29. TYPHHNP IT'PAJOBA

Jeceme kono.
[ Ipunpemna Bapujanta, 21. oxto6ap 2007. roa.
8—9. paspea (mrahu yspact)
(Pesyarar ce pauyna Ha ocHOBY Tpu 3azaTKa Ha KojUMa je Z0OUjeHO HajBHIIle MOeHa, IOEHH 3a

ZleAOBe jeZIHOT 3aZlaTKa ce cabupajy)

(3 noena) Koauko ce najBume 6eAux W ILPHHMX :KETOHA MO2K€ CTAaBHUTH Ha
IITaXOBCKY TabAy Tako Ja Ha CBaKO] XOPU30HTaAM H Ha CBaKO] BEPTHKAAH OEAMX
xkeToHa 6yze TauHO aBa myTa Buile Hero upHux? (Jezan :xeTon saysuma camo
jeZHO ToJoe)

(4 noena) Ha namupy cy sanucanu 6poj 1 u Hexu 6poj X koju Huje meo. Y jeaHOM
noresy (kopaky) Mo:ke ce Ha HalMpy HalMcaTH 30Hp HAM pasAMKa GHAO Koja ZBa
Beh Hammcana 6poja, MAM Za ce Hanmiue 6p0] peuUnpodaH GHAO KoM oz Beh Hamu-
canux 6pojeBa. akohe je gomymreno Ha mamupy samucaTu 6poj Koju ce Tamo Beh
HaAasHM, Kao U cabpatu 6poj cam ca cobom. Mozke Au ce mocae usBecHor 6poja
[OTe3a Ha MANHPy M0JaBUTH 6p0j X*P

(4 noena) Cpeaumre jeane oa cTpaHHLA TPOYTAA U MOZHOXK]a BUCHUHA CITyHITEHHX
Ha Jpyre ABe CTPAHHUIIE TOT TPOYTAA Cy TeMeHa jegHaKocTpaHudHor Tpoyraa. Mopa
AH Y TOM CAy4ajy M TOAa3HHM TPOYrao GUTH jeIHAKOCTpAHHUYAH?

(5 noena) Y tabauy 29%x29 ynucanu cy 6pojesu 1, 2, 3, ..., 29, cBaku Tauno no
29 nyra. HMcnocrasuno ce za je 36up 6pojeBa usHaz rAaBHE AMjarOHaAe TPU IyTa
Behu oz 36upa 6pojeBa ucnoz Te aujaroHare. Habhure 6poj koju je ynmcan y
eHTpaAHo nooe Te Tabauue. (I'raBHa zujaromara — To je amjaromana koja craja
roprbH AEBH YTao TabAMIE Ca JOHUM JECHUM YTAOM )

(5 noena) Mabhuonuuap szaBesanux oumjy zaje jeZHOM Triejaoly ) KapaTa C
6pojeBuma oz 1 zo 5. 'Aezaran ase xapre sazp:xaBa (cakpusa) Koz cebe, a Tpu
zaje mahuonuuapesom nomohuuky. Ilomohnuk mokasyje raezaouy ase oz te Tpu
KapTe, a TrAejaiall Kazke Mahuonmuapy 6pojeBe Tux Kapara (Kojum roz xohe
peaom). Ilocae Tora mahuonmuap mnoraha 6pojese kapata koje je 3azpxao
(cakptro) raezarau. Kako Tpeba aa ce aorosope mahuonuyap u nmomohnux, za 6u
TPHK YBEK ycCIeo?



29. TYPHHUP I'PAJOBA

Jeceme kono.
[ Ipunpemna Bapujanra, 21. okro6ap 2007. roz.
10—11. paspea (crapuju yspacr)

(Pesyarat ce pauyHa Ha OCHOBY TpH 3ajaTKa Ha KojuMma je z06ujeHo Hajumie noeHa. | loenu mo

JeAOBHMa jeJIHOT 3ajaTKa ce cabupajy)

1. (3 noena) Ha cBakoj oz cTo camka npukasanu cy jezHa ozpacia ocoba M jeZHO
ZeTe Koje je Hiker pacta oz ozgpacae ocobe. Oz cBux mwuxX Tpeba caCTaBUTH jeJHY
BeAUKy cAMKY. | lpu Tome je azomymreHo mpoMeHMTH pasMepy CBaKe CAMKE, Tj.
MIOZIEAUTH BUCHHY OZPAacAOT U BHCHHY JeTeTa MCTUM LieAuM 6pojem (rpu uemy ce 3a
pasHe CAUKe pasMepa Moxke MemaTu pasiuuuto). /lokasatu za je moryhe ypaautu
(T). npoMeHHTH pasMepy CBake CAMKE) TaKo Za IIOCAe Tora Ha BeAMKO] (36upHO))
CAMIM Ma Koja ozpacAa ocoba (c 6MAO Koje cAMKe) 6yze BHUII aoZ Ma KOT JeTeTa
(Ha 6uA0 K0jO] 04 CAMKa).

2. (4 noena) Ha mamupy cy sanucana Tpu mosutuBna 6poja: X, Y u 1. VY jeanom
noresy (KopaKy) Mo:ke ce Ha HanMpy HarMcaTH 36MP MAH pasAMKa GUAO Koja ZBa
Beh mHammcama 6poja uAu, mak, 6poj peuunpodad 6uA0 KoM o Beh HanmcaHux
6pojeBa. | axohe je zomymreno Ha manupy sanmcata 6poj Koju ce Tamo Beh Harasm,
Kao U cabparu 6poj cam ca cobom. Mozke Au ce mocae usBecHor 6poja moTesa Ha
nanupy A06uTH:

a) 6p0j X2 (2 l‘IoeHa) Pasyme ce, Mory ce pasmaTpaTH pasHH CAy4YajeBH
6) 6poj Xy? (2 noena) (1ma nmpumep, ako je x=1, sazarak je pemren; aru je
ocTaAo Ja ce pelnu Kaza je x#1, UTZ.).

3. (4 noena) /lata je npasa u ase Tuke A u B, koje cy ca ucTe cTpane Te npase M Ha
jeaHakoM pacTojamy oz mwe. Kako nomohy mecrapa u Aemwupa nahu na npasoj

tauky C, takBy za npousBoz AC-BC 6yae najmamu?
y y Y Yy ]

4. (4 noenma) Mabhuonuuap saBesanux ouwmjy aaje jeaHom raegaouy 29 kapara c
6pojesuma ox 1 a0 29. I'rezaran ase kapre sazp:kaBa (cakpusa) Koz cebe, a
ocrare aaje mahuonumuapesom nomohuuky. Ilomohuuk nokasyje raezaouy zase oz
TUX KapaTa, a TAejaial Kaxe Mahuonuuapy 6pojeBe Tux kapata (y koM roa xohe
peaocaezy). Ilocae Tora mahuommuap moraha 6pojese kapara koje je 3zazp:ao
(cakpuo) raezaran. Kako Tpeba za ce morosope mahuonuuap u nomohnuk, za 6u
TPHK YBEK yCIIeo?

5. Ksazgpar crpanune 1 CM paspesan je Ha Tpu koHBekcHa MHoroyraa. Mozke Au ce
Zecutu aa aujamertap (mpedHMK) cBakora oz mux Huje Behu oz:

a) 1cm; (1 noen)
6) 1,01 cm; (2 noena)
B) 1,001 cm? (2 noena)

(Jujamerap MHOroyraa je MakCHMaAHO pacTojambe usMely ABa Herosa TeMeHa)



29. TYPHHP IT'PAZJOBA

Jeceme kono.
Ocnosna Bapujanta, 28. okrobap 2007. roga.
8—9. paspea (mrahu yspact)
(Pesyatar ce pauyHa Ha OCHOBY TpH 3aZaTKa Ha KOjUMa je ZOGHMjeHO HajBMIIE TOeHa,
a MOEHH 3a JIeAOBE JeZHOT 3ajaTKa ce cabupajy)

1. (5 moena) Ha crpanuuun CD pom6a ABCD ysera je Tauka K tako za je AD=BK. Heka je F npeceuna
Tauka aujaronare BD u cumerpanre crpanuue BC. [lokaxure aa tauke A, F u K rexxe na jeanoj npasoj.

2. a) (3 noena) I'lepa u Baca samucauru cy mo tpu npupozguna 6poja. I lepa je 3a caka aBa oz cBojux 6pojeBa
Hanucao Ha TabAM WuX0B HajBehu sajeauuuxu geaurau. Baca je 3a ceaka zBa oz cBojux 6pojeBa Ha TabAu
HaNMCao HUXOB HajMarbH 3ajelHUYKH cazpxsaral. Vlcrmocrasuro ce aa aa je [lepa nma Tabau mammcao ucre
6pojese kao u Baca (moryhe apyrum peaom). Jlokaxute aa cy cBu HanucaHu 6p0jeBH Ha TaGAM Pa3AHYUTH.

6) (3 noena) /la au he tBpheme us mperxoanor sazmatka ocratm aa Baxku ako Ilepa m Baca y mouerky
3aMHCAe TI0 YeTHPHU TIPUPOAHa 6poja?

3. (6 noena) Muma ctoju y uentpy Kpy:sHor TepeHa (AuBaauue) noaynpeunuka 100 merapa. Cakor munyTa
oH 4uHM Kopak zyradak 1 merap. [Ipe cBakor kopaka on caommTaBa y kom cmepy he za xopaxue. Kaha
MMa TIpaBo Zla Ta HaTepa Ja MPOMeHH cMep y cympoTaH. Vozke AM MMIIa MOCTYTIATH TaKo Za y HEKOM
MOMEHTY cBakako usahe ca Tor Tepena, uau ra Kaha mozxe yBek y Tome crnpeunrn?

4. (7 noena) /lara je tpaka ca 1 x N moma (xBazparuha). Zlsojuma urpajy osaxsy urpy. Mrpau koju je npsu
Ha TOTe3y CTaB/da KPCTUh y jeAHO 04 cAOGOAHUX 10/, a APYTH Urpad cTaBda HyAy. Kl Tako HausmenmuHo.
Huje zomymreno y cyceana noma craButu asa kpctuhe uau ase nyre. ['y6u omaj ko He Mome za yuunu
nores (za craBu cBoj 3Hak). Koju oz urpaua moxse yBex za mobeau (Ma Kako Ja Urpa HberoB CyMapHHK )?

5. (8 moena) Mmamo korekuujy (rapHuTypy) 04 HEKOAMKO TeroBa M Ha CBAaKOM je HasHayeHa kberobBa Maca.
[Tosnato je za cy KoAeKLHMja Maca M KOAEKIIMja HaTIHCa HCTe, aAd je MOTyhe Za cy HEKH HATIHCH MOGPKaHH
(morpemno ctapmenn). Tepasuje mpeacraBmpa xopusoHTaAHa Zyx (MOAyra), Koja MMa OCAOHAll y CBOM
cpeammury. [ lpu Mepery Terosu ce Bemajy y IMpOH3BOMHHUM TayKaMa MOAyTe, IOCAE Yera Tepasuje OCTajy y
paBHOTe2kM MAM cKpehy Ha jeaHy mam apyry crpany (Tj. HapymaBa ce paBHOTexsa: jeJjaH Kpaj TOAyTe ce
noauzke, a Apyru coymra). Voxe AM ce yBeK jeJHUM MepereM MPOBEPHTH Ja AH Cy CBH HATIIHCH TauyHH
uru He? (Tepasuje he 6urn y paBHOTE: kM aKo je 36Mp MOMeHaTa TeroBa KOJH Cy ECHO OJ CPeMHE MOAyTe
jeAHaK 36Mpy MOMeHaTa TeroBa KOjH Cy A€BO, a y IPOTHBHOM, CKpeHyhe Hazoie Tamo rze je 36Hp MOMeHaTa
Behu. Momenar Tera je npoussog MS mace Tera M u pacTojarba S 0 Hera A0 CPEJHHUIITA OAYTE).

6. Mabhuonnuapy cy Besarum oum, a raezaray je mopehao y mus N jeamakux noBumha, mpu yemy je cam
OJAy4YHMBAaO Za AM he ca ropme cTpaHe 6uTH 'KpyHa MAM mucmo’. Mahuonnuapes nomohnuk je omza
3aMOAHO TAeJaola Ja Ha AHMCTY Namnupa Hamuie mMa Koju 6poj oa 1 20 N u nokaze ra cBUM HpHCyTHHM.
Buzgesum Taj 6poj, nomohnuk nokasyje raesaony Ha jezaH o4 HoBuMha y HM3y M MOAM Ta Ja IpeBpHE Taj
HoBumh, mTO OBaj yumHu.. 3aTuM MahHoHMuYapy ozBe3yjy OuM, a OH MOrAeza Ha HM3 HOBuYMha u 6e3 rperke
oapehyje 6poj koju je raesaran Hammcao.

a) (4 noena) /lokaxkure aa, ako Mahuonmdap u mweros nmomMohuuk umajy metoz kxoju omoryhasa mabhuonmua-
py aa rapaHToBaHo oTKpuje 6poj 3a N=a, onza ouu umajy meroz u za N=2a.

6) (5 moena) Hahure cse Bpeanoctu N sa koje mahuonuuap ¢ nomohnukom uma takas meros (Haumn sa
noraharme).

7. (9 noena) Braza je pemmo aa mocrame Beauku nucau. Pazu Tora je oH CBaKOM CAOBY Halller je3HKa
HPUAPYKHO ped Koja cazp:KH TO CAOBO. -3aTHM je Hammcao ped npuzapy:eny caoy A". /amwe je ymecto
CBaKOr CAOBa Hamucao npuzpy:eHy my ped (mpasehu pasmax msmely peun); satum je y Tako Hactarom
TEKCTy MOHOBO YMECTO CBaKOT CAOBa HAIHCcao TpHAPYy:KeHy My ped, u Tako ykynHo 40 myra. Baagun texcr
nouMme oBako: KoHBo] 6pozoBa Ha ycrnaBanuM MopuMma . /JlokaxuTe za ce Taj ckaom peun cpehe y
Baaaunom Tekcty 6ap jom jesHOM.



29. TYPHHP TPAJOBA

Jeceme kono.
Ocnosua Bapujanra, 28. okrobap 2007. roz.
10—11. paspez (cTapuju yspact)
(Pesyatar ce pauyHa Ha OCHOBY TpHU 3aJaTKa Ha KOjUMa je ZOOMjeHO HajBHIIe TIOeHa.
[ Toenu no aerosuma jezHor sazatka ce cabupajy)

7.

a) (2 noena) I'lepa u Baca samucanau cy no tpu npupoaua 6poja. Ilepa je 3a craka aBa oz cBojux 6pojeBa
Hanucao Ha TabAM Wux0B HajBehu 3ajeanuuxu geaurau. Baca je 3a ceaka zBa oz cBojux 6pojeBa Ha TabAu
HalMcao HHXOB HajMarbH 3ajeZlHMUKH cazp:aian. Flcnmocrasuro ce za je Ilepa ma Tabam manmcao ucre
6pojese kao u Baca (moryhe apyrum pezom). Jokazure za cy cBu Hamucanu 6pojeBu Ha TabAM PasAMYHTH.

6) (2 moena) /la au he tBpheme us mperxognor sazmatka ocratm za Bamu ako [lepa u Baca y mouerky
3aMHCAe TI0 YeTHPHU TIPUPOAHa Gpoja?

(6 moena) Zlujaronare TetusHOr yeTBopoyraa (Tj. 4ETBOPOYrAa YHMHCAHOT Y KPY2KHHILy) CeKy ce y Tauku P.
Hexka cy K, L. M, N - cpeammra crpanuna Tor uetBoupoyraa. Jlokazkure za cy MOAYTIPEYHMIIH OMHCAHHX
kpyzxuuua oko tpoyraosa PKL, PLM, PMN u PNK jeanaxu.

(6 moena) Ouzapeaute cee pactyhe apurmeTnuke nporpecuje ¢ KoHauHMM 6pojeM YAaHOBa, YHjU je 36HP
jeanak 1, a cBaku ynan je o6auka 1/K, rae je K nmpupozan 6poj.

(6 moena) Mmamo xonexumjy (rapHuTYpy) 04 HEKOAMKO TeroBa M Ha CBaKOM je HasHa4deHa HberoBa Maca.
[losnaro je aa cy koAekuMja Maca U KOAEKIMja HATIMCA HCTE, aAH je MOTYhe a Cy HEKH HATHHCH MOOPKAaHHU
(morpemto craBmenn). Tepasuje mpeacTaBda xopusoHTaAHa aAyx (MOAyra), Koja MMa OCAOHAIl Y CBOM
cpeaumrry. [ lpu mepemy Terou ce Bemajy y mpousBoboHMM TadukaMa IOAYTe, TIOCAE 4Yera Tepasuje ocTaly y
paBHOTe:kH uMAM ckpehy Ha jeamy umam apyry crpany (Tj. HapymaBa ce paBHOTexka: jeZlaH Kpaj MOAyTe ce
noauzke, a apyru ciymra). /la Au je yBek moryhe jeanuM meperheM MPOBEPHUTH Za AM Cy CBH HATITHCH TauHH
uru ue? (Tepasuje he 6uru y paBHOTe:kM ako je 36Mp MOMeHaTa TeroBa KOJH Cy AECHO O CPEJMHE MOAyTe
jeaHak 36uMpy MOMeHaTa TeroBa KOJU Cy A€BO, a y TIIPOTHBHOM, CKpeHyhe HagoAe Tamo rae je 36Mp MOMeHaTa
Behu. Mowmenat Tera je npoussog MS mace Tera M u pacrojara S 04 era A0 CPEAUIITA TIOAYTE).

Mahuonnuapy cy Besaru oum, a raezaran je nopehao y mus N jeanakux nosumha, mpu uemy je cam
OZAyYHBAO Za AM he ca ropmwe crpane 6utun 'KpyHa' uam ‘mmcmo . Mabhuonmaapes momohmuk je omza
3aMOAHO TAeJaolla Ja Ha AHMCTy Hamupa Hamuie Ma Koju 6poj oa 1 20 N u mokaze ra cBUM mpucyTHHM.
Buzgesum Taj 6poj, momohnuk nokasyje raezaomy Ha jezaH oA HOBuMha y HM3y M MOAM Ta Za HpeBpHE Taj
HoBunh, mTO OBaj yunHH. JaTHM MahHOHM4Yapy ozBe3syjy OYH, a OH IOTAeJa Ha HH3 HoBunha u 6e3 rpemike
oapehyje 6poj Koju je rAezaral HaIHcao.
a) (4 noena) /lokaxure za, ako mahuonmdap u mweros nomohuuk umajy mMetoz koju omoryhasa mahuonnya-
py aa rapaHToBaHO oTKpuje 6poj 3a N=a u 3a N=D, onza onu umajy metoz u 3a N=ab.
6) (4 noena) Habhure cBe Bpeanoctu N, 3a koje mahuonuuap ¢ nomohuukom uma Takas metoz (Hauun
3a norahame).

(8 moena) Y paBuu cy Hauprana aBa kousekcHa mHoroyraa P u Q. 3a cBaky crpammiy muoroyraa P,
muoroyrao Q moxkemo mocraButu usmelly aBe mpase mapareaHe Toj crpammmu. Oszaunmo ca N Hajmame
pacTojame Koje Moxke 6utu msmelhy Tux mpaBux, a ca | ay:umy ctpanmie, ma uspagymamo mpoussoz | N.
Cymupajyhu Te npoussoze 1o cBum crpanunama mHoroyraa P, ao6uhemo nexy seanunny (P,Q). Jokaxwure
Ja je (P!Q):(Q1P)

[Ipea Aromom ce narasu 100 saTBopennx KyTHja, a y cBakoj 0z HbUX je HAU LIpBEHa MAM ITAABa KOLIKHULIA.
Aroma uma pybre (pycka nosuana jeaunnua, 1 py6ra — 100 xonejku). On npurasu Ma Kojoj 3aTBOPeHO]
KyTHju, objaBryje 60jy Koukuie y moj (10 HeroBoM Mulllberby) U CTaBba HeKy cymy (To He Mopa GUTH
1eo 6poj KOIMEJKH, aAM He Mo:ke OGUTH BHIIE 0, CyMe KOjy OH uMa y ToMm TpeHyTKy). Kyrtuja ce orBapa u
Aromuna cyma ce ysehaBa uAu cmamyje, 3aBUCHO OZ Tora Zla AH je OH HOTOZHO MAM HHje 60]y KOUKHIE Y
kytuju. HMrpa ce nacraBma cBe 10k ce He oTBope cBe Kytuje. Koja je najseha cyma xojy Amomma mozxe cebu
Zla TapaHTyje, aKo Je HbeMy I03HATO Ja:

a) (3 noena) maaBuX KOUKHIA MMa TauHO 1;

6) (5 moena) maaBuX KoLKHa UMa Ta4Ho N.
(Hanomena: Amwomra moxe za crasu u 0, Tj. Mo:ke 6ecrAaTHO Aa OTBOPH KYTH)y M BHAM 60jy KOLIKHIIE.)



29. TYPHHNP IT'PAJOBA

[ Iporehno kono.
[ Ipunpemnua Bapujanra, 24. gpebpyap 2008. roa.
8—9. paspea (marahu yspact)

(Pesyarar ce pauyHa Ha ocHOBY Tpu 3azaTKa Ha KojuMa je Z0OUjeHO HajBHIIle MOeHa, IOEHH 3a

ZleAOBe jeZIHOT 3aZiaTKa ce cabupajy)

1. (3 noena) Y xomsekcHom mecroyray ABCDEF wacnpamsue caTpanuue cy

mehycob6no mnapareane (AB ca DE, BC ca EF u CD ca FA), a Taxohe je
AB=DE. /oxaxure aa je BC=EF u CD=FA.

2. (5 noena) Y pasuu je nauprano 10 jezmakux zy:xum M o3HaueHe Cy CBe HbHXOBe
npeceune Tauke. | [okasaro ce za cBaka IpeceyHa TauKa JeAH Ma KOjy Ay: Koja
Kpo3 my nporasu y pasmepu 3:4. Koauxku je majpehu moryhu 6poj osnauenux
IIpeceyHuX TadyaKa?

3. (5 moena) Mmamo 30 kapTtuna u Ha cBakoj je Hanucad 6poj: Ha ZecT KapTULa —
6poj @, Ha zeceT Apyrxux — 6poj b, a Ha zecer mpeoctarux — 6poj C (6pojeBu a,
b, C cy cBu pasamuuru). Ilosmato je za 3a Ma Kojux meT KapTHLIA MO:KeMO
u3abpaTH JoIl IeT, Tako Ja 36up OpojeBa Ha THUX JeceT KapTHla Oyze JeIHAK HYAH.
Jokaxure za je jeaan oz 6pojesa a, b, C jeanax nHyam.

4. (6 noena) Hahure cse npupozaue 6pojese N 3za koje je (N+1)! aemuso ca

11+21+...+n! (k! je npoussoz cBux npupoanux 6pojesa oa 1 g0 saxmyuno ca K).

5. (6 noena) I'loma Tabre 10x10 ob6ojena cy upsenom, naasom u 6erom 6ojom. Ma
Koja ZBa Io/ba ca 3ajeJHMYKOM CTpaHHMLOM obojeHa cy pasHuM 6ojama. I losmaro je
Za 1pBeHHX rnosa uma 0.

a) (2 noena) Jloxaxkure aa je moryhe ysek uspesartu 30 npasoyraonuka, oz
KOJHUX C€ CBAKM CaCTOJH OJ JZBa I10/a — OEAOr W IAABOr.

6) (2 noena) Haseaute npumep 6ojema te Tabae, kaza je moryhe uspesatu 40
TaKBHX NpaBoyraoHuka (M o6jacHMTe 3aIlTO je OH
oarosapajyhm).

B) (2 noena) Hasezure npumep 60jema Tabare, kaza Huje Moryhe mspesatu Buie
oa 30 raxsux npaBoyraonuka (u objacHHTe 3aLITO je OH
oarosapajyhu).



29. TYPHUP TPAOOBA

[1ponenhHo Kono.
[TpunpemHa BapujaHTa, 24. debpyap 2008. roa.
10-11. paspeq (cTapuju y3pacrT)

(PesynTart ce padyHa Ha OCHOBY TpW 3adaTka Ha Kojuma je gobujeHo HajBuLe
noeHa. lNoeHn No genosuma jegHor 3agatka ce cabupajy)

. (4 noeHa) Mmamo 30 KapTMua 1 Ha CBakKoj je HanucaH 6poj: Ha geceT
KapTuua — 0poj a, Ha gecet apyrxmx — 6poj b, a Ha geceT npeocTanux
— 6poj ¢ (bpojesn a, b, c cy ceu pasnuuntn). NosHato je Aa 3a ma
KOjuX neT KapTuua moxemo nsabpartu jow net, Tako ga 36up bpojesa
Ha TUX geceT KapTuua byae jeaHak Hynu. [JokaxuTe Oa je jegaH of
6pojeBa a, b, c jegHaK Hynw.

