32. TURNIR GRADOVA

Jesenje kolo.
Bazna varijanta, 10. oktobar 2010. god.
8-9. razred (mladi uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena, poeni za delove jednog
zadatka se sabiraju)

1. (4 poena) U Pitagorinoj tablici mnozenja uocen je pravougaoni ram Sirine jednog polja
(kvadrati¢a), pri ¢emu se svaka stranica rama sastoji od neparnog broja polja. Polja
(kvadrati¢i) rama naizmeni¢no Su obojeni u dve boje — crnu i belu. Dokazite da je zbir
brojeva u crnim poljima jednak zbiru brojeva u belim poljima. (Pitagorina tablica
mnozenja je pravougaona tablica izdeljena na kvadratice, u kojoj na preseku m-te vrste i
n-te kolone u kvadrati¢u stoji broj mn, za ma koje prirodne brojeve ni n)

2. (4 poena) Jednakokraki trapez opisan je oko kruznice. Dokazite da simet-rala tupog ugla
tog trapeza deli trapez na dva dela jednakih povrsina.

3. (4 poena) Na sahovskoj tabli 8 x 8 nalazi se kocka (¢ija se donja strana poklapa sa
jednim od polja table). Nju "kotrljamo" po tabli, prevréuéi je preko ivica, tako da kocka
stane na svako polje table (na nekima je mozda bila i nekoliko puta). Da li se moglo
desiti da neka od strana kocke nijednom nije "pala"” (lezala) na tabli?

4. (4 poena) U nekoj skoli vise od 90% ucenika zna engleski i nemacki jezik, a vise 90%
ucenika zna engleski i francuski jezik. Dokazite da medu ucenicima Koji znaju nemacki
I francuski jezik ima vise od 90% onih koji znaju engleski jezik.

5. (4 poena) Krajnje tacke N tetiva podelile su kruznicu na 2N lukova jedini¢ne duZine.
Poznato je da svaka od tetiva deli kruznicu na dva luka s parnim mernim brojem duzine.
Dokazite da je N paran broj.



32. TURNIR GRADOVA
Jesenje kolo.
Bazna varijanta, 10. oktobar 2010. god.
10-11. razred (stariji uzrast)

(Rezultat se ra¢una na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni po delovima jednog
zadatka se sabiraju)

1. Bankomat zamenjuje monete (kovani novac): dublone u pistone i obrnuto. Piston vredi s
dublona, a dublon 1/s pistona, gde nije obavezno da s bude ceo broj. U bankomat se
moze ubaciti ma koji broj moneta iste vrste (izgleda), posle ¢ega on u zamenu izbacuje
moneta druge vrste, zaokrugljuju¢i njihov broj na najblizi ceo broj (ako su dva najbliza
broja, bira se veéi od njih).

a) (2 poena) Moze li se dogoditi tako da, zamenivsi nekoliko dublona za pistone, a
zatim, zamenivsi dobijene pistone za dublone, dobijemo vise dublona nego sto ih je bilo
u pocetku?

b) (3 poena) Ako je odgovor potvrdan, moze li se onda dogoditi da se dobijeni broj
dublona jos uve¢a ako s njima obavljamo istu takvu operaciju (tj. ako proceduru
primenjujemo na prethodno dobijene dublone)?

2. Dijagonale konveksnog ¢etvorougla ABCD medusobno su normalne i seku se u tacki O.
Poznato je da je zbir polupre¢nika kruznica, upisanih u trouglove AOB i COD, jednak
zbiru polupre¢nika kruznica, upisanih u trouglove BOC i DOA. Dokazite:

a) (2 poena) da je ¢etvorougao ABCD tangentni (opisani);
b) (3 poena) da je cetvorougao ABCD simetrican u odnosu na jednu od svojih
dijagonala.

3. (5 poena) Policijska stanica nalazi se na pravolinijskom putu, koji je na obe strane
beskonacan. Neko je ukrao stari policijski automobil, ¢ija maksimalna brzina ¢ini 90%
maksimalne brzine novog automobila. U nekom trenutku u stanici su odlucili da u
poteru za kradljivcem posalju policajca sa novim policijskim automobilom. Ali evo
nevolje: policajac nije znao ni kada je automobil bio ukraden, ni na koju stranu je putem
kradljivac otisao. Moze li policajac uhvatiti kradljivca? (Odredenije: ima li policajac
strategiju koja mu garantuje da ¢e uhvatiti kradljivca, bez obzira kako ovaj postupa?).

4. (5 poena) Kvadratna tabla n x n podeljena je na n? pravougaonih polja sa n—1
horizontalnih i n—1 vertikalnih pravih. Polja table obojena su kao sahovska tabla. Zna se
da su na jednoj dijaginali sva polja (njih n) crna i kvadratna. Dokazite da ukupna
povrsina svih crnih polja table nije manja od ukupne povrsine svih belih polja.

5. (5 poena) Na turniru ucestvuje 55 boksera po sistemu "pobedeni ispada”. Borbe
(mecevi) su se odvijale jedna za drugom. Poznato je da se kod ucesnika svake borbe
(meca) broj prethodnih pobeda razlikovao najvise za 1. Koliko najvise borbi (meceva)
je mogao imati pobednik turnira?



32. TURNIR GRADOVA

Jesenje kolo.
Slozena varijanta, 24. oktobar 2010. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni za
delove jednog zadatka se sabiraju)

1. (4 poena) U ravni je data prava. Pomoc¢u petodinarke odredite dve tacke na nekoj pravoj koja
je normalna na datu pravu. Pri tome su dopustene slede¢e operacije: obeleziti tacku, staviti
petodinarku tako da ona bude na njenom obodu i nacrtati oko nje kruznicu; obeleziti dve tacke
(na rastojanju manjem od prec¢nika petodinarke), staviti petodinarku tako da te tacke budu na
njenom obodu i okruziti petodinarku. Nema moguénosti da se petodinarka ta¢no postavi tako
prema pravoj da je ona dodiruje.

2. (5 poena) Pera ume da na ma kojoj duzi odreduje tacke koje tu duz polove ili je dele u odnosu
n:(n+1), gde je n ma koji prirodan broj. Pera tvrdi da je za to dovoljno da na ma kojoj duzi
odredi tacku koja tu duz deli u datom racionalnom odnosu. Da li je on u pravu?

3. (8 poena) Na kruznoj stazi 10 motociklista startovali su istovremeno iz jedne tacke i posli su
na istu stranu sa razlic¢itim stalnim brzinama. Ako se posle starta dvojica motociklista ponovo
nadu u istoj tacki nazvac¢emo to susretom. Do podne svaka dva motociklista susrela su se bar
jednom, pri ¢emu se nikoja tri ili vise njih nisu susretala istovremeno. Dokazite da je do podne
ma koji motociklista imao ne manje od 25 susreta.

4. (8 poena) Karirani pravougaonik izdeljen je na dvodelne domine (2x1). U svakoj domini
povucena je jedna od dve dijagonale. Pokazalo se da je podela bila takva da nikoje dve
dijagonale nemaju zajednicke krajeve. Dokazite da su tada tacno dva od cetiri temena
pravougaonika krajevi dijagonala.

5. (8 poena) Imamo petougao. Duzinu svake njegove stranice podelimo zbirom duzina  svih
ostalih stranica. Zatim saberimo dobijene razlomke. Dokazite da ¢e dobijeni zbir uvek biti
manji od 2.

6. (8 poena) U ostrouglom trouglu ABC na visini BH izabrana je proizvoljna tacka P.
Tacke A" i C* su sredista stranica BC i AB (tim redom). Normala iz A’ na CP sece
normalu iz C' na AP u tacki K. Dokazite da je tacka K jednako udaljenaod Ai C.

7. (12 poena) Za okruglim stolom sedi N vitezova. Svako jutro ¢arobnjak Merlin rasporeduje ih
u drugacijem redosledu. Poc¢evsi od drugog dana Merlin je dopustio vitezovima da u toku
dana naprave koliko god zele menjanja mesta ali na sledec¢i nacin: dva suseda zamenjuju mesta
samo ako nisu bili susedi prvog dana. Vitezovi nastoje da posedaju u istom redosledu kao i
nekog od prethodnih dana: tada se sednice prekidaju. Koliko najvise dana Merlin garantovano
moze organizovati sednice? (Razmestaje koji se jedan iz drugog dobijaju rotacijom smatramo
da su isti). Merlin ne sedi za stolom sa vitezovima).



32. TURNIR GRADOVA
Jesenje kolo.
Slozena varijanta, 24. oktobar 2010. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni po
delovima jednog zadatka se sabiraju)

1. U nekoj zemlji ima 100 gradova (gradove uzmite kao tac¢ke u ravni). U priru¢niku za svaki par
gradova nalazi se zapisano koliko je rastojanje medu njima (ukupno 4950 zapisa).

a) (2 poena) Jedan zapis je izbrisan. Moze li se uvek on rekonstruisati na osnovu
ostalih?

b) (3 poena) Neka je obrisano k zapisa, a poznato je da u toj drzavi nikoja tri grada ne
leZe na istoj pravoj. Za koju najvecu vrednost k se uvek mogu jednozna¢no odrediti
izbrisani zapisi?

2. (6 poena) Na kruznoj stazi 2N motociklista startovali su istovremeno iz jedne tacke i posli su
na istu stranu sa razli¢itim stalnim brzinama. Ako se posle starta dvojica motociklista ponovo
nadu u istoj tacki nazvacemo to susretom. Do podne svaka dva motociklista susrela su se bar
jednom, pri ¢emu se nikoja tri ili vise njih nisu susretala istovremeno. Dokazite da je do podne
ma koji motociklista imao ne manje od N susreta.

.3. (6 poena) Imamo mnogougao. Duzinu svake njegove stranice podelimo zbirom duzina  svih
ostalih stranica. Zatim saberimo dobijene razlomke. Dokazite da ¢e dobijeni zbir uvek biti
manji od 2.

4. Dva carobnjaka bore se jedan protiv drugog. Na pocetku oba lebde nad morem na visini 100 m.
Carobnjaci se naizmeniéno pridrzavaju zaklatve tipa "smanjiti visinu lebdenja nad morem za a
m kod sebe i za b m kod protivnika", gde su a i b realni brojevi i 0<a<b. Broj zakletvi je isti
za oba Garobnjaka i one se mogu Koristiti ma kojim redom i vise puta. Carobnjak pobeduje u
duelu, ako je posle ma kojeg "poteza™ njegova visina nad morem pozitivna, a kod suparnika —
nije. Postoji li takav komplet (niz) zakletvi da drugi ¢arobnjak moze sigurno da pobedi, ma
kako postupao prvi, ako je pri tome broj zakletvi u tom kompletu (nizu):

a) (2 poena) konacan;
b) (5 poena) beskonacan?

5. (8 poena) Cetvorougao ABCD je upisan u kruznicu s centrom O, pri ¢emu tadka O ne leZi ni na
jednoj dijagonali tog ¢etvorougla. Zna se da centar opisane kruznice oko trougla AOC lezi na
pravoj BD. Dokazite da centar opisane kruznice oko trougla BOD lezi na pravoj AC.

6. (12 poena) U svakom polju tablice 1000x1000 stoji nula ili jedinica. Dokazite da se moze bilo
precrtati 990 vrsta tako da u svakoj koloni bude bar jedna neprecrtana jedinica, bilo precrtati
990 kolona tako da u svakoj vrsti bude bar jedna neprecrtana nula.

7. (14 poena) Kvadrat ABCD razrezan je na jednake pravougaonike s celobrojnim duzinama
stranica. Figura F je unija svih pravougaonika koji imaju zajednicke tacke sa dijagonalom AC.
Dokazite da AC deli povrs figure F na dva dela jednakih povrsina.



32. TURNIR GRADOVA

Prole¢no kolo.
Bazna varijanta, 27. februar 2011. god.

8-9. razred (mladi uzrast)
(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
poeni za delove jednog zadatka se sabiraju)

1. (3 poena) Po kruznici su napisani svi celi brojevi od 1 do 2010 i to
tako da pri kretanju u smeru kazaljke na satu brojevi naizmeni¢no Cas
rastu, Cas opadaju. Dokazite da postoje neka dva broja koji stoje
jedan do drugog cija je razlkika parna.

2.(4 poena) Pravougaonik je razdeljen na 121 polje sa deset vertikalnih i
deset horizontalnih pravih. Kod 111 polja obimi su celi brojevi.
Dokazite da su i obimi ostalih deset polja celi brojevi.

3. (5 poena) Duzina odrasle gliste je 1 metar. Odrasla glista se moze
razdeliti na dva dela u bilpo kojem odnosu duzina. Pri tome nastaju
dve nove gliste, koje odmah pocinju da rastu brzinom 1 metar na Cas.
Kada duzina gliste dostigne 1 metar, ona postaje odrasla i prestaje
dalje da raste. Mogu li se od jedne odrasle gliste dobiti 10 odraslih
glista za manje od 1 sat?

4. (5 poena) Dat je konveksan cCetvorougao. Ako povuCemo ma koju
njegovu dijagonalu ona ¢e ga podeliti na dva jednakokraka trougla, a
ako odjednom povuCemo obe njegove dijagonale, podelice ga na
Cetiri jednakokraka trougla. Da li je taj Cetvorougao obavezno
kvadrat?

5. Zmaj je zarobio viteza i zatvorio ga u tamnicu. Dao mu je 100 raznih
novcica od kojih je taCno polovina magicnih. Koji nov€i¢i su magicnii,
zna samo zmaj. Svakog dana vitez razdvaja sve novCice na dve
gomile (koje ne moraju biti jednake). Ako u gomilama bude isti broj
obi¢nih ili isti broj magicnih novcica, zmaj ¢e osloboditi viteza. Moze i
se vitez sigurno osloboditi za ne manje od:

a) (2 poena) 50 dana?
b) (3 poena) 25 dana?



32. TURNIR GRADOVA

Prolec¢no kolo.
Bazna varijanta, 27. februar 2011. god.

10-11. razred (stariji uzrast)

(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena) Strane konveksnog poliedra su sli¢ni trouglovi. DokaZite da
taj poliedar ima dva para jednakih strana (jedan par jednakih strana i
jos jedan par jednakih strana).

2. (4 poena) Duzina odrasle gliste je 1 metar. Odrasla glista se moze
razdeliti na dva dela u bilo kojem odnosu duzina. Pri tome nastaju dve
nove gliste, koje odmah pocCiwu da rastu brzinom 1 metar na cas.
Kada duzina gliste dostigne 1 metar, ona postaje odrasla i prestaje
dage da raste. Mogu li se od jedne odrasle gliste dobiti 10 odraslih
glista za mawe od 1 sat?

3. (4 poena) Po kruznici je rasporeleno 100 belih kamencic¢a. Dat je ceo
broj k takav da je | . U jednom potezu
dopusteno je izabrati bilo kojih k kamenci¢a porelanih jedan za
drugim, od kojih su prvi i posledwi beli i samo wih obojiti crnom
bojom. Za koje k mozemo za nekoliko takvih poteza oboijiti svin 100
kamenci¢a u crnu boju?

4. (5 poena) Cetiri normale, spustene iz temena konveksnog petougla na
suprotne stranice, seku se u jednoj tacki. Dokazite da i peta normala
mora proci kroz tu tacku

5. (5 poena) U jednoj zemqi ima 100 gradova i nekoliko puteva. Svaki
put povezuje neka dva grada. Putevi se ne seku. 1z svakog grada
moze se sti¢i u ma koji drugi grad kre€uci se tim putevima. Dokazite
da je moguce neke puteve proglasiti glavnim, tako da iz svakog grada
polazi neparan broj glavnih puteva.


Risto
Text Box



32. TURNIR GRADOVA

Prole¢no kolo.
Slozena varijanta, 13. mart 2011. god.

8-9. razred (mladi uzrast)
(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena,
poeni za delove jednog zadatka se sabiraju)

1. (4 poena) Da li postoji Sestougao koji se jednom pravom moze razdeliti na &etiri
podudarna trougla?

2. (4 poena) Kroz koordinatni poc¢etak prolaze prave (ukljucujucéi i koordinatne ose)
koje dele koordinatnu ravan na uglove od po 1°. Nadite zbir apscisa tataka
preseka tih pravih sa pravom | |

3. (5 poena) Baron Minhauzen ima 50 tegova. Mase svih tegova su izrazene
razliCitim prirodnim brojevima koji ne prelaze 100, a zbir masa svih tegova je
paran broj. Baron tvrdi da ne postoji deo tih tegova koji se moze staviti na jedan
tas terazija, a ostali tegovi na drugi tas terazija, tako da terazije budu u
ravnotezi. Da li je Baron u pravu?

