObiTh). [loBTOpUB moBopoT 13 pa3s,
BUJUM, YTO U3 KaXKJIOM KJIETKH ATOH TOPU30HTAIM MbI BBIXOAWUJIM MO TOPU3OHTAIH, TO €CTh
CMEHUTH 3Ty MacTh Helnb3sl. [IpoTuBOpeune.

7. ITonosxuTenbHbIE YHCIIa X1, «.., Xk YAOBJICTBOPAIOT HCPABCHCTBAM
X, + o+ X, X+ o+ XS
—_—, x1t . < =

XD+ ..+ X<
2 2

a) Jlokaxxute, uro K > 50.
0) [TocTpouTh IpUMEp TAKUX YKCEN I KAKOro-HUOY b K.
B) [Haiitn MmuanManbpHOE K, 17151 KOTOPOTO ITPUMEP BO3MOKEH.
Peienusi myHKTOB &) U 0)
a) Ilo ycioBuio 4(X12 + ..+ Xf) <20(xp+ ... +x) < X +..+X%.. Taxum o6pazom, XoTs Obl
JUIs OZIHOTO uKciia (IyCTh JIsl X1) BBIMOJIHEHO HEPABEHCTBO  4X” < X, To ecTh x1 > 4.

Orcioma (2X2 —X,)+ ...+ (2x2 —x,) <4 —2.4*= 28,
ITOCKONBKY MHHHMYM (QYHKIMH 2X° — X paBeH — % ,T0 k—1>8-28 > 50.

0) Bossmem k =2501, x; =10, xp =x3=... = x2501 = 0,1. Torma
X7 + .o+ X550, = 100 + 25 = 125, x1 + ... + xp501 = 10 + 250 =260, X’ +...+ X’ > 1000, u Bce

HCPAaBCHCTBA BLIITOJIHCHBI.



http://www.turgor.ru/28/tolpygo_sol28oos_7v.pdf
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3agaga. [losoxurenbubie Yucaa Ty, ..., T yAOBICTBOPAIOT HEPABEHCTBAM

) s X1ty 34+
Haugure MunuManbpHOe k, Ipu KOTOPOM 3TO BO3MOXKHO.
OTBeT. 516.
Pemienmne. 1. IlycTs maa HekoTOporo k Takme 4ucia Iy, ..., Ty CymecTBYIOT. /okaxeMm, ITO TOT1a
CYIIECTBYET W HAOOP BUJA L1 = Tg = +++ = Tp_1 = a < i, Ty = b > /2, Taxxke yIOBIETBOPAIOMINIL
YCJIOBHIO.

[lepenumem Hamm HepaBeHCTBA B BUIE

k k

>z -1 <k, Y (2m;—a)) <0.

i=1 =1

[ycts ¢; = (4z; — 1)?. Torma z; = #, ectn 1; < i; B IPOTHBHOM CIydae T; = ‘/ﬁﬂ. Bes
OPPAHUICHHA OOIHOCTH MOXKHO CIMTATH, U9TO T1,...,Tqd < 7§, Tdpl,--., T > 7. Llorga 2z; — af =
61—4(31 -3¢ F (29%'1/2 - 3q?/2)), U HAIIW HCPABCHCTBA 3ANUIIYTCA B BUIEC
k d k
1/2 3/2 1/2 3/2
D oai <k Y (31— 3¢,—299" +3¢7") + Y (31 - 3¢;+ 294/ — 3¢)) <0, (1)
i=1 i=1 i=d+1

Dynxmua fo(r) = 31 — 3z + 292'/2 — 323/, oueBnaHO, BRIIyKIA BBEpX HA O6IACTH OHpegeJeHHA (Ka-
KI0€ CIaraeMoe BHIMYKJIO BBepx). IlosTomy, ecau d < n — 2 (TO €CTb, BO BTOPOU CYMMe B MOCJIETHEM
HEPABEHCTBE XOTA OBl [Ba CIATAEMBIX), TO (441 ¥ (4+2 MOKHO 3aMEHHTH HA ¢y, = 0, ¢, 0 = G411 + qdt2
(COOTBETCTBEHHO M3MEHUB I;), TEM CaMbIM YMEHBIIWB JeBYI0 YacTh BTOPOrO HepaBeHcTBa B (1) m He
U3MeHUB CyMMy ¢;. llpu sTom z), = i, TO €CTh [Js HOBOIO Habopa 3Hadenue d yBeamdmaoch Ha 1. Tak
MOYKHO MPOJOMKATE, MOKA MBI He moayduMm d > k — 1. 3amerum, 910 caydan d = k HEBO3MOXKEH, TaK
KaK B OTOM caydae 2x; — x; > () mpm Beex i. S3HAYAT, B HOBOM Habope d = k — 1, W OH mO-TIpexHeMY
YIOBIETBOPsAET HepaBeHcTBaM (1).

_ d
Teneps, NOI0XKUB § = 521:1 i, OIydaeM

d
> (31— 3¢; — 29¢7* + 3¢)%) > d(31 — 37 — 292 + 35*%)

)
=1

coracHo HepaBeHcTBY Mencena, Tax kax dynxmua fi(x) = 31 — 3z — 292'/2 + 32%/2 sunykaa BHu3 Ha

obmacTu onpegenenusa. Takum o6pasoM, ecau BCe YUCAA (i, . .., (4 3AMEHUTH Ha {, TO HepaBeHcTBa (1)
Oy Ly T BBIIOJHEHBI (T. K. UX CyMMa He U3MeHuTCs). Ml morydnau tpeGyembiit HaGop ¢ k—1 0 1nHAKOBBIM
TUCIOM G = Ty = +++ = Tj_1 U OTHUM IUCIOM b = . Ilpu sTOM, 0eBUIHO, a < i; nocKoabKy 2b—b% < 0,
TO moaydaeM b > /2.
2. Taxumm 06paszom, OCTAJOCHh BBIACHUTH, P KAKOM MUHUMAJBLHOM K CYIIECTBYIOT Takume a < i,
b> /2, ato (3necy d =k — 1)
da+b da® +b*
da* +V < ——, da+b< ———.
2 2
[lepenuinem >Tu HepaBeHCTBA B BUIE
262 — b b® —2b
—<d < —. 2
a — 2a? 2a — a® )
I3 (2) u BBIIIECKA3AHHOTO CIEAYIOT YCJIOBUS
B —2b  2a-—a?
1
=3 o o 003 b>V2 (3)



OHeHI/IM, KaKO€ MUHUMAJBbHOEC 3HAYCHNE MOXET IMPUHUMATH BBIPpaXK€HUE

20 — b
a — 2a?

npu ycaosuax (3). Coruacuo (2), 5T0 u OyIeT OLUEHKOU CHU3Y 1A d.

[Tomoxnm X ) -
r° — 2% e — 2 1
= = =—1(2 1-— )
90 =S, T 4<x+ 2x—1)

13 mocieIHETO MpeICTABICHAA BUAHO, 9TO ¢(T) BO3pACTaeT Ha NPOMEXYTKax (—oo, ) U (3, +00).
[Tepsoe HepaBencTso B (3) umeer Bug g(a) < ¢g(b). Bygem ymeHbmaTs b, HoKa He JOCTUTHEM 3HAte-
mus, npu kotopom g(b) = g(a). Tax xax g(v/2) = 0 < g(a), To HOBOE 3HAMeHUE GyeT Goabme /2. [Tpu

5TOM, 04eBUIHO, (4) ymMenbumTcsa. Takum 06pazoM, Mbl MOXKEM CYUTATH, YTO

62—2_2—a2_
2%—1 1—2a

Tenepb a n b — nBa PasINIHBIX KOPHA KBAAPATHOTO ypaBHeHUA 12 — 2 = (27 — 1), mosTomy

2 — a? 4 —q
b=2t = b=2t—a=2 —a= .
@t T o YT 12

Teneps Bhipaxkenue (4) IpUHUMAET BU

o b(2b—-1) T4 -a)
Ma) = a(l—2a)  a(l—2a)?

YT0o6bI HAWTHU €ro MUHUMYM Ha oTpeske a € [0, i], HaWIeM HYJIW TPOU3BOIHOU:

N 7 7(4—a) 42(4 —a)  14(—3a* + 16a — 2)
fla) = a1 —2a)  a2(1 - 2a) T a(l —2a)* a?(1 — 2a)*

—8_3” %8 mpmdem 5TO — TOUKA MEHEMyMa. I1lOJCTAaBUB ee B HAIIe

Ha orpeske [0, 1] moryuaem ag =
BBIpAXKEHUE, TOIYIaeM

d>h(a0):514,

Takum o6paszom, d > 515, a k > 516.
3. Ocranock nocTpouTsb npumep Aas d = 515. Ero Jerko monyduTh U3 CAEIVIOMNUX COOOPAKEHUH.

Monoxum a = ag, b = 14__2‘;. Toraa

2 3
b U E g (5)

a—2a? 2a— a’

3
%, KaK MBI

BBIACHIIN, YBEJIUINBACTCA; MIODTOMY IPABO€ BHIPAXKEHUE CTAHOBUTCA OOJIBINE, YeM JeBOe. SHAYUUT, Ha-
CTaHeT MOMEHT, KOorja TpaBas 4acTh (5) Gyaer Goabime 515, a JeBasg — MO-IpexkHeMy MeHblne 515. D1u
a u b 6yayT yAOBIETBOPATH (3), & 3HAYAT, ABAATHCA UCKOMBIMU.

MoxHuo npeabsaBuTh u 60jaee mpocTon mpumep. Boszpmem a = % (T0 YMCI0, MOBOIBLHO OIU3KOE K Ay ).

Havnem yBenwuuBaTh 3HaveHue b, ocTaBiass a HemsMeHHbIM. Torjga Beamuuna ¢(b) =

CooTBeTcTByIOIEe 3HAYEHUE b = 14:—2“(1 = %, TIPU 3TOM
¥ —2b  b(2b—1) 13888 10
= = =514—.
2a —a®  a(l—2a) 27 27

YBenunuusas 3HadeHune b, Kak M BHIIIE, HOJydaeM TpeOyeMbld mpumep. Hampumep, moaxXoauT 3HAYUEHHE
b = 5,169.