. (5 noeHa) Moxe nu Hajmamn 3ajedHUYKN cagpxanay uenmx dpojesa
1, 2, 3, ..., n 6outn 2008 nyta Behu o HajMawer 3ajegHu4Kor
cagpxaoua uenux bpojesa 1, 2, 3, ..., m?

. (5 noeHa) Y tpoyrny ABC yrao A je npas, M je cpeguwite ayxun BC, H
— NoAHOXje BUcnHe n3 tTemeHa A. [paBa Koja nponasu Kpo3 Tavyky M
N HopMmarHa je Ha AC, no gpyru nyT ce4vye onucaHy Kpy>XHULY OKO
Tpoyrna AMC y Tadkun P. [Jokaxxute ga gyx BP nonosu gyx AH.

. (5 noeHa) atn cy kKoHBeKkcaH MHoroyrao v ksagpart. [lo3HaTo je aa,
Ma Kako NnocTaBuIn Be Konuvje MHOroyrfa yHytap Ksagpara,
NnocTojahe Tadka Koja npunaga n je4HoM 1 OPYrom of TUX
MHoroyrnosa. [lokaxute ga, Ma Kako noctaBunm Tpu Konuje
MHOroyrna yHytap KBagpara, noctaojahe Tayka Koja um npunaga.

. (6 noeHa) [lata je Tabnuua (Ha cnNUUKX OECHO) Y KOjOj MOXEMO

3amehVBaTV MecTa BpcTama, a Takole M KONoHaMa | 5 3 4 5 ¢ 7
(y 6uno kom nopeTky). Konuko pasnuuutnx tabnuua 7 1 2 3 4 5 6
MOXEeMO JoOUTU U3 aate Tabnuue Ha TakaB HaYMH? 6 7 1 2 3 4 5
5671234
4 56 7123
3456712
23456171



29. TYPHHNP IT'PAJOBA

[ Iporehno xono.
Caoxxennja Bapujanta, 9. mapt 2008. roa.
8—9. paspea (mrahu yspact)
(Pesyarar ce pauyna Ha ocHOBY Tpu 3azaTKa Ha KojUMa je Z0OUjeHO HajBHIIle MOeHa, IOEHH 3a

ZleAOBe jeZIHOT 3aZaTKa ce cabupajy)

1.

7.

Bpoj N npeacrasra npoussog asa cyceana npupoana 6poja. Jokaxure aa:

a) (2 noena) Tom 6pojy MoKEMO ZOMUCATH Ca JAECHE CTpPaHe JBe LH(PPE TaKO
Za ce g06Hje TadyaH KBazJpar;

6) (2 moena) axo je N>12, To ce mozke yyMHUTH Ha jeIUHCTBEH HAYHH.

(5 moena) Ha crpannnama AB u BC tpoyraa ABC usabpane cy peaom tauke K u M Tako aa
je KMJ|IAC. Jdyxu AM u KC cexy ce y tauku O. 3na ce aa je AK=AO u KM=MC.
Joxazkure aa je AM=KB.

(6 moena) [lata je kapupanma Tpaka, uszedeHa Ha kBagpatuhe, mmpune 1 ksazpatuh u
6eckoHayHa Ha obe cTpaHe. /IBa moma Te Tpake cy knomke (3amke), a usmehy mwux je N noma
M Ha jeJHOM O/l FhHX HaAasH ce ckakasall. | Ipu cBakom motesy mu usrosapamo mpupogas 6poj,
IIOCAe Yera CKakaBall CKaue 3a TOAMKHM 6poj mova AeBo HAU gecHO (1Mo cBom H360py). 3a Koje
N mozkemo usrosopati 6pojeBe TaKo Zia CUIypHO yTepaMoO CKaKaBLA y jeZHy OZ KAOIKH, Ma TZe
OH Ha Ho4yeTKy 6uo usmehy mwux U Ma Kako 6upao mpasue cojux ckokoBa? (Mu cee Bpeme
BH/IMMO T/le Cé HaAasM CKaKaBall.)

. (6 noena) Hexoauko (xonausan 6poj) Tasaka y paBHH 060jeHO je y ueTHpU 60je, P YeMy HUMa

Tayaka oz cBake 6oje. Hukoje Tpu oz Tux Tauaka He Aexke Ha uctoj mpasoj Jlokaxkure za ce
mory Hahu Tpu pasamuura Tpoyraa (koju ce mory u cehu), TakBa za cy UM TeMeHa pasAHMYHUTHX
60ja U Ja yHyTap mbUX HeMa 0060jeHHX Tayaka.

(7 noena) Y xpyxxuom pacnopeay croju 99 zeue u cBako 04 HHX Yy HOYETKYy HMa AOITY.
Caaxor munyTa cBako jete (koje MMa AonTy) 6ala AONTy jeZHOM o cBojux cyceaa. I Ipu Tome,
ako aBe Aonre aoljy 4o jeaHor zeTeTa, OHJA ce jeAHa O THX AONTH u3ballyje M3 Hrpe
nertoBpatHo. Kpos koje Hajmame Bpeme KoJ Jelle MOzse OCTaTH caMO jeJHa AOINTa?

(7 noena) I'locroje au mpupoguu 6pojesu @, b, C, d, Taxsu za je

GO B,
b d d d

(8 noena) Kounsekcuu uyeropoyrao ABCD nema naparernnx crpanuia. YrAoBH Koje CTpaHHULIE
TOr 4eTBOpoyrAa o6pasyjy ca aujaroHarom AC (y mexom mopetky) cy jeanaxu 16°,19°, 55° u
55°. Koauku moze 6utu omrap yrao usmehy aujaronara AC u BD?


Dusan
Note
исправка:
a/d+c/b=2008


29. TYPHHUP I'PAJOBA

[ Iporehno konro.
Caozxennja BapujanTa, 9. mapt 2008. roga,.

10—11. paspea (crapuju yspacr)
(Pesyarar ce pauyna Ha OCHOBY TpM 3ajaTKa Ha KojuMa je Zo6ujeHo HajBuiue roeHa. | loenu mo

JeAOBHMa jeJIHOT 3ajaTKa ce cabupajy)

1. Oz namupa je uspesan Tpoyrao uMju je jegaH yrao Ol.. 3aTUM je Taj TPOyrao paspesaH Ha
HEKOAHKO TpoyrioBa. Voxe AM ce ZoroguTu Ja CBM yrAOBH CBUX JOGHjEHHX TPOYrAoBa 6yay
Marbu 01

a) (3 nmoena) y caydajy kaza je OL= 70°.
6) (3 noena) y cayuajy kaza je o =80%»

2. (6 noena) Ha 6pojesnoj npasoj y tauku P manasu ce “rauxactu’” ckakabau. lauxe 0 u 1 cy
kronke (samke). [lpu cBakom cBom “moresy” Mu usroBapamMo HekM MO3MTHBaH 6p0j, HOCAE
yera CKaKaBall CKade AeBO HAU JecHo (1o cBoM H360py) Ha pacTojarbe Koje je jeZ[Hako TOM
6pojy. 3a koja P mozkemo usroeapath 6pojeBe, TaKO Ja TrapaHTOBAaHO MOXKEMO CaTepaTH
ckakaBua y jeany oz kaonku? (Mu cBe Bpeme BUAMMO Tze ce HaAasH CKaKaBall.)

3. (6 noena) I'loausom crenena N >1 uma N pasamunrux xopena (myra) Xi, X, Xz, ..., X,.

Fberos npeu ussoa uma xopene Yi, Yo, Y3, - -, Yn1- Zokaxure nejeanaxoct

2, 2 2 2 2 2
KXot AXn Y F Yot Yy
n n-1

4. (7 noena) Ileha u Baca manpraiu cy mo jezan koHBekcaH ueTBopoyrao 6e3 NapaieAHHX
crpannia. Cpaku 0 bHX je Y CBOM 4eTBOPOYTAY IIOBYKAao IO jeZHY JMjarOHaAy M OJPEeAHO
yrAOBe Koje Ta JAMjaroHara obpasyje ca cTpaHHMIIamMa kberoBor uetBopoyria. lleba je ao6uo
6pojese O, o, B u Y. (y Hexkom moperky), a Baca ucre Te Bpeanoctu (moryhe m y nexom
apyrom nopetky). /lokaxure za ce zujaronanre I lehunor werBopoyraa cexy moa uctum yraom
Kao ¥ zujaroHaie Bacunor yeTBopoyraa.

5. (8 noena) Csu npupoauu 6pojeBH HamucaHu cy y HekoM mnopeTky (cBaku 6poj o jeaHoMm).
Mo:ke Au ce obaBesno Hahu mexoauko 6pojesa (Buie o7 jeAHOr), KOjM Cy HAIHCaHU PEZOM
jeaan 3a apyrum (Io4eB 0 HeKOr MecTa), a YMju je 36up mpocT 6poj?

6. (8 noena) JezamaecTopuum myzpaiia 3aBesaAM Cy OYM M CBaKOMe Cy CTaBUAM Ha TAaBy KaIly
koja je obojena jeanom oz 1000 60ja. Ilocae Tora cy um ozBesarn oum u cBaku je BHIEO CBe
KaIrle OCHM CBOje. -3aTHM HCTOBPEMEHO CBAaKM IOKasyje OCTaAUMa jeJHy O JABe KapTHIe - Oery
uAu 1pHY. A mocae Tora, cBu Tpeba HCTOBpeMeHO Za Kaxy 60jy cBoje kame. /la Am je To
moryhe? Myzpamu ce mory ynanpez (mpe Hero mTo cy MM 3aBe3aAH OYM) ZOroBapaTH Kako Ja
noctynajy. Myaparuma je nosuaro y kojux 1000 6oja mory 6utu Kare.

7. (8 moena) Jlate cy ase xpy:xuune u Tpu npase. Cpaka npaBa Ha Kpy:KHHMIIaMa HCella TETHBE
ucte zyxxune. | Ipeceune Tauke nmpasux rpaze Tpoyrao. /lokaxuTe Aa KpyKHHIIA OIMMCAHA OKO

TOI TPOYrAa IMPOAA3H KPO3 CPEJHMINTE Zy:KH KOja CIlaja CPEAMINTA JATUX KPY:KHHUIIA.



29-1 MexxknyHnapoanbliii matemMaTudeckuid Typuup ropoaos
2007/08 yueOHbBIN 1o/
Pemienus 3axaq

OceHnHuii Typ

TpeHl/IpOBO‘IHbIﬁ BapHaHT, MJIaJlINE€ KJIACChI

1.1. [3] Kakoe Haumbosbpiiee 4UCIO OCNBIX W YEPHBIX (DHUIIEK MOXXHO pPACCTaBUTh Ha
[IaXMaTHOW TOCKE TaK, 4TOOBI Ha 1000 TOPU3OHTANIM U HA JIIOOOH BEpTUKAIM OENbIX (pHUILEK
OBUIO POBHO B J[Ba pa3a OoJIblIe, YeM YEPHBIX ?

OtBer. 48 ¢puek.

Pemenune. Yncno ¢umex Ha Kaxa0il BepTUKaIM KpaTHO 3, 3HAUUT, UX HE Oojplie 6, a Ha
Bcel jocke — He Oouee 48. [Ipumep paccranoBku 48 dumek: 32 O6enbie GUIku cTaBUM Ha Oebie
noisi, a 16 YepHBIX — BAOJb TJIABHOW «UYEPHOW» AMArOHAIM W BJAOJb ABYX MapalICIbHBIX
IUaroHalIeH «UIMHBD) 4.

1.2. [4] Ha Oymakke 3amucaHbl | ¥ HEKOTOpPOE HEIEeNIOe YUCIIO X. 32 OJIUH XOJ1 pa3periacTcs
3aliMcarb Ha 6yMa)KKy CyYMMY HJIM Pa3HOCTb KaKI/IX-HI/I6YI[I) ABYX YK€ 3allMCAHHBIX YHCCJ WU
3anucaTth 4HMCIO0, OOpaTHOe K KakoMy-HHOYIb W3 YK€ 3alHCaHHBIX 4Yuceld. MOXHO JH 3a
HECKOJIBKO XOJ[0B MOJNYYHTh Ha GYMaXKe THCIO X2

Pemenne. Moxxno. Harpumep, Tak (4rcia 3aliiMcaHbl B MOPSIIKE MX TOSBICHHS):

A N S

: =—— X +X% (X +X)—x=x".
X X+1 x X+1 X°+X

1.3. [4] Cepenuna 0THOM W3 CTOPOH TPEYTOJIBHUKA W OCHOBAHMS BBICOT, OMYIIICHHBIX Ha JIBE
JIpYrUe CTOPOHBI, OOpa3ylOT PaBHOCTOPOHHHM TPEYroJbHUK. BepHO 1M, YTO HWCXOJHBIN
TPEYrOJIBHHUK TOXE PABHOCTOPOHHUN ?

OTBeT: HEBEPHO.

IlepBoe pemenue. PaccMOTpUM NMpOM3BOIBHEIN OCTPOYroiabHBIN Tpeyronsauk ABC, rie
/B = 60°. Ilyctb AH u CK — BoicoTel, M — cepenura AC. B psMOYTOJIBHBIX TPEYTrOJIbHUKAX
AHC u AKC meananst HM u KM paBHBI 0oJI0BHHE THIIOTEHY3BI, TO3TOMY Tpeyroiabaukn CMH
u AMK pasnobedpennvie. Yron AMH — BHemHmit yron tpeyronsauka CMH, u 3HaunT paBeH
2/C, ayron CMK — BHemHwmit yron tpeyronsauka AMK, u 3HaunT paBen 2£A, oTkyaa

/HMK = ZAMH + ZCMK - 180° = 2(£LA + £C) — 180° = 2-:120° — 180° = 60°.

Bropoe pemenune. Ha momyokpyxuoctu ¢ quamerpom AC u nieatpom M ormetum Touku K n
H tak, aro6s! qyra KH cocrasisuta 60°u npsimeie AK 1 CH mrepecekaiics BHe nonykpyra. [1ycts
B — Touka nepeceuenust 3tux npsmeix. Torma K u H — ocHoBanust BeicoT Tpeyronbauka ABC
(;rexxamue Ha ero cropoHax), TpeyrodsHuk KMH paBHOCTOpOHHMIA, a TpeyroiasHuk ABC — Her
(ecriu mpsimast KH we mapamnensaa AC).

1.4. [5] B tabmumy 29x29 Brnucanu uucna 1, 2, 3, ..., 29, kaxaoe no 29 pa3. Oka3anock, 4to
CyMMa dYHceJ HaJ TJaBHOW JUAroHAIBI0 B TPU paza OOJbIIe CYMMBI YHCEN TOJ 3TOH
nuaroHanbelo. Haiiiure yncio, BIMCaHHOE B IIEHTPAIBHYIO KIETKY TaOIHUIIbI.

Ortger. 15.

Pemenne. Han (mon) quaronansto Haxoautes 29-14=406 uucen. Ho cymma 406 Hanbombmmx
yrices tabaumel (16, ..., 29, B3sTeie o 29 pa3) pasHa 29-(16+29)-14/2=29-45.14/2 poBHO B TpH
paza 6ousbmie cymmbl 406 HanmenbIux uucen (1, 2, ..., 14, B3areie o 29 pa3s), KoTopas paBHa
29-(1+14)-14/2=29-15-14/2. TlosTOMY BCE YKCIa HA THArOHAIN paBHBI 15.



1.5. [5] ®okycHUK C 3aBsI3aHHBIMHU TJ1a3aMHU BBIJAET 3PUTEITIO 5 KapTOYEK C HOMepaMu OT 1 110
5. 3purenp npsyYeT ABE KAPTOYKH, a TPU OTHAAET aCCUCTEHTY (POKYCHUKA. ACCHUCTEHT yKa3bIBaeT
3pUTEII0 HAa JBE W3 HUX, W 3PHUTEIb HAa3bIBACT HOMEpa ATHX KapToueK (OKYCHHKY (B TOM
nopsijike, B Kakom 3axoder). [lociie 3Toro GpokycHUK yraapiBacT HOMEpa KapToUeK, CIIPSITAHHBIX
y 3putensi. Kak poKkyCHUKY U aCCUCTEHTY JOTOBOPUTHCS, YTOOBI (POKyC Beeraa yaaBaics?

Pemienne. 3anymepyeM BEpIIMHBI TPABHWIIBHOTO MSATHYTOJIBHUKA YuciaMu oT 1 1o 5.
Ompeskamu HA30BEeM €ro CTOPOHBI W JuaroHanu. [lapa KapTo4ek, CIPSTaHHBIX 3pUTEIEM,
COOTBETCTBYET OTHOMY M3 OTpe3koB. Cpemu Tpex KapTodeK Yy acCHCTEHTa €CTh Iapa,
COOTBETCTBYIOIIAs MapalieIbHOMY OTpe3Ky. Ee oH 1 Ha3bIBaeT OKYCHHUKY.

TpeHupPOBOYHBIM BAPUAHT, CTAPIIUE KJIACCHI

2.1.' [3] Ha skpase xommbiotepa crosit B psig 200 uenosek. Ha camom ere Ta KapTHHKA
coctrarieHa u3 100 ¢pparmMeHTOB, Ha Ka)XXOM — Iapa: B3pOCHbIA U PEOCHOK TMOHMKE POCTOM.
Paspemaercs B KaxaoM ©3 (parMEHTOB M3MEHUTh MAacIITad, YMEHBIIMB MPH 3TOM
OJTHOBPEMEHHO POCT B3pPOCJIOr0 M peOCHKA B OJMHAKOBOE 1I€JI0€ YMCIIO pa3 (MaciTadbl pa3HbIX
(parMeHTOB MOXHO MCHSATh HE3aBUCHMO JAPYT OT JApyra). JJokaxuTe, 4TO MOXKHO JOOHTHCH,
yTOOBI Ha OOIIEH KapTHHKE BCE B3pOCIIbIe ObUTH BBIIIE BCeX JeTei. [3 Oamna]

Pemienne. /s xaxaoro ¢parmMeHTa 3adUKCUpyeM palMOHAIBLHOE YHCIIO, OOJbIlee pOCcTa
pebOeHKa, HO MeHbIIiee pocTa B3pocioro. [IpeacraBum 3Tu 4yncia B BUjIe OOBIKHOBEHHBIX JIPOOCH
U MIPHUBEJIEM MX BCE K 0OIIEMy 3HAMEHATEI0. Terneph YMEHBIIUM pa3Mepbl KaKI0ro (parmeHTa
B YHCIIO pa3, paBHOE YHUCIUTEN0 COOTBETCTBYIOMIEH €l TpoOu.

2.2. Ha Oymakke 3amvcaHbl TpU MOJMOKUTENBHBIX yucia X, Y u 1. 3a oIuH X0 pa3pemiaeTcs
3amucarth Ha OyMakKy CyMMYy WJIH Pa3HOCTh KaKUX-HHOYIb IBYX YK€ 3alHCAHHBIX YHCEN WU
3amucarth 4MCIo, OOpaTHOE K KaKOMYy-HHUOYAb W3 YK€ 3alMCaHHBIX 4ucel. MOXHO J1u 3a
HECKOJIBKO XOJIOB MOJYYUTh Ha OyMakKe

a) [2] uucmno x*? 0) [2] uucmo xy?

Pemenue. a) Cm. 1.2.

2
6) PazgenuM omHO W3 4YMcenl Ha 2: — I[anee yMesa BO3BOJAUTHL B KBaApaT, 34
y

.

Vinu Tak: moxygaeM 9ucio (X+y)°—(x—y)?=4xy, a 3aTeM 1Ba pa3a AeIUM €ro MOMoJaM.

=
y'

1
y'
HCCKOJIBKO MIAaroB MOJY4YHUM YUCIIO [X + = j

2.3. [4] Hana mpsmas u aBe Touku A m B, nexamue mo oaHy CTOPOHY OT 3TOW MPSMOU Ha
PaBHOM pPACCTOSHHMM OT Hee. Kak ¢ moMoIpro HUPKYJIsS W JIMHEWKW HAaWTH Ha NMPSAMON TaKyrO
touky C, uro nmpousseneane AC-BC Oyner HammeHbIIM?

Pemenue. [Tnomane tpeyronparka ACB He 3aBucut ot C: ocHoBanue AB u omymieHHast Ha
HEro BBICOTA MOCTOSIHHBL. C ApPYrod CTOPOHBI, dTa IJIOIMIAIb paBHA '/, AC-BC-sin ZACB.
[TosTomy HammeHbIeMy nipousBeaeHnto AC-BC coorBercTByer Hanbonmpmmii cuayc yria ACB.

! VyacrHnkam 3azaua naBanack B TaKoii (hopMyIHpOBKE:

EcTh CTO KapTHHOK, Ha KaI0W HM300pakeHbI B3pOCIbIil M peOEHOK POCTOM MOMEHbIIE (BCE JBECTH 4YEIOBEK Ha
KapTHUHKaX pas3Hble). M3 HUX Hamo cobpaTh 0HY OONBITYI0 KapTHHY. Pa3peniaercs mepen 3THM U3MEHHTh MaciiTad
Ka&XJO0H KapTHHKH, YMCHBILIHB €€ pa3Mepbl B ILIENO€ YUCIO pa3 (MaciTadbl pa3HbIX KapTHHOK MOXXHO MEHSTh
HE3aBHCHUMO APYT OT npyra). JIoKakxuTe, 9TO MOXKHO JOOUTHCS, 4TOOBI Ha OOJBINION KapTHHE BCE B3POCIbIE OBUIH
BBIIIIE BCEX JIETEH.



[Toctpoum okpykHOCTh ¢ auamerpom AB. Eciu oHa mepecekaer Harry mpsMyio | B aByx
toukax P u Q, To 3T Touku — uckomeie (Sin ZAPB = sin ZAQB = 1). B mpotuBHOM citydae
uckomast Touka C — mepecedenue | ¢ cepelMHHBIM MEPHEHANKYISIPOM K OTpe3ky AB (u3 3Toi
TOYKU OTpe30K AB BujeH 1moja HauOOJIBIIUM HETYIBIM YIJIOM, MOCKOJBKY OCTalIbHBIC TOYKH
MIPSIMOHA JIe)KAT BHE Mpoxosaieit uepes Touku A, B u C okpyXHOCTH).

2.4. [4] ®okycHUK C 3aBS3aHHBIMH TJIa3aMH BbIIACT 3pUTEI0 29 KapTOYCK ¢ HOMEpaMu OT 1
10 29. 3putenb NpsiyeT JIBe KapTOUKH, a OCTAIbHBIE OTAAET aCCUCTEHTY (DOKYCHHKA. ACCHCTEHT
yKa3bIBaeT 3pUTEINIO HA JIBE U3 HUX, U 3PUTEJIb Ha3bIBAET HOMEpPA ATHX KapTodyeK (POKYCHUKY (B
TOM TOpsiike, B KakoMm 3axoueT). [locie 3Toro (okycHMK yraapiBaeT HOMEpa KapTOyek,
cupsiTaHHbIX Yy 3puTens. Kak (OKyCHHUKY M acCHCTEHTY JIOTOBOPUTHCS, YTOOBI (POKyC Bcerma
yaaBaics’?

Pemenue. Pacrionoum MbICIIEHHO KapTOYKHU 1O Kpyry. Torna eciu 3puTelnb 3arajani JABe He
cocequue Kaptouku A u B, accucTeHT yka3piBaeT Ha KapTOUKy, MAYIIYIO cieqoM 3a A U Ha
KapTOuKy, UAYLIYI0 cienoM 3a B (mo gacoBoii ctpenke). Ecnu e 3putens 3araiai IBe coceHue
KapTOYKH, aCCHCTEHT YKa3bIBAa€T Ha CIEAYIOIIHNE IBE COCETHUE KApTOUKH (110 YaCOBOU CTpEJKe).

2.5. KBazgpar co cropoHoii 1 cM pa3pe3aH Ha TPHU BBIIYKJIBIX MHOTOYTOJbHUKA. MOXeET JTu
CIIyYUTBCS, YTO TUAMETP KaXKJIO0TO U3 HUX HE PEBOCXOTUT

a)[l] 1cm; 0)[2] 1,01 cm; B)[2] 1,001 cm?

a) Her. B oaMH MHOTOyrojbHHK MOMaAyT JBE BEPIIMHBI KBagpaTa, ckakem A u B.
Ocranbubie Touku otpeska AD ymanensl or B Ha paccrosiHue Oomnbiie 1, mosTomy OHU
HAXOMATCS BHE 93TOr0 MHOTOYIOJbHHMKA, CIIEAOBAaTEIbHO, A JICKUT Ha TpaHUIEC JBYX
MHOTOYTOJIbHUKOB (IIEPBOTO ¥ BTOPOro). AHamoruyHo B K
JIKMT Ha TPaHHIIE IEPBOTO M TpeThero MHoroyronphukos (B D
HE MOXeT MpHHAJIekaTh BTopomy). Ho Torma cepemuna K
ctopoubl CD He MOXeT NpHHAIJIEKaTh HU OJHOMY U3
MHOTOYTOJIHHUKOB. [IpoTHBOpeune.