4. (6 poena) Dokazite da se za ma koji prirodni broj N mogu nac¢i dva para
prirodnih brojeva takvih da su zbirovi brojeva svakog para parova jednaki, a da
je koli¢nik proizvoda brojeva jednog para i proizvoda brjeva drugog para jednak
N (tj. da je jedan proizvod N puta veci od drugog).

5. (7 poena) Dat je ostrougli trougao ABC, a AA; i BB, su njegove visine. 1z tacke
A; spustene su normale na prave AC i AB, a iz tacke B, spusStene su normale
na prave BC i BA . Dokazite da podnozja tih normala obrazuju jednakokraki
trapez.

6. (10 poena) Dva mrava su se kretala (milela) svaki po svojoj zatvorenoj putanji
na tabli 7x7. Svaki mrav se kretao samo po ivicama polja i proSao kroz svako
od 64 temena na toj tabli tacno jedanput. Koji je najmanji moguci broj ivica po
kojima su prosla oba mrava?

7. (10 poena) Data je kvadratna tablica. U svakom polju te tablice upisan je po
jedan broj. Zna se da je u svakom redu (vrsti) zbir dva najvec¢a broja jednak a, a
u svakoj koloni te tablice zbir dva najveca broja jednak b. Dokazite da je a=b.


Risto
Text Box



32. TURNIR GRADOVA

Prole¢no kolo.
Slozena varijanta, 13. mart 2011. god.

10-11. razred (stariji uzrast)

(Rezultat se raCuna na osnovu tri zadatka na kojima je dobijeno najviSe poena.
Poeni po delovima jednog zadatka se sabiraju)

»

. (4 poena) Baron Minhauzen ima 50 tegova. Masa svakog od tegova je izraZzena
razliCitim prirodnim brojem koji ne prelazi 100, a zbir masa svih tegova je paran bro;j.
Baron tvrdi da nije mogucée deo tih tegova staviti na jedan tas terazija, a ostale tegove
na drugi tas terazija, tako da terazije budu u ravnotezi. Da li je Baron u pravu?

(6 poena) U prostoru sa Dekartovim sistemom koordinata dat je pravougli
paralelepiped Cija temena imaju celobrojne koordinate. Njegova zapremina je 2011.
Dokazite da su ivice tog paralelepipeda paralelne koordinatnim osama.

. Od drvene grede oblika trostrane prizme sa dve strane odsekli su (ravhom testerom)

po komad. Rezovi nisu doticali ni osnove prizme, ni jedan drugog.

a) (3 poena) Mogu li preseci biti slicni, ali ne i podudarni trouglovi?

b) (4 poena) Moze li jedan presek biti jednakostrani€an trougao sa stranicom 1, a drugi
jednakostraniéni trougao sa stranicom 2?

. Dato je N plavih i N crvenih Stapi¢a, pri Cemu je zbir duzina plavih stapi¢a jednak zbiru
duzina crvenih Stapi¢a. Zna se da se od plavih Stapica mozZe sloziti N-tougao, a
takode i od crvenih. MoZe li se uvek izabrati jedan plavi i jedan crveni StapiC i
prefarbati ih (plavi u crvenu boju, a crveni u plavu), tako da se ponovo od plavih moze
sloZiti N-tougao, a od crvenih takode? ReSite zadatak:

a) (4 poena) za N=3.
b) (4 poena) za proizvoljan prirodan broj N veci od 3.

. (8 poena) Kraci AB i CD trapeza ABCD su istovremeno i tetive (tim redom) kruznica o,
I @, koje se dodiruju spolja. VeliCine odgovarajucih lukova kruznica koji odgovaraju
tetivama AB | CD su a i B. Kruznice as | o, takode imaju za teteive AB i CD (tim
redom). Njihovi lukovi AB i CD takode se se nalaze sa iste strane tetiva kao i
odgovarajuce tetive prve dve kruznice, a veli€ine su im B i a. DokaZite da se kruznice
ws | wy takode dodiruju.

. (8 poena) Data je kvadratna tablica u €ijem je svakom polju zapisan po jedan broj. Zna
se da je u svakoj vrsti te tablice zbir dva najveca broja jednak a, a u svakoj koloni zbir
dva najveca broja jednak b. Dokazite da je a=b.

. (11 poena) Dve firme naizmeni¢no angazuju programere, medu kojima ima 11
genijalnih. Prvog programera svaka firma bira proizvoljno, a svaki sledeéi treba da
poznaje nekog od ranije angazovanih u toj firmi. Ako firma ne moze da angazuje
programera po tim pravilima, ona prekida prijem, a druga moze da nastavi. Programer
se moze angazovati za rad najviSe u jednoj firmi. Spisak programera i wihovih
poznanstava se zna unapred, uklju€ujuci i informaciju o tome ko je genije. Mogu li se
poznanstva urediti tako da firma, koja kao druga nastupa u toj igri, moze angazovati
10 genija, bez obzira kako postupa prva firma?



TPUALIATH BTOPOI TYPHUP roroJ10B

Ocennunit Typ,

8 — 9 kytaccol, 6a3oBbIil Bapuant, 10 okTabps 2010 r.

(Uror mogBomuTest 1o TpeM 3ajiadaM, M0 KOTOPBIM JIOCTUIHYThI HAHJIYIIIHE PE3YIBTATHI).

OaIIBl  3a1a4N

1. B mudaroposoit Tabsiuiie yMHOKEHUs BBIIEIMIN IPIMOYTOJBHYIO PAMKY
TOJIIIIUHON B OJHY KJIETKY, IpUYEM KazK/asg CTOPOHA PaMKHU COCTOUT
4 U3 HEYETHOI'O YHCja KJIeTOK. KJIeTKu paMKu 1moodepe/IHO pacKpacuin
B JIBa IIBeTa — YepHbI u Oeblit. /JlokaxkuTe, 9T0 CyMMa YUCes B YePHBIX

KJIETKaX pPaBHA CyMMe YHCes B OesIbIX KJIeTKaX.
(ITucbaroposa Tabinia yMHOKEHHsT — 9TO KJIeTIaTasi TabJIUIA, B KOTOPOIl
HA TEPECEYCHUN M-I CTPOKH U N-TO CTOJIONA CTOUT YUCIO mn (Jist

JIFOOBIX HATYPAJIBHBIX M U N).)
C. Ilpuxa

2. PaBnobokas Tparliernus omnmcaHa OKOJIO OKpyzkHOcTH. JlokazkuTe, 9TO
buccekTprca TYIOTO YIJIa TOM TPANEIUH JIeJIUT ee IO b TOT0JIaM.

P. K. I'opdun

3.  Ha maxmarmnoii gocke 8 X 8 crouT KyOWK (HHKHsSI I'DaHb COBIIAJIAET

¢ OJHOI U3 KJIeTOK J0cku). Ero mpokaTwim 1o JI0CKe, mepeKaThbiBasi

4 Jepe3 pebpa, Tak ITO KyOMK IOOBIBAJ HA BCEX KJIETKaX (HA HEKOTODBIX,
BO3MOKHO, HECKOJIBKO pa3). Morio i cJiyduThes, 9To OJIHA U3 €ro IpaHeit

HU pa3y He JiexKaja Ha J0CKe!
A. B. I[llanosanos

4. B uekoropoii mxkoJe 6osee 90% yuUeHUKOB 3HAIOT aHIVIMACKUIT 1 HEMEIKUit
s13bIKH, 1 6os1ee 90% yUeHNKOB 3HAIOT aHTTMHCKUI 1 (PPAHILy3CKUii A3LIKH.
JlokazkuTe, 9YTO CpeJi YICHUKOB, 3HAIONINX HEMEIKUN 1 (ppaHIy3CKuit
sa3b1KH, Oostee 90% 3HAIOT aHIVIMIACKUI A3BIK.

Donvraop, npedaosicun A. Hlenw

5.  Konmnpsr N xopg pazjienim OKpyKHOCTD Ha 2N JIyT €ITMHUTHON JIJTNHBI.

4 N3BecTHO, UTO KaxKasd U3 XOPJ, JeJIUT OKPYKHOCTH Ha JIBE JIYTH YeTHO
jumabl. Jlokaxkure, 9To unciao N 9eTHO.

B. B. IIpoussonos



TPUALIATH BTOPOI TYPHUP roroJ10B

Ocennunit Typ,

10 — 11 kaccer, 6a3oBbiii BapuanT, 10 okTsa6pst 2010 1.

(Uror monsoaurest o TpeM 3ajiavaM, 110 KOTOPBIM JIOCTHTHY ThI HAUJIY YIIHe PE3YJIbTATHI,
GaJLIbl 38 IIyHKTHI OJIHOI 381491 CyMMUDYIOTCSI. )

OaMIBl  3a1a4n

1. Bankomar oOMeHUBaeT MOHETHI: JyOJIOHBI Ha MTUCTOM U HAOOOPOT. 11u-
CTOJIb CTOUT S JAyOJIOHOB, a JybsioH — 1/s mucrodieit, e s — He 00si3a-
TeJILHO 1esioe. B GaHKOMAT MOXKHO BOPOCUTH JI000€ UNC/I0 MOHET OJHOIO
BH/JIa, TIOCJIE Y€r0 OH BBIJIACT B OOMEH MOHETBI JIDYTOro BHUJA, OKPYIJIAI
pesyJsIbTaT J10 OJIMKANIIEro Meaoro yncia (ecaun OMKaimx quces1 /1B,
BBIOUpaeTcs GoJibIee).
a) Moxer ji Tak ObITh, 9TO OOMEHSB CKOJIBKO-TO JIyOJIOHOB HA IUCTOJIH,
2 a 3aTeM OOMEHSIB TTOJTy U€HHbIe TIMCTO/IHN Ha JYOJIOHBI, MBI ITOJIY IUM OOJIBITIE
JyOJIOHOB, YeM ObLIO BHada/e?
6) Ecmu ma, T0o MOXKeT JIM CIIyIUTHCs, ITO TOJIYUIEHHOE THCIIO JTyOJIOHOB erre
YBEJIMUUTCS, €CJIA MPOJIEJIATh C HUMH TAKYIO YKe OIepaIuio’
JI. Cmymorcac

2. Jwmaronajm BBIIYKJIOrO deTbipexyroibinka ABC D nepnesuKyIsapHbI
u nepecekaiorca B Touke (). M3BecTHO, 9TO cyMMa PaJIiyCcoB OKPYKHO-
creit, Buucanubix B Tpeyroiabankn AOB u COD, paBHa cymMMe pajnycoB
OKpYy2KHOCTeM, Bimcanubix B Tpeyronbaukn BOC u DOA. okaxxwure,
9TO

2 a) uerblpexyroiabauk ABCD — onucaHHBIiL;

6) derbipexyronbauk ABC'D cuMMeTpudeH OTHOCHTEIHHO OJHOM M3 CBOUX
auaroHaJIel.

I1. A. Koowcesrukos

3. Tlonuneiickuii y4acTOK PaCIIOJIOXKEH Ha IPSIMOii JIopore, OeCKOHEIHO
B 00e cToponbl. HeKTo yraaja crapyio MOJUNEHCKYI0 MaIlnHy, MaKCHU-
MaJIbHas CKOPOCTH KOTOPOii cocrapiger 90% oT MaKCHUMAJILHONW CKOPOCTH
HOBO#I MallnHbI. B HEKOTOPHIII MOMEHT B y9aCTKe CIOXBATHINCH U TIOC/Ia~
JIN BJIOTOHKY IOJIUTIEHCKOTO Ha HOBO# mostutielickoii maruae. O THAKO BOT
OeJ1a: ToJMTecKuil He 3HAJI, HU KOT/Ia MallliHa ObLTa yIHAHA, HA B KAKOM
HaIIPaB/JIEHUH BJIOJIb JOPOTU yexXaJsl yroHImK. CMOXKeT i MOoJIATeicKuit
moiiMaTh yrOHIIUKA !

I A. I'aavnepun

4. Kpajparnad JI0cKa n X n pasjeseHa Ha N’ IPAMOYTOJIbHBIX KJIETOK
n — 1 ropu3oHTaJIbHBIMU U N — 1 BePTUKAJbHBIMU IpsiMbiMU. KiteTkn
) pacKpalleHbl B IIaXMaTHOM IOpsijke. V3BecTHO, YTO Ha OIHOM AUArOHAII
BCe N KJIETOK YepHble U KBaJpaTHbIe. /oKaxkure, 4T0 00IIas ILI0IIA b
BCeX YePHBIX KJIETOK JOCKHU He MeHbIe OOIIeil IIOmaan OesIbiX.
II. A. Kooicesrukos

5. 55 OOKCepOB y9acTBOBAJIM B TYPHUPE 10 CHCTEME «IIPOUTPABIIIHIT BHIOBIBA-
er». bou mn nociemoBarebHO. M3BeCTHO, 9TO Y YIACTHHUKOB KasK 100
0051 IUCJIO IPEJbLIYINX 11006 oOTIndaaoch He boJiee yeM Ha 1. Kakoe
HAMOOJIbIIIee TUC/I0 DOEB MOT' IPOBECTU TOOEUTETh TyPHUPA?!

A. B. lllanosanos



TPUIIATH BTOPOI TYPHUP TOPOJOB

Ocennuii Typ,

8 — 9 kJyaccol, cJIOXKHBIH BapuanT, 24 okTsOpst 2010 1.
(Uror noasogurcst 1o TpéM 3aja9aM, 110 KOTOPBIM JIOCTUIHYThI HAUJLY IIIIHE DE3YJIbTATHI)

OasuIbl 3349

1.
4

2.
5

3.
8

4.
8

d.
8

6.
8

7.
12

Ha minockoctu mama npsiMasi. C IOMOIIBIO IIITaKa IIOCTPOITE ABE TOUKU KAKOHW-HUOYIL HPIMOIA,
HepHeHﬂHKyﬂHpHOﬁ ﬂaHHOﬁ. Pa3pe]ﬂaIOTCH TaKHne OHepaILI/II/I: OTMETUTDH TOLIKy7 HpI/I.HO}KI/ITb IIgaraxKk
K Heil 1 0OBECTH €ro; OTMETUTH J[BE TOYKU (HA PACCTOSIHUM MEHbIIE JIMaMeTpa [ITaka ), IPUJIOKUTh
IIgdTakK K HUM U O6BeCTI/I €ero. HeT BO3MOXKHOCTH HpI/IKJIa,[LbIBaTb IIdTaK K HpHNIOﬁ TaK, LITO6I:)I OHa €ero
KacaJsach.

I Deavomanr

HeTﬂ yMmeeTr Ha JIIO6OM OTpe3Ke OoTMeYdaTb TOYKHU, KOTOPbIC JeJIAT 3TOT OTPE30OK IIoIMoJIaM MJIN
B ornomenun n : (n + 1), rme n — ma0boe HaTypasabHoe umciao. Ilerst yrBepKmaer, 9To 9TOro
JIOCTATOYHO, IYTOOBI Ha JIFOOOM OTpE3KEe OTMETHUTH TOUKY, KOTOPAas JIEJIUT €ro B JIF0OOM 3aJIJaHHOM
panmnoHaJIbLHOM oTHOIIeHnn. IIpas aum on?

B. P. Openxun

Ha xonbrieBoM Tpeke 10 BesIOCHIIEMCTOB CTAPTOBAJIN OJTHOBPEMEHHO M3 OJIHOM TOYKH M TIOEXaJIU C
HOCTOSTHHBIMHU PA3JINIHBIMUA CKOPOCTAME (B OHY cTOpoHY). Ecsn mocse crapra nBa BesocunencTa
CHOBA OKA3BbIBAIOTCsI OJHOBPEMEHHO B OJ[HOW TOYKE, HA30BEM 5TO BeTpeueit. Jlo mostyans JobObie nBa
BeJIOCHUIIEINCTa BCTPETUJIUCH XOTsI 6[)1 pas3, IIpn 3TOM HHUKaKHe TPpHU NJIN 60.Hb]_He He BCTpeYaJIuCh
onHOBpeMeHHO. JlokaxkuTe, UTO 70 THOJIyHS Y JII0OOr0 BEJIOCHUIIEIUCTa ObLIO He MeHee 25 BCTped.
B. P. Openxun

Kneraarsrit mpsamMoyrosibHUK pa3buT Ha ABYKJIETOUHBIE JOMUHO. B Kark/I0M JOMUHO IIPOBEINA OJIHY
u3 aByxX anaronaJeir. OKa3aJoch, YTO HUKAKUE IUaroHAId He UMEIOT oOInX KOHIOB. Jlokaxkure,
YTO POBHO /[IBa U3 YEeThIPeX YIJIOB NPSIMOYTOJbHUKA SIBJIAIOTCS KOHIIAMU JuaroHaJeil.