JBAJLATH BOCbMOM TYPHUP TOPO/10B

OceHHuil TYp, TPEHMPOBOYHBIH BAPUAHT, MJIA/IIIHE

1. Ha mocke HamucaHbl B IOPSIKE BO3PACTaHUs JIBa HaTypalbHBIX yrcia X u Y (X <Y). [Tets
3aMMChIBaeT Ha OyMakke X (kBaJpaT MEHBILIEr0 YMCIA), a 3aTeM 3aMEHSIeT YKCJia Ha JIOCKE
YUCIaMU X U Y-X, 3alMChIBasi UX B MOpsAKe Bo3pacTaHus. C HOBBIMHM YHUCIAMU Ha JOCKE OH CHOBA
MPOJIETBIBACT TY XK€ OIEpaluio, U T.J. 0 T€X MOp, MOKa OJHO M3 YMCET Ha JOCKE HE CTaHEeT
HysneM. Yemy OyzeT B 5TOT MOMEHT paBHa CyMMa YHCEN Ha MMeTUHON OyMakke? [4 ©Gasia]

OtBer. Cymma paBHa Xy.

Pemenue 1. Ha kaxxnom mare I[letss yMeHbIIaeT npou3BeIEeHUE YUCE HA JIOCKE Ha YHCIIO,
KOTOpO€ OH IMHUIIET Ha OyMaxKke: x(y—x):xy—xz. [TockonpKy B KOHLIE IPOU3BEIECHUE Ha JOCKE
Oyznet paBHO 0, To cyMMa Ha OymMa)kKKe paBHa UCXOJAHOMY IIPOU3BEACHUIO XY.

Pemenue 2. HapucyeM Ha MJIOCKOCTH IPSIMOYTOJIBHUK CO CTOpoHaMu X U Y. Ha nepBom miare
OTPEXKEM OT 3TOTO MPSMOYTOJIbHMKA KBAApaT CO CTOPOHOW X M 3alMIIeM €ro IIoniaab Ha
OyMaxKy, 3aTeM OTpeXeM KBaJpaT OT OCTaBIIErocs NOpsMoyroibHuka u T.A4. Korma stoT
MPOIIECC 3aKOHYUTCH, MbI (PAKTUYCCKH pa3pekeM HMCXOJHBIM MPSIMOYTOJIEHUK Ha KBaJpaThl,
IUIOMIAIM KOTOphIX OyayT 3amucaHbl Ha Oymaxkky. VX cymma paBHa IUIOIIAJUd HCXOJTHOTO
MHOTOYTOJIbHUKA, TO €CTh paBHA XY.

2. M3BecTHO, 4TO BpYHBI BCEr/la BPYT, IPaB/MBBIC BCEI1a TOBOPSAT MPABIY, & XUTPELbl MOI'YT
U BpaTh, U TOBOPUTH MpaBly. Bbl MoxkeTe 3a7aBaTh BOIIPOCHI, HA KOTOPbIE €CTh OTBET "na" uiau
"Her" (HampuMep: "BEPHO JIM, YTO ITOT YEJIOBEK — xuTpen?").

a) [lepen Bamu Tpoe — BpYH, IPABAUBBIA U XUTPEIl, KOTOPBIC 3HAIOT, KTO U3 HUX KTO. Kak n
BaM 3TO y3HaTh? [1 ©aju]

b) [Mepen Bamu 4eTBEepO — BpPYH, MPaBAMBBIN U J[Ba XUTpela (Bce YETBEPO 3HAIOT, KTO M3 HUX
KT0). JlokakuTe, 4TO XUTpPELbl MOTYT JIOTOBOPUTHCS OTBEYaTh TaK, YTO BbI, CIPALIMBAs ITHX
4YeTBEPBIX, HU IIPO KOI'0 U3 HUX HE yY3HAEeTEe HaBEPHsAKA, KTO OH. [3 Oasuia]

Pemenne. a) Cripocum kaxaoro «BepHo im, uto 0ba TBoMX cocena — BpyHbI?». Cpenn Tpex
0oTBETOB ecTh «Jla» BpyHa u «HeT» nmpaBauBOro, mo3ToMy OJWH U3 OTBETOB OyJeT JaH POBHO
onuH pa3. [lo HeMy MbI y3HaeM OTBETHBILIETrO: 3TO JHOO BpyH, J10O0 MpaBAUBBIA. 3a/laB eMmy
BOIIPOC PO OJJHOTO U3 ABYX APYrUX «BepHO 1M, 4TO OH XUTPEL», Mbl BCE Y3HAEM.

3ameuanus. 1. B Hauane M0OXXHO 3aaBaTh J1000M BONPOC, OTBET HAa KOTOPBIA BaM M3BECTEH
(nanpumep, «BepHo 11, 4TO CEroIHsI YETBEPI»).

2. MoxxHO OOOWTHCH U 3 BONpOCAMH, €cIM OHU OyIyT JIOCTaTOYHO H3OIIPEHHBIMH, YTO-TO
Bpojie: «OTBETHIIb JIU OH “/1a”, €CJIN S CIIPOIILY...».

b) O603Ha4unm yuactHukoB: BpyH B, npapmussiii I1, u xutpeust XB u XII. Ilycts XuTpelbl
JIOTOBOpSITCSL  OTBeuaTh Tak, kak Oyaro XB BpyHn, XII — mnpasauBelii, B — xurpern,
IIPUTBOPSIOUIMICS BpyHOM, a II — xurtpen, npursopsitomumiicsa npasausbiM. IlocTaBuB nx aumom
Ipyr OpoTuB Apyra, Tak uTto XII kak Obl cay)uT orpaxenueM I, a XB cayxuT orpaxkenuem B,
BUJUM, YTO HEBO3MOXXHO OTJINYUTh, KTO CTOUT «IEPE] 3€PKAIOM», & KTO «3a 3€pKaIoOM» —
OTBETHI IMOJTHOCTHIO «3EPKATBHBI.

3. @) Haniucansl 2007 HaTypaibHBIX dncen, 0ombimux 1. JlokaxkuTe, 4TO yAacTcs 3a4epKHYTh
OJTHO YHCJIO, TaK YTOOBI IPOM3BEICHUE OCTABIINXCS MOXHO OBLIO MPEICTaBUTh B BUJE PA3HOCTH
KBaJpaToB IBYX HAaTypalIbHBIX YHCEN. [2 OaJsuia]

b) Hamwmcanst 2007 HaTypadbHBIX uucell, OonbImuX 1, OJHO M3 KOTOpbIX paBHO 2006.
Oxazanoch, 9TO €CTh TOJBKO OJHO TaKO€ YHUCIO CpEeId HAlMCaHHBIX, YTO IPOU3BEICHUE
OCTaBIIUXCSI MMPEACTABISETCS B BUJE PA3HOCTH KBAAPATOB JIBYX HATypalbHBIX uncen. Jlokaxure,
4yto 310 yncio — 2006. [2 Bamnna]

Pemenue.

HatypanbHble uucia, mnpeAcTaBUMbIE B BHJIE PAa3HOCTH KBAJApPAaTOB HATypPaJIbHBIX YHCET,
HA30BEM XOpOowuMuy, a He IPEICTABUMBIE — NIOXUMU.

Jlemma. Yuco n xopoiree << N — HEYETHOE YKCIIO, OosbIee 1, wiu N kpatHo 4 u Gosbie 4.



JloKa3aTeIbCTBO JeMMBL. IIycTs N — xopouree, To ects N=(a’—b?)=(a—b)(a+b), rue a u b —
pa3iuuHble HaTypajdbHble yncia. COMHOXHUTENN B MPaBOM 4acTU — OJAMHAKOBOW YETHOCTH (MX
cymma ueTHa). Onu pasznuunsl (uHade b=0). Eciiu oHn HedeTHbI, TO U N — HeYeTHO U OoubIie 1-1.
Ecnu oHu yeTHBI, TO N KpaTHO 4 1 Gosbiie 2-2.

HaoOopoT, A Ka)XI0ro U3 3TUX CIIydaeB Mbl MOKEM pa3joKUTh N B MPOU3BEIACHHUE ABYX
MOXOISIIMX MHOXHTEICH ¥ HalUTH & U D, pelIB CUCTEMY YpaBHCHHUIL:

a-b=1
n =2k+1 => =a=k+1b=k
a+b=2k +1
a-b=2
n=4m (m>1) => —a=m+1b=m-1.Jlemma noka3ana.
a+b=2m

a) Bcerna MOKHO BBIYEPKHYTH OJHO YHCIO TaK, YTOOBI YETHBIX YHCET HE OCTAJIOCh COBCEM
(mpowsBeneHre OyneT HEYETHBIM) WM OCTAJIOCh KaK MHHHMYM J[BA YETHBIX YHCIA
(mpousBeneHue Oyaer kpatHo 4, HO Oombiie 4). JlelCTBUTENBHO, €CIIH CPEAH YUCeT POBHO OJIHO
YETHOE, 3a4epKHeM ero. Eciiu ecTh poBHO J1Ba YETHBIX — 3aYEpKHEM J1I000€ KpoMe 3TUX ABYX. B
OCTaJIbHBIX CITy4asix MOXHO 3a4€pKHYTh JII000€.

b) Yucno 2006 — verHoe. Eciu ecth eire yeTHOe 4mciio N, TO, KaK MOKa3aHO B a), JI00oe
gucino kpoMe N u 2006 MOXKHO 3a4€pPKHYTh. OTO MPOTUBOPEUUT YCIOBHUIO. 3HAYUT, APYTUX
yeTHbIX HeT. Toraa uncno 2006 BbIUEPKHYTH MOKHO ( IIPOM3BEIEHUE OCTABIIMXCS HEYETHO U
Oonpiie 1), a HUKaKOE APYroe YMCIO BBIUEPKHYTh HeNb3sl ( mockoibKy 2006 4eTHO, HO HE
KpaTHO 4 TO TaKUM K€ OKAXKETCS U MPOU3BEICHUE OCTABIINXCSA).

4. Ha nponomxkenun croponsl BC tpeyronsuuka ABC 3a Bepmmny B otioxen orpesok BB',
paBHbIii cropoHe AB. Buccektpuchl BHemHHX yrioB npHu BepmmHax B m C mepecekatorcs B
touke M. [lokaxkure, uto Touku A, B, M u C nexar Ha oiHO# okpyKHOCTHU. [4 Oana]

Pemenne. Touka M paBHOynaneHa ot npsimeix AC A
u BC (xak nexamias Ha Ouccekrpuce yrna C), u or
npsmMbix AB u BC (kak nexamas Ha OucceKkTpuce
yria B). [loatomy M paBHOynaneHa OT CTOpOH yria
BAC, u, 3raunt, AM — OGuccekTpuca 3TOro yria, To
ectb «BAM=~CAM. Tak «xak ABB’ - =] ' B
paBHOOEOpPEHHBI  TpeyroapHuk, To MB  —
CepenuHHBI meprneHaukynsap k AB’, mostomy
ZBAM=/BB’M. Tem CaMBbIM,
~CB’M=_BB'M=BAM=-CAM. Ortpe3ok CM
BUJeH u3 Touek A u B’ mon paBHBIMH yriamu,
3HauuT, TOUkHd A, B', M u C nexxar Ha 0JTHOW OKPYKHOCTH.