0) [a. Cm. puc.: O — nentp kBaapata ABCD, K — cepeanna o
ctoponsl CD, AE =BF =0,14.

AF = {/1+0,14% <1,01, EK = /0,5 +0,86° < 1. E F

B) Her. [Ipeanosnoxum HaM yaaaoch pa3pes3arh KBajapar Ha B
Tpu MHOroyroiasHuka Mi, My, M3 HyxHbIX auamerpos. ITycTh A
BepmmHbl A 1 B npuraiexxat M;. Otinoxum Ha cropore AD otpe3ok AG = 0,05, a Ha cTtopoHe
BC — orpezoxk BH =0,1. Touku G u H He moryr npunaanexars M, mockonsky AH > BG =

V1+ 0,05 > 1,001. [Tycte G mpuHaanexxut MHOTOYroabHUKY M,. Torma H npunamiexxut Ms
(HG = BG > 1,001). Torna cepenuna K croponst CD He MOkeT npuHaIIe)KaTh HU OJHOMY M3

MHOroyromsHIKoB: AK > GK > HK = 1/0,9° +0,5° = /1,06 > 1,001. TIpotnBopeune.

ABTOpCKoOe peleHue 3a/1a4u:

OTBerT: a, B — HEBO3MOXHO, O — BO3MOKHO.

Jns Havaya 3ameTuM, 9TO eciu Obl yacTed Obuto HEe 3, a 4, TO HE MPEACTABIUIO OBl Tpyna
paspe3ath KBajpaT Ha yactu guamerpoM d < 0,75. TTockonbKy yacTeill TONBKO 3, KaKHe-TO JIBE
BCPIIHMHGLI JIC)KAT B OJJTHOM MHOT'OYI'OJIBHUKE, U €ro JUaMETP HEC MCHBIIIC 1.

Vayumaema nu 3ta ouenka? Ecnu naxe «coBcem rpy0o» pa3pe3aTh KBaapaT Ha TPU PaBHBIX
npssMoyroyibHuka pasmepoB 1x(1/3), To aumamerp d kaxmoit wactu Oymer menbme 1,1 (d =
(1+1/9) 2 < 1+1/18)<1,1). 3mech 1 aanee Mbl oab3yeMcs HepaBeHcTBoM (1+X) 2 < 1 + x/2.
Pa36uBaTh Ha NMpsAMOYrobHUKH TuaMeTpoM MeHbie 1,01 Hamo HeMHOTO akKypaTHee. Pazpexem
KBaJIpaT, Kak OKOHHYIO paMmy: CBEpPXY OTpexeM «(OpTOUKY» LIUPHUHBI &, a OCTABIIYIOCS 4acTh
pa3pexxeM nomnosiaM. [lodydeHsl Tpu MpsSMOYTOJIbHMKA: OAMH pa3MepoM 1Xa, ¥ J1Ba pazMepoM
15X (1-a). TIpeamonokum, 4To UX JUAMETPbl PaBHbI (MHTYMTHUBHO MOHSATHO, YTO 3TOT BapHAHT

C




HAWIY4YlINii; JOKa3aTh 3TO HETPYAHO, HO HAM B 3TOM HeT HYXbl). Torma 1+a% = (1/2)2+(1-a)2,
otkyma a=1/8, u d? = [1+(1/8)?] = [(12)*+(7/8)%] = 65/64, d = (1+1/64)* < 1+1/128 < 1,01.
Ocraercss 0Ka3aTh, YTO AMAMETP OJHOTO M3 MHOTOyroiabHuUKoB Oombmie 1,001 (m. B, w3
KOTOpOro, Koneuno, ciexyer 1. a). ITycts 4(0,0), B(0,1), C(1,1), D (1,0) — Beprumnbl KBagpara, u
yCcTh BepiinHbl A, B nexkat B mepBoii yactu pazdouenus. Paccmorpum touku E (0, 1/20), F(1/10,
0) u G (1, %2). Jlerko BUIIETh, YTO PACCTOSIHUE MEXAY JIIOOBIMU U3 3TUX Touek Oosnbiie 1,001.
Ecnmu nmametp kaxaon yactu He Oosbmie 1,001, To OHM JIe)KaT B pa3HBIX YacTsX, T.C. OJIHA W3
HUX TaK)Ke JISKUT B mepBoi yactu. Ho paccrosiHue OT 3TOM TOYKHU 100 110 A, 1100 10 B OnATh-
taku 6onpiie 1,001.

OCHOBHOW BapUAaHT, MJIAJIINE KJIACCHI

3.1. [5] Ha ctopone CD pomba ABCD nannace takas touka K, yuto AD = BK. Ilycts F —
Touka nepeceveHus quaronanu BD u cepenurHOTO neprieHaukyisipa k cropone BC. Jlokaxwure,
yt0o ToukHd A, F u K 5texxat Ha oTHOH TIpsAMOii.

ABKD - paBHoOempenHas Tpamenus. Touka G mepeceueHus ee JUAaroHaJed JICKHT Ha
CEepeIUHHOM TMepHeHauKynsape kK ocHoBanuio AB. B cuiny cummerpun pomba ABCD
oTHOcUTeNbHO auaroHai BD, G jexuT Takke Ha cepeJMHHOM neprieHaukyispe k BC, To ectb
COBIIaJIaeT C TOUKOM F.

3.2. a) [3] Ilets u Bacs 3aymanu 1o Tpu HaTypaJbHBIX uncia. [IeTs s KaxkabpIX JBYX CBOMX
quceN Hamucal Ha JJOCKe MX HauOonbIIMi oOmuil nenutens. Bacs ams kaxaslx IBYX U3 CBOUX
quceNl Halucall Ha JJOCKe MX HauMeHbliee obOmiee kpatHoe. Okazanoch, yto [leTss Hammcan Ha
JIOCKEe Te e 4Yucia, 4yTo W Bacsd (Bo3MOXHO B JpyroMm mopsike). JlokaxuTte, uTo Bce
HalMCaHHbIE Ha JIOCKE YHCJIa PAaBHBI.

0) [3] OcraHercs 1M BEpHBIM YTBEpXKICHME Npeablayliedl 3amaud, ecnu Ilers u Bacs
M3HAYaJIBHO 33yMaJIX 10 YETHIPE HATypaJIbHbIX uncia?

a) IlepBoe pemenne. BeibepeM Kkakoi-HUOYAb MPOCTOM AeNUTENb P 3aJayMaHHbIX Baceit
ypcen. [IycTe OH BXOAUT B Pa3jIOKEHUE 3TUX YHCE] Ha MPOCThIC MHOXKHUTEIM B CTEMEHsX &, b u
C, rme @ < b < c. Torga B pa3ioxeHHe BHIMUCAHHBIX Baceil HAMMEHBIIMX OOLIMX KPaTHBIX P
OyJeT BXOIHUTh B CTeNeHsX D, ¢ u C, To ecTh IBe Haubobuiue CTENICHU COBIAIAIOT. AHAIOTUYHO
MOYKHO NPOBEPHUTH, YTO CPEIU BhIMUCAHHBIX [leTeil HauboibmMX OOUIMX JenuTeNneil CoBMaaaoT
JBE HauMeHbuiue CTEIIEHW P. 3HAUYWUT, COBNAAAIOT 6ce CTENEHM P B BBIIMCAHHBIX 4YHCIaX.
[TockonbKy 3TO BEpHO Ul JHOOOTO MPOCTOrO JAEIMTENs], TO COMAJal0T BCE PA3JIOKEHHUS Ha
IIPOCTBIE MHOKUTENH, &, 3HAUUT, U BCE BHIITMCAHHBIC YHCIIA.

Bropoe pemenne. [Tycts Ilers u Bacs nanucanu uucna a, b u . Ilonapuvie HanObobIIIE
o0IIMe AETWTENM STHX YHCEN PaBHBI: 3TO HauOONbIIMKA oOmuMi nenurens d Tpex dYwmcer,
3anymaHHbIX Ileteil. C npyroii CTOpOHBI, KaX/blil TAKON MOMAPHBIN ACTUTEND JAEIUTCS HA OJHO
U3 uucen, 3aayMaHHbIX Baceil. 3Haumt, 0 JenuTcs W Ha HaWMEHbIIee OOIIee KpaTHOE
3aaymaHHbIX Baceit umcen, kotopoe pasao HOK(a, b, ¢). CnenoBarensHo,

HOK(a, b, c)=HO/I(a, b, ¢), toecth a=b =c.

3ameuanme. 3ajyMaHHbIE YKCIIa COBIAAATh HE 00s3aHbl, HanpuMep y Bacu 3anymanst 2, 3 u
6,aylletru—6, 12 u 18.

0) Her, He ocranercs. Hanmpumep, ecnu [letst 3agyman uucna 6, 10, 15, 30, a Bacs — uncna 1,
2, 3, 5, To o6a BemuIIyT HabOpe! 2, 3, 5, 6, 10, 15. (Takux mpuMepoB CKOJIBKO YrOJTHO: €CIH
Bacst 3agymaer deThipe B3auMHO MpocThix 4mcna @,b,c,d, a Ilers — ux mpousBeneHus 1Mo Tpu
HITYKH, TO e€cTh 4yrcia abc, abd, acd, bed, To B urore 06a nanumryt Habops ab,ac,ad,bc,bd.)



3.3. [6] Muia cTtouT B IIEHTpe KPYriou nyxaiike paguyca 100 metpoB. Kaxayio MHHYTY OH
nenaet mar jummHo 1 metp. Ilepen kakKapiM maromM OH OOBSBISECT HANpPaBJICHHE, B KOTOPOM
Xo4eT mardyTh. KaTs uMeeT mpaBo 3acTaBUTh €r0 CMEHUTD HaIlpaBJIieHHWE Ha MTPOTHBOTIOI0KHOE.
Mosket iu Muiia 1eiicTBOBaTh TakK, 4YTOOBI B KAKOW-TO MOMEHT 00s3aTEIbHO BBIUTH C JIY)KANKH,
niu Karts Bcerja cMOXKeT eMy nmoMeniaTthb?

OTtBer. MoXeT.

Pemenne. Haunnast co BToporo mara Muima KaKJIelii pa3 MOKET BBIOMpATh HaIlpaBJICHUE,
NEePIEHANKYIISIPHOE OTPE3KY, COSAMHSIONIESE TOUKY, TJIe OH HaXoauTcs, ¢ IeHTpoM O myxaikw.

[Tycts Mumma marayn u3 Touku A, rae OA = Ja,s touky B. [To Teopeme ITudaropa
OB = +va+1. [eiictBys TaK, mocie N-ro mara Muma OyeT HaXOAUThCsl Ha PacCTOSTHUHM POBHO

Jn mor nentpa. Caenas 10001 mrar, Mumia BelifieT 3a Npeebl Ty KailKu.

3.4. [7] Hana xneruatas nonoca 1xN. JIBoe urpatot B cienyroiyto urpy. Ha ouepeanom xoay
NEPBBIA WUIPOK CTAaBUT B OJHY M3 CBOOOIHBIX KJIETOK KpPECTUK, a BTOpoil — Honuk. He
paspeniaeTcsi CTaBUTh B COCEHUE KIIETKH JIBa KPECTUKA WX J1Ba HOJUKA. [IpourpeiBaeT ToT, KTO
HE MOXET cenarth XoJ. KTo W3 WrpoKoB MOXKET Bcerja BBIMTPaTh (Kak Obl HU Wrpajl ero
COTICPHHK)?

Pemenue. [Ipu N = 1 BoIUrphIBaeT nepsblil, B OCTaIbHBIX CIy4asx — BTopoi. Ero crparerus:
HEePBBIA XOJ CeIaTh B KPAWHIOW KICTKY, a Aajbllie XOAUTh Kak yrojHo. Ilocime k-ro xoma
MIEPBOrO KPECTUKHU JCIIAT MOJIOCKY HE MEHee YyeM Ha K JacTei, COCTOSIIIMX U3 MYCThIX KJIETOK H
HOJIMKOB. HO K 3TOMY MOMEHTY BbICTaBJICHO JHIlb K—1 HOJUKOB, 3HAYUT, B OJHOM M3 yacTei
HOJIMKA HET, U Tya MOYKHO CXOIUTh.

3.5. [8] dan HabOp U3 HECKONBKUX THPEK, Ha KaxJA0i HamucaHa macca. M3BecTHO, 4TO HAbOP
Macc ¥ Habop HAJMUCEH OJUHAKOBBI, HO BO3MOXHO HEKOTOpBIE HAJIUCH IMepemyTaHbl. Bechl
MPEJCTaBISIIOT M3 ce0sd TOPU30HTAIBHBIM OTPe30K, 3aKperyieHHbIH 3a cepeauny. [lpu
B3BEIIMBAHUM THUPBKU TPUKPEIUJISIOTCS B MPOU3BOJBHBIE TOYKH OTPE3Ka, MOCJIE Yero BEChI
OCTalOTCS B PaBHOBECHU JTMOO OTKIIOHSIOTCS B Ty WJIM WHYIO CTOpOHy. Bcernma nmu ymacrtes 3a
OJIHO B3BEILIMBAaHUE MTPOBEPUTH, BCE HAAMKICH BepHBI WK HeT? (Beckl OynyT B paBHOBECHH, €CITU
CyMMa MOMEHTOB THpbh CIpaBa OT CEPEAMHBI paBHA CyMME MOMEHTOB THpPb CIIeBa; MHaue
OTKJIOHSITCS. B CTOPOHY, IJe cymMma Ooibiiie. MOMEHTOM THpU Ha3bIBAaeTCs MPOU3BEIACHHE MS
Macchl THPU M Ha PAacCTOSHUE S OH HEe JI0 CEPEAMHBI).

OTtBer. Beerpa.

Pemenue. Mb1 Oynem HCHONB30BaTh mpancHepagencmgo. ecan Aj<...<Ap u B1<...<B,, u
C;...,Cy. — mobas mepectanoBka uucen By ...,B,, to Ay Ci+...+A, C,<A; Bi+...+A, By, mpuuem
PaBEHCTBO JOCTUTAETCs TONbKO B ciydae C1=B; ...,C,=B,.

Otnoxkum camyro Jerkyro THpro M. OcTalbHblE TUPH MPHUKPENHM CcleBa OT CEpeArHBI B
pa3HBIX TOYKaX, HO 4YeM OoJibllie Macca, TeM Jaiblie OT HeHTpa. [logcunTtaem, B Kakyl0 TOUKY
CTpaBa HAJ0 MOBECUTH TMPIO M, YTOOBI OBUIO paBHOBECHE (dTa TOYKA HE BBIMICT 3a MPEICIIbI
OTpe3Ka, €CIIU THPHU ClIeBa MPHUKPEIUIATh TOCTAaTOYHO OJIM3KO K ero cepenaune). [lokaxkem, uTo
€CJIM HAJMKCH TepenyTaHbl, TO paBHOBecHs HET. J[eHCTBUTENBHO, €CIH MEPemyTaHbl TOJIBKO
Macchl CJIeBa, TO CyMMapHBII MOMEHT CJIeBa CTal MEHBIIE IO mpaHcHepasencmasy. Eciu
JOTIOTHUTENFHO MIOMEHSATh MECTAMH Maccy M ¢ IPYyroil Maccoi ciieBa, TO MOMEHT CIIpaBa CTaHET
OoJIblIIe, a ClIeBa CIIe MCHBIIIE.

3ameuanue. MoxHo o0oiiTuce u 0e3 TpaHcHepaBeHcTBa. [logBecuMm rupu My, ..., My ciaeBa
HA PACCTOSHUSAX amp, ..., am, OT IeHTpa (KOHCTaHTa & BHIOMpAaeTCs TaK, 4TOOBI TOYKa
3 mJ +...+m?

m
MepecTaHoOBKa TUPH My, ..., M,. B cuny HepaBencts 2m;M; < mi2 +M iz HOBBIIT MOMEHT

mojaBeca THMpM M He BbIIDIA 3a mpeneibl orpeska). Ilycts My, ..., My —



a(mM; + ... + myM;) He mpeBocXoauT cTapbiit a( M + ...+ M?), IpuYeM PaBEHCTBO OyJeT

TOJILKO, Koraa M; = M; ipu Bcex .

3ameuaHust A 3HATOKOB. 1. DakTHUYECKU B MPEIBIAYIIEM 3aMEYaHUU JIOKA3aH YacTHBIN
ciydaid HepaBeHcTBa Komu-byHsakoBckoro.

2. BMecTo TpaHCHepaBeHCTBa WM HepaBeHCTBa Komm-ByHSKOBCKOTO MOYKHO MCIOJIB30BATh
HepaBeHCTBO YeOkbiena.

3. MoxHo ob6oiTiCh BoOOIIIEe Oe3 HepaBeHCTB. HaM Ha/lo mokasatk, YTO CYIIECTBYET PELICHHUE
ypaBHEHHS MiX; + ... + MXp = 0 (*), He sBistOIICeCs PENICHUEM HU OJHOTO U3 YpaBHCHUH
Buga Mg + ... + MX, = 0 (*), moayd4eHHBIX HETPMBHAILHBIMH I1€PECTAHOBKAMU
ko3 dunmentoB. Ho mpocrpancTBo pemenuit ypasuenus (*) (n—1)-mepHO, a mpoCTpaHCTBO
pemeamii cucrembl (*), (**) (n—2)-mepno. ITockonsky (N—1)-MepHOE IPOCTPAHCTBO HEIB3SI
HOKPBITh KOHEYHBIM YHCIIOM (N—2)-MEPHBIX MOANPOCTPAHCTB, HCKOMOE PEIICHHUE CYIIECTBYET.

3.6. ®okycHUKY 3aBS3BIBAIOT TJla3a, a 3pUTENb BBIKJIAIABIBACT B Psii N OJMHAKOBBIX MOHET,
caM BBIOMpasi, KAKHE — OPJIOM BBEPX, a KAKHE — PEIIKOH. ACCUCTEHT ()OKYCHUKA ITPOCHUT 3PUTEIS
HamWcaTh Ha JMcTe Oymarm JoOoe menoe umcno or 1 g0 N W mokasarh ero BceM
MPUCYTCTBYIOIINM. YBHUJEB YUCIO, aCCUCTEHT yKa3bIBA€T 3PUTENI0 HA OJHY M3 MOHET psija U
IPOCHT MEPEBEPHYTH €. 3aTeM (POKYCHUKY pa3Bs3bIBAIOT IJIa3a, OH CMOTPUT Ha PSJl MOHET U
0e301IM00YHO OTIpeIeNsIeT HAMCAHHOE 3PUTEIIEM YUCIIO.

a) [4] Hokaxwure, 9To eciu y (POKYCHHKA C aCCUCTEHTOM €CTh CIIOCO0, MO3BOJISIONIHIA PoKyc-
HHUKY FrapaHTHPOBAHHO OTrajpiBaTh yncyio it N =K, To ectb criocob u mist N = 2Kk.

0) [5] Haiinure Bce 3HaueHus N, 1i1st KOTOPBIX Y POKYCHHUKA C ACCUCTEHTOM €CTh CIOCO0.

Orser. 6) N = 2",

Pemienue. a) MbICIIEHHO PacroiOKKB MOHETHI B KJIETKaX MOCKU 2xK, (DOKYCHUK MHUIIET MO
KaXKIBIM CTOJOIIOM M3 IBYX KieTok O, ecm MOHETHI TaM JIeKaT OAHOW CTOPOHOI BBepx, U P —
€CITH pa3HbIMH CTOPOHAMH. DTa KOMOMHAIUS coobiaeT emy 4urcio N ot 1 1o K. Ecnu B BepxHeit
CTPOKE YETHOE YHCIIO PEIeK, OH Ha3bIBaeT N, nHaye N + K.

[Tycts 3puTens Ha3Bai yuciao M. UToObl COOOIIUTH €ro, aCCUCTEHT TOXKE MBICIIEHHO MHILET
ctpoky u3 O u P mo tomy xe mpaBuiny. OH MOXKET U3MEHUTh OJHY M3 OYKB, YTOOBI MOJYYUTH
KOJI, COOTBETCTBYIOIIUI urcay M (mpu M < K) wam m — K (mpu m > k). [lnsg storo emy
JIOCTaTOYHO TIEPEeBEPHYTH JIOOYI0 U3 MOHET B COOTBETCTBYIOIIEM cToOIe. Beibopom BepxHei
WJIM HIKHEN MOHETHI OH 00eCTieYnBaeT HY)KHYIO YeTHOCTh YHCJIa PEIlEK B BEPXHEU CTPOKE.

0) IlepBoe pemenne. [Tpu N = 1 «crmocod» oueuaeH. U3 (@) ciemyer, 4To MOCISI0BATEIHHO
y/lBauBas, HOIy4UM CIIocobbl ms kaxaoro N suga 2™.

[Tycts nyst kakoro-to N ecTh crioco6 yragsiBanus. [[ist yraasiBanusi Te¢ KOMOMHALIUK OPIIOB U
peleK, KOTOPhIe ACCHUCTEHT B MPUHIIUIIE MOXKET «BBIAATHY (POKYCHHUKY, JOJKHBI OBITH pPa3OUTHI
Ha N rpymm: korjga GOKyCHUK BUIUT KOMOWHAIIMEO U3 I-i TPYIIIBI, OH Ha3bIBACT YKCJIO .

[Ipeanonoxum, 4To 2N ne menurcs ma N. Tak kak BCero KOMOMHALMIA 2N, TO B OOHOH W3
N

rpynn (mycTth j-i) Haxogutces d < N koMmOuHarmit. Kaxkaas KoMOUHALUS J-i TPYIIIBI MOXKET

OBITH TIOJTyYeHa U3MEHEHHEM OJIHOTO 3Haka poBHO U3 N npyrux komOouHauuii. Ho tak kak

dN < 2", To maiigercs ncxoHas KOMOMHALWMS, W3 KOTOPOH ACCHCTEHT HE MOYET IOJIY4HTbh HU
OJHY W3 KOMOWHANW{ - Tpynmbl. 3HAYUT, €CIIU 3PHUTENb IMOCTPOMT 3Ty KOMOHWHAIIHIO,
ACCHUCTEHT HE CMOXET COOOIIUTh (POKYCHHUKY, YTO 3araiaHo uucio j. [IpoTuBopeune.

CiieoBaTebpHO, N kpatHo N, To ecth N — cTeTIeHb TBOMKH.

0) Bropoe pemenue. Komobunamuii u3 N MoHeT Bcero 2N, JomycTuM, crmoco0 y acCUCTeHTa 1
dbokycHUKAa ecTh. PaccMOTpUM Kakyr-HHOyAb OJHY KOMOHWHAIIMIO (OHA MOXET MOMacThCs
accucTeHTy). V3meHsss B HEH TMOJIOKEHHWE POBHO OJHON MOHETBI, MOXXHO TOJYy4uTh poBHO N
npyrux komoOumHarui. Kaxmas u3 N aTux xomOuwHanuii mopkHa 00o03HA4aTh s (OKYCHUKA
cBoe yncio oT 1 mo N (tak kak ecth N BapwaHTOB aJis 3arajanHoro yucnia). [Ipunumem >tum
KOMOWHAIMsIM HOMEpa, KOTOpble OHM 0003HayaroT. Takum 00pa3oM MOXKHO KaxCOoou W3 2N



KOMOWHAIMA TPUIIKUCATh YMCIIO0, KOTOpoe OHa o0Oo3HaudaeT miisd (OKYCHHKA (TaKk Kak KaKas
KOMOWHAIIHS MOXKET TOJIYYUTh U3 HEKOW JPYrol OMUCAHHBIM BBIIIIE CITOCOOOM).

IlocunTaeM, CKOIBKMM KOMOWHALHSM HpHIMcaHo wuciao 1. Bcero xomGumammii 2V, u3
K10 MOXXHO TTOJIyYUTh POBHO OJHY KOMOWHAIIMIO, KOTOpPOH mpunucana 1. Beero momyuaem
2" KOMOHMHALMIH, KOTOPBHIM NpUIHCaHA |, HO TPH STOM KKyl TAKYI KOMOWHALMIO MbI
nocuntaid N pa3 (IMOCKONBKY KaKIyr0 KOMOWHAIIMIO MOXHO IMOJTYYUTh pOBHO W3 N npyrux).
3maunt 1 npummcana 2'/N KOMOMHALHSM. DTO YHCIO LOIDKHO OBITH LIENBIM, YTO BO3MOXKHO
TOJBKO ecii N sIBIsieTCsl CTeNeHbI0 MBOWKH. [l CTENeHn JBOWKH CIIOCO0 CielyeT U3 IyHKTa a)
(tak xak g N=1 coco6 oueBuieH).