A. B. IIlanosanos

Nmeercst maruyroabauk. i1 KaxKao# CTOPOHBI MOJENM ee JITHHY Ha CYMMY JIJTHH BCEX OCTATHHBIX
CTOPOH. 3aTeM CJIOKUM BCe MOJIyIuBInmecs apobu. Jlokaxkure, 9To MOJIydIeHHAsT CyMMa OyJIeT Bceria
MeHbIIe 2.

I A. I'aaonepun

B ocrpoyroibaom Tpeyronbauke ABC na Boicore BH Boibpana npoussosbHast Touka P. Touku A’
u C" — cepenunnl cropon BC' u AB coorsercrsenno. Ilepnenpukynap uz A’ na C'P nepecekaercst
¢ nepnenaukyaapom us O’ na AP B Touke K. Jokaxkure, yro Touka K paBHOyZaJIeHa OT TOYEK
AnC.

D. A. Usaes

3a kpyriibiM cTosioM 3acegaorT N poinapeit. Kaxioe yrpo gapojeit Mepsina caxkaeT ux B JIpyrom
nopsinke. Hadunast co Broporo must MepJsinn pazpemnui pelliapsaM JieaTh B T€UEHUE JTHS CKOJIBKO
YTOJIHO IIE€PECaiOK TAKOI'O BUJA: JIBA CUIAIINX PSJIOM PBIAPS MEHSIOTCS MECTaMU, €CJIU TOJHKO OHU
He OBLIN COCEJIsIMU B MEPBLIA JeHb. PhIllapu cTapaioTcs cecTb B TOM 2Ke MOPSJIKE, IYTO U B KaKOii-
HUOYIb U3 NPEJbIAYIINX JIHEH: TorJa 3acejanns npekparsarcsa. Kakoe Hambosibiiiee 4ncyio jgHei
MepJiH rapaHTHPOBAHHO MOXKeT IIPOBOAUTE 3acefanus’? (Paccaaku, nojydatomuecs Ipyr U3 JIpyra
[OBOPOTOM, CUUTAIOTCs OJIMHAKOBBIMU. MepJinH 3a ¢TOJIOM He CHJINT. )

M. B. IIpaconos



TPUIIATH BTOPOI TYPHUP TOPOJOB

Ocennuii Typ,

10 — 11 wuaccer, ciaoxkHubiil BapuanT, 24 okTsidbpst 2010 T
(Hror moasogurest 1o TPEM 3aja9aM, 10 KOTOPBIM JIOCTHIHYThI HAUJLY IIIIHE PE3YJIbTATHI, OaJLIbI
3a MYHKTHI OJHOH 3aj1a91 CyMMHPYIOTCSI. )

0OaJLJIbl

12

14

3aIa9n

B nekoii crpane 100 roposios (ropojia cuuraiite TouKaMm Ha IIOCKOCTH). B clIpaBOYHUKE JIJIs KaXK 101
napbl FOPOJIOB MMEETCsl 3allUCh, KAKOBO PAaccTosiHne Mexk 1y Humu (Bcero 4950 3amuceit).
Opnaa 3amuck crepsach. Beerna jim MOYKHO OJTHO3HATHO BOCCTAHOBUTD €€ 110 OCTAJIbHBIM?
[IycTb crepiuch k 3ammceil, 1 ©3BECTHO, 9TO B 3TOi CTpaHe HUKAKWE TPU I'OPOJa He JeXKaT Ha OJHON

npsimoii. [Ipu kakom HambosbIieM k Bcerna MOXKHO OJJHO3HAYHO BOCCTAHOBUTH CTEPINNECS 3AIACH !
H. U. Bozdanos

Ha xosibrieBoM Tpeke 2N BeJIOCUIIEUCTOB CTAPTOBAJIA OJJHOBPEMEHHO U3 OJIHOM TOYKHU U MOEXAJIU C
HOCTOSTHHBIMU PA3JIMIHBIMU CKOPOCTSIMU (B 0JiHY cTOpoHY). Ecyin mocsie crapra jiBa BEJIOCHUIIEIUCTA
CHOBA OKA3bIBAIOTCs OJHOBPEMEHHO B OJIHOW TOYKE, HA30BEM 3TO BcTpedeit. lo mosryiHs Jiobbie 1Ba
BeJIOCHUIIEeJUCTa BCTPETUJIUCH XOTA 6])1 pas3, IIpnu 3TOM HUKaKWe TpHu HNJIN 6OJH)H_Ie He BCTpedaJIuChb
oHoBpeMenHo. JIoKaxKuTe, UTO JI0 TOJTYIHS Y JI060T0 BeJIOCHIeNCTa G110 He Menee N2 Berpeu.
B. P. Openxun

Nmeercst MHOTOYTOJIBHUK. JIJ1sT Ka2K 101 CTOPOHBI MOIEUM ee JUINHY Ha CYMMY JIJIMH BCEX OCTaJIbHBIX
CTOPOH. 3aTeM CJIOKUM BCe MOJIyIuBInrecs Apodu. Jlokazkure, 9TO MOJIyIeHHasT CyMMa OyIeT Bceria
MEHBbIIIE 2.

I A. I'naenepun

JlBa mara cpakaroTcsd APYT ¢ ApyroM. Buadase onu oba mapar Hajg mopem Ha BbicoTe 100 M. Marm
110 OYepeId IPUMEHSIOT 3aKINHAHUS BIUIA «YMEHBIIUTH BBICOTY ITapeHHsI HaJl MOPEM Ha G M Y CeOsI
u Ha b M y comepHuKay, rjie a, b — neficrBurenpubie uncia, 0 < a < b. Habop 3aknunanuii y Maros
OIUH M TOT XK€, X MOKHO HCIIOJIb30BaTh B JIFOOOM IOPSIAKE M HEOJHOKpATHO. Mar BeIMIpBIBAET
JIy3JIb, €CJIA MIOCJIe Ybero-aubo Xo/1a ero BhICOTa HaJl MOPEM OyJeT MOJIOKUTEIbHA, 8 Y COIEpHUKA, —
mer. CyIecTByeT Jin TaKo# HAOOP 3aKJIMHAHUM, 9TO BTOPON Mar MOXKET rapaHTUPOBAHHO BHIUTPATD
(kak Obl HU JIefiCTBOBAJI TIEPBBIl), €CJIU IPU ITOM YUCJIO 3aKJIMHAHWUI B HAGOpe
KOHEJHO;
OECKOHEUHO?!

U. B. Mumpogaros

Yeroipexyroapsauk ABC D Buucas B OKpY?>KHOCTB ¢ ieHTpoM O, npudeM Touka O He JIEXKUT HU Ha, OJI-
HOH M3 JinaroHaJjeil 3Toro YeThlpexyrojibHuKa. V3BeCTHO, 9TO IEHTP OMUCAHHON OKPYYKHOCTHU Tpe-
yroabanka AOC nexut Ha upsimoit BD. Jlokaxkure, 9TO HEHTP OMUCAHHON OKPY?KHOCTH TPEYTOJIb-
nuka BOD nexur na npsmoit AC.

@. A. Usaes

B karxmoit kinerke Tabauisr 1000 x 1000 crout HOMb i eauHUIa. JoKaxKnuTe, 9T0 MOXKHO JTHOO
BeIYepKHYTH 990 cTPOK Tak, 9TO B JIIOOOM CT0JjI0IE OyIeT XOTst ObI OJHA HEBBIYEPKHYTAsI €IUHUIIA,
Jin6o BeraepkuyTh 990 cTosI01I0B TaK, 9TO B J1I000i1 CTpOKe Oy/1eT XOTs ObI OJUH HEBBLIUYEPKHYTHIN HYJIb.

A. Pomawenxo

Keanpar ABCD paspe3an Ha OJUHAKOBBIE MPSIMOYTOJBHUKHN C TIEJBIME JITHHAMEA CTOPOH. Pury-
pa F siBisiercsi oObeMHEHNEM BCEX MTPSIMOYTOJIBHIKOB, HMEIOIINX obIue ToUKy ¢ nuaroHaibio AC.
Hokaxkure, uro AC' menut miomaas Gurypsl F momoram.

B. B. IIpoussoaos



TPUJIIIATH BTOPOI TYPHUP I'OPO/I0B

Becennuii Typ,

8 — 9 kjaccel, 6a30BbIi BapuaHT, 27 despaysa 2011 r.

(Uror moaBoauTest 1o TpeM 3ajadaM, 1Mo KOTOPBIM JIOCTHTHY ThI HAUJTY IIHe PEe3YIbTATHI, OaJIbl
3a IYHKTBI OJ[HOH 3aj1a91 CyMMHPYIOTCSI. )

OasIbl  3a/aun

1. Tlo kxpyry mammcaubl Bce I1esible yucia oT 1 mo 2010 B TakoM TOpsiiKe, ©TO
IIpU JBUXKEHUHN II0 TacOBOM CTpEeJIKe UHCJIa TOOYEPETHO TO BO3PACTAIOT, TO
yoniBaroT. JlokaxKure, ITO pa3HOCTL KAKUX-TO JBYX YHUCEJ, CTOSIIUX PIJIOM,
JeTHA.

B. P. Openxun

2. IlpsimoyronbHuk pazbumyim Ha 121 TPSIMOYTOJBHYIO KJIETKY JECATHIO BEPTHU-
4 KAJIbHBIMU U JIECSITHIO TOPU30HTAIBHBIMI PsAMbIMEU. Y 111 KJ1€TOK epuMeTphl

nesible. Jlokaxkure, 9TO U y OCTAJIbHBIX JECSITH KJIETOK ITEPUMETPDI IIeJIbIE.
A. B. IIlanosanos

3.  Hummna B3pociioro depssika 1 Merp. Eciim 4epBsK B3pOCIIbLIA, €0 MOXKHO pas-
pes3arb Ha JBe YaCTH B JIIOOOM OTHOIIeHMH JuH. [Ipu sToM mosydaiorcs asa
HOBBIX Y€PBsiKa, KOTOPhIE Cpa3y HAUYMHAIOT PACTU CO CKOPOCThIO 1 MeTp B dac
Kaxkaplid. Korma naumHa JepBsKa JIOCTUrAeT MeTpPa, OH CTAHOBUTCS B3POCJIBIM
u mpekparniaer pactu. MoKHO i U3 OJHOTO B3POCJIOrO U€PBsIKa MOJIyIuTb 10
B3POCJIBIX UIEPBSIKOB OBICTpee UeM 3a Jac?

M. A. Xavamypan

4.  JlaH BBIMYKJIBII Y€THIPEXYTOJIbHUK. Kcu mpoBecTn B HEM JIIOOYIO IMArOHAJID,
OH DAa3Ie/NnUTCS HA JBA PABHOOEIPEHHBIX TPEYTOJbHUKA. A ec/ii TPOBECTH B
HeM 00e MaroHa/ M cpasy, OH Pa3JeUTCs Ha YeThIPe PABHODEIPEHHBIX Tpe-

yrojibauKa. O6s13aTesIbHO JIU 3TOT YeThIPEXYTOJbHUK — KBaJIpaT?
B. lllesaxos

5. JlpakoH 3aTOYMJI B TEMHUILY phIaps U BbIaa eMy 100 pasHbIX MOHET, MOJIO-

BUHa N3 KOTOPBIX BO.HH_Ie6HI)Ie (KaKI/Ie NMEHHO — 3Ha€T TOJIBKO ,[LpaKOH). Ka?K—

JIBIi JICHb PBIAPh PACKJIAIBIBAECT BCE MOHETBI HA JIBE KyUKH (He 00s3aTeIbHO

pashbie). Ecim B Kydkax OKaykeTcsi MOPOBHY BOJIMIEOHBIX MOHET UJIM TOPOBHY

OOBIYHBIX, JPAKOH OTIMYCTUT pbiraps. CMOXKeT JIn PBIaph rapaHTHPOBAHHO

0CBOOOUTHCS HE TMO32KEe, UeM

2 a) ma 50-it menn?
3 6) Ha 25-it 1eHB?

atcropu no momusam 3adavwu A. B. Illanosanosa



TPUAIIATH BTOPOI TYPHUP I'OPO/J0B

Becennuii Typ,

10 — 11 xnaccol, 6a30BbIit BapuanT, 27 deppasis 2011 r.
(Uror moaBoanuTest mo TpeM 3ajiadaM, M0 KOTOPBIM JJOCTUTHY ThI HAUJIY IIIHe PE3YJIbTATHI.)

OaIbl  3aaun
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I'panu BBITyKJIOrO MHOTOTpaHHUKA — IO0OHBIE TpeyrojbHukn. JlokaxKure,
YTO MHOTI'OIDAHHUK MMEET JIBE€ Mapbl PABHBIX I'PaHel (o,qHy IIapy paBHBIX I'Da-
Hell U ele OJ[Hy Iapy PaBHBIX IpaHeii).

B. B. IIpoussonos

Juna B3pocsioro depssika 1 MeTp. Ecim dyepBsK B3pOCIBIH, €10 MOXKHO pas-
pesaTh Ha JBE YaCTU B JIOOOM OTHOIICHWH JJIMH. [IpH 9TOM HOJIy9aioTcsa JIBa
HOBBLIX YEPBAKa, KOTOPLIE Cpasy HAUMHAIOT PACTU CO CKOPOCTBIO 1 MeTp B dac
kaxkapiit. Korma jmna depBsika JOCTHUTaeT MeTpa, OH CTAHOBHUTCS B3POCJIBIM
U Ipekpamaer pactu. MozKHO JId U3 OJHOIO B3POCJIOro YepBsKa IOy IuThL 10
B3POCJIBIX YEPBSIKOB OLICTpEE YeM 3a Jac?

M. A. Xawamypan

ITo xpyry Jexkar 100 6esbix kamueit. [lano mesoe umcsio k B mpenesax
ot 1 1o 50. 3a xo/1 pa3peraercst BEIOPATH JI0ObIe k MOAPSIT UAYIINX KaMHeil,
[IEPBBII U MOC/IeTHUN U3 KOTOPBIX OejIble, M IMOKPACUTD IIEPBBIN U MOC/IeTHT
KaMHU B LIepH]BIfI IIBET. HpI/I KaKHnuXx k MOZKHO 3a HECKOJIbBKO TaKHUX XOJ0B II10-
kpacuThb Bce 100 KamHell B YepHBIH mBeT?

A. Bepdnuxos

YernIpe HepIeHIuKYIsIpa, OMyIIeHHbIEe I3 BEPIINH BLILYKJIOIO ISITHYTOJLHIKA

Ha IIPOTUBOIIOJIOXKHBIE CTOPOHBI, IEPECEKAIOTCA B OnHOM Touke. Jlokarkure,

YTO IATBHIA TAKOH HEPIeHAUKYISIP TOXKE IPOXOLUT Yepe3 3Ty TOUKY.
Poavraop, npedaoscun A. A. 3acrascrul

B crpane 100 ropomoB m HeCKOJIBKO mopor. Karkmast mopora COeanHsIET IBa
KaKUX-TO T'OpPOJIa, JOPOTW He IlepeceKkarorcs. VI3 KayKgoro ropoga MOXKHO JI0-
O6paTbest J10 JTFOO0OrO JAPYyroro, JBUrasch 1o jgoporam. Jlokakute, 9TO MOXKHO
00bSIBUTH HECKOJILKO JIOPOT IJIABHBIME TaK, YTOOBI U3 KaKIOI0 FOPOJIA BBIXO-

JIMJIO HEUETHOE UKCJIO IVIABHLIX JOPOT.
A. lenw



TPUAIIATH BTOPO TYPHUP I'OPOJI0B

Becennunii Typ,

8 — 9 Knaccel, ca0XKHBIN BapuanT, 13 mapra 2011 1.
(Uror moaBoauTest mo TpeM 3ajiadaM, M0 KOTOPBIM JJOCTUTHY Thl HAHJIY 9IIHe PE3YJIbTATHI)
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MoxKHO T KaKOH-HUOYIH MeCTUYTOTHLHUK Pa30nTh OMHOM MPSMON HA YeThIPe PABHBIX
TpeyroJibHuKa?
H. II. Cmpeaxosa

Hepes HAYAIO KOOPAMUHAT IIPOBEJIEHBI [IPsiMble (BKJIIOUasi OCU KOOPJMHAT ), KOTOPBIE Jie-
JIAT KOOPJIMHATHYIO IJIOCKOCTDb Ha yriibl B 1°. Haiiure cymmy abciuce Todek mepecete-
HUS 3TUX MPAMBIX ¢ Tipsimoit y = 100 — .

