27. TYPHHUP I'PAJJOBA

Jeceme kono.
[ lpunpemua sapujanra, 16. oxkrobap 2005. roa.
8—9. paspes (mrabu yspacr)
(Pesyatat ce pauyHa Ha OCHOBY TPH 3aZaTka Ha KOJHMA je ZOGH]EHO HAJBHILE NOEHA, MOEHH 3a
ZleAOBE JeAHOT 33/1aTKa e ca6}xpajy)

1.

(3 noena) Jar je tpoyrao ABC. Tauke M, Mo, M; cy cpeammra crpanuia AB,
BC u AC, a Ttauke Hy, H> u H; cy noamomxja sucuma wa re uere crpanuie.
Joxamure aa aymu HiMs, HoM; u HsM| Mory 6wt crpannie jeasor Tpoyraa.

(3 noena) Y cpakom Temeny xouxe sanucas je no jezan 6poj. Ymecto cakor Gpoja
3ANMMCYjeMO  APHUTMETHYKY CpPeAHHy OpojeBa KOJH CTOje Ha TPH CyceAHa TemeHa
(6pojese samemyjemo ucrospemeno). [ Tocae 10 Takeux onepanmja y cakom remeny
nojasuhe ce nouernu 6poj. Ja an cy ob6asesno cBr norasuu Gpojesn GHAM jeanaku?

(4 noena) Jeamnuuna ay:x nogemena je wa 11 ayxu (oacewaka) Taxo aa aymmuna
HE jeane oa wux Huje Beha oa @. 3a xoje BpeanOCTH ¢ MOKEMO TBPAMTH Aa ce 01
6HAO KOje TPH TAKO HACTANE AY:H MOme 06pa30BaTH Tpoyrao?

(4 noena) Jeana waxoscka (Qurypa Mome Ja ce moMmepd Ha 8 uam 9 nona
XOPHSOHTAAHO HAH BepTHKaAHo. Huje a03B00e10 22 Ha ueTo nove crame ABa nyTa.
Koju je najsehn 6poj momva Ha xoje Taksa miaxoBCra (PUrypa Mo:e Ja CTaHe Ha
taban 15x15? (Kperame moxe sanodern ca Ma Kojer mona Tabae.)

(5 noena) Mehy 6 nosunha Harasu ce jesan geexran (pasaukyje ce of OCTaAHX
110 TEXKWHH, aAH je Theropa Te:xuHa, Kao M TeXkKHHa HcrnpasHor HoBunha, HerosHaTa).
Kako ca 3 mepersa na repasujama ca terosuma (Koje mokasyjy YKYITHY TessHHY HOB-
guha koju cy na wnma) nahn zeexran Hopumh?



27. TYPHUP I'PAZJOBA

Jeceme kono.
[Tpunpemua Bapujanta, 16. oxrobap 2005. roa.
10—11 paspea (crapuju yapacr)

(Peayatar ce pauyna Ha OCHOBY TPH 3aJaTKa Ha KOJMMa jé A0GHjeHO HAJBHLIE MoeHa MOeHH 1o
A€ACBMMa jeAHOT 3a/1aTKa ce cabupajy)

1. (3 noena ) Mory au ce gBa Tauna kyba cmectutH Melyy apa cyceana TauHa

kpaapara? Jpyrum pequma, HMa AM pelerke Y cKyNy meaunx 6pojeBa HejegHauMHa:
3 3 2
w<a<b < (1)

2. (3 noena) Jlara je aymx aysume V2 +4/3 4+ /5. Mosse au ce camo nomohy
mecrapa H Aetbupa (6es nojseraka) KoHCTpyHeatn Ay aysune 1.

3. (4 noena) Mehy 6 nosunha narasu ce jeaan aeexran (pasanukyje ce 04 OCTAAHX
110 TEe25HHH, aAH J€ HeroBa TeXHHA, Kao M TexHHa Ncnpaphor Hopusha, Herosuara).
Kako ca 3 mepermsa na tepasmjama ca Tteromuma (xoje mokasyly YKyMHy Tesumy
sopuiha koju cy Ha wnma) Hahu gegexran nosunh?

4. Haz crpaunuama npasoyraor tpoyraa ABC ca cnomaunse crpane koHcTpyncany
cy ksaaparu ca gentpuma D, E u I'. Joxamure aa je oanoc nospumna tpoyraoga

DEF u ABC:
(2 noena) a) pehu on 1;
(2 noena) 6) nuje Marm og 2.

5. (5 noena) Ha pasun ce marasuaa xouxa. Fby ¢y npempuyan mexoiuxo nyra
(npeko mBHIE) Tako Aa ce KOUKA MOHOBO HALIAA Ha TOAASHOM MECTY € HCTOM
ropmoM crpaom. Jla au ce mpu ToMe ropia crpana moraa oxpenytn sa 90° y
OHOCY Ha CBOJ MOMETHH MOAO2Ka]?



27. TYPHHUP I'PAJOBA

Jeceme xono.
Ocnobua Bapujanta, 23. oktobap 2005. roa.
8—9. paspea (mrabu yapacr)
(PesyaTat ce pauyHa Ha OCHOBY TpM 3aZaTka Ha KOJHMa je J0OHjeHO HajBHlle TOSHA; MOEHH 3a
AEAOBe JeiHOT 2azaTia ce cabupajy)

1.

(3 noena) [laaurnapom — To je npHposar 6po] KOJU ce JeAHAKO 4HTa CAeBa Ha
aecHo u caecsa Ha aeso. (Ha npumep: 1, 343, 2002 ¢y naaunapomu, a 2005
uuje.) Morv au ce wahu 2005 naposa obauxa (1, n+110), rae cy ota 6poja
MaAHHAPOME?

(5 noena) [poayxenu crpannna AB u CD kounekcuor serropoyraa ABCD ceky
ce y tauxu K. 3ua ce ga je AD=BC. Hexa cy M u N cpeamura erparuua AB u
CD. Jlokawxure aa je Tpoyrao MNK tymoyrau.

. (6 noena) Ha csakom nony maxoscke Tabae y moueTky ce Harasu tor. Cpakum

TIOTE30M MOKeMO YKAOHMTH ca Tabie TOMa Koju Tyye HemapaH OGpoj TomoBa. Koju je
Hajsehu 6poj Tomosa koje Moxkemo ykaouutH ca Tabae? ? ([ onosu Tyxy jesan
APYTOT AKO CTOj€ HA MCTO] BEPTHKAAH HAH XOPHZOHTAAM H Mehy mbHMa HeMa Apyrux
TOIIOBA. )

['lo usuim (py6y) muoroyraouor croaa ierajy apa mpasa. Cpaka uguiia ctora
Ayixa je o4 1 m, a pacrojame meljy mpasuma yeex je 10 cm. Y nouetsy cv o6a
MpaBa Ha KCTO] MBHLHU CTOAA.

a) (2 noerna) Hexa je cTo xounexcan. Mory au Mpanu npehu cre usnie croaa
TaKo Ja ce ¥ CBako] Ta4KH HBHUE Hahe cBakH of mHX?

6) (4 noena) Hexa cro nuje obasesno xonsexcan. Mory au mpasu npehu cse

UBHIlE CTOAA TaKO Ja Ha pyOy Hema Tadaka y KOJHMa ce Huje Halllao HE jeZad MpaRr?

(7 noena) Hahu najpehu npupozan 6poj V' 3a koju jesnaunna
99x+100y+101z=N

HMa JeAHHCTEEHO peLlelbe Y CKYIY NpHpoarux Hpojesa (X, v, z € N).

(8 noena) Terxa Crmmma je mpunpemura 1000 Teranua yema sa cror cectpuha
Kocty. Teraune nucy obapesHo jesiHake, aru ce 3Ha Aa y CRBakoj HMa HE BHIIE O
1/100 yxymue koanmuune gema . 3a zopyuax KocTa jeac HETy KOAMUMHY LieMa H3
6uro rojux 100 reraunua. Joxamure na Kocra moze 3a oupehenu 6poj aopyuara
TMIOJECTH CAB LIEM.



27. TYPHHP I'PAJOBA

Jeceme koxo.
OcuoBHa BapujanTa, 23. oxrobap 2005. roa.
10—11 paspea (crapuju yspact)

PeavataT ce pauviia Ha OCHOBY TPH 3a7aTka Ha KOJHMa je Z0OM]eHO HAJBHUIE MOSHa: NOSHH 3a
2 J

ZeAOBe JefHOr 2azaTia ce cabHpajy)

1. (3 noena ) 3a xoje » Momkemo Hahu pazauumTe npupoane 6pojese

&y, Qas..., Uy, TaKBE Ja 36HP —(_1:+c_— +j 6yae 11eo 6poj?

2. o upuun (py6y) Muoroyraomor croaa wmerajy Asa Mpasa. Cpaka HBHLA CTOAA
ayxa je ox 1 m, a pacrojame mehy mpasuna ysex je 10 cm. Y noverxy cy 06a
MpaBa Ha MCTO] UBHLIH CTOAA.

a) (2 noena) Hexa je cro xousexcan. Mory au mpasu npchu cse usuue croaa
TaKO Ja CE Y CBAKO] TA4YKH HBHIE Hal)e CBaKH O HHX?
6) (4 HOEHa) HeKa CTO HHje ofaBe3HO KOIIBEKCAH. NIOI‘Y AH MpaBH Ilpehu CBE

HBHLE CTOAA TAKO Jla Ha pyby HeMa Tauaxa y KOJUMA cC HMJC HAWIa0 HH je1aH MPaB?

3. (5 noena) Ha cBakoM momy maxoscke Tabae y nouetky ce Haasu Tor. Cbakum
MOTE30M MOXEMO YKAOHHTH ca TabAe TOIA Koja Tyde Henapas Gpoj Tomoza. Koju je
najsehu 6poj TonoBa Koje MoxeMo ykAoHuTH ca Tabae? (Tonosn Tyxy jeaan apyror
4KO CTOjé Ha HCTO] BEPTHKAAM HAH XOPH30HTaAM M Mehy bMMa Hema JpYIHX
TONORA. )

4. (6 noena) Ha xpymuuum je pacnopeheno nexoamko mosurusuux 6pojesa 0z Kojux
uu jeaan umje sehu ox 1. Jokasaru aa je TakBy kpyauMiy Morvhe mogeiuty Ha
TPU AVKA, TAKO Ja ce 36HpoBH OpojeBa Ha CyCeIHUM AYKOBHMAa PasAHKY]Y 3a HE
pume oa 1. (Hamomena: Axo na ayky Hema OpojeBa, cMaTpa ce [a j& Ha HbeMy
36Hp jeaHaK HyAH.)

5. (7 noena) ¥ tpoyray ABC ayxu AA,, BB; u CC, cy 6ucexrpuce. 3ua ce na ce
seanunse vraosa A, B u C oanoce kao 4:2:1. Jokakasatu aa je A;B=A,C,.

6. (8 noena) Ha Ttabau je moryhe uau nanmcaru ase jeaunuue, HAR oBpHCATH Ma Koja
aBa Beh HalMcasa jefHaka 6poja /1 H YMecTo muX HamHcaty Gpojese #+1 u n—l1.
Konnko HajMame TakBHX omepan#ja Tpeba m3BpuuTH aa 6u ce aobuo 6poj 20052
(Y nouetky je Tabra 6uAa uncra.)



27. TYPHHUP IT'PAJJOBA

[Ipoaehno xono.
[ Ipunpemua Bapujanta, 19. gedpyap 2006. roz.
8—9. paspen (vrahu yspacr)
(Pesyarar ce pauyHa Ha OCHOBY TPH 3ajlaTka Ha KojHMa je A06MjeHO HajBHIIIE MOCHa, a TIOCHH 3a

A€AOBE jefHOT 3ajaTKa ce cabupajy)

1. (3 moena) ¥ tpoyray ABC yrao A usnocu 60°. Cumerpara crpanuue AB ceue
npasy AC y tauxku N. Cumerpara crpanune AC ceve npasy AB y tauku M.
Joxamure na e CB=MN.

2. (3 noena) Tabauua Kxp HOlyEbEHa Je 110 IPABHAY: ¥ T0ba NIPBOT CTYIIIA YIIMCaHe
cy 1, y noxa apyror cryimua 2, ..., y nosa #A-Tor cTynua #. Dpojesr Ha aHjaroHa-
AM O AEBOT TOPIbEr 0 JECHOT Aoer yTaa cy obpucand. [okaxure na je s6mp
GpojeBa Ha je/iHO] CTPaHM OJ Te AujaroHajie TauHO ABa MyTa Behu oz s6upa
Bpojemnna ca Apyre CTpaHe AUjarOHAAC.

3. (4 noena) Jlat je nosuTtunan 6po) ¢. 3Ha ce aa HejeAHaunHa | < xa@ < 2 uMa TayHO
3 peuiterba 110 X y crymy ueanx 6pojesa. Koauxo pernema X y ckyny 1eaux 6pojeBa
Moxe umaTy Hejeanaunna 2 < xa < 37 [ponahure cee moryhnocta.

4. Aua, Dopa u Bura ceae sa okpyraum crorom u jeay opaxe. Y [OUeTKy ¢y CBH
opacu Buru xoa Aue. Oua ux noajeanaxo aeau bopu u Buth, a ocrarak, axo ra
uMa, OHa Iojeje. SBaTHM ce cBe ToHaBxa: cBaku caejehu (v cmepy kperama
Ka3a/oKe Ha CaTy) JAeAM opaxe Koje HMa Koj cefe Mojije/iHaKO CyceAmnMa, a OCTaTaK,
ako ra uMa, nojese. Opaxa mva smoro (suire oa 3). Joxamure:

a) (3 noena) aa he 6ap jenan opax 6UTH TojeneH;

6) (3 noena) aa zehe 6UTH NMojesieny cBY OpacH.

5. [elja 1va 17 Geaux xouknua 1x1x1. O smeau a 04 bHX CAOHE KOUKY AXAXH
xoja he Gurh crosoa cacBuM Gera. Koanke HajmMarbH 6poj cTpaHa KouxHila Tpeba
Baca 1a ooju Hekom apyrom Hojom za 6u ouemoryhuo [leby aa caomu xouxy?
PemmuTe 3azatak axo je:

a) (2 noena) n=2;

6) (4 noera) #=3.



27. TYPHHUP I'PA/IOBA

[ Iporehno xono.
[Tpunpemua Bapujanta, 19. gebpyap 2006. roz.
10—11. paspea (crapuju yspacr)

(PesyaTaT ce pauvHa Ha OCHOBY TPH 3aJaTKa Ha XOJMMa je ZOBHJEHO Ha]BUINE TIOEHA, a MOEHH It
AEAOBHMA JEJIHOT 3ajaTxa ce cabupajy)

1. Usamo kousexcan noaucaap ca 100 usuya. Cea merosa remena cmo oapesaiu
paBHMMa-HO:kenuMa (Makasama) Bauzy cavux Temena (Tj. Tako a ce Te paBHU-
HOKEBH He CeKy YHyTap HAHM Ha rpanuus noauegpa). Habure xoa ao6ujenor
noAHezpa:

a) (1 moen) 6poj Temena;

6) (2 moena) 6poj usHuA.

2. (3 noena) Mory au ce nahu Qyuruunje p(x) u ¢(x), rakse za je p(x) napua
Ppysruuja, a p(g(x)) nenapna dynxunja (xoja nuje nzentnuku jeanaka (0)?

3. (4 nocua) Jar je nosurnean 6poj @. 3ua ce na vejeanaynna 10 < ¢ < 100 uma
TayHo 5 peillerba Mo X y CKyIy npupoanux 6pojesa. Koauko peresa mno x y ckyn
NpHPOAHEX GpojeBa Moxke umatd Hejeanaunna 100 < a” < 1000? [ponahure cese
moryhuocTH.

4. (5 noena) Hexa ABCD Tetunsu uersopoyrao u AB=AD. Ha crpauunuu BC
ysera je Tauxa [V, a sa crpapunu CD tauka N, Tako aa je yrao MAN jeanax
noaosurd yraa BAD. [okaxure aa je MN=BM+ND.

5. [Teba mna #° Geanx xomxuma 1x1x1. O sweAn 12 0a WUX CAOKH KOLKY HXHXA
koja he 6uTu croma cacBuM 6caa. Koanku majmarsu 6poj crpaHa KoUKHLA Mopa
Baca aa ofoju nekom gpyrom 6ojom aa 6u onemorvhuo [eby za caomu xouxy?
Pemure sazarax ako je:

a) (3 noena) #=3;

6) (3 noena) »=1000.



27. TYPHHP I'PAJJOBA

[ Ipoaehno xonro.
OchorHa Bapujanta, 26. pebpyap 2006. roa.
8—9. paspea (vaahu yspacr)
(Pesyatar ce payyHa Ha OCHOBY TpM 3ajaTKa Ea XojuMa Je A0OM]EHO HaJBHILE MOEEa, a MOEHH 3a
JleAoBe jeJHOT 3alaTKa ce cabupajy)

1. (4 noena) Ha Gurujapckom cTory koju mya o6AMK nmpasoyraonuka 2x1, v yraoenma
H Ha cpeaHiTHMa Behux cTpana pacrnopehern cy otnopu (pyme). Koju je najuamu
6p0] KYTAM Koje ce MOTY pacropeAHTH ¥ YHYTPAILILOCTH MPABOYTa0HHKA, TAKO Aa CC
CRaKa pyrna HANABH HA WCTO] AMHHJH Cca HeKHM JBeMa Kyraama? (Pyme u kyrae

CMaTPaMO TaYKaMa.)

2. (4 noena) Joxaxure aa je moryhe nahu 100 naposa yeaux 6pojesa, Tarsux aa y
JleCeTHYHOM 3ammcy cBakor 6poja ce uudpe nucy mame og 0, a aa je npoussog
Bpojena craxor napa, 6poj uuje cse uuppe HUCY Mare o O.

3. (5 noena) Jar je owrrpoyrau tpoyrao ABC. Haxa crpasnnama AB u BC ca
Criomalllise CTpaHe KOHCTpyHCana cy Asa jeauka npasoyraonuka ABMN u LBCK,
takpa aa je AB=LB. Joxaxure za ce npase AL, CM u NK ceky v jeano] tayxu.

4. (5 noena) [ocToju An nprpoaan 6poj 7, Takas Aa AeceTHunH sanwc Gpoja 2

- . -~
NoYHELe IHDPOM ), a JeceTudnu sanHc 6poja D nouuibe uuppov 22

5. (6 noera) Y tabauun 2005x2006 pacrnopehjenn cy 6pojesu 0, 1 u 2 tarko aa 36up
6pojesa y CBaKO] BPCTH M 36up GpojeBa y czako] KoAoHH Oyze AenoHs ca 3. Koju je
Hajpehu 6poj jeauHuLA Koje Mory BuTH ¥ To] Tabauuu?

6. (7 noena) KprpoAuHHjcKH MHOTOYTa0 je MHOTOYrao 4Hje €y CTpaHHIle AVKOBH
kpysxuuie. Jla au noctoje kpusoAunujcku Muoroyrao P u tauka A Ha meroeoj
rPAaHKIIH, TAKO A CBAKA IPABA KOJa [IPOAAZH KPO2 Tayky A JeAr o6HM MHOrOyraa
P na aBa zeara jeanake gy:suse?