5. Ha kakoe HanOoJbIllee YUCIO PaBHBIX HEBBITYKJIBIX MHOTOYTOJHbHUKOB MOXKHO pa3pe3aTh
KBaJpaT TaK, YTOOBI BCE CTOPOHBI MHOTOYTOJIBHUKOB OBLIH TapaJIeIbHBl CTOPOHAM KBajpaTta u
HUKaKue JBa M3 3TUX MHOTOYTOJIbHUKOB HE TMOJYYaJHCh JpYyr M3 JApyra MapajuleIbHbIM
nepenocom? (IlapamiensHblil mepeHOC — 3TO cABUT O€3 MoBOpoTa). [4 Oannal

OtBer. Ha 8 MHOrOyroinbHHUKOB.

Pemenue. IIpumep paspezanus Ha ¢ 8 MHOTOYTOJIBHUKOB — CM.
puc. [Tokaxkem, 4ro Oosblie ObITH HE MOXKET. JlaHHBII MHOTOYTOJTBHUK
MOXXHO He Oojee, yeM 8§ crmocobamMu pa3MECTHUTh Ha IUIOCKOCTH (C
TOYHOCTBIO JIO MapajuIeIbHOTO MEPEeHoca) C COOMIOIEHUEM YCIIOBHS.
JlecTBUTENBHO, PACCMOTPUM TPHU €r0 IMOCIEI0BATEIbHBIE BEPIIUHBI
A, B u C (ux TmONOXKEHHEM MHOTOYTOJBHUK OIpeAeseTcs
OJIHO3HA4YHO). MOXXHO cuuTaTh, 4TO Touka B ¢uxcupoana. Ctopony
BA MoXxHO BbITYCTHTHh U3 Hee 4 crmocobamu (B 4 HampaBlICHUSX,
napajieJbHBIM CTOPOHAaM KBajipaTa), Tociie 4dero cropony BC —
JIBYMsI CTIOCOOaMHu.




JBaauaTh BOCbMOM TYPHHUP TOPOJOB

(ocemnunu Typ, 10-11 KIACCHI, TPEHUPOBOIHBIN BAPUAHT )

Pemennsa zagau

1. OTBeT: zy=2.

Peurenne 1. 3amerum, 9TO NPOU3BEAEHUE TPEX UUCEJ, 3AMUCAHHBIX HA MOCKE C KaXIOU ONepaluen
YMEHBIIAETCA POBHO HA TO 4MCI0, KoTopoe lleTsa 3amuceiBaeT Ha Gymaxky. Korga ogHo w3 <wmces CTaHO-
BUATCA HyJIeM, IPOU3BEJCHUAE BCEX IUCEN HA JOCKE TOXe PABHO HYIIO, OTKYAa CyMMa BCEX IMCEN, BBIMUCAHHBIX
[Meren, paBHa HAMATHLHOMY TMPOU3BEACHUIO TPEX UUCEN HA TOCKE, TO €CTh TYZ.

Pemenue 2. Paccmorpum mapasiesenume cO CTOPOHAME X, ¥, z. Ha KaxmoMm mare Mbl OTPE3aeM OT
HEro TapaJIeJenIie] TOJMAHBL 1, 3anuckiBasg ero 06beM Ha OyMaXKy, W MPOJOIKAEM AeUCTBOBATL TaK C
OCTABIIUMCS TIapaJUeJenuneqoM. [Ipomecc 3aKOHIUTCA, KOTa OTPEeXeM BCe. JSHAYUT Ha Oymaxke OymeT
3amucaH 06beM UCXOAHOTO HAPALIETENUe a, TO eCTh TYZ.

2. JlemMma 1: meHTPHI 9€THIPEX OKPYXHOCTEN, BIUCAHHBIX B PACCMATPUBAEMBIE TPEYTOJLHUKY, JEXKAT
Ha BHHCaHHOﬁ B Y€THIPEXYTOJNBHUK OKPYXHOCTHU U ABJAAIOTCA CEpEeANHAMU AYT, CTATUBACMBIX COOTBETCTBY-
FOLIUMU XOP JAMU.

HoxazarenbcTBo: [lycts D — 00masn BepuinHa CTOPOH YE€THIPEXYTONbHUKA, KACAIOIIAXCA BIUCAHHOU
okpyxHOCcTH B Toukax K u L. Ilycte M — cepenuna nyru KL, mexamen BHyTpu Tpeyroabuuka DK L.
Yraet M KL u M KD paBubl, Tak KaK ONUPAIOTCA HA paBHbIe nyru, oTKyaa K M — 6uccexkTpuca yraa DK L.
Amanormano LM — 6uccexktpuca yrma DLK. CaenoaTeasno, M — TOUKa mepecedeHus GUCCEKTPUC U
EeHTD BnucaHHOU B Tpeyronabuuk DK L okpy®HOCTH, 9. T. 0.

O603HAYMUM TOYKM KACAHUA IETHIPEXYTOJILHUKA C BIMCAHHON OKPYXHOCTBIO Kak A1, As, A3, A4 a ce-
penunbl qgyr A1 As, AgAsz, A3Ay, A4A1 xak By, By, By, By. Ucxonsa us semmbr 1 TpebyeTca Q0Ka3aTh, ITO
orpesku B1Bs u By B, nepneHauKyJIaApHBL [eicTBUTEILHO, IyCTh OHU HepecekaioTca B Touke N. Torga
yron By N By pasen moaycymme ayr BiBs m B3By, 9TO paBHO OJHOU YeTBEPTU CyMMBI ayr A1 Ao, AsAjz,
AzAy m A4Aq, To ectsb pasuo 360/4 = 90 rpagycos, 9TO 1 TPEGOBAIOCH NOKA3ZATh.

3. 3amermm, 9TO cpeam wmcex ot 1 go 20062 Bce BoaMoxkHBIe ocTaTKy npu aAetenny Ha 4 (0, 1, 2 1 3)
Berpedatorcsa mo 10032 pasa. [JomycTum, mcKOMEBIE B3 €mCIa He HaigyTca. Pasobbem Tabmumy ma 10032
kBagpaTta 2 X 2. Jliobble 1Ba Wmcaa B OJHOM KBaApaTe MMeoT OOIIyIo CTOPOHY miu BepmuHy. [losToMy B
OJIMH KBaApPAT HE MOXET TONACTh 0oJee OMHOr0 YMCIa, JAMEro npu gesenun Ha 4 octaTok 0, a Takxke
folee OMHOTO HHCIA JAOMEro ocTaTok 2. Ho Tak Kak <mcex Kaxgoro m3 3Tux Buos posuo 1003%, To B
KaXbI KBAAPAT MOMAMEeT POBHO OMHO YMCIO, Aafouee ocTaToK 0 U POBHO OJHO YHUCJO, AAIOIIEE OCTATOK
2. B ocTaBmmxcsa ABYX KIETKaX KAaKOro-ImOO KBAaApaTa HE MOTYT CTOATH UHUCIA, JAIOMMe OCTATKU 1 m 3.
CremoBaTeabHO, KOMMYIECTBO YMCET KAX JOTO U3 DTUX BUAOB Y€THO. [IpoTuBOpevme. 3HAYUT, UCKOMBIE IBa,
TUCIa HAMOYTCA, I.T. 1.

4. TlycTh ¢ — 3HAMEHATENh TEOMETPUIECKON Iporpeccun (TO €CTh by 11 = b TIp; BCex HATYPATBHBIX
n). Ecim ¢ = 1, To 3aga4a pemena. Unade (b, — byi1)/(b2 — b1) = ¢", oTkyna ¢ — panmonaiabHoe (ACHO,
ecau B3ATb 1 = 1) u kpome Toro (by — by) - ¢" — wenoe YMCao mpu JIOOOM HATYPAILHOM 7. JalUCHIBAA ¢ B
BU/JIe HECOKPATUMOU Apobu ¢ = s/t, moaxydaem, aro (by — by)s™ /t" — nmenoe aucno, u 3HawT by — b1 HemuTcs
Ha t" mpu 11060M 1. ITO BO3MOXKHO TONBKO ecau t = 1 wau ¢ = —1, TO ecThb KOrjAa ¢ — meJoe.

5. OTBeT: 1a, MOXHO.

Pemenne: Ilycte ABCDA1B1C1D1 xy6 ¢ mamaou pe6pa 1. Ormerum ma pebpax AB, AD, AAy,
C.C, C1By, C1 Dy Touku My, M, ..., Mg cooTBeTCTBEHHO Tak, 91006l AM; = AMs = AM3 = C1 M, =
Ci1Ms; = C1Mg = 3/4. Torma mnuuel orpeskoB My Mo, MoMs, MsMy, MyMs, MsMg, MgM, paBHBI
V(3/42 +(3/4)2 = 3v2/4, a mmum orpeskos MMy, MiMs, MyMy, MyMg, M3zMs, MsMs pasmbr
V(1/4)2 +12 + (1/4)? = 3v/2/4. Tax xax ATWHBI BCEX JBEHANATH OTPE3KOB PABHbI, TO BCE TPEYTOIBHUKH
M1M2M3, M4M5M6, M1M4M5, M2M4M6, M3M5M6, M4M1M2, M5M1M3, M6M2M3 PaBHOCTOPOHHUE 1
Touku My, Ma,..., Mg ABAAI0OTCA BEPUIMHAMU OKTAa3APA.
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1. Two positive integers are written on the blackboard. Mary records in her notebook the square
of the smaller number and replaces the larger number on the blackboard by the difference of
the two numbers. With the new pair of numbers, she repeats the process, and continues until
one of the numbers on the blackboard becomes zero. What will be the sum of the numbers
in Mary’s notebook at that point?

2. A Knight always tells the truth. A Knave always lies. A Normal may either lie or tell the
truth. You are allowed to ask questions that can be answered with “yes” or “no”, such as “Is
this person a Normal?”

(a) There are three people in front of you. One is a Knight, another one is a Knave, and the
third one is a Normal. They all know the identities of one another. How can you too
learn the identity of each?

(b) There are four people in front of you. One is a Knight, another one is a Knave, and
the other two are Normals. They all know the identities of one another. Prove that the
Normals may agree in advance to answer your questions in such a way that you will not
be able to learn the identity of any of the four people.

3. (a) Prove that from 2007 given positive integers, one of them can be chosen so the product
of the remaining numbers is expressible in the form a? — b? for some positive integers a

and b.