A. B. IIlanosanos

Y bapona Mrionxraysena ectb 50 rupb. Beca sTux rupb — pasjimdHble HATYpPaJbHBIE
qnciia, He npeBocxojsiiue 100, a cyMMapHBIil Bec TUPb — YeTHOE Yucjo. bapon yTeep-
JKJTa€eT, ITO HEeJIb3s JACTh 3TUX I'UPh MOJOKATH Ha OJHY YaIly BECOB, & OCTAJbHBIE — Ha
APYTYIO YaIly TakK, YTOOBI BEChl OKA3aJUCh B paBHOBecuu. MoryT Jin 3T cjioBa 6apoHa
OBLITH IIPABION?

A. K. Toanwizo

Jlokaxkure, 9T0 JiJIsi JIIOOOIO HATYPAJBHOrO uncjaa N HayTCsl TaKue J[Be [Mapbl HATY-
PaJbHBIX YHCEs, YTO CYMMBI B IIapax OJMHAKOBLI, 8 IPOU3BEICHUS OTIMIAIOTCS POBHO
B N pa3s.

B. P. Openxun

Jan ocrpoyrosbhblit Tpeyronsauk ABC; AAy, BBy — ero BeicoThl. VI3 Touku A; ory-
CTUJIN TIEPTIEHIUKYIIIPBI Ha cTopoHbl AC' 1 AB, a n3 Toukn B OMyCTHIN TMEPIEHINKY-
Jisipbl Ha ctopoHbl BC' u BA. JlokaxkuTre, 9TO OCHOBAHUsI IEPIEHINKYIISPOB 00pasyor
PaBHOOOKYIO TPAIIEIIHIO.

I @eavoman

JlBa MypaBbsl IIPOIOJI3/IN KAXKJIBIH IO CBOEMY 3aMKHYTOMY MAapIIPyTy Ha Jocke 7 X 7.
Kaxaprit o3 ToIbKO 10 CTOPOHAM KJIETOK JTIOCKHU M MTOOBIBAJI B KaK10i u3 64 BepIinH
KJIETOK POBHO OJIUH pa3. KakoBO HaMMeHbINIee BO3MOXKHOE YHCJO TAKUX CTOPOH, IO
KOTOPBIM IIPOITOJI3a/Id U [IEPBbI, U BTOPOIl MypaBbU?!

A. A. Bacarascruii

Jlana kBajapaTHas TabJIUIA, B KaXKIOW KJIETKE 3allMCaHO 0 4uciay. V3BecTHO, 4TO B
Ka2K 0¥ CTPOKe TabJIMITBI CyMMa JIBYX HAMOO/IBIINX YHUCE/I PABHA (G, & B KAXKJIOM CTOJIOIE

TabJIUIIBI CYMMa JBYX HAmOOJIBINX unces paBHa b. Jlokaxkure, ato a = b.
R. B. Bapat



TPUIIATh BTOPOI TYPHUP I'OPO/I0OB

Becennnii Typ,

10 — 11 kuraccwl, cioxkublil Bapuant, 13 mapra 2011 1.

(Hror nomsoaurcst 110 TpeM 3agadam, 10 KOTOPBIM JOCTUIHY Thl HAUJLY 9IIHE PE3YJIbTATDI, 6AJIIbI 38 ILyHKTHI OJHOH
3aJ1a4d CyMMHUDYIOTCSL. )

Oa/Ibl  3aa4un

1. VY 6apona Miouxraysena ectb 50 rupb. Beca 3Tux rupb — pa3jaundnble HATYpaJIbHBIE YHUC/IA, HE
npeBocxojsire 100, a cyMMapHBIA BeC TUPh — YETHOE YUCJI0. BapoH yTBEPKIAET, YTO HEJIb3sT
9aCTh 9TUX TUPh MOJIOKUTH HA OJIHY YAIly BECOB, a OCTAJbHBIE — Ha JIPYTYIO Yallly TaK, YTOOLI
BECHI OKa3a/IMCh B paBHOBecuu. MoOryT Jin 9TH cj10Ba OapoHa ObITh MPaBmOii?

A. K. Toanwvizo

2. B mpocrpamcTBe ¢ IeKapTOBOI CHCTEMOI KOODAMHAT JAH MIPSIMOYTOJIBHBII HapaJIIe/IeIInIe/T,

6 BEPIINHBI KOTOPOI'O UMEIOT IeJI0YNCIeHHbIe KoopauHaTel. Ero obbem pasen 2011. okakure,
9TO pedpa mapaJlIe/Ienue/ia mapaaaeabHbl KOOPIMHATHBIM OCSIM.

M. U. Maarxun

3. Ot 6asnku B popmMe TPEYrOJIBHON NPU3MBI € JBYX CTOPOH OTHHIMIA (ILIOCKOH MUJIOM) 1O KYCKY.
Crusibl He 3aJ1e/I1 HU OCHOBaHWi, HA JPYT JpyTa.
3 a)  Moryr sin cumibl GbITH OZOOHBIMU, HO HE PABHBIMU TPEYTOJIbHAKAMU!
6) Moxker ju oauH CIMI GBITH PABHOCTOPOHHMM TPEYTOJLHUKOM CO CTOPOHOH 1, a Japyroi —
PaBHOCTOPOHHUM TPEYTOJBHUKOM CO CTOPOHOM 27

A. B. Illanosanos — n. a), II. B. Cepzees — n. 6)

4.  Janer N cuamx n N KpacHBIX MAJ0YEK, IPUIEM CYMMA JIJTMH CHHUX TAJJ09eK paBHA CyMMe JIJTHH
KpaCHBIX. I/ISBQCTHO, 9TO U3 CHUHUX ITaJIOYEK MOXKHO CJIOZKHUTH N—yFOHbHI/IK, 1 U3 KpaCHBbIX —
TOZKeE. BCGI"IL& JIN MO2KHO BbI6paTb OJIHYy CHUHIOIO U O/IHY KPaCHYIO IIaJIOYKU U IIEePpEKPaCUTb UX
(CI/IHIOIO — B KpaCHbIﬁ IOBET, a KpaCHYIO — B CI/IHI/IfI) TaK, 9TO CHOBa U3 CHUHHUX IIaJIOYE€K MOXKHO
Oyner cioxkuTh N-yroJIbHUK, U U3 KPacHbIX — Toxke! Permure 3ama1y
4 a) A N =3;
4 6) s HPOM3BOJILHOrO HATYpaJbHOro N, GoJbliero 3.
A. B. I'pubasxo

5.  Boxkossie cropoubt AB u C'D Tpatteniuu ABC' D siBJISIFOTCSI COOTBETCTBEHHO XOPJIAME OKPY2KHO-

creil w1 U Wy, KACAIOIIUXCS APYT APyra BHEITHUM 00pa3oM. ['pajiycHble MEPBI KACAIOIIUXCST JIyT

AB u CD pasubt « u 3. OKpyKHOCTH w3 U Wy Takzke uMmeior xopasl AB u C'D cooTBeTCTBEHHO.

Ux nyru AB u C'D, pacnosioXeHHbIe C TOi ke CTOPOHBI OT XOP/I, IYTO COOTBETCTBYIONIUE JTyTH

[EPBBIX JBYX OKPYKHOCTE, UMEIOT I'palycHble Mepbl [ U «. JJoKaxkuTe, 9TO w3 U Wy TOXKE
KaCaIOTCH.

D. A. Usaes

6. Jlama kBajparHasi TabynIEa, B KaXKJI0# KJETKe 3allMCAHO 110 YuCay. VI3BECTHO, 9TO B KarKIOU
8 CTPOKe TabJIAIBI CyMMa JABYX HAUOOJIBIINX YUCE]I PABHA @, & B KAXKJIOM CTOJIOIE TabJIUIIBI CyMMa
IByX HamOoJsibmux guces pasHa b. lokaxkure, uTto a = b.

R. B. Bapat

7.  JBe ¢pupmMbI MO OYepesE HAHUMAIOT ITPOTPAMMUCTOB, CPEIN KOTOPBIX ecTh 11 remnmes. IlepBoro
[IPOrPaMMHKCTa, KaxKiasi (pupMa BbIOMPAET MMPOU3BOJIBHO, & KasKJIbIi CJIEIYIONIUI JT0JI?KeH OBbIThH
3HAKOM C KEM-TO U3 paHee HaHATHIX JaHHOil ¢pupMoii. Eciau dupma He MozKeT HAHATH IPOrPaM-

11 MHCTa, IO 9THM IPABHUJIAM, OHA I[PEKPAINaeT IPUEM, & Jpyras MOXKEeT Mpoaosikarhk. CIHCoK
MIPOrpaMMUCTOB U WX 3HAKOMCTB 3apaHee M3BECTeH, BKI0Uas HHPOPMAIINIO O TOM, KTO TeHUMN.
MoryT s 3HAKOMCTBa OBITH YCTPOEHBI TaK, UITO (PpUPMa, BCTYIIAIONAs B UT'PY BTOPOIl, CMOXKET
HaHATh 10 reHues, Kak Obl HU JeiicTBOBaja mepBas ¢pupma’
A. B. Illanosanos
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ba3oBblil BapuaHT, Muajmue

1. [3] Tlo kpyry HanucaHbl Bce Lenbie uncna oT 1 mo 2010 B TakoM MoOpsiIKe, YTO MPU JTBUKEHUH
10 YaCOBOH CTpeEJIKE YMCIIa MOOYEPEHO TO BO3PACTAIOT, TO YOBIBAIOT. JJOKakuTe, 4TO pa3HOCTD
KaKUX-TO JIByX YKMCEJ, CTOSIIHNX PsIOM, ueTHA. (Bb. Dpenkun)

Pemienne. Eciau Bce peOpa MHOTOTpaHHUKA paBHBI, TO, OYEBHUIHO, PABHBI U BCE €T0 IPaHU, a
MIOCKOJIBKY MX HE MEHbIIE YeThIpeX, HaWIYyTCS U JIBE HY)KHbIE HAM Tapbl paBHBIX rpaHeid. Ecmm
e He Bce pedpa MHOTOTPaHHMKA PaBHBI, TO, KaK JIETKO MMOHSTh, HCKOMBIMH OyIyT Mapa rpaHei,
NPUMBIKAIOIINX K HAUMEHbIIEM pelpy, U mapa rpaHeil, MpUMBIKAIOIMUX K HanOoIbIeMy pedpy.

[TycTh Bce pa3sHOCTH PSIIOM CTOSIIMX YMCENl HEeYETHHI. Tor/a 4eTHble U HEeYETHBIE YUCIIA 110
Kpyry depeaytorcsi. Ho 3To 3HauuT, 4yTo AMO0 Ka)KA0€ YETHOE 4YMCIIO0 OOJIbLIE 000OMX COCEAHMX
HEYETHBIX, JIM0O KaXKJ0€ YETHOE YUCIIO MEHbIIIe 000UX COCEIHUX HEUETHBhIX. B mepBom ciyuae
HE HalJeTCsl MecTa Jid yucia 2, a Bo BTopom — it uncia 2010. [IpotuBopeune.

2. [4] HpsimoyronbHUK pa3omiu Ha 121 MPSAMOYTOJBHYIO KJIETKY JCCSATBIO BEPTHKAJIbHBIMU U
JIECATHI0 TOPU3OHTAIBHBIMH NPSMBIMU. Y 111 kietok mepumeTpsl nenble. JJokaxute, 4To U Yy
OCTAJIbHBIX JIECATH KJIETOK NMEpUMETPHI 1ienbie. (A. Illanosanos)

Pemenne. Ha3zoBem KieTKH, PO NEPUMETPHI KOTOPHIX H3BECTHO, YTO OHM LIEJIOYUCIIEHBI,
u38ecmHbIMU, a OCTAJbHBIE KIETKH — HeussecmuviMu. IIOCKOIBKY CTPOK U CTOJOLIOB B
nojryuuBIeiica Tabmuie — no 11, a HeM3BeCTHBIX KJIETOK Bcero 10, Mbl MOXEM OTMETUTH CTPOKY U
cTonler, B KOTOPbIX BCE KIETKM — H3BecTHble. BozbMeMm HeusBecTHyto kietky K. Jlerko
MPOBEPUTH, YTO ee nepumerp P pasen P; + P, — Py, tie P; — mepumerp KJIETKH OTMEYEHHOTO
ctonlua, crosmel B ogHol ctpoke ¢ K, P1 — nmepuMerp KJIeTKH OTMEUEHHON CTPOKH, CTOSILEH B
onHoM cronbre ¢ K, a Po — nepumerp kiieTku, CTOAIIEH Ha NMepecedeHur OTMEUEHHBIX CTPOKH U
croiomna. Tak kak Bce uncia Py, P, u Pg — nensie, uncno P — Toxe nemnoe.

3. [5] Jnuna B3pocmoro uepssika 1 metp. Eciu depBsik B3pOCbIi, €0 MOXHO pa3pe3arh Ha JIBE
YacTH B JIIOOOM OTHoIIeHUH JUTHH. [Ipu 3TOM mosTydaroTCsi 1Ba HOBBIX Y€PBsKA, KOTOPHIE Cpa3y
HAYMHAIOT PacTH CO CKOPOCThIO 1 MeTp B yac kaxablid. Korga qimHa yepBsika JOCTUTAET METPA,
OH CTAHOBUTCS B3POCIBIM W TPEKpamaer pactu. MOXKHO JIM W3 OJHOTO B3POCIOTO UYEpBSKa
noayuuTh 10 B3pOCIBIX YepBIKOB ObICTpee ueM 3a yac? (M. Xauamypsn)

1
OtBer. MoxHo. Pemienune. B momeHT 10 (vaca) oT Hayaja MPOLETYPbl OTPEKEM OT YEpBSKa

. . 1
METpa. B MomenT — ot BBIPOCIICH JJIMHHOU YaCTH OTPEKEM 2— METpa. B Moment —

210 29 9 28
OTpEKEM ? METpa, ... B MOMCHT E Ppa3peiKEM B3pOCIIOTO YCPBsIKaA IIOIOJIaM. K HCXOOy 4Jaca BCC
OTPE3aHHBIC KYCKHW CTaHYT B3pPOCIbBIMU YCPBSAMU. HpI/I OTOM OT II€PBOTO pa3pe€3aHUs IMPOILIO

TOJBKO 1 — aca.

F
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4. [5] JlaH BBIMYKJIBIA YETHIPEXyroJbHUK. Ecim mpoBecTH B HeM 0Oy AMaroHailb, OH
pa3feNuTcs Ha JBa PaBHOOEAPEHHBIX TPEYrojbHUKA. A €clii MPOBECTH B HEM 00€ AuaroHaiu
Cpa3y, OH pa3JelIUTCs Ha 4YeThbIpe pPaBHOOEAPEHHBIX TpeyrojbHUKA. OOs3aTENBHO JIM 3TOT
YETBIPEXYTOJbHHUK — KBaapat? (B. [llesskos)

OrtBet. He o0s3arensHo. Pemenne. Becem ycnoBusimM 3a7iaun yJJ0BIETBOPSET paBHOOEApEHHAS
Tpaneuusi ¢ MEHbIUIMM OCHOBaHHEM, PaBHBIM OOKOBOW CTOpPOHE, U yriiaMu B 72° mpu OOJbIIeM
OCHOBaHUHU.

5. [IpakoH 3aTo4yms B TEMHUILY pbilaps ¥ Bbiiai emy 100 pa3HbIX MOHET, OJIOBUHA U3 KOTOPBIX
BOJIIIEOHbIE (KaKie MMEHHO — 3HAEeT TOJbKO ApakoH). Kakplil 1eHb phIllaph pacKiIaibIBacT BCe
MOHETHl Ha JBe Ky4yku (He o0s3aTenbHO paBHble). Eciu B Kydkax OKaXXeTCsl MOPOBHY
BOJILIECOHBIX MOHET WM TMOPOBHY OOBIUHBIX, APAKOH OTHYCTHUT pbiaps. CMOXeT M phllapb
rapaHTUPOBAHHO OCBOOOAMUTHCS HE MO3KE, YEM

a) [2] na 50-i nenn?