3.7. [9] Bonons pemmn cTtaTh BEIMKUAM mucaTesieM. [ 3Toro oH Kaxoit OykBe pycCKOro
A3bIKa COIMOCTAaBHJI CJIOBO, cojepxaiiee 3Ty OykBy. Ilorom Hamucan ciioBo, cOmOCTaBICHHOE
OykBe “A”. Jlampine Kaxmaylo OyKBY B HEM 3aMEHWJI Ha COTOCTaBIICHHOE €l CIIOBO (pasmenss
cioBa mpobOenamu), MOTOM B TMOJNYYUBIIEMCS TEKCT€ BHOBb 3aMEHUJ KaXKIyl0 OYyKBY Ha
COIIOCTaBJICHHOE €il ClI0BO, U Tak Bcero 40 pa3. Bononun TekeT HaunHaeTcs Tak: “Psj xopabneit
Ha JpeMironmx Mopsax”. Jlokaxure, 4To 3TOT 000pOT BCTpeyaercs B BomoaumHoM Tekcrte ele
XOTs OBl pas.

IlepBoe pemenne. O603HauuM uepe3 Ty TeKCT mocie K 1maros. 3aMeTHM, YTO HU B OJHOM
TeKcTe 70 T40 mepBas OykBa HE MOIJIA Ha CIEIYIOIIEM IIare MepeidTu B 0JJHOOYKBEHHOE CIIOBO
(nHaue B mambHEHIIIEM MTEPBOE CIIOBO BCETIa Obl OCTaBAIOCh OJHOOYKBCHHBIM). 3HAYMT, KaXKIbIi
pa3 TeKCT YAJIUHSJICS XOTsI Obl Ha OJIHY OYKBY.

Kpome toro, B ciioBe T OykBa A CTOUT He Ha IepBOM MecTe (MHAYe BO BCEX TEKCTax IMEPBOE
CJIOBO HAUYHMHAIIOCH OBl Ha A).

ITockonbky B T1 ecTh OykBa A, mpuyeM He B Havaje, TO B T, BXOIUT (TakKe HE ¢ Hayasa)
MONy4YeHHBIH M3 3TOH OykBbl A TekcT T;. AHanoruuHo, B 73 BXOOUT T, TMOJTYYEHHBIH U3
Bxojsmiero B T, tekcta T1. Ho torma B T3 Bxomut u Ti. Ilpogomkas, BUAMM, 4TO B KaXJIOM
TEKCTe cojiepKaTcs (He ¢ Hauana) BCe MPeblIyIie TeKCThI.

BrimuiieM nepBbie OYKBBI BCeX TEKCTOB (HAIIOMHHM, YTO UCXOHAs OykBa A — ellle He TEeKCT).
B pycckom andasute 33 OykBbI, TOITOMY yXkKe cpeau nepBbix 34 OykB OyneT moBTopenue. [lyctsb
nepBoe moBropenue — OykBa L Ha k-m mecte, riae k < 34. Torna B Ty OykBa L cTouT Ha mepBom
MeCTe W eIlle pa3 B TOM BXojsmieM B Ty Tekcte, rae L Bnepsoie BcTpetunack. OT Ty 1o Tag He
MeHee 5 3aMeH, U u3 nepBoil L B T3y momyyarcss MUHUMYM 6 TiepBBIX OYKB, a B T49 — HE MEHee
yeM 6 MEepBBIX CIOB. 3HAYUT, B Ty U3 MepBOM L MOMyduTCs TEKCT, HAYMHAIOMIMIICS CIOBaMHU
“Psin kopabeit Ha apemumromux Mopsx”’. Ho Takol e TeKCT MOTYYUTCS U3 BTOPOTO BXOXKICHHS
LB Tk.

Bropoe pemenne. Kak mokaszaHo Bbllie, mepBas OykBa JTIO0OTO TEKCTa «IIOPOXKIAET», KaK
MUHUMYM JBYXOykBeHHOE CclloBO. [loaToMy mepBast OykBa L Texcra T35 «mopoxkaaer» MUHUMYM
5 mepBbIX OYKB B TEKCTE T39, @ B TEKCTE 49 — MEPBBIE 5 CIOB, TO €CTh BECh JaHHBIA B YCIOBHUH
¢dparment. [lockonbky OykBa L Ha mepBoM MecTe BCTpeudanach M paHbIIe, TO HEKOTOPBIA TEKCT
T (k < 40) Taxxke Haumnancs co cios PSIJT KOPABJIEWM HA JPEMJIIOLIUX MOPSX.
[TepBbie nBe OykBbl PS 3TOro Texcra mopoxaaroT B TeKcTe 749 BeCh yKa3zaHHBIH (hparMeHT
(mockonbKy OykBa S comepKUTCs TOJIBKO B TocaeaneM ero ciose). Ho Ty cogepxut u eme oquH
¢parment P (B cmoBe MOPSX), koTopblif M MOpokaaeT B 7s9 BTOPOE BXOXKJICHHE HAILEro
(dparmenra.



OCHOBHOIf BApHAHT, CTapIlIue KJIACCHI
4.1. [2+2] Cm. 3.2.

4.2. [6] JImaroHanu BIMCAHHOTO YETHIPEXYroJIbHUKA IepecekaroTcs B Touke P. Ilycts K, L,
M, N — cepenunbl (1O TOPSIKY) CTOPOH YETHIPEXYrojbHHKA. JlOKaXHTe, YTO paIHyChl
onucaHHbIX OKpykHOCTel TpeyroinsaukoB PKL, PLM, PMN u PNK pagHbI.

Pemenne. Ilycte K, L, M, N — cepenunnl cootBerctBeHHO ctopoH AB, BC, CD, AD
yeTeipexyroibauka ABCD. Tpeyronbankn BAP u CDP momoOHBI MmO ABYM YIlam, MO3TOMY
noxoOHe! ¥ ux “nojgoBuHkn’” KAP u MDP. CiaenoBarensHo, LAPK = ZDPM.

KL || AC, ML || BD (xak cpeanune munuu tpeyroasaukos ABC u BCD), 3nauwr,

/ZLKP = ZAPK = ZDPM = ZLMP.

Urak, yraet LKP u LMP, onuparomuecs Ha oTpe3ok LP, paBHbl. 3HaUUT, paBHBI U pagnycChl
OMHCAHHBIX OKpYyKHOCTeW TpeyroiabHuKoB PKL u PLM. OcranbHble paBeHCTBA TOKA3bIBAIOTCS
AQHAJIOTUYHO.

4.3. [6] Haiimute Bce BO3pacTaroiiue apuMeTHYecKue MPOrpecCUd ¢ KOHEYHBIM YHCIIOM

. 1
YJICHOB, CYMMa KOTOPBIX paBHA 1, K KaXXJbIX YJICH UMCCT BU K , TAC K — HaTypaJbHOC.

Pemenue. /fTomnoxuB Ha HOK 3HaMenatenei, moiyduM BO3paCTAIONIYI0 aprU(PMETHUECKYIO
MIPOTPECCHIO {@;} U3 N HATypalIbHBIX YHCEI, CyMMa S KOTOPOIl IeIUTCS Ha KaXKbli WieH. YneHbl
9TOH MPOrPECCHHU, OYEBHMIHO, HE MMEIOT OOIIEro ACIUTENsA, 3HAYHT, €€ pasHoCTh d B3aMMHO
pocTa ¢ KakapIM wieHoM. Pa3zbepem nBa ciydas.
n(am + a‘m+1)

2
Ho 510 HEBO3MOKHO, TaK KaK am+1 > M.

2) n=2m+ 1. Toraa S=n an+=Nnant+nd, otkyma n = 2m+ 1 kpatHo am Ho mockobKy

am=> M 3T0 BO3MOKHO TOJIbKO MPpH 8p= Mu M= 1. OTcroga eqMHCTBEHHBINA OTBET: Ye, Us, .

1)n=2m. Torga S = = Nam+1 — Md, oTkyma md, a mo3TOMY U M KPaTHO m+1.

4.4.[6] Cm. 3.5.

4.5. [4+4] dokycHHKY 3aBA3BIBAIOT TIJ1a3a, a 3pUTENb BBIKIAAbIBacT B psig N OIXMHAKOBBIX
MOHET, caM BBIOMpasi, KaKUe — OPJIOM BBEPX, a KAKHE — PEIIKOH. ACCUCTEHT (POKYCHUKA TIPOCUT
3pHUTeNs HamucaTh Ha Jucre Oymaru nroboe menmoe yuciao or 1 mgo N u mokasate ero BceM
NPUCYTCTBYIOIIMM. YBHJEB YMCIIO, aCCHCTEHT yKa3bIBAeT 3PUTENI0 Ha OJHY M3 MOHET psaa W
IPOCUT TIEPEBEPHYTH €. 3areM (OKYCHUKY Pa3BSI3BIBAIOT IJIa3a, OH CMOTPUT Ha PsJI MOHET H
0€301M00YHO ONpeAeisieT HAMCAaHHOE 3PUTEIEM YUCIIO.

a) [4] Hokaxure, yTo eciu y (POKYCHHMKA C aCCHCTEHTOM €CTh CIIOCOOBI, MO3BOJISIOIINE
(OKYCHUKY TapaHTHpPOBaHHO oTrazipBarh yncio st N =au gt N = b, To ecth crtocob u st
N = ab.

0) [4] Haiigute Bce 3HaueHust N, U151 KOTOPBIX Y POKYCHHKA C aCCHCTEHTOM €CTh CII0c00.

Pemenne. a) DOKYCHMK M acCCHCTEHT 3apaHee KaxIoMy MenoMmy yuciay ot 1 mgo ab
COIOCTAaBJISIFOT Tapy 1enbix uucen (1,)), rae 1<i<a u 1<j<b, takum 0Opa3oM: 3amuChIBAIOT IIEIIbIC
yucia or 1 g0 ab B Tabmmuky axb wm ymeny, crosimemy Ha mepecedeHHH I-if CTPOKH H |-TO
cronbua, conoctaBisror mapy (i,j). Tenmepb, YTOOBI BOCCTaHOBUTH HYHUCIO, (HOKYCHUKY
JOCTaTOYHO yrajaath napy uucen (i,]), KOTopasi COlocTaBjieHa STOMY YHCITY.

JletictBusi (DOKYCHHKA: MBICIICHHO DACIIOJIO)KUB MOHETBI B BHJE MPSIMOYroJbHUKA axb,
(OKYCHUK MHIIET CIpaBa OT TOPU3OHTAILHOTO psiga MoHeT O, eciii B HEM YETHOE YMCIIO OPJIOB,
u P — B mpoTuBHOM ciydae. Tak OH mosydaeT KOMOMHAIMIO U3 & OpJIOB M pemiek. [1o Tomy xe
npaBuity oH rumieT O win P mox KaKabM BEPTUKAIBHBIM PSIIOM MOHET, MOJTy4asi KOMOHHAIHIO
u3 b opnoB u pemiek. Jta mapa KOMOMHALUMK U COOOIIaeT eMy mapy uucen: i ot 1 10 @, u j ot 1
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1o b. 3arnsnyB B Tabauiy axb , 3amonHeHHyr0 unciaMu ot 1 10 ab, GpokycHUK Ha3bIBaeT YUCIIO
Ha [epeceveHu  I-if CTPOKH U J-T0 CTOJIONA.

JlelicTBUSI aCCUCTEHTA: OH TOXKE MBICJICHHO BBIITUCHIBACT JIBE KOMOWHAIIUU OPJIOB M PEIIEK IO
TeM ke npaswiaM. [IycTh Ha3BaHHOE 3pUTENEM YHCIO HAXOIUTCS B TaOJIMUYKE C YHCIaMU Ha
IEPECCUCHUH |- CTPOKH M J-ro cToibna. YToObl COOOMMTH | MO Crmoco0y s & MOHET,
ACCHUCTEHTY HAI0 HM3MEHUTHh K-I0 TO3MIMI0 B KOMOWHAIIMM CIpaBa OT MPSIMOYTOJbHUKA.
AHaNOrM4YHO, UIs COOOIICHHS | €My Haa0 H3MEHHTh |-F0 MO3MIHI0 B KOMOHMHAIMH 0]
npsAMOYroJIbHUKOM. Torma OH MPOCTO IEepeBOpavyMBacT MOHETY Ha TepecedeHur K-ro
TOPU30HTAIBLHOTO Psijia U |-ro BepTHKAIBHOTO psijia B MPSIMOYTOJIbHHKE.

0) IIpu N =1 Bce sicHo, mpu N=2 croco0 Takoi: 4ucity 1 COOTBETCTBYET Opell, a YUCITy 2 —
pemika Ha JseBoii Monere. Ilo mynkry (@), B3sB a=b=2, momyumm cmoco6 iz N=4.
ITocnenoBaTeNnbHO yaBauBas, IOJIyduM criocobbl st kasxkaoro N suga 2™. JlokasatenbcTBO TOrO,
YTO MpHU Apyrux 3Ha4eHUsX N crmocoOoOB HET, CMOTPUTE B pelICHHUH 3a1a4u 3.6 0).

4.6. [8] Ha mmockocTu HapucoBaHBI JBa BBIMYKJIBIX MHOroyroipHuka P u Q. Jlns mro6oit
CTOPOHBI MHOTOYTOJIbBHUKa P MHOroyroapbHUK Q MOXHO 3akKaTh MEXIy JBYMsI HPSIMBIMH,
napayuiebHIMU 3TOH cTopoHe. O003HauuM depe3 h paccTosHHE MEXIY STHMHU MPSMBIMH, a
yepe3 | — auHy cTOpoHBI, ¥ BhruucauM mpousseaenue Ih. [IpocyMMupoBaB Takue MpOU3BEACHUS
1o BceM cropoHam P, mosiyuum Hekotopyto Bennuuny (P, Q). Hokaxwute, uto (P, Q) = (Q, P).

Pemenne. [Jokaxem, uro (P, Q) = > aibj sin @jj = (Q, P), rae a; — croponst P, b; — croponst
Q, ¢ij — yron mexay a; u bj.

3adukcupyeM HEKOTOPYIO CTOPOHY @i, 3a)KMEM MHOTOYTOJbHUK Q MEXay MNpsSMbIMHU,
napaJuieIbHBIMU @, U BhiOepeM ABe BepiuHbl C u D, neocawue na smux osyx npsameix. Konmyp
O paszdousaemcsa na 0see nomamnvix ¢ konyamu C u D. BBUIy BBIMTYKJIOCTH MPOEKIHs TaKOi
JIOMaHOW Ha MEPIEHAMKYISPHYIO & MPSAMYI0 M CKIIAJbIBACTCS U3 MPOCKIIMI 3BEHbEB JIOMAHOM.
3HAYUT, MPOEKIUS MHOTOYrolbHUKAa QQ HAa M MOKPBIBAETCS MPOEKIUSIMU €r0 CTOPOH POBHO JIBa
pasa, TO €cTh CyMMa JUIMH MPOCKIM CTOPOH paBHA YABOCHHOMY pPacCTOSHHIO N Mexmy
saxuMaromumu Q npsimbiMu. JIinHa npoeknuu b Ha M paBHa biCOS(goo—(Pij):bi Singjj, 3HAYMT,

. 1 . .
2h; = ij sing; , a ah; = Ezaibj sing, . CkiagpiBas TaKMe CYMMBI 10 BCEM |, MOIYIUM
j j
HYXHYI0 popmyiy.

4.7. Tlepen Anemerr 100 3aKkpbITbIX KOpOOOUYEK, B KaXJI0W — MO0 KpacHbI, TUOO CUHUI
KyOuK. Y Anemu Ha c4eTy ecTh py0Jib. OH MOAXOIUT K JI000# 3aKpBITON KOPOOOUKE, OOBIBISET
IBET U CTAaBUT JIOO0YI0 CyMMYy (MOYXHO HEIIEJIO€ YUCIIO KOIeeK, HO He OoJbllle, YeM Yy HEero Ha
cueTy B JaHHbI MoMeHT). KopoOouka OTKpbIBaeTcs, W AJIEIIMH CYET YBEJIWYMBACTCS WU
YMEHBIIAETCS] HA MOCTABJICHHYI0 CyMMY B 3aBUCHMOCTH OT TOTO, YraJaH WM HE yrajgaH LBET
KkyOuka. Wrpa mnpopmomkaercsi, moka He OyIyT OTKpBITHI Bce Bce KopoOouku. Kakyro
HauOOJIBIIIYI0 CYMMY Ha CUETY MOXKET rapaHTHpOBaTh cede AJiela, eclii eMy U3BECTHO, YTO

a) [3] cuaMil KyOUK TOJIBKO OJUH;

0) [5] cuHMX KYOMKOB pOBHO N.

(Anemra moxet noctaBuTh U 0, TO €CTh MPOCTO OECIUIATHO OTKPBHITh KOPOOOUKY U YBHJIETH

I[BET KyOuKa.)
100 2100

OtBer.2) ——. 0)
100 Cloo

IlepBoe pemenne. 6) PaccMoTpuM 00IIyI0 CUTyaIHMO: AJellia 3HaeT, 9YTO €CTh M KPacHbIX U

[n—m
— 10

N cuHKuX KyonkoB B M + N = K kopo6oukax. [Tormpocum ero B Takom ciy4ae mOCTaBUTh

YacTh CBOETO KalMTala Ha TOT LIBET, KOTOPOro OoJjplie (B YaCTHOCTH, MpH M = N Auemia



HU4Yero He craBut). Jlokaxkem wHAyKmued mo K, 4ro nedcTBys Tak, AJjemia yBeTWYUT CBOMH
2K

KarnuTal B pas.

n

K

Korna xopoOouka BCero ofHa, yTBEPXKJICHUE OYCBHIHO: MbI YBEIMYMBAEM KallWTal B J[Ba
paza. Ilycts Tenepb yrBepkaenue BepHo st K-1 kopobodek, gokaxem ero ais K kopoOodek.

[Tyctp mis onpeneneHHocT M < N. Eciu OTKpBIT CHHUN KyOWK, TO Ha 3TOM Imare AJiemia

n-m_2n

YBEJIMYMII KanuTai B 1+ i pas, octanmch N—1 cuHuit kyouk u K — 1 kopobouka, 4To, 1Mo

K-1
TIPEIOIOKEHHIO, IACT YBEIMYCHHUE KaNUTaNa B —— pa3. [lepeMHOXKas 5T YnCiIa ¥ y4UThIBas,
K-1
K
Cis K_ Cq 0 2 E i KkyO
yuro C, BPRSE HOJIy4uM Tpedyemoe o CIIM OTKPBIT KpPacHbIM KyOHMK, KamuTanl
K
n—-m_2m
YMEHBIIWJICS, YMHOXXHBIIUCh Ha 1— " :?, u ocranuch N cuHux KyomkoB m K — 1
K-1
KOpOoOOYKa, YTO, IO TPENOJIOKEHHIO, JACT YBEIMYEHUE KanuTana B —— pa3. [lepemnoxas,
K-1
n K m-1 K m n
yutem, uto C, ,-—=C, 7 —=C, =C,, u cHOBa nosryunum tpedyemoe.

[Tokaxewm Tenepps uHayknuen mo K, 4yro B OoJbiee 4ucino pa3 AJema KanuTaia yBeTHIUTh He
MoxeT. [t ciaydas oHOM KOpoOOYKH 3TO oueBHIHO. Ecim kopoOouek HECKONbKO, u Ajema
NOCTaBUT HA CHHUM LBET AONI0, OONBIIYI0O YKa3aHHOW B aJirOpUTME, TO, INPH BBINAICHUU
KPacHOT0, OH MOJIyYUT MEHBIIIE, YeM TI0 JIFOPUTMY. A €CJIHM OH IOCTaBUT JOJII0 MEHBIIIE, YeM IO
ITOPUTMY (B TOM YHMCII€ OTPULATENbHYIO, €CJIM CTAaBUT HA KPACHBIH), OH MOJIYYUT MEHBIIIE, YeM
[0 AJITOPUTMY IIPU BBINAJCHUN CHHETO.

Bropoe pemenne. a) O603HaunM uepe3 By HaMOONBIINNA «BBIUTPHILDY AJIEIIN JUIS ciiydas M
Kopobouek. OueBuaHO, B; = 2.

Ecnm m > 1, Anema fnenaet cTaBKy Ha I[BET MEPBOH KOPOOOUKHU. 3aMETUM, YTO MOCTABUTh X
Ha KPaCHBIN L[BET, 3TO TO K€ CaMOe€, YTO MMOCTABUTh —X HAa CUHUU. I109TOMY MOXKHO CUHUTATh, YTO
Autenia Bcerzia CTaBUT Ha CHHHI 11BeT, a X € [-1, 1].

Ecnu B nepBoif KOpoOoUKe OKaXKeTcs CHHUM IIapuK, KanuTal AJeny cTaHeT paBHbIM 1 + X, a
B KOHIIC UTPbI OH (CTaBsl BCE CBOU JICHBI'M HA 3aBEIOMO U3BECTHBIN I[BET) MOXKET €r0 IOBECTH JI0
(1 +x)2™ . Ecii %e B mepBoii KopoGoUKe KPACHBIH MAPHK, TO BBIATPHIII AJICIIH PaBeH
(1 - X)By1. Utak, Bp = XrET[h':llxll f(x), rme f(x) = min {(1 + x)2™*, (1 — X)Bn.1}. Hapucosas

rpaduk, BuauM, uto f gocturaer Mmakcumyma B TOM Touke Xo, rme (1 + XO)Zm_1 = (1 — X0)Bm1.
Taxum 06pazom, Bn = (1 +x0)2™ ™ = (1 — Xo)Bm1.
m
IMonoxus By = R monyauM (1 + Xo)Pm =2, (1 — Xo)Pm = 2Pm1. CroxuB mocieaHue
m

paBeHCTBa, uMeeM Py =1+ Pp 1. Otcrona (mockosibky P;=1) Py =m.
m

0) O6o3naunm uepe3 Bpp

HauOOJBIINNA «BBIMTPHIIDY AJCIN JUI ciaydas M
m,n
KopoOouek u N cuHuX mapukoB. OueBuaHo, B1o=B11=2, By = 2" Te. Pio=P11=Pmno=1.
Paccyxnast aHaOTHYHO a), MPUXOUM CHadala K CUCTEME
Bmn = (1 + X0)Bm-1,n-1 = (1 — X0)Bm-1,n,
a IOTOM — K COOTHOMIEHUIO Pmn = Pmo1n1 + Pro1n.
DTO COOTHOIIIEHUE, OYEBUIHO, TIO3BOJISIET OJHO3HAYHO BOCCTAHOBUTH IO YKa3aHHBIM BBIIIE
HAYaJIbHBIM YyCIOBUSAM. HO W WM © COOTHOLIEHWIO, KAaK W3BECTHO, VYIOBJIECTBOPSIOT

ounomuanbabie kKo3dpunuentsr C! . CrenoBarensho, Pnn=C..
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29-n MexxgyHapoaHbIn MmaTeMmaTu4yeckmum TypHUp ropoaon
2007-08 y4ye6HbIN roa, BeceHHun Typ
PeweHunsa 3apav

Neonunp MepgHukoB, AnekcaHap LWlanoBsanos

BazoBet BapMaHT, 8-9 KJlaCCH.

5.1. [3] B BHOyKJOM mecTuyIrojibHMKe ABCDEF OPOTHEBOIIOJIOXHEE
CTOPOHHEl IIONIAPHO HOapaJjjejybHe (AB || DE, BC || EF mw CD || FA), a
Taxkxe AB = DE. JIokaxuTe, uTro BC = EF m CD = FA.

Pemenre. AcHo, uTo ABDE - napajmesorpaMm. yroJj CBD = yray
FEA, a yron BDC = yrmy EAF kak yIJiel C COOTBETCTBEHHO Iapaj-
JI€JIBHEIMM CTOpOHaMmu. ClenoparTelibHO, TpeyroyabHuKM BCD m EFA pas-
HEI 110 CTOPOHE M IOBYM yIJlaM.

5.2. [5] Ha nymockoctu HapmcoBan 10 PaBHHX OTPE3KOB M OT-—
METUJIM BCE UX TOUKM IepecedueHma. 0OKaszajochb, UYTO Kaxiasd TodukKa
lepecedyeHusa OeJIUT JIOOM MNPOXOIAlMM dUepes Hee OTPes30K B OTHOole-—
Hum 3:4. KakoBO HauboJibliee BOBMOXHOE UMCIIO OTMEUEHHHIX TOUeK?