(b) One of 2007 given positive integers is 2006. Prove that if there is a unique number among
them such that the product of the remaining numbers is expressible in the form a? — b?
for some positive integers a and b, then this unique number is 2006.

4. Given triangle ABC, B(C'is extended beyond B to the point D such that BD = BA. The
bisectors of the exterior angles at vertices B and C' intersect at the point M. Prove that
quadrilateral ADMC' is cyclic.

5. A square is dissected into n congruent non-convex polygons whose sides are parallel to the
sides of the square, and no two of these polygons are parallel translates of each other. What
is the maximum value of n?

Note: The problems are worth 4, 143, 242, 4 and 4 points respectively.

oreore

LCourtesy of Professor Andy Liu.
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1. We claim that the sum of the numbers in Mary’s notebook is equal to the product of the two
numbers originally on the blackboard. We use induction on the number n of steps for Mary
to reduce one of the numbers to 0. For n = 1, the two numbers on the blackboard must be
equal to each other. In recording the square of the smaller number, Mary is in fact recording
the product of the two numbers. Suppose the claim holds for some n > 1. Let the original
numbers be z and y with z < y. Then Mary records x? in her notebook and replaces y by
y—x. By the induction hypothesis, the sum of the remaining numbers in her notebook is equal
to z(y — ), so that the sum of all the numbers in her notebook is equal to 22+ z(y — x) = zy.

2. (a) Ask each of the three people: “Are you a Normal?” Since the Knight and the Knave will
give opposite answers, the three answers consist of a matching pair and an odd one out.
If the odd answer is “Yes”, the replier is the Knight, and if the odd answer is “No”, the
replier is the Knave. From this person, we can learn the identity of all three people.

(b) The first Normal will act as though he is a Knight while the second Normal will act as
though he is a Knave. Then we cannot tell the difference between the first Normal and
the Knight, nor between the second Normal and the Knave.

3. Suppose a number is expressible in the form a? — b* = (a + b)(a — b). If a and b are of the
same parity, then the product is divisible by 4. If they are of opposite parity, then the product
is odd. Conversely, a number of the form 4n may be expressed as (n + 1)*> — (n — 1)? while
a number of the form 2n + 1 may be expressed as (n + 1)> — n?. Hence a number is not
expressible in the form a? — b? if and only if it is of the form 4n + 2. The only way in which
a product takes the form 4n + 2 is when exactly one of the factors is of that form, and the

others are odd.

(a) Suppose an even number of the 2007 numbers is of the form 4n + 2. Then there exists at
least one number not of this form, and we choose this number. Suppose an odd number
of the 2007 numbers is of the form 4n + 2. Then we choose any of these. Among the
remaining 2006 numbers, there will not be exactly one number of the form 4n+2. Hence
their product is expressible in the form a? — b?.

(b) If there is a number of the form 4n + 2 other than 2006, then any of the other 2005
numbers may be chosen so that the product of the remaining 2006 numbers will not be
of the form 4n 4 2. Hence the choice will not be unique. It follows that 2006 is the only
number of the form 4n + 2, and it must be the chosen number.

!Courtesy of Professor Andy Liu.



4. Note that /NBD = /ABC and /NBM = /CBM. Hence /DBM = /ABM. Since we
also have BD = BA and BM = BM, triangles DBM and ABM are congruent, so that
/MDC = /MAN. Now M is an excentre of triangle ABC. Hence /M AN = /MAC'". From
/MDC = /MAC, we can conclude that A, C, M and D are concyclic.

A

N M

5. The maximum value of n is at most 8 because such a polygon can only have 8 possible
orientations. We may use each of them once as otherwise we would have two copies which
are parallel translates of each other. The maximum value is in fact 8 as it is attained by the
polygon in the diagram below.
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1. Three positive integers x and y are written on the blackboard. Mary records in her notebook
the product of any two of them and reduces the third number on the blackboard by 1. With
the new trio of numbers, she repeats the process, and continues until one of the numbers on
the blackboard becomes zero. What will be the sum of the numbers in Mary’s notebook at
that point?

2. The incircle of the quadrilateral ABC'D touches AB, BC, CD and DA at E, F, G and
H respectively. Prove that the line joining the incentres of triangles HAE and FCG is
perpendicular to the line joining the incentres of triangles EBF and GDH.

3. Each of the numbers 1, 2, 3, ..., 20062 is placed at random into a cell of a 2006 x 2006 board.
Prove that there exist two cells which share a common side or a common vertex such that the
sum of the numbers in them is divisible by 4.

4. Every term of an infinite geometric progression is also a term of a given infinite arithmetic
progression. Prove that the common ratio of the geometric progression is an integer.

5. Can a regular octahedron be inscribed in a cube in such a way that all vertices of the octahe-
dron are on cube’s edges?

Note: The problems are worth 4, 4, 4, 4 and 5 points respectively.

ICourtesy of Professor Andy Liu.
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1. We claim that the sum of the numbers in Mary’s notebook is equal to the product of the three
numbers originally on the blackboard. We use induction on the number n of steps for Mary
to reduce one of the numbers to 0. For n = 1, one of the three numbers on the blackboard
must be equal to 1 and is reduced to 0. In recording the product of the other two numbers,
Mary is in fact recording the product of all three numbers. Suppose the claim holds for some
n > 1. Let the original numbers be x, y and z. By symmetry, we may assume that Mary
records xy in her notebook and replaces z by z — 1. By the induction hypothesis, the sum
of the remaining numbers in her notebook is equal to zy(z — 1), so that the sum of all the
numbers in her notebook is equal to zy + zy(z — 1) = zyz.

2. Let O be the incentre of ABC'D. Let AO intersect the incircle of ABC'D at I. Let /AOH =
/AOF = 2a. Since /AHO =90° = /AFEO, A, E, O and H are concyclic, so that /AHE =
{AOF = 2a. We have /OAH = 180° — /AOH — /AHO = 90° — 2a and since OH = OlI,
/OIH = $(180°—/IOH) = 90° — . It follows that ZAHI = /OIH —/OAH = o = 3/AHO.
Hence [ is the incentre of triangle HAFE. Similarly, the respective incentres J, K and L of
triangles EBF, FCG and GDH all lie on the incircle of ABC'D. Let /BOE = /BOF = 203,
/COF = /COG =2vand /DOG = /DOH = 26. Then /IO0J+/KOL = a+f+y+d§ = 180°.
Now /ILJ+ (KIL = 5(/10J+ /KOL) = 90°. Hence IK and JL are perpendicular to each
other.

3. We can replace each number by the remainder obtained when it is divided by 4. Thus we
have 10032 copies of each of 0, 1, 2 and 3. Divide the board into 10032 2 x 2 subboards.
Each subboard may contain at most one 0 and at most one 2. Since we have exactly as many
copies of each number as we have subboards, there is exactly one 0 and exactly one 2 in each
subboard. The remaining two cells in each subboard must both contain copies of 1 or both

contain copies of 3. However, this is impossible as we have an odd number of copies of each
of 1 and 3.

LCourtesy of Professor Andy Liu.



4. Let the first term and the common difference of the arithmetic progression be a and d > 0
respectively. Let the first term and the common ratio of the geometric progression be b and
r > 1 respectively. Then b = a + id, br = a + jd and br* = a + kd for some integers i, j
and k such that 0 < i < j < k. It follows that b(r — 1) = (j —i)d and br(r — 1) = (k — j)d,

so that r = I;%Z is a rational number. Let ¢ = 4. From a + jd = br = r(a + id), we have

t+7=rt+ri. Hencet = % is also rational. Divide all the terms of both progressions by d.
Then the arithmetic progression has first term ¢ and common difference 1 while the geometric

progression has first term % and common ratio r. Let t = % where p and ¢ are relatively

prime positive integers. Then all terms in the arithmetic progression are of the form 2% for
some non-negative integer k. If r is not an integer, then when n is a sufficiently large positive
integer, the expression of sr” as a fraction in the simplest terms will have a denominator
greater than ¢q. This contradicts the hypothesis that every term of the geometric progressoin
is a term of the arithmetic progression.

5. The task is possible. Let the side length of the cube be 4. In the diagram below, each of
U, V., W, X, Y and Z is at a distance 1 from the nearest vertex of the cube. Clearly, UW X
and VY Z are equilateral triangles with side length 3v/2. Note that /EAW = 90° = /WEZ.
Hence WZ = VEZ? + EA?2 + WA? = 3v/2 also. By symmetry, WV, XV, XY, UY and UZ
all have the same length. It follows that UVW XY Z is indeed a regular octahedron.

X
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1 [3] Two regular polygons, a 7-gon and a 17-gon are given. For each of them two circles are drawn,

2 [5]

4 [6]

an inscribed circle and a circumscribed circle. It happened that rings containing the polygons
have equal areas. Prove that sides of the polygons are equal.

When Ann meets new people, she tries to find out who is acquainted with who. In order
to memorize it she draws a circle in which each person is depicted by a chord; moreover,
chords corresponding to acquainted persons intersect (possibly at the ends), while the chords
corresponding to non-acquainted persons do not. Ann believes that such set of chords exists
for any company. Is her judgement correct?

A 3 x 3 square is filled with numbers: a, b, ¢, d, e, f, g, h, i in the following way: |a | b | ¢
Given that the square is magic (sums of the numbers in each row, column and
each of two diagonals are the same), show that gl hl|:

SH
@
Sy

a) [3] 2(a+c+g+i)=b+d+ f+h+4e.
b) [3] 2(a®++g>+i) = +d® + f3 + h3 + 4e3.
A circle of radius R is inscribed into an acute triangle. Three tangents to the circle split the

triangle into three right angle triangles and a hexagon that has perimeter (). Find the sum of
diameters of circles inscribed into the three right triangles.

Consider a square painting of size 1 x 1. A rectangular sheet of paper of area 2 is called its
“envelope” if one can wrap the painting with it without cutting the paper. (For instance, a
2 x 1 rectangle and a square with side /2 are envelopes.)

a) [4] Show that there exist other envelopes.
b) [3] Show that there exist infinitely many envelopes.

6 [8] Let1+1/2+1/3+---+4+1/n=a,/b,, where a, and b, are relatively prime. Show that there

7 9]

exist infinitely many positive integers n, such that b, < b,.

A Magician has a deck of 52 cards. Spectators want to know the order of cards in the deck
(without specifying face-up or face-down). They are allowed to ask the questions “How many
cards are there between such-and-such card and such-and-such card?” One of the spectators
knows the card order. Find the minimal number of questions he needs to ask to be sure that
the other spectators can learn the card order.