0) [3] na 25-ii nenn? (Kropu no momueam A. [llanosanosa)

0) OrBer. Cmoxer. Pemenne. CHauana pas3ioXKdM MOHETHI Ha JIBE Ky4dKH: B HepBoil 49
MOHET, B BTOpoii — 51 MoHeTa. 3aTeM Kaablil AeHb OyJeM MepeKiaJbiBaTh 0 MOHETE U3 MEePBOH
Ky4KH BO BTOpyto. Ha 25-ii neHp B nepBoii kyuke Oyzer 25 MOHeT, Bo BTopoit — 75. Crano ObITh, Ha
25-ii eHp B MIepBOil Kyuke OyzaeT He Oosblie 25 (hanblMBbIX U HE O0blIe 25 HACTOSIIUX MOHET.
Ecnu Ttakas e cuTyaiyst Oblia U B TIEPBBIH JIeHb, TO TM00 (QalbIIMBbIX, JIUOO HACTOSIINX MOHET B
MEePBOIl Kyuke ObUIO POBHO 25 IITYK (MHAY€ BCErO MOHET TaM ObLI1o Obl He OoJbie 48), U polaphb
ocBoboauics cpa3y. MHaue B mepBblii JIeHh B MEPBOM Kydyke Obuto Ooublie 25 (anblIuBeIX WK
Oosblie 25 HACTOAIIMX MOHET. 3aMETUM, YTO YHUCIIO KakK (PajbIIMBBIX, TAaK U HACTOSIIIUX MOHET B
MEPBOIl Kyuke KaKIbld [€Hb MOXKET W3MEHHTbCS He Oouble, yeM Ha 1, MO CpaBHEHUIO C
npeasaymuM aaeM. [1oaTomMy B Kakoi-To U3 JHEW MEKTY MEepBbIM U 51-M unciio GambIIMBbIX WK
HACTOSIIIMX MOHET B MEPBOM Ky4Kke OyAeT paBHO 25, 4To U TpeOyeTcs.

ba3zoBblii BapuaHT, cTapuiue

1. [3] T'panu BBHIMYKJIOrO MHOTOTPAaHHHKA — TOAOOHBIE TPEYrOJbHUKH. JOKaXHTE, YTO
MHOTOTPaHHHUK MMEET JBE Mapbl paBHBIX TpaHell (OJHY Mapy paBHBIX IPaHEW U ellle OJHY Mapy
paBHbIX TpaHei). (B. [Ipous6on08)

Pemenue. Ecnu kakas-To uxX rpaHedl BXOAUT B 00€ Maphl, TO HauOOJNbIee U HAUMEHbIIEE
pebpo BxonAT B oHYy TpaHb. Ho Torna mrobas rpaHs HE MOKET ObITh OOJbIle ATOW (MHAYEe TaM
HalizeTcs Oonbiiee pedpo) U, aHAIOTUYHO, HE MOKET OBITh MEHbINIE. 3HAUUT, BCE TPAHU PABHBI,
Y HalIyTCs IBE HETIePECEKAIOIUECs Maphl PaBHBIX TPaHEi.

2. [4] Cwm. 3agauy 3 Mutainx KJIaccoB.

3. [4] Io kpyry nexar 100 6enbix kamueit. [lano nenoe uucino K B nmpenenax ot 1 mo 50. 3a xox
paspemaercsi BIOpaTh JIt0Oble K MOApsSa MAyIIUX KaMHEH, MepBbId M MOCIESIHHA U3 KOTOPBIX
Oenple, ¥ MOKPAaCHTh TEPBBI M MOCIEAHUI KaMHU B 4yepHbIi 1BeT. [lpu kakux K MoxHO 3a
HECKOJIbKO TaKUX XO0JI0B MOKpacuTh Bce 100 kamHei B yepHbIi 1BeT? (A. Beporukos)

100

Peienue. HpI/I TEX MU TOJBKO TCX, HJIA KOTOPBIX YHUCIO d = YCTHO.

HO/IL00,k —1)
[Tometum m00OW KameHb. 3areM mToOMeTHM KameHb, (K—1)-ii mo wacoBoil cTpeske Tmocie
MIOMEYEHHOTO, W Oy/leM IOBTOPSATH 3Ty MPOIEIYpPY, MOKA HE BEPHEMCS K HCXOIHOMY KaMHIO.
JIto0ble 1Ba COCEHUX MOMEUYEHHBIX KaMHs OyIyT KOHI[AMH psijia U3 K moapst uaymux KaMHeH.
[TosTOMy OTMEYEHHBIE KAMHU MOKHO TE€PEKPAIlUBATh TOJBKO B Mape ¢ oTMedeHHbIMU. CTao
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OBITh, UX yJIACTCS MEPEKPACUTh TOT/Ia U TOJIBKO TOT/A, KOT/Ia X YE€THOE YHCIIO, U 3TO YHUCIIO, KaK
HETPYAHO MpoBepHTh, paBHO d. Ocramock 3amMeTuTh, 4To Bee 100 KamHel pa3OuMBarOTCsA Ha
HOJI(100, k—1) HabopoB MOMEYEHHBIX.

4. [5] Yerslpe mNepHeHIMKYIspa, OMYIICHHBICE W3 BEPIIWH BBITYKIOTO MSATHYrOJbHHKA Ha
POTHBOIIOJIOXKHBIE CTOPOHBI, MEPECEKAIOTCs B OAHON Touke. JloKakurTe, YTO MATHIH TaKoi
HEePICHIUKYIISAP TOXE MPOXOIUT uepe3 3Ty TOUKYy. (Dorbkiop)

Pemienne. [Tyctp O — TOYKa mepeceveHus MEePICHINKYIISIPOB, OMYIICHHBIX U3 BepiuH A, B,
C u D natuyronpanka ABCDE Ha npotuBosiexkarniiue cTopoHsl. HeTpyaHo yoeauThesi, 9TO TOUKa
O He moxeT coBnanaTh ¢ BepmuHou naruyroiasHuka. [Iycte OA L CD. Torna

OA.-(OC-0D) =0, T.e. OA-OC=0A-OD. Ananoruuno u3 OB L DE, OC L EA, OD L AB
IIoJIly4yaeM paBE€HCTBa @-@zm-@, T-(T:@-m, O—D-O—Azo—D-@. Ho Torma m
OC-OE=0B-OE, r.c. OE-CB=0. 3uaunr, OE L BC.

5. [5] B crpane 100 roponoB u Heckoyibko jgopor. Kaxkmas nopora coeauHseT JBa KaKUX-TO
ropoja, IOporu He mepecekaroTcs. 3 Kaxmaoro ropoaa MOXHO 100paThest 0 JIF0OOTO IPYroro,
JBUTASCH 1O JoporaM. JlOKaXuTe, YTO MOXHO OOBSBUTH HECKOJIBKO JOPOT TIaBHBIMH Tak,
9TOOBI U3 KAXKIAOTO FOPOJIa BEIXOIUIIO HEUETHOE YHCIIO TJIABHBIX J0pOr. (4. [llens)

Pemenue. Pa3o0beM Bce BEpIIMHBI HA Mapbl U COEUHUM KaXK[yl0 I1apy CBOMM MapLIPYTOM.
[TocunTaem as Kaxxaoro pedpa kpamHuocms: YUCIO MAapUIPYTOB, B KOTOpbIE OHO Bouio. Cymma
KpaTHOCTEH JUIsl BBIXOJSIIMX M3 BEPIIMHBI peOep HedyeTHa: CBOW MapuipyT JaeT Bkian 1, a
octasibHble — 0 UK 2. 3HAYMT, U3 KaXKJI0W BEPIIMHBI BEIXOJUT HEUETHOE YHCIIO pedep HEUeTHOU
KpaTHOCTHU. VIX 1 00BSBUM BaXKHBIMHU.

2-e pemieHue. Paccmorpum rpad ropooB U JOpOTr U JOKaKEM 0 MHIAYKIMH, YTO (aKT BEpeH
IS JTF000TO CBSI3HOTO Tpada ¢ YeTHbIM uuciaoM 2K BepiwmH. [Ipu K = 1 yTBepikaeHne 04eBUIHO.
[Tycth OHO yXe JOKa3aHO Ui BceX K, MEHBINUX MaHHOTrO N. Bo3bMeM cBsi3HBII Tpad) Ha 2n+2
BEpIIMHAX U BBIIEIMM B HEM OCTOBHOE JepeBo. B 3ToM JepeBe BO3bMEM JHOOYIO BHCAYYIO
BEepIIMHY A M paccMOTpuUM BepiiMHy B, k koTtopoil oHa mnpukpemieHa. Ecnu x Bepuune B
MPUKPEIIEHO HEYETHOE YUCIIO BUCSYUX BEPIIVH, OOBSIBUM IJIaBHBIMM Bce peOpa, Beayue u3 B B
BUCSIYME BEPILUHBL, ylanuM B u 3T BUCSuMe BepLIMHBI BMECTE CO BCEM BBIXOSIIMMH U3 HHUX
pedpaMy ¥ MPUMEHUM MPEAIOoNIoKEHNEe UHIAYKIUMU K ocTaBlieMycs rpady. B npotuBHoM ciyuae
IMPUMEHUM TPEANON0KEHNE UHAYKIMH K rpady, KOTOPbIM MOTydaeTcsl ylaleHUEeM BCEX BHCAUMX
BEpIUNH, MPUKPEIUVICHHBIX K B, a moTom AgonoaHUTEnbHO O0OBSIBUM TJIaBHBIMHU Bce pedpa u3 B B
BUCSIYME BEPIINHBI.
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CJ10:KHBIH BapUaHT, MJIQ/AIINE

1. [4] MoHO 1 KaKOH-HUOY/Ib MECTUYTOJBHUK Pa30UTh OHOM MPSIMOM
Ha YeThIpe paBHBIX Tpeyronbuuka? (H. Cmpenkosa)
OTtBer. MoxkHO. CM. PUCYHOK.

2. [4] Yepe3 Hauyanmo KOOpPIMHAT MPOBEACHBI NpsMbIC (BKIIOYAs OCH
KOOpJMHAT), KOTOpBIE JENAT KOOPIMHATHYIO IJIOCKOCTh Ha yribl B 1°.
Haiimure cymmy aOCIUCC TOYEK IMepecedeHHs STHUX MpsaMbIX ¢ mpsmoi Yy = 100 — x. (4.
Lllanosanos)

Otet. 8950. Pemenne. KapTrHka cMMMETpHYHA OTHOCUTEIBHO NPSIMOK Y = X, IOATOMY
cymMMa alciucc paBHa cymMMme opAuHar. Yepe3 Hayano KoopauHaT mposeneHo 180 mpsmbix,
npsimast Y = 100 — X mepecekaer 179 u3 Hux. [nsg kaxaoit Touku Ha npsmoit Y = 100 — X cymma
koopauHat paBHa 100, 3Hauut, oOmias cymma abcuucc u opauHat paBHa 17900, a cymma
abcuucce — BABOE MEHBbIIIE.

3. [5] ¥ Gapona Mrionxrayzena ectb 50 rupb. Beca 3Tux rupp — pasinyHble HATypalbHbIE
yucia, He npesocxogsamue 100, a cymmapHbIii BEC TUpb — YE€THOE 4YUCIO0. bapoH yTBepxkaaer,
YTO HEJb3s YaCTh 3THX T'HPb MOJOXHUTh HA OJHY Yally BECOB, a OCTAJIbHbIE — HA JPYIYIO TaK,
4TOOBl BECHl OKa3aJMCh B paBHOBeCHU. MOTyT 5 3TU ciioBa OapoHa ObITh mpaBaon? (A.
Toanwl2o)

OtBer. Moryr. Pemenne. Ilycte y GapoHa rupu Bcex ueTHbIX BecoB — oT 2 a0 100.
JomycTtuM, HaMm y#anoch pasjioKUTh BCE W MOJYyYUTh paBHOBecwe. Torga paBeHCTBO
COXpaHUTCA, €CIIU BCe Beca pa3znenuTh Ha 2. OxHako rupu Becamu 1, 2, ..., 50 Tak pa3ioxuTh
HEJb3sl, TAK KaK CyMMa UX BECOB HEUETHA.

4. [6] Jokaxwure, uTo s Jt000r0 HarypaidbHOro uucia N HaWayTcs Takue B Maphbl
HATYPaJIbHBIX YKCEN, YTO CYMMBbI B Mapax OJWHAKOBBI, a MPOU3BEACHHS OTIHYAIOTCS poBHO B N
pas.
(b. @penrun)

Pemenne. Hanpumep, moznoiiayt mapst (AN —2, 1) u (2N, 2N —1) wm (N> +N, 1) u (N° N
+1).

5. [7] Han octpoyronsusliii TpeyroasHuk ABC; AAj, BB1 — ero BeicoThl. 13 Touku A; omyctunu
nepneHauKysipsl Ha npsmbele AC u AB, a u3 Toukn B; omycTunu neprneHAMKyISIpbl Ha IpsMble
BC u BA. [lokaxxute, 4TO OCHOBaHHS MEPIEHANKYIIPOB 00pa3yr0T paBHOOOKYIO TpareIHio.

(I". Denvoman)

Pemenne. [Tycte A1A; u A1A3 (B1B2 u B1B3) — meprneHnukynspsl, omymeHHble U3 TOYKU Ap
(B1) coorBercTBenno Ha npsimbie AC (BC) u AB. Kak usBectHo, Tpeyrosibhuk B;CA; momoben
tpeyronpauky ABC. Tpeyronsuuk A;CB; cooTBercTBeHHO Ton00eH TpeyroinpbHuKy BiCA;, a
3HauuT U TpeyroapHuKy ABC. ITostomy npsimbie AoB; u AB mapamnenshbl, T.e. A2BoA3Bs —
Tparnemus.
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Onyctum neprnenaukyasipel OD u OE u3 cepenunst O
otpe3ka A1B; Ha ocHOBaHMs Tpanenuu AzB; m A3Bs. Tak kak
yrael AjA2B1 u B1BoA; npsmbie, O — HEHTp OKPYKHOCTH,
OTIMCAHHOM OKOJIO YeThIpexyroiabHuka B1A2BoA;. Tloatomy D Ao
— cepenuna A;B,. Otpesox OE mapamieneH ocHOBaHUAM
tpanenun  AjAsBsBi;, m moTomy sBIsieTcs ee  cpemHei
nuHuen. 3Hauut, E — cepenuna AsBs. Takum o0pazowm, o At
tpanenus A;B,A3B; cummerpuuna ortHocutensHOo DE, w,
CJIeIOBATEIILHO, PAaBHOOOKA.

B1

A Bs E A, B

6. [10] [IBa MypaBbsi MPOMOJ3IN KaXKABIH MO CBOEMY 3aMKHYTOMY MapuIpyTy Ha JOCKe 7X7.
Kaxx1p1it o3 TOJIBKO 1O CTOPOHAM KJIETOK JIOCKH M MOOBIBAI B KaKI0M U3 64 BEpIIUH KIETOK
poBHO onuH pa3. KakoBo HamMeHbIlee BO3MOKHOE YHCIO TAaKHUX CTOPOH, IO KOTOPBIM
HPOIOJI3aJIM ¥ NEPBbIN, U BTOPOit MypaBbu? (A. 3acrasckuir)

OtBer. 16 cropon. Pemenue. [lpumep mpuBeneH Ha PUCYHKE (OAMH
MapIIpyT YEPHBIH, TPYTOil — KPACHBIN).

Oyenka. Kaxnplil 13 MypaBbeB noceTws no 64 pasnbeie cTOpoHbl. Beero
cropon 7-8-2 = 112. CnenoBaTeiabHO, IBAXK/IbI TOCCIIEHHBIX CTOPOH XOTS
o1 64 + 64 — 112 = 16.