Pemenue. 10. Ha xaxIoM OTpesKe PAacCIOJIOXeHO He 0Oojiee OBYX
OTMEUYEHHEIX Touek. C IpyroyM CTOPOHH, KaxIas OTMedeHHas Touka
NpMHAOJIEXUT OBYM OTpe3kaM. IlosToMy Touek He OoJsbme 10. IIpumep

c 10 ToukamMm maeTcd CJenywlel KapTUHKOM:

[lapa napaJuylesIbHEIX OTPEe3KOB IIepeceKaeTca C [IapoMu napaji-
JIEJIBHEIX OTPE3KOB. 3TO maeT 4 OTMedeHHEX TOUYKM. Eme TpoMka OT-
PEe3KOB IepeceKaeTcsa IO TpeM TOdYKaM M ele OJHa TPpOoMKa IepeceKa-—
€eTCcs IO TpeM TodkKaM. 3TO HaeT elle 6 OTMEUEHHBIX TOodekK.

5.3. [5] EcTe TpMOuaThk KapToOueK, Ha KaXIOoM HalMCaHO II0
UMCJIy : Ha OeCcAaTM KapToukax - a, Ha OecaTu gpyrux - b, u Ha ne-
CcCaTM OoCTaBmMXCad — C (4umciyia a, b, Cc Bce pa3HBE). lV3BECTHO, UTO

K JIOOBIM MATM KapTouykaM MOXHO HomobpaTh elle MNATb Tak, UYTO CyMMa
yyceJl Ha D2TUX INeCaATU KapToukax OyIeT paBHa HYyJoO. JoKaxXmuTe, UTO
OIHO M3 uUuMcCeJ a, b, C pPaBHO HYJWO.

Pemenre. Ilycth a < b < c¢c. OTMETMM Ha UMCJIOBOM OCM BCEBO3-—

MOXHBIE CYMMHI UMCEJI Ha MIATYM KapToukax. g KaxIoW M3 HUX OTMe-
yeHa U NPOTUBOIIOJIOXHAS, I[O3TOMY OTMEUEeHHHE TOUKM PaCIIOJIOXEHE
CUMMETPUYHO OTHOCUTesbHO 0. B YacTHOCTM, NOPOTUBOIIOJIOXHE HaM-—
Bonbmasa (5c) m HamMmeHbmas (5a) cymmel, 3HauuT, bS5a + 5¢ = 0, TO
eCThb C = —-a. [IPOTUBOIIOJIOXHEI M CYMMHBI, OJmxanmmre K "kpaMHuM", TO
ecte (4a + b) + (4c + b) = 0. Orcoma cpas’y cruenyer, uto b = 0.

5.4. [6] Havoure BCe HaATypPaJbHEE N, OPM KOTOPHX (n + 1)!
meJamrca Ha cyvMmy 1! + ... + nl!l.

OrBer. n =1, 2.

Pemenue. Ilyctb n > 2 m (n + 1)! = k(1! + ... + n!). Bamerum,
yro k < n (rak kak n(l! + ... + n!) > ((n — 1)! + n!) =
nin - 1)! + n*n! = n! + n*n! = (n + 1



PasgesiMB pPaBEeHCTBO Ha Kk, [IOJIyUmUM
(k - )!'(k+ I)(k+2)* ... *n=1! + ... + n!.

OmHakKO JieBasd UecCThb B DTOM pPaBeHCTBe ueTHa (B npomseemeHunm (n + 1)!

OBIJIO MUMHMMYM JIBa UYETHBIX COMHOXMUTEJISI, a Ml COKPaATUJIM JIMIb OIWH) ,
a nparpad HeueTHa. [IpoTMBOpeure.

5.5. Knerxm pmockmu 10*10 packpalleHEl B KpPacCHBM, CHMHUN U Oe-
JBE uBeTa. JloOBle IOBe KJIETKM C OfOmelM CTOPOHOM pacKpalleHEl B pas-—
Hble lBeTa. J3BEeCTHO, YTO KpaCHHX kjeTok 20.

a) [2] HoxaxuTe, UTO BCerZa MOXHO Brpe3aTbh 30 NpaMOoyTOJib-—
HMKOB, KaXIOplll M3 KOTOPHIX COCTOUT M3 OBYX KJETOK - Oejion u
CUHEN.

©) [2] lpuBemuTe NPMMEP PacKpacKM, KOI'Ja MOXHO BHpPE3aTh
40 Takux NPSAMOYT'OJIBHUKOB.

B) [2] lpuBemuTe OPUMEP PacKpacKM, KOI'Ia HeJIb34 BHpPEe3aTh
ponbiwe 30 TakMx OPAMOYTOJIEHMKOB.

Pemenne.

a) PaspexeM pocky Ha 50 OpsaMOyToOJbHUKOB 1*2. PoBHO 20 us
HMX COIepXaT KpacCHHE KJEeTKM, a ocTalybHee 30 - OeJo-CHHUuE.

6) PacnomoxuMm 40 cuHe-0OeJbIX NPSAMOYIT'OJIBHMKOB BEPTMKAJIBHO,
KakK I[okKasaHoO Ha cxeme 1 (c - cuHMM, © - O6ejsmnt), ocTaBumecs 20
KJIETOK CcIeJjlaeM KPacCHEMM (K — KPAaCHEN) :

© |l x| 6] k| 6| x| 6| x| ©6 ] g |

B) Oxpacum 20 KJIeTOK B KpPacHHM LBeT, a Takxe orMmeTuMm 30
KJIETOK, KaK Ha cxeMe 2. Kaxzwe cuHe-0eJIHM NPAMOYTOJIbBHUK IOJIXEeH
colepXxaThb OTMEUEeHHYI KJIeTKY, CcJeloBaTeJibHO MxX He Oojsbime 30.
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Basosent BapmaHT, 10-11 xJjaccu
6.1. [4] Cm. 5.3.

6.2. [5] MoxeT M HauMeHbllee oOOllee KpaTHOe LeJblx uuces 1,
2, ... , n OeTe B 2008 pas OGoJyble, ueM HaMMeHbllee oOmee KpaT-—
HOe ueJikiXx umces 1, 2, ... , m?

Pemenme. Her. IlycTh 2"k <= m < 27(k+1), 371 <= m <
37 (1+1). JonycTtmMm, utro 2008 = HOK(1l,2,...,n)/HOK(1,2,...,m).
2008 mesmmTca Ha 8, mnosToMy n >= 27 (k+3). 2°(k+3) > 4m > 3m >=
37 (1+1) . THomyuaercs, uro 2008 menmuTcsa Ha 3, UTO HEBEPHO.

6.3. [5] B TpeyrombHuke ABC yros A npamoy, M - cepenuHa
BC, H - oCHOBaHmME BEICOTH, [IPOBEIEHHOM M3 BepumHE A. Illpsamasd,
[IPOXOOAIlaa dYepes TOUKy M nepneHmmkyJnapHo AC, BTOPUUHO IIepece-—
KaeT ONMCaHHYKn OKPYXHOCTL TpeyTroJjibHMKa AMC B ToOuke P. Joxkaxm—
Te, 4UTO OTpe30kK BP memmr oTpes3sox AH nonojsiam.

Pemenue. MP - mmamMeTp yKas3aHHOM OKPYXHOCTM (OH NepIeHOu-—
KyJapeH xopzne AC m mesamuT ee nomnojaMm) . 3HauuT, yroj BCP npsawmon,
To ecTtr PC || AH. IlpomomxmuMm CP m BA mo nepecedeHusa B Touke N.
MP - cpenmHaa JgmMHMA TpeyroJjbHUMKa BCN, TO €eCTb npaMasa BP mesmtT
cTopoHy NC nonojaM. CilemoBaTeJIbHO, OHAa OeJIMT IIONoJlaM M CTOPOHY
AH nomoBHOTO TpeyToJibHMKa BHA (TOMOTETMUHOTO TpPReyToJibHUMKY BCN
C LEeHTPOM ToMOTeTUM B).

6.4. [5] IaHB BHIIYKJEIM MHOTOYTOJBHUK UM KBaIpaT. M3BECTHO,
YTO KakK HUM PAacCIOJIOXM IOBe KONMM MHOTOYI'OJIbHMKA BHYTPM KBazparTa,
HampgeTcs ToukKa, I»puHaljexalnas obeuMm kKonmuaMmM. JokaxmuTe, UTO Kak
HY PacIOJIOXM TPU KOIMM MHOTOYIT'OJIbHMKAa BHYTPM KBaIpaTa, HaumeT-—
ca Touka, [pUHaIJexallas BCEeM TPpeM KOIMAM.

Pemenre. Komnma, pacHIoJIOKEHHAA BHYTPM KBazpaTa, COIOEPXUT
LIEHTP kKBalpaTa (MHaue CUMMEeTPUUHAs €V OTHOCUTEJIbLHO B3TOT0 ILeHT-—
pa KOOMsa TakXe JIeXMT BHYTPM KBaIpaTa, a C DTOM KOIMEM He Iepe-
cexkaeTcsd) . 3HauuT, Kaxlas U3 Tpex KONuM, IIOMENEHHHX BHYTPb



KBaImpaTa, COIEPXUT LIeHTP KBadpaTa. IOTO M €CTb oflad Touka Tpex
KOIMM .

6.5. [6] HOana Tabiauua (cM. cropa-
Ba) . MoxHO B HeM NepecTaBJIATb CTPOKHU,
a TaKXe MOXHO IIepecTaBJIATh CTOJOLH (B
JiobomM nopsanke) . CKOJBKO PasJINUHBIX
TabJMl, MOXHO I[IOJIyYMTH TaKMM O0pa30M
U3 ITAaHHOM TabJIMLEBI?

N Wb 1oy J+-
W ooy I DN
Oy IR NN W
O o I DN Wb
O I PN WS O
<~ PN WS 0o
RN WS 0oy J

OreT: 7!*6!.

PeumeHre. 3aMeTuM, UTO UMCJla BO BCEeX CTPOKax M BCeX CTOJIO-
nax pasiamuHel. Kpome ToToO, mJs JiobO0Tro KJIETUaTOI'O NPAMOYT'OJIbHUKA
CyMMa dYMCeJl, CTOAIMX B €TI0 NPOTUBOIOJIOXHHEX yIJlaxX, paBHa IO MO-
oy 7 cyMMe umuceJl, CTOAIMX B OBYX OPYIUX MNPOTUBOIIOJIOXHEIX yI'—
Jax. Ilpy pa3pelleHHBIX [IepeCTaHOBKAaxX B3TM CBOMCTBA, OUYEBUIHO,
coxXpaHAonTCAa. IllosToMy MTOTOBas TabjMila IIOJIHOCTBIO ONpenesisgeTCcs
CBOMMM BEPXHEM CTPOKOM M JIEBBIM CTOJIOLIOM.

C IpyTOy CTOPOHEl, II€PeCTAaHOBKAMM CTOJIOLIOB MBI MOXEM IIOJIY-—
UMThE B BEPXHEM CTpoKe JbOyln M3 7! DepecTaHOBOK YuMceJl OT 1 1o
7, a mnmepecTaHOBKaMM CTPOK CO 2-¥ no 7-wno - Jjodbywn m3 6! mnepecra-
HOBOK UMCEJI B 6 HMWXHMX KJIeTKax JIEBOT'O CTOJOLa.

CJIOXHEIM BapuaHT, 8-9 kJjaccel

7.1. Yumciao N gBJjgeTCcsd NPOMBBeIeHMEM IOBYX II0CJIeOOBaTeJIbHEIX
HaTypaJibHEIX uYMuceJi. JokKaxXuTe, YUTO

a) [2] MoOxHO NpuIoMCaTb K 2TOMY UMCIJYy ClIpaBa OBe LUOPH
TakK, 4YTOOB MHNOJIyUMJICS TOUHBIM KBazmpaT;

©) [2] ecim N > 12, 3TO MOXHO CIEJIATH E€IMHCTBEHHEM CIIOCO-—
oM.

Pemenre. a) Dpunumem 25 k umcay N = n(n + 1). Iojayuurcs
upyciyo 100n(n + 1) + 25 = (10n + 5)"2.

©6) Ecaom N > 12, TO n >= 4.

Uycyo X, TNOJIydeHHOEe IMPUIMCHBAHMEM OBYX LUMdP, HOOJDKHO YIOB-—
JeTBopAaTh HepaBeHcTBaMm 100n(n+l) <= X < 100n(n+1)+100. Tloka-
XeM, UYTO B BTOM MHTepBaJjie HeT kBampaTor, kpome 100N + 25 =
(10n + 5)72, uMMeHHO IOKaxeM, UYTO KBaIpaTel COCEeIHMM CJieBa U
COCeIHMuM clpaBa BHXOIOAT MPenejiel 3TOT'0 JOMNYyCTMMOI'O MHTepBala.

100n"2 + 80n + 16 = (10n+4)"2 ecThr kKBazmpaT, COCEIHMM CJIeRa.
n >=4, 20n >= 80, cxemomatTesbHo 16 < 20n,
orcoga 100n”2 + 80n + 16 < 100n"2 + 100n,
nojgydaeM (10n+4)”"2 < 100n(ntl), TO ecTb KBaIpaT, COCEIOHUN
cJleBa, JIEXUT JieBee JIeBOT'O KOHLIa IONYyCTUMMOT'O MHTepBaja.

(10n + 6) "2 ecTb KBAIpaT, COCeIHMM cCIpaBa. JokaxeM, UTO OH
BoJiblie npaBOI'O KOHLlA OONYCTHMMOI'O MHTepBala.

n > 3.2;
20n > 64;
100n~2 4+ 120n + 36 > 100n"2 4+ 100n + 100;
(10n + 6)72 > 100n(n+1)+100.

7.2. [5] Ha cropoHax AB wu BC TpeyronbHuka ABC BHOpPAaHEH
Toukyu K m M cooTBeTCTBEHHO Tak, dYto KM || AC. Orpesku AM um KC



nepecekawnTca B Touke O. M3BecTHO, uTOo AK = AO m KM = MC. Joka-
xmuTe, uro AM = KB.
Pemenme. yrojg COM = yrygy AOK = yrijuy AKO, yroa KCM =
yray CKM = yray ACK, nostomy yroj AMC = 18070 - yros COM - yrojyi KCM
= 180%0 - yron AKC - yromn ACK = yron KAC = yrosn BKM. yrosn BMK =
iy BCA. CriemoBaTeJsibHO, TpeyrolbHUKM AMC m BKM paBHEL 10 CTOPOHE
(MC = KM) ¥ IOBYM HOpuilexammMm yrjam, m AM = BK.

7.3. [6] IaHa kJjleTyaTad [NOJIOCKa (WMPMHOM B OIHY KJIETKY),
fOeckoHeuHad B 00e CTOPOHEI. [IBE KJIETKM I[IOJIOCKM SABJIAKTCH JIOBYL—
KamM, Mexny HuMM — N KJIeTOK, Ha OIHOM M3 KOTOPHIX CUIUT Ky3HEe-

uyMk. Ha KaxIoM XOoIy MH Has3hHBaeM HATypaJIbHOE UMCJIO, I[IOCJIe Yero
KY3HEeUMK TIpHTaeT Ha 3TO UYMCJO KJIETOK BJIEBO MM BMOPaBO (IO CBO-
eMy BEHOOPY) . Ilpm kakmx N MOXHO HAB3HBATHL UMCJla TakK, UYTOOH Ta-

PaHTUPOBAHHO 3aTl'HaTb Kys3HeuuKa B OOHY M3 JIOBYyLIeK, T'Ie OB OH HU
OBJI M3HAauUaJIbHO MeXOy JIOBYWIKaMM M Kak Obl HM BHOUpPAJ HalpaBJIEHUS
ONpelXKOB? (MBI BCe BpeMsa BUIMM, I'I€ CUIUT Ky3HEUUK.)

OrBetr. IlIpm N = 2k - 1, rme k - HaTypajibHOE UMCIIO.

PemeHue. 3aHyMepyeM KJETKM LeJBEIMM uMcJlaMM I[I0 HOpSIKy Tak,
yTOOB JIOBYWKM HOJyumiy HoMmMepa 0 m N + 1.

Iycte N + 1= 2k. ByzmeMmM KaxIbel pas3 Ha3bHBaTbh paccTosHMe d
oo OJamxanmem JIOBYIIKM. SICHO, UTO HamuboJiblias CTeleHb IBOMKM, Ha
KoTOopyl nmenurca d, MeHblle k. ECiM Ky3HEUMK IPBITHET B IPOTUBO-—
[IOJIOXHYIO CTOPOHY M He IolaleT B JIOBYWKY, TO OH OCTAaHETCHa Mexny
JIOBYWIKAMM, ¥ PacCCTOsSHME OO OIHOM M3 JIOBylleK cTaHeT 2d, a mo
opyron 2k - 2d. Ofa »TuUX pPacCTOSAHUSA IeJIATCS Ha BIOBOe OOJIBUIYIO
CTeleHb IOBOMKM. PaHO MM IIO3OHO pPacCTOSHMA pas3menarcsa Ha 2k,
UTO M O3HadaeT I[olalaHue B JIOBYIIKY.

[lycTts, Haobopor, N + 1 = 2kt, r1rme t HeueTHO U OoJsyibue 1.
O6BaBUM JIOBYUIKaMM BCe KJIETKM C HOMepaMmHu, KpaTHeMM tT. IIycTb
Ky3HEeUMK CTOMT He B JIOByUlIKe. 3aMeTuM, UYTO OH HEe CTOUT M POBHO
IoCcpeIMHe MexOy IOBYMs JIOBYWIKaMM, IIOCKOJIbKY BCe umMcijla BuIOa JnbO
HeleJsHe, OO KpaTHHE t. 3HauuT, opu JiIoOOM HA3BAHHOM UMUCIIE Yy
Ky3HeulMKa €eCThb IPBEXKOK He B JIOBYIIKY .

7.4. [6] HeckoJNBKO (KOHEUHOE UMCJIO) TOUEeK IIJIOCKOCTM OKpa-—
IIeHEl B YEeTHPEe lIBeTa, IPUYEM €CTh TOUKM KaxXIoro liBeTa. Hukakxkue
TPM M3 3DTUX TOUEK He JleXaT Ha OXOHOM NpaMoM. JoxaxuTe, YTO HaM—
OYyTCS TPM pPasHBIX (BO3MOXHO, IIepeceKallMxXCsa) TpeyIroJibHUKa, Kax-—
OB M3 KOTOPHIX MMEEeT BEPIMHE TPEX PAas3HHIX LIBETOB UM HE COIEPXUT
BHYTPHU CceBsa OKpAalleHHEX TOUekK.

Pemenre. PaccMOTPUM TPEeyI'OJIBHUK, HauMMeHbmMy (1o I1Jjiomamnn)
cpel TPeyI'OJIbHUKOB C BEPUMHAMM TPexX PasHBX LBETOB. BHYTPU He-
'O HeT OKpPalleHHBIX TOodueK (ecnam OB Takas Ovlla, TO, COEIOUMHUB €€ C
BepIMHAMM IOBYX JPYTMX ILBETOB, MH IIOJYyUMJIM OB MEHBIIMM TPREeYyI'OJIb-—
HUK) . IlyCcThb 2TO oOKa3aJjiCad TPeyI'oJIbHMK C BepuiMHaMu 1-10, 2-T0 U
3-TO LUBETOB.

Ternepb PacCMOTPMM HaMMEeHbIMM "pasHOLUBETHHM" TpeyIroJIbHUK,
VMEeK MY BepuMHY 4-T70 LBeTa. bes orpaHMdYeHMs OOMHOCTM MOXHO
CuMTaThb, YTO BTO TPEeYTOJbHUK C BepumHaMu l-ro, 2-70 u 4-T0
IIBETOB. BHYTPM HEeT'O He MOXeT OBTh TOUek 3TUX Tpex LBeToB. Ho u
TOUKM 3-T'0 LBeTa OBITh HE MOXET: COeIMHUB €e C BepliMHaMu 1-To u
4-70 UBETOB, MH OB MOJIYUMIIM MEHBIIMM 10 IIJIoMalM TPeyTOJIbLHUK C



BepumHOM 4-TO LBeTa.

HaxkoHell pacCMOTPMM HaMMEeHbUIMM "pasHOLUBETHHM" TpeyI'OJIbHUK,
VMEIMY BepUMHE 3-T0 ¥ 4-T0 LUBeTOB. AHAJIOTMUYHO [OKAas3EBaeM, UYTO
M BHYTPM HEI'O HET OKpPAUIEHHBIX TOUYEK.

VTak, MBI HAUUJIM MCKOMEIE TPEYI'OJIBHUKMU.

7.5. [7] Tlo xpyry croaTr 99 merelt, M3HA4YaJIbHO Yy KaxIoIo
€CTb MAUMK. EXeMMHYTHO KaxXIpl pe®eHOK C MSIUMKOM KUIAET CBOMU
MAYMK OIHOMY M3 IBYX COCemel; IIpM B5TOM, €CJIM IOBa MAUMKA I10Ia-—

OalnT K OOHOMYy pebeHKy, TO OIMH M3 BTUX MAUMKOB TepdeTcsa 6e3-
BO3BPATHO. UYepes Kakoe HaMMeHbllee BpeMd y IOeTel MOXeT OCTaThbCHd
TOJIBKO OIOMH MSUMK?

OrBeT. Uepes 98 MuMHYT (YyTOUHSEeM YCJIOBMe: IIepBBM OpoOCok
IPOUCXOOUT B KOHLE (a2 He BHauaJle) IEepPBOM MMHYTH, BTOPOM — B
KOHIle BTOPOM MUHYTH U T.H.) .

PemeHre. 3aHyMepyeM HOeTey M MAYMKM IO Y4aCOBOM CTPEJIKE OT
1 mo 99.

[TokaxeM, dYTO OTBeT 98 BO3MOXEH.

Ha xaxmoM HedYeTHOM Wary (BKJKLUYad [IE€PBbIM) I[IEPBBEM MAUMK IIe-—

pebpacuBaeTrcsa OoT l-r70 pebeHKa KO 2-My, 4a Ha YEeTHHX Marax - OT
2-T0 K 1-My,’ OCTaJIbHBIE MAYNMKIY, 6pOLL[eHHbIe STVMM IOeTAM, IIpollala-—
0T .

OcTajyibHEIE MAUYMKM C HeUeTHBIMM HOMepaMM Ha KaxIoM mary
[IEPEKUNLIBAITCSA IPOTUE YAaCOBOM CTPEJIKM, & MAUYMKM C UEeTHBIMM HO-
MepaMM — IO YacCOBOM CTpPEeJIKEe.

MauMKM C HEUeTHBEIMM HOMepaMM I[0oINalalT BTOpOoMy pebeHKy Ha
HEeUeTHHIX Wlarax, I[IpM 2TOM IIEepPBHM MAUMK He IIpolladaeT, a ocTallb-—
HBIEe MpornamawnT. Msaumk ¢ HoMepoM 99 mnponamaer Ha 97-M mary, oc-—
TaJIbHEE MAUYMKM C HEUETHEIMM HOMepaMM — pPaHblle.

AHAJOTUYHO, MAUMKM C UYEeTHBEIMM HOMepaMM I[IOolamalT IepBOoMYy
pebeHKy Ha YeTHHX larax, OIHOBPEMEHHO C MSYMKOM HoMep 1, mpo-
LIEHHEIM BTOPHEIM pPebeHKOM. IIpM 3TOM MAUMK C HOMEepOM 2 IIponalaeT
Ha 98-M mary, ocTajibHEIE MSUMKM C UETHBEIMM HOMEepaMM — PaHblIe.

[lokaxeM, UTO uUepe3 n MMHYT, ecqum n < 98, MAUMKOB BCeTrma
OymeT OoJblie OIHOTO.

Ham ynmobHee cCcumMTaTb, UYTO MAUMKM He TEPAKNTCH, a CKJIEeMBAalT-—
ca (C CcoxXpaHeHMEM BCexX HOMEPOB), M cobupawTcsd B KOHIe y 1-TO
pebeHKa .

JonyCcTuM, YTO N HEYETHO.

Torma KaxIpl MAYMK IOOJDKEH OKa3aThbCsa y NepBOoTo pebeHka ue-
pe3 n MMHYT, TO €CTb Uepe3 HEeUeTHOe UYMCJIO MUHYT, MHaue Uepes n
MMHYT BTOT MSUMK C MeCTa [epBOTO pebeHKa YyMUIeT. i1 3T0Tr0 MA-—
UMK HOMEP OIOMH IOOJDKEH NPOMTHM I[IOJIHEM KpPyI', Ha YTO eMy HeoOxomu-
MO He MeHblle 99 MmMHYT (poBHO 99 MMHYT, e€CJaM OH IBUT'aeTCsd BCe
BpeMsa B OJHY CTOPOHY) .

