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IKJMLONQPSR�TVU�WCXZY�[]\_^`XaPST�[bXZ^Eced:f/g(h�ceg \_i,jCXZ[SX	^_^_Tk^�PSlmdnf!Jpo \_i,Xqj>lK\rN�PslZNtcedsJvue[SXxwyPbR�Tz^r\_N�T
PbR�[blKW�{KR|c}jCXZ[bXZ^_^rT�^CPSl!o~f�XZN�Y|PbR�Te^_\rN�TMPSR�[]lKW�{KR$d�jCX	[SXZ^r^_T�^8PSlno~g(J��B[bl��KTePbRCX	P�PbR�T�i]TePOw�l!^_\rN�T�i
\rN�PbT�[]ibT���P�X	P�iblK�,T�j>lZ\_N�PMlKNVf/gzJ

��J���^_XZ[SX���lK�,j�W�PbT�Y,PSR�T�j�[bl�Y�W���P�l	�7PSR�TM�C[]i]P��zj�lKib\�PS\��KT�\_N�PSTk{KT�[]i�XZN�Ys��XZ^rT�[b\rTE��lK�,j�W�PbT�Y,PSR�T�j�[bl�Y�W���P
lZ��PSR�T,�C[]i]P1��T��KTkN�j>lZib\rPb\r�ZT�\_N�PSTk{KT�[]i�h�wMR�T�[]Ts� ����J!�ER�T��m{ZlZP�PSR�T!ibXZ�sT,XZN�i]w�T�[�J��B[bl��KT!PSRCXaP
lKN�T1l	��PbR�T��yR�XZYz�sXZY�T�X��,\_i P<XZ¡	TZJ

¢�J�£�lK^���X!\_iMPSlK^rYzPSR�X	P�POw�l&lZ�¤R�\_iM��lKW�[���lK\rN�i�XZ[bT���XZ¡ZT	J@¥�T:¡�N�l�wMi@PbRCX	P@XZ^_^¦[]TxXZ^���lZ\_N�i�RCXx�KT/PbR�T:ibXZ�,T
w�T�\r{KR�PxhCXZ^r^���X	¡ZTe�klK\_N�i�RCXx�KT�PSR�T@iSXZ�,T@w�T�\_{ZR�P�hCXZN�Y&PbR�Tew�T�\_{ZR�P�lZ��Xn[bTxX	^§��lZ\_N&\ri�{K[bT�X	PSTk[�PSR�XZN&PSRCXaP
lZ�EXz��XZ¡ZTs��lK\rN7Jz��XZN¨£�lK^r�KXzY�Tk��\rY�TswMR�T�PSR�Tk[nR�Ts\_N�Y�TkT�Y�R�XZi:Tª©�X	�kPS^��mPOw�l(��XZ¡	T&��lZ\_N�i1«���W�i]\_N�{(X
«CX	^`XZN��kTePOwM\_�kT�¬

 J�®eN¯X	N(TxX	i]P]°±w�Tki]P�i]R�\_j�j�\_N�{,^`X	N�T:X	[bT�PST�N(ibR�\rj�i�ibXZ\_^r\_N�{!\rN�Y�\r��\rY�WCXZ^r^r�KJ��ER�T:��[bi]P����ZT:��[blK�yPbR�T�w�Tki]P
XZ[]T:ibXZ\_^r\_N�{,TxXZi POw�X	[bY�i�wMR�\r^_T�PSR�Tnl	PSR�Tk[@���KT:ibR�\rj�i�XZ[]TniSXZ\r^_\rN�{�w�Tki]POw�XZ[bY�ikJ/�ER�Tk�¯ibXZ\_^�X	P�PSR�TnibXZ�,T
�klKN�i]PSXZN�P:i]j>TkT�Y�X	P1XZ^_^�PS\_�,T�ikJ�²pR�T�N�T��KTk[/POw�l(ibR�\_j�i��,T�TkPbi�h�TxXZ�<RqPSW�[]N�i/XZ[blKW�N�YqXZN�Y�ibXZ\_^rie\_N4PSR�T
lKj�j>lKi]\rPbT,Y�\_[bTk�kPb\_lKN7J!²pR�TkN�XZ^r^¤ibR�\rj�i1RCXx�KT�[]TkPbW�[bN�TkYmPblzj�lK[]P�h�R�l�w³��X	N��4�,T�T�PS\rN�{Ki�lZ��POw�l¯i]R�\_j�i
RCXx�ZT1PSXZ¡ZTkNzj�^_XZ��Tx¬

´�J�®eN~PSR�T!j�^_XZN�T�\ri�X|ibTkP1lZ��X	P�^rTxXZi P���lKW�[�j�lK\_N�PSikJnLµ��XZN��~lKN�T!j�lK\_N�Pe��[]lK�2PbR�\_i�i]TkP1\_i�[]T��,l��ZT�Y7h�PSR�T
[]T�ibW�^rPS\rN�{VibTkP:RCXZi/XZN�X�©�\ri�lZ�Ei]���,�sT�PS[ �KJ|LOi1\rP1N�T��kT�i]iSXZ[]\_^r�4Pb[bW�T!PSRCXaP/PbR�T,wMR�lK^_T,ibT�P�XZ^riblVRCXZi/XZN
Xa©�\riElZ�¶i ���s�,TkPb[]��¬

% �C���8·E¸ XZ�<RVj�[]lK«�^_Tk�y\_i�w�lK[ PSR  j�lK\rN�Pbi�J
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IKJ�º¦TkPef/o»�kW�PePSR�TnT�©�PSTkN�ib\rlKN~lZ��g�c-X	P�¼³X	N�Y4g&o½��W�PePSR�T:T�©�PSTkN�ib\rlKN~lZ��f1d¾X	P�¿!J�º¦TkP�PSR�Tn^r\_N�T
PbR�[blKW�{KRmcÀjCXZ[bXZ^_^rT�^¶Pbl(o~fy�kW�P:f/gÁX	P/Â X	N�YmPbR�TsTª©�PST�N�ib\_lZN�lZ��dnf*X	P/Ã,Js�ER�T�NmceÃ1f/¼À\_i1X
jCX	[SXZ^r^_T�^rlK{K[bXZ�zh�i]l(PSRCXaP�ce¼2ÄÅf1Ã!J(²�T�RCXx�KT&PSl~j�[bl��KT�PbRCX	P!d:Â \_i/jCXZ[SX	^_^_Tk^BPSl4o~f!J4º�T�PnPSR�T
Tª©�PbT�N�i]\_lKN~l	��dnÂ��kW�PePSR�T:T�©�PbT�N�i]\_lKN~lZ��c@gÆX	P�ÇEJ@È�l�w�PS[]\`XZN�{K^_Tki@dno~¿ÉXZN�Y¯c@o~gÆXZ[]T:ib\r�s\r^`XZ[kh
XZi�XZ[bT$PS[]\`XZN�{K^_Tkisd:o~fÊXZN�YËceo~¼nJÌ¥�TkN���TËÍ�ÎÏ�Ð Ä Í�ÑÏ Ñ Ä Í8ÒÏ�Ó JÕÔ�\_�,\_^_XZ[b^��Kh Ð¦ÖÍ8Ò Ä Ï�Ð

Ò�× JØ¥�T�N��kTdn¿�Ä Í8Ò>Ù Ï�ÐÏ�Ó Ä Í8Ò>Ù Ï�ÐÒ�× Ä�g|Ç�JeLµPe��lK^r^_l�wMiMPSRCX	Pedn¿1g|ÇË\_ieX	^_ibl&X�jCXZ[bXZ^_^rT�^_lZ{K[SXZ�Vh�i]l&PSRCX	PednÂ�\ri
\rN�Y�T�TkYzj�XZ[SXZ^r^_Tk^>PSl,o~g(J
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��J�Ô�W�j�j>lZibTV�¶Þ�ÄÁ��ß��~ÞB��lK[�i]lK�,TV� �Æ�Kà�J�²mTV�nW�i]P,RCXx�ZTz�âá2¢4ibl4PSR�X	P!«>l	PSRQ�¶Þ�XZN�YQ�~Þ�XZ[]T
Y�\���\_ib\r«�^_TV«��v¢�JãLONpTxX	�<RÌj�[bl�Y�W��kP�h�T��KTk[]�ËPbR�\_[]Yt��XZ�kPblK[&\ri|X��nW�^�PS\rj�^_TVlZ�/¢�JãLONvlK[bY�T�[&��lK[s«>lZPbR
j�[]l�Y�W��kPbi�Pbl$«>T!Y�\���\rib\r«�^_Tn«��¯PbR�T!iSXZ�,T�j�l�w�T�[1lZ��¢�h��¶Þ7��XZNqRCXx�KTsX	P��slZi]P�POw�l(�,lK[bT:PbT�[]�si�PSR�XZN
�~Þ�J�Lµ�¶�¯ÄÕ��äÕI@Ä�� ß h�w�T/RCXx�KT1�*Ä-IKJ�Lµ�¤�(ÄÕ�³äË��h�å��³äpI�à�å��³äæ�Kà�ÄØ� ß ^_T�XZY�iEPSl!�ÅÄØç�J
è l	PSR$��lKN�Pb[SXZY�\r�kPbi��2�Ì��J�¥�TkN���T1T�\�PSR�Tk[���^`XZ[bXnlK[E��XZ^_Tk[b\_T@RCXZY$��X	Y�T1X!�,\_i P<XZ¡	TZJ