7. [10] Jlana xBaaparHas TabJjuila, B KaKIOH KIETKE 3allMCaHO MO 4HCily. M3BeCTHO, 4TO B
KaXIOH CTPOKE TaOJMIIBI CyMMa JBYX HAWOOJBINIHNX YHCES paBHA 8, a B KaXKIOM CTOJOIE
TaOJIMIBI CyMMa IBYX HauOOJbIINX unces paBHa b. Jlokaxure, uro a =b. (R. Bapat)

Pemienne. ITycth B Tabmuiie N cTpok. Bo3bMeM B KaX10# CTPOKE IO JIBa HAMOOJIBIINX YHCIIa
Y BBIMKIIEM 3TH 2N YHCEN B MOPSJAKE BO3pacTaHWs. BBHIy paBeHCTBA CyMM B Tapbl BXOJST
HIepBOE U TIOCIIE/IHEE, BTOPOE U Tpeanocieanee u 1.4. OrMeTuM B Tabnuie N+1 HanOOIbIINX K3
BBIMUCAHHBIX uuced. [lo mpuHnuny Jlupuxie HaWIyTcs OBa OTMEYEHHBIX YHCIA B OHOM
croubiie; ux cymMmy obo3HaunM uepes S. ITo ycrmoBuio, S <b. C apyroii CTOPOHBI, S HE MEHbIIIE
CYMMBbI JIBYX HAaWMEHBIINX M3 OTMEYEHHBIX YHCENI, a 3TO KaK pa3 IeHTpaJbHas Mmapa u3
BBIITUCAHHBIX YHCEI, U €€ CyMMa paBHa a. 3HauuT, a < S<D. AHaIOTHYHO AOKA3bIBACTCA, 4TO b
<a.

2-¢ pemenne. [lycte a > b. Uucna B Tabnuie, He MeHbIIME /o, HAa30BeM Gorbuiumu. B
Ka)XJIOM CTOJIOIE He OOJIbIlle OHOTO OOJBIIOrO YHCIa. B KaXI0l CTpOKe HE MEHbBIIE OIHOTO
6oubItioro uncna. Toraa Bcero B Heil He OOJIbIIE U HE MEHbIIE, YeM N OOJBIIMX YHCEI, TO €CTh
UX POBHO N, TPUYEM B K@KIOH CTPOKE M B KaXKIOM CTOJIOLE POBHO MO OJHOMY OOJBIIIOMY
yucity. ITycTh X — HauMeHbliiee 6OMbIIoe Ynuciio. B ero crpoke HaiaeTcs 9ucio a — X, KOTOpoe
HE SIBIIICTCSA OONBIIMM. B CTONOIE MOCTIeTHEr0 HalaeTcss OOJNBIIIOE YUCIO0, OHO HE MEHBIIE X.
Mpbl HanniM CTOJOEI] W JIBAa YKMCIa B HEM, CyMMa KOTOPBIX HE MEHbIIE 8, TO eCTh OoJbiie .
IIpotuBopeune.
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CJ10:)KHBIH BADHAHT, CTApUINe
1. [4] Cm. 3agady 3 cTapimx KJIaccoB.

2. [6] B mpocrpaHcTBE C JE€KapTOBOM CHCTEMOW KOOPAMHAT JaH MPSIMOYTOJIbHBINA
napasuiesienune/l, BEpIIUHbI KOTOPOr0 UMEIOT LeNOYHCIeHHbIe KoopauHaThl. Ero o0beM paBeH
2011. Jloxaxurte, 4to pedpa mNapawienenuena NapajieabHbl KOOPAWMHATHBIM ocsM. (M.
Mankun)

Pemenue. [To Teopeme [Tucaropa nnuas pedep paBHbI Ja , Jb , Jec ,raeuncia as<b<c —
HaTypaibHbI. Torna kBagpar oobema 201 12 = abc. [Tockonbky 2011 — pocToe yucno, To a =
1. Idus b u ¢ Bo3moxusl aBa ciaydas: b =1, ¢ = 2011 wimm b =c¢ = +/2011. Pebpo mmunsn 1
UJIET, OYCBHIHO, 1O JIMHUKA CeTKH. B cmydae @ = b = 1 pebpo C mepneHIUKYIIPHO IBYM
JIMHUSIM CETKH U [TO3TOMY TOKE MJET 10 ceTke. B cimydae b = ¢ pebpa b u ¢ nexar B rtockocT,
NepHeHuKyIsapHoi nTuHUM ceTku. Ho Torma 2011 momkHO mpeacTaBiAThCA KaKk cymMMa JIBYX
kBaaparoB. OgHako 2011 mmeer octaTok 3 1o Moaynto 4, a [uisi CyMMBbl KBaJpaToOB Takoe
HEBO3MOYKHO.

3. Ot Ganku B (opMe TPEyroibHON MPU3MBI C JIBYX CTOPOH OTHHIWIM (TUIOCKOW MHIION) MO
Kycky. CIujibl He 3ae7Ti HU OCHOBAHHI, HU APYT Jpyra.

a) [3] MoryT a1 criuiibl ObITH MTOI00HBIME, HO HE PABHBIMH TPEYTOJIbHUKAMU?

0) [4] MoxeT 11 0uH ciuI ObITh PABHOCTOPOHHHUM TPEYTrOJIbHUKOM CO CTOPOHOH 1, a apyroi
— PaBHOCTOPOHHHM TPEYTOIBHUKOM €O CTOpOHO# 27 (/1. Cepeees (0), A. [llanosanos (a))

a) OTBet. MoryTt. Pemenne. Bo3bMeM HepaBHOCTOPOHHHMIA TPEYTOJILHUK T ¥ BHIOEPEM B HEM
JIBE pa3nuuHble CTOpoHB A& W b. Bosemem Tarke Ttpeyroiapuuk U, momoGHbii T ¢
kodpdumuentom /. IlpucTaBuM MX APYr K APYry CTOPOHAMH JUIMHBI A TaK, YTOObI OHU HE
JeXaau B OJHOM TmockocTd. J[Be CBOOOJIHBIE BEPIIMHBI STUX TPEYTOJBHHUKOB 3aJ1al0T
HampaBlieHue OOKOBOTO pedpa MPU3MbI, KOTOPOE CAENAEM JOCTATOYHO OOJBIINM, YTOOBI TPH3Ma
uMela HemepeceKarIuecs ceuenus, papabie T u U.

0) OrBer. He moxet. Pemenne. [Tpeamnonoxum, 4To TaKUe CIUIIBI MOIYYHINCH. PacCTOsTHUS
MeXIy OOKOBBIMH peOpamMu TMpPHU3Mbl HE TMPEBBIIAIOT JJIMHBI CTOPOHBI TPEYTOJbHHKA,
COEUHSIONIEH TOYKH Ha ATHX pedpax, To ecTb He Oonbiie 1. Byaem cuutarh, 94T0 OOKOBEHIE
pebpa unyt BepTukanbHo. [IpoBeneM depe3 BepIIMHBI OOJBIIETO CHHJIA TPU TOPU3OHTAIHHBIC
I10CcKOCTH. [IycTh BTOpas MIOCKOCTH JEKUT MEXKAY MEPBON U TPEThEH, U PACCTOSHUSA OT HEE 10
JIBYX Apyrux paBHbl @ u D. Torma cTOpoHBI OOJBIIOTO TPEYroNbHUKA CTAHYT JHATOHATSIMU
MPSIMOYTOJILHUKOB IIIUPHUHBI, PaBHON pPACCTOSIHUIO MEXIY COOTBETCTBYIOIIUMHU OOKOBBIMHU
peOpamu, a BBICOTHI paBHbI @, b 1 a + b. Ho ecnu mmpuHa npsiMOYroJibHUKa C BBICOTOM @ HE

Oospiie 1, a ATMHA AMAroHaIM paBHa 2, TO a > \/§ Amnanoruyso b > \/§ . Ho Torma BrIcoTa
TPETHETO MPSMOYTOTHHHIKA
a+b>243 > 2, Tem Oouee ero nuaroHainb Oonbiie 2. [IpoTuBopeune.

4. Taubl N cunux u N KpacHBIX Hajioyek, IpUYeM CyMMa JJIUH CHHUX HalOYeK paBHA CyMMe
JUIMH KpacHBIX. MI3BECTHO, YTO U3 CUHUX MaJ0YeK MOKHO CIOXKHUTHh N-yroJbHUK, U U3 KPACHBIX —
Toke. Bceria au MOXHO BBIOpaTh OJJHY CHHIOIO M OJIHY KPAaCHYIO MAaJOYKH M MEPEKPacUTh UX
(CHMHIOIO — B KpaCHBIN I[BET, a KPAaCHYIO — B CHHMI{) TaK, YTO CHOBA M3 CHHUX MaJOYEK MOXKHO
Oynet cnoxuth N-yrojapbHHK, U U3 KpacHbIX — Toxe? Permmre 3a1aqy

a) [4] nna N = 3;

0) [4] s mpousBosibHOTO HaTypaibHOTro N, Gombiiero 3. (4. I pubanxo)
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a) OtBer. He Bcerna. Pemenne. [Tycts mmnabl cunux nanouek 12, 17, 20, a kpacHbIX — 2, 23,
24. TlockonbKy €IWHCTBEHHass Tapa C pPa3HOCThIO MeHbmie 2 — 3710 (23, 24), a mocne
NepeKpalIMBaHus Majoyka 2 TMOMajeT B JPYrylo IO COCTaBy TPOHKY, TO B HEH pa3HOCTb
HanOOJIBIIIUX CTOPOH OyAeT OOJIbIIE 2, M TPEYTOJIbHUK CJIOKUTH Oy/IeT HeIb3sl.

0) Oreer. He Bcerma. Pemenme. Ilycte kK = N — 2. IlycTh AIHHBI ABYX CHHHX IAIOYEK
paBubl 12K +5 wu 24k — 4, a mmunbl ocTanbHBIX K paBHBI 12; JUIMHBI ABYX KPAaCHBIX MalOYeK
paBubl 24K — 1 wu 24K, a IMHBI OCTAIBbHBIX PABHBI ’l. Ecou nepeKpalieHa ofaHa U3 JIIMHHBIX
KpPacHBIX MaJloueK, TO Pa3HOCTb MEXAY MOJYYUBIIMMHUCA JUIMHHBIMH KPAaCHBIMH Iaj0YyKaMu
GOIBIIE 2, ¥ NIANOYKAMH JUIHHBI 2y e¢ He MTOKPBITb.

IlycTh cuHel crana majoyka 2/k. Ecnu manouka mmnel 24K — 5 ocranach CHHEH, TO cymMMa
OCTaJIbHBIX CHHUX HE IPEBOCXOIUT 2l + 12(k — 1) + 12k + 5 < 24k — 4. Ecnu manoyka JUIHHBI
24k — 4 crana kpacHOM, TO HauOOJbIIeH CHHEH cTaja mamouka MiuHel 12K + 5, HO cymma
OCTaJIbHBIX CHHUX paBHa 12K + ’ly < 12k + 5. B o6oux CIy4yasX CUHHUM MHOTOYTOJBHUK HE
CKJIa/IbIBAETCSI.

5.[8] bokowie ctoponsl AB u CD tpamenuun ABCD sBIsIOTCS COOTBETCTBEHHO XOpJaMu
OKPY)KHOCTEH 1 M 7, KacawIIUXCs Ipyr JApyra BHEUIHUM oOpa3zom. ['pamycHble Mepbl
kacatomuxcst 1yr AB u CD paBubl o 1 3. OKpy>KHOCTH ®3 U ®4 Takke umeroT xopasl AB u CD
cootBercTBeHHO. Mx nmyru AB u CD, pacnonokeHHble ¢ TOMl e CTOPOHBI OT XOpH, 4YTO
COOTBETCTBYIOIIUE JAYTU TMEPBBIX ABYX OKPYKHOCTEW, HMEIOT TpajyCcHble Mepsl [ H O
JIOKaXKuTe, 4TO (3 U (4 TOKE KacaroTcs. (D. Henes)

Pemenue. Ilycte O — Touka mepeceuenus npsmbix AB u CD, Qi u Q) — okpyKHOCTH,
CUMMETPUYHBIC 1 U ®7 OTHOCUTENBHO OuccekTpuchl yria AOD. PaccMoTpuM OKpyKHOCTH (4 U
Q3, momyueHHbIe U3 (21 U (2 UHBEPCUEH OTHOCUTEIHHO OKPYKHOCTH € LieHTpoM O u pagmycom

R = JOA-OC = J/OB-OD. Onu, oueBuano, Kacarorcs. [Ipu 9ToM (4 IPOXOIUT Yepe3 TOUKH
C u D u moxer ObITh moyueHa U3 (1 He TOJBKO MHBEPCHEH, HO U TOMOTETHEN ¢ LEHTPOM U
kodpduurentom OD:OA = OC:OB. Iloatomy rpanycHas mepa nyru CD B (24 paBHa o. Cneno-
BaTeNbHO, ()4 COBIA/IALT C (4. AHAIOTUYHO (23 COBIA/AET C (3.

6. [8] Cm. 3amauy 7 Myaainux KiaccoB.

7. [11] [IBe ¢upmbl Mo ouepeay HAHUMAKOT MPOTPAMMHUCTOB, CPeAM KOTOpBIX ecTh 11 Bcewm
13BeCTHLIX reHueB. IlepBoro mporpaMMucTa kaxjas ¢pupMa BbIOUpaeT MPOU3BOJIBHO, & KaXIbIi
CJIEAYIOIIUI T0JKEeH OBITh 3HAKOM C KEM-TO M3 paHee HaHATHIX JaHHON ¢upmoii. Eciu ¢pupma
HE MO)KET HaHATh [IPOrPaMMHUCTA 110 3TUM IIpaBUJIaM, OHA MPEKPAIIAET MPUEM, A IPYTras MOXKET
npogorkark. CHHCOK NPOrpaMMUCTOB M KX 3HAKOMCTB 3apaHee u3BecTeH. Moryr i
3HAKOMCTBa OBITh YCTPOEHBI TaK, 4TO (hrpma, BCTyMAIOWIasi B UTPY BTOPOM, CMOKET HaHAThH 10
TeHUEB, Kak Obl HU JeiicTBOBana nepsast pupma? (4. [llanosanos)

OtBer. Moryr. Pemienne. IlycTe MHOXECTBO NPOTrpaMMUCTOB OMMCHIBAETCS MHOKECTBOM
BCEBO3MOXKHBIX CTPOK U3 11 HeoTpuuarenbHbIxX 1enbIX yncen ¢ cyMMoil 100. I'ennn — te, y koro
BCE 3TH YMCJIa, KPOME OJHOTO — HyJeBble (a HeHynaeBoe paBHO 100). ScHo, 4Tto reHues poBHo 11.
OOBsABUM 3HAKOMBIMH T€X, Y KOTOPBIX JIBE “KOOpIMHATHI” OTIM4YatoTcs Ha 1 (oxHa Oosblie Ha 1,
Jpyras MEHbIIIE Ha 1), a OCTalbHbIE COBIA/IAIOT.

[Tokaxxem, kak Bropoit ¢pupme HausaTh 10 renuen. [lyctb A = (A1, Az, ..., A11) — TIepBBIi,
HaHAThIN [lepBoii pupmoii. B 3T0it cTpoke ecth uncno He MeHbile 10 (myctb 3To Agp). Torma
Bropas ¢pupma momkHa HaHaTh porpammucta B = (Ap+ 1, Ao+ 1, ..., Ao + 1, A3 — 10).

[Tycte Mi = max C; mo BceM cTpokaM mporpaMMHUcTOB C, HaHATHIX HA JaHHBIH MOMEHT
Bropoii ¢upmoii, a m; — to xe, Ho 1 IlepBoit pupmel. Hanss B, Bropas ¢upma obecnieunia
HepaBeHCTBO M; > m; s kaxkaoro 1 < 10. Ecmu Bropas ¢upma cMOXeT MOIICpKUBAThH
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CBOMMH XOJaMHU TaKHUE HEPABEHCTBA, TO OHa paHbiie [lepBoit pupmer qocturaer M; = 100 (mpu
Bcex 1< 10), To ecTh HaiimeT TeM cambiM 10 renues. [TokaxkeM, moueMy 3T0 BO3MOKHO.

W3-3a HEoOXOOUMOCTH HAaHMMAaTh 3HAKOMBIX IlepBas (upma MOXET Ha KaXKIOM XOAy
yBEIUYUTH HE Oosiee oxHoro u3 uucesn M; (i < 10), mpuyem He Oosiblile, 4eM Ha 1, TO €CTh, TOIBKO
OJHO M3 M; MOXKeET «morHaTh» M. ITycTh Takoe paBeHCTBO ciyuminock, 1 M; = m; = d < 100.
3naunt, Bropoii ¢upmoii yxe Hansra crpoka S ¢ S; = d. Tak xkak d < 100, §;> 0 s
Hekoroporo J #i. ITycts T —3nHaKkomslid S, y kotoporo T;=S;+ 1, Tj=S5;— 1. Tak kax
Ti >Mi.u T; >m;., T eme nukeM He HaHsAT. Hansas T, Bropas ¢upma yBennuut M; 1 BOCCTaHOBUT
HepaBeHCTBO M; > m;.