“Your total score is based on the three problems for which you earn the most points. Points for each problem are
shown in brackets [ ].
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1. Let 2a be the length of a side of a regular polygon, while r and R be the radii of its inscribed
and circumscribed circles. Since the radius of the inscribed circle is perpendicular to the side
of the polygon and touches it at its midpoint, then a? + r? = R?. Therefore, the area of
the ring between the circles is equal to 7(R? — r?) = wa®. This implies the statement of the
problem.

2. COUNTEREXAMPLE. Consider a company: a host with three sons and three guests. The
guests do not know each other, the host knows all the guests, while each son knows only
two guests. No two sons know the same pair of the guests. It is clear, that the guests chords
intersect the host chord in three distinct points; one point is between two others. So, the guest
chord through this point separates two other guest chords. Therefore, the chord of the son
who knows only two latter guests must intersect the guest chord in between. Contradiction.

3. a) Let S be a magic sum. Then
(a+b+c)+(a+d+g)+(c+f+i)+(g+h+i)=45=2(b+e+h)+2(d+e+ f). (1)
Subtracting (b4 d + f + h) from both sides, we get 2(a +c+ g+ 1i)=b+d+ f + h + 4de.
b) Let us notice that a+i =c+g=b+h =d+ f = S —e. Combining with (1) we get
4(S —e) = 2(S — e) + 4de; therefore, S = 3e. Next, let us prove
2@ + A+ g* +i*) =b* + d® + f* + h® + 4e*. (2)

We have a+c=S—-b=h+e,c+i=5—f=d+e,g+i=5S—h=b+e,a+g=5—d= f+e.
In addition, we have

act+citag+gi=(a+i)c+g)=(S—e)?=2e(S—e)=eclb+d+ f+h).

Therefore,

200>+ A+ g* +i?) =

(a+c)+(c+i)’+(a+9)?+ (9+14)* —2(ac+ci+ag + gi) =

(h+e)+(d+e)+(f+e)+(b+e)’—2eb+d+f+h)=

b2+ d? + 2+ h? + 4e2
To finish the proof let us notice that the statement of b) holds if we increase each entry of the
table by the same value. Really,

2@+t + (c+t)’ + (g+1)° + (i +1)°) =
2@+ 4+ ¢*+ )+ 3t(a* + P+ g +i) + 3t (a+c+g+i) +4°) =
b+ d + P+ hP 4 4e® + 30>+ d® + f2+ 2+ 4e?) + 33 (b+d+ f + h+4de) + 8P =
b+t +(d+1)°+ (f+1)° + (h+1)° +4(e +t)°.
Therefore, it is enough to consider the case e = 0. However, in this case the statement is
obvious, since a +i1=c+g=b+h=d+ f=2e=0.

by L. Mednikov, A. Shapovalov



4. Let us notice that the hexagon constructed is split into six quadrilaterals by points of tangency
of its inscribed circle. It is easy to see that three of them are squares with side R.

Then, perimeter of the hexagon is ) = 6R + 2z + 2y + 2z where x,y, and z are defined by a
picture below. We use as well known fact that diameter of a circle inscribed into right angle
triangle is equal to sum of of its legs minus hypothenuse. Let r; be radius of a circle inscribed
into right angle triangle ABC.

Then 2ry = AC+ BC — AB = (AD - R)+ (R+z) — (AF —z) =2x+ (AD — AF) =2z. In
similar way, we find that 2y and 2z are the diameters of the two other circles. Then the sum
in question equals 2x + 2y + 22 = Q) — 6R.

5. Look at next page

6 Let us consider n = p(p — 1) — 1, where p is an odd prime number. Notice, that b,; is not

divisible by p. Really, in the corresponding sum of fractions only denominators of the fractions
1

p2p T (p—1)p
However, by regrouping the fractions

are divisible by p.

*

1 1 1 1 1 1

; +
p (—Lp (-1 p @-2p 2p-2
etc., we see that no factor of b, is divisible by p.

We have

a_n An41 1 o (an+1 (P - 1)]7 - bn+1)

bn, B bnt1 (p—1)p bnyi(p —1)p

Assuming that this fraction is reducible by factor d we get: a,41(p — 1)p = b,1 mod d, and
bpr1(p—1)p=0 mod d.



Then, a,1(p — 1)*p?*=b,11(p — 1)p (mod d). Note, that ged(d,p) = 1 (otherwise, b, is
divisible by p) and (d, a,+1) = 1 (otherwise, b, is divisible by their common divisor which
implies that a,; and b, share a common factor). Thus, (p—1)? is divisible by d. Therefore,
d<(p—1)72

Then,

b, > bpi1(p — i)p _ bnt1p

(p—1) (p—1)
Statement of the problem follows from the latter estimate and the fact that number of primes
is infinite.

> bn+l-

5 b) Consider a set of rectangles with sides 1/v/n? + 1 and 2v/n? + 1. See the picture below to

3

learn how to wrap a square with these rectangles.

yad

7 ANSWER: 34.

SOLUTION. In his first question, spectator (S) calls the top and bottom cards. The answer
“50” reveals two outmost cards. Let us number either of them by 1 and the other by 52,



defining the order of the deck. Then, S calls the pair (1,3). The answer “1” reveals the card
numbered 3 (S intentionally skips card 2, which we refer to as the “space”). He continues to
ask questions in pairs. In odd questions he calls two farthest unmentioned cards (one of them
is “space”, we refer to the other as the “antispace”), reassigns unmentioned card adjacent to
“antispace” as new “space” and in his next (even) question he calls two cards adjacent to
“space”.

Thus, in the second pair of the questions, S calls the pairs (2,51) (two farthest unmentioned
cards) and (51,49) (two cards adjacent to “space”). Next pair of questions is (50,4), (4,6),
then (5,48),(48,46) and so on. After the first pair of questions, the audience is aware that
the situation is the following (revealed cards are boxed):

(1] 2 [3] 4 5 6 ... 48 49 50 51 [52]

Notice that while the first pair of questions reveals all three of mentioned cards, the second
pair of questions would leave two possible arrangements. We refer to the actual arrangement
of cards as the “main case” and to the other possible arrangement of cards as the “auxiliary
case”.

So, after the second pair of questions, the situation is one of the following (cards that have
been mentioned but not yet revealed are underlined):

2 4 5 6 ... 48 49 50 51 [52](main case)
2 4 5 6 ... 48 49 50 51 |[52] (auxiliary case)

To distinguish the main and auxiliary cases, we observe that the distance between the two
farthest unmentioned cards is different (it is lower in the auxiliary case). The answer on next
question would eliminate the auxiliary case.

Really, the fifth question names cards (50, 4). The answer “45” leaves the main case; otherwise,
the answer would be “44”.

Thus, after 5 questions (in total) we come to the following situation:

(1] [2] [3] 4 5 6 ... 48 [49] 50 [51] [52]

One may check that after 33 questions we get:

(1] ... [24] 25 26 27 [28] 29 [30] ... [52]

In his last question S calls (25,26). The answer 0 eliminates an auxiliary case, and (27) card
is revealed as the last card left.

Now let us show that 33 (or less) questions are not enough. Let us assume that originally
all the cards are split into 52 groups; one card in each group. In case of a question when
named cards belong to different groups, we combine these groups into one. So, each question
decreases the number of groups maximum by one. Therefore, after 33 questions the number
of groups left is no less than 52 — 33 = 19. Among them the number of groups consisting of
at least 3 cards is no more than 17. Thus, there are either two groups consisting of one card
or there is a group consisting of exactly 2 cards. In either case if these two cards trade places,
while the rest of the cards remain untouched, then the answers will be the same. This means
that the order of cards can not be restored uniquely.
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1 [4] When Ann meets new people, she tries to find out who is acquainted with who. In order
to memorize it she draws a circle in which each person is depicted by a chord; moreover,
chords corresponding to acquainted persons intersect (possibly at the ends), while the chords
corresponding to non-acquainted persons do not. Ann believes that such set of chords exists
for any company. Is her judgement correct?

2 [6] Suppose ABC is an acute triangle. Points A;, By and C} are chosen on sides BC, AC and AB
respectively so that the rays A1 A, BiB and CC are bisectors of triangle A;B;C;. Prove that
AAy, BBy and C'C] are altitudes of triangle ABC'.

3 [6] The n-th digit of number a = 0.12457 ... equals the first digit of the integer part of the number
nv/2. Prove that a is irrational number.

4 [6] Is it possible to split a prism into disjoint set of pyramids so that each pyramid has its base on
one base of the prism, while its vertex on another base of the prism ?

57 Let1+1/2+1/3+4---+1/n=a,/b,, where a, and b, are relatively prime. Show that there
exist infinitely many positive integers n, such that b, < b,.

6 Let us say that a deck of 52 cards is arranged in a “regular” way if the ace of spades is on the
very top of the deck and any two adjacent cards are either of the same value or of the same suit
(top and bottom cards regarded adjacent as well). Prove that the number of ways to arrange
a deck in regular way is
a) [3] divisible by 12!
b) [5] divisible by 13!

7 Positive numbers z1, ..., xj satisfy the following inequalities:

2

9 .ZCS"—"“‘[‘I%
wi 4 al < it BN

w and I1+"'+xk< 1 2

a) [3] Show that k > 50;
b) [3] Give an example of such numbers for some value of k;

c) [3] Find minimum k, for which such an example exists.

2Your total score is based on the three problems for which you earn the most points. Points for each problem are
shown in brackets [ ].
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COUNTEREXAMPLE. Consider a company: a host, his three sons and three guests. The guests
do not know each other, the host knows all the guests, while each son knows only two guests.
No two sons know the same pair of the guests. It is clear, that guests chords intersect the
host chord in three distinct points; one point is between the others two. Further, this two
guest chords lie on the different sides of the guest chord in between. Then the chord of the
son who knows only these two guests must intersect the middle chord. Contradiction.

Consider triangle A;B;C. Let A, be intersection point of bisectors of exterior angles B
and C7, while B, and (5 be intersections of bisectors of exterior angles A; and (4, and A;
and B; respectively. Notice, that A, is equidistant from side B,C}, extension of side A;B;
and extension of side A;C;. Therefore, A belongs to bisector A; A; moreover, A; Ay, By B,
C1C5 are altitudes of triangle A BoCy. Let us prove that triangle A BoCs and triangle ABC
coincide. Assume that A, is outside of triangle ABC'. Note, that ray As B, intersects side AB
of triangle ABB; at C; and does not intersect side AB; since sides AB and AB; are separated
by AsAy. Therefore, Bs is inside of triangle ABC'. In the same way C) is inside of triangle
ABC. However, segment ByCy must intersect side BC' at point A;. Contradiction.