¢�J�£�lK^���X/��XZN&Y�Tk��\rY�TeXZi���lK^r^_l�wMi�JBº�XZ«�T�^CPbR�T@�klK\_N�i�c:h�d�h�fâXZN�Y|g(J¤LON�PbR�T���[bi]P�w�Tk\_{KR�\_N�{�h�j�W�P�c}X	N�Y
d³lKN$lKN�T�i]\_Y�T�XZN�Y(f�X	N�YVg*lZN$PbR�T�lZPSR�T�[�J�Ô�W�j�j�lKibT1c¨äæd�ÄØftäæg(JBLON|PbR�T�ibT��klKN�YVw�Tk\_{KR�\rN�{�h
j�W�P@é�lKN(lZN�T:i]\_Y�T/XZN�Y è lKNVPSR�T/lZPSR�Tk[�JELµ�Bc}Ä�d�h�PbR�T�Nzw�T/RCXx�KT:c�Äãd�ÄãfâÄãg(J�Lµ�Bc¾êÄ�d�h
Tª©�X	�kPS^��|lKN�T�lZ��cãXZN�Yzd�\_i���XZ¡	TZh8XZN�YVT�©�XZ��PS^��|lKN�T�lZ�¶f�XZN�Yzg¾\_i���XZ¡	TZJ
Ô�W�j�j>lZibT!cpävd»êÄ³f}ävg(JnLON4PSR�T�i]T��klKN�Ymw�T�\r{KR�\rN�{�h¦j�W�P�cÀXZN�YmfÉlKN4lKN�T!ib\rY�T!XZN�Ymd*XZN�Yqg
lKN4PSR�T,l	PSR�Tk[�J�Lµ��cpäpf¾ÄÉdãävg(h�PSR�TkNqPbR�T,N�W��n«>Tk[�lZ����XZ¡	Ts�klK\_N�i1\ri�Tk�ZT�N�«�W�P:N�l	P:ç|lK[  J,Lµ�
cQäQf¾êÄÕdÕäæg(h�PbR�T�N�W��n«�T�[MlZ����XZ¡ZT���lZ\_N�iM\_iEl�Y�Y7J

 J�º¦TkPeW�i���lKN�i]\_Y�Tk[@wMRCX	P�R�XZj�j�T�N�i�wMR�TkN4POw�l$ibR�\rj�i��,T�TkP�J ¸ XZ�<R4�klKN�PS\_N�W�Tki�wMR�T�[]T!PbR�TnlZPbR�T�[ew�lKW�^rY
RCXx�ZT:{KlKN�TZJMÔ�\rN���T�w�TnXZ[]T1\rN�PST�[]T�i PST�Y(\_N$PSR�T�PSlZPSXZ^�N�W��n«�T�[�lZ�¤�,T�T�PS\_N�{KiM[SX	PbR�T�[MPSRCX	NzPSR�T/N�W��n«�T�[]i
lZ���,T�T�PS\rN�{KiM��lK[@\rN�Y�\r��\rY�WCXZ^¦i]R�\_j�ikh§w�Tn��Xx�Vj�[]TkPSTkN�Y¯PSR�X	P@PbR�TnibR�\_j�iBë]W�i]P�ibXZ\_^�lKN§J�Ô�\_N���T/PbR�T�[]T�XZ[]T
´nibR�\_j�iE��[blZ�ìTxX	�<R(ib\rY�TZh�PbR�T�PSlZPSXZ^7N�W��n«�T�[MlZ���,T�TkPb\_N�{ZiE\_i�´�í~´1ÄØ�K´�J

´�J�º¦TkP�cednf�«>T�X1PS[b\_XZN�{K^rT�wM\�PSR&c@d-ÄÌcef-X	N�Yqî f�cedâÄØ¢KïKð�J�º¦T�PMgì«�T�Xnj>lZ\_N�P�lZN|cefâi]W��<R|PSRCXaP
dnf�Äâdng(J��ER�T�N î d:g&fÀÄ î dnf1gñÄ î c@dnf�Ä�òK�	ðeibl&PSR�X	P î ced:gñÄ î g�dnf�Ä-¢KïKðkJ/¥�T�N��kT
dng½Äìceg(J(��lKN�i]\_Y�Tk[/PSR�T&ibT�P�ó�c:ôSd�ô<f�ô<gzõ�J|LµPnY�l�Tki:N�lZP:RCXx�KT|X	NöXa©�\_i1lZ�Mi]���,�sT�PS[ �KJVLµ�McÉ\ri
[]T��,l��ZT�Y7h7w�T�RCXx�KT!d:fÉÄ�d:g(J�Lµ��dy\rie[bTk�sl��ZT�Y7h¦c/ô�fìXZN�YmgñXZ[bT��klK^_^r\_N�T�XZ[�J�Lµ��fÀ\_ie[]T��,l��KT�Y§h
w�T�RCXx�KT1cegÀÄØdng(JBLµ�¶g¾\_iE[]T��,l��ZT�Y7h�w�T�RCXx�KT1cedâÄÌc@f,J ¸ XZ�<RVibW�«�i]TkP�lZ��PSR�[]T�T�j>lZ\_N�PSi�R�XZi�XZN
Xa©�\riElZ�¶i ���s�,TkPb[]�KJ
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HJILKNMPORQTS9UVSXW�Y�Z![R\LO$]�Z�M�S^OR_R[JMPUa`bSXc�Zd]�Z�ef]gZhM�Y�UaihW�QjO	e1Y�eX[J]k\�eX[JlmO$nJZ�eoS9Zqp�SX[rS9c�Zs[J]�]g[J`fUVSXZs`fUaY�Z	ItK
l,Z�Y�UaORMu[R\NOv]gZhM�S^OR_J[RMwUV`7S9c�ZtQVUaM�Zyxf[JUaM�UVM�_vOznJZhefSXZ{p|S9[zSXc�Z$lsUVY�]�[JUaM�S/[R\NSXc�Z$[J]�]�[J`XUTS9Z&`fUaY�Z	IP}~\
SXc�Z7��nJZ!O	QVS9UTS9W�Y�Z�`bORM�YzS9c�Z7��nRZ!lsZhY�UjORM�`bORQaQ�c@O�nJZ�SXc�Z�`9ORl,Z7QVZ�M�_RSXc���]�ef[�nJZ�S9c@O�S=S9c�Z�]�Z�M�S9OR_J[JMvUV`
efZ�_JW�QaORe�I

�5IL��c�ZheXZuZqp�UV`fSX`vO���QV[5i^��[R\$H��J�R��i�[JM�`XZ�ihW�S9UTnJZu]�[J`XUTS9UTnJZ�UVM�S9Z�_RZ�eX`(i�[JM�S^O	UaM�UVM�_�M�[�]�eXUal,ZkM�W�l7�gZheX`h�
M@O	lsZhQV�J��H��J��HJ�����5�<H��R��HJ�����5����������H��J��HR����H��J�5HJI4�=[5Zh`/SXc�Z�efZtZ{p5Ua`oS!Oz��Qa[�i^�4[R\1H��J�J�ri�[JM�`fZ�ihW5�
SXUVnJZy]�[J`XUTS9UTnJZ=UVM�SXZ�_JZheX`Li�[RM�S9ORUaM�UaM�_!Z{p�ORi{S9QT�&��nJZy]�efUal,ZbM�W�l7��Z�eX`9�

��IN�=MzO	M(Z�O	`fSf����Zh`fSb`fc�Ua]�]�UaM�_,QjO	M�Z�O	eXZyS9Z�M(`Xc�UV]�`N`XORUaQVUaM�_!UVM�Y�UVn�UVY�W@ORQVQV�JI���c�Z���eX`fS���nRZ�\�eX[Jl SXc�Zy��Zh`fS
ORefZ�`XORUaQVUaM�_,Z�OR`oS¡�<O	eXY�`b�Lc�UVQaZyS9c�Z7[	S9c�Zhe¢��nJZ�`Xc�UV]�`bORefZ7`9ORUVQaUVM�_���Zh`fS¡��OReXY�`hI/��c�Zh�z`XORUaQ£O	SNS9c�Z7`XORl,Z
ih[JM�`fS9ORM�S�`f]gZhZ�Y�O	S1ORQaQ£S9Ual,Z�`hI�¤¥c�Z�M�Z{nJZhe/S¡�¦[(`Xc�Ua]�`yl,Z�ZhSX`���Z�ORi^ckS9W�efM�`/OReX[JW�M�YkORM�Y�`XORUaQV`=UaM4S9c�Z
[J]�]g[J`fUVSXZ,Y�UaeXZhihSXUa[JM�I!¤¥c�ZhMPORQVQ§`Xc�UV]�`1c@O�nJZdefZhSXW�eXM�ZhY¨SX[r]�[JefS���c�[��©ldO	M��4l,Z�Z{S9UVM�_J`y[R\�S¡��[z`fc�Ua]�`
c@O�nRZ1S9OR�RZhMr]�QaORi�Z��

ª IN�=MtS9[J]$[R\«O7S9c�UVM$`X¬�W@ORefZ1i�OR�RZ1ORefZbS9eXUaORM�_JW�QjORe¦i^c�[5ih[JQjO�S9Z=i^c�UV]�`��Lc�Uai^crORefZbl7W�S9W�ORQaQT�dY�UV`�xf[JUVM�S�I§}¡`LUVS
]�[J`X`fUa��QVZ=S9[!i�W5S�SXc�Zyi�OR�	Z/UVM�S9[!i�[JM�nRZ{p]�[JQV��_J[JM�ORQ�]�UVZ�i�Zh`LZ�ORi^cri�[JM�S^O	UaM�UVM�_�Z{p�ORi{S9QV�&[JM�Zyi^c�Ua]@�

®5IL��c�Z¢[JM�QV�s]�UVZ�i�Zh`<[JM$ORM&¯/°$¯�i^c�Zh`X`f�g[�O	eXYrOReXZ�S9c�efZ�ZbeX[�[J��`�I²±²ORi^ctl,[�nJZh`LORQa[JM�_7O�ef[���[Je<O�i�[JQVW�l,M
�LUTS9c�[JW5S=eXW�M�M�UaM�_dS9[t[Je?xfW�l,]�UaM�_s[�nJZ�eyO	M�[RS9c�Z�e=ef[5[J�EI=��c�Z7�Lc�UVSXZ7eX[�[J�$`fS9ORefSX`bO	S¢SXc�Z���[RSXSX[Jl*QaZh\³S
ih[JeXM�Zhe��«SXc�Z&��QaORi^�4eX[�[J�4`fS9ORefSX`7UaMkS9c�Z&`f¬�W@OReXZdY�UaefZ�ihSXQV�¨OR��[�nJZsSXc�Zd�Lc�UTS9ZseX[�[J�kORM�Y�SXc�Z&eXZhYPeX[�[J�
`oS^OReoS¢UVMSXc�Z�`f¬�W�OReXZ/Y�UaefZ�ihSXQV�&SX[sSXc�Z/efUa_Jc�S�[R\§SXc�Zy�Lc�UVSXZ/ef[5[J�EI���c�Z1�Lc�UVSXZ/ef[5[R�tUa`�S9[,�@M�Ua`fczO	S�S9c�Z
SX[J]4eXUa_Rc�S=i�[JefM�Z�eh��SXc�Z!��QjO	i^�(eX[�[J�rUaMzS9c�Z,`f¬�W@OReXZ!Y�UVeXZhihS9QT�rSX[tS9c�Z!QaZ{\³Sb[R\�S9c�Z7�Lc�UVS9Z�ef[5[R�zORM�Y4S9c�Z
efZ�Y(ef[5[R�tUaM$S9c�Z/`X¬�W@ORefZ�Y�UVeXZ�i{S9QT�t�gZhQa[���SXc�Z/�Lc�UTS9Z1eX[�[J�EI<K<SbO	QaQ�S9UVlsZh`��@Z�ORi^czeX[�[J�tl7W�`fSN�gZ1Z�UTS9c�Zhe
UVMSXc�Z�`XORlsZ1eX[���[Re�SXc�Z/`XORl,Z/ih[JQaW�l,MrOR`¢O	M�[RS9c�Z�e¢ef[5[R��I�}¡`¢UVS�]�[J`X`fUa��QVZbS9[d_RZhS�S9c�Z/eX[�[J��`�SX[,SXc�Z�UVe
Y�Zh`fSXUaM@O	SXUa[JM�`^�

% �@���E´ ±²ORi^c]�ef[J��QaZhl Ua`<�¦[JeoS9c ª ]�[JUVM�SX`�I



3 ���¶µ·������£����� 3 ������E�  76^8 ��:��5� + 
@���<C@DED�F

HJI�¸·ZhS�S9c�Zs]gZhM�S9OR_J[JMu��Z&¹¢º7»/¼d½sIv¸·ZhS7¹N¾j¿7º/¾³¿�»b¾j¿�¼,¾²ORM�Yu½y¾?��ZdS9c�ZdeXZ�`f]gZhihSXUVnJZtl,UaY�]g[JUVM�S9`y[R\
»1¼(¿N¼&½s¿N½/¹/¿¢¹=ºÀORM�Y(º7»,I���c�Z�l,Z�Y�UaORM$¹¢¹ ¾ Ua`�O	S�QVZ�OR`oSNSXc�Z/QVZ�M�_	S9c[R\§S9c�Z�ORQTS9UTS9W�Y�Z=\�ef[JlÁ¹��
ORM�Yk`fUaM�ihZ7S9c�Z{�vc@O�nJZ�SXc�Z�`9ORl,Z�QaZhM�_RSXc��·¹¢¹�¾�Ua`yORQV`X[tORMkORQTS9UTS9W�Y�Z	I7Â�Ual,UaQjO	eXQV�R�EZhnJZhef�4l,Z�Y�UaORMvUa`=ORM
ORQTS9UTS9W�Y�Z	I§Ã�[��Ä¹¢¹�¾@Å�»/»b¾EORM�Y�Æ ¹¢»1¹�¾�ÅÄÇJ�JÈ¦ÅÉÆ »y¹=»b¾jI²Ê�Z�M�ihZ=S9eXUaORM�_JQVZ�`¦¹=»y¹N¾�ORM�Y$»y¹=»b¾�ORefZ
ih[JM�_JefW�Z�M�S���`X[tSXc@O	S1»1¼mÅÀ�R»y¹ ¾ ÅË��¹=» ¾ ÅË½1¹�I,Â5UVlsUVQjORefQV�R�Ì½1¹ÍÅ©º7» ÅÍ¼&½ÁÅÉ¹=ºsIsÊ�Z�M�ihZ
¹¢º7»/¼d½ÎUa`7Zh¬�W�UaQaO	S9Zhe9ORQ¶Iz��c�Zti�[RM�_JeXW�Z�M�i{�u[R\�¹=»y¹N¾�ORM�Y|»1¹¢»y¾²O	Qa`X[z��UVZ�QaY�` Æ ¹=»1¼ Å Æ ½/¹¢»,�
ORM�Y�Æ º�»1¹ÉÅÏÆ »y¹=º \�[JQVQaQV[��L`�\�eX[Jl2¹=º*Å©º7»!I�ÊNZhM�i�ZrÆ º7»1¼ÐÅ*Æ ½/¹¢ºd��ORM�Y4UTS=\�[JQaQV[��L`¢S9c@O�S
¹¢º7»/¼d½ÉUa`�Z�¬�W�UaORM�_JW�QjOReLORQV`X[�I§ÊNZ�M�i�Z1UVSLUa`�efZ�_JW�QjORehI

�5INÂ�S9ORefSXUaM�_s�LUVS9czSXc�Z�_JUTnJZ�Mv��Qa[�i^���g��Z!`Xc�UV\³SbUTS=�@ORi^�r���veXZh]�QjORihUaM�_sS9c�Z7QaOReX_RZ�`fS=M�W�l7�gZhebUaM(SXc�Z���QV[5i^�
�LUTS9czS9c�Z�M�W�l7�gZhe!H�QaZ�`f`=S9c@O	M4SXc�Z�`XlsORQVQaZ�`oSbM�W�l7��Z�ebUVMzS9c�Z���QV[5i^�EI/��c�Z�M4S9c�Z�M�W�l��gZheb[R\�]�eXUal,Z�`
UVMzS9c�Z!��QV[5i^�ri^c@ORM�_JZh`/���4O�Sbls[R`fS!H!UaMvZ�ORi^c�`fc�UV\³S�I7Ñ¦�zSXc�Z�S9UVlsZ1��Z,`Xc�UT\³S=S9c�Z,��Qa[�i^�rS9[tSXc�Z7�@eX`oS
H��R�J��]g[J`fUVSXUVnJZbUVM�S9Z�_RZ�eX`h�@S9c�ZyM�W�l7��Z�e�[R\£]�eXUVlsZh`�UVMtS9c�Zy��QV[5i^�&UV`L_JeXZ�O	S9ZheLSXc@ORM(®5I²��c�W�`¢`f[JlsZ{�Lc�Z�efZ
UVMt�gZ{S¡��ZhZ�M����¦Zyl7W�`fS<c@O�nJZyc�UVS�O7��Qa[�i^�s[	\¦H��J�J�7i�[RM�`XZhi�W�SXUVnJZy]�[J`XUTS9UTnJZ=UVM�SXZ�_JZheX`<ih[JM�S^ORUVM�UaM�_�Z{p�ORihSXQV�
®7]�efUal,Z�`�I