PasernctBo mM; = M; = 100 HEBO3MOXKHO, Tak Kak i-¢ 4ucio paBHO 100 TOJBKO y OJHOM
cTpoku. Ecnu paBeHCTBa He CIy4ymiioch, TO Bropas ¢upma MoKeT OTBETHBIM XOJOM YBEIHYUTH
Ha 1 mo6oe M; <100 (mis i< 10). Eciau takux M; HeT, To 10 reHUEB yKe HAHSATHI.

2-e pemienue. Kpome renues Gy, ..., Gi1 paccmotpum 11 karoueswix mporpammuctoB Ky, ...,
Ki1. Coemunum kaxayto napy (Gi, Kj) yenouxoii u3 70 + rij psdosvix nporpaMMHUCTOB, e Fij —
ocTaTtok otT jgeneHus | — j Ha 11 (“BHyTpeHHHE” WICHBI I[CTIOYEK 3HAKOMBI TOJBKO C IBYMSI
CBOMMH COCEJISIMHU 10 LIETIOYKE).

[ToxaxkeM kak aeiicTBoBaTh Bropoii pupme.

1) ITycte IlepBast pupma BHayalle HAHUMAET OJHOTO U3 KIFOUEBBIX MPOrPAMMUCTOB (B CHILY
CUMMETPUU MOXHO cuutaTh, 4To 3T0 Kj). Torma Btopas ¢upma nanumaer Kj, koTOpbIi
HaxoauTcs Oaudice ¥k Gy, ..., Gi1, yem K. [lostomy ecnu IlepBast pupma nibiTaercss JBUTATHCS 110
“cBOMM’” LIETIOYKAM K OJTHOMY M3 3THX I'€HHEB, TO BTopas dbupma, 1BUTasICh K TEM K€ TeHUSM, €€
onepexaer. Ecnu ke [lepBas ¢pupma nbitaercs nuratbest K Gp (Ha 4to e Hy)kHO He MeHee 71
xoJ1a), To BTopas ucnonb3yer 3T0 BpeMs [UIsl YMEHbILIEHUS BCEX “pacCTOSHUI 10 OCTANbHBIX|
reaueB 10 70 (s sToro ei HyxHo He Oojee 2 + ... + 11 = 65 xonoB). IloaToMy ropaszmo
panbine, yeM [lepBast pupma cMOXKeT MCMONB30BaTh BEAYIIME K TeHHUSIM Ooliee KOPOTKHE Iie-
nouku, Bropas Oynet ee onepexars Ha 10 “HanpaBieHusx”.

2) Ilycte IlepBast ¢upma BHauyane Hanumaer G;. Torma Btopas ¢upma nHanumaer Kj.
[Tpexxne, yem IlepBast pupma cMokeT HaHATH KIIOUEBOTO MPOTpamMMHCTa (TOJIBKO 4Yepe3 HEro
MO>KHO BBIITH Ha Jpyroro renus), Bropas, kak u B 1-M ciiyuae, cMoxkeT yKOpoTuTh 10 memodex
1o 70 u cHoBa onepeaut [lepByto.

3) Haxoneu, nycts IlepBas ¢upma BHauane HaHMMAeT PSIOBOTO MPOTPAMMHUCTA U3 IIETIOYKH,
coequnsmonieit K ¢ Gi. Torna Bropas ¢dupma Hanumaet Kj. [1epBoit octaercst TOJIbKO ABUraThCs
K Gj 1 momy4aercs yxyameHHsld (i [lepBoit pupmsl) 2-if cinyuaii.
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TPU/IIIATH BTOPOIl TYPHIP I'OPO/IOB

11 xnacc, yerasrit Typ, 17 mapra 2011 .

1. B psan BeL1o2KeHO n MOHeT. JIBa MIpoka I10 oYepeu BLIOMPAIOT MO-
HETY W IepeBOpadmBaioT eé. PacriosioykeHune opJioB U peliek He JI0JIZKHO
OBTOPsATHCs. [IponrpeiBaeT TOT, KTO HE MOXKET cjejaTh xoi. KTo u3 wur-
POKOB MOYKET BCEr/Ia BBINTPHIBATH, KAK Obl HU UI'PAJI €r0 COMEPHUK !

b. P. Qpenkun

2. Ha nocke manmcanbl 49 HaTypaJbHBIX dncesl. Bee nx monapHble cyM-
MbI pa3jndHbl. /lokaxkure, aTo HambosbIee u3 duces dosbiine 600.
b. P. Openxun

3. Jlanbl Tpu nommapHO NepeceKalommuxcd Jgyda. B HeKnit MOMEHT BpeMe-
HU 110 KazK/IOMY JIY4y U3 ero HadaJjla HauuHaeT JIBUTaTbCd TOYKA € MOCTO-
SIHHOIM CKOPOCTBIO. VI3BECTHO, UTO 9TH TPU TOYKH B JIIOOOI MOMEHT BpeMe-
HI 00pa3yIoT TPEYTOIbHUK, IPUYEM IIEHTP OMUCAHHOW OKPYKHOCTH 3TOTO
TPEeYTOJIbHUKA TOXKe JIBUZKETCS PAaBHOMEDHO M IpsMoJmHeitHo. BepHo s,

YTO BCE TU TPEYTOJbHUKHU OM00HBI JPYT APYTY?!
@. K. Hunos

4. TTonMHOXKECTBO CTYIEHYIECKONH I'PYIIIBI HA30BEM U0eaNbHOl KOMNA-
nuet, eciim
1) B 9TOM TIOJIMHOKECTBE BCE JIEBYIIKHA HPABATCSA BCEM FOHOIIAM;
2) B 9TO TOJMHOYKECTBO HeJIb3sl HUKOTO JI0OABUTE, HE HAPYIIUB yCI0BHE 1.
B mekoit rpymme yuarcsa 9 cryaeHTok u 15 crymentoB. CrapocTa TPYIIIBI
COCTaBMJI CIIMCOK BCEBOSMOXKHDBIX HJCaJ/JIbHbIX KOMIIAHUU B ITOHN I'DYIIIIE.
Kakoe nanboJibiee 4nc/io KOMIAHAA MOLJIO OKA3aThC B 9TOM CIIICKE?

A. A. Kasuko, B. @. Meavruros

. Haiiniure Bce Takme mapbl HaTypaabHBIX Yucea a U b, 9T0 a
5. Ha e BCe TaKue IIa aTypa ce b, aro a'® + 1
nesmrea Ha b9 1 b19%° 4+ 1 nesmrea na .

M. B. Mypawrun

6. Ha mtockocT pacrosioykeH ImeHTpaIbHO-CUMMETPUYHBIN BBITYKJIbIT
MHOTOYTOJIbHUK ILIOMA 1 1 1 jiBe ero Kornu (KazK[ast oIy YeHa U3 MHOTO-
YIOJIbHUKA HEKOTOPBIM MapaJlIe/IbHBIM [epeHocoM). V3BecTHO, 9To HUKa-
Kag TOYKa IJIOCKOCTU He IMOKPBITa TpeMsi MHOTOyTOJIbHUKaMu cpazy. Jloka-
JKHATE, 9TO 00IIast ILJIOIIA b, IIOKPhITass MHOTOYTOJIbHUKAMU, He MEHbIIE 2.

U. U. Boedanos



TPUIIATh BTOPOI TYPHIP I'OPOJIOB 11 knacc, yctublit Typ, 17 mapra 2011 1.

Permrennsa 3amad.

1. OrBer: EePBBIil UTPOK.

IIycTnb mepBbIit UTPOK BCerjia MEePEKJIaIbIBAET OJIHY U TY Ke MOHeTy. Torjia oH Bcerjia CMOXKET CeIaTh X0/ U, 3HAYUT, BHINTPACT.
JeficTBUTE/IbHO, HA30BEM PACIIOJIOXKeHUE (OPJIOB U PelleK) YETHBIM UJIM HEYETHBIM B 3aBUCUMOCTH OT TOIO, B CKOJIbKUX IO3UIUAX
OHO OTJIMYAETCS OT HAYAJIBHOrO. IlepBbIit HTPOK BCErja MEepexXOIuT OT UYETHOTO PACIIOJIOKEHHS K HEIETHOMY, BTOPOHl — HA0OOPOT.
Eciiz nepBbIit UTPOK [IEPEXO/IUT K PACIIOTIOKEHHUIO, KOTOPOE YK€ IOSBJIISAIOCH, TO IOJYyYUTh €r0 PAHbBIIE MO TOJBKO OH CaM, IPUIEM
[epeBOpadmBasl Ty YK€ MOHETY. SHAUNT, y2Ke MOsIBJISITIOCh M PACIOJIOKEHNE, U3 KOTOPOro OH JIEJIAET X0, — IIPOTHBOPEYHE.

2. Bce 49 umcen pasjumvHbl, MHAYME CYMMBI JIBYyX U3 HUX C TPETBUM OJIMHAKOBLI BOIpeKu ycjaoBuio. IlycTh aq,...,aq9 — 4Unucna
Ha JOCKe, 3aHyMepOBaHHbIe B HOPsIKe Bo3pacTaHus. Eciu a;41 — a; = @j41 — @ IPU KAKUX-TO ¢ < J, TO Gjq1 + aj = ajy1 + a;,
YTO BO3MOXKHO JIIIb B ciaydae j = i + 1 (Torga cymma ciieBa He siBJisieTcs IonapHoii cymmoit). Takum o6pazom, cpeau paszHocreil
COCEJIHUX 110 BeJIMUHMHE YHCeJI HA JIOCKE OJMHAKOBBIMU MOI'YT OBITH JIAIIb JIBE COCEJHUX. SHAYUT, CyMMa BCEX ITUX pasHocTeil (T.e.
Pa3HOCTh MeXKJLy HambOJIBIINM ¥ HAUMEHBIINM dnciaoM) He MeHbie 2 - (1 4+ 2+ ... 4+ 24) = 600. Tak Kak HaUMEHbIIIEe U3 TUCEN HA
JOCKe He MeHbIe 1, To Haubosbiee He MeHbIne 601.

3. OrBer: BepHO.

[epeiiiém B cucremy orcuéra, CBsi3aHHYIO ¢ TeHTpoM O onmcaHHON OoKpyKHOCTH Tpeyroiabanka ABC. B atoit cucreme Toukn
A, B, C TakxKe JIBUXKYTCs IPSMOJMHEHO U PABHOMEDHO; 3HAYNT, €CJIM OJHA M3 HUX [IOKOMTCH, TO U BCe TPU IOKOATCs (MHAYe
paccrostaust 10 HuX oT O He OyJIyT BCE BpeMsl DaBHBI), U 3ajada pereHa. VTak, MOXKHO CIMTATh, UTO BCE TPU TOUYKHU JBUKYTCS 10
psIMBIM @, b, c.

Kgagpar paccrostHusi OT TOUKH, JABUKYIIEHCS CO CKOPOCTBIO v MO TPIMOM, Haxojsdieiics Ha paccroguun d or O, B MOMEHT
Bpement t paser v2(t +m)? + d? (tme m — mexas kKomcranTa). Tax Kak paccrosuus ot Todek A, B, C' 10 O 0fHHAKOBLI B KasKIblif
MOMEHT BPEMEHU, COOTBETCTBYIOIINE KBAJIPATHBIE TPEXUJICHBI JJIS HUX DABHBI B OECKOHETHOM YHCJIE TOYEK — a 3HAYUT, PABHBI
110K03bduIeHTHO. IIpupaBHIBas IOCIEI0BATENFHO KOIb@HUIMEHTH! IpK 2, t U 1, HosIydaeM, ITO BEJHUHHBI U, M U d JJIs BCeX
TPEX TOUYEK paBHBI. TOrIA, eC/IN «IIPOJIOJIKUThY JIBUXKEHUE TOYEK HA OTPUIATE/IHBHOE BPEMsI, TO OISThH Ke paccrosiius oT O 70 Bcex
TPEX TOYEK OYIyT paBHBIL.

[TockosbKy 3HaveHust d U m JJTsl BCEX TOYEK PABHBI, BCE TOUYKU OJHOBPEMEHHO OKA3BIBAIOTCS B OCHOBAHUS MIEPIEHIUKYIAPOB 13 O
Ha TpsiMble a, b, ¢ omHoBpeMenHo. iy 3aTem Bee Jiyun, nposeiéuabie n3 O B HAIIM TPU TOYKH, BPAIIAIOTCS B OJTHOM HAIIPABJICHUMN,
TO BCE TPEYTOJbHUKU MOBOPOTHO-TOMOTETUYIHBI, & 3HAYNT, MOJ00HbI. Hadue, ckaxkem, jyunm B Toukn A m B BpaImaioTcs B OHY
CTOPOHY, a Jiyd B Touky C' — B JIpyTryIo.

[TycTh opna u3 npsaMbIX , b (CKazKeM, a) HepeceKaeT IpAMYIO ¢; U3 cumMeTpun, To9Ku A u C' OJHOBPEMEHHO IPUXOJAT B TOUKY
nepecedenusi ¢ U ¢. Ho 310 3HAYUT, YTO B MCXOMAHON CUCTEME OTCYETA OHU TOXKE JOJIKHBI ObLIA BCTPETUTHCS; MOCKOJIBKY JIyUH,
[I0 KOTOPBIM OHU JIBUTAJIMCH, [EPECEKAIOTCs (& JIOMOJHUTE/bHBIE K HUM — HET), TO 9TO HPOMU3O0IIIO B IIOJOKUTEILHBIA MOMEHT
Bpemenu. Ho 1o nmporuBopeunt yciosuio. Hakonerr, eciin mpsiMble @, b, ¢ apaJuleIbHbl, TO JIBE U3 HUX COBIAJIAIOT. TOraa TOUYKH,
JIBUTABIIIUECS 110 HUM, BCTPEYAJIMCh B OCHOBAHUU IEPIIEHIUKYJIAPa U3 TOYKH (O, 9TO HEBO3MOXKHO II0 TE€M K€ IIPUINHAM.

4. 3aMeruM CHadaJja, 9TO UICAJbHBIX KOMIAHWI He OOJIbIIe, 9eM KOJUIECTBO PA3JIMIHBIX ITOAMHOYKECTB JIEBYIIEK — KayKI0e
TAKOE IOJMHOXKECTBO €CJIU U JIAeT UJICAIbHYI0 KOMIIAHUIO (BMECTE C KAKMMU-TO IAPHSMHU ), TO TOJBKO OJHYy (HaJ/0 NpPOCTO J100aBUTDH
BCexX MapHeil, KOTOPBIM HPaBATCA BCE 3TH JEBYIIKH). SHAYAT, KOMIaumii #e 6ospmre 27 = 512.

[IpuBeem mpumep, Korja Kommauuii poao 512. IlycTs mectn oHOMAM U3 IATHAIIIATH HE HPABUTC HU OnHA JeByiika. Ocras-
MAXCA JIEBSATH IOHOIIEH 3aHyMepyeM ducjamMu oT 1 jio 9, u jeBymiek ToxKe. IlycTh 10HOIE ¢ HOMEPOM % HPABATCS BCE JIEBYIIKH,
kpome i-it. Torma 060l HerycToll HAbOp JEBYIIEK JaeT UICAJNLHYIO U3 JEBATH YeJIOBEK (HaJ0 M0OABUTH IOHOIIEH ¢ HOMEpaMHU,
OTJIMYHBIMU OT HOMEPOB JIEBYIIIEK ), B YACTHOCTH BCE JIEBYIIKU OOPa3yOT UIECATHHYIO KOMIIAHUIO; yCTOH HAOOP JIEBYIIEK TOXKE JAeT
AIeaJIbHYI0 KOMIIAHUIO — 3TO Bce 15 1oHOMIeH.