Let us assume that a is rational. Then a is periodic decimal fraction with period k. Then
starting from some place the digits occupying the positions k, 10k,...,10™k, ... coincide.
On the other hand, these are consecutive digits of representation vk. However, an irrational
number cannot be represented by periodical fraction. Therefore, a is irrational.

ANSWER: no.

The total sum of volumes of the pyramids with bases on the bottom base of the prism does
not exceed one third of the prism volume. The same is true for the pyramids with bases on
the top base of the prism. Therefore, the total sum of volumes of all the pyramids is less than
the volume of the prism. Contradiction.

Let us consider n = p(p — 1) — 1, where p is an odd prime number. Notice, that b,

is not divisible by p. Really, in the corresponding sum only denominators of the fractions
11

p'2p T (p—1)p
However, by regrouping the fractions in the following way:

are divisible by p.

*

1 1 1 1 1 1

p (p=Dp (@-1" p»p @-2p 20p-2
etc., we see that no factor of b, is divisible by p.
We have

An _ Qp+t1 1 _ (@ni1(p—1)p — bnyr)

by, bnt1 (p - l)p B bn—l-l(p - 1)p

by L. Mednikov, A. Shapovalov



Assuming that this fraction is reducible by factor d we get: a,.1(p — 1)p = b,41(mod d), and
but1(p — 1)p = 0(mod d).

Then, a,1(p — 1)*p?*=b,11(p — 1)p (mod d). Note, that ged(d,p) = 1 (otherwise, b, is
divisible by p) and (d, a,+1) = 1 (otherwise, b, is divisible by their common divisor which
implies that a,; and b, share a common factor). Thus, (p—1)? is divisible by d. Therefore,
d<(p—1)>~%

Then,

b, > b1 (p — i)P _ bn1p

(p—1) (p—1)

Statement of the problem follows from the latter estimate and the fact that number of primes
is infinite.

> bn—i—l'

. Consider a 4 x 13 board, where the rows correspond to the suits while the columns correspond
to the values. A rook starts from left-bottom corner corresponding to Ace of Spade, visits
each square of the board ones, and returns to the original square. (A rook can move either
horizontally or vertically; it can jump through squares). It is clear that there is one-to-one
correspondence between the number of the arrangements of a deck in a regular way and the
number of rook circuits on this board. Let us code the circuits by placing the numbers from
1 to 52 in squares that rook visits on its way. For any circuit, the path starts and ends in
square number 1; moreover, any two consecutive numbers are placed either at the same row
or at the same column.

a) Consider a circuit. Assume, that the first column is fixed. Notice, that if any two other
columns trade places then we get a new circuit (different numeration of the table). Then by
permuting 12 columns we get 12! of circuits that belong to the same group. Therefore, the
number of circuits is a factor of 12!

b) Let us prove that the number of circuits is also a factor of 13. Let us fold the board into a
cylinder by joining its vertical sides. Any of 12 possible rotations of the cylinder transforms
a given circuit to a new one that starts from square with the number different of 1. However,
since the path still passes through the square with number 1, we may consider it as a regular
circuit. Really, the corresponding numeration can be obtained by shifting all the numbers by
the same value (modulo 52), so we get 1 at the left-bottom corner. Let us prove that new
circuit is different from the original one. Assume that under some rotation a circuit transforms
into itself. Let us consider any horizontal move (there must be one). Note, that 13 is a prime
number. Thus, if we repeat this rotation 13 times then we would come to original point and
each square of the horizontal would be visited; moreover, the only possible exit from any
square of this horizontal is a horizontal one. This implies, that it is not possible to change a
suit. Contradiction.

. a) An inequality
Mt oo ay) < 2o+ day) < (@) + -+ 1)

implies that for at least one value (let it be x1) we have 4z? < x3. Therefore, z; > 4. Then
(223 — o) + - -+ + (227 — 1) < 4 —2-4%* = —28. Since the minimum of 22% — x is —1/8, then
kE—1>8-28>50.



b) Consider, for example, k = 2501, 21 = 10,29 = 3 = - -+ = X950 = 0.1. Then

Ty + -+ 2501 = 10 4 250 = 260,
T} + -+ a0, > 1000.



International Mathematics
TOURNAMENT OF THE TOWNS

Junior O-Level Paper! Spring 2007.

1.

The sides of a convex pentagon are extended on both sides to form five triangles. If these
triangles are congruent to one another, does it follow that the pentagon is regular?

Two 2007-digit numbers are given. It is possible to delete 7 digits from each of them to obtain
the same 2000-digit number. Prove that it is also possible to insert 7 digits into the given
numbers so as to obtain the same 2014-digit number.

What is the least number of rooks that can be placed on a standard 8 x 8 chessboard so that
all the white squares are attacked? (A rook also attacks the square it is on, in addition to
every other square in the same row or column.)

Three nonzero real numbers are given. If they are written in any order as coefficients of a
quadratic trinomial, then each of these trinomials has a real root. Does it follow that each of
these trinomials has a positive root?

A triangular pie has the same shape as its box, except that they are mirror images of each
other. We wish to cut the pie in two pieces which can fit together in the box without turning
either piece over. How can this be done if

(a) one angle of the triangle is three times as big as another;

(b) one angle of the triangle is obtuse and is twice as big as one of the acute angles?

Note: The problems are worth 4, 4, 4, 4 and 144 points respectively.

LCourtesy of Professor Andy Liu



Solution to Junior O-Level Spring 2007

1. Let ABCDE be the pentagon and PAB and QBC be two of the triangles formed. Let
/PAB =«, /ABP = 3 and /BPA = . Then /QBC = (3 also. Since the two triangles are
congruent to each other, /CQB = a or 7. It cannot be « as otherwise AE and C'D would be
parallel, and their extensions will not meet each other to form one of the five triangles. Hence
we must have /CQB = ~, and it follows that all five angles away from the pentagon are equal
to . This means that the angles of the pentagon are equal to 180°—« and 180° — (3 alternately.
Since five is an odd number, this means that a = (3, and the pentagon is equiangular. It is
also equilateral as its sides are the sides of the triangles facing the angles equal to . Hence
the pentagon must be regular.

P

0 C D

2. To the 2000-digit number, add back the 7 digits deleted from the two 2007-digit numbers.
Digits inserted between the same two digits of the 2000-digit number can be arranged in any
order. This yields a 2014-digit number. It is obtainable from either 2007-digit number by
inserting the 7 digits from the other 2007-digit number.

3. A rook on a black square attacks exactly 8 white squares. A rook on a white square attacks
exactly 7 white squares. Since there are 32 white squares overall, we need at least 4 rooks.
Labelling the ranks a to h and the files 1 to 8 and using the convention that al is a black
square, we can show that 4 is indeed the minimum by placing a rook on each of a7, c5, e3
and gl.

4. Since the three numbers a, b and c are all non-zero, 0 is not a root of any of the six trinomials
under consideration. Suppose that az? + bx + ¢ has two negative roots —r and —s, where r
and s are positive numbers. Then az? + bz + ¢ = a(z + 7)(z + ), so that b = a(r + s) and
¢ = ars both have the same sign as a. Hence we may assume that they are all positive. Since
one of the roots is real, both are real, so that we have b*> > 4ac. Similarly, ¢> > 4ab and
a? > 4bc. Multiplication yields (abc)? > (8abc)?, which is a contradiction. It follows that each
of the six trinomials has a positive root.



D.

(a)

Let the pie be represented by triangle ABC' in which /ABC = 6 and /BCA = 36. Let
D be the image of A under the reflection about the perpendicular bisector of BC'. (See
the diagram below to the left.) Let AB and DC' intersect at E. Then triangle DBC
represents the box. Now /BCD = /ABC = 0 so that /DCA = /BCA — /BCD = 20.
On the other hand, /AEC = /ABC+/BCD = 260 also. Hence triangle AEC'is isosceles,
as is triangle DE B which is congruent to it by reflection. Hence if we cut the pie along
CE, we can fit the two pieces inside the box.

D A F A
E
E

B C D

Let the pie be represented by triangle ABC' in which /CAB = 6 and /BCA = 26. Let
D and F' be the respective images of A and C' under the reflection about the bisector
of /ABC. (See the diagram above to the right.) Let AC' and DF intersect at E. Then
triangle DBF represents the box. Now /BDF = /CAB = 0. It follows that

(DEC = /BCA— /BDF =60 = /BDF.

Hence triangle C' DF is isosceles, as is triangle F'AFE which is congruent to it by reflection.
It follows that if we cut the pie along F'F', we can fit the two pieces inside the box.
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1. A 9 x 9 chessboard with the standard checkered pattern has white squares at its four corners.
What is the least number of rooks that can be placed on this board so that all the white
squares are attacked? (A rook also attacks the square it is on, in addition to every other
square in the same row or column.)

2. The polynomial x® + px? + qx + r has three roots in the interval (0,2). Prove that —2 <
p+qg+r<O.

3. B is a point on the line which is tangent to a circle at the point A. The line segment AB
is rotated about the centre of the circle through some angle to the line segment A’B’. Prove
that the line AA" passes through the midpoint of BB’.

4. A binary sequence is constructed as follows. If the sum of the digits of the positive integer k
is even, the k-th term of the sequence is 0. Otherwise, it is 1. Prove that this sequence is not
periodic.

5. A triangular pie has the same shape as its box, except that they are mirror images of each
other. We wish to cut the pie in two pieces which can fit together in the box without turning
either piece over. How can this be done if

(a) one angle of the triangle is obtuse and is twice as big as one of the acute angles;
(b) the angles of the triangle are 20°, 30° and 130°7

Note: The problems are worth 3, 4, 4, 4 and 343 points respectively.

LCourtesy of Professor Andy Liu
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Solution to Senior O-Level Spring 2007

. A rook on a black square attacks exactly 9 white squares. A rook on a white square attacks

either 7 or 9 white squares. Since there are 41 white squares overall, we need at least 5 rooks.
Labelling the ranks a to i and the files 1 to 9, we can show that 5 is indeed the minimum by
placing a rook on each of a8, c¢6, e4, g2 and i2.

. Let the roots be a, b and c¢. Then 22 + pr? +qr+7r = (x —a)(x — b)(z — ¢). Putting in x = 1,

we have 1 +p+q+r = (1—a)(1 —b)(1—c). We are given that each of a, b and c lies strictly
between 0 and 2. Hence each of 1 —a, 1 — b and 1 — ¢ lies strictly between —1 and 1, and it
follows that so does their product. Hence p+ ¢ +r = (1 —a)(1 —b)(1 — ¢) — 1 lies strictly
btween —2 and 0.