JonycTuM, YTO n 4YeTHO. Torza [IepBOMYy MSUMKY OOXOIMUTHL I10JI—
HBEIM KPYI HeoOsa3aTeslbHO, HO BTOPOM MSUMK IOOJDKEH OOOMTM  [IOJIHEIM
KpyTr 6e3 OoJHOTO mara, MHaude OH IolalJaeT Ha MeCTO IIepBOTO pe-
OeHKa uyepes HeueTHOe UMCJIO MMHYT, a dYepe3 N MUHYT OH C 5SBTOTO
MecTa yumeTr. Ha Takoy OyThb BTOPOMY MSUMKY HeoOxommmo 98 MuMHYT.

MTak, BO BCexX CJllydyasx MeHble, uyeM uyepe3 98 MMHYT, UMCJIIO
MSUMKOB OymeT OoJiblle OIOHOTO.



7.6. [7] CymecTByoOT JM TakKue HaTypaJibHHE uyucja a, b, C,
d, uro a/b + ¢/d =1, a/d + c/b = 20087

OTBEeT - CYHUECTBYOT.

Pemenue. IojoxrvMm x = 1/b, vy = 1/d. PemmMm cucremy ypaBHEe-
HUM

ax + cy =1

cx + ay = 2008
OTHOCUTEJIBHO X U V.

ax =1 - cy;
x = (l-cy)/a;
c(l-cy)/a + ay = 2008;
(c - ¢c"2*y)/a + ay = 2008;
y(a - c*2/a) = 2008 - c/a;

y = (2008 - c/a)/(a-c"2/a)

(2008a - c)/ (a”~2-c”™2).

x = (l-cy)/a = (1-c(2008a-c)/(a"2-c”2))/a =
= (a”2-c"2-2008ac+c”2)/ (a(a”2-c"2))

(a—=2008c) / (a™~2-c"2) .
1/x n 1/y OOJXHEI OBITH HATypPaJIbHEMM UMciamu. Ecau B3gaTb a = 2009, c =
7o 1/x = 200972-1 - HaTypaJIbHOE UMCJIO. 3aMeTuM, UTO €CJM MBl YBEeJIMUKMM
a umc B Kk pas, TO X U y yBeauMdaTcsa B K pas, M YPaBHEHMS CUCTEMBL
OCTAHYTCH BHIIOJHEHHBEIMM. 3HAUMT, e€ciM B34Tb k = 2008*2009-1, 1o 1l/y
cTaHeT LeJitiM, a 1/xX ocTaHeTCcd LeJikM. dMcja [HOoJIydaTcsd TaKue:

a 2009(2008*2009 - 1), b = 2008*2010(2008*2009 - 1),

c 2008*2009 - 1, d = 2008*2010.

7.7. [8] B BHIOYKJOM 4YeTHpexyToJibHMKe ABCD HeT mnapaljeib-
HEIX CTOPOH. YTJel, OOpa30BaHHBIE CTOPOHaAMM UETHPEXYTOJIbHMKA C
mnaroHasnbi AC, paBHH (B kKakoM-TO nopanke) 16°, 199, 55° u
55°. KakuM MOXeT OBTb OCTPHIM yTOJ MeXny amaroHaynamy AC u BD?

OrBeTr. 87 rpamycoB.

Pemenme. IlycTte E - ToOuka NepecedeHmMs OMaTOHAJIElN. JocTa-
TOUHO PACCMOTPETH IBa BapMaHTa PacloJIOXeHMS YIJIOB (yT'oJl B BTOM
TexkcTe oBo3HaudvaeTcda < ).

1) <BAC = <DAC = 55°, <BCA = 19°, <DCA = 16°. Ilyctb I
- TOuUKa IepecedueHus OMCCeKTPUC TpeyrojibHuka ABD. UeTHpeXyI'OJib-—
HuK BCDI BnmMcaHHHDM, (Tak kak <BID = 180° - <IBE - <IDE =
180° - (<ABE + <ADE)/2 = 180° - (180° - 2*55°%) /2 =
= 180° - 35° = 145°;, <BID + <BCD = 145° + 35° = 180°).

NosToMy <DBI = <DCI = <DCA = 16°.
SHaumT, <ABD = 32°, m <AED = <ABD + <BAC = 87°.

2) <BAC = <BCA= 559, <DAC = 19°, <DCA = 16°. Torzma
<ADC = 145°, <ABC = 70°.

PaccMOTpMM ONMCAHHYK OKPYXHOCTB TpeyrojsibHuka ADC. IeHTp
3TOV OKPYXHOCTM HABJISE€TCS BEPUMHOM PABHOOEIPEHHOTO TPEeyI'OJIbHUKA
c ocHoBaHmeMm AC U yTIJIOM [IPM BEepUMHE, paBHEM 2* (180° - 145°)
= 70°, To ecTb commnamaeT Cc Toukol B. IllosToMmy
<ABD = 2 <DCA = 32°, wum <AED = <ABD + <BAC = 87°.
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8.1. BymMakHbIi TPEYTOIBHUK, OAMH U3 YIIIOB KOTOPOTO PABEH 0L, pa3pe3aid Ha HECKOJIBKO Tpe-
YrOJIBLHUKOB. MOTJIO JIM CITYYUTHCS, YTO BCE YIIIBI BCEX MOITYYEHHBIX TPEYTOJIbHUKOB MEHBIIIE O
a) [3] B cimyuae, eciu o = 70°;
0) [3] B cityuae, ecmu o = 80°?

Pemenne. a) He morno. B TpeyroiabHukax
pa3OueHHsI BCE YIIIBI JOJIKHBI OBITH OOJIBIIIE
180° — 70° — 70° = 40°. Ho ucxomHblii yron B
70° Henb3s pa3pes3arh Ha YIIibl, OomnbIme 40°.

6) Mormo. Ha pucyake u300pakeH
TpeyroibHUK ¢ yrioM 80°, coCTaBlieHHBIH U3
TPEYroJbHUKOB C MEHBbIIUMHU yriamu. [lyis ero
MOCTPOCHHUS TPOBEAEM JBa Jiyda, 0Opasyrouue
yron  80°  (CTOpOHBI  TpEyrojibHHKa), U
OuccekTpucy 3Toro yria. Beibepem Ha OucCeKTprce MPOU3BOJIBLHYIO TOUKY U MOCTPOUM BEPXHUE
TpeyroiabHuku ¢ yriamu 40°, 75° u 65°, 3aTeéM BHYTPEHHHUE TPEYTOJIbHUKU M IPOBEIEM
OCHOBAHHE MCXOTHOTO TPEYTOJIbHHKA.

8.2. [6] Ha uncnoBoii npsiMoit B Touke P cuaut Todeunslii ky3neunk. Touku 0 u 1 — moBymky.
Ha xaxxmoM xoy MBI Ha3bIBaeM JIH000€ MOJIOKUTENFHOE YUCIIO, TTOCTEe YeTr0 Ky3HEUUK MPBIraeT
BJICBO WJIM BMPaBo (II0 CBOEMY BHIOOPY) Ha paccTOsSHUE, paBHOE ATOMy uuciy. [ns kakux P
MO’KHO Ha3blBaTh YHMCJIa TaK, YTOObI TAPAaHTHUPOBAHHO 3arHaTh Ky3HEUHKa B OJHY U3 JIOBYIIEK?
(MBbI BC€ BpeMsl BUJIUM, TJ€ CUIUT Ky3HEUHUK. )

OrtBer. [Tpu P = a2 rmeank— HaTypaJibHble yncna, 0 <a< 2,

Pemenne. Ilycts P — yncno ykasanHoro B oTBeTe BUAA, U ApoOb HECOKpaTHMa (TO €CTh a
HEYETHO). 3aMeTHUM, 4YTO Torga M yucio 1 — P umeer TOT *e BHUA (IpUYEM C TEM K€
3HaMeHareseM). HazoBem Tenepsr HaumeHnbliee u3 uucen P u 1 — P. Eciu Ky3HeuuK npeIrHET U
HE IOMNaJeT B JIOBYIIKY, TO OH OCTaHETCS MEXJ]y JOBYIIKaMH, U PAcCTOSHUE JI0 OJHOH W3
JIOBYLIEK YIBOMTCSA. B pe3ynpTaTe 3HaMEHATeNb KOOPAMHATHI KYy3HEUMKAa YMEHBIIUTCS BJBOE.
[Mocrie K mpbDKKOB KOOPIMHATA CTAHET IEJION, YTO 03HAYAET MOMaJaHNe B JIOBYIIKY.

OOBsBUM Temeph JIOBYIIKAMM BCE palMOHAJIbHBIE YHCIIA CO CTENEHbIO JIBOMKH B
3HameHarene. [lokaxem, 4To eciii Ky3HEUMK HE B JIOBYUIKE, OH BCETJa MOXET NPbITHYTh HE B
JIOBYILIKY. 3aMETUM, YTO MOJyCyMMa JIOBYLIEK — CHOBA JIoByIKa. [lycts Ha3BaHO umcio d. Tak
KaK

P (P+d)42r(P—d)

, 1 P — He noBymika, To X0Ts Obl o;1Ha U3 Touek P + d u P — d — Toxe He

noBymka. Tyna v mpbITHEM.

8.3. [6] MHorouneH creienn N > 1 uMmeeT N pa3HBIX KOpHEH X1, X2, ..., Xn. Er0 mpousBoaHas
2 2 2 2
X+t Xy o Vit t Yoy
n n-1
Pemenne. Mo>XxHO cunTaTh, YTO HAlll MHOIOWIEH IIPUBEICHHBIN:
PX) = X" —axX™™ +ax" 2 + ...
[To popmynam Buera X1+ ...+ Xy = a1, X1Xo + XaXz + ... + Xp1Xn = @2, OTKyHa
— 2 2 2
2a0 = (Xp + ... X)) = (X +... 4+ X)),
Iockomsky P(x) = nx"* — (n — 1)apx™ + (n — 2)axx"™ + ..., aHAIOTHYHO TONyYaeM:

MMeeT KOpHHU Y1, Y2, ..., Yn-1. JlOKaXXUTE HEPABEHCTBO

n-1 n-2
Yit...+Yna= Tai Yiyo ¥ Yiys + ... T YnoYna = Taz,



n—1y n-2
y12+...+y§71 = (Tj af—ZTaz =

i (HT_lj 04t ) = T2 (0 ) = 06 ) =

2
_ (x1+...+xnj +n_2(xf+...+x§).
n n

ITocae MMOACTAHOBKHU IMOJIYYCHHOI'O BBIPAXXCHHUSA B IMPABYIHO 4YaCTb HCXOAHOI'0O HCPABCHCTBA,
YMHOXCHHA Ha U IMIPHUBCACHUSA HOI[O6HBIX YJICHOB OHO IIPEBPATUTCA B M3BECTHOC HECPABCHCTBO

X, + o+ X S (xl+...+xn

n n
(cTporoe 1Jist HEpaBHBIX YHCEI).

j MEXy CpPEIHUM KBaJpPaTHUYHBIM M CPEIHUM apuPMETHUYECKUM

8.4. [7] Ilers m Bacst HapucoBanu Mo 4eTHIPEXYTOIBHUKY 0e3 mapayuieabHbIX cTOpOH. Kaskbrit
OpoBEN B CBOEM UYETHIPEXYTOJIbHUKE OAHY M3 JUAroHajed M BBIYMCIMII YIJIbl, 0Opa30BaHHbIE
ATOH TMAroHaJIbI0 CO CTOPOHAMH CBOETO YeTHIPEXYyroibHuKa. [leTs momyywmn uncna a, o, f u y (B
HEKOTOPOM TopsJike), U Bacs — Toxke 3Tu uncia (BO3MOXKHO, B JAPyroM mnopsake). Jokaxkure,
4TO JUaroHaJIM 4eThIpéXyrojbHuKa [leTH mepecekaroTcs Mo TeMH ke YrilamMH, 4To U JIMaroHa-
T 4eThIpEXyTobHUKa Bacw.

Pemienne. CymiectByroT He Oojiee JBYX HPHUHIUIMAIBHO PAa3HBIX YEThIPEXYTOJbHUKOB,
YIIOBJIETBOPSIIOMINX YCJIOBUIO — YIJIBI O UMEIOT OOIIYIO BEPIIMHY WJIM 00pa3yloTcs B PasHBIX
BEPILIMHAX, COEAUHEHHBIX JMAaroHalbl0, OCTAIbHbIE YETHIPEXYrOJIbHUKM UM NOA00HbI. [Ipuuem,
€CIIM MMeEeTCs JBa TNPUHIMIIMAIBHO pPa3HBIX YeThIpexyroibHuka, To a<90° um B+y<180°,
ciefoBaTeNbHO, 00a YeThIpexyrojipHuKa Boimykible. [1ycts B uetsipexyroisaunke ABCD ~ZCAB
= ZCAD = a, «BCA =, «DCA =Yy, a B uersipexyroiabauke AECF ZACE = ZCAE = q,
ZACF =B, ZCAF =y (touka E nexut Ha npsmoit AD, Touka F — na mpsimoit BC). Torna AB ||
EC, AF || DC. Hokaxewm, uro auaroHanu DB u EF taxxe napamienshbel. O603Hauum O ToukKy
nepeceuenust AD u BC. 3 AB || EC cnenyer OA/OD = OB/OC, u3 AF || DC cnenyer OA/OE=
OB/OC. CnenoBarensno OE/OD = OF/OB. Cnenosatensio DB || EF u cocraBnstoT paBHbIe
yribl ¢ o0riei quaronansio AC.

8.5. [8] Bce HaTypanmpHBIE YHCIIa BBIIHCAIN B PAJ B HEKOTOPOM MOpsAKe (KaXI0€ YMCIO IO
oJHOMY pa3y). O0s3aTeNIbHO JIM HalayTcs HECKOJIbKO (OOJIbIIE OJHOTO) YMCEll, BBIMUCAHHBIX
noApsA (HauMHas C KAKOro-TO MECTa), CyMMa KOTOPBIX OYyAET MPOCTHIM YUCIIOM?

Pemenne. He oGs3atenbHo. [TokakeM kak 3amucarh HaTypalbHble 4Hcia B OECKOHEUHYIO
MOCJIE0BATENbHOCTD, TJI€ TAKUX “IPOCTBIX CyMM ™ HET.

Bosemem a; = 1, @, = 3. IlycTe KOHEYHasl MOCIEIOBATENbHOCTD 81, 82, ..., &1 (N >1) 0e3
“HPOCTBIX CYyMM’~ YK€ MOCTPOEHA, U M — HaMMEHBIIEE HATYPAIBHOE YUCIIO, KOTOPOE HE SBIIA-
etcs ee wieHoM. [Tomoxkum S =a; +a, + ... + a, + M, an = S!, a2 = m. Ilonydennas mo-
CJIEIOBATENIbHOCTh TAaKXKE€ HE COJEPKUT MPOCTHIX CyMM. JlecTBUTENBHO, JIt00as cymMMa, Cojiep-
Kalpas claraeMoe an+1, paBHa S! + k, rme 1 <k <'S, u He ABIsETCS MPOCTHIM YHUCIIOM,
TIOCKOJIBKY JienuTcst Ha K.

[Tpomomkast Takoe MOCTPOEHUE IO MHAYKIUHU, MBI MOJIy9UM OSCKOHEUHYIO IOCIIEeIOBATEIh-
HOCTh. M3 MOCTpOEHUST 0UEBUAHO, UTO KaX/10€ HATypalbHOE YHUCIIO MOMAaJaeT B 3Ty MOCIIe0Ba-
TEIbHOCTh POBHO OJMH pa3s.

8.6. [8] OmmHHAIIATH MyApelaM 3aBsS3bIBAIOT TJIa3a M HAJIEBAIOT KaXKIOMY Ha TOJIOBY KOJIIAK
oanoro u3 1000 nBeros. Ilocie 3TOro UM riaza pa3Bs3bIBAIOT, U KXl BUAUT BCE KOJMAKH,
KpOME CBOETO. 3aTeM OJTHOBPEMEHHO KaXbIi MMOKA3bIBAET OCTATHLHBIM OJIHY U3 JIBYX KapTOUeK —
Oemyro win yepHyro. [locie 3Toro Bce JOMKHBI OJTHOBPEMEHHO Ha3BaTh IIBET CBOUX KOJIAKOB.
VYnactcs nmu 3170? Myapersl MOTYT 3apaHee JOTOBOPHUTHCS O CBOMX JCUCTBHUAX (O TOTO, KaK UM
3aBsi3aJv TJ1a3a); MyJpenam u3BectHo, Kakux 1000 11BETOB MOTYT OBITH KOJITIAKH.



Pemenne. CymniecTByer poBHO ot 11-pa3psiaabix mocnenoBaTenbHocTel U3 0 u 1, U3 HUX ¢
YETHBIM YMCJIOM €IWHHUL — POBHO IOJIOBHUHA, TO €CTh 210 = 1024. 3akomupyeM 1000 nBeroB
ThICSIUEH TaKUX MocleaoBareiabHocTel. Pacnipenenum paspsasl Mexay myzapenamu. Myaperg
HoMep K gelicTByeT Tak: cpein BUIUMBIX UM 10 [BETOB KOJIAKOB MOJCYUTHIBACT YUCIIO dy TEX,
y Koro B K-M paspsiae ctout 1. Eciu 3T0 4KCiI0 4eTHO, OH MOKa3bIBaeT YSPHYIO, & HHAYE — OeIyIo
KapTOUKY.

[Tocne 3TOro Kaskaplii MyAper] MOKET BIUMCIUTD BCE pa3psbl B KOJE I[BETa CBOETO KOJIIIakKa,
KpPOME OJTHOTO — 332 KOTOPBIH OH caM oTBevaeT. J[Jis 3TOro OH MojACYMTHIBACT YKCiIo by equnwmIl B
K-ThIX paspsaax AeBATH MyzapenoB (kpome cebs u Myaperia Homep K), u ecim detHocTh by
COBIAZaeT ¢ MOKA3aHHOW YETHOCTHIO a, y Hero B K-m paspsae 0, muade 1. Hemocrarormmii
pa3psii BOCCTAHABIIMBACTCS OJIarojapst YeTHOCTHU OOIIEro YKclia SAUHUIL B KOJC.

8.7. [8] [aubl nBE OKPYXHOCTH M TPH TNpsMbIE, KaXIas MpsiMas BBICEKAET HAa OKPY)KHOCTSAX
XOpAbl paBHOM AnuHbL. Touku nepeceyeHHst NPAMBIX 00pa3yloT TpeyroybHUK. J[okaxkuTe, uTO
OINMCAaHHAsA OKPY)KHOCTh 3TOT'O TPEYroJIbHUKA MIPOXOJIUT YEPE3 CEPENHY OTPE3Ka MEXY LIEHT-
paMu JaHHBIX OKPYKHOCTEH.

Pemienne. YTBepxkaeHUE OYEBUHO CIECAYET U3 CIEAYIOIUX ABYX JIEMM.

Jlemma 1. OcHOBaHME NEPHEHAUKYIAPA, ONYILEHHOTO M3 CEPEAUHBI JIMHUUA LEHTPOB ABYX
OKPYXKHOCTEHl Ha HpPSIMYIO, BBICEKAIOIIYI0 HA 3THUX OKPYKHOCTAX paBHbIE XOpAbI, JIEKHUT Ha

paz[HKaanoﬁ OCH 3THX OprmHOCTeﬁ.

HamomuuM, 49TO padukanbnoii ocblo ABYX OKPYXKHOCTEH HAa3bIBA€TCSI MHOMKECTBO TOUYEK, CTEMNEHHM KOTOPBIX
OTHOCHUTEJIFHO 00eHX OKpY>KHOCTEH paBHBL. Cmenens mouku P OTHOCHTENBHO OKpPYKHOCTH panuyca R ¢ eHTpoMm B
O — 510 uncno OP? — R%, OHO B CBOIO OUYEpelh PABHO HPOM3BEICHHIO CEKYIIHX, MPOBEISHHBIX K OKPYKHOCTH W3
TOYKHU P (B3ATHIX CO 3HAKOM). PajuKaibHast 0Ch — 3TO IpsiMast (€CIi, KOHEYHO, OKPY)KHOCTH He KOHIICHTPUYCCKUE.)

Jlemma 2. Eciiu ocHOBaHMS NEpIEHIUKYJISPOB, OMYIIEHHBIX M3 TOYKM M Ha CTOpPOHBI Tpe-
YrOJIbHUKA, JISKAT Ha OJHOM MPsIMOM, TO TOYKA JISKUT HAa OMHUCAHHON OKPYXHOCTH 3TOTO Tpe-
YT OJIbHUKA.

Joxka3zaTteiabceTBo JeMMbl 1. [Iycte O1 u O, — nenTpsl okpyxHoctet, Hy u Hy — cepenunst
BoicekaeMbix xopa KiL; u KoLy mmmnaer 2d. OcHoBanue P Hairero nepreHauKyispa — cepeanHa
orpe3ka HiH, (tak kxak otpesok 010, mpoektupyercs ma HiH). Ilycte PH; = PH, = |
CreneHb TOUkH P OTHOCUTEIBHO MEPBON OKPYKHOCTU paBHA

(PKl, PL1) = (PH:L +H,K,, PH:1— HlKl) = I>~ d% Tor xe pE3yJIBTaT MBI MTOJIYYUM, BBIUUCIISS
CTENEeHb TOUYKH P OTHOCUTETHHO BTOPON OKPYXHOCTH.

Joka3aTebeTBO jJemMbl 2. [Tycts P, Q, R — ocHOBaHMS epIeHINKYIISIPOB, OMYIIEHHBIX W3
touku M Ha cropons! AB, AC, BC tpeyrosnsnuka ABC. Ilycts Touka M He JIeXKUT Ha ONUCaHHOM
okpyxHoctu QQ Tpeyroiapauka ABC. Haiiném torna Takyro Bepmmny Tpeyroipauka ABC, uro
OpU TOMOTETHM C IIEHTPOM B 3TOW BEpIIMHE OKPY)KHOCTh ) mepeiaeT B OKpPYXKHOCTh (i,
npoxondaulyto dyeped Touky M. Takas BepmmHa Haiinércs: umHaue M nexana Obl Ha TpEX
KacaTenbHBIX K (), Kacatommxcsi () B BepmuHax TpeyroibHuka ABC, 4TO HEBO3MOXHO (Belb
U3 000 TOYKM MOKHO MPOBECTH He OoJiee ABYX KacaTeldbHBIX K JaHHOM OKpyxHOCTH). ITycTh
HalineHHas BepmmHa — 3T0 A. Ilpm Hameli romotermm TpeyronbHuk ABC mepeiizer B
tpeyroasHuK AB1C1, Bnucanubiil B (21. OCHOBaHUS NEPHIEHIUKYISPOB, OMYIIEHHBIX U3 TOUKU M
Ha ctopoHbl AB;, AC; tpeyromsauka AiB1Cq, — e xe Touku P u Q. Ilycts R; — ocHOBaHue
nepreHanKyIsipa, onymenaoro u3 M ma B;C;. Kak m3BectHo, Touku P, Q u R; nexar Ha omHOM
npsimoit (npsimas Cumcona). A touku P, Q u R nexar Ha ogHO# npsiMoi 1o ycnoButo. Ho Touku
M, R u Ry Toxxe OyayT nexxath Ha oqHOM mpsimolt (Tak kak BC u B;C; mapamrensHbr). 3HaUwT,
npsamast PQ nepecekaer npsmyto MR kak B Touke R, Tak u B Touke R;. CnegoBarensHo Touku R
u R; coBnmagaror. Torma coBnmagaror u nipsimbie AB u A;B1, To ecth k0ahdUIHEHT TOMOTETHH
paBeH 1, u Q1 coBnagaer ¢ Q).

3ameuanue. [Ipsmoe nokazarenbcTBO JieMMBI 2 TpeOyeT 100 pazdopa HECKOIBKUX CITy4aeB
pacrioniokeHust Touku M, 1MOO0 TMOHATHS OPUEHTUPOBAHHOIO YIila MEXIY HpPAMBIMH (CM.
[TpaconoB. 3amaun o mmanumerpuu. 1991, 3axa. 5.85 6).
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TOURNAMENT OF THE TOWNS
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1. Black and white checkers are placed on an 8 x 8 chessboard, with at most one checker on each
cell. What is the maximum number of checkers that can be placed such that each row and
each column contains twice as many white checkers as black ones?

2. Initially, the number 1 and a non-integral number x are written on a blackboard. In each step,
we can choose two numbers on the blackboard, not necessarily different, and write their sum
or their difference on the blackboard. We can also choose a non-zero number of the blackboard
and write its reciprocal on the blackboard. Is it possible to write 2% on the blackboard in a
finite number of moves?