7. Jypa u Jama majy no jeaan npumcpax jease uere Tabauue IXD ca KBAAPATHOM
MpeKoM, HOTVEseHe ca 23 pasAHYHTHX GpojeBa. Jypa 6upa Hajrehu 6poj v Tabauiy,
3aTHM TIPEIIPTABA H BPCTY U KOAOHY ¥ K0jO] ce Ta] 6po) HaaasH, 3aTuM DHpa
najsehu 021 fpeocTarux 6pojeBa, NPelIpTaBa U BPCTY U KOAOHY ¥ K0joj ce 0H
HAA43H, HTA. Jallla TIOCTYIIa aHaAOTHO, aAH OH GHpa HajMamsH o7 GpojeBa Ha
tabamie. Mosxe au ce goroautn aa stup 6pojesa Koje je uzabpao Jawa Gyze:

a) (6 noena) sehu ox 36upa Gpojesa Koje je nzabpao Jypa?

6) (2 noena) sehu oa s6upa 6110 xojux 3 BpojeBa U3 aAaTe TabAMIe, arH
KOJM 3aJ10B0/baBajy YCAOB: HHKOja ABa 04 HsHX He TIPHITaZajy MCTO) BPCTH HHTH
HCTO] KOAOHHK?



27. TYPHHUP I'PAJOBA

[ Ipoaehno kono.
Ocuobua Bapujanta, 20. gebpyap 2006. roz.
10—11. paspea (crapuju yspacr)

(Pesyatar ce patiyHa Ha OCHOBY TPH 3ajaTka Ha KOJMMA ]e A0OMjeHo HajBULIE Moeia, a ToeHH 1o
AEAOBHMa je/lIor 2ajaTka ce cabupajy)

1. (4 noena) Jar je xousercan 100-yrao. Joxkazure na je moryhe yountu 50 ravaka
Y VHYTPAlIbOCTH TOT MHOTOYTA4, TAKBHX A& CBaKO TEMe MHOTOYTAa OyZe Ha IpaBo)
Koja je oapehena aBema 04 youeHux Tadaxa.

2. (5 noena) [locroje Au yean nosurusuu 6pojeBH A K &, TAKBH Ja JECETHYHH 3allMC

; ; ek . :
Bpoja 2" noumme bpojeM 2, a JeceTHHHH 3amuc 6poja 5" nounme opojem Zk?

. : N 2 ,
3. (5 noena) Jlat je moaunom P(x)=x +x —3 x +x + 2. Jloka:ure 1a cBakH Leo
[IO3UTHBAH CTeleH TOT MOAMHOMA HMa 0ap jeJaH HEIaTHBaH KOePHLIHJeHT.

4. (6 noena) ¥ tpoyray ABC nopyuena je fucextpuca AA' yraa A, na oaceuxy AA'
nzabpana je Tauka X. 1 Ipasa BX cese AC y rauru B, a npaga CX ceue AB y
taukn C'. Aymu A'B'u CC' cexy ce v tauku P, a ayxxu A'C'u BB cexy ce y
raurs Q. Joxamute ga cy yraosn PAC u QAB jeanarn.

5. (6 nocna) Joxamure aa je moryhe nahu Seckonauno mioro naposa ueaunx dpojesa,
Tako Aa ¥ AECETHIHOM 3AlMCy CBAKOT 0 IbHX CBe LHdpe Gyay He Mame 04 /7, a Aa
npoHseoz Gpojesa cBakor napa takohe 6yae 6poj uHje cy cpe uudpe He Marbe o 7.

6. Ha xpyzsnuun ce Harasn 12 cxakapaua y pasamuuTuM TaukaMa. | € TadKe jeae
kpyxuuny na 12 ayxosa. Ha aatu sHax cBu ckakaBuum ucrospemeno ckady v cMepy
KasabKe HA CATY, CBAKH M3 Kpaja CBOT AyKa A0 CPEAHMILTA AYKA. | aKO HACTaje
soeux 12 Aykoma u onza ce cBe nonasva. Moze A ce Gap jeaan cxakapary
BPATHTH ¥ CBOJY MOAA3SHY TAYKY [IOLUTO j& YIHHHO

a) (4 moena) 12 croxona;
6) (3 noena) 13 ckokona?

7. (8 moena) Mpas xoza no sarsopero] MapUIPYTH M0 HBHIIAMA J0/ieKae1pa, HHKaz
ce He Bpahajvhu xHazaa. Mapmpyra mpasa npoaasu Tauno gsa 1yTa 110 CBaKo]
uBHUH. /lokamxuTe Aa he mexy uBuuy mpas o6a myra npehu y Herom cvmepy.
(Hanomena: Joaexaenap uma 20 tevena, 30 usnga u 12 jeanaxux crpasa v
ODAMKY NETOYIAR, & ¥ CBAKOM TeMEHY CYCTHYY ce TPH CTpalic)



OBAOLUATb CEObMOM TYPHUP FOPOLOB

BeceHHUM TYyp

8 - 9 Knaccbl, TPEHUPOBOYHbLIA BapUaHT

PeweHuna 3anau

1. B tpeyroneauke ABC yron A pasen 60°
CepenMHHBIH  TIePNeHOUKYNsAp K  cropoHe AB
nepecekaer npamyw AC B Touke N. CepeauHHBbIH
neprneHaAuKysip k cropone AC nepecekaer npsmyio AB
B Touke M. Nokaxure, uto CB=MN. (P.I"JKenooapos)

Pemenne. [To cBOICTBY cepeIMHHOrO MEPIEHIHKYIIAPA
NA=NB, orkyna tpeyronsHuk ANB pasHOOenpeHHBIH.
Yron A npu ero ocHosaHuu paseH 60°, modTOMY
TpeyronpHuk ANB paBHocToponnuii. Otcrona AN=AB.

& TouHo Tak sxe, TpeyronbHUK AMC paBHOCTOPOHHUH, U
L AM=AC. Tpeyronenuku ACB u AMN paBHBI IO IBYM
cTopoHaM u yriry Mexay Humu. Ortcrona BC=MN.
2. Tabnuua nxpn 3anojHEHA MO MPABMJY. B KJIETKaxX NepBoro croidua sanucansl 1, B
KJIETKax BTOpOro — 2, ... , B KJeTkax #-ro — 7, Uncna Ha awaroHany, COeNWHSIIONMEH JeBoe

BEpXHEe HHCJIO C MPaBbIM HIDKHUM, cTepiu. JIOKaKuTe, 4TO CYMMbl YHUCEN 10 Pa3HbIE CTOPOHBI

OT ATOM AUArOHAIM OTJIMYAKTCA POBHO B IBa pa3a.

(C.A. 3aiiyes)

Pemenne 1. CpaBHMM 115 KaXKJOH KJIETKH HA AHArOHAJNM CYMMY HHCEN Cie6d OT Hee H

CYMMYy uHceln Hao Heit. Eciu KJeTka CTOMT Ha nepecedeHHe A-0i CTPOkKH M k-ro crondua, To
cymma crieea paeHa |2+, +(k-1)=k(k-1)/2 (cymma apupMeTHUECKOH NMPOrPeccHH), a CyMMa Haj
Heil pasua k(k-1), To ecTb poBHO BIBOe OoJblie. 3HAYUT U CYyMMa BCEX YMCEN HaJl AMarOHANLIO
B Z1Ba pasa GoJibIle CyMMBI BCEX YHCEN ClIeBa OT Hee.

Pemenne 2.
213 |4 n
1 3 14 n
12 4 n
| 3 n
11213 |4

eIUHULA, H-2 ABOHKH,

JaroHajgsAax CTOAT OJMHAKOBble yucaa: n-1

B ncxonHoii Tabnuue (puc. ciesa) y 1 3 n-l
HAcC MOJ] IHArOHaNBIO €CTh #1-1 eNuHuIa, #-2 2 n2
IOBOMHKH, 1-3 Tpoiiku u T.1. BerareM Tenepn R
M3 KOKION0 YMCIa Haj  AMATOHAJIBIO 2 1 >
CUMMETPHYHOE emMy OTHOCHTENBHO 2 n4
OMaroHaJl  YHCJIO  TOA  AMArOHAJBIO.
[Tomyunress Ttabnuua crnesa. B Heii Han
IMaroHaJbl0 Ha NapalesbHbIX MEHBIIHX 2 4

n-3 TpOF[KH H T.O. B LHEJIOM Mbl YMEHBIIWMIHK BEPXHIHOK CYMMY Ha

HIDKHIOK M TIONYYWIM B PE3YJIbTATE HIKHIOW CyMMY. 3HAa4MT, BEPXHss cymMMa Oblia BIBOE
OOoNbLIE HUKHEN,




Pemenue 3.

213 |4 i Brrurem HIDKHIOIO CyMMy M3 BEPXHEW U TIOKaXKeM, 4TO OCTAHETCs
HIDKHSs. M3 1-0#f CTPOKM BepXHEiH CyMMBbl BbIUTEM i-blif CTOJOEL
1 3 |4 |..|»n | HwkHel. i-as CTpOKA BEpXHEH CyMMbl umeer Bua i+1,i+2, ... n-1, n,
112 4| |nla i-bIii cTONIOEL HIKHEH CyMMBI KIMEET BHA 1, 1, ..., 1. COOTBETCTBEHHO
MOCJie BBIMUTAHUS MOJy4yaeM CTPOKy 1, 2, ..., n-i, 4TO COOTBETCTBYET
112 |3 . |n | (n-i+1)-0ii cTpoke HuKHel cymmbl. ClenaB BbIYMTAHME IS BCEX 1
NOJyYHUM HWKHIOIO CyMMy. 3HA4MT, BEpXHss CymMma Obiia BaBOE
Oonblie HUXKHEH.
112 |3 |4

3. JaHo nmonoxkurtenbHOe Yucao a. U3BecTHO, uTo HepaBeHCTBO 1 < xa < 2 umeeT poBHO 3
peleHus B LeblX ynciiax X. CKOJIbKO peIeH i B LEeJIbIX YHCIaX X MOKET UMETh HEPaBEHCTBO
2 <xa <3 ? Ykaxure Bce BO3MOKHOCTH. (A.K. Tonnwieo)

OrtBer. 2, 3 unu 4 pelueHus.

Pemenne 1. IlepBoe HepaBeHCTBO paBHOCHIBHO 1/a < x < 2/a. Ha unrepsane (1/a , 2/a)
aexar Tpu uenple Toukd. OHM pa3OMBAKOT ero Ha JBa NMPOMEXYTKa JUIMHBI 1 M eme xaBa
MIPOMEKYTKA IO KpasiM, KaxKablii 1uHbI He 6osiee 1. TTosTtomy mist numuer untepsana (1/a , 2/a)
BBIMTOJIHEHO HepaBeHCTBO: 2<1/a<4. AHaNOrM4HO, €CIM HAa HEKOTOPOM HHTEpBaJie AJIUHbBI [
JEKUT k LeJIbIX TOYEK, TO BBIMOJHEHO HEPAaBEHCTBO k-1</<k+1. DTO paBHOCHIBHO HEPABEHCTBY
1-1<k<t+1. Btopoii untepsan (2/a , 3/a) umeer 1y xe nnuny. [loxcrasnsist /=1/a w y4uTteiBas
HepaBeHCTBa Ui 1/a, nonyuaem 1<l/a-1<k<l1/a+1<5, TO ectb k=2,3 wnu 4. Bce Tpu ciydas
peanusyroTcs: k=2 npu =l (x=6 u7);, k=3 npwu a="7, (x=9, 10 u 11); k=4 npu a=l7 (x=7, 8,9
u 10).

Pemenue 2.
i 1/ DTy 3amauy MOXHO pewmuth U rpaduyecku. [IpuBogum HaOPOCOK Takoro
= petueHus (Bce BUAHO M3 BHUMATEJIbHOTO PAaCCMOTPEHHsI rpaduka).
HepaBeHncTBa U3 yclIOBHS MOXKHO TiepernucaTth B Buae 1/a <x <2/a u
{{ 2/a< x <3/a. Ha xoOpAMHATHON MJIOCKOCTH IO BEPTUKAIBHON OCH Oymem
< OoTMeuaTh X, a MO ropusoHTanpHOI — 1/a. [IpoBenem Tpu npsimbie: x=1/a,
S x=2/a, x=3/a. U3 rpaduka BUIHO, YTO HaM MOIXOAAT 3HAauUeHHs 1/a,
NS npuHaanexxue uHrepsaiy (2,5 , 3), wnim wuHTepBany (3 , 3,5], a Takxke
o noxxoaut 3HaueHue 1/a=4. COOTBETCTBEHHO LENBbIX PEIIEHUIl MOXKET
ObITB 2,3 win 4.
/AN
N\
L
J e
h r o=
5] U'l?

4. Ans, bopst u Buts cumar no kpyry 3a ctonom u ensat opexu. CHauana Bce Opexu y
Anu. Ona nenut ux nopoBHy Mexay bopeit u Bureii, a octaTok (ecnu OH ecTh) chenaer. 3aTeM
BCE MOBTOPSIETCA: KAKABIN ClEeAYIOLIMI (IO YaCOBOM CTpeJKe) NEIUT UMEIOIIUECs] Y HEro OpexHu
MOPOBHY MEXKAY COCEsIMHU, a OCTAaTOK (eciu OH ecTb) chenaer. OpexoB MHOTO (OosbLre 3).
JlokaxxuTe, 4To:
a) XOTst Obl OZIUH Opex OyEeT CheJieH,
b) He Bce opexu OyAyT CheeHbL (M. H. Bsunotit)



a). Pemenne 1. Ilycts cHauana y AHu Bcero @ opexos. IIpeanonoskum, uTo cbeaHus He
MNPpOUCXOAUT. 3anuiem NEPBBIC HECKOJILKO IATr0B!
Ang Bops | Bura

a 0 0
dagano
1 mar 0 a’2 a’2
2 war a4 0 3a/4

3 mwar Sa/8 3a/8 0

3amMeTuM, UTO MOCIe /-TO 1ara y ogHoro u3 pedst 0 opexos, a y ABYX APYTHX YHCIO OpPEXOB
umeer Bun xa/2" u ya/2", rue x vy HeYeTHbl. DTO YTBEPHKKAEHHUE JIETKO IOKA3aTh. €CJIH OHO BEPHO
Iy p-TO Ilara, TO Ha CIEAyIOIIEM lIare KOJIHYecTBa OpexoB OyayT pasHBI O, xa/2""
Qyix)a/2"’, rae uncma  x u 2y+X TOXe HEYETHBI, TO €CTb YTBEPKIEHHE CHOBA BEPHO.
ITockobKY OHO BEPHO JUIsl NEPBOIO 11ara, TO M0 A0Ka3aHHOMY BEPHO U ISl BTOPOIO, a 3HAYUT H
JUIST TPETBEro, H aHAJOrMYHO AN BCeX ocTalbHbIX. HO mockonbky kaabil pas y Kakaoro us
pe0sIT Lenoe YUCIO OPEXOB, YUCIO d NOMKHO AENUTCs Ha 2" mpH F00OM HATYPAJbHOM #, HYTO

HCBO3MOKHO. 3Ha‘-II/IT, Ha KAKOM-TO LIare ¢b€agaHue nponsoﬁ,uer.

Pemrenne 2. Ecnu M3HA4alIbHO YHCIO OPEXOB HEHUETHO, TO opex OyaeT cheleH IpH

nepBoii nenexke. Eciu uicino opexop ueTHo, TO nmocneauM 3a HanboNbIleil CTeNeHbI0 NBOHKH,
KOTOpasi IeNTUT YHCIIO OPEeXO0B (Ha30BeM 3TO hokazamenem yucia), ITokasarens HEUETHOro Yucia
paBeH 1. Ilpu crnokeHHWH ABYX YHCEN C Pa3HBIMH TMOKA3aTEeNsIMH TOKa3aTelb CYMMBI PaBeH
HanMeHbIIEMYy M3 TOoKasareneH (Hampumep, mokazatenb 10 paseH 2, mokasarent 40 paBeH 8,
nokaszarelib S0=10+40 pageH 2).
Utak, nycts 0flee 4UCIO OPEXOB YETHO, TO €CTh IIOKA3aTeNb OOIIero Yucaa Opexos paBeH /7> 1.
[Tokaskem, 4TO ¢ KaKOOH Jenekkoil 0e3 nmoemaHus yMEHbLIAeTCs IOKA3aTeNlb YUCId OPEXOB B
Ky4Ke, KOTOPYIO AeisaT. SICHO, 4TO MpH MEpPBOit MenexKe OH yMeHbIIHTCs BaBoe. [anee, ecnu
KTO-TO JIENTUT YETHOE YHCI0 OPEXOB C MOKa3aTeNneM /<7, TO OH Pa3aaeT ABYM APYTHM TO YHCITY
¢ mokasareneMm m/2. Y TOTo, KTO 1eNu nepes STHM, OpPeX0B He ObIJI0, MOATOMY Y HEro OKa)keTcs
YUCIIO C NOoKasareneM m/2. A kakoil rnokasareib okaxercs y apyroro? Ecnu Obl OH okasascs
Gonble m/2, TO y CyMMBI OPeXOB MoKa3atenb Obln Obl paBeH m/2 (Kak HaUMEHbLIEMY H3 IBYX
nokasareneii). Ho Ha camom-TO nene mokasaTesib CyMMbl PABEH /1, MOCKOJBKY O0Lige 4YHCIIO
OpeXOB He MEHSeTCsA. 3HA4MT, W y OPyroro mnokasareinb He Oomee m/2. A MMEHHO eMmy H
NpencTonT AenuTh, MTak, paHo MM MO3OHO TOKa3aTellb OMyCTHTCA A0 1, mMpuaeTcs AeTuThb
HEYeTHOE YHCIIO OPEXO0B, H Opex OyleT CheleH.

Pemenue 3. ITycTs 4HCIO OPEXOB vV AEISIIErO ¢, a V Clenyrooinero 3a HuM b. Eciu
NOEAaHusl He MPOUCXOAUT, TO Yy oOuepeaHoro nemsuero Ovaer a'=bta/2 opexos, a vy

|a - 2b|

crenyrouero 3a Hum b'=a/2 opexos. 3ametum, uto |a'—2b] = . To ectb Takasi PasHOCTb

KaXKAbIH pa3 NeJuTcs Ha [Ba, HO NPH 3TOM JO/DKHA OCTAHETCS Lelod. DTO HEeBO3MOIKHO,
MO3TOMY CheJaHHe TTPOU30H/IET.

6) Ecnu opexo Bcerma Oonblue 3, Bce mokasaHo. MHaue paccMOTpUM MOMEHT, KOrma
BIIEPBBIE OCTAHETCS POBHO 3 opexa. B mo0oii MOMEHT, KpOMEe Ha4yallbHOrO, OPEXH €CTh POBHO ¥
IBOHX; MPH 3TOM Y TOTO, KTO [IEJIUT, OPEXOB He MEHbLIE, UeM Y CIENYIOLIEro, a y NPeblayLIero
MX HeT coBceM. [To3ToMy mpu Tpex opexax y AeNsiiero ux ods3aTenbHO 2, 3HAuUuT, TPH Tpex
opexax MoefaH st He MPOUCXOIHT.