5. Ecoiu a = 1, ro, oueBuzno, b = 1; npu srom napa (1, 1) noxxomur. Ocranocs pazobpars ciaydaii a,b > 1. 3amerum cpasy, 4ro
a 1 b B3aUMHO TIPOCTHI; IIyCTh a > b.
Yucno A = a0 4 p1000 4 1 = 1000 4 (H1000 4 1) nesmures wa ab?; anamorwano, A gemures na b%19, a m3 Bzammmoit TIPOCTOTHI —

u Ha nx npomssemenue. Utax, al000 451000 11 > ¢619p619 4 spaamr, 100! > 2¢1990 > 6190619 g 382 > 4519, C mpyroit cropomsr,

p1o01 > p1000 4 1 > 619 Prak, p1001-382 . 619:382 > 3619619 o 1001 - 382 < 6192 — nporuBopedne.

1 1
000 + b 000

Ipumedanme. MoKHO GBIIO PACCYKIATH HEMHOTO Mo-apyromy. Ilomyums mepasemcrso a®'%b%1? < ¢ + 1, 3amMedaeM, YTO

a®1951 < 24'0% (rak xak mpm HaTypambHBIX @ > b, oueBmmno, 'Y Menpme ' xora 6br Ha 2). Iycrs ¢ = b®. Torma poLoatl)  9pt000a

Jlorapudmupyst, nmosyuaem 619(a + 1) < log, 2 + 1000c. Taxk kax b > 2, 1o log, 2 < 1, n u3 upeapaymero nepasencrsa 618 < 38la,
619-618
T. €. v > %. Ho Torma a® > b ss1 > p100% > p1000 4 1 TIporusopeune. Suaunt, mu6o a, 160 b pasHO 1. JIETrKo BHIETH, YTO MOIXOIAT

TosbKo mapa (1, 1).

6. O6o3HauMM JaHHBIE MHOTOYTONBHUKN M, Ms, Mz, nx nenrpsl — O1, Oz, O3; Takke 00603HaunM depe3 1;; TepecevdeHne
MmuoroyronsHukoB M; u M (scmo, uro MHoroyronnuuku 1;; momapHO He mepecekarorcs). Torma cepemmma Oq12 orpeska 010
SABJISIETCS TIEHTPOM CUMMeTPHUH, nepeBofsdiieit My B Msy; 3HAYMUT, 3Ta TOUKA — IEHTP CUMMETPUN MHOTOYTOJIbHUKA T1o.

VTBep:Kienne 3aJa9i PaBHOCHIBHO TOMY, YTO CyMMa ILIOIIaJell MHOrOYroJabHUKOB 1j; He mpesocxoauT 1. Eciu onun u3 Hux
(craxkeM, Th3) IyCT, TO yTBEpXKJIeHNE 09eBUIHO, 100 113 1 T12 PACIOIOXKEHBI BHYTpH M1 U He IepeceKaloTcsl.

B npoTuBHOM ciydae pacCMOTPUM MHOIOYTOJIBHUK Thq, HOJydeHHbIH u3 Ths cummerpueii orHocuTe bHO O1z. ITocKoIbKY 3Ta
cummerpust mepeBogur My B My, a Tio — B cebst, MHOTOYTOJMBHUK Ty JiesKUT B M7 1 He nepecekaercs ¢ Tha.

3ameTnM, 9TO MHOrOYTOJbHHK M3 He HepecekaeTcss ¢ MHOIOYyTOJIbHUKOM MY, cuMMeTpuaHBbIM €My OTHOCHTeNbHO (O1g; MHATE
3TOMYy IIepeceveHrIo TPUHAJJIeKaau Obl JBe cuMMeTpudHble Toukn A u A’, a 3Ha4uT, U cepeAydHa OTPE3Ka MeXK/ly HUMH, TO €CThb



O12. Ho O12 nexur B Th2 u, 3Ha4MT, He JieskuT B M. Utak, Ms u M} He nepeceKaroTcsl, a 3HAUNT, He [IePECEKAIOTCs U JIesKAIlue B
HUX MHOTOYroJbHUKA Ti3 1 Ths.

Nrak, Bce TpH HELEPECEKAIONUKCA MHOTOYTOIbHUKA Tha, Th3, Ths Jekar B M1, MOSTOMY CyMMa MX IJIONIAJIel He IIPEBOCXOANT 1,
9TO U TPebOBAIOCh JOKA3AThH.



International Mathematics

TOURNAMENT OF THE TOWNS
Junior O-Level Paper Fall 2010*

1. In a multiplication table, the entry in the ¢-th row and the j-th column is the product ij.
From an m x n subtable with both m and n odd, the interior (m — 2) x (n — 2) rectangle is
removed, leaving behind a frame of width 1. The squares of the frame are painted alternately
black and white. Prove that the sum of the numbers in the black squares is equal to the sum
of the numbers in the white squares.

2. In a quadrilateral ABC'D with an incircle, AB = CD, BC' < AD and BC' is parallel to AD.
Prove that the bisector of /C' bisects the area of ABCD.

3. A 1x1x1 cubeis placed on an 8 x 8 chessboard so that its bottom face coincides with a square
of the chessboard. The cube rolls over a bottom edge so that the adjacent face now lands on
the chessboard. In this way, the cube rolls around the chessboard, landing on each square at
least once. Is it possible that a particular face of the cube never lands on the chessboard?

4. In a school, more than 90% of the students know both English and German, and more than
90% of the students know both English and French. Prove that more than 90% of the students
who know both German and French also know English.

5. A circle is divided by 2N points into 2N arcs of length 1. These points are joined in pairs to
form N chords. Each chord divides the circle into two arcs, the length of each being an even
integer. Prove that N is even.

Note: The problems are worth 4, 4, 4, 4 and 4 points respectively.

LCourtesy of Andy Liu



Solution to Junior O-Level Fall 2010

1. First Solution. Let the top row of the frame be row a, the bottom row be row b, the left
column be column ¢ and the right column be column d. From the given condition, the frame
can be partitioned into dominoes as shown in the diagram below. We may assume that one of
the corner squares is black. Then all corner squares are black. Consider all numbers in black
squares positive and all numbers in white squares negative. In row a, there are % dominoes
each with sum —a. In row b, there are % dominoes each with sum b. In column ¢, there are
b_T“ dominoes each with sum ¢, and in column d, there are b_T“ dominoes each with sum —d.
Hence the grand total is 5(—a(d — ¢) + b(d — ¢) + ¢(b — a) — d(b — a)) = 0, meaning that the
sum of all numbers in black squares is equal to the sum of all numbers in white squares.

Second Solution.

Consider the number ¢ at the centre of the original m x n rectangle. The two numbers on
the frame in the central column is symmetric about ¢. They are of the same colour, and their
average is just c¢. The same is true of the two numbers on the frame in the central row. The
other numbers on the frame may be divided into sets of four, each set defining a rectangle with
sides parallel to the sides of the table. The four numbers in each set are of the same colour,
and their average is also c. Since we have an equal number of black squares and white squares,
the total of the numbers on the black squares must be equal to the total of the numbers on
the white squares.

2. Solution by Weilian Chu.
The bisectors of /B and /C both pass through the centre O of the circle. Let them intersect
AD at P and @ respectively. By symmetry, OCDP and OBAQ are congruent. Triangles
OBC and OP(Q are also congruent as they are isosceles triangles with equal vertical angle
and equal altitude. It follows that C'() indeed bisects the area of ABC'D

B C
A AN




3. First Solution by Janet Leahy.

Place the die on square al with face 1 in front. Roll the die through to hl, then back to gl,
onto g2 and over to h2. During this motion, face 1 never touches the chessboard, and is now
on the right. Roll the die through to h8, then back to h3, onto g3 and back to g2. During
this motion, face 1 never touches the chessboard, and is now in front again. Roll the die
through to a2, back to 2, onto f3 and over to g3. During this motion, face 1 never touches
the chessboard, and is now on the right again. Continuing this way, it can cover each square
at least once, without face 1 ever touching the chessboard.

Second Solution.

It is possible, and the path is indicated in the diagram below. For convenience in description,
we use a cubical die starting on the top left corner with the face 2 at the bottom, the face 3
to the left, the face 5 on top, the face 4 to the right, the face 6 to the front and the face 1 to
the back. The faces that land on the chessboard are (4,5,3,2,4,5,3), (6,4), (5), (6), (3), (5,4),
(673)7 (2)7 (675>7 (472)7 (6>7 (4)7 (5)7 (672)7 (4757372747573)7 (6)7 (5)7 (4)7 (6>7 (2)7 (47573)7 (6)7 (5)7
(4), (6,3), (5,4,2,3,5), (6,2), (3), (6), (5), (3,2,4), (6), (2), (3), (6) and (5). The face 1 never
lands on the chessboard.

4. Let the total number of students be T', the number of those who know English, French and
German w, the number of those who know English and French but not German x, the number
of those who know English and German but not French y, and the number of those who know
French and German but not English z. We are given that “’;m > 1% and w%“y > 1%. From
e > > 2, we have w4+ y > 9(z + 2). Simlarly, we have w + z > 9(y + z). Hence

2w+ 9z +y) > (w+z)+(w+y) >9(r+2)+9(y+ 2) =9z +y) + 182. It follows that

w > 9z and 10w > 9(w + z), so that 2= > .

5. Paint the 2N endpoints of the N chords alternately yellow and blue around the circle. Since
a chord divides the circle into two arcs of even length, its two endpoints must have the same
colour. Since there are N endpoints of each colour, N must be even.



International Mathematics

TOURNAMENT OF THE TOWNS
Senior O-Level Paper Fall 2010.!

1. The exchange rate in a Funny-Money machine is s McLoonies for a Loonie or % Loonies for
a McLoonie, where s is a positive real number. The number of coins returned is rounded off
to the nearest integer. If it is exactly in between two integers, then it is rounded up to the
greater integer.

(a) Is it possible to achieve a one-time gain by changing some Loonies into McLoonies and
changing all the McLoonies back to Loonies?

¢

(b) Assuming that the answer to (a) is “yes”, is it possible to achieve multiple gains by
repeating this procedure, changing all the coins in hand and back again each time?

2. The diagonals of a convex quadrilateral ABC' D are perpendicular to each other and intersect
at the point O. The sum of the inradii of triangles AOB and C'OD is equal to the sum of the
inradii of triangles BOC and DOA.

(a) Prove that ABC'D has an incircle.
(b) Prove that ABCD is symmetric about one of its diagonals.

3. From a police station situated on a straight road infinite in both directions, a thief has stolen
a police car. Its maximal speed equals 90% of the maximal speed of a police cruiser. When
the theft is discovered some time later, a policeman starts to pursue the thief on a cruiser.
However, he does not know in which direction along the road the thief has gone, nor does he
know how long ago the car has been stolen. Is it possible for the policeman to catch the thief?

4. A square board is dissected into n? rectangular cells by n — 1 horizontal and n — 1 vertical
lines. The cells are painted alternately black and white in a chessboard pattern. One diagonal
consists of n black cells which are squares. Prove that the total area of all black cells is not
less than the total area of all white cells.

5. In a tournament with 55 participants, one match is played at a time, with the loser dropping
out. In each match, the numbers of wins so far of the two participants differ by not more
than 1. What is the maximal number of matches for the winner of the tournament?

Note: The problems are worth 243, 2+3, 5, 5 and 5 points respectively.

ICourtesy of Andy Liu



Solution to Senior O-Level Fall 2010

1. (a) For s = 1, there is obviously no chances of any gain. If s > 1 and we trade in n Loonies,
we get ns + a McLoonies, where the real number « satisfies 0 < o < % Then we trade
these ns + a McLoonies back. The exchange rate is % + %. Since s > 1, ¢ < %, SO
that there will not be any rounding up. Thus a one-time gain can only be possible if
s<1. Let s = % We can trade in 1 Loonie for % McLoonie, rounded up to 1. When we

trade this back, we get 2 Loonies.

(b) For an affirmative answer in (a), we must have s < 1. This means that % > 1, so that the
argument in (a) shows that there will never be any increase in the number of McLoonies.
So after the initial one-time gain in Loonies, no further gain is possible.

2. (a) The sum of the inradii of right triangles AOB and COD is given by
;(OA +OB — AB) + ;(OC +OD —CD,).

The sum of the inradii of right triangles OC'B and DOA is given by
;(OB +0C - BC) + ;(OD +OA — DA).

Hence the given condition is equivalent to AB+CD = BC + DA, which is the necessary
and sufficient condition for ABCD to have an incircle.

(b) We may assume that among AB, BC, C'D and DA, the longest one is DA. By Pythago-
ras’ Theorem,

AB? + CD? = 0A?> + OB?> + OC? + OD? = BC? + DA?.

Combined with (AB + C'D)? = (BC + DA)?, we have AB - CD = BC - DA. Tt follows
that (AB — CD)? = (BC — DA)?. If DA — BC = AB — CD, then DA = AB and
ABCD is symmetric about AC. If DA— BC =CD — AB, then DA =CD and ABCD
is symmetric about BD.

3. Let the speed of the cruiser be 1. The policeman’s strategy is to go in one direction for a
time period ¢, then go in the opposite direction for a time period ¢?, and then go in the
original direction for a time period ¢®, and so on. At the end of the time period ¢, the

total time elapsed is ¢" + ¢" ' 4+ - +q = qn;jl_ % and the net distance covered in the current
direction is ¢" — ¢" ' 4 -+ + (=1)"q = w. Thus the net speed in this direction is
qnﬂq_i;l)nq - qn+j;q > Z%. Solving for Zf} > -+, we have ¢ > 19. Then the net speed of the

cruiser still exceeds the raw speed of the car, and capture is inevitable.



4. Let the n—1 vertical lines divide the board into n vertical strips of respective width aq, as, . . .,
a,, and let the n — 1 horizontal lines divide the board into n horizontal strips of respective
height b, bs,...,b,. We may assume that the bottom left cell is a black square, and from the
given conditions, we have a; = b; for all 1 < ¢ < n. Consider the area of any black cell positive
and the area of any white cell negative. Then the area of the cell of height a; and width a; is
(—1)""aa;. The total area of the board is

n

(~1)a; = (Z<—1>Z’ai)2 >0,

=1

(~1)" a0, = 3 (e,

1 i=1 j

n
1=

n n n

1j 1

Hence the sum of the areas of the black cells cannot be less than the sum of the areas of the
white cells.

5. Let a,, denote the total number of participants needed to produce a winner with n victories. We
have a; = 2 and as; = 3. In order to have a winner with n victories, we must have a candidate
with n — 1 victories so far, and an also-ran with n — 2 victories so far. Since no participant
can lose to both of them, the total number of participants needed is a,, = a,,—1 + @,_2. Thus
we have a shifted Fibonacci sequence. Iteration yields a3 = 5, ay = 8, a5 = 13, ag = 21,
a7 = 34 and ag = 55. Since we have 55 participants, the winner can have at most 8 victories.
It is easy to construct recursively a tournament with 55 participants in which the winner has
8 victories.



International Mathematics

TOURNAMENT OF THE TOWNS
Junior A-Level Paper Fall 2010.!

1. A round coin may be used to construct a circle passing through one or two given points on
the plane. Given a line on the plane, show how to use this coin to construct two points such
that they define a line perpendicular to the given line. Note that the coin may not be used
to construct a circle tangent to the given line.

2. Pete has an instrument which can locate the midpoint of a line segment, and also the point
which divides the line segment into two segments whose lengths are in a ratio of n : (n + 1),
where n is any positive integer. Pete claims that with this instrument, he can locate the point
which divides a line segment into two segments whose lengths are at any given rational ratio.
Is Pete right?

3. At a circular track, 10 cyclists started from some point at the same time in the same direction
with different constant speeds. If any two cyclists are at some point at the same time again,
we say that they meet. No three or more of them have met at the same time. Prove that by
the time every two cyclists have met at least once, each cyclist has had at least 25 meetings.

4. A rectangle is divided into 2 x 1 and 1 x 2 dominoes. In each domino, a diagonal is drawn, and
no two diagonals have common endpoints. Prove that exactly two corners of the rectangle are
endpoints of these diagonals.

5. For each side of a given pentagon, divide its length by the total length of all other sides. Prove
that the sum of all the fractions obtained is less than 2.

6. In acute triangle ABC', an arbitrary point P is chosen on altitude AH. Points E and F' are
the midpoints of sides CA and AB respectively. The perpendiculars from E to C'P and from
F to BP meet at point K. Prove that KB = KC.

7. Merlin summons the n knights of Camelot for a conference. Each day, he assigns them to the
n seats at the Round Table. From the second day on, any two neighbours may interchange
their seats if they were not neighbours on the first day. The knights try