Let O be the centre of the circle and C' be the midpoint of BB’. Then OC' is perpendicular
to BB'. Since /OAB = /OCB = 90° = /OCB" = {OA’B’, both OABC and OCA’B’ are
cyclic quadrilaterals. Hence /ACB = /AOB = /A'OB" = {A'CB’. Since B, B’ and C are
collinear, so are A, A’ and C. In other words, the line AA’ passes through the midpoint C' of
BB'.

. We define a sequence S as follows. If the sum of the digits of the non-negative integer k

is even, the k-th term of S is 0. Otherwise, it is 1. It is the same sequence except for the
inclusion of a 0-th term, and S is periodic if and only if so is the original sequence. Now
each block of 10 consecutive terms of S is (0101010101) or (1010101010). We can contract
the former to 0 and the latter to 1 and call the new sequence S’. Note that if the sum of the
digits of the positive integer 10k is even, the k-th term of S” is 0. Otherwise, it is 1. Suppose
S is periodic with period p. Because of the contraction, S’ is periodic with period J. This is
a contradiction since S’ is identical to S. Hence S cannot be periodic.

(a) Let the pie be represented by triangle ABC' in which /CAB = 6 and /BCA = 20. Let
D and F be the respective images of A and C' under the reflection about the bisector
of ZABC'. (See the diagram below to the left.) Let AC and DF intersect at E. Then
triangle DBF represents the box. Now /BDF = /CAB = 0. It follows that

(DEC = /BCA— /BDF =60 = /BDF.

Hence triangle C DF is isosceles, as is triangle F'AFE which is congruent to it by reflection.
It follows that if we cut the pie along E'F', we can fit the two pieces inside the box.

Ja A
E




(b) First Solution:

Let BDEFGC be a hexagon with /BDE = /DEF = /EFG = /FGC = 170°,
(DBC = /BCG = 20° and BD = DE = FF = FG = GC. Extend GC to A so
that ZABC = 30°. Then the hexagon ABDEF(G, though non-convex, has a bilat-
eral symmetry just as the convex hexagon BDFEFGC does. Thus it may be moved so
that its four equal sides coincide with DE, EF, F'G and GC respectively, forming with
BDEFGC a triangular box which is the mirror-image of the pie ABC'. (See the diagram
below.) If we cut the pie along the polygonal line B — D — E — F' — (G, we can fit the
two pieces inside the box.

B C

Second Solution by Olga Ivrii:

Let ACDEF be a pentagon with /CDE = /DEF = /EFA = 130°, AC' = DC' and
DE = FEF = FA. Extend AF and C'D to meet at B. Then the quadrilateral BDEF,
though non-convex, has a bilateral symmetry just as the convex pentagon ACDFEF does.
Thus it may be moved so that its two short sides coincide with EF' and F'A respectively,
forming with ACDEF a triangular box which is the mirror-image of the pie ABC'. (See
the diagram below.) If we cut the pie along the polygonal line D — E — F'| we can fit the

two pieces inside the box.
F A

E
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Let n be a positive integer. In order to find the integer closest to \/n, Mary finds a?, the
closest perfect square to n. She thinks that a is then the number she is looking for. Is she
always correct?

K, L, M and N are points on sides AB, BC, C'D and DA, respectively, of the unit square
ABCD such that KM is parallel to BC and LN is parallel to AB. The perimeter of triangle
KLB is equal to 1. What is the area of triangle M N D?

. Anna’s number is obtained by writing down 20 consecutive positive integers, one after another

in arbitrary order. Bob’s number is obtained in the same way, but with 21 consecutive positive
integers. Can they obtain the same number?

Several diagonals (possibly intersecting each other) are drawn in a convex n-gon in such a
way that no three diagonals intersect in one point. If the n-gon is cut into triangles, what is
the maximum possible number of these triangles?

Find all (finite) increasing arithmetic progressions, consisting only of prime numbers, such
that the number of terms is larger than the common difference.

In the quadrilateral ABCD, AB = BC' = CD and /BMC = 90°, where M is the midpoint
of AD. Determine the acute angle between the lines AC' and BD.

. Nancy shuffles a deck of 52 cards and spreads the cards out in a circle face up, leaving one

spot empty. Andy, who is in another room and does not see the cards, names a card. If this
card is adjacent to the empty spot, Nancy moves the card to the empty spot, without telling
Andy; otherwise nothing happens. Then Andy names another card and so on, as many times
as he likes, until he says “stop.”

I

(a) Can Andy guarantee that after he says “stop,” no card is in its initial spot?

(b) Can Andy guarantee that after he says “stop,” the Queen of Spades is not adjacent to
the empty spot?

Note: The problems are worth 3, 4, 5, 6, 7, 8 and 545 points respectively.

LCourtesy of Professor Andy Liu
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. If n = a@?, clearly a is the right choice for /sqrtn. Suppose a®> < n < (a + 1)2. Then Mary
would choose a or a+ 1 according to whether a®> <n < a?+aora®>+a+1<n<a®>+2n+1.
In the former case, we have a®> <n < a® +a + % so that a < /n < a+ % In the latter case,
we have a + % <+/n <a-+1. So Mary is always correct.

. Let AK =z and AN =y. From1 - (1—2)—y=1—- KB - LB =KL = /(1 —2)?+ 42,
we have x? — 22y + y* = 1 — 2z + 2 + y?, which simplifies to 22(1 — y) = 1. Hence the area

of triangle DMN is equal to DM - DN = 3z(1 —y) = i.

D M C
L

N

A K B

. Anna’s number can be 4567891011121314151617181920212223, obtained by writing down the
20 integers from 4 to 23 inclusive, in their natural order. Bob can obtain the same number by
writing down the 21 integers from 2 to 22 inclusive, in their natural order except that 2 and
3 are moved from the front to the back.

. There are four kinds of triangles inside the n-gon. They have respectively 3, 2, 1 and 0 vertices
which are vertices of the n-gon. We claim that only the first two kinds can exist. Suppose
ABC is a triangle of the third kind, with A a vertex of the n-gon. Then B and C' are the
points of intersection of a diagonal not passing through A with two diagonals passing through
A. However, the region separated from ABC by BC' cannot be a triangle, since no other lines
pass through B or C'. This contradiction shows that a triangle of the third kind cannot exist.
Similarly, we can show that neither can a triangle of the fourth kind. Triangles of the first
kind stand on their own while triangles of the second kind come in groups of four, forming
a convex quadrilateral. If we have two adjacent triangles of the first kind, we can add a
diagonal and get four triangles of the second kind instead. If we have two triangles of the first
kind separated by quadrilaterals, we can have one triangle trade places with the intervening
quadrilaterals one at a time, until the two triangles are adjacent. This way, we are left with
at most one triangle of the first kind if n is odd, and no triangles of the first kind if n is even.
In summary, for n = 2k, we have 4k — 4 triangles. For n = 2k 4 1, we have 4k — 3 triangles.

. Let d be the common difference. Suppose there is a prime p less than d which does not divide
d. Then every p-term of the progression is divisible by p. Since every term is a prime, the term
divisible by p must be p itself, and it is therefore the first term of the progression. However,
the (p 4+ 1)-st term will be a composite number which is divisible by p. Hence the maximum
number of terms is p < d. It follows that in order for the number of terms to exceed d, we
must have either d = 1 or d being the product of consecutive primes starting from 2.



7.

For d = 1, every other term is divisible by 2. Hence the only such progression is {2,3}. For
d = 2, every third term is divisible by 3. Hence the only such progression is {3,5,7}. For
d = 2 x 3, the prime 5 will cause problem. For d = 2 x 3 x 5, the prime 7 will cause problem.
In general, let p; denotes the ¢-th prime. We claim that if d = pips---p, for n > 3, then
d > ppi1. Define m = pop3 -+ - p, — 2. Since n > 3, m > 1 and m has a prime divisor q. We
cannot have ¢ = p; for any 2 < i < n, nor can we have ¢ = p; = 2 since m is odd. Hence

q > pny1 and it will cause problem. In summary, there are only two such progressions, namely,
{2,3} and {3,5,7}.

Extend BM to F and CM to F so that BM = ME and CM = MF. Then ABCDEF is an
equilateral hexagon. Since /BMC = 90°, BCEF is a kite so that BC' = CE = FF = FB.
It follows that FFAB and C'DFE are both equilateral triangles. Let AC intersect BD at N. In
the diagram below, we have

(CND = (CBD - /BCA

1
= ;(180° = LBCD) — ;(180° — LABC)

1
2
1 1
= ,(120° — /BCE) — J(180° — (360° — /FBC — L ABF))
1
= 5(120° +180° — 60° — (/BCE + /FBC))
— 30°

since /BCE + /FBC = 180°. Note that the diagram may be different if ABC'D is convex,
but the argument is essentially the same.

(a) The answer is yes. Andy can call the cards out in order starting with the Ace of Spades,
two of Spades down to the King of Spades, followed by the Hearts, the Diamonds and
the Clubs. We refer to this as one cycle. In each cycle, each card can move at most
once since it is called exactly once, and at least one card must move. Andy then makes
another 51 cycles of calls. We claim that all moves are in the same direction, either all
clockwise or all counter-clockwise. This is clear within each cycle. Consider the card X
which is the last to move in a cycle, and let Y be the other card adjacent to the empty
spot. Since Y does not move after X in this cycle, it must have been called before X. So
in the next cycle, Y will be called before X, and follows X in the same direction. This
justifies our claim. To go once around and return to its initial spot, a card must have
moved 53 times, and this is not possible since Andy makes only 52 cycles of calls. If it is
to be in its initial spot, it must not have moved at all. However, this is also impossible
as otherwise at most 1 move could have been made, but in 52 cycles, at least 52 moves
have been made. Therefore, after 52 cycles of calls, every card is in a spot different from
its initial one.



(b) The answer is no. Construct a graph where each of the vertices represents one of the 52!
permutations of the cards, with the first and the last adjacent to the empty spot. Two
vertices are joined by an edge if and only if a call by Andy changes the two permutations
to each other. Label the edge with the card called by Andy. In this graph, each vertex
has degree 2, and the graph is a union of disjoint cycles. Consider the cycle containing
the vertex representing the initial permutation. For each vertex, let a person starts
there. Whenever Andy makes a call, the person moves along an edge labelled with that
card to an adjacent vertex if possible, and stays put otherwise. We call a vertex safe
if and only if in the permutation it represents, the Queen of Spades is not adjacent to
the empty spot. By shifting each card clockwise into the empty spot in turns, we will
arrive at permutations represented by safe vertices as well as permutations represented
by unsafe vertices. Note that after each call, there is still one person on each vertex.
Thus no matter what sequence of calls Andy may employ, he cannot get everyone to a
safe vertex. It follows that there is an initial permutation for which Andy’s sequence will
leave the Queen of Spades adjacent to the empty spot.