��I�¸·ZhS=W�`yi�[JM�`fUaY�Zhe¢�Lc@O	Syc�OR]�]�Z�M�`b�Lc�ZhM4S¡�¦[$`Xc�UV]�`bl,Z�ZhS�I�±²ORi^c4ih[JM�S9UaM�W�Zh`b�Lc�Z�efZ!SXc�Z7[RSXc�Z�e=�¦[JW�QVY
c@O�nRZ�_J[JM�ZRILÂ5UVM�i�Zy�¦Z7ORefZ1UVM�S9Z�efZ�`oS9Z�Y(UaM$S9c�ZyS9[RS9ORQ�M�W�l7��Z�e�[R\§l,Z�Z{S9UaM�_J`Le9O	SXc�Z�eLS9c@O	MrS9c�Z/M�W�l7��Z�ef`
[R\²l,Z�Z{S9UVM�_J`L\�[Je¢UVM�Y�UVn�UVY�W@ORQ·`fc�Ua]�`h�Ì�¦Z7ldO��]�efZhS9ZhM�YzS9c�O	S¢SXc�Z7`Xc�Ua]�`?xfW�`fSb`XORUaQ�[JMÌIyÂ5UaM�i�Z/SXc�Z�efZ�ORefZ
®7`Xc�Ua]�`�\�eX[RlÒZ�O	i^c(`XUVY�ZR��SXc�ZbS9[RS9ORQ�M�W�l7��Z�eL[R\£l,Z�ZhSXUaM�_R`�Ua`�®�°v®1Å��J®5I

ª IL��c�UV`«UV`£M�[	S?ORQT�<O���`«]�[J`X`fUa��QVZRI£��c�Z�Y�UaOR_JeXORl��gZhQa[��|`Xc�[��L`£\�[JW�e«ih[JM�_JefW�Z�M�S£S9eXUaORM�_JQVZ�`�UaM�`fUaY�Z¦O¢`f¬�W�OReXZ	�
Z�ORi^ck�LUTS9ckO$eXUa_Rc�SbORM�_JQVZR��OkÓ�ÔÖÕ5×@Ø²O	M�_JQaZ!O	M�YkOvÙ^Ú�ÛRÜ~Ý(ORM�_JQVZRI���c�Z!QVUaM�Z�xf[RUaM�UVM�_&S9c�Z!ihZ�M�S9efZ,[	\�S9c�Z
`f¬�W�OReXZ�S9[=SXc�Z�nJZhefS9Zqp![R\gORM���`fc@OReX],ORM�_JQaZ<UV`§��QV[5i^�	Z�Y,����S9c�Z���QVW�M�S�ORM�_JQVZ�[R\ÌORM�[	S9c�Zhe§S9eXUaORM�_JQVZRI���c�W�`
SXc�Zyi�Z�M�SXeXZ1i�ORM�M�[RS��gZhQa[JM�_7SX[,ORM��$i�[JM�nJZqp]g[RQV��_J[JM$i�[RM�S9ORUaM�UaM�_�Zqp�O	ihS9QT�t[JM�Zy[R\�S9c�ZySXeXUaORM�_JQVZ�`�I
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®5IL��c�Z7\�[RQaQa[��LUVM�_sl,[�nJZh`=�LUaQaQ£ORihi�[Jl,]�QaUV`XcS9c�Z�S9OR`X�EàN��H7S9[tc�HR�·O�H�SX[t��HJ�Ì�ÌH7S9[t�E�5�Ì�E�,S9[tc@�5�·O��,SX[
_�����cE�7S9[!c@¯���_��7SX[s_J¯,O	M�Y$c�H1SX[!cEá5I
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HJILK?M,N<O�PRQSPTPVUXWZY[N]\^M_YSW`NSW`a_P1W`b�N<P�c_P�QSY]d�e]fgd�hifkj�j�j�fgd�e�lmliY[n�opO(NSOBq	N]r�M_Q?s:t�u(t-H�vJvXw�NSO�P/c_QSPxqyN<P�YzNoRMJ{:{,MJb}|�W~a�WZYSM_QDM_r�d��R�Be�q_b�|(d��iWZYDc_QSPxqyN<P�QDNSOBq_b$N<O�P�cJQ[Pxq	NSP�Y[NLoRMJ{:{,MJb}|�W~a�WZYSM_QDM_r�d���q_b�|(d��p�^e[�
sXIL��PRN?���k�&�^P�q_b�WZb�N<PRcJP�QRI/�-o�WZQ[o��`PTWZY]|�W`a�WZ|�P�|�WZb�NSM$s	��q_Q[o�Y?����s	��\^MJW`b�N<Y�I1��q_opO�q_Q[o�OBq_YiMJb�P�M_rNSO�QSPRP&\^M_YSYSW`���ZP:�ZPRb�c_N<O�Y�w�q_b�|�b�M(Nm��M4q	|y�Sq_o�PRb�N,q_QSoRY�OBqxaJP&NSO�P&Y<q	{:P:�ZP�b�c_N<O7I��DO�P$s	��\�MJWZb�NSY�q_Q[PoRMJ�ZMJn�QSP�|&q_�`NSP�QSb�q	N<PR�`�,QSPR|$q_b�|}���`n�P_I��AQSM�a_P?N<OBq	N�N<O�P]���mc_MJb&��W`NSO&QSPR|&aJP�QzN<W`o�P�Y�q	b�|&N<O�P]���mc_MJb���W`NSO���`n�P?aJPRQ[NSWZo�PRY�O�q�a_P1NSO�P�Y<q_{,Pi\�P�QSW`{:P N<PRQ�q_b�|$N<O�P�Y<q	{:P�q_Q[Pxq�I
��IL��PRN��4�¡�/��P?q_b:WZb�N<PRcJP�QRIA��q_opO&Q[M��¡W`b�q	b�¢��/£¤s_¥§¦!�4q_QSQSq��!oRMJb�Y[WZY[NSY�M_r¨N<O�PLb�n�{���P�QSY�HJw�sXw^©�©x©�ª��W`b�YSM_{:P�MJQS|�PRQ�w�q_b�|�NSO�P]b�n�{���P�Q[Y«WZb�Pxq_opO}oRMJ�Zn�{,b:q_QSP]q_�Z�8|�W~¬¨PRQSP�b�N�I���Q[M�aJP?N<O�q	N�NSO�WZY�q_QSQSqx�:o�q_b}��PPVU�\�q_b�|�PR|W`b�N<M®q_b}�¯¦}��q_Q[Q<qx��Y[n�opO}N<OBqyNDPxq_opO$Q[M��gq_b�|}Pxq_opO$o�M_�Zn�{,b�oRMJb�YSW`Y[NSYDM_r�N<O�P]b�n�{��^PRQSYiHJwsXw¨©x©x©�ªL�°I
± IL��PRNL���gs��^P�q	b¯W`b�NSP�cJPRQ�IA�²QSPRcJn��Zq_Q�¢³sy�,´µH�¥¶�mcJMJb}W`YD|�W`a�W`|�P�|$WZb�NSM�sy�}£�HiN<QSWZq_b�cJ�`P�Y«���$|�WZq_cJMJb�q_�ZY��O�W`opO�|�M�b�M_N!{:PRPRN!PVU�oRP�\�N�q	N®NSO�P}aJP�QzN<W`o�P�YRI·��Q[M�aJP$N<OBq	N,qyN!�ZPxq	Y[N®N<O�QSP�P$M_r�NSO�P�Y[PNSQSW¸q	b�cJ�ZPRY®q_Q[PW`YSMJY[o�P��`P�YRI
¹XI����ZP U¤\��¸q	o�P�Y�q}Q[MXMJºMJb�q_b���Y[»�n�q_QSP!M_r�q_b4P�{,\�Nm��¼�¦�¼}opO�P�Y[YS��M�q_Q[|7I®�DO�P�b�O�P!\��Zq_o�PRY�q_|�|�W~N<WZM_bBq_�Q[MXMJº�Y�MJb�P®Q[MXM_º¤q	N/q&N<W`{:P	w7Pxq_opO�q	NSN<q_opº�WZb�cq_b4M�|�|�b�n�{��^PRQ�M_r�Q[MXM_º�Y?��O�WZopO½q_QSP,q_�`QSPxq	|��¤MJb4N<O�P��M�q_Q[|7IT�¾QSM�MJº¯q	NSN<q_opº�YiN<M}N<O�P!�`PRr¿Nxw^N<M}N<O�P®Q[WZcJO�N�w�q_�^M�a_P:q	b�|4�^PR�ZM���w�q_b�|4MJb��~�(NSO�P�ÀBQSYzN1QSM�MJº(W`bP�q_opO¯|�WZQSPRoRNSWZMJb7I�Á¡O�q	N�WZY«NSO�P�{�qyUXW`{�n�{Âb�n�{T�^PRQLM	r°Q[MXMJº�YD���ZP U}oxq_b\��¸q	o�PiMJb$N<O�P�opO�PRYSY[�^M�q	QS|8�
Ã�I�ÄXP aJPRQ<q_�Xb�n�{��^PRQSY°q_QSPÅ��QSW`N[N<PRbTWZbTq�Q[M���I§Æmb�Pxq	opO�{:M�a_P_w�Ç�MJ��P�Q[N§opO�M�MJYSPRYAq_b���Nm��M?q_|y�Sq_oRP�b�N�b�n�{���P�Q[YW`b¤��O�WZopO�N<O�P,M_b�P®MJb�N<O�P®�`PRr¿NiW`Y?cJQ[Pxq	NSP�Q?N<O�q_b�N<O�P®MJb�P,M_b¤N<O�P!QSW`cJO�Nxw7|�MJn����`P�YiPxq	opO½M_r�NSO�P�{Èq	b�|NSO�P�b}Yz��W`N<opO�P�Y«N<O�P�{Éq_QSMJn�b�|7I��AQSM�aJP�N<OBq	NDÇLMJ��P�QzN�o�q_b}{:q_º_P?M_b��`�,q/À�b�W`NSP?b�n�{���P�Q�M	r�YSn�opO${,M�a_P�YRI
Ê I�Æ¶N�W`YicJW`a_P�b�N<OBqyN/s	ËmËmË/W`Y�q�H�v�HR�¶|�WZcJW~N]b�n�{T�^PRQ���O�MJYSP®ÀBQ[Y[N1|�WZc_W`N?W`Y®HJI®ÌLM��-{�q	b��(M_r�N<O�P!b�n�{���P�Q[Ys � ª1H1tµu}t¡�J��s�w�OBqxaJP�ÀBQSYzNL|�WZcJW~N ± �

% �B���8Í �DO�P1\�QSMJ���`P�{,Y�q_QSPi��MJQ[NSO ± w8¹Xw�¹Xw8¹�wBÃ�w8¼!q_b�|¯¼®\^MJW`b�N<YDQSPRYS\�P�o N<W`a_P��~�JI
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HJILÏBMJQ«H�tgu&t²H�vJv�wJ�`PRN�d���ÐÑsyÒmÒ�´¯s	ÒmÓ�´�j�j�j³´¯s e�lmlS��� I��DO�PRb�d�e�fÔd�h�fÑj�j�j�f�d�e�lml�IAÏBMJQ�s®tµu&t²H�vJv�wNSO�P®|�W`¬^P�Q[P�b�oRP!�^P Nm��PRP�bÕd��R�Be]q_b�|�d��®WZYis e�lmlS��� I!Ä�WZb�oRP,W~Ni|�W~aXW`|�P�Yi��M_NSO4d�� �Beiq_b�|½d��	w�s e�lmlS��� WZYiW`br�q_o N�NSO�P�W`Q�c_QSPxqyN<P�YzN?oRMJ{:{,MJb|�W`a�W`YSMJQRI�ÄXWZ{,WZ�Zq_QS�~�Jw�N<O�P/cJQSP�q	N<PRY[N�o�MJ{,{:M_b¯|�W~a�WZYSM_Q�M_rAd��/q_b�|(d��p�^eDW`Ys e�lmlS�BÖ×�p�^eÎØ w���O�WZopO4WZYi�`P�Y[Y?N<OBq_b�s e�lmlS��� I��DO�n�Y1NSO�P�Q[P!P UXWZYzN!H�vJv}\^M_YSW`NSW`a_P�WZb�N<PRcJP�Q[Yi��W`N<O�NSO�P®|�P�Y[WZQ[P�|\�Q[MJ\�P�Q[NSWZPRY�I
sXIL��PRN«dBª«ÙLq_b�|&Ú���P�N<O�P�N<O�QSP�P?q_QSo��ZP�b�c_N<O�YRIA��PRN�N<O�PRQSP?��P�Ûq_Q[o�Y�M_r��ZPRb�c_NSO&dBw�Ü,q_Q[o�Y�M	r��ZPRb�c_N<O&ÙLq	b�|
Ý q	QSo�Y�M_r7�`P�b�c	N<O&Ú�I��DO�PRb&Û�´¤Ü«´ Ý Ðgs	�°I���q_opO�YSWZ|�P�M_r¨N<O�PL���¶cJMJb:��W~N<O:QSP�|:aJP�QzN<W`o�P�Y�WZYÅYSn��XN<P�b�|�P�|���}q	b¯q	QSoiM_r��ZPRb�c_NSO$Ù°´�Ú�ª�Ú§´�d:MJQ«d]´�Ù�I�Þ?r�NSO�P�Y[P1�4q	QSo�YRw�Û¤M	r�NSO�P�{Éo�MJb�N<q_WZb�Y�q	b¯q	QSo?M_r��`P�b�c_NSOdBw�Y[M!NSOBq	NDNSO�Pib�n�{���P�Q�M_r§q_QSoRY�M_r��ZP�b�c_N<OÙ§´·Ú]W`Y«�&£�Û�IÅÄ�WZ{,WZ�¸q	QS�`�_wJN<O�P�b�n�{���P�QDM	r�q_Q[o�YDM_r��`P�b�c_NSOÚÅ´�d$WZY]�£�Ü^w¨q_b�|(NSO�P�b�n�{���P�Q]M_rÅq_QSoRY?M_r��`P�b�c_NSO�d�´�Ù�WZY]�¯£ Ý I��°U�q	oRN<�~�¯NSO�P�YSq_{:P1N<O�W`b�c&o�q_b��P�YSq_WZ|�q_��MJn�NÅN<O�P����mc_MJb,��W~N<O:���Zn�P�aJPRQ[NSWZo�PRY�IÅÌ�PRb�o�P�N<O�PLNm��M/\^MJ�~��cJMJb�YÅOBqxaJP]NSO�P]YSq_{,P�\�P�Q[WZ{,PRN<PRQ�Iß �¯N<O�PTY<q_{,P®QSP�q_YSMJb¨w¨N<O�P!q	QSPxq&M	rÅNSO�P®\Bq_QzNiM_rANSO�P®o�W`QSo��`P�MJn�NSYSW`|�PTN<O�P®���mc_MJb(��W`NSO�QSPR|4a_P�QzN<WZoRP�YiW`YNSO�PTYSq_{:P�q_Y�NSOBq	N?M	rAN<O�P/���mc_MJb(��W`NSO¤���`n�P/a_P�Q[NSWZoRP�Y�I]Æ¶N]r�MJ�`�ZM���YLNSOBq	N�N<O�PTNm��M}\�MJ�`��cJMJb�Y]q_�`YSM&O�q�a_PNSO�P�Y<q_{,P�q_QSP�q�I
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International Mathematics
TOURNAMENT OF THE TOWNS

Senior A-Level Paper Fall 2001.

1. On the plane is a triangle with red vertices and a triangle with blue vertices. O is a point
inside both triangles such that the distance from O to any red vertex is less than the distance
from O to any blue vertex. Can the three red vertices and the three blue vertices all lie on
the same circle?

2. Do there exist positive integers a1 < a2 < · · · < a100 such that for 2 ≤ k ≤ 100, the least
common multiple of ak−1 and ak is greater than the least common multiple of ak and ak+1?

3. An 8× 8 array consists of the numbers 1, 2, . . ., 64. Consecutive numbers are adjacent along
a row or a column. What is the minimum value of the sum of the numbers along a diagonal?

4. Let F1 be an arbitrary convex quadrilateral. For k ≥ 2, Fk is obtained by cutting Fk−1 into two
pieces along one of its diagonals, flipping one piece over and then glueing them back together
along the same diagonal. What is the maximum number of non-congruent quadrilaterals in
the sequence {Fk}?

5. Let a and d be positive integers. For any positive integer n, the number a + nd contains a
block of consecutive digits which constitute the number n. Prove that d is a power of 10.

6. In a row are 23 boxes such that for 1 ≤ k ≤ 23, there is a box containing exactly k balls.
In one move, we can double the number of balls in any box by taking balls from another
box which has more. Is it always possible to end up with exactly k balls in the k-th box for
1 ≤ k ≤ 23?

7. The vertices of a triangle have coordinates (x1, y1), (x2, y2) and (x3, y3). For any integers h
and k, not both 0, the triangle whose vertices have coordinates (x1 +h, y1 +k), (x2 +h, y1 +k)
and (x3 + h, y3 + k) has no common interior points with the original triangle.

(a) Is it possible for the area of this triangle to be greater than 1
2
?

(b) What is the maximum area of this triangle?

Note: The problems are worth 4, 5, 6, 6, 7, 7 and 3+6 points respectively.



Solutions to Senior A-Level Fall 2001

1. Suppose all six vertices lie on a circle with centre M . Let the line through O perpendicular
to OM cut the circle at K and L. Since M is inside the triangle with red vertices, at least
one red vertex lies on the minor arc KL and at least one red vertex lies on the major arc KL.
The same is true of the blue vertices. However, every point on the minor arc KL is inside
the circle with diameter KL, so that its distance from O is at most OK. On the other hand,
every point on the major arc KL is outside the circle with diameter KL, so that its distance
from O is at least OK. This is a contradiction.
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2. We use an to denote the n-th term, even though its value may be modified along the way.
In step 1, we set a99 = 9 and a100 = 10, with lcm(a99, a100) = 90. In step k > 1, define
a100−k = 10a101−k − 1 and then redefine an for each n > 100 − k to be 10 times its former
value. Hence in step 2, we define a98 = 10a99 − 1 = 89. We also redefine a99 = 90 and
a100 = 100. We have lcm(a98, a99) = 8010 > 900 = lcm(a99, a100). We continue until step 99
has been completed. Note that once we have lcm(an−1, an) > lcm(an, an+1), this remains true
thereafter since in all subsequent modifications, each of an−1, an and an+1 is multiplied by
the same number. We only have to check this inequality when an−1 is first introduced. At
this point, an−1 = an− 1 = an+1− 11. Now 10an−1 > an−1 + 11 = an+1 since an−1 > 1. Hence
lcm(an−1, an) = an−1an > 1

10
anan+1 = lcm(an, an+1).