3

5. V Ilern ectb #° Oenbix kyOukop 1x1x1. OH X04UeT CIOKHTh M3 HHUX KyO AxAxH,
CHapy:ku mojHocThto Oesblii. Kakoe HaumeHbllee uucio rpaHeil kyOukoB MokeT Bacs
3aKpacuthb, uToObl noMetuatsh [lete? Pemnte 3anauy, ecnu a) v=2; 6)n=3. (P.I'’Kenodapoe)

Orsersl. a) 2 rpanu. 6) 12 rpaneii.



a). Pemenne. OnHOM 3aKpalneHHON IPaHy, OYEBUIHO, HE XBATHUT. Jl0CTATOUHO, OQHAKO,
3aKpacHUTh B KAKOM-TO KyOHMKe J1Be IPOTHBOIOJIOKHBIE I'PAHH: NPH CKIAAbIBAHUM KyDa 2x2x2
OJlHA U3 HUX BCEI/la OKAXKETCs CHAPYIKH.

6). Pemenne 1. JIocTaTovHO 3aKpacuTh BCE TPAHH ABYX KYOHKOB: BEIb TPH

CKIaAbIBaHUH Ky0a 3x3x3 MONHOCTBIO CIPATATH MOXKHO TOJBKO OHH KYOHK.
Tlokaxewm, xak Ilere cipaBuTECS ¢ 3amanneM npu 11 wim MeHee 3akpalleHHBIX rpaHsx. B aTom
cilyyae MakCHMyM OAMH KyOMK MokeT ObITb OKpallleH MOJIHOCTBI), U MaKCHUMyM 5 KyOHUKOB
MOTYT MMeThb He MeHee OBYX OKpaluleHHbIX rpaHeii. Criepsa BeiOepeM KyOWK ¢ HanOOMBIIUM
4YHCJIOM 3aKpalleHHbIX TpaHedl Ha ponb uHeHTpa KyOa. Cpemm ocTaBIIMXCAd KYOHKOB HET
MOJHOCTBIO OKPALIEHHOIo, 3HAYMT, BCE OHMU TOIATCA HA POJIb LEHTPAIBHOIO KyOMKa IpaHH.
OTtbepem Ha 3Ty pPojib 6 KYOMKOB ¢ HAHMOOIBIIMM YHCIIOM 3aKpallieHHbIX rpaHeii. Tenepes v Hac
He ocTaHeTcsd KyOHMKOB ¢ OByMs unn Oojiee 3akpaiieHHBIMH rpaHsamu. [loaTomy ocranmbHBIE
KYOHKH TOOATCs MPH MOCTOPOEHHH OONbLIOro KyOa Ha MOy PONb: YK OAHY OKPALIEHHYIO
rpaHb COPATATH BCETA MOYKHO.

0). Pemenne 2. JIocTaTOuHO 3aKPacHTh MOJHOCTBIO ABa KyOuka. ITycrs 3akpatueno 11
rpaHeii. Kpacuth y kyOHKa ofHy rpaHb OeCrone3Ho: ee MOKHO CKPBITh MPH JIOOOM MONOXKEHHH
kyOuka. Iloatomy ecth He Oonee maTuH KyOMKOB C 3aKpalleHHBIMHU IpaHsAMH. TOT W3 HHX, Y
KOTOPOr0 3aKpaiieHo OOJbINe BCEro rpaHei, mMOMeCTHM B HEHTp Oombinoro kyda, a OCTalbHbIC
— B LIGHTPBI €ro rpaHei, He3akpalleHHbIMH rpaHsMHu Hapyxky. ITocienHue y Bcex KyOHKOB,
MOMELIEHHBIX B LEHTPBl IpaHed, HalAyTcs, MOTOMY YTO MOJTHOCTBH) 3aKpallleHHBbIH KyOuK
MOKeT OBITh TONBKO OMH (1 €CJIH OH €CThb, TO OKAXKETCs B LIEHTpe).

10 - 11 Knaccbl, TPEHUPOBOYHbLIN BapUaHT

PeweHun 3agav

1. Umeercs Boimyknblii MHOrorpanHuk co 100 peGpamu. Bce ero Bepiinnbl cpesanu
IUIOCKOCTAMH-HOKAMH OJIM3KO OT CaMMX BepIIUH (TO €CTh TaK, YTOOBI MJIOCKOCTH-HOXH He
nepeceKkaiick JIpyr ¢ APYroM BHYTPM WIM Ha TpaHUIle MHororpaHHuka). Haiigute vy
MOJIy4@HHOTO MHOTOTpaHHHKA
4) YHCIIO BEPLUHH,

0) uucio pedep. (I"A.T'arvnepun)

OTeeT. a) 200; 6) 300,

Pemenne. 3ameruM, 4TO Ha KaxaoM pedpe MCXOAHOTO MHOIOIPaHHMKA JIEKAT JBE
BEPLIMHbBI OJY4YE€HHOIO, IPUYEM H3 Ka)<10H BepLUIHHbI MOIyYE€HHOTO MHOTOIPAHHUKA BbIXOAMT
no tpu pedpa. CnenosareiabHO B IMOJNy4eHHOM MHororpaHHuke 2-100=200 BepwuH u

% =300 pebep.

2. Haiinytcs nu takue GyHKuuu p(x) u g(x), 410 p(X) — detHas GyHKUUsA, a p(q(x)) —
HeueTHas PyHKUUs (OTJMYHAS OT TOKIECTBEHHO HYJIEBOIT)? (A. /. bnunxos, B.M.Iyposui)

Orteer. [la, HalinyTcs,
Pemenne. Paccmorpum pynkuuu p(x)=cosx u g(x)= % -X

OueBupnHo, p(x)— 4erHas QyHkuus, a p(g(x))=sinx — HeueTHAs.
3amaua ©MeeT MHOTO JPYTHX peLIeHHil.



3. JlaHo monoxuTenbHOE uKucio . M3BecTHO, urto HepaBeHcTBO 10<a’<100 nmeer
pPOBHO 5 pelleHUil B HaTypaibHbIX umciax ¥, CKOJNBKO pelleHHH B HATYPAJbHBIX YHCIAX X
MOKET HMeThb HepaBeHCTBO 100<a’<1000? YkaxuTe BCe BO3MOKHOCTH, (4. K. Toanwvizo)

Orser. 4,5 nnu 6.

Pemenne. Ilycts a-10" . Hepagerncreo 10<a™<100 MOKHO TepenucaTb Kak
10<10™<100 wmm, 4to TO ke camoe 1<bhx<2, aHanmormuHo mepemumem 100<a*<1000 kak
2<bx<3. Ecim n -  HauMeHbluee HarypajbHoe peweHue 1<bx<2, To b(n-1)<1<bn u
b(n+4)<2<b(n+5). CnoxKuB reproe U3 3THX HEPABEHCTB ¢ CAMUM COOOH M CO BTOPBIM, NOJIYYHUM
COOTBETCTBEHHO h(2n-2)<2<b(2n) u b(2n+3)<3<h(2n+5), oTKyma cremyer, 4TO HEPABEHCTBO
2<pbx<3 umeet oT 4 mo 6 HaTypanbHbIX peweHui (2#,..,2n+3 Bcerna SBMSIOTCS pPEIISHHSIMH, a
2n-1 u 2n+4 moryt He siBysATbCs). ITokaskem, 4TO, B 3aBUCHMMOCTH OT b, BCE TPH BapHaHTa
BO3MO2KHBI (37€Ch BBLIKMCAHbl BCE HATYpaJibHbIE peleH sl HepaBeHCTB 1<bx<2 u 2<hx<3).

b—%; peLIeHus NepBOro HepaBeHCTBa - 5, 6, 7, 8, 9, pewenus sroporo - 10, 11, 12, 13,
5
b:£ , peleHus MepBoro HepaBeHcTsa - 0, 7, 8, 9, 10, pemenus Broporo - 11, 12, 13, 14, 15.

5
=E; pelLIeHHs NepBoro HepaseHeTsa - 6, 7, 8, 9, 10, pemenus sroporo -11, 12, 13, 14, 15, 16.

4. YetsipexyronabHuk ABCD srmcannbiii, AB~AD. Ha cropone BC B3srta Touka M, a
Ha cropoHe CD - touka N Tak, uto yron MAN pasen monosune yrina BAD. Jlokaxwure, 4TO
MN=BM+ND. (M.H.Mankun)

Pemenne 1. Touky B cHMMeTpHYHO OTpasHM OTHOCHTEIbHO AM, mony4yaem Touky K.
Touky D cumMmeTpuuHO OTpa3uM OTHOCHTENbHO AM, momyuaem Ty Ke caMmyl Touky R
(mockoneky AD=AB u yron MAN pasen cymme yruios NAD u MAB). Tak kak ABCD -
BrIMcaHHblil, cymma yrios ABC w ADC pasHa 180°, a 3HaunT u cymma yriios ARM u ARN pasHa
1807, otkyna MRN — npsamas. [loatomy BM+ND=MR+NR=MN.

Pemenne 2. ITloBepHeM MbICIEHHO TpeyronbHUk MAB BOKpyr Touku A Tak, 4ToObI
cropoHa AB coBMecTHIach €O cTOpoHOH AD. Obo3HaunM uepes M’ TOUKY, B KOTOPYIO Hepelia
Obl Touka M npu Takom nosopote. Tak kak ABCD — Bnucanuslii, cymma yrnos ABC u ADC
pasHa 180°, a 3Hauut u cymma yrios ADN u ADM’ pasua 180° , orkyma M'DN — npsimas.
Tpeyronsuuxu NAM v NAM pasHbl o nepsomy npH3HaKy (yrisl NAM u M'AN paBHbl, Tak Kak
yron MAN pasen cymme yrnoB NAD w MAB, AN — obwas cropona, AM u AM’ paBHBI 1O
noctpoenuto ). Illoatomy MN=M'N=ND+DM =ND+BM.

5.V Tern ectb #° Genbix KyGukoB 1x1x1. OH XOUeT CIOXKHTb U3 HUX KyB mxmxn,
CHapy»H TMOJHOCTBIO Oenblil. Kakoe HanMeHbIuee 4YHCIO rpaHeil kyOukoB Mosker Bacs
3aKpacuthb, 4yToOsl momewate llere? Pemnnte 3agauy, ecnn a) n=3; 6) n=1000.

(P.I" )Kenooapos)

Otser. a) 12; 6)1999999986.

3ameuanue: B xyOe mxnxn 8 yrinoBblx KyOHKOB MMEKOT TPH Hapy’KHBIX IPaHH,
12(1-2) npuMBIKAlOUIX K peGpam — JBe HapyKHbIX rpaHu, 6(1-2)° - OHY HAPYIKHYIO IDAHB,
OCTajibHble KYOUKH HapysKHbIX rpaHeii He umeroT. UtoObl IleTst He cMOr MoOMecTuTb KyOMK B
yron, Bace Hamo mokpacuTh KaKk MHHHUMYM 2 ero rpaHu (IpOTHBOMNONOXKHBIE). YToOB! KyOHK
Henb3sd ObUIO MOMeCTHTh Ha pedpo (He B yron) — Kak MHHUMYM 4 rpaHu (KpoMme ABYX



NPOTUBOMOJIOKHBIX). UTOOBI KyOMK Henb3si ObLIO MOMECTUTHh Ha rpaHb (He Ha pedpo), HamoO
o0si3aTeNIbHO KpacuTh Bce 6 rpaHeit kyOuka.

a). Pemenne. B ciyuae »n=3 Bace n0CTaTOYHO MOKPACHTh MOJHOCTBIO ABa KyOHKa
(12 rpaneii), uroObl nmomemats [lere, Tak kak OOHA U3 ATUX TpaHEl O0S3aTENBHO OKAKETCS
cHapyku. Ecnu Bacs mokpacun He Gonee 11 rpaneii, To IleTst cmoskeT BbIOpaTh 8 KyOMKOB, Y
KOTOPBIX MOKpalleHO He Oojiee OAHOI rpaHu (MHA4Ye TMOKPALIEHHbIX IpaHell He MeHee
2%(27-7)=40), nanee BeIOpaTh 12 KyOMKOB, y KOTOpBIX MOKpaiieHO He Oojee 3 rpaHeii
(4*(27-8-11)=32>11), u 6 kyOMKOB, Yy KOTOpbIX TMOKpaumeHo He Oonee S5 rpaHeii
(6*(27-8-12-5)=12>11). Ilocne atoro Ilers cmoxkeT MOMECTUTh 3TH KyOWKHM B yriibl, pedpa u
CepeMHBI TPaHel COOTBETCTBEHHO TakK, YTOOBI BCE MOKPAIIEHHbIE IPAaHH OKA3aJIUCh BHYTPH.

Jpyroe perieHre CMOTPUTE B TPEHUPOBOYHOM BapHaHTe MIIAALINX KJIACCOB, 3a1a4a 50.

0). Pemenne 1. B ciyuae n=1000 Bace nocTtaTo4HO MOKpPAcCUTh IO ABE MPOTHBOMOIONK-
HBIX I'DaHU y 1000°-7 KyOukoB, T.e. Bcero 1999999986 rpanu. IIpu 3TOM OfHA M3 BHELIHUX
rpaHeil KaKoro-HHOyIb yrjoBOro KyOMKa OOsi3aTeNbHO OKaXKeTCsl MOKPALIeHHOW, Kak Obl HH
Gbu1 croxken Gonbuwoil ky6. Ecnm ke Bacs mokpacun me Gomee 2*(1000°-7)-1=2%1000%-15
rpaneii, To Ilerss cmoxer BbIOpaTh 8 M3 HMX, y KOTOpBIX MOKpAlIEHO He Oojiee ONHON rpaHu
(2%(1000°-7)> 2*1000°-15), nanee BeIGpaTh 12¥998, y KOTOPBIX MOKpaIIEHO He Gosee 3 rpaHeit
(4*(1000°-8-12%998+1)>2*1000°-15), 1 6*998% y KOTOpPBIX MOKpALIEHO He Gonee 5 rpameii
(6%(1000°-8-12%998-6%998%+1)>2*1000°-15). [Tocze sToro IleTs CMOKET CIOKHTb U3 HHX KO,
OenblIii CHapYIKH.

0). Pemenne 2. Packpacka. Cemb KyOMKOB OCTaBJIsieM YUCTBIMH, @ Y TIPOYUX KPACHM MO
IB€ MapajuiebHble rpaHu. XOoTs Obl ONMH M3 KYOHMKOB C OKPALUEHHBIMU TPAHSIMH OKaXKETCsl
yraoseiM. Oyenxa. Ecnu Bcero okpaiieHo MeHee, 4eM 2x1000°~14 rpaHei, kyOMKOB, Y KOTOPBIX
OKpaulieHo He Oonblue OfHOW rpanu, Oyaer mo kpaiiHeln mepe 8. CpemaeM UX YrJOBBIMH,
CTIpSITaB, €CIIM HAJ10, OKPALIEHHYIO rpaHb. KyOMKOB, y KOTOPBIX OKpalIeHO He MeHbLIe 3 IpaHeii,
Gyner He Gomee 2x1000%/3 < 998°. Cripsiuem ux BHYTpb Kyba ¢ peGpom 1000, a y OCTATBHBIX,
JeXalux BHYTPU rpaHeil u Ha pedpax 3Toro kyOa, ABe MM OAHY OKPALIEHHYIO IpPaHb BCEraa
MOJKHO CIIPATAaTh.

8 - 9 knaccbl, OCHOBHOW BapuaHT

PeweHusa 3apgau

1. bunbspaHbIil CTON UMEET BUJ NPSMOYTOJIbHHUKA 2x 1, B yraax u Ha cepeauHax
OONBLINX CTOPOH KOTOPOTO PACMONIOKEHbI JIy3bl. Kakoe HanMeHbliIee YUCIIO apOB HAl0
PACMOJIOKUTH BHYTPHU MPSIMOYTOJbHUKA, YTOObI 100ast JTy3a HAXOAMJIACh HA OTHON JIMHUH C
HEKOTOpBIMH ABYMs mwapamu? (JIy3sl v mapsl cCHUTANTE

TOUKAMH. ) (b.P. Dpenxun)
Ortser. 4 mapa. § ;
Pemenne. IIpumep nns 4 mapos npuBeeH Ha v

pucyske. ITokaxem, 4To 3 m1apoB HEAOCTATOUHO.
ITpsimasi, TpOXoAsiilasi Yepe3 napy MapoB BHYTPH :
NPsSIMOYTOJIPHHUKA, IEPECEKAeT rPaHULy Pa
MPSIMOYTOJIbHUKA POBHO B IBYX TOYKaX. Y Hac €CTb O
JIy3, 3HA4YUT, HY’)KHO He MeHee 3 npsimbIX. Tpu mapa

JaayT TPU MPSIMBIX TOJBKO €CJIN 3TH NpsiMble 00pa3yroT TpeyroibHUK. OTHAKO BCE BO3MOJKHBIE
npsiMbl€ IPUBENEHbI HA KAPTUHKE, 1 HUKAKUE U3 HUX He 00Pa3yIoT TPEYroJNbHHUK C BEPLIMHAMH
BHYTpH Onmnnnapna.




2. JToxaxkute, 94T0 MOKHO HaiTH 100 map nenbix yucesn, Tak 4ToObl B IECTHYHOM 3aIUCH
KaX/10ro 4ucia Bce uudpel ObuiM HE MeHblLIE 6, U MPOU3BEAEHHE YUCEN KaXIOH Mapbl TOXE
ObLIO YKCIIOM, TAE BCe LU PbI HE MEHbLIE 6. (C.U.Toxapes, A.B.Illanosanos)

Pemenne. ['onsiTes Bce maps! Buaa (7, 9....97), nockonbKy npousseneHue pasHo 67...79.

3. Han octpoyronbHblii TpeyrombHuk ABC. Ha cropoHax AB u B(C BO BHELIHIONO
CTOPOHY MOCTPOEHbI paBHble MpsiMOyroibHUku ABMN u LBCK Ttak, uto AB=LB. Jlokaxwure, 4TO
npsimbie AL, CM u NK nepecekaroTcsi B OHOM TOUKe. (A.I'aspuniok)

Pemenune 1. PaccMOTpUM OKpYIKHOCTH, ONMUCAHHBIE OKOJIO NAHHBIX MPSMOYTOJIbLHUKOB.
O003HauUM BTOPYIO TOUKY uX nepeceueHus yepe3 (). Torna L/BON=/BOK=90°. 3HauuT TOUKH
N, O, K nexar Ha OfHOW NpsIMOii, mepneHaukysipHoit BO. 3amerum, uro yrasl NBA u LBK
paBHbI (TaK KaK paBHbI COOTBETCTBYIOLINE TPEYroabHUKHN). [I0CKOIbKY YIUIbl, OMHUPAOIIHECs HA
ONHY Oyry, PaBHbI, MOJy4aeM Toraa wuenoyky paBeHCTB. LNOA=ANBA=/LBK=/LOK, a
3HAYMT TOYKH A, O, L Taxxke Jexar Ha OQHOM npsiMoid. AHanoruuHo, Touku M, C, O nexar Ha
oxHoit npsimoii. [TosTomy () — TouKa nepeceyeHust STUX TPEX MPSMbIX.