3. D is the midpoint of the side BC' of triangle ABC. E and F' are points on CA and AB
respectively, such that BE is perpendicular to CA and C'F' is perpendicular to AB. If DEF
is an equilateral triangle, does it follow that ABC is also equilateral?

4. Each cell of a 29 x 29 table contains one of the integers 1, 2, 3, ..., 29, and each of these
integers appears 29 times. The sum of all the numbers above the main diagonal is equal to
three times the sum of all the numbers below this diagonal. Determine the number in the
central cell of the table.

5. The audience chooses two of five cards, numbered from 1 to 5 respectively. The assistant of a
magician chooses two of the remaining three cards, and asks a member of the audience to take
them to the magician, who is in another room. The two cards are presented to the magician
in arbitrary order. By an arrangement with the assistant beforehand, the magician is able to
deduce which two cards the audience has chosen only from the two cards he receives. Explain
how this may be done.

Note: The problems are worth 3, 4, 4, 5 and 5 points respectively.



Solution to Junior O-Level Fall 2007

. The number of checkers in each row must be a multiple of 3, since there are twice as many
white chckers as black ones. Since there are only 8 cells in each row, the maximum number
of checkers in each row in 6. Since there are 8 rows, the maximum number of checkers overall
is 48. This can be attained by the placement shown below.
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. We first write down  + 1 and © — 1. Then we can write down %H, ﬁ and their sum $22_1.
z2—1

5 Adding this number to itself yields 2?2 — 1, and adding

The reciprocal of this number is
1 to it yields 2.

. Let DEF be an equilateral triangle. Construct a semicircle with centre D and radius DFE.
The diameter BC' of the semicircle is perpendicular to DE, with F' closer to B than to C.
Since DF' = DE, F also lies on this semicircle. Extend BF and C'E to meet at A. Since
/BEC = 90° = /BFC, BE and CF are indeed altitudes of triangle ABC'". Since A lies on
the extension of C'E and DF is the perpendicular bisector of BC', AB < AC. Hence ABC'is

not equilateral.
A

B D C

. There are 29 numbers on the main diagonal, 29 x 14 numbers above it and 29 x 14 numbers
below it. The sum of the largest 29 x 14 numbers is 29(16 + 17 +- - - +29) = 29 x 7 x 45 while
the the sum of the smallest 29 x 14 numbers is 29(1 +2 + - -- 4+ 14) = 29 x 7 x 15. Since the
former is exactly three times as large as the latter, the largest 29 x 14 numbers are all above
the main diagonal and the smallest 29 x 14 numbers are all below the main diagonal. In other
words, every number on the main diagonal, including the central cell, is 15.

. The magician and her assistant can agree beforehand to arrange the numbers 1 to 5 in order
on a circle, so that 1 follows 5. If the audience chooses two adjacent cards, say 3 and 4, the
assistant will choose the two cards after them, which are 5 and 1. If the audience chooses two
non-adjacent cards, say 3 and 5, the assistant will choose the cards after them, namely, 4 and
1. If the magician receives two adjacent cards, say 2 and 3, she will know that the audience



must have chosen 5 and 1. If the magician receives two non-adjacent cards, say 2 and 5, she
will know that the audience must have chosen 1 and 4.
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1. Pictures are taken of 100 adults and 100 children, with one adult and one child in each, the
adult being the taller of the two. Each picture is reduced to % of its original size, where k is a
positive integer which may vary from picture to picture. Prove that it is possible to have the
reduced image of each adult taller than the reduced image of every child.

2. Initially, the number 1 and two positive numbers z and y are written on a blackboard. In
each step, we can choose two numbers on the blackboard, not necessarily different, and write
their sum or their difference on the blackboard. We can also choose a non-zero number of
the blackboard and write its reciprocal on the blackboard. Is it possible to write on the
blackboard, in a finite number of moves, the number

(a) %
(b) zy?

3. Give a construction by straight-edge and compass of a point C' on a line £ parallel to a segment
AB, such that the product AC' - BC' is minimum.

4. The audience chooses two of twenty-nine cards, numbered from 1 to 29 respectively. The
assistant of a magician chooses two of the remaining twenty-seven cards, and asks a member
of the audience to take them to the magician, who is in another room. The two cards
are presented to the magician in an arbitrary order. By an arrangement with the assistant
beforehand, the magician is able to deduce which two cards the audience has chosen only from
the two cards he receives. Explain how this may be done.

5. A square of side length 1 centimetre is cut into three convex polygons. Is it possible that the
diameter of each of them does not exceed

(a) 1 centimetre;
(b) 1.01 centimetres;

(c) 1.001 centimetres?

Note: The problems are worth 3, 242, 4, 4 and 1+2+2 points respectively.



Solution to Senior O-Level Fall 2007

1. We use mathematical induction on the number n of pictures. For n = 1, there is nothing to
do. Suppose the result holds for some n > 1. Consider the next case with n 4+ 1 pictures. By
the induction hypothesis, the first n photos can be reduced so the reduced image of each adult
is taller than the reduced image of every child. Let the minimum reduced height of the adults
be a and the maximum reduced height of the children be c. Let the height of the (n + 1)st
adult be b and the height of the (n 4 1)st child be d. If b > ¢ and a > d, there is nothing
to prove. Suppose b > d > a > c. Then § < g. Hence there exists a rational number r such
that 7 <r < g. It follows that a > rd and rb > c. Let h and k be positive integers such that
r= % Then we reduce the (n + 1)st picture to % of its original size and each of the other
pictures further to % of its reduced size. The case a > ¢ > b > d can be handled in exactly
the same way.

2. (a) We first write down = + 1 and  — 1. Then we can write down #1, ﬁ and their sum
2

—*=. The reciprocal of this number is "”322’ 1 Adding this number to itself yields z2 — 1,
and adding 1 to it yields z?.

(b) We first write down x+y. By (a), we can write down (x+v)?, x* and y2. This is followed
by 2zy = (v +y)? — 22 — y? and ﬁ Finally, we can write down the sum = + -1 = L

) 2xy 2zy Ty
and the reciprocal xy.

3. Draw a semicircle with diameter AB towards ¢. Suppose they have a point of intersection C'.
Then /BC'A = 90° so that the area of triangle ABC' is %AC’ - BC'. For any other point P on
¢, the area of triangle ABP is %AP - BPsin APB < %AP - BP. Since { is parallel to AB,
triangles ABC and ABP have the same area. It follows that AC - BC' < AP - BP. Suppose
the semicircle does not intersect ¢. Let C' be the point on ¢ equidistant from A and B. Draw
the circumcircle of triangle ABC. Then ¢ is one of its tangents. Hence for any point P on ¢
other than C', /ACB > /APB. Since triangles ABC' and ABP have the same area, we have
AC - BC' < AP - BP as before.

P C 0
C P\ ( m
A B A B

4. The magician and her assistant can agree beforehand to arrange the numbers 1 to 29 in order
on a circle, so that 1 follows 29. If the audience chooses two adjacent cards, say 3 and 4, the
assistant will choose the two cards after them, which are 5 and 6. If the audience chooses
two non-adjacent cards, say 3 and 29, the assistant will choose the cards after them, namely,
4 and 1. If the magician receives two adjacent cards, say 2 and 3, she will know that the
audience must have chosen 29 and 1. If the magician receives two non-adjacent cards, say 2
and 15, she will know that the audience must have chosen 1 and 14.




D.

(a)

Let ABCD be the square. Let E, F' and G be the respective midpoints of AB, BC and
CD. Let H be a point on GD at a distance § from D. (See the diagram below on the
left.) Suppose ABCD has been dissected into three convex polygons each of diameter
at most 1. By the Pigeonhole Principle, two of the vertices of the square must belong to
the same polygon. They cannot be opposite vertices as otherwise the diameter of that
polygon will be v/2. Hence we may assume that A and D belong to the first polygon.
Suppose B and C belong to the second. Since F is too far from C' and from D, it must
belong to the third polygon. However, H is too far from each of A, F and B, and cannot
belong to any of the three polygons. From this contradiction, we may assume that B
belongs to the second polygon while C' belongs to the third. Then E must belong to the
second polygon while G' must belong to the third. Since F is too far from A, we may
assume that it belongs to the third polygon. However, H is too far from A, from B and
also from F since HF? = (3)* + (§)? = &3. This contradiction shows that the task is
impossible.

We can cut a square ABC'D into three rectangles ADHK, BFJK and CFJH, as shown
in the diagram below on the right. The diameter of any rectangle is a diagonal. Now
AH2 =12+ (§)? = &. From (a), FK? = FH* = & also. Now &; < == < 72055 so that
= < % It follows that the diameter of each of the rectangles i 1s less than }8(1]

The task is impossible, and the argument is exactly the same as that in (a) since we have

— W 00
AH = FH = ¥® > 35

A B B A B
K
J

F T
Ji J24
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1.

Let ABCD be a rhombus. Let K be a point on the line C'D, other than C' or D, such that
AD = BK. Let P be the point of intersection of BD with the perpendicular bisector of BC'.
Prove that A, K and P are collinear.

(a) Each of Peter and Basil thinks of three positive integers. For each pair of his numbers,
Peter writes down the greatest common divisor of the two numbers. For each pair of
his numbers, Basil writes down the least common multiple of the two numbers. If both
Peter and Basil write down the same three numbers, prove that these three numbers are

equal to each other.
(b) Can the analogous result be proved if each of Peter and Basil thinks of four positive

integers instead?

Michael is at the centre of a circle of radius 100 metres. Each minute, he will announce the
direction in which he will be moving. Catherine can leave it as is, or change it to the opposite
direction. Then Michael moves exactly 1 metre in the direction determined by Catherine.
Does Michael have a strategy which guarantees that he can get out of the circle, even though
Catherine will try to stop him?

Two players take turns entering a symbol in an empty cell of a 1 X n chessboard, where n
is an integer greater than 1. Aaron always enters the symbol X and Betty always enters the
symbol O. Two identical symbols may not occupy adjacent cells. A player without a move
loses the game. If Aaron goes first, which player has a winning strategy?

. Attached to each of a number of objects is a tag which states the correct mass of the object.

The tags have fallen off and have been replaced on the objects at random. We wish to
determine if by chance all tags are in fact correct. We may use exactly once a horizontal lever
which is supported at its middle. The objects can be hung from the lever at any point on
either side of the support. The lever either stays horizontal or tilts to one side. Is this task
always possible?

The audience arranges n coins in a row. The sequence of heads and tails is chosen arbitrarily.
The audience also chooses a number between 1 and n inclusive. Then the assistant turns one
of the coins over, and the magician is brought in to examine the resulting sequence. By an
agreement with the assistant beforehand, the magician tries to determine the number chosen
by the audience.

(a) Prove that if this is possible for some n, then it is also possible for 2n.
(b) Determine all n for which this is possible.

For each letter in the English alphabet, William assigns an English word which contains
that letter. His first document consists only of the word assigned to the letter A. In each
subsequent document, he replaces each letter of the preceding document by its assigned word.
The fortieth document begins with “Till whatsoever star that guides my moving.” Prove that
this sentence reappears later in this document.

Note: The problems are worth 5, 343, 6, 7, 8, 445 and 9 points respectively.



Solution to Junior A-Level Fall 2007

1. Let AK intersect BD at E. We shall prove that BE = C'F, so that E lies on the perpendicular
bisector of BC'. It will then follow that £ = P, and that A, P and K are indeed collinear.
Since AD = BK and AB is parallel to DK, ABKD is a cyclic quadrilateral. It follows
that /AKD = /ABD = /CBD, so that BCKFE is also a cyclic quadrilateral. We now have
(ECB=/FKB=/ADB = /EBC, so that EB = EC.

2.

(a)

A

A
) : ) 34\D
C
K

First Solution by Jarno Sun:

Let the numbers Peter thinks of be p;, ps and p3, the numbers Basil thinks of be
by, by and b3, and the numbers both write down be wi,wy and ws. Note that each
of ged(wy, wsy), ged(ws, ws) and ged(ws, wy) is equal to ged(py, p2, p3). Similarly, each
of lem (wy,ws), lem(wsy, w3) and lem(ws, wy) is equal to lem(by, b, b3). It follows that
wiwe = ged(wy, we)lem(wy, we) = ged(wsg, w3) lem(we, ws) = wows, so that wy = ws.
Similarly, we shares this common value.

Second Solution:

Let the numbers Peter thinks of be x, y and z. We assume to the contrary that
ged(z,y), ged(x,z) and ged(y, z) are not the same number. Then there must be a prime
p such that the highest powers of p which divide these three numbers are not identical.
Let the highest powers of p which divide x, y and 2z be a, b and ¢ respectively. We may
assume that a < b < ¢. Then the highest powers of p which divide ged(z,y), ged(z, 2)
and ged(y, z) will respectively be a, a and b, and we have a < b. Now the highest power
of p which divides any of Basil’s numbers must be b, and p® will divide two of his least
common multiples. It follows that the two sets of three numbers cannot be identical
unless all three numbers in each set are the same.

The answer is no. Peter’s numbers may be 1, 2, 2 and 2. Then his six greatest common
divisors are 1, 1, 1, 2, 2 and 2. Basil’s numbers may be 1, 1, 1 and 2. Then his six least
common multiples are 1, 1, 1, 2, 2 and 2. The two sets of numbers are identical, but the
six numbers in each set are not all the same.

3. Michael can escape. In the first move, he chooses any direction. Catherine cannot gain
anything by reversing it. In each subsequent move, Michael chooses a direction which is
perpendicular to the line joining his current position to the centre of circle. Again Catherine
cannot gain anything by reversing it. Let d,, be the distance of Michael from the centre of the

circle after the n-th move. We have d; = 1 and d,,,1 = \/d? + 1. We claim that d,, = \/n for

all n > 1. The basis holds, and by the induction hypothesis, d,.1 = 1/ \/ﬁ2 +1=vn+1. It
follows that after 10000 moves, Michael will arrive at the circumference of the circle.



4. We claim that Betty can guarantee a win. We first prove the following auxiliary result.
Suppose the first cell is marked X and the last cell is marked O, with n vacant cells in
between. If Aaron goes first, he loses. We use induction on n. When n = 1, neither player
has a move. Since Aaron moves first, he loses. Assume that result holds up to n — 1 for some
n > 2. Consider a board with n vacant cells between the X and O already marked. In his first
move, Aaron will partition the board into two, with ¢ and j vacant cells respectively, where
1+ 7 =n — 1. In the first board, the first and the last cells are marked X. Betty places an O
next to either X. Then we have two boards each of which has X at one end and O at the other,
with less than n vacant cells in between. Aaron will lose because by the induction hypothesis,
he loses on both boards. We now return to the vacant 1 x n board. Suppose Aaron marks
an X on the k-th cell. By symmetry, we may assume that & > 1. Betty marks an O on the
first cell. It is Aaron’s move, and by the auxiliary result, he will lose if kK = n — 1 or n. If not,
he will at some point be forced to mark an X on the ¢-th cell where ¢ > k + 2. Then Betty
will mark an O on the (k + 1)st cell, and the auxiliary result applies again. Thus Aaron is
forced to open up new parts of the board again and again. Eventually he runs out of room
and loses. It follows that Betty can always win if n > 2.

5. Solution by Dmitri Dziabenko.
Let there be n objects, and let the mass indicated by the tag on the i-th object be m;,
1 <i < n. We may assume that m; < my < --- < m,,. Arbitrarily choose positive numbers
dy < d3 < --- < d, and choose d; so that dym; = domso + dsms + - - - + d,m,,. On one side of
the support, hang the 1-st object at a distance d; from the support. On the other side of the
support, hang the i-th object at a distance d; from the support for 2 < i < n. Let the correct
mass of the i-th object be a; for 1 <7 < n. We consider three cases.
Case 1. All the tags are in fact correct.
Then we will have equilibrium.
Case 2. The tag on the 1-st object is correct but those on some of the others are not.
Then {as,as,...,a,} is a permutation of {mq, ms, ..., m,}, and by the Rearrangement In-
equality,

d2a2 + d3a3 + -+ dnan < d2m2 + d3m3 + -+ dnmn = dlml.

Case 3. The tag on the 1-st object is incorrect.

Then m; < a; = m; for some j, 2 < j <n. Hence dia; = dim; > dym; while

domg + dzsmg + -+ - + d,my,
> domy +dsmo + -+ + djmj_1 + dj+1mj+1 + -+ d,my
> dyag + dsaz + - - - + dpay,

and again we have no equilibrium.



6.

(a) Given a row of n coins arbitrarily arranged heads and tails, and a number between 1 and
n inclusive, the assistant can flip exactly one coin so that the magician can tell which
number has been chosen. With a row of 2n coins and a number m between 1 and 2n, the
magician and the assistant place the numbers 1 to n in order in the first row of a 2 x n
array, and the numbers from n + 1 to 2n in order in the second row. If the row number
h and the column number & of the location of m are determined, then m = (h—1)n+k.
The magician and the assistant also consider the 2n coins as in a 2 x n array. Code each
coin with heads up as 0 and each coin with tails up as 1. Compute the sum of the codes
of the two coins in each column modulo 2 and regard the result as a linear array of n
coded coins. By the hypothesis, the assistant can flip the ¢g-th coded coin to signal the
number k to the magician. This can be achieved by flipping either of the two coins in
the ¢-th column. To signal the number h to the magician, the assistant will just use the
bottom coin of the ¢-th column, code 0 meaning h = 1 and code 1 meaning h = 2. If the
bottom coin is not correct, flip it. Otherwise, flip the top coin.

(b) For n = 1, the assistant must flip the only coin. However, the chosen number can only
be 1, and the magician does not require any assistance. Hence the task is possible. For
n = 2, let the coins be coded as in (a). The assistant will just use the second coin, code
0 meaning h = 1 and code 1 meaning h = 2. If the second coin is not correct, flip it.
Otherwise, flip the first coin. Hence the task is also possible. By (a), the task is possible
whenever n is a power of 2. We now show that the converse also holds. Each of the 2"
arrangement of the coins codes a specific number between 1 and n. If n is not a power of
2, then 2™ = qn + r where ¢ and r are the quotient and the remainder obtained from the
Division Algorithm, with » > 0. By the Pigeonhole Principle, some number is coded by
at most ¢ arrangements. Each may be obtained by the flip of a single coin from exactly
n other arrangements. The yields a total count of gn < 2". On the other hand, from
each of the 2™ arrangements, we must be able to obtain one of these ¢ arrangements by
the flip of a single coin. This contradiction shows that the task is impossible unless n is
a power of 2.

7. Solution by Central Jury.

Let the i-th document be D;, 0 < i < 40. Note that Dy consists only of the letter A, and
D consists only of the word assigned to the letter A. This word does not start with A, as
otherwise all documents start with A, which is not the case since Dy starts with T. However,
the word assigned to A does contain the letter A, so that D; contains Dy, and not from the
beginning. Similarly, D;,; contains D; for 0 < ¢ < 39, again not from the beginning. Note
that no D; can start with a single-letter word, as otherwise this word will start all subsequent
documents, which is not the case since D4y does not start with a single-letter word. Since
there are only twenty-six letters in the English alphabet, D; and D must start with the same
letter for some j and k where j < k < 27. Then D;;; and Djyy, start with the same word,
Djo and Dy start with the same two words, and so on. Let t = 40— k. Since k < 27, ¢ > 13
so that Dj;, and D4y = Dy start with the same thirteen words, including “Till whatsoever
star that guides my moving”. Since Dy contains a copy of D;; and not from the beginning,
this sentence will reappear in Dyg.
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1. In the convex hexagon ABCDEF, AB, BC and CD are respectively parallel to DE, EF
and FA. If AB = DFE, prove that BC = FF and CD = FA.

2. There are ten congruent segments on a plane. Each point of intersection divides every segment
passing through it in the ratio 3:4. Find the maximum number of points of intersection.

3. There are ten cards with the number a on each, ten with b and ten with ¢, where a, b and ¢
are distinct real numbers. For every five cards, it is possible to add another five cards so that
the sum of the numbers on these ten cards is 0. Prove that one of a, b and c is 0.

4. Find all positive integers n such that (n + 1)! is divisible by 1! 4+ 2! + .- + nl.

5. Each cell of a 10 x 10 board is painted red, blue or white, with exactly twenty of them red.
No two adjacent cells are painted in the same colour. A domino consists of two adjacent cells,
and it is said to be good if one cell is blue and the other is white.

(a) Prove that it is always possible to cut out 30 good dominoes from such a board.
(b) Give an example of such a board from which it is possible to cut out 40 good dominoes.

(c¢) Give an example of such a board from which it is not possible to cut out more than 30
good dominoes.

Note: The problems are worth 4, 5, 5, 5 and 6 points respectively.



Solution to Junior O-Level Spring 2008

1. Since AB and DFE are equal and parallel, ABDE is a parallelogram so that AE = BD.
Moreover, AFE is parallel to BD. Since C'D is parallel to FA, /CDB = /FAFE. Similarly,
(CBD = (FFEA. Hence triangles BCD and FF A are congruent, so that BC' = EF and
CD = FA. A B

E D

2. On each segment, there are exactly two points which divide it in the ratio 3:4. Hence the
total count segment by segment is at most 20. However, it takes two segments to produce a
point of intersection. Hence there are at most 10 such points. The diagram below shows how
this can be attained, so that 10 is indeed the maximum.

X X
\ \

3. Suppose none of a, b and cis 0. They cannot all be positive and they cannot be all negative.
By symmetry, we may assume that a and b are positive while c is negative. Since a and b are
distinct, we may assume that a > b. If a > —c, we take five cards with a on each. Then it
is impossible to take another five cards to bring the total down to 0. If —¢ > a, we take five
cards with ¢ on each. Then it is impossible to take another five cards to bring the total up to
0. It follows that we must have a = —c¢ > b. If we now take four cards with a on each and a
fifth card with b on it, it is impossible to take another five cards to bring the total down to 0.

4. For n = 1, 1! divides 2!. For n = 2, 142! divides 3!. We claim that there are no solutions

f >3. Weh
orn > e have (n+1)! = n!l+n(n)

= n((n—1)!+n!)
< n(l14+21+--- +nl).
For n =3, 4! > 2(1! + 2! 4+ 3!). Suppose for some n > 3, n! > (n —2)(11 + 2! +--- + (n — 1)!).
Note that 2(n — 2) > n — 1. By mathematical induction,
(n+1)! = (n—1)n!+ 2n!
> n—1nl+2n—=2)(11+21+---+ (n—=1))
> (n—=1)(1'+2!4---+nl).

!
It follows that (n+1)
+20 4. +nl

integer, and the claim is justified.

lies strictly between n — 1 and n. Hence it cannot be an




D.

(a) Divide the board into 50 dominoes as shown in the diagram below. At most 20 of them
can contain a red cell. Each of the other 30 must be a good domino since no two adjacent
cells are painted in the same colour.

(b) Paint the board blue and white in the usual checkerboard pattern as shown in the diagram
below, where the blue cells are shaded. Repaint into red cells 20 of the cells marked by
circles, and divide the rest of the board into 40 dominoes, each of which is good.

(c) Divide the board into 50 dominoes as in (a) and paint the board as in (b). If we repaint
any 20 blue cells into red cells, we will only have 30 blue cells left. Since we need a blue
cell in each good domino, we will have exactly 30 good dominoes.
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There are ten cards with the number a on each, ten with b and ten with ¢, where a, b and ¢
are distinct real numbers. For every five cards, it is possible to add another five cards so that
the sum of the numbers on these ten cards is 0. Prove that one of a, b and c is 0.

Can it happen that the least common multiple of 1, 2, ..., n is 2008 times the least common
multiple of 1, 2, ..., m for some positive integers m and n?

In triangle ABC', /A =90°. M is the midpoint of BC' and H is the foot of the altitude from
A to BC'. The line passing through M and perpendicular to AC' meets the circumcircle of
triangle AMC' again at P. If BP intersects AH at K, prove that AK = KH.

No matter how two copies of a convex polygon are placed inside a square, they always have a
common point. Prove that no matter how three copies of the same polygon are placed inside
this square, they also have a common point.

. We may permute the rows and the columns of the table below. How may different tables can

we generate?

12 3 45 6 7
71 2 3 4 5 6
6 7 1 2 3 4 5
5 6 71 2 3 4
4 5 6 71 2 3
34 5 6 7 1 2
2 3 45 6 71

Note: The problems are worth 4, 5, 5, 5 and 6 points respectively.