3. Since consecutive numbers occupy sqaures of opposite colours, we may assume that all numbers
on black squares are odd and all numbers on white squares are even. The diagram below shows
that the sum may be as small as 1+3+5+7+9+11+13+39=88.

1

3

5

7

9

11

13

39

- 6

- 6

- 6

-

�



Suppose it is possible to improve on this. Clearly, the diagonal in question should contain
odd numbers, and the largest would have to be at most 37. Once this number is put down,
we must remain on the same side of this diagonal. There are exactly 16 black squares and
12 white squares on each side. Hence that largest number is 37 and only one square on the
largely empty side of the diagonal has been filled. However, there are 13 odd numbers from
38 to 64 but we have at most 12 white squares to accommodate them. Hence improvement
over 88 is impossible.

4. Let F1 = ABC1D1 and let F2 = ABC1D2 be obtained from F1 by reflecting D1 to D2 across
the perpendicular bisector of AC1. Reflecting alternately across the two diagonals, we obtain
F3 = ABC2D2, F4 = ABC2D3, F5 = ABC3D3, F6 = ABC3D4 and F7 = ABC4D4. This
sequence of transformations permutes the sides while preserving the sum of the opposite
angles. We have 6 ABC1 + 6 C1D1A = 6 ABC4 + 6 C4D4A, BC1 = BC4, C1D1 = C4D4 and
D1A = D4A. If AC1 > AC4, then 6 ABC1 > 6 ABC4 and 6 C1D1A > 6 C4D4A. We also have a
contradiction if AC1 < AC4. Hence AC1 = AC4 and it follows that F1 and F7 are congruent.
Thus the sequence {Fk} consists of at most six non-congruent quadrilaterals. If F1 has sides
of distinct lengths and the sum of neither pair of opposite angles is 180◦, we indeed have six
non-congruent quadrilaterals.

5. Let the number of digits of d be k, and that of a be m. Consider the term a + 10td where t is
an integer such that t > max{k,m}. It must contain a 1 followed by at least m zeros, so that
k > m. The next term a + (10t + 1)d must contain two 1’s separated by exactly t− 1 zeros.
Since t > k, this can only happen if the first digit of d is 1 and the remaining digits are 0’s,
which means that d is a power of 10.

6. We shall prove by induction on the number n of boxes that the task is always possible. This
is clearly true for n = 1. Suppose it is true for some n ≥ 1. Consider the next case where we
have n + 1 boxes. Line up the boxes from left to right in increasing order of the number of
balls in them, without regard to the box numbers. Transfer balls from each box to the next
one to its left, starting with the rightmost one which contains n + 1 balls.

1 2 3 · · · n− 1 n n + 1
2n 1

2n− 2 n + 1
· · · n

6 · · ·
4 4

2 3
2 3 4 · · · n n + 1 1

This sequence of moves results in a cyclic permutation of the numbers of the balls. We perform
this a number of times until the (n + 1)-st box contains n + 1 balls. The rest of the boxes can
be sorted out by the induction hypothesis.



7. (a) The tiling on the left of the figure below shows that the area of the triangle may be 2
3
.

The coordinates of the vertices of a copy of the triangle are (0,0), (4
3
, 2

3
) and (2

3
, 4

3
).
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(b) Let ABC be any triangle with the desired properties. Let D, E and F be the midpoints
of BC, CA and AB respectively. Extend ED to G and FD to H so that ED = DG and
FD = DH, as shown on the right of the figure above. We claim that integral translates
of the hexagon BGHCEF do not have common interior points. It will then follow that
its area is at most 1, and that the area of ABC is at most 2

3
. This maximum is attained

by the example in (a). Suppose to the contrary that BGHCEF has a common point
with an integral translate B′G′H ′C ′E ′F ′. We may assume that either E ′ or F ′ is inside
the quadrilateral BGHC. There are three cases. If E ′ is inside triangle DBG, then B
will be inside the integral translate A′B′C ′ of ABC. Similarly, if F ′ is inside triangle
DCH, then C will be inside A′B′C ′. Finally, if either E ′ or F ′ is inside triangle DGH,
then A′ will be inside ABC. Since we have a contradiction in each of the three cases,
the claim is justified.
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Solution to Junior O-Level Spring 2002

1. The only common divisors of 49× 51 = 3× 72 × 17 and 99× 101 = 32 × 11× 101 are 1 and
3. Since a < b, ab > 1. So ab = 3 and we must have a = 1 and b = 3.

2. If either x or y is odd, x2 +xy + y2 is also odd. Hence they are both even. If one is a multiple
of 10 and the other is not, x2 + xy + y2 is not a multiple of 10. Suppose both x and y are not
multiples of 10. Then x2 and y2 end in 4 or 6, while xy cannot end in 0. So we cannot have
one ending in 4 and the other in 6. If x2 and y2 both end in 4 or both end in 6, then xy must
also end in 4 or 6. It follows that the only possibility is for both x and y to be multiples of
10, so that x2 + xy + y2 will indeed be a multiple of 100.

3. One such dissection is shown in the diagram below.
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4. Since BK and BL are tangents, 6 BKL = 6 KML = 6 BLK. Denote their common value by
θ. Then 6 BKL = 180◦ − 2θ. Similarly, 6 DMN = 6 MLN = 6 DNM . Denote their common
value by φ. Then 6 MDN = 180◦ − 2φ. Now 6 KSL = 6 SLM + 6 SML = θ + φ. Similarly,
6 MSN = θ + φ. Since SKBL is cyclic, 6 KBL + 6 KSL = 180◦, which implies that θ = φ.
Then 6 MDN + 6 MSN = 180◦, which implies that SMDN is cyclic.
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5. (a) Weigh 64 of the coins against the other 64. If they balance, discard one set. Weigh 32 of
the remaining ones against the other 32, and continue. If they always balance, then after
6 weighings, we are down to 2 coins which must consist of a heavy one and a light one.
Suppose balance is not achieved somewhere along the way. We may as well assume that
it occurs at the first weighing. In the second weighing, weigh 32 coins from the heavier
side against 32 coins from the lighter side. If they balance, discard this 64 coins. If not,
discard the 64 coins not involved in the second weighing. Continuing this way, we will
be down to 2 coins after 7 weighings. They must consist of a heavy one and a light one.

(b) Weigh 4 of the coins against the other 4. If they balance, discard one set. Weigh 2 of the
remaining 4 coins against the other 2. If they balance, take both coins from one side. If
not, take 1 coin from each side. Suppose one side is heavier in the first weighing. Weigh
2 of these coins against the other 2. If they balance, all 4 are heavy. Take 1 of them and
1 from the lighter side in the first weighing. If they do not balance, then the heavier side
consists of 2 heavy coins while the lighter side consists of 1 heavy and 1 light coin. We
can accomplish the task by taking the 2 coins on the lighter side.
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Solution to Senior O-Level Spring 2002

1. If either x or y is odd, x2 +xy + y2 is also odd. Hence they are both even. If one is a multiple
of 10 and the other is not, x2 + xy + y2 is not a multiple of 10. Suppose both x and y are not
multiples of 10. Then x2 and y2 end in 4 or 6, while xy cannot end in 0. So we cannot have
one ending in 4 and the other in 6. If x2 and y2 both end in 4 or both end in 6, then xy must
also end in 4 or 6. It follows that the only possibility is for both x and y to be multiples of
10, so that x2 + xy + y2 will indeed be a multiple of 100.

2. Let M be the midpoint of AA′ and N be the midpoint of CC ′. Then A and A′ are equidistant
from MN , as are C and C ′. Let A′′B′′C ′′ be the reflection of ABC across MN . Then A and
A′′ are equidistant from MN , as are C and C ′′. Hence A′A′′ and C ′C ′′ are both parallel to
MN . Now A′′B′′C ′′ is congruent to ABC and opposite in orientation. Hence it is congruent
to A′B′C ′ and in the same orientation. It follows that A′B′C ′ and A′′B′′C ′′ may be obtained
from each other by a translation in the direction parallel to MN . Hence B′ and B′′ are
equidistant from MN . It follows that so are B and B′, so that the midpoint of BB′ indeed
lies on MN .
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3. The only possible groupings are (126,345), (136,245), (146,235), (156,234) and (236,145).
First weigh 146 against 235. If they balance, the task is accomplished. If 146 is heavier, then
156 will be heavier than 234. Then we weigh 136 against 245. If they balance, the task is
accomplished. If 136 is heavier, then 236 will be heavier than 145. Hence 126 must balance
345. If in the first weighing 146 is lighter, then 136 will be lighter than 245, 126 will be lighter
than 345 and 145 will be lighter than 236. Hence 156 must balance 234.

4. We first solve the problem for a 2 × 5 table. Each successful placement of the numbers is
replaced with a continuous path from one number to the next. Suppose first that 1 and 10
are also adjacent, so that the path could have linked up to form a cycle. The cycle could be
broken up in any of 10 places. Hence there are 10 paths of this kind. Suppose now that 1 and
10 are not adjacent, so that we have an open path. We classify them according to whether
the vertical segments are in one, two or three groups, where vertical segments on adjacent
columns are considered to be in the same group. Note that apart from a path obtained from
the cycle, each end column must contain a vertical segment.