International Mathematics
TOURNAMENT OF THE TOWNS

Senior A-Level Paper! Spring 2007.

1.

A, B, C and D are points on the parabola y = 2% such that AB and CD intersect on the
y-axis. Determine the x-coordinate of D in terms of the z-coordinates of A, B and C, which
are a, b and c respectively.

A convex figure F' is such that any equilateral triangle with side 1 has a parallel translation
that takes all its vertices to the boundary of F. Is F' necessarily a circle?

Let f(x) be a polynomial of nonzero degree. Can it happen that for any real number a, an
even number of real numbers satisfy the equation f(z) = a?

Nancy shuffles a deck of 52 cards and spreads the cards out in a circle face up, leaving one
spot empty. Andy, who is in another room and does not see the cards, names a card. If this
card is adjacent to the empty spot, Nancy moves the card to the empty spot, without telling
Andy; otherwise nothing happens. Then Andy names another card and so on, as many times
as he likes, until he says “stop.”

Y

(a) Can Andy guarantee that after he says “stop,” no card is in its initial spot?

(b) Can Andy guarantee that after he says “stop,” the Queen of Spades is not adjacent to
the empty spot?

. From a regular octahedron with edge 1, cut off a pyramid about each vertex. The base of

each pyramid is a square with edge % Can copies of the polyhedron so obtained, whose faces
are either regular hexagons or squares, be used to tile space?

Let ag be an irrational number such that 0 < a¢ < % Define a,, = min{2a,_1,1 — 2a,,_, } for
n>1.

(a) Prove that a, < ;% for some n.

(b) Can it happen that a, > 5 for all n?
T is a point on the plane of triangle ABC such that /ATB = /BTC = /CTA = 120°. Prove

that the lines symmetric to AT, BT and CT with respect to BC, C'A and AB, respectively,
are concurrent.

Note: The problems are worth 3, 5, 5, 4+4, 8, 44+4 and 8 points respectively.

ICourtesy of Professor Andy Liu



1.

4.

Solution to Senior A-Level Spring 2007

Let (¢,0) be the point of intersection of AB and C'D. Then the equation of the line AB
is given by - = @>=b> — 4 4+ b. That A lies on this line means that aa—jt =a+0b We

a—b

have a® = a? + ab — t(a + b) so that t = aanb' Similarly, ¢t = chdd' Eliminating ¢, we have
abc + abd = d(ac + be) so that d = —ae—.

. Solution by Olga Ivrii.

No, the convex figure does not have to be a circle. Let AB be a horizontal segment of length
2. Draw a semicircle with diameter AB above AB. For any equilateral triangle of side 1,
place its lowest vertex at the midpoint O of AB. If there are two choices, place either one at
O. The other two vertices of the equilateral triangle always lie on the semicircle. Hence the
convex figure bounded by AB and the semicircle has the desired property.

A O B

The graph of f(x) is continuous and may have a number of turning points, that is, points
at which the graph changes from increasing to decreasing or vice versa. Let these points be
(x;, f(x;)) for 1 < i < n. By symmetry, we may assume that the leading coefficient of f(z) is
positive. Suppose the degree of f(x) is odd. Then f(z) tends to oo as z tends to oo and to
—o0 as z tends to —oo. Let a be a real number such that a > f(x;) for 1 <i < n. Then the
equation f(z) = a is satisfied by exactly one real number x. Suppose the degree of f(x) is
even. Then f(z) tends to oo as  tends to £oo. It follows that n is odd, so that there is a real
number a for which a = f(x;) for an odd number of i, 1 <i < n. Then the equation f(z) =a
is satisfied by an even number of real numbers x where x # x; for 1 <1i < n, as well as by an
odd number of z;. Hence the equation is satisfied by an odd number of real numbers.

(a) The answer is yes. Andy can call the cards out in order starting with the Ace of Spades,
two of Spades down to the King of Spades, followed by the Hearts, the Diamonds and
the Clubs. We refer to this as one cycle. In each cycle, each card can move at most
once since it is called exactly once, and at least one card must move. Andy then makes
another 51 cycles of calls. We claim that all moves are in the same direction, either all
clockwise or all counter-clockwise. This is clear within each cycle. Consider the card X
which is the last to move in a cycle, and let Y be the other card adjacent to the empty
spot. Since Y does not move after X in this cycle, it must have been called before X. So
in the next cycle, Y will be called before X, and follows X in the same direction. This
justifies our claim. To go once around and return to its initial spot, a card must have
moved 53 times, and this is not possible since Andy makes only 52 cycles of calls. If it is
to be in its initial spot, it must not have moved at all. However, this is also impossible
as otherwise at most 1 move could have been made, but in 52 cycles, at least 52 moves
have been made. Therefore, after 52 cycles of calls, every card is in a spot different from
its initial one.



(b) The answer is no. Construct a graph where each of the vertices represents one of the 52!
permutations of the cards, with the first and the last adjacent to the empty spot. Two
vertices are joined by an edge if and only if a call by Andy changes the two permutations
to each other. Label the edge with the card called by Andy. In this graph, each vertex
has degree 2, and the graph is a union of disjoint cycles. Consider the cycle containing
the vertex representing the initial permutation. For each vertex, let a person starts
there. Whenever Andy makes a call, the person moves along an edge labelled with that
card to an adjacent vertex if possible, and stays put otherwise. We call a vertex safe
if and only if in the permutation it represents, the Queen of Spades is not adjacent to
the empty spot. By shifting each card clockwise into the empty spot in turns, we will
arrive at permutations represented by safe vertices as well as permutations represented
by unsafe vertices. Note that after each call, there is still one person on each vertex.
Thus no matter what sequence of calls Andy may employ, he cannot get everyone to a
safe vertex. It follows that there is an initial permutation for which Andy’s sequence will
leave the Queen of Spades adjacent to the empty spot.

5. The answer is yes. Let ABCD — EFGH be a cube, with U, V, W, X, Y and Z the respective
midpoints of AFE, EF, FG, GC, CD and DA, as shown in the diagram below. Now UV, VW
and Y Z are all parallel to AC. Since UX, VY and W Z are concurrent at the centre of the
cube, UVW XY Z is a planar hexagon, and a regular one by symmetry. This planar section
cuts the cube into two congruent halves. Each half contains a vertex where three mutually
perpendicular faces meet. We call it the primary vertex. (In the diagram, one of them is B
and the other one is the hidden vertex H.) If we glue eight copies of this half-cube together
so that their primary vertices coincide, we obtain a copy of the solid in question, the one
with six square and eight regular hexagonal faces. Divide space into cubes by the planes
r =k, y=k and z = k, where k£ runs through all integers. Dissect each cube into halves so
that the primary vertices have either all odd co-ordinates or all even co-ordinates. If we glue
eight copies of the half-cube around each primary vertex, we have a partition of space into
copies of the solid in question.

6. Official Solution.

(a) We consider five cases.
Case 1. 0 < qg < 1%.
Here, we already have ag < 137)“
Case 2. 1—36 < ag < %
Let ap = %—ewhereO <e< 8—10. Then a, :%—267 as = é+46, az = %—1—86 and
ay = % — 16¢e. Suppose 1% < ayp for all k. then a4, = % — 16%¢. This is a contradiction
since € is a fixed positive number.



Case 3. % < ap < i.

Let ag = i — ¢ where 0 < e < %. Then a; = % —2¢ and ay = 4e < % Hence either Case
1 or Case 2 applies with ay playing the role of aqg.

Case 4. i <ag < é

Let ag :%—ewhereO <e< 1—12 Then a; = %—FQE and as :%—46. Suppose i < a9y,
for all k. then ag, = i — 4F¢. This is a contradiction since € is a fixed positive number.

Case 5. % <ag < %

Here, we have a; < % Hence one of Case 1, Case 2, Case 3 and Case 4 applies, with a;
playing the role of ay.

(b) It is possible. Call a number € good if £ is obtained from o= + 515 + 555 ++ * -+ 5zipr ++ - - by
omitting some terms in a non-periodic manner. Since the sum of the infinite geometric

.1 1 2 : o o 9
series is 7 (1 — 218> = ore € is an irrational number satisfying 0 < € < &. Now let

L

ag = x — 0 for some good number §. We consider two cases.
Case 1. The term 2% is absent from %.
Let € = 286. Then € is also a good number. We have aq = % 75, (1 %—2—67, as = %—l—z%,

— £ q =
2 € 1 € __ 2 € 1 € 1 € 1
a3—5+2f5,a4—51—.2—4,a5—g.—?3,a6—5+27,a7—5+§andag—g—e.
Case 2. The term 5 is present in .
Let e = 28(6 — 2;). Then e is also a good number. We have ap = £33
— 47 | € — 33 _ € - 7 4 < - 7 4 < — —_
a2 = 765 T 26, @3 = §g — 35y @4 = 35 T 31, 45 = 35 1+ 33, A6 = 15 — 2

Note that in both cases, a,, > % for 0 < n < 7. Moreover, ag has the same form as ag,
so that either Case 1 or Case 2 applies with ag playing the role of ay. It follows that
an > % for all n.

7. Solution by Yan Li and Andy Liu.
We first establish a preliminary result.

Lemma.
XP, Y@ and ZR are pairwise intersecting rays such that /QY ~Z = /RZY, /RZX = /PXZ
and /PXY = /QY X. Then XP, Y@ and ZR are concurrent.

Proof:
Suppose that, to the contrary, they intersect at three points. Consider first the case where
all three rays are directed towards the opposite sides of the triangle, as shown in the diagram
below on the left. Then QY Z, PZX and RXY are isosceles triangles. We have a contradiction
since XP>XQ=YQ>YR=Z/ZR>/7ZP=XP.

X X

<7
P

Y A Y A

Consider now the case where only one ray is directed towards the opposite side of the triangle,
as shown in the diagram above on the right. Then RY Z, PZX and QXY are isosceles
triangles. We have a contradiction since

QR=YQ-YR=XQ-ZR=(XP—PQ)— (ZP — PR) = PR — PQ.



We now tackle the given problem. Since the rays TA, TB and T'C' make angles of 120°
with one another, the point T is inside the triangle. Let the extensions of AT, BT and CT
intersect the opposite sides at P, () and R respectively. Let X, Y and Z be the images of
T under reflections across BC, CA and AB respectively. Then AZ = AT = AY. Hence
LAY Z = /AZY . Also, LAY Q = /ATQ =60° = /ATR = /AZR. Hence

/QYZ = [QYA— /ZYA=/RZA— /YZA= /RZY.

Similarly, /RZX = /PXZ and /PXY = /QY X. By the Lemma, XP, Y@ and ZR are
concurrent.
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