Solution to Senior O-Level Spring 2008

. Suppose none of a, b and ¢ is 0. They cannot all be positive and they cannot be all negative.
By symmetry, we may assume that a and b are positive while c is negative. Since a and b are
distinct, we may assume that a > b. If a > —c, we take five cards with a on each. Then it
is impossible to take another five cards to bring the total down to 0. If —¢ > a, we take five
cards with ¢ on each. Then it is impossible to take another five cards to bring the total up to
0. It follows that we must have a = —c¢ > b. If we now take four cards with a on each and a
fifth card with b on it, it is impossible to take another five cards to bring the total down to 0.

. Let the highest power of 2 less than or equal to m be 2". Since 2008 = 23 x 251, the highest
power of 2 less than or equal to n must be 27+3. It follows that n > 4m. Let the highest
power of 3 less than or equal to m be 3°. Then the highest power of 3 less than or equal to n
must also be 3° since 3 does not divide 2008. However, n > 4m > 4 x 3° > 3**!, which is a
contradiction. Hence no such positive integers m and n exist.

. Since both AB and M P are perpendicular to AC' and BM = MC', M P intersects AC' at its
midpoint D. It follows that M P is a diameter of the circumcircle, so that M C'is perpendicular
to PC. It follows that triangles MCD and M PC' are similar, so that %—g = %. Hence
% = %. Since /DM B = /BM P, triangles DM B and BM P are also similar. It follows
that /CBD = /BPM = /ABK. Now triangles BAH and BC'A are also similar. Since
CD = DA, we have AK = KH.

K
A

C

. Let a copy F of the convex polygon be placed anywhere inside the square. Consider the copy
F’ obtained from F' by a half-turn about the centre O of the square. By hypothesis, F' and F”
must have a point in common. Let it be P. Then the point P’ obtained from P by a half-turn
about O is also in the intersection of ' and F”’. Since F'is convex, O is also in F. It follows
that a copy of the convex polygon placed anywhere inside the square must cover O. It follows
that if three copies are placed in the square, they will have O in common.

. The columns may be permuted in 7! ways so that the first row is different. The remaining
rows may be permuted in 6! ways so that the first column is different. Once the first row and
the first column have been fixed, the remaining entries in the table are also fixed. Hence the
total number of different tables we can generate is 7! x 6!.
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. An integer N is the product of two consecutive integers.

(a) Prove that we can add two digits to the right of this number and obtain a perfect square.

(b) Prove that this can be done in only one way if N > 12.

. A line parallel to the side AC of triangle ABC' cuts the side AB at K and the side BC' at
M. O is the point of intersection of AM and CK. If AK = AO and KM = MC', prove that
AM = KB.

. Alice and Brian are playing a game on a 1 x (N + 2) board. To start the game, Alice places
a checker on any of the N interior squares. In each move, Brian chooses a positive integer n.
Alice must move the checker to the n-th square on the left or the right of its current position.
If the checker moves off the board, Alice wins. If it lands on either of the end squares, Brian
wins. If it lands on another interior square, the game proceeds to the next move. For which
values of N does Brian have a strategy which allows him to win the game in a finite number
of moves?

. Given are finitely many points in the plane, no three on a line. They are painted in four
colours, with at least one point of each colour. Prove that there exist three triangles, distinct
but not necessarily disjoint, such that the three vertices of each triangle have different colours,
and none of them contains a coloured point in its interior.

Standing in a circle are 99 girls, each with a candy. In each move, each girl gives her candy to
either neighbour. If a girl receives two candies in the same move, she eats one of them. What
is the minimum number of moves after which only one candy remains?

Do there exist positive integers a, b, c and d such that § + § =1 and § + 7 = 20087

. A convex quadrilateral ABC'D has no parallel sides. The angles between the diagonal AC
and the four sides are 55°, 55°,19° and 16° in some order. Determine all possible values of
the acute angle between AC' and BD.

Note: The problems are worth 242, 5, 6, 6, 7, 7 and 8 points respectively.
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1. Let N = n(n +1). Adding two digits to the right of N produces an integer M where
100n(n+1) < M < 100n(n + 1) + 99.

(a) If we add 25, then M = 100n(n + 1) + 25 = (10n + 5)%.

(b) Notice that N > 12 means n > 3. It follows that 100n(n+1) — (10n+4)? = 20n— 16 > 0
and 100n(n +1) + 99 — (10n + 6)* = —20n + 63 < 0. Thus the only square within range
is (10n + 5)%.

2. Since AO = AK, /AKO = /AOK. Since MK = MC, /MCK = /MKC. Since KM is
parallel to AC, /ACK = /MKC and /BMK = /ACM. Now

/ABC = /AKO — /MCK = /AOK — /ACK = /M AC.

Hence triangles M AC and K BM are congruent, so that AM = BK.
A

K

B M C

3. Colour the two end squares red. Then there is a block of adjacent blank squares between them.
If the block does not have a middle square, the colouring process terminates. If it does, colour
the middle square red. This creates twice as many blocks of adjacent blank squares all with
the same number of squares in them. Eventually, the colouring process stops either because
all squares are red, or because the new blocks do not have middle squares. If all squares are
red, then N = 2" — 1 for some positive integer n, and Brian has a sure win. Wherever Alice
places the checker, Brian can force it into either square which makes its current square red.
Eventually, the checker will be forced into either of the two end squares. If the squares are
not all red, then N # 2" — 1 for any positive integer n, and Alice cannot lose. She simply
places the checker on a blank square, and Brian can never force it onto a red square. Since
both end squares are red, Brian cannot win. In summary, Brian wins if and only if n = 2" —1
for some positive integer n.

4. Consider all sets of four points of different colours. Since the number of points is finite, we can
choose the set whose convex hull has the smallest area. If the convex hull is a quadrilateral,
then there are no coloured points in its interior, as otherwise we have a set whose convex hull
has smaller area. The four vertices of the quadrilateral determine four triangles each with
vertices of different colours, and any three of these four triangles will satisfy the requirement.
Suppose the convex hull is a triangle ABC, say with A red, B yellow and C' blue. Then only
points of the fourth colour, say green, can be inside ABC', and there is at least one such point
D. If there are no green points other than D, then triangles ACD, BAD and CBD satisfy
the requirement. Suppose BAD contains other green points. Choose among them a point F
such that triangle BAFE has the smallest area. Then it cannot contain any green points in its
interior, and we can replace BAD by BAFE. A similar remedy can be applied if either AC'D
or C'BD contains green points in its interior. Hence we will get three triangles which satisfy
the requirement.



5. Solution by Olga Ivrii.
Let the girls be labelled 1 to 99 in clockwise order. We first show that the task can be
accomplished in 98 moves. In each of the first 49 moves, if she still has a candy, the k-th girl
gives hers to the (k — 1)-st girl for 2 < k < 50 and to the (k + 1)-st girl for 51 < k£ < 99. The
1-st girl, who will always have a candy, gives hers to the 99-th girl. After 49 moves, only the
1-st and the 99-th girl have candies. These two candies can be passed, in opposite directions,
to the 50-th girl in another 49 moves. We now show that the task cannot be accomplished in
less than 98 moves. We will not allow the girls to eat the candies, but each must pass all she
has to the same neighbour. Our target is to have all candies in the hands of one girl. Consider
what happens to a candy in two consecutive moves. It either returns to the girl who has it
initially, or is passed to a girl two places away. Suppose the candies all end up with the 50-th
girl in at most 98 moves. The number of moves is not enough for the candy initially with the
50-th girl to go once around the circle before returning to her. It follows that the number of
moves must be even. However, in order for the candy initially with the 49-th girl to end up
in the hands of the 50-th girl in an even number of moves, it must go once around the circle,
and that takes 98 moves.

6. Such positive integers exist. We take b = kd for some integer k. Then a + kc = kd and
ka + ¢ = 2008kd. Solving this system of equations, we have a = % and ¢ = W.
Taking d = k? — 1, we have b = k(k* — 1), a = k(2008k — 1) and ¢ = k(k —2008) for k& > 2009.

When k£ = 2009, we have a = 8104448639, b = 8108484720, ¢ = 2009 and d = 4036080.

7. There are three cases to consider, the two equal angles are at the same vertex, they are at
opposite vertices but on the same side of the diagonal, and they are at opposite vertices
and on opposite sides of the diagonal. The last one can be discarded because there will
be two parallel sides. In the first case, as illustrated by the diagram below on the left, let
the equal angles be at the vertex C. Draw the excircle of triangle BC'D opposite C' with
centre E. Then A lies on the line C'F, and we have /PBE = /EBD and /QDFE = /EDB.
Then /BEC = /PBE — 55° and /DEC = /QDFE — 55°. Hence the sum of the angles of
triangle BED is 2/EBD + 2/EDB — 110° = 180°. Hence /EBD + /EDB = 145° so that
/BED = 35°. It follows that A and E coincide. By symmetry, we can take /DAC = 16°.
Then /ADB = /QDA = 55° + 16° = 71°. It follows that the acute angle between AC and

BD is T1° 4+ 16° = 87°.
D

P B C B
The second case is illustrated by the diagram above on the right, where /DAC'=/DCA=55°,
/BAC =16° and /BCA =19°. Then /ABC = 180°—16°—19° = 145°. If DB < DA = DC,
then /ABC' = /ABD + /DBC > /BAD + /BCD > 145°. Similarly, if DB > DA = DC,
then /ZABC' < 145°. It follows that DB = DA = DC so that /ZABD = 55° + 16° = 71°. It
follows that the acute angle between AC' and BD is again 71° 4+ 16° = 87°. In summary, 87°
is the only possible value.
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1. A triangle has an angle of measure 6. It is dissected into several triangles. Is it possible that
all angles of the resulting triangles are less than 6, if

(a) 0 =T70°%

(b) 6 =80°7
2. Alice and Brian are playing a game on the real line. To start the game, Alice places a checker
on a number x where 0 < z < 1. In each move, Brian chooses a positive number d. Alice
must move the checker to either x 4+ d or x — d. If it lands on 0 or 1, Brian wins. Otherwise

the game proceeds to the next move. For which values of x does Brian have a strategy which
allows him to win the game in a finite number of moves?

3. A polynomial "+ a " a4+ a0+ ay 1+ ay
has n distinct real roots xy, xs, ..., x,, where n > 1. The polynomial
nz" "t (n— Daa" 2 + (n — 2)agx™ > + - + 20, 0% + @y
has roots y1, y2, ..., yn_1. Prove that

s B N T R
n n—1 '

4. Each of Peter and Basil draws a convex quadrilateral with no parallel sides. The angles
between a diagonal and the four sides of Peter’s quadrilateral are o, o, ( and 7 in some
order. The angles between a diagonal and the four sides of Basil’'s quadrilateral are also
a, «, # and 7 in some order. Prove that the acute angle between the diagonals of Peter’s
quadrilateral is equal to the acute angle between the diagonals of Basil’s quadrilateral.

5. The positive integers are arranged in a row in some order, each occuring exactly once. Does
there always exist an adjacent block of at least two numbers somewhere in this row such that
the sum of the numbers in the block is a prime number?

6. Seated in a circle are 11 wizards. A different positive integer not exceeding 1000 is pasted
onto the forehead of each. A wizard can see the numbers of the other 10, but not his own.
Simultaneously, each wizard puts up either his left hand or his right hand. Then each declares
the number on his forehead at the same time. Is there a strategy on which the wizards can
agree beforehand, which allows each of them to make the correct declaration?

7. Each of three lines cuts chords of equal lengths in two given circles. The points of intersection
of these lines form a triangle. Prove that its circumcircle passes through the midpoint of the
segment joining the centres of the circles.

Note: The problems are worth 343, 6, 6, 7, 8, 8 and 8 points respectively.
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Solution to Senior A-Level Spring 2008

(a) Solution by Noble Zhai.
Suppose the task is possible. In the resulting triangulation, the 70° angle must be
subdivided into at least two angles. Hence one of these angles is at most 35°. In the
triangle to which it belongs, one of the other two angles is at least %(180O —35°) = 72.5°.
This is a contradiction.

(b) In the diagram below, ABC' is a triangle with AB = AC and /CAB = 80°. It is
dissected into seven triangles where AFF = AH = AE, HF = HG=HD = HE, HG is
parallel to AB and HD is parallel to AC. Then /DHG =80°, /HGD = /GDH = 50°,
(HAE = ({HAF = 40°, /AFH = /AHF = /FHG = /DHE = /FEHA = /AEH = 70°
and /BGF = /CDFE = 75°. The other angles all have measure 55°. If we move D and
G a little closer to each other, we can make all angles to have measure less than 80°.

A

B G D C

2. Call a number good if it is of the form F for some odd integer m satisfying 0 < m < 2".

Suppose z is a good number. Then Brian chooses d = min{g,1 — 5%}. In order to avoid
losing immediately, Alice must move the checker to 5% or 1 — 5%y, which is another good
number. Repeating this procedure, the power of 2 in the denominator diminishes by 1 in each
move. After n moves, the checker is forced into 0 or 1, and Brian wins. Suppose z is not a
good number. Then whatever value d Brian chooses, either x + d or x — d is not good. This
is because the sum of two good numbers is good, and half a good number is also good, but
x itself is not good. It follows that Alice can never be forced to move the checker to a good
number. However, since % is good, and it is the only point from which Brian can force Alice
to lose on the move, Brian cannot win. In summary, Brian wins if and only if x is a good

number.



. We have x; +2o+- - -+, = —a;, 1122+ 0123+ -+ Tp1Tp = A2, Y1 +Y2+- - FYp_1 = —%

and 1Yo + Y1Y3 + - + Yn—oUYp_1 = W It follows that X = 2% + 23 + - + 22 = af — 2a,

andY =yi+y5+--+yi, = ai(:i;ly - 2(12(:72). Hence
X Y 9 (1 n — 1) 1 n—2
— = = aj|—— —2a3 | — — —F/——
n n-—1 n n? n  n(n—1)
1 2
= m((n — ].)al — 2”&2)
1
= ——((n—1)X — 2ay).
ng(n_ 1) ((n ) a2)
By the Rearrangement Inequality, (n—1)(z3+ 23+ -+22) —2(z109+T1 23+ - -+ Tp_127,) > 0,
with equality if and only if 27 = 29 = --- = x,,. Since the roots are distinct, we have strict
inequality.

. In the diagram below on the left is Peter’s quadrilateral ABC'D, with /CAD = /ACD = «,
/BAC = (3 and /ACB = 7, the diagonals intersecting at E. In the diagram below in the
middle is Basil’s quadrilateral A’B'C'D’, with (B'A'C' = /D'A'C' = o, (B'C'A" = 3 and
/D'C'"A" = 7, the diagonals intersecting at E’.

C’
D S
B
Alo E a\( P /o T a\ R
W E’ W
B’ D’
B a o Q
A

Construct triangle PQT similar to triangle C'B'E’. If we extend PT to R, then we have
(QTR = /D'E'C', and we can choose R so that triangle QRT is similar to triangle D'C'E".
Similarly, we can extend Q7T to S so that triangle RST is siimilar to triangle A’D’'E’. Join
SP to complete the quadrilateral PQRS, as shown in the diagram above on the right. Now
/STP=/QTR=/D'FE'C'"=/B'E'A" and

PT PT QT RT C'E DE AE AFE

ST QT RT ST BE CE DFE BE"

Hence triangle SPT is similar to triangle B’A’E’. It follows that triangle PQR is similar to
triangle ABC', and triangle RSP is similar to triangle C' DA, so that the quadrilateral PQR.S
is similar to the quadrilateral ABC'D. Hence /C'B'E' = /PTQ = /AEB.



5. Solution by Konstantin Matveev.

Let the first three terms be 1, 4! and 2. So far, each of 1+4!, 4142 and 1+4!+2 are composite.
We will lengthen the sequence by two terms at a time. The second term to be added is the
smallest number not yet in the sequence, and the first term to be added is the factorial of the
sum of the preceding terms plus the following term. Thus the fifth term is 3, the fourth term
is (1+4!4-2+3)!, the seventh term is 4 and the sixth term is (1441424 (1+414-2+3)!4-3+4)!.
Since the odd-numbered term added at each stage is the smallest number not yet in the
sequence, every positive integer will eventually appear. No positive integer can appear twice
as the even-numbered term added at each stage is larger than any number which has been
chosen earlier. For any block of consecutive terms other than {1,4!}, the largest term is of the
form n! while the sum of the other terms is some positive integer k where 2 < k < n. The
sum of the terms in the block is n! + k, which is composite since it is divisible by k.

6. Solution by Jonathan Zung.

Each wizard constructs an 10 x 10 table, the i-th row being the base-2 representation, with
leading Os, of the number on the forehead of the wizard ¢ places away in clockwise order. Then
he computes the sum of the diagonal elements modulo 2. If the sum is 0, he puts up his left
hand, and if it is 1, he puts up his right hand. Consider an arbitrary wizard A. Each digit of
the base-2 representation of A’s number appears on the diagonal of exactly one of the other
wizards. Consider the digit which is on the diagonal of wizard B. The other 9 digits on that
diagonal are known to A. From B’s show of hand, A has the sum of the 10 digits on that
diagonal, and he can determine the missing digit. Recovering the other digits in a similar
manner, A can reconstruct his own number.

7. Solution by Dmitri Dziabenko.
Let the centres of the two circles be L and N, with M the midpoint of LN. Let a line «
cut the circles at A, Ay, Az and A, as shown in the diagram below, with A;A4; = A3A,.
Let A5 and Ag be the respective midpoints of A;As and A3A,. Then LAs; and N Ag are both
perpendicular to . Let A; be the foot of the perpendicular from M to «. Then A; is the
Il’lldelIlt of A5A67 and hence of A2A3 and of A1A4. Now A7A1 . A7A2 = A7A4 . A7A3. Hence
A7 has equal power with respect to both circles, and lies on their radical axis ¢. Let 8 and ~
be two other lines which cut the circle in equal segments. Then the feet of the perpendicular
from M to both lines also lie on £. It follows that ¢ is the Simson line with respect to M of

the triangle formed by «, [ and . Hence M lies on the circumcircle of this triangle.
Ay
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1 [1] (from The Good Soldier Svejk) Senior military doctor Bautze exposed abcce malingerers
among aabbb draftees who claimed not to be fit for the military service. He managed to expose
all but one draftees. (He would for sure expose this one too if the lucky guy was not taken by
a stroke at the very moment when the doctor yelled at him “Turn around !...”) Now many
malingerers were exposed by the vigilant doctor?

Each digit substitutes a letter. The same digits substitute the same letters, while distinct
digits substitute distinct letters.

SOLUTION Problem is equivalent to: aabbb = abcce + 1,

Then, ¢ = 9 (otherwise, nothing is carried out to the second digit); therefore, b = 0 and a = 1.

2 [2] Let us call a triangle “almost right angle triangle” if one of its angles differs from 90° by
no more than 15°. Let us call a triangle “almost isosceles triangle” if two of its angles differs
from each other by no more than 15°. Is it true that that any acute triangle is either “almost
right angle triangle” or “almost isosceles triangle”?

ANSWER: Yes, it is true.

SOLUTION. Let a > b > ¢ be angles of a triangle. Let us assume that a triangle in not “almost
isosceles”. Then a —b > 15° and b — ¢ > 15° (so a — ¢ > 30°). Then 180° = a+b+ ¢ <
a+a+15°+a—+30° or 3a > 225° so a > 75°. That implies that the triangle is “almost right
angle triangle”.

3 [2] A triangle with sides a, b, ¢ is folded along a line ¢ so that a vertex C'is on side c¢. Find the
segments on which point C' divides ¢, given that the angles adjacent to ¢ are equal.

SOLUTION. Let ABC' be a given triangle. It is clear that the folding along line is equivalent
to the mirror reflection with respect to this line. Let point C” (on side AB) be an image of
vertex C' under mirror reflection with respect to line ¢; thus, CC" is perpendicular to ¢. Let M
and N be points of intersection of ¢ with sides AC and C B respectively. Since angles adjacent
to ¢ are equal then ZCM N= ZC'NM and triangle CM N is isosceles. Therefore, line CC" is
an altitude of isosceles triangle. Then, C'C" is also a bisector of ZC'. By a property of bisector
we have AC"/C'B = AC/CB or AC'" — (¢ — AC") = b/a and we get C'B = ac/(a +b).

4 [3] From the first 64 positive integers are chosen two subsets with 16 numbers in each. The first
subset contains only odd numbers while the second one contains only even numbers. Total
sums of both subsets are the same. Prove that among all the chosen numbers there are two
whose sum equals 65.

SOLUTION. Let us pair the first 64 positive integers: (7,65 — ). It is easy to see that we have
one-to-one correspondence between all odd and all even numbers of {1,...,64}. Let us pick
up any F' C {1,3,...,63} consisting of 16 numbers. Let us also pick up any S C {2,4,...,64}



consisting of 16 numbers. If we do not want any element of S be paired with some element of
F, then it it easy to see that S is uniquely defined by choice of F'.

So, let FF = {f1,..., fie} and S = {s1,...,s16}. It is clear that s; C S if and only if
65 — s; ¢ F. Therefore, to get the sum § = 51 + - -+ 4 516 we need to sum up 65 — k; ( k;
odd and k; ¢ F). Thus, we get 65-16 — o + f where 0 = 1 + 3+ 5+ -+ + 63 = 322 and
F=fi+fot -+ frg. S0,5=065-16— 322+ f = 16+ f # f. Contradiction.

5 [4] Two players in turns color the squares of a 4 x 4 grid, one square at the time. Player loses
if after his move a square of 2 x 2 is colored completely. Which of the players has the winning
strategy, First or Second?

SOLUTION. Second Player has a strategy. On each move of First Player, Second Player
corresponding move is two squares down (or two squares up) in the same column. It is easy
to see that if First Player has a move, so does Second Player.
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1 [1] A straight line is colored with two colors. Prove that there are three points A, B, C' of the
same color such that AB = BC.

SOLUTION. Consider any two points of the same color; say white, W and W’; let 2d be the
distance between them and W’ be to the right of W. Consider two new points, on the distance
2d to the left of W and 2d to the of right of W’. Both of them must be black; otherwise, the
problem is solved. Now, consider a midpoint between W and W’. It must be black as well,
otherwise, the problem is solved. However, in this case this midpoint is equidistant from both
black points. The statement is proven.

2 [2] A student did not notice multiplication sign between two three-digit numbers and wrote it
as a six-digit number. Result was 7 times more that it should be. Find these numbers.

SOLUTION. Problem is equivalent to find two 3-digit numbers u, v, so that 1000u+v = Tu X v.
Therefore, u = v/(7v — 1000). Since 100 > u > 999 then 100 > v/(7v — 1000) > 999. Solving
the last inequality we get v = 143. Then we find corresponding u = 143.

3 [3] Two players in turns color the squares of a 4 x 4 grid, one square at the time. Player loses
if after his move a square of 2 x 2 is colored completely. Which of the players has the winning
strategy, First or Second?

SOLUTION. Second Player has a strategy. On each move of First Player, Second Player

corresponding move is two squares down (or two squares up) in the same column. It is easy
to see that if First Player has a move, so does Second Player.

4 [3] There three piles of pebbles, containing 5, 49, and 51 pebbles respectively. It is allowed to
combine any two piles into a new one or to split any pile consisting of even number of pebbles
into two equal piles. Is it possible to have 105 piles with one pebble in each in the end?

ANSWER: it is not possible.

SOLUTION. It is clear that the first operation can be one of the following;:
a). Combining 5 and 49;

b). Combining 5 and 51;

c¢). Combining 49 and 51.

Let us consider case a). After the first opearation is applied we have two piles: 54 and and
51. Note, that both piles are multiple of 3. If a number is multiple of 3 then dividing it by 2
(coprime with 3) results in a number that is multiple of 3. Adding two numbers multiple of
3 results in a number that is multiple of 3. Therefore, no matter which operation we apply
from now on we can get only piles that all are multiple of 3. But 1 is not a multiple of 3.
Therefore, in case a) it is impossible to get piles with one pebble in each.

Cases b) and c) are dealt in similar way (piles in case b are multiple of 7 while in case ¢ are
multiple of 5).



5 [4] Jim and Jane divide a triangular cake between themselves. Jim choses any point in the cake
and Jane makes a straight cut through this point and choses the piece. Find the size of the
piece that each of them can guarantee for himself/herself (both of them want to get as much
as possible).

ANSWER. Jim can guarantee for himself 4/9 of the cake while Jane can guarantee 5/9.

SOLUTION. Jim chooses a point of intersections of medians of the triangle (centroid). It is
easy to prove that if Jane makes parallel cut to a side (any side) then she get exactly 5/9 of
the cake. If the cut is not parallel then she gets less (to the trapezoid we had in previous case
one triangle is added while the other is subtracted; compare the areas of these triangles). Jim
can not get more by choosing any other point. If it was the case, Jane can always make a cut
parallel to one of the sides (so to choose a trapezoid with centroid in it) and have more than
5/9.
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