For paths in which all the vertical segments are in one group, this means that each column must
contain a vertical segment. This path, shown in the first figure below, is unique if we assume
for now that the left endpoint must be on the bottom row. For paths in which the vertical
segments are in two groups, we cannot have each groups containing at least two segments.
On the other hand, if each contains exactly one segment, then we have a path obtainable
from the cycle. Hence exactly one group contains exactly one segment. Continuing to assume
that the left endpoint is on the bottom row, we have four paths as shown in the next four
figures. Finally, for paths in which the vertical segments are in three groups, each end group
must contain exactly one segment. This unique path is shown in the last figure. Lifting the
restriction that the left endpoint be on the bottom row, we have 12 paths. Along with the
10 obtained from the cycle, we have a total of 22. Since each path may be traversed in either
direction, there are 44 different placements of the numbers.

We now solve the given problem. There are 100 paths obtainable frmo the cycle. Among the
others, there are 2 in which all vertical segments are in one group. For those in two groups,
the larger group may consist of 2 to 48 segments. Since the larger group may be on either end,
and the left endpoint may be on either row, there are 4×47 = 168 paths of this type. Finally,
for those in three groups, the middle group may consist of 1 to 46 segment. For 1 ≤ k ≤ 46,
these segments may have 46− k possible locations. Since the left endpoint may be on either
row, the total number of paths of this type is 2(46 + 45 + · · · + 1) = 2162. Thus the total
number of paths is 100+2+168+2162 = 2432, and the total number of different placements
of the number is 2× 2432 = 4864.

5. The diagram below shows a regular triangular prism covered without overlap by three equi-
lateral triangles of different sizes.
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International Mathematics
TOURNAMENT OF THE TOWNS

Junior A-Level Paper Spring 2002.

1. Let a, b and c be the sides of a triangle. Prove that a3 + b3 + 3abc > c3.

2. A game is played on a 23× 23 board. The first player controls two white chips which start in
the bottom-left and the top-right corners. The second player controls two black ones which
start in the bottom-right and the top-left corners. The players move alternately. In each
move, a player can move one of the chips under control to a vacant square which shares a
common side with its current location. The first player wins if the two white chips are located
on two squares sharing a common side. Can the second player prevents the first player from
winning?

3. Let E and F be the respective midpoints of sides BC and CD of a convex quadrilateral
ABCD. Segments AE, AF and EF cut ABCD into four triangles whose areas are four
consecutive positive integers. Determine the maximal area of triangle BAD.

4. There are n lamps in a row, some of which are on. Every minute, all the lamps already on
will go off. Those which were off and were adjacent to exactly one lamp that was on will go
on. For which n can one find an initial configuration of which lamps are on, such that at least
one lamp will be on at any time?

5. An acute triangle was dissected by a straight cut into two pieces which are not necessarily
triangles. Then one of the pieces was dissected by a straight cut into two pieces, and so on.
After a few dissections, it turned out that all the pieces are triangles. Can all of them be
obtuse?

6. In an increasing infinite sequence of positive integers, every term starting from the 2002-th
term divides the sum of all preceding terms. Prove that every term starting from some term
is equal to the sum of all preceding terms.

7. Some domino pieces are placed in a chain according to the standard rules. In each move, we
may remove a sub-chain with equal numbers at its ends, turn the whole sub-chain around,
and put it back in the same place. Prove that for every two legal chains formed from the
same pieces and having the same numbers at their ends, we can transform one to the other
in a finnite sequence of moves.

Note: The problems are worth 4, 4, 6, 7, 7, 7 and 8 points respectively.



Solution to Junior A-Level Spring 2002

1. We have

a3 + b3 + 3abc− c3 = a3 + b3 + (−c)3 − 3ab(−c)

= (a + b + 9− c))(a2 + b2 + (−c)2 − b(−c)− (−c)a− ab)

=
1

2
(a + b− c)((b + c)2 + (c + a)2 + (a− b)2).

This is positive since a + b− c > 0 in a non-degenerate triangle.

2. Initially, the four chips determine a rectangle, with chips of the same colour at opposite
corners. After a move by the first player from such a position, there is no victory since the
two white chips are in different rows and different columns. Moreover, the four chips will
no longer determine a rectangle. However, the second player can restore this position in his
move. Thus there is no victory for the first player.

3. Denote the area of the polygon P by [P ]. Then

[BAD] = [ABEFD]− [BEFD] = [ABE] + [AEF ] + [AFD]− 3[BCD].

In order to maximize [BAD], BCD must have the smallest area among the four triangles
whose area are four consecutive integers. The maximum value of [BAD] is [BCD] + 1 +
[BCD] + 2 + [BCD] + 3− 3[BCD] = 6.

4. Denote by 0 a lamp which off and by 1 a lamp which is on. The following diagram shows that
for n = 1 or 3, there are no initial configurations which lead to perpetual light.

- �
?

6
?

6

�-

100 010 001

011 101 110

000 1111 0

For even n, the initial configuration 1001100110. . . will work since it will alternate with
0110011001. . .. For odd n > 3, just add 010 to the previous configuration. It will alter-
nate with 100 since the third light will not go on because of the fourth. Hence this part will
alternate with 100, independent of the second part. In conclusion, perpetual light is possible
for all n except 1 and 3.



5. Consider a convex n-gon. It is potentially n − 2 triangles. Suppose it is cut into a convex
a-gon and a convex b-gon. Then the number of potential triangles is a− 2 + b− 2. There are
essentially three way of cutting the convex n-gon: through two vertices, through one vertex or
through no vertices. In the first case, we have a + b = n + 2, so that the number of potential
triangles is n− 2 as before. No new obtuse angles can be created since no angle of the convex
n-gon can be divided into two obtuse angles. In the second case, we have a + b = n + 3, so
that the number of potential triangles is n − 1, an increase of 1. As before, the end of the
cut through a vertex cannot create a new obtuse angle, but the other end which ends on a
side can create one, but no more than one, new obtause angle. In the third case, we have
a + b = n + 4 so that the number of potential triangles is n, an increase of 2. Each end of
the cut can create one, but no more than one, new obtuse angle. It follows that an increase
in the number of potential triangles is at best matched by an increase in the number of new
obtuse angles. Since there is one triangle with no obtuse angles initially, this will remain the
case throughout. Thus the task is not possible.

6. Let the sequence be {an} and let Sn denote the sum of all the terms up to but not including an.
For n ≥ 2002, an is a divisor of Sn. Hence there exists a positive integer dn such that an = Sn

dn
.

Then Sn+1 = Sn + an = (dn+1)Sn

dn
. If dn+1 ≥ dn + 1, then an+1 ≤ Sn

dn
= an, and this contradicts

the hypothesis that {an} is strictly increasing. Hence {dn} is non-decreasing for n ≥ 2002.
However, this sequence cannot maintain a value k > 1 indefinitely as otherwise {Sn} becomes
a geometric progression with common ratio k+1

k
starting from some term. However, k and

k + 1 are relatively prime, and we can only divide the first term of the geometric progression
by k finitely many times. It follows that dn = 1 eventually.

7. We use induction on the number n of domino pieces in the chain. For n = 1 and 2, the result
holds trivially. Consider the general case where the first number is a. Let the first piece in
the initial chain be (a, b) and that in the final chain be (a, c). If b = c, we can appeal to the
induction hypothesis. Assume therefore that b 6= c. Then the piece (a, b) is now further down
the chain. If it has been reversed to (b, a), we simply take the sub-chain from (a, c) to (b, a)
and reverse it. Then we appeal to the induction hypothesis. Assume therefore that (a, b) has
not been reversed. The proof will be complete if we can show that (a, b) can be reversed.
In the initial chain, let (d, e) be the first piece which does not appear after (a, b) in the final
chain. Let the piece before (d, e) in the initial chain be (f, d). Then this piece appears in the
final chain after (a, b), possibly reversed. On the other hand, the piece (d, e) appears in the
final chain before (a, b), also possibly reversed. We consider four possible configurations of
the final chain, and verify that in each case, (a, b) is reversed.
Case 1. (a, c), . . . , (d, e), . . . , (a, b), . . . , (f, d), . . ..
We reverse the sub-chain from (d, e) to (f, d).
Case 2. (a, c), . . . , (d, e), . . . , (a, b), . . . , (d, f), . . ..
We reverse the sub-chain from (d, e) to (g, d), where (g, d) is the piece right before (d, f).
Case 3. (a, c), . . . , (e, d), . . . , (a, b), . . . , (f, d), . . ..
We reverse the sub-chain from (d, h) to (f, d), where (d, h) is the piece right after (e, d).
Case 4. (a, c), . . . , (e, d), . . . , (a, b), . . . , (d, f), . . ..
We reverse the sub-chain from (d, i) to (j, d), where (d, i) is the piece right after (e, d) and
(j, d) is the piece right before (d, f).
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1. In triangle ABC, tan A, tan B and tan C are integers. Find their values.