Pemenue 2.
ITocTpoum nmapannenorpamm
ABCD. Torna ALKD wn
CDNM — Taxke
napaJijieorpaMMel.
PasnoGenpennbiii ACBM
nony4aercst u3 A4BL
MoBOpPOTOM Ha 90° u
rOMOTETUEH, TOITOMY
CM 1. AL , o Torna u
CM L KD. Tlponmomxenue
MC Bricotra CQ B &
paBHOOENPEHHOM P
Tpeyronbauke KCD Oyner
MeauaHoH, 3Hauut CM —

CepeMHHbII MePIeHIUKY ISP

k KD . Ananoruuno AL —

cepenuHHbIN nepneHaukyysip k ND. IMapamnenorpamm OPD( — npsiMOyTrOJIbHUK, TIO3TOMY
TpeyronbHUK KN — npsIMOyTOJIbHBIN, U CepeMHHbIE MEPIISHANKYJISAPBI K KaTeTaM IMPOXOAsAT
yepe3 CepeArHy ero runoreHys3sl KN.

3ameuanue Kk pemenuro 2. [lepneraukymsipaocts AL u CM M0OxHO 10Ka3aTh U 0e3
MOBOPOTHOIH FOMOTETHH, MPOCTO cyeToM yros. [lycte ZABC=b. B paBHOOEIpEHHBIX
Tpeyronbuukax ABL n MBC yrnel npu Bepiunte B paBHbl 5+90°, no3TOMY yIiibl IpU
OCHOBaHUsIX paBHbI 45°-b/2. Otcrona
ZAOC=180°-L0OAC-20CA=180°-LBAC-£ZBCA+2(45°-b/2)= LABC+2(45°-b/2)=90°.

4. CyuiecTByeT Jii TAKOE HATYPAIBHOE YKCIIO /1, YTO AECSTHYHAsH 3aUCh Yucia 2" Hauu-
Haetcst uMdpoii 5, a necsTuyuHas 3anuck yncna 5" HaduHaercs unpoii 2? (1" A.I'ansnepun)

Pemenne. Her. [Tpoussenenne 2" 5"=10". Ecnu B 3anucsx 2" u 5" 3aMeHuTH HyJIsIMH BCE
dpbl, KpOMe MepBBIX, KaXkA0e W3 4YHUCeNT YMEHBIUUTCS, HO He Oonee demM B 2 pasa.
[MpousBeneHue 3ameHeHHbIX uKcen Oyner menbiue 10", HO He Gosiee yeM B 4 pasa, MO3TOMY OHO
He Oyner umersb B 10..0. OnHako ecnu Obl OTHO M3 3aMEHEHHBIX YMCEeN HaYMHAJIOCh Ha 5, a
npyroe — Ha 2, nmpousBenenue 6bu10 Ob1 50...0 20...0=10...0. [IpoTuBopeuue.

o



5. B Tabnuue 2005x2006 paccrasnensl uucna 0, 1, 2 Tak, 94TO CyMMa 4HCeN B KOKAOM
cTosiOLe 1 B KaKaoi cTpoke aenutcst Ha 3. Kakoe HanOombiee BO3MOKHOE KOJTMYECTBO €HHHLI
MOXKeT ObITh B 3TOM Tabnmwue? (U.U.boeoanos)

Pewmenne. ITycte B TaOnuue » Hyneit u d noek. Y Hac ectb 2005 crpok anunbl 2006 u
2006 cronbuos anuabl 2005. YToOb! CyMMa B CTPOKE A€JHIIACh Ha 3, TaM AO0JKHA ObITh XOTS Obl
OIlHA /IBOMKaA MJIM MHHUMYM zaBa Hyss. Otciona d+n/2>2005. AHanOruuHO, B KOXKAOM cTondue
JOJDKeH ObITh HyJb MO0 ABE ABOHKM MUHUMYM, NO3TOMY 1+d/2>2006. CnoxuB HEpaBEHCTBA U
MOJIEJINB Ha 3/2, MOJy4YuM n+d>2674, To eCTh HE eqUHKL B TA0IHULE MUHUMYM 2674,

DTOT pe3yabTaT JOCTUraeTCs: 3aMEHUB HEPAaBEHCTBA Ha 0 To 11 11 T T
paBeHCTBA U pEIIMB CUCTEMY YypaBHEHMH, Haiiaem n=1338,

[a—
fa—

d=1336. PaccraBum B Tabmuue 1338 Hysell ropu3OHTAJIBHBIMH 11110

napaMy, Ha4MHas C JIEBOrO BEpXHero yria (B 669 crpok u 1338

cTonOuoB) u 1336 ABOEK BepTHKAIbHBIMH IMapaMH, Ha4MHas C

npaBoro HikHero yrina (B 1336 crpoxk u 668 cronbuos), a

OCTaJIbHbIE KJIETKH 3anoNHUM enunHunamu (cM. puc). ITockonbky
669+1336=2005 u 1338+668=2006, TO Hy1M UM ABOHKU OyAyT

[Uy N Y —
et |t | |
| k| |
[Ny QU Y
— = NN
N N —| —

B K&XJOH CTPOKE U KaxJOM CTOJOLe, MPUUeM KakK pa3 CTONBKO,

CKOJIbKO HYXXHO Uil JeIuMOCTH cymmbl Ha 3. Hrak, OTBeT:
HaubOounbLuee ynciao equaul 2005-2006-2674=4022030.

6. KpuBosMHEHHbI MHOMOYrOJIbHUK - 3TO MHOTOYTOJbHHK, CTOPOHBI KOTOPOrO - JyTH
okpyxHOcTel. CyIIecTBYIOT JIM TaKOH KPUBOJUHEHHbBIIT MHOTOYTOJIbHUK P 1 Takast Touka 4 Ha
ero rpaHuue, urto Jo0as mpsMas, MNPOXOAsIlas 4Yepe3 TOuKy A, [AeIuT mNepumerp
MHOTOYTOJIbHMKA P Ha JBa KyCKa paBHOM IJIMHBI? (C.B.Mapxenos)
(Apyrumu  crnoBamu: HasoBem mponunkoii 3aMKHYTYIO TPAaCKTOPHMIO HA TUIOCKOCTH, COCTOALIYK) M3 JyT
OKPY’KHOCTCH H TIPOXOLILYIO UCpe3 KaJKAYK) CBOK TOHKY POBHO OMH pa3. CYMICCTBYIOT JH TPOTIMHKA M TAKas
TOUKA A Ha HEH, uTo rodas mpsAMast, MPOXOALWAS Yepes3 A, denum mponunky nonojam, T0O €CTb CyMMa JJIHH BCEX
KYCKOB TPOIIMHKH B OHOM NOJYIUIOCKOCTH paBHA CYMMC JJIMH BCCX KYCKOB TPOIIMHKHU B ,ZIp_\;'l"Oﬁ I'IOH_V]'].]'IOCKOCTH.)

Pemenne. Kak HU CTpaHHO — CyIIECTBYET, CM. BEPXHHI PUCYHOK.
Bo3bMeM Mpou3BOJIbHBIN OTPE30K C CEPENUHON A M MOCTPOUM Ha HEM Kak
Ha AMaMeTpe MOJYOKpPY)KHOCTb, a MO APYryK0 CTOPOHY OTpe3ka — IBE
TIOJIYOKPY>KHOCTU Ha IMOJIOBUHKAX OTpe3Ka Kak Ha auamerpax. Ilepumerp

(urypbl paBeH ABYM MEHBLINM OKPY>KHOCTSIM.

SlcHO, UTO MCXOAHBIA OTPE30OK JAEIUT MNEPUMETP TONOJAM. b"’/—\/\
IIpoBenem moOyr0 IpPYryr OpsMyK depes TOUKy 4 Moj HEeKOTOPbIM A /#
YTJIOM # (M3MEPEHHBIM B paiiaHax) K OTPe3Ky (CM. HUKHHMI pUCYHOK). OT
HIDKHEH 4acTu OTHsAJAch Ayra a v npudasuiace ayra b. Yoenumcs, 4to
JUTMHBL AyT paBHbL IlycTh 7 — paauyc MeHbLIeH noayoKkpy>KHOCTH. [10CKONBKY 3TO BMUCAHHBIN
yron, T0 b=2ur. Y Oonblueil OKPy>KHOCTH paguyc 27, 3aTO YroJl — LEHTPaJbHbIH, IO3TOMY
a=u-2r.

7. YOpa u Sma uMeroT no 5K3eMIUApy OJHOH U TOMH ke KieTyaToi Tabnuubl 5x5,
3anoaHeHHoit 25 pasnuunbivMu uncnamu. KOpa BeiOupaer Hanbombiiee uncio B TabiuLe, 3aTeM
BBIYEPKHUBAET CTPOKY U CTOJNOEL, COepIKALIHMe ITO YUCIIO, 3aTe€M BbIOMpaeT Hanbobluee u3
OCTaBLIHMXCSI YHCEI, BEIYEPKUBAET CTPOKY M CTONOEL], CoaepIKalye 3TO YUCIo, U T.1. Sma
IPOU3BOJUT aHAJIOTHYHbIE AEHCTBUS, HO BBIOMPAET HAaUMEHbLIHE YUCa. MOXET JIU CIIy4YUTbCS,
YTO CyMMa YHCell, BBIOpaHHbIX e
a) Oonble cyMmbl urcen, BbiOpaHHbIX FOpoii?

0) Gosblie CyMMBI JTFOOBIX IPYTUX 5 4UCEN UCXOAHOM TaOIULb, YIOBIETBOPSIOLIUX YCIOBHIO!
HHMKaKHe J1Ba U3 HUX HE JIeXKAT B OJHOH CTPOKE WJIM B OOHOM cTonOue?
(C.HU.Toxapes, A.FO.D6nun)



Pemenne. a) Her, He moxer. O003HaunM ymciaa B nopsiake ux Boidopa: FOpunbt — bo, by,
by, b3, by, Amnel — nrg, my, ma, m3, my. Hoxaxem, uto ecnu i+j<5, To bi=m;. Homep pasen uunciy
CTPOK W YHCIY CTOJOIIOB, BEMEPKHYTHIX TPH BbIOOpE COOTBETCTBYHOMIEro umcna. Tak, mpu
BbIOOpe b ObLIM BBHIMEPKHYTHI OfIHA CTPOKA U OJWH CTONOeLl, a MpH BbIOOpe M3 — 3 CTPOKU U 3
cronbiia. B cymme BbIMEPKHYTHI MakCHMyM 4 CTPOKH M MakCHMMyM 4 cTONOLA, MO3TOMY IO
KpaiiHeli Mepe OIHO YHCIO ¢ OCTAlOCh HEBBIMEPKHYTBIM B 00oHX ciy4asx. KOpa BeiOupan
HauOoJibllee W3 HEBbIYEPKHYTHIX, MO3TOMY bHi>a. Swa BuiOupan HauMeHbllee U3
HEBBLIMEPKHYTHIX, MMO3TOMY a>#13. 3HAuUMT, bi>my. AHanoruyHo, bo=>my, by>my, bi=my, bs>my.
3nauut, FOpuHa cymma He MeHbIe SAIMHHOMH.

0) Pewenne 1. /Ta, mosker. PaccmoTpum, Hanpumep, Tabnuuy
10000 | 1001 1002 1003 1004
1005 1000 101 102 103

1006 104 100 11 12
1007 105 13 10 2
1008 106 14 3 1

3neck cymma uucen, BeiOpanHbix Ameit 11111 (onu Boigenenst). [lokaxem, 4To Henb3s
nostyants Oosbine. JlelicTBUTENBHO, el He OpaTh wncio 10000, To cymma Oyner MeHee
1008%5=5040, 3na4ur Hago Opatek 10000. Ecnu He Opats uncno 1000, To cymma OymeT MeHee
10000+106*4=10424, 3naunt Hago Opate 1000. Eciu He 6pate yncao 100, To cymma Oyner
menee 10000+1000+14%3=11042, 3naunt Hapo Opath. AHanmOrH4HO Hano Opatb u 10, 1 1. B
UTOre nosydaem AUl yucna.

6) Pemrenne 2. /la, moxket. PaccmoTpum, Hanpumep, Tabnuiy
111 210|310 | 410|510
120 | 221 | 320 | 420 | 520
130 | 230 | 331 | 430 | 530
140 | 240 | 340 | 441 | 540
150 | 250 | 350 | 450 | 551

Bynem cknanpiBarh yucna Jr000H paspelieHHol narepku crondukoM. B paspsane equHuL
cymma OyaeT paBHA KOJNHYECTBY YHCEN Ha quaroHanu. B paspsme mecatkoe cymMa Bcerna Oymer
1+2+3+4+5 (sra uudpa 3aBUCUT TOJLKO OT CTPOKH, a4 Y HAC €CTh MPeACTaBUTENlb Kaxaoi
CTPOKH). AHAJNOTMYHO, W B pas3psijie COT€H cymMma paBHa 1+2+3+4+5 (umdpa coreH 3aBUCHT
TONBKO OT cTonbua). 3Hauut, HauOomneieii Oyoer cyMMa, rae Bce 5 9HCen B3SIThI C THATOHAIH.
SAcHo, oaHAKO, 4TO MMEHHO MX-TO A1ua 1 Beideper.

10 — 11 knaccbl, OCHOBHOW BapuaHT

PeweHuns 3agav

1. Jdan Bemyxneiii 100-yroneHuk. JJokakuTe, 4TO MOXKHO OTMETHTE Takue 50 Touek
BHYTPH 3TOr0 MHOTOYIOJIBHUKA, YTO Ka)kaas BepLIMHA OyZeT nexarh Ha NPSIMOi, COequHs0LIeH
KaKHE-TO JBE U3 OTMEYEHHbIX TOUYEK. (b.P. Dpenxun)

Pemenne 2. 3anymepyem Bepuubbl 100-yronbHuka mo uacosoli crpenke: 1, ..., 100.
Paccmorpum 10-yronbHuk, obpazosaHHbIi BepuinHamu 1, 2, 21, 22, 41, 42, 61, 62, 81, 82. Ero
BEpLUIHHBI MOJKHO Pa3MeCTUTh Ha NATH npameix 1-22) 21-42) 41-62, 61-82, §1-2, 3agaHHBIX
ISITBEO) TOYKAMH TepecedeHys MMepBoil MpsiMOil CO BTOPOH, BTOPOH — C TPETbeid, ..., MSITOH — C
nepBoil (OYEBHOHO, YTO 3TH MATH TOYEK PA3MMYHBI). AHAJIOTMYHO TOCTYIHUM C JECATHYTOJb-



HUKaMH, HOMepa BepLIMH KOTOPbIX I[IQJIY4alOTC K3 HOMEPOB BEPUIMH PacCMOTPEHHOrO
npubaBnenrem 4ducen 2, 4, ..., 18.
3amaua UMeeT MHOTO IPYTHX PEIIeHHil.

2. CyLueCTB?/}oT JIM TAKME HATYPAJIbHBIE YUCNIA A U K, UTO NECATHYHAS 3aMuCh yucna 2”

HAYHHAETCS YMCJIOM 5°, a IeCATHYHAs 3aMUCh YHCIa 5" HAYMHAETCS YUCIOM 2k
(I A.I'arvnepin)

OTBeT: HET, He CYLIECTBYIOT.

Pewenue. Eciiu Obl IpH KAKOM-TO HATYPAILHOM /2 4MCIIO 2" HAUUHATIOCH C 5%, a uncno
5" — ¢ 2" s1o osmauano 6bl, uro 5°x10° <27 < (5+1)x10° u 2°x10' < 57 < (2*+1)x10’, orkyna
1077 < 10" < 108" yro neposmoxno. (Ilocaennee nepasencrso 10" < 1077 pprrexaer,
HarpuMep, U3 TOro, UTo 551 < 2x55, a 21 < S><2"‘).

4,3 4.2
3. Jan wmHorowieH P(x)=x"+x"3x+x+2. J[lokaxkure, uyro nrbas wuenas

MOJNOKHUTENbHAA CTEMEHb JTOr0 MHOIOWIEHA HMEEeT XOTs Obl OAHH OT'pHLlaTCJ'[beIﬁ
K03 (P ULHEHT. (M.H .Mankun)

Pemenne 1. 3ameTum, 4To ajs mo00oro MuorodneHa P(x) ero sHadeHue B To4Uke X=1 -
3TO cyMMa Bcex ero kosdduimentos. IlosToMy B Hamiem ciydae cymma Ko3(hGhHIHEHTOB Y
mHorounena (P(x))" pasna (P(1))"=(1+1-3+1+2)"=2". Ho mnpu 3TOM CBOGONHBIH 4jieH Y
mHorounieHa (P(x))" pasen (P(0))"=2", a koapuunent npu x” pased 1, U B cymMMe yike OHH
natot 2"+1. 3Hauut cpenu octanbHbx Kod(huuuenTos (P(x))" ecTh OTPULATENBHBIE.

Pemenue 2. UneH Tperbeil crenenu y MuorouneHa (P(x))” cknanbisaercs M3 A
cnaraembix Buaa 2" X0 u n(n—1) cnaraembix BHaa “3xPxxx2" %, 10 ecTh koapumeHT mpu X y
sToro  MHorouneHa paseH m2"'3n(n-1)2"* =2"H=3n"+5n) = n2" (-3n+5), TO ecth
oTpULATeNeH mpH JH00oM 71 = 2.

Pemenue 3. 3amerum, uto (P(0))" =(P(1))" =2". Ilo Teopeme Jlarpamxka nponussogHas
O(x) muorounena (P(x))" npunumaer 3nauenne 0 Ha untepsane (0;1). [Tockonbky He Bce K03 (-
¢unmentsl Muorounena (J(x) paeubol 0, y O(x) ectb x0T Obl OOUH OTPHLATENLHBIA KO-
¢duuuenT, a 3HauuT Uy P(x) TOKE.

4. B Tpeyronsuuke ABC nposenena Ouccexrpuca AA4', Ha orpeske 4A4' BoiOpana
touka X. IIpsimast BX nepecexaer AC B Touke B', a npamas CX mepecekaer AB B Touke (.
Orpeskn A'B' u CC" nepecekaroTcst B Touke 2, a orpesku A'C' u BB' nepecekaroTcs B Touke (.
Hoxaxure, uto yrasl PAC u OAB paBHbL (M.A.Bonukeeuu)

Pemenne. Beenem obo3naueHue: /1 (1) Oyner 03Ha4aTh pacCTOSHHE OT TOYKH M 10
npsamoi /. Mel MHOTO pa3 OyaeM MOJb30BaThCS CIEAYIOIIEH HECIOXKHOH JIEMMOI: eciu Oansl
mpu ayua OL, OM u ON, mo oaa ecex mouex K na aywe OM omuowenue hy (OL)/ hy (ON) oono
u mo dce.

Jlnst peuieHus 3a7aud I0CTATOMHO J10Ka3aTh, uto hp (AC) hp (AA')= hg (AB)/ hg (AA’) (Benb
paBEHCTBO 3THX OTHOWIEHWI Kak pa3 W o3HauaeT, B cuity paseHctsa yrios A’AC u A'BC, uto
npsimas AP npoBeneHa rmox TakuMm ke yriioMm K npsamoi AC, kak u npsiMas A0 k npamoit AB).

Ilo nemme BepHBI paBEHCTBA

hp (BC)/ hp (AC)= hy (BC)/ hy(AC)  u  ho(BC)/ ho(AB)=hx(BC)/hy(AB),
otkyaa (yauteiBas, 4to hy(AC)= hy(AB), nockoneky X nexut Ha Ouccektpuce A4") monydaem,
uto hp (BC)/ hp (AC)= hg (BC)/ hg (AB).

[MosTomy nns peLenus 3a1aul 10CTaTOUHO 10Ka3aTh, uto hp (BC)/ hp (AA")= ho (BC)/ hg (AA).
ITo nemme nocnenHee PaBEHCTBO PABHOCHILHO Takomy: hg' (BC)/ hy: (AA')= he (BC)/ he (AA).
Iycte ~BAC=2a. 3amerum, uto hg' (AB) hy (AA")=sin 2a /sin o = he (AC) he (AA)).

IosToMy A1 peieHns 3a71a4ui JOCTaTOYHO JJ0Ka3aTh PABEHCTBO



hg (BC)/ hg (AB)= hc (BC)/ he (AC).
[To nemme nocienHee paBeHCTBO PABHOCUIIBHO PABEHCTBY
hy (BC)/ hy (AB)= hy (BC)/ hy (AC),
4TO O4eBHAHO (Tak kak hy (AC)= hy (AB)). 3anaua pereHa.

5. Jlokaxkure, 4TO MOXKHO HaHTH DECKOHEYHO MHOIO Map LEJbIX YMCe, Tak YToObl B
OEeCATHYHON 3aMHUCH Ka)kaoro 4Hucia Bce Ludpsl ObLIM He MeHble 7, W MPOH3BEASHHE HHCE
Ka)KI0i napel Toske ObLIO YKMCIIOM, rie Bee LUU(pbl He MeHblie 7. (C.HU. Torapes)

Pemenne 1. 'ogarcs Bce maper Buga (9...98877, 8...87), rae B mepBOM U BTOPOM
qucaax nopoeHy undp. MxX npousseneHue, Kak MOKa3bIBACT YMHOKEHHE «B CTOJOMKY, PaBHO
8...878887...79899, rae BHauaje UOyT H—3 BOCBMEPKH, MOTOM — 7888, IOTOM — H—3 CeMepKH
n 9899,

Pemtenne 2. Paccmorpum nsa uucna: 877..7 (k-1 cemépka) u 899..9987 (k-3
JEBATKM), TOTAA WX NpOHM3BeneHHe - 370 uucio 7899, .998788..8899 (k-4 nmemstkn u k-2
BOCBMEPKH).

6. Ha oxpy:kHOCTH CHAAT 12 Ky3HEUMKOB B PAa3JIMYHBEIX TOYKAX, DTH TOYKH JIENAT
okpyskHOocTb Ha 12 nyr. Ilo curHany Ky3HeUHKH OJHOBPEMEHHO NPLIFAKT N0 YaCOBOH CTPEKe,
KaKablH — M3 KOHUA CBOed nyru B ee cepeauHy. OOpasyrorcs HOBbie 12 Ayr, NPbLKKH
MOBTOPAIOTCA, U T.A. MOXKeT N1 XOTst Obl OOHH Ky3HEUHK BEPHYTHCS B CBOK HCXOOHYIO TOYKY
[OCJE TOTO, KAK UM CLHENAHO
a) 12 npbrkkoB?

6) 13 npboKKOB? (A. K. Tonnwreo)

OrtBert: a), ) HeT, He MOKET.

a). Pemenme 1. Hasoeem opHOBpeMeHHble 12 TIPBDKKOB KY3HEUHKOB XOIOM.
[IpennonoxuM, YTO OOMH H3 Ky3HEUHKOB (Ha30BEM €ro MEPBBIM) BEPHYJICA B HCXOOHYIO TOUKY
(nazoBem ee A) nocne 12 xonos. 3aMeTuM, UTO MOPSINOK KY3HEUMKOB HA OKPY:KHOCTH HE
mensiercsi. [Toatomy ocranbhble 11 Ky3HEUHMKOB NOJKHBI OyOyT MepenpoirHyTh Yepe3 Touky A
(xoTst Obl pa3) 10 BO3BpAlUEHHS Tyda NepBOro KysHeuwka. Ho 3a onuH Xoa 4epes Touky A
CMOXKET TepenpeirHyTh He Oonee ueM 1 Ky3HeuwHK, a Ha MEPBOM XOOy uepe3 Touky A He
nepenpeirHeT HU onuH U3 KysHeuukos! ITosTomy 3a 12 xomoB uepe3 Touky A nepenpbirHyT
MakKCHMYM 11 Ky3HE4YHKOB, TO €CTb IIEPBBIH €Ile He CMOKET BepHYThCs B A. IIpoTHBOpEuHe.

a). Pemenne 2. [lpennonoxuM NpoTHBHOE, TO €CThb OAMH M3 Ky3HEUHKOB (KY3HEUHK
Nel) BepHyJcs B MCXOAHYIO TOUKY nocie 12 npepKkoB. 3amMeTuM, 4YTO JaHHas CHTyalus
SKBHBAJICHTHA Clieayroleil; Ha myde OX Mbl pa3melniaeM OeCKOHEYHOE KOJTHYECTBO KY3HEYHKOB,
npu4éM CcHavana pasmewiaeM 12 Ky3HEYMKOB MPOCTO Pa3BEPHYB OKPYIKHOCTb B OTPE3OK,
paspes3aB €€ B TOM MeCTe, Iie cuzes Ky3Heduk Nel (nmpeanonokum, 4To 00X0a OKPYKHOCTH 110
4acoBOil cTpenke OyZeT COBNAnaTh C MONOKUTENbHBIM HampaeieHueM ocH Ox). anee Oymem
CHMTATH, YTO KY3HEYHUK HAXOOUTCA TOJLKO B JIEBOM KOHLE OTpe3ka (To ectb B Touke 0), a K
MPABOMY MBI TIPHKPETTHM TOYHO TaKOH Ke OTPe30K ¢ Ky3HeUHKAMHM B TEX JKe TOYKaX W T. I.(MBI
HOJYYUIH JIy4, C OTMEYEHHBIMH Ha HEM Toukamu A 1, A 2. ..). B HOBOH Momenu Ky3HEUHKU
IpPLIFa0T B MOJIOKUTENIBHOM HallpaBlIeHUH B CEPEAHHY OTPE3Ka A0 CIEAYIOLIEero KysHeuuka. B
pe3yabTaTe MO HAIEMY TPEANONOKEHHID MBI TIOTYYNUM, 4TO MEePBBIH Ky3HEUHK 32 12 MPBIKKOB
snbo nonan B Touky A 13, nubo BeinpsirHys 3a npenenst orpeska [A 1, A 13]. Jokaxkem no
WHIYKIMH, YTO TOCNE N MPBLKKOB i-bIii KY3HEYHK HAXOMWTCS B IIEHTPEe Macc cHcTembl ((A i,
C(0, n)r), (A_i+1, C(1, n)r), ... (A_i+n, C(n, n)r) (Ha nepBOM MeCTe CTOUT PACMOIMKEHHE IPy3a,
Ha Bropom ero macca, C(k, n)=n!/(k!*(n-k)!)) 3amerum, uro ecnmum B TOukM A i, A_ i+l
MOMECTUTD IPY3HKH Macchl IT, TO MOCHe MepBOro MPbDKKA [EPBbIH KY3HEUHK MOMAngT B LEHTP
macc cuctemsbl ((A i, 1r), (A_i+1, 1r)), Tak Kak 3TO U eCThb cepequHa oTpe3ka. Takum o0paszom,
0a3a HHAYKIMK npoBepeHa. [IpenmonokumM, 4To TOCHe n MPBIKKOB i-blif KY3HEUYHK HAXOIUTCS B
uentpe mace cuctemsl ((A i, C(0, n)r), (A_i+1, C(1, n)r), ... (A_i+n, C(n, n)r), a i+1eiii B TOHKE



((A_i+1, C(0, n)r), (A_i+2, C(1, n)r), ... (A_i+n+1, C(n, n)r), Torna cepenuHa oTpe3Ka, WX
COENMHAIOLIEr0  HMeeT Te K€  KOOPAMHATBL, YTO M  LEHTP MacC  CHCTEMBI
((LLM.((A_1,C(0,n)r),..(A_i+n,C(n,n)r),1r),(II.M.((A_i+1,C(0,n)r),. (A i+tn+1,C(n,n)r)),1r)

YTO COBMAAET C LIEHTPOM MAacC CHCTEMBI
((A_1,C(0,n)r),(A_i+1,(C(1,n)+C(0,n))r),..(A_i+n,(C(n,n)+C(nl,n))r)),(A i+n+1,C(n,n)r),

a 3T0 u ecThb HeHTp Macc cuctemsl ((A i, C(0, n+1)r), ... (A_i+n+1, C(n+1, n+1)r), To ecThb war
WHAYKLIHH JOKa3aH.

Tenepsb 3aMeTHM, UTO 3TO O3HAYAET, YTO NOc/e 12 NPBIKKOB NEePBBI Ky3HEUHK OKAKETCs B
uentpe macc cucrembl ((A 1, C(0, 12)r), ... (A_13, C(12, 12)r), a 3Ta TO4YKa ABHO HAXOAUTCA
BHyTpH oTtpe3ka [A_1, A 13] - npoTusopeune.

0). B atom cnydae mocne 13 MpeDKKOB KY3HEUMK OKAXKETCHA B LIGHTPE MAcC CHCTEMEI
((A_1, C(0, 13)r), ... (A_14, C(13, 13)r), HO 3Ty Ke TOYKY MOKHO NPEeICTABUTL KK LIEHTpP Macc
CHCTEMbI M3 ABYX TOYEK C HEKOTOpPhIMH BecamMu B HuX. nepsas - LILM.((A 2, C(1, 13)r), ...
(A_13, C(12, 13)r), a Bropas - LILM.((A_1, C(0, 13)r),(A_14, C(13, 13)r). AcHo, uTo nepras
Touka Haxoputcs BHyTpu otpeska [A 1, A 13]. Kpome toro C(0, 13)=C(13, 13) u
A 1A 2=A 13A 14, a 3HauuT W BTOpas TOYKA Haxomgutcs BHyTpH orpeska [A 1, A 13], a
CNIeNOBaTeNbHO, M LEHTP MAacC 3THX TOYEK C TPOM3BOJIBHBIMH TIOJNIOKHTENIbHBIMH BECaMH
HaxoguTcs BHYTpU oTpeska [A 1, A 13].

7. Mypasell nonsaer no 3aMKHYTOMY MaplIpyTy IO peOpam noaekasapa, HHIZE He
pa3BopauuBasch Ha3aj. MaplipyT NpOXOIUT POBHO [Ba pasa N0 Kaxaomy pedpy. [lokaxure,
4TO HeKoTopoe pedpo Mypaseil 00a pasa NPOXOAWT B OJHOM H TOM K€ HANpPaBICHUM.
(Hamomuaum, 4uto y momekasapa 20 BepmmH, 30 pebep w 12 OnMHAKOBBIX TIpaHedl B BHIE
MSITUYTOJBHUKA, B KAXKAOH BepIIHHE CXOOUTCH 3 TPAHH. ) (A.B. lllanosanos)

Pemenne. Ilpennonoxkum, 4To CylIecTByeT MaplupyT, Opu o0xone IO KOTOpOMY
Kakaoe péopo mpoxomuTcest B 000MX HampaBjieHHsIX. PacCMOTPHM HEKOTOPYIO BEPLIMHY A H
Tpéx eé coceneit B, C, D. JlonycTuM, 4TO B HEKOTOPEIH MOMEHT MypaBei TMPHUIION3 B BEPIIMHY
A, (npennoyo;KuM, 4TO OH monaji B A U3 BepuMHbl B) Torna nociie 5TOro OH MOKET IMONOJ3TH
6o B C mibo B D. Ecnu on nonons B C, TO no3:ke OH JI0JKeH Oy/eT B HEKOTOPbIH MOMEHT
nponom3td u3 C B A (Tak Kak MO MpeanonokeHH BTopoil pa3z u3 A B C OH mponon3Tu He
MOKET), Aanee U3 TOUKU A OH JOJIKeH NOI3TH B TouKy D Tak Kak uHade eMy B KaKOii-TO MOMEHT
Oyner HeoOXOAMMO MPOTON3TH 1Mo MappyTy D-A-D, uto 3anpemmeno no ycnoeuro. [Tocne yero
OH B Kakoii-To MOMeHT mponoysér u3 D B A a 3arem Oyaer oOs3aH momoi3Td B B. Takum
00pa3oM Mbl MOJYYHIHM J1BA BAPHAHTA MPOXOXKIEHHS 3TOr0 NepeKpécTka (1Ba TUMA Pa3BHIIKH)
(B-A-C, C-A-D,D-A-B) u (ecnu B mnepBblii pa3 wmypaseil ceepHér He B C, a B D)
(B-A-D, D-A-C, C-A-B). [lo-gpyroMmy 3TH oBa THNA Pa3BHIOK MOXKHO OXaPaKTE€PH30BATh OIHUM
u3 aByx npasun: Jmbo, Ipuas B BepLIMHY, MypaBeil Bceraa MOBOpauMBaeT HajleBo, JHOO
Hao0OpoT - Bcerna Hamparo. OnpenesuM Tenepb s KaskIOH BEPUIMHBI (Pa3BHJIKM) €€ THII,
3amMeTHM Temneph, YTO €CJH BBIMTYCTHTh MYpPaBbs M3 MPOM3BOJBLHOH BEPIIMHEI MO HEKOTOPOMY
pebpy, TO ero nanbHeiilnee ABH)KEHWE OIHO3HAYHO ONPENeNsAeTcs 3THMH TUIIAMH Pa3BHJIOK.
Takum oOpasom, BesikomMy pasOueHHI0 pasBWIOK Ha "mnpasbie” u "JeBbie" COOTBETCTBYET
HeKOTOpbIi Halop Hemepecekarouxcs ( mo pedpy, MPOXOAMMOMY B OHY CTOPOHY) LIMKIIOB -
3aMKHYTBIX MapLIPYTOB ABHKEHHUIT MypaBbs ( Mbl HE yTBEpPAKIaeM, 4TO TAKOH Ha0Op CTaBUTCS
B COOTBETCTBHE EIMHCTBEHHBIM CIIOCOOOM, HO HaM 3TO H He Tpebyercs).

MpbI cunTaeM, YTO M3HAYAJIbHO MMEETCS OIWH TAKOH IHKJI, MPOXOIAIIHIA 10 BceM pédbpam mo 2
pasa. Hauném Terneps moouepéaHO Ha BCEX pa3BHIIKAX C IMPABHUIOM "TIOBEPHYTH HarpaBo'
3aMeHATh 3TO MPaBUJIO Ha "MoBepHyTH HaneBo'. Ilocne mepsoil ake Takoil omepaiuy, BIOJHE
BO3MOXKHO, HAalll H3HAYANBHBIH LIMKI pacnaaércss Ha HeckospKo. OOHaKo MOHATHO, uTO OyayT
OIHO3HAYHO OIpeleseHbl HECKOIbKO 3aMKHYTbIX MApLIPYTOB, Ha KOTOpble OH pacHacs.
W3yuuM Tenepb, HACKONBKO MOXKET MEHSTbCA KOMMYECTBO 3AMKHYTBIX MApLIPYTOB NPH CMEHe
TUNA PA3BHIKH B JIOJEKAd/IPe, & UMEHHO JOKAKeM, 4TO TPH JTOH Onepanuy 4€THOCTh KOJ-Ba



LUKJI0B He MeHsieTcs. IIpeanonokum, uto y Hac umeercs nepekpécrok (B-A-C, C-A-D, D-A-B).
PaccMOTpUM  HeCKONbKO CiydaeB Ha KOH(QUIypaUUIO MapLIpyTOB, MNPOXOALIMX —Hdepes
M3MEHSIeMYIO BepIINHY:

a) Y Hac uMenock 3 pasHeIX 3aMKHYThIX MapmpyTa (B-A-C-.. B), (C-A-D-...-C) u (D-A-B-...D),
TOrJa nocjie 3aMensl npasuna nosopotos nonyuuM: (C-A-B-. -D-A-C-. -B-A-D-...-C), To ectb
B 3TOM CJlyuyae UeTHOCTb KOJHMUYecTBa LMKJIOB He H3MeHWwIach (Mx oOluee KOJHUYECTBO
H3MEHIIOCH Ha 2).

0) ¥V Hac umenoch 2 pasiaMyHbix 3aMKHYTbIX Mapuipyta (B-A-C-...B) u (C-A-D-...-D-A-B-..-C),
TOrAa T[ocne 3aMeHbl THIA mnepekpécTka ofpasytotes wapuipytel  (C-A-B-..-C) u
(B-A-D-...-D-A-C-...-B) - ueTHOCTEL HE H3MEHUJIACE.

B) HUmencsa omun mapupyt (B-A-C-..-C-A-D-..-D-A-B-..-B) Torma mocne 3aMeHBl THIIA
nepekpéctka noayuunocs (B-A-D-...-D-A-C-...-C-A-B-.. -B) - 4éTHOCTbL CHOBa HE H3MEHUJIAC.
Bce octanbHele ciayuan MOTyT OBITh TOJYYEHBI H3 PACCMOTPEHHBIX CMEHOIH 00O3HaueHHil.
Taxum o0pazoM, y Hac mocie KaOoi 3aMeHbl THNA MepeKpécTKa OCTAéTcs HEedETHOE HHCIIO
mapuipytos. OfHAKO MOCje TOrO KaK Ha BCEX MEPeKpECTKax Mypaseil craHeT "NMoBOpauMBaTh
HaJieBo", eAMHCTBEHHBIM CIOcOOOM pa3duTh Bech MOAEKadAp Ha MapIIPYThl OKa:KETCA TPOCTO
000iTH BCe rpaHu no rpaHuue ( T.e. KakIbli MapupyT Oyaer cocToaTh w3 5 pedép u orubarh
KaKylo-TO rpaHb). O4UeBHIHO, YTO TOTAa BCErO MapLIPYTOB OKaKeTCsA 12, 4TO MpOTHBOPEYMT
HEYETHOCTH HX YHCTIA.
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In triangle ABC', points D, E and F are the midpoints of BC, C' A and AB respectively, while
points L, M and N are the feet of the altitudes from A, B and C respectively. Prove that
one can construct a triangle with the segments DN, EL and F'M.

Each corner of a cube is labelled with a number. In each step, each number is replaced
with the average of the labels of the three adjacent corners. All eight numbers are replaced
simultaneously. After ten steps, all labels are the same as their respective initial values. Does
it necessarily follow that all eight numbers are equal initially?

A segment of length 1 is cut into eleven shorter segments, each with length at most a. For
what values of a will it be true that any three of the eleven segments can form a triangle,
regardless of how the initial segment is cut?

A chess piece may start anywhere on a 15 x 15 chessboard. It can jump over 8 or 9 vacant
squares either vertically or horizontally, but may not visit the same square twice. At most
how many squares can it visit?

One of 6 coins is a fake. We do not know the weight of either a real coin or the fake coin,
except that the real coins all weigh the same but different from the fake coin. Using a scale
which shows the total weight of the coins being weighed, how can the fake coin be found in 3
weighings?

Note: The problems are worth 3, 3, 4, 4 and 5 points respectively.

LCourtesy of Professor Andy Liu.



Solution to Junior O-Level Fall 2005

1. D is the midpoint of the hypotenuse of the right triangle N BC'. Hence DN = %B C'. Similarly,
EFL = %C’A and FM = %AB. Hence the segments DN, EL and F'M can form a triangle half
the linear dimensions of triangle ABC'

A

B D L C

2. The eight vertices of a cube may be painted black and white, with four of each colour, such
that no two vertices of the same colour are adjacent. Label the white vertices with Os and
label the black vertices with 1s. In each move, the Os become 1s and vice versa. In ten moves,
all labels return to their initial values, but not all labels have the same value.

4

¢,

3. Let the lengths of the segments bea = a1 > ay > --- > ay;. Since 1 = a1 +as+---+ap; < 1la,
we must have a > 1—11 On the other hand, if a = %0, we may take a; = ap = -+ = ag = 1—10
and ajg = a1 = %. Then the shortest two segments will not form a triangle with the longest.
A larger value of a will only make the longest segment longer, and does not help. Now let
1—11 <a< %0' Then ajp+ay; =1—(a; +as+---+ag) > 1—1% = % > a;. It follows that any

three of the segments can form a triangle.



4. The diagram below shows the 15 x 15 chessboard divided into a central cross of width 3 and
four quadrants each a 6 x 6 square. The numbering shows that all 144 squares in the four
quadrants may be visited. If more squares may be visited, then the chess piece must visit one
of the squares of the central cross. However, from any such square, the piece can never get
to any of the 144 squares in the four quadrants. Even if it can visit all squares in the central
cross, the total of 81 is well short of 144.

14 116 | 18 | 20 | 22 | 24 13 115 | 17 | 19 | 21 | 23
38 | 40 | 42 | 44 | 46 | 48 37 | 39 | 41 | 43 | 45 | 47
62 | 64 | 66 | 68 | 70 | 72 61 | 63 | 65 | 67 | 69 | 71
86 | 88 | 90 | 92 | 94 | 96 8 | 87 | 89 | 91 | 93 | 95
110 | 112 | 114 | 116 | 118 | 120 109 | 111 | 113 | 115 | 117 | 119
134 | 136 | 138 | 140 | 142 | 144 133 | 135 | 137 | 139 | 141 | 143
11 9 7 5 3 1 12 | 10 8 6 4 2
35 [ 33 | 31 | 29 | 27 | 25 36 | 34 | 32 | 30 | 28 | 26
29 | 57 | 55 | 83 | 51 | 49 60 | 58 | 56 | 54 | 52 | 50
83 | 81 | 79 | 7T | 75| 73 84 | 82 | 80 | 78 | 76 | T4
107 |1 105 | 103 | 101 | 99 | 97 108 | 106 | 104 | 102 | 100 | 98
131 | 129 | 127 | 125 | 123 | 121 132 | 130 | 128 | 126 | 124 | 122

5. Let the coins be A, B, C, D, E and F. In three weighings, we determine the average weight
m of C and E, the average weight n of D and F, and the average weight k£ of B, E and F. If
m = n = k, the fake coin is A. If m = n # k, the fake coin is B. If m # n = k, the fake coin
is C. If k = m # n, the fake coin is D. If & # m # n # k, then the fake coin is E or F. This
can be distinguished since 2m +n = 3k if it is E, and m + 2n = 3k if it is F.
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1.

2.

Do there exist positive integers a, b, n such that n? < a® < b* < (n+ 1)*?

A segment of length v/2 + v/3 + /5 is given. Can a segment of length 1 be constructed using
a straight-edge and a compass?

One of 6 coins is a fake. We do not know the weight of either a real coin or the fake coin,
except that the eal coins all weigh the same, but different from the fake coin. Using a scale
which shows the total weight of the coins being weighed, how can the fake coin be found in 3
weighings?

On all three sides of a right triangle ABC, external squares are constructed, their centres
being D, E and F. Prove that the ratio of the area of triangle DEF to the area of triangle
ABC is

(a) greater than 1;
(b) at least 2.

A cube lies on the plane, with a letter A on its top face. In each move, it is rolled over one
of its bottom edges onto the adjacent face. After a few moves, the cube returns to its initial
position, again with the letter A on its top face. Is it possible for the letter A to have made
a 90° turn?

Note: The problems are worth 3, 3, 4, 2+2 and 5 points respectively.

LCourtesy of Professor Andy Liu.



Solution to Senior O-Level Fall 2005

1. Suppose such integers a, b and n exist. Since a +1 < b, n? < a® < (a+1)? < (n+ 1)%. Note
that n? < a® < a*, so that n < . Hence (a+1)3 > a®>+3a>+1>n>+2n+ 1= (n+1)?
which is a contradiction.

2. Construct any segement of length z. Construct a right triangle with legs # and x. Then the
hypotenuse will have length /2. Construct a right triangle with legs # and v/2z. Then the
hypotenuse will have length v/3z. Construct a right triangle with legs v/2z and v/3z. Then
the hypotenuse will have length v/52. Construct a segment PQ of length (v/2 4+ /3 + v/5)x
and extend it to R such that QR = x. On another ray from P, mark off the point S where
PS has the given length v/2 + v/3 + /5. Through R, draw the line parallel to QS, cutting
the ray at 7. Then triangles PQS and PRT are similar, so that % = %. It follows that
ST = 1.

3. Let the coins be A, B, C, D, E and F. In three weighings, we determine the average weight
m of C and E, the average weight n of D and F, and the average weight k of B, E and F. If
m = n = k, the fake coin is A. If m = n # k, the fake coin is B. If m # n = k, the fake coin
is C. If £ = m # n, the fake coin is D. If k # m # n # k, then the fake coin is E or F. This
can be distinguished since 2m +n = 3k if it is E, and m + 2n = 3k if it is F.

4. Denote the area of triangle T" by [T']. Since /ZBCD+/BCA+ /ACE = 45°+90°+45° = 180°,
C lies on DE. Since /BCA + /BFA = 90° + 90° = 180°, BCAF is a cyclic quadrilateral.
Hence /FCD = /FCB+ /BCD = /FAB + /BCD = 45° 4+ 45° = 90°. Let P be the point
of intersection of F'C' and AB.

F

D 0O L

(a) Since BD and AFE are perpendicular to DE, they are parallel to C'F. Since CF > CP,
[DCF)| > [BCP] and [ECF| > [ACP]. Hence [DEF| > [ABC].

(b) Let K be the other point of intersection of DE with the circumcircle of triangle ABC.
Then F'Q is a diameter of the circle. Hence PF' = PQ > PC so that CF > 2CP. It
follows that [DCF| > 2[BCP] and [ECF| > 2[ACP)], so that [DEF] > 2[ABC].

5. The vertices of a cubic lattice may be painted black and white such that no two vertices of
the same colour are adjacent. The vertices of the cube are painted in the same colours as
the vertices of its initial position in the cubic lattice. When the cube is rolled over, its white
vertices always go to white vertices of the cubic lattice, and its black vertices always go to
black vertices of the cubic lattice. When it returns to its initial position, again with the letter
A on its top face, the letter A cannot have made a 90° turn as this requires the vertices of the
cube to have different colours from the corresponding vertices of the cubic lattice.
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1.

A palindrome is a positive integer which reads the same from left to right and from right to
left. For example, 1, 343 and 2002 are palindromes, while 2005 is not. Is it possible to find
2005 values of n such that both n and n + 110 are palindromes?

The extensions of the sides AB and DC' of a convex quadrilateral ABCD intersect at the
point K. M and N are the midpoints of AB and C'D, respectively. Prove that if AD = BC,
then triangle M N K is obtuse.

Initially, there is a rook on each of the 64 squares of an 8 x 8 chessboard. T'wo rooks attack
each other if they are in the same row or column, and there are no other rooks directly in
between. In each move, one may take away any rook which attacks an odd number of other
rooks still on the chessboard. What is the maximum number of rooks that can be removed?

. Each side of a polygon is longer than 100 centimetres. Initially, two ants are on the same edge

of the polygon, at a distance 10 centimetres from each other. They crawl along the perimeter
of the polygon, maintaining the distance of 10 centimetres measured along a straight line.

(a) Suppose the polygon is convex. Is it always possible for each point on the perimeter of
the polygon to be visited by both ants?

(b) Suppose the polygon is not necessarily convex. Is it always possible for each point on
the perimeter of the polygon to be visited by at least one of the ants?

Determine the largest positive integer N for which there exist a unique triple (x,y,z) of
positive integers such that 99x + 100y + 101z = N.

There are 1000 pots each containing varying amounts of jam, not more than ﬁ—th of the total.
Each day, exactly 100 pots are to be chosen, and from each chosen pot, the same amount of
jam is eaten. Prove that it is possible to eat up all the jam in a finite number of days.

Note: The problems are worth 3, 5, 6, 244, 7 and 8 points respectively.

LCourtesy of Professor Andy Liu.



Solution to Junior A-Level Fall 2005

1. We can choose n = 1099 ---9901. Clearly, n is a palindrome. Since n 4+ 110 = 1100--- 0011,

4.

it is also a palindrome. Since the number of 9s in n is arbitrary, we can certainly find 2005
such values.

. Suppose AN < BN. In triangles M AN and M BN, we have MA = MB and MN = MN.

Hence /AMN < /BMN. Since /AMN + /BMN = 180°, we have /KM N > 90°. Similarly,
MD < MC implies /ZKNM > 180°. Suppose AN > BN and MD > MC. In triangles
DAN and CBN, we have DN = CN and MN = MN. Hence /ADN > /BCN. Similarly,
/DAM > /CBM. Since /ADN+/DAM+/BCN+/CBM = 360°, /ADN+/DAM > 180°.
However, this is a contradiction since /ADN + /DAM = 180° — /AK D < 180°.

D N C K

First, note that none of the corner rooks may be removed since each always attacks two other
rooks. Moreover, we cannot leave behind only the four corner rooks, as otherwise the last to
be taken away will attack two or zero other rooks. We can take away as many as 64-4-1=59
rooks in two stages, as shown in the diagrams below.

e | 1[2]|3[4]|5|6]e o °
13Jojojofofo]o]|T7 50 |51 |52 |53 |54 |55
14 115 |16 |17 |18 19| o | 8 26
20 (21 (22123 |24 (25| 2 | 9 o7
26 |27 (28129 (30 |31 | o |10 28
32133 |34 |35 |36 37 | o |11 29
38 (39 (40 |41 |42 {43 | » |12 J
o (44145146 |47 |48 (49 | o °

(a) Let ABCD be a rhombus with BD horizontal and less than 10 centimetres long. Then
the segment XY joining the two ants is almost vertical. Let X be the ant initially closer
to A and Y be the ant initially closer to C'. Then X can never visit C' while Y cannot
visit A.

(b) Modify the rhombus ABC'D by moving C' vertically towards A until AC' is less than 10
centimetres long. Then the segment XY joining the two ants is still almost vertical. If
XY is initially on AB or AD, neither X nor Y can visit C'. If XY is initially on C'B or
CD, neither X nor Y can visit A.



5. We claim that N = 5251 is the largest value. We first show that 99z 4+ 100y + 101z = 5251
has the unique positive integral solution (50,2,1). Note that x +y 4+ 2z = 52 or 53 since
51 x 101 < 5251 < 54 x 99. Suppose = + y + 2z = 52. Subtracting 100 times this from the
given equation, we have z — z = 51. We can only have (z,y,z) = (0,1,51), but this is not
admissible. Suppose z + y + z = 53. Subtracting the given equation from 100 times this, we
have © — z = 49. Neither (49,4,0) nor (51,0,2) is admissible, leaving (z,y,2) = (50,2,1) as
the unique solution. We next show that for N = 5251 + k, 1 < k < 99, we have at least two
positive integral solutions to 99x+100y+101z = N. For 1 < k < 49, they are (50—k, k+2,1)
and (51 — k, k,2). For 50 < k < 97, they are (1,100 — k, k — 48) and (2,98 — k, k — 47). For
k = 98, they are (52,1,1) and (1,2,50). For k = 99, they are (51,2,1) and (1,1,51). Finally, for
N > 5351, modify each of the two solutions for N — 99 by adding 1 to x.

6. More generally, let there be m pots each containing varying amounts of jam, not more than
1

—-th of the total, where n < m. Each day, exactly n pots are to be chosen, and from each
chosen pot, the same amount of jam is eaten. We use induction on n. The basis n = 1 is
trivial as we can eat up the jam one pot at a time. Suppose there is a strategy to eat all the
jam for some n > 1. We now eat from n + 1 pots each day. Let P be the pot with the most
jam. We consider two cases:

Case 1. P contains less than n%rl of the total amount of jam.

Then m > n + 1. Choose the n + 1 pots containing the least combined amount of jam. Our
plan is to eat from each of them the amount equal to what is in the pot with the least amount,
so that it becomes empty. However, we must ensure that the condition in the hypothesis still
1

holds afterwards. If P will contain more than <5 of the remaining amount of jam, then we

modify our plan by reducing the amount eaten from each of the chosen pots, so that P will
1

contain exactly =7 of the remaining amount of jam. We then proceed to Case 2. On the
other hand, if the condition in the hypothesis holds after our original plan is carried out,
we have reduced the number of non-empty pots by one. At some point before or when this
number becomes n + 1, P will contain exactly n%rl of the remaining amount of jam, and we
proceed to Case 2.

Case 2. P contains exactly #1 of the total amount of jam.

First note that each pot other than P contains at most % of the total amount of jam not in P.
Hence we may apply the strategy when we eat from n pots each day to the pots other than
P. At the same time, we also eat from P each day, so that we are eating from n + 1 pots as
required. By the induction hypothesis, we can eat all the jam from the pots other than P.
Since we eat from P each day exactly % of what we eat from the other pots, and P starts with
exactly % of the jam in the other pots initially, we will finish off the jam in P at the same

time as we empty the other pots.



International Mathematics
TOURNAMENT OF THE TOWNS

Senior A-Level Paper Fall 2005.

1.

For which positive integers n can one find distinct positive integers aq,as,...,a, such that
a4 a2 4., Gnj i ?
ottt 2is also an integer?

Each side of a polygon is longer than 100 centimetres. Initially, two ants are on the same edge
of the polygon, at a distance 10 centimetres from each other. They crawl along the perimeter
of the polygon, maintaining the distance of 10 centimetres measured along a straight line.

(a) Suppose the polygon is convex. Is it always possible for each point on the perimeter of
the polygon to be visited by both ants?

(b) Suppose the polygon is not necessarily convex. Is it always possible for each point on
the perimeter of the polygon to be visited by at least one of the ants?

Initially, there is a rook on each of the 64 squares of an 8 x 8 chessboard. Two rooks attack
each other if they are in the same row or column, and there are no other rooks directly in
between. In each move, one may take away any rook which attacks an odd number of other
rooks still on the chessboard. What is the maximum number of rooks that can be removed?

On a circle are a finite number of red points. Each is labelled with a positive number less than
or equal to 1. The circle is to be divided into three arcs so that each red point is in exactly
one of them. The sum of the labels of all red points in each arc is computed. This is taken to
be 0 if the arc contains no red points. Prove that it is always possible to find a division for
which the sums on any two arcs will differ by at most 1.

In triangle ABC', /A =2/B = 4/C. Their bisectors meet the opposite sides at D, E and F
respectively. Prove that DE = DF.

A blackboard is initially empty. In each move, one may either add two 1s, or erase two copies
of a number n and replace them with n —1 and n+1. What is the minimum number of moves
needed to put 2005 on the blackboard?

Note: The problems are worth 3, 243, 5, 6, 7 and 8 points respectively.
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1. For n = 1, we may take a; = 1 and {* = 1 is indeed an integer. For n = 2, consider any
2 2

a; < az. We may assume that they are relatively prime to each other. Then §L + 22 = %
This is never an integer since the factor ay in the denominator cannot be cancelled out. For
n > 3, take ap = (n — 1)k for 1 < k < n. These are distinct integers since n — 1 > 1. The
desired sum is -~ + =+ + L 4+ (n—1)""!' = (n—1)""! 41, which is an integer. Hence

n = 2 is the only impossible case.

2. (a) Let ABCD be a rhombus with BD horizontal and less than 10 centimetres long. Then
the segment XY joining the two ants is almost vertical. Let X be the ant initially closer
to A and Y be the ant initially closer to C'. Then X can never visit C' while Y cannot
visit A.

(b) Modify the rhombus ABC'D by moving C' vertically towards A until AC' is less than 10
centimetres long. Then the segment XY joining the two ants is still almost vertical. If

XY is initially on AB or AD, neither X nor Y can visit C'. If XY is initially on C'B or
CD, neither X nor Y can visit A.

3. First, note that none of the corner rooks may be removed since each always attacks two other
rooks. Moreover, we cannot leave behind only the four corner rooks, as otherwise the last to
be taken away will attack two or zero other rooks. We can take away as many as 64-4-1=59
rooks in two stages, as shown in the diagrams below.

e [ 1123|456 . .
13Jojojofofo]o]|T7 20 |51 [52 153 [54 |55
14 115116 |17 [18 19| o | 8 26
20 (21 (22123 |24 (25| 2 | 9 o7
26 (27 (28 129 |30 |31 | o |10 28
32 (33134 (35 (36 |37 | o |11 29
38 139 (40 (41 |42 |43 | o |12 J
o (44145146 |47 |48 (49 | o .

4. For any arc A, denote by f(A) the sum of the labels of the red points on A. Since there
are finitely many red points, there are finitely many ways to divide them among three arcs.
For each division, let the arcs be L, M and S, with f(L) > f(M) > f(S). Choose among
the divisions the one in which f(L) — f(S) is minimum. We claim that for this division,
f(L) — f(S) < 1. Suppose that this is not so. Now L and S are adjacent to each other.
Let R be the red point on L closest to S and let r be its label. Consider the division
(L', M',S") where the only change is that R moves from L to S. If f(L) —r > f(S) +r, then
f(L) = max{f(M), f(L) — r} while f(S") = min{f(M), f(S) + r}. On the other hand, if
f(L)—=r < f(S)+r, then f(L') = max{f(M), f(S)+r} while f(S") = min{f(M), f(L)—r}.
We have f(L') — f(S") < f(L) — f(S) since r < 1, and f(M) cannot be equal to f(L) and

f(S) simultaneously. However, this contradicts our minimality assumption.



5. Let I be the incentre of triangle ABC. Let /BCI = /ACIT = 6. Then /ABI = /CBI = 20
and /CAI = /BAI = 40. Hence /AIE = /BID = /BDI = 60, /AIF = /AFI = 50 and
L(AET = 40. Let AI = x and DI = y. Then AF = [F = x and BD = Bl =z +y. In

triangle BAD, 48 = DB 'go that BF = (28 — 4E)AT = % In triangle ABE, 24 = B4 5o

that AFE = (AnglFB)EI = %2 = BF'. It follows that triangles FAD and F'BD are congruent
to each other, so that DE = DF'.

A

B D C

6. First Solution:

Whenever we write n on the blackboard, we also write n? on a whiteboard, and whenever
we erase n from the blackboard, we also erase n? from the whiteboard. Observe that when
n appears in the smallest number of steps, it clearly comes from trading in two copies of
n — 1. Hence n — 1 will not appear but n — 2 will. The step before involves trading in two
copies of n — 2 for one of the (n — 1)s, and so on. Hence the numbers on the blackboard
other than n are n —2,n — 3,...,3,2,1, with an extra 1 if it is needed to make the total of
the numbers even. Let f(n) denote the minimum number of steps in order for the positive
integer n to appear on the blackboard. In a move where we take two 1s, the sum of all
the numbers on the whiteboard increases by 1+1=2. In a move where we trade in two ns
for n +1 and n — 1, this sum also increases by (n + 1)*> + (n — 1)> = n? —n? = 2. It
follows that f(n) = 3(n* +(n —2)? 4+ (n —3)* + -+ + 22 + 12 + 12) for n=0,1 (mod 4),
and f(n) = 1(n®+ (n— 22+ (n—3)> +--- + 22 + 12) for n=2,3 (mod 4). In particular,
f(2005) = 5(20057 + 200320024007 4 1) — 1342355520.

Second Solution:

Let f(n) denote the minimum number of steps in order for the positive integer n to appear
on the blackboard. We claim that

22 4
712n+ if n =0 (mod 4);
2 _

fn) = fln—1)= nanLS if n =1 (mod 2);
22 2
nzn—{— if n =2 (mod 4).

From this, we have f(n) — f(n —4) = 2n* — 10n + 19. Tterating this recurrence, we have

2n3 — 3n? + 13
n nron if n=0,1 (mod 4);

B 1
Fm) =1 905 _ 3% 130 _¢
12

if n =2,3 (mod 4).

In particular, f(2005) = %(2 - 20052 — 3 - 2005 + 13) = 1342355520.



Observe that when n appears in the smallest number of steps, it clearly comes from trading
in two copies of n — 1. Hence n — 1 will not appear but n — 2 will. The step before involves
trading in two copies of n — 2 for one of the (n — 1)s, and so on. Hence the numbers on the
blackboard other than n are n —2,n—3,...,3,2,1, with an extra 1 if it is needed to make the
total of the numbers even. We now justify our claim. Consider first the case n = 0 (mod 4).
After f(n—1) steps, we have the numbers 1,2,3,...,n—3,n— 1 on the blackboard. To make
n — 2 reappear, we take two 1s and trade upwards to obtain in succession two 2s, two 3s, and
so on. After n — 3 steps, we have two (n — 3)s, and we have n — 2 in n — 2 steps. Note that we
have two 1s already. Thus it takes another (n — 3) — 1 steps to make n — 3 reappear. Since
the number of 1s alternates between one and two, it takes n — 4 steps to make n — 4 reappear,
(n —5) — 1 steps to make n — 5 reappear, and so on. It follows that it takes altogether

—2
(n—2)+(n—3)+~~+3+2+1—nT
steps to obtain the numbers 1,2, 3,...,n—2,n—1. To make n appear, we take two 1s and trade
upwards so that after n steps, we have the numbers 1,1,2,3,...,n—3,n—2,n. It follows that
n—2)(n—1) n-—2 n? —2n +4 ,
fn)=f(n—-1)= - +n=———— as desired. For n=1 (mod 4),
—2)(n—1 -1 22 3
we have f(n) — f(n—1) = (n )2(n ) _n2 +n:nQn+. For n=2 (mod 4), we
—2)(n—1 -2 22 2
havef(n)—f(n—l):(n )2(n )_n2 +(n—1):nQn+. For n = 3 (mod 4),
—2)(n—1 -3 22 3
we have f(n) — f(n—1) = (n )2(n ) _n 5 +(n—1)= 7"L2n+ Thus our claim

is justified.
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1. In triangle ABC' angle A is equal to 60°. The perpendicular from the midpoint of side AB
intersects AC' at the point N. The perpendicular from the midpoint of side AC intersects AB
at the point M. Prove that CB = M N. (R.G. Zhenodarov)

N SOLUTION. By the property of

the perpendicular from the midpoint

C NA = NB, thus triangle ANB is

isosceles. Angle A is equal to 60°,

this means that triangle AN B is equi-

lateral and AN = AB. Similarly,

triangle AMC' is equilateral, AM =

AC. Triangles ACB and AMN are

equal according to the equality of two

* 3 sides and angle between them. Hence
BC = MN.

2. Consider an n X n table. In each square of its first column someone has written the number
1, in each square of the second column, number 2, and so on. Then someone erased the
numbers on the diagonal which connects top-left with bottom-right angle of the table. Prove
that the sum of the numbers above the diagonal is twice the sum of the numbers under it.
(S.A.Zaitsev)

SoLUTION 1. For each square on the diagonal compare the sums of the numbers situated to
the left of it and situated above it. If the square is situated at the intersection of the k-th row
and the k-th column the sum to the left is equal to 1 +2+--- + (kK — 1) = k(k — 1)/2, while
the sum of the numbers above it is equal to k(k-1), that is two times more. Hence the sum
of all numbers above the diagonal is two times more than the sum of the numbers situated to
the left of it.

Ad

LM

SOLUTION 2.

2 3 4 | ... | n 1 2 3 |... |n—1
1 3 4 | ... | n 1 1 2 ... |n—2
1 2 4 n 1 2 1 n—3
1 2 3 n 1 2 3 n—4
1 2 3 4 | ... 1 2 3 4

SOLUTION 3. In the original table (left picture) there are (n — 1) ones, (n — 2) twos, (n —
3) threes and so on. Let us subtract from each number above the diagonal the number
symmetrical to it with respect to the diagonal. We get the picture to the right. It has equal
numbers situated on the diagonals above the main one and parallel to it: (n— 1) ones, (n—2)
twos, (n — 3) threes and so on. We decreased the upper sum by the lower sum and got the



lower sum. This means that the upper sum was two times more than the lower one. We are
going to show that after the subtraction of the lower sum from the upper sum we obtain the
upper sum. From i-th row of the upper sum we subtract i-th column of the lower one. Since
i-th row of the upper sum is given by (i + 1), (i +2),...,(n — 1), n, while i-th column of the
lower sum is 4,1, ..., 14, after the subtraction we get the row 1,2,...,(n — i), which is exactly
the (n — i 4+ 1)-th line of the lower sum. After making the subtraction for every i we will
obtain the lower sum. Consequently, the upper sum is two times more than the lower sum.

. Consider an arbitrary number a > 0 such that the inequality 1 < xa < 2 has exactly 3 integer
solutions. How many integer solutions may have the inequality 2 < xa < 37

Find all possibilities. (A.K. Tolpygo)
ANSWER. 2, 3 or 4 solutions.

SOLUTION 1. The first inequality is equivalent to 1/a < x < 2/a. There are 3 integers in the
interval (1/a,2/a). They divide it into two segments 1 unit long each and two segments not
more than 1 unit long each one along the edges. Therefore, the inequality 2 < 1/a < 4 for
the length of the segment (1/a,2/a) holds. Similarly if there are k integers in the segment t
units long, then k —1 <t < k+ 1. It is equivalent to the inequality t —1 < k < t+ 1. Second
segment (2/a,3/a) has the same length. Substituting ¢ = 1/a and taking into consideration
the inequalities for 1/a, we obtain 1 < 1/a—1<k <1/a+1<5,ie k=23 or4. All three
cases are possible: k =2 when a =3/8 (x =6,7); k=3 whena =1/4 (x =9,10,11); k =4
when a = 5/17 (z = 7,8,9, 10).

SOLUTION 2. This problem also can be solved using graphical methods. We will give just
a sketch of such a solution here. (Everything becomes evident after thorough consideration
of the graphical representation). The inequalities can be rewritten as 1/a < x < 2/a and
2/a < x < 3/a. Consider the vertical axis on the coordinate plane as x, and the horizontal
axis as 1/a. Draw three new lines: z = 1/a, * = 2/a, x=3/a. We see that values of 1/a
belonging to the intervals (2.5,3) and (3,3.5], and also 1/a = 4 are right for us. Thus it is
possible to find 2,3 or 4 integer solutions.

. Three children Ann, Borya and Vitya sit at the round table and eat nuts. Children have more
than 3 nuts. At the beginning Ann owns all nuts. If Ann has even number of nuts, she divides
them into two equal parts and gives to Borya and Vitya and if the number of her nuts is odd,
then she eats 1 nut and then does the same. Then the next child (one by one, around the
table) does the same: divides all his (or her) nuts between two others eating one nut in the
process, if it is necessary. And so on. Prove that:

(a) at least 1 nut will be eaten,

(b) the children won’t eat all nuts.

(M.N. Vyaliy)

(a) SOLUTION 1. (a) Assume that Ann has a nuts at the very beginning. Suppose that no
nuts are eaten. Write down couple of first steps:



Observe that after n-th step one of the children
has 0 nuts, while two other ones have xa/2n and
ya/2n, where x and y are odd numbers. This

Ann | Borya | Vitya

Beginning a 0 0 proposition can be easily proved. If it is true for
the n-th step, then after the next one the amounts
1 step 0 a/2 | a/2 of nuts will be 0, xa/2"™ and (2y + z)a/2""!,

where z and 2y+x are also odd, i.e. the statement
is true again. As the statement holds after the first
5a/8 | 3a/8 0 step, it also holds after the second one, thus after
the third one also, and so on. But since after each

2 step a/4 0 3a/4

3 step

step each child has an integer amount of nuts, the number a should be divisible by 2" for
every integer n, which is impossible. Therefore, at least one nut will be eaten.

SOLUTION 2. Denote by a the number of nuts owned by the child who will divide next, and
the number for the next person by b. If no nuts are eaten, after the next step ' = b+a/2 and
V' =a/2. Observe that o — 20| = 1|a — 2b|]. This means that such difference after each step
is divided by two but remains integer. This is impossible, so at least one nut will be eaten .

(b) If there are more than 3 nuts at any moment, the proposition is proved. Otherwise,
consider the moment of time when the total amount of nuts is three for the first time. After
any step exactly two persons own nuts and the one with the greater amount divides next.
Consequently, when the total amount is three, the dividing person owns 2 nuts. So after next
step the situation will be exactly the same, again with 3 nuts.

. Peter has n® white 1 x 1 x 1-cubes. He wants to make a n x n X n-cube using them, and
he wants to make this cube totally white from the outside. What is the minimum number of
sides of the cubes Vasya has to paint in black to prevent Peter from doing this?

(a) n=2
(b) n=3

I

(R.G. Zhenodarov) Answers (a) 2 sides (b) 12 sides

(a) SOLUTION. Evidently, one painted side is not enough. But if we paint two opposite sides
on one cube, one of them always will be on the outside.

(b) SOLUTION. It is enough to paint all sides of two cubes, because when constructing the
3 x 3 x 3 cube we can fully hide only 1 cube. Now we will show how Peter can accomplish
his task if there are 11 or less painted sides. In this case not more than one cube can be fully
painted, not more than 5 can have more than 1 painted side. At first, choose the cube with
maximum number of painted sides and put it into the center. There are no fully painted cubes
among the remaining ones, thus all of them can be used for the center cube of the side. Now
choose 6 more cubes with the greatest number of painted sides. Now there are no cubes with
two or more painted sides left. Therefore, all other painted sides can also be easily hidden:
one painted side of the cube can always be hidden.



International Mathematics
TOURNAMENT OF THE TOWNS

Senior O-Level Paper Spring 2006.

1. Consider a convex polyhedron with 100 edges. All its vertices were cut off near themselves
using sharp knives planes (it was done in such a way that these planes have no intersections
inside or on the boundary of the polyhedron). Find out for the resulting polyhedron:

(a) number of vertices,

(b) number of edges.

(G.A.Galperin)
ANSWER. a) 200; b) 300.

SOLUTION. Observe that there are two vertices of the new polyhedron on each edge of the
given one, and there are 3 edges starting in each vertex of the new polyhedron. Consequently,
there are 2 - 100 = 200 vertices and % = 300 edges in the resulting polyhedron.

2. Is it possible to find two such functions p(x) and ¢(x) that p(z) is an even function, while
p(g(z)) is an odd function (other than identically equal to 0) ? (A.D. Blinkov, V.M.
Gurovic)

ANSWER. Yes, it is possible.

SOLUTION. Consider functions p(x) = cosx and q(x) = § — x. It is evident that p(x) is an
even function, while p(q(z)) = sinz is odd an odd function. There are also lots of different

solutions.

3. Consider an arbitrary number a > 0. We know that the inequality 10 < a¢® < 100 has exactly

5 positive integer solutions. How many solutions in positive integers may have the inequality
100 < a® < 10007

Find all possibilities. (A.K. Tolpygo)
ANSWER. 4,5 or 6.

SoLUTION. The inequality 10 < a® < 100 can be rewritten as 10 < 10 < 100 or 1 < bz < 2.
Similarly 100 < ax < 1000 is equivalent to 2 < bz < 3. If n is the minimal integer solution
of 1 < bxr < 2, then b(n —1) <1 < bn and b(n +4) < 2 < b(n +5). Summing up the
first inequality with itself and with the second one we obtain b(2n — 2) < 2 < b(2n) and
b(2n + 3) < 3 < b(2n + 5). Hence the inequality 2 < bxr < 3 has from 4 and up to 6 integer
solutions (2n,...,2n + 3 are always solutions, while 2n — 1 and 2n + 4 may be and may not).
Actually, all 3 cases are possible:

- b= %; solutions of the first inequality are 5, 6, 7, 8, 9, solutions of the second one are

10, 11, 12, 13.

-b= 2%; solutions of the first inequality are 6, 7, 8, 9, 10, solutions of the second one are
11, 12, 13, 14, 15.

-b= 2%; solutions of the first inequality are 6, 7, 8, 9, 10, solutions of the second one are
11, 12, 13, 14, 15, 16.



4. Quadrangle ABCD is inscribed and AB = AD. A point M lays on the side BC, while a
point N lays on the side CD. Angle M AN equals to the half of the angle BAD. Prove that
MN = BM + ND. (M.I.Malkin) SOLUTION
1. Denote by R the point symmetrical to B with respect to AM. Observe that in the same
time R is symmetrical to D with respect to AN (since AD = AB and angle M AN is equal
to the sum of angles NAD and M AB). As ABCD is inscribed, the sum of the angles ABC
and ADC' is equal to 180°. Consequently the sum of the angles ARM and ARN is equal to
180°, hence M RN is a straight line. Thus BM + ND = MR+ NR= MN.

SOLUTION 2. Rotate triangle M AB around the point A in such a way that AB coincides
with AD. Denote by M’ the image of the point M when we perform this rotation. Since
ABCD is inscribed the sum of the angles ABC and ADC' is equal to 180° , so and the sum
of the angles ADN and ADM’ is equal to 180°. This means that M'DN is a straight line.
Triangles NAM' and NAM are equal by the equality of two sides and angle between them
(angles NAM and M’AN are equal since angle M AN is equal to the sum of NAD and
MAB, AN is the common side, AM and AM’ are equal by the construction). Consequently
MN =MN=ND+ DM'=ND + BM.

5. Peter has n3 white 1 x 1 x 1-cubes. He wants to make an n x nx-cube using them, and he
wants to make this cube totally white from the outside. What is the minimum number of
sides of the cubes Vasya has to paint in black to prevent Peter from doing this?

(R.G.Zhenodarov)
ANSWER. (a) 12; (b)1999999986.

REMARK: In the n x nx-cube 8 corner bricks have 3 outside facets, 12(n —2) adjoining to the
edges bricks have 2 outside facets, 6(n — 2)? bricks have one outside facets, other bricks have
no outside facets. In order to prevent Peter from putting a cube into a corner, Vasya has to
paint at least two its sides (opposite ones). In order to make it impossible to put a cube on
the edge one has to paint at least 4 its facets (all but 2 opposite ones). In order to prevent
Peter from putting a cube on the side Vasya has to paint all 6 sides of the cube.

(a). SOLUTION. In the case n = 3 it is enough for Vasya to fully paint 2 cubes (12 sides)
to prevent Peter from fulfilling his task as one of these sides will necessarily remain on the
outside. If Vasya has painted not more than 11 sides, then Peter is able to choose 8 cubes
that have not more than one painted side (otherwise the number of painted sides is not
less than 2 x (27 — 7) = 40), then choose 12 cubes that have not more than 3 painted sides
(4-(27—8—11) = 32 > 11), and 6 cubes with not more than 5 painted sides (6-(27—8—-12—5) =
12 > 11). After that Peter will be able to put these cubes in the corners, edges and centers
of the sides correspondingly and accomplish his task. A little different solution can be found
in the 0-junior level, 8-9 grades, problem 5b.

(b) SOLUTION. In the case n = 1000 it is enough for Vasya to paint two opposite sides of
1000% — 7 cubes, i.e. 1999999986 sides. Then outside facet of one of the corner cubes will be
painted in any construction of the big cube. In the same time, if Vasya has painted not more
than 2 - (1000® — 7) — 1 = 2 - 1000® — 15 sides, than Peter is able to choose 8 cubes with not
more than 1 painted side (2- (1000 —7) > 2-1000% — 15), then choose 12-998, with not more



than 3 painted sides (4 - (1000® —8 —12-998 + 1) > 2-1000% — 15), and 6 - 998% with not more
than 5 painted sides (6 - (10003 — 8 — 12998 — 6 - 9982 + 1) > 2 - 1000® — 15). Then Peter is

able to construct white from the outside cube.
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1. A pool table has a shape of a 2 x 1 rectangle; there are six pockets: one in each corner, and
one in the midpoint of each of the long sides of the table. What is the minimal number of
balls one needs to put on the table so that every pocket lies on the same line with at least
two balls? (Consider pockets and balls as points.) (B.R. Frenkin)

ANSWER. 4 balls.

SOLUTION. The example for 4 balls is given on the pic-
ture. Let us show that 3 balls are not enough. Straight
line passing through two balls inside the rectangle in-
tersects its boundary at exactly two points. We have
6 pockets, so we need at least 3 straight lines. Three
balls creates three lines if and only if these balls form a
triangle. However, all possible straight lines are drawn
on the picture and none of them form a triangle with
vertices inside the pool table.

2. Prove that one can find 100 pairs of integers with the following property: in the decimal
representation of each integer, each digit is greater or equal to 6, and the product of the two
integers in the pair is also an integer whose decimal representation has no digits less than 6.

(S.I. Tokarev, A.V.Shapovalov)

SOLUTION. All pairs (7, 9...97) are in use to our problem since their products are equal to
67...79.

3. Assume an acute triangle ABC' is given. Two equal rectangles;, ABMN and LBCK, are
drawn on the sides AB and BC' in the outside. Given that AB = LB, prove that the straight
lines AL, NK, and MC are concurrent. (A.Gavriluk)

SOLUTION 2. Draw a parallelogram
ABCD. Then ALKD and CDNM are
also parallelograms. Isosceles AC'BM
can be obtained from AABL by the
rotation by 90° and homothety, thus
CM 1 AL, but then and CM L KD.
[0 K Continuation of MC', height C'Q) in the
isosceles triangle KCD is its median,
consequently C'M is the perpendicular
A from the midpoint of K'D. Similarly
Q AL is the perpendicular from the mid-
P point of ND. Parallelogram OPDQ
is a rectangle, hence triangle K DN is
right-angled, and perpendiculars from
the midpoints of its legs pass through
the midpoint of the hypotenuse K N.

M L




SoLuTION 1. Consider escribed circles for the given rectangles. Denote their second point
of intersection by O. Then /ZBON = ZBOK = 90°. Hence points N, O, K are situated
on the straight line perpendicular to BO. Observe that angles NBA and LBK are equal
(since corresponding triangles are equal). Since angles leaning on one edge are equal, we get
the equalities: /ZNOA = /NBA = ZLBK = ZLOK, consequently points A, O, L are also
situated on a straight line. Similarly points M, C, O are situated on a straight line. Thus O is
the common point of these straight lines. REMARK. Perpendicularity of AL and CM can be
proved without rotating homothety, just using angles counting. Assume ZABC = b. In the
isosceles triangles ABL and M BC' angles B are equal to b + 90°, consequently other angles
are equal to 45° — b/2. This means that

ZAOC = 180°LOACLOCA = 180° ZBAC ZBC A+2(45°—b/2) = LABC+2(45°—b/2) = 90°.

. Does there exists a positive integer n such that the leftmost digit in the decimal representation
of 2™ is 5, while the leftmost digit in the decimal representation of 5" is 27  (G.A.Galperin)

SOLUTION. No. Observe that 2" -5" = 10". If in decimal notations of 2" and 5" we change all
digits except first for zeros each number decreases but no more than in two times. Product of
new numbers will be less than 10", but not greater than in 4 times, therefore, it is not equal
to 10...0. However if one of the changed numbers had leftmost digit 5, while other one had
leftmost digit 2, then product would be equal to 50...0-20...0 =10...0. Contradiction.

. Rectangular table of the size 2005 x 2006 is filled with integers 0, 1, and 2 in such a way that
the sum of integers in each row and each column of the table is divisible by 3. What is the
maximal number of 1’s in such a configuration? (L.I. Bogdanov)

SOLUTION. Assume there are n zeros and d twos in the table. We have 2005 rows of the length
2006 and 2006 columns of the length 2005. In order to the sum of integers in a row be divisible
by 3 there should be at least one two or at least two zeros. Hence d + n/2 > 2005. Similarly,
there should be at least one zero or two twos in each column, consequently n + d/2 > 2006.
Summing these inequalities and dividing by 3/2 we obtain n 4+ d > 2674, i.e. the number if
ones is not greater than 2005 - 2006 — 2674.

Now consider the table with n = 1338 and d =

0 0 1 1 | ... 1 1 1336. Arrange 1338 zeros in horizontal pairs be-
ginning from the upper left corner (in 669 rows
I 117070 ... 1711 and 1338 columns) and 1336 twos in vertical pairs

beginning from the lower right corner (in 1336
rows and 668 columns) and fill all the rest squares

11ttt 21 with ones (look at the picture to the right). Since
669+1336=2005 and 1338+-668=2006 there will
1 1 1 1 ... ] 2 1 be zeros and twos in each row and each column
and their amounts will be right for making sums
1 1 1 1 1 2 of each row and column divisible by 3. So the an-
1 1 1 1 9 1 swer is: the maximum number of ones is equal to

2005 - 2006 — 2674 = 4022030.




6. A curvilinear polygon is by definition a polygon whose edges are circle arcs. Does there exist
a curvilinear polygon P and a point A on its boundary such that every line passing through
A divides the boundary of the polygon into two pieces of equal total length? (S.V. Markelov)

SOLUTION. Yes, it exists, consider the upper picture. Take an arbitrary segment which has
A as its midpoint and draw half of the circle with this segment as diameter, and at the other
side of the segment two halves of the circles with halves of the segment as diameters. The
perimeter of the figure is equal to the twice the length of the smaller circle.

It is obvious that initial segment divides the perimeter into two equal parts. Draw any other
straight line through the point A denote the angle between this straight line and initial segment
by u (measured in radians; look at the lower picture). The length of the upper part upper
decreased by the length of the arc a and increased by the length of the arc b. We are going
to prove that these lengths are equal. Denote by 7 the radius of the smaller circle. Since we
have the inscribed angle b = 2ur. Larger circles radius is 2r, but the angle for it is central,

this means that a = u - 2r.
b
\__

7. George and Jake are each given an identical copy of a 5 x 5 table filled with 25 pairwise
different integers. George chooses the maximal integer in his table, then deletes the row and
the column which contain this integer, then chooses the maximal integer in the remaining
4 x 4 table, then deletes the row and the column, and so on. Jake does the same, but each
time he chooses the minimal integer, not the maximal one. Can it be that in the end, the
sum of the 5 integers chosen by Jake is

(a) greater than the sum of the 5 integers chosen by George?

(b) greater than the sum of any other 5 integers from the original table chosen so that no
two of them lie in the same row, not in the same column?

(S.I.Tokarev, A.Y. Avnin)

SOLUTION. (a) No, it cant. Denote the Georges numbers in the order of their selection by
bo, b1, by, bs, by, and Jakes ones by mg, mq, mg, msz, my. Let us show that if ¢ + 5 < 5,
then b; > m;. Number is equal to the amount of rows and columns erased when the number
is being chosen. For example, when we are choosing b; one row and one column is erased,
while for ms 3 rows and 3 columns. Summing, we obtain that the amount of erased rows
and columns is not greater than 4, thus at least one number a was not erased in both cases.
George was choosing the maximum numbers, consequently b; > a. Jake was choosing the
minimum ones and a > ms. Hence by > mg3. Similarly by > my, by > msg, by > mq, by > my.
This means that Georges sum is not less than Jakes one.

(b) SOLUTION 1. Yes, it can. Consider the left table:

10000 | 1001 | 1002 | 1003 | 1004 111 | 210 | 310 | 410 | 510
1005 | 1000 | 101 | 102 | 103 120 | 221 | 320 | 420 | 520
1006 104 | 100 | 11 12 130 | 230 | 331 | 430 | 530
1007 105 13 10 2 140 | 240 | 340 | 441 | 540
1008 106 14 3 1 150 | 250 | 350 | 450 | 551




Here the sum of the numbers chosen by Jake is equal to 11111 (they are marked). Let us show
that it is not possible to obtain greater sum. If we do not take the number 10000, then the
sum will be less than 1008 -5 = 5040, so we have to take it 10000. Similarly after taking 10000
we have to take 1000, then 100, then 10 and finally 1. As a result we obtain Jakes numbers.

SOLUTION. 2. Yes, it can. Consider the right table:

Let us add in the column numbers from any admissible collection. At the leftmost digit sum is
equal to the number of diagonal numbers in the collection. At the tens digit for any collection
its sum is equal to 142434445 (this digit depends on the row and we have members from
each row). Similarly, at the hundreds digit the sum is equal to 14-2+43+4+5 (this digit depend
only on the column). Thus the collection of diagonal numbers has the maximum sum. But it
is evident that Jake chooses them.
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1. Assume a convex polygon with 100 vertices is given. Prove that one can chose 50 points inside
the polygon in such a way that every vertex lies on a line passing through two of the chosen
points. (B.R.Frenkin)

SOLUTION. Enumerate vertices of the polygon in a clockwise order: 1, ..., 100. Consider
polygon consisting of 10 vertices: 1, 2, 21, 22, 41, 42, 61, 62, 81, 82. Its vertices lay on the 5
straight lines 1-22, 21-42, 41-62, 61-82, 81-2, which are given by 5 points of intersections (the
first straight line with the second one, the second one with the third one ... the fifth one with
the second one, it is evident, that all these points are different ). Repeat this for the decagons
with numbers of vertices that can be obtained from the numbers of considered decagon by
adding 2, 4, ..., 18. This problem has lots of different solutions.

2. Do there exist positive integers n and k such that the decimal representation of 2" contains
the decimal representation of 5% as its leftmost part, while the decimal representation of 5"
contains the decimal representation of 2% as its leftmost part? (G.A.Galperin)

ANSWER: No, they doesnt exist.

SoLUTION If for some positive integer n the number 2" starts by 5% and the number 5" by
2% then this means that 5% x 10° < 2" < (5% + 1) x 10° and 2% x 10! < 5" < (2¥ + 1) x 10/,
thus 1057+ < 10" < 105+ which is impossible. (Last inequality 10" < 10*Fs+1 is true,
because 5% + 1 < 2 x 5F and 28 + 1 < 5 x 2%).

3. Consider the polynomial P(z) = z* + 23 — 322 + x + 2. Prove that for every positive integer
k, the polynomial P(x)* has at least one negative coefficient. (M.I.Malkin)

SOLUTION 1. Observe that for any polynomial P(x) its value in the point = 1 is equal to
the sum of all coefficients. Consequently, the sum of the coefficients of the polynomial P(z)"
is equal to P(1)" = (1+1—3+1+2)" = 2". But the free term of P(x)" is equal to P(0)" = 2",
while the coefficient at %" is equal to 1, and their sum is already 2" + 1. Hence one of the
remaining coefficients of P(z)" is negative.

SOLUTION 2. The coefficient at z® for the polynomial P(z)" can be obtained by adding n
items 2" 23 and n(n — 1) items —3x2 x x x 2"72 consequently this coefficient is equal

n- 2" = 3n(n —1)2"? = 2"7(=3n% + 5n) = n - 2"7*(=3n + 5),

which is negative number for an arbitrary integer n > 2.

SOLUTION 3. Observe that P(0)" = P(1)" = 2". But any polynomial F' with positive
coeflicients is strongly monotonic when z > 0 (ie. + >y >0 = F(z) > F(y) > 0). This
means that polynomial P(z)™ has at least one negative coefficient.

4. Consider a triangle ABC, take the angle bisector AA’, and assume given a point X on the
interval AA’. Assume that the line BX intersects the line AC in a point denoted B’, while
the line C'X intersects the line AB in a point denoted C’. Assume also that the intervals A’ B’
and C'C' meet in a point denoted P, and the intervals A'C" and BB’ meet in a point denoted
@. Prove that the angles PAC and QAB are equal. (M.A. Volchkevich)



SOLUTION. Denote by hj(1) the distance from the point M to the straight line [. We will
use the following simple

Lemma 1. if three rays OL, OM and ON, are given then for all points K on the ray OM
the ration hg(OL)/hkx(ON) is the same.

For the solution of the given problem it is enough to prove that
hp(AC)/hp(AA") = ho(AB)/hq(AA')

(this equality together with equality of angles A’AC and A’BC means that angles PAC
and QAB are equal). Using lemma we obtain hp(BC)/hp(AC) = hx(BC)/hx(AC) and
hq(BC)/hg(AB) = hx(BC)/hx(AB), consequently (since hx(AC) = hx(AB), because
X lays on the bisector AA") hp(BC)/hp(AC) = hg(BC)/hqg(AB). So it is enough to
prove that hp(BC)/hp(AA") = hg(BC)/hqg(AA’). By lemma 1 the latter is equivalent to
hiy(BO) /b (AA') = her(BO) /her (AA).

Denote ZBAC = 2a. Observe that hp/(AB)/hp(AA") = sin2a/sina = he(AC) /RC'(AA).
Now it is enough to prove that hp/(BC)/hp(AB) = he/(BC)/he(AC). Applying lemma
again this transforms into hx(BC)/hx(AB) = hx(BC)/hx(AC), which is evident (since
hx(AC) = hx(AB)). The proof is finished.

. Prove that there exist infinitely many pairs of integers with the following property: in the
decimal representation of each integer, each digit is greater or equal to 7, and the product of
the two integers in the pair is also an integer whose decimal representation has no digits less
than 7. (S.I.Tokarev)

SoLuTION 1. All the pairs (9 ...98877, 8 ...87) where in the first and second numbers
amounts of the digits are equal are right for this problem. Their product (it can be shown
using multiplication “in column”) is equal to 8 ...878887 ...79899 (there are n — 3 eights at
the beginning, then 7888, and then n — 3 sevens).

SOLUTION 2. Consider numbers 877...7 (k-1 sevens) and 899...9987 (k-3 nines), their prod-
uct is equal to the 7899...998788...8899 (k — 4 nines and k — 2 eights).

. Twelve grasshoppers sit on a circle in 12 pairwise distinct points. These points split the circle
into 12 arcs. When a signal is given, the grasshoppers jump simultaneously; each one jumps
clockwise, from the endpoint of his arc to its midpoint. Thus 12 news are formed; then the
signal is repeated, and so on. Is it possible that at least one grasshopper returns to his original
position after he does

(a) 12 jumps?
(b) 13 jumps?

(A.K.Tolpygo)
ANSWER: (a),( b) No, it is not.

(a) SOLUTION 1. Let us call 12 simultaneous jumps of grasshoppers “turn”. Assume that one
of the grasshoppers (call him first) returned to the starting point (denote it by A) after 12
turns. Observe that order of the grasshoppers on the circle doesnt change. Thus the remaining
11 grasshoppers have jump over the point A (at least once) before the first grasshopper returns



there. But in one turn not more than one grasshopper jumps over the point A, while in the
first turn no grasshoppers jump over the point A! Consequently in 12 turns no more than 11
grasshoppers can jump over the point A, and the first one is not able to come back.

(a) SOLUTION 2. Observe that our situation is equivalent to the following one: we arrange the
infinite amount of grasshoppers along the ray OM at the beginning placing 12 grasshoppers,
just unrolling the circle into a segment by cutting it at the starting point of the grasshopper
#1 (assume that clockwise bypass of the circle coincides with positive direction of the axis
Ox). Then we think that the first grasshopper starts only at the left end of the segment
(point 0). And attach to the right end the same segment with grasshoppers at the same
points and so on (we obtained the ray with marked points Aj, As,...). In this new model
grasshoppers jump in positive direction into the midpoint of the segment, connecting this and
next grasshopper. Now we want to prove that after 12 jumps the first grasshopper is to the
left from the point Aqs.

Let us prove using induction that after n jumps the i-th grasshopper is at the centre of mass
of the system

((AZ’ C(Ov n)g)v (Ai+17 C<1’ n)g>’ SRR (Ai-i-nv C(”? n)g))
(the first factor is the position of object, second is its mass, C'(k,n) = n!/(k!- (n — k)!)).

It is obvious that after first jump this proposition is true. Assume that after n jumps the i-th
grasshopper is at the centre of mass of the system

((A;,C(0,n)g), (Ais1,C(1,n)g), ..., (Aitn, C(n,n)g))
and the (i + 1)-th at the centre of mass of

((Ai+17 C<O’ n)g)’ (Ai+27 0(17 n>g)7 ce (Ai+n+1’ C(n7 n)g))

Then the midpoint of the segment connecting them has the same coordinates as the centre of
mass of the system

(C. of M.((A;, C(0,n)g), (Ait1,C(1,n)g), ..., (Aitn, C(n,n)g)),
C. of M.((Ais1,C(0,1)g), (Aira, C(1,0)g), - ., (Assnsr, C(n, n)g))>
which is the same the centre of mass of

((AH C<O’ n)g), (Ai-l—h (0(17 n) + C(O’ n))g)’ SRR
(Ai-i-m (C<nv n) + C(n -1 n))g))v (Ai+n+1’ C(nv n)Q))?
and this is the centre of mass of the system (A;, C(0,n+1)g),...(A;i+n+1,C(n+1,n+1)g).
Proposition is proved.

The proved proposition means that after 12 jumps the first grasshopper is in the centre of mass
of the system ((Ay,C(0,12)g),..., (A3, C(12,12)g). It is obvious that this point is inside the
segment [Ay, Aq3).

(b). In this case after 13 jumps the first grasshopper is in the centre if mass of the system
((A1,C(0,13)g), ..., (A14,C(13,13)g). But the same point can be represented as the centre
of mass of two points with some masses in them: the first one is

C' of M. ((A27 C(]-? 13)9)7 R (Al?n 0(127 13)9)7



and the second one is
C. of M. ((Al, C(O, 13)9), (A14, 0(137 13)9)

It is evident that the first point is inside the segment [A;, A;3]. Also C(0,13) = C(13,13) and
A1 Ay = Aj3A14, hence the second point is inside the segment [A;, A;3] too. Consequently and
the centre of mass of these two points with arbitrary masses is inside the segment [A;, A13).

. An ant crawls along a fixed closed trajectory along the edges of a dodecahedron, never turning
back. The trajectory contains each edge of the dodecahedron exactly twice. Prove that the
ant passes at least one edge in the same direction both times. (Reminder: a dodecahedron is
a polyhedron with 20 vertices, 30 edges and 12 equal pentagonal faces; 3 faces meet at each
vertex.) (A.V. Shapovalov)

SOLUTION. Assume the trajectory passing through each edge in both directions exist. Con-
sider a vertex A and three its neighbors B, C, D. Assume that at some moment of time the
ant comes to the point A from the point B then after it he crawls to the point C' or D. If
he chose C, then at some other moment he comes from C to A and turns to D (otherwise
there is D — A — D in the trajectory, which is impossible). Similarly, when the ant comes
from D to A he turns to B. Summing up, we proved that there are 2 kinds of crossroads
(B—-A—-C,C—A—D,D— A— B)and (if at the beginning the ant choose not C
but D) (B—- A — D, D — A— C,C — A — B). This two kinds of crossroads can be
described using the simple rule: in the first case ant always turns left at the crossroad, and in
the second one he always turns right. Now mark out for each crossroad its type. Observe that
if the ant starts his movement from some vertex going along some edge, then all its trajectory
can be reconstructed using only these marks. So each collection of the marks on the vertices
corresponds to some collection of closed and non-intersecting (by an edge, passing in the same
direction) trajectories (although, we do not clam that this collection of trajectories is unique,
we do not need this).

We assume that at the beginning there is one such closed trajectory passing through each
edges two times. Now by turns change the marks on the vertices with the rule “turn to the
left” to the marks “turn to the right”. It is possible that after the very first operation our big
trajectory splat into multiple. But it is evident that some closed trajectories that we obtain
are unambiguously defined. Let us study how the amount of the trajectories can change when
we change the marks. We want to prove that it remains odd. Suppose we have a crossroad
(B—-A—-C,C—-A—D, D— A— B). Consider different cases of the trajectories
passing through A configurations:

(a) We have 3 different closed trajectories (B - A - C — --- - B), (C - A — D —

+—(C),and (D - A — B — --- — D), then after the mark is changed we obtain

c—-A—-B—-++—-D—-A—-C—--+-—B—A—D—---—(),soin this case
total amount decreased by two and remained odd.

(b) We have 2 closed trajectories (B - A —-C —...B)and (C - A—D — -+ —> D —

A — B — .-+ — (), after the mark change we obtain (C - A — B — --- — () and
(B—-A—-D—--+-—D—A—(C—---— B), total amount does not change.

(c) We have one closed trajectory (B—-A—-C— .-+ —-C—-A—-D—---—>D—A—
B — .-+ — B) then after change we obtain (B - A —- D — .-+ =D —- A— C —
+—(C —A— B—---— B). Total amount does not change again.



Three more cases can be obtained by reversing the considered ones. And all other cases
are just the same after the replacement of the notation. We proved that total amount of
trajectories remains odd. But when all crossroads have marks “turn to the left” on them, the
only way to divide the dodecahedron into closed trajectories is to go round each facet along
its boundary ( i.e. each trajectory consists of 5 edges and goes round one facet). It is evident
that in this case we have 12 trajectories. We obtained the contradiction with oddity of their
amount.