2. Does there exist a point A on the graph of y = x3 and a point B on the graph y = x3 + |x|+1
such that the distance between A and B does not exceed 1

100
?

3. In an increasing infinite sequence of positive integers, every term starting from the 2002-th
term divides the sum of all preceding terms. Prove that every term starting from some term
is equal to the sum of all preceding terms.

4. The spectators are seated in a row with no empty places. Each is in a seat which does
not match the spectator’s ticket. An usher can order two spectators in adjacent seats to
trade places unless one of them is already seated correctly. Is it true that from any initial
arrangement, the usher can place all the spectators in their correct seats?

5. Let AA1, BB1 and CC1 be the altitudes of an acute triangle ABC. Let OA, OB and OC be
the respective incentres of triangles AB1C1, BA1C1 and CA1B1. Let TA, TB and TC be the
points of tangency of the incircle of ABC with sides BC, CA and AB respectively. Prove
that TAOCTBOATCOB is an equilateral hexagon.

6. The 52 cards in a standard deck are placed in a 13 × 4 array. If every two adjacent cards,
vertically or horizontally, have either the same suit or the same value, prove that all 13 cards
of the same suit are in the same row.

7. Do there exist irrational numbers a and b such that a > 1, b > 1 and bamc differs bbnc for
any two positive integers m and n?

Note: The problems are worth 4, 4, 5, 5, 6, 7 and 8 points respectively.



Solution to Senior A-Level Spring 2002

1. First, note that we have

tan A + tan B + tan C = tan A + tan B − tan A + tan B

1− tan A tan B

= (tan A + tan B)
(
1− 1

1− tan A tan B

)
= − tan A + tan B

1− tan A tan B
tan A tan B

= tan A tan B tan C.

Let tan A = a, tan B = b and tan C = c where a, b and c are integers such that a+b+c = abc.
ABC cannot be a right triangle. Suppose 6 A is obtuse. Then a is negative while b and c are
positive. If b = c = 1, then abc = a < a+2 = a+b+c. Any increase in the values of b or c will
increase that of a + b + c while decrease that of abc. It follows that ABC is an acute triangle,
so that a, b and c are all positive. We may assume that a ≤ b ≤ c. Then abc = a+ b+ c ≤ 3c,
so that ab ≤ 3. We cannot have a = b = 1. Hence a = 1, b = 2 and c = 3. Finally, the
diagram below shows a triangle ABC with tan A = 1, tan B = 2 and tan C = 3.
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2. Consider the points A(a, a3) and B(b, b3 + b + 1) where a > b > 0. We wish to choose a and b
such that a− b < 1

100
while a3 = b3 + b + 1. Let t = a− b > 0. ¿From (b + t)3 = b3 + b + 1, we

have 3tb2− (1−3t2)b− (1− t3) = 0. If t < 1
100

, the constant term of this quadratic equation is
negative, so that it has one positive root and one negative root. Thus a and b can be chosen
so that AB < 1

100
.

3. Let the sequence be {an} and let Sn denote the sum of all the terms up to but not including an.
For n ≥ 2002, an is a divisor of Sn. Hence there exists a positive integer dn such that an = Sn

dn
.

Then Sn+1 = Sn + an = (dn+1)Sn

dn
. If dn+1 ≥ dn + 1, then an+1 ≤ Sn

dn
= an, and this contradicts

the hypothesis that {an} is strictly increasing. Hence {dn} is non-decreasing for n ≥ 2002.
However, this sequence cannot maintain a value k > 1 indefinitely as otherwise {Sn} becomes
a geometric progression with common ratio k+1

k
starting from some term. However, k and

k + 1 are relatively prime, and we can only divide the first term of the geometric progression
by k finitely many times. It follows that dn = 1 eventually.



4. We use induction on the number n of spectators. The case n = 2 holds as a single switch
fixes the derangement. Suppose the result holds from 1 to n for some n ≥ 1. Consider the
next case with n + 1 spectators. Let Sk be the spectators with the ticket k. Suppose Sn+1 is
in seat m for some m ≤ n. If the spectators in seats m to n + 1 constitute a derangement
among themselves, we can appeal to the induction hypothesis. Otherwise, there exists a seat
` which is the first after seat m to be occupied by some Sx where x 6= `− 1. This means that
for m < k < `, seat k is occupied by Sk−1. We perform a chain of switches from seat ` back
to seat m + 1, we still have a derangement since Sk is now in seat k + 2 for m < k < `. This
brings Sx to seat m + 1 and we can now switch her with Sn+1, bringing the latter one seat
closer to her correct place. We can now repeat the above process until Sn+1 is in seat n + 1,
and then appeal to the induction hypothesis.

5. Since BCB1C1 is cyclic, triangles ABC and AB1C1 are similar. Tthe ratio of similarity is
cos α where α = 6 CAB, since AB1 = AB cos α. Let O be the incentre and r the inradius of
ABC, and let T be the point of tangency of the incircle of AB1C1 with AC. Now OTB = r,
OAT = r cos α, AT = ATB cos α, ATB = r cot α

2
and

TTB = ATB − AT = ATB(1− cos α) = r cot
α

2

(
2 sin2 α

2

)
= r sin α.

Hence OATB =
√

OAT 2 + TBT 2 = r. By symmetry, the other sides of the hexagon are also
equal to r.
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6. If two adjacent cards are of the same suit, we say that there is a suit bond between them.
If they are of the same rank instead, we say that there is a rank bond between them. By
hypothesis, there is either a suit bond or a rank bond between two adjacent cards, and it
cannot be both since each card is unique within a deck. So we have twelve columns each
consisting of four horizontal bonds, and three rows each consisting of thirteen vertical bonds.
We claim that in each row and each column, the bonds are of the same type. Assuming to
the contrary that there are both suit bonds and rank bonds in a column. Then there is one
of each kind in two adjacent rows. Of the four cards in question, let the top two be the Ace
and King of Hearts. The bottom two are of the same rank. If this rank is Ace, then there is
no bond between the King of Heart and the card below. Similarly, this rank cannot be King.
Now not both cards at the bottom can be Hearts. Hence one of them will not have a bond
with the card above. This justifies our claim. Considering the types of bonds for each of the
three rows of vertical bonds, we have eight cases.



(i) All three rows are rank bonds. This yields the desired conclusion.

(ii) All three rows are suit bonds. This means that the 52 cards are in 13 groups of 4, with
cards in the same group being of the same suit. This is impossible since 13 is not a
multiple of 4.

(iii) Only the top and bottom rows are suit bonds. This means that we have 26 disjoint pairs
of cards of the same suit. This is impossible since 13 is not a multiple of 2.

(iv) Only the top and bottom rows are rank bonds. Consider the 13 inside pairs of cards in
the second and the third rows, with a suit bond between each pair. We may assume that
the first pair are Spades. There must be a first pair which are not Spades, say Hearts.
Consider first the case where the two outside cards in the first column are of the same
suit, which cannot be Hearts. We may assume it is Clubs. Then the two outside cards
on the column with Hearts inside must be Diamonds. When the inside pair change suits
again, it must go from Hearts to either Spades or Clubs. It follows that each column of
4 cards have the same colour. However, there are 26 red cards and 26 is not a multiple
of 4. Consider now the case where the two outside cards in the first column of different
suits. Then they must be Diamonds and Clubs. Then the two outside cards on the
column with Hearts inside must be Clubs and Diamonds. It follows that all the Spades
and Hearts form 13 inside pairs, but there are 13 Spades and 13 is not a multiple of 2.

(v) Only the top two rows are suit bonds. We may assume that the top three cards in the
first column are Spades and that the bottom card is Clubs. This remains the case until
we encounter the first column of horizontal suit bonds. Then the four cards in the next
column must all be red. It follows that the four cards in each column are of the same
colour. However, there are 26 red cards and 16 is not a multiple of 4.

(vi) Only the bottom two rows are suit bonds. This is analogous to Case (v).

(vii) Only the top two rows are rank bonds. This means that there are 3 cards of the same
rank in each column. Since there are only 4 cards of each rank, all 13 columns consist
of different ranks. Hence the first row of horizontal bonds are are suit bonds, so that
all columns of horizontal bonds are suit bonds. This forces all the vertical bonds in the
bottom row to be rank bonds too, contrary to our assumption.

(viii) Only the bottom two rows rae rank bonds. This is analogous to Case (vii).

7. Let a =
√

6 and b = sqrt3. Suppose bamc = bbnc for some positive integers m and n. Denote
their common value by k. Then k2 ≤ 6m < k2 + 2k + 1 and k2 ≤ 3n < k2 + 2k + 1. It
follows that 2k ≥ |6m − 3n| = 3m|2m − 3n−m|. Clearly, n > m so that |2m − 3n−m| ≥ 1.
Hence 2k ≥ 3m so that 9m

4
≤ k2 ≤ 6m. Now the only positive integral values of m for which

1
4
≤ (2

3
)m holds are 1, 2 and 3. We have bac = 1, ba2c = 6 and ba3c = 14. On the other hand,

bbc = 1, bb2c = 3, ba3c = 5, ba4c = 9 and ba5c = 15. It follows that bamc 6= bbnc for any
positive integers m and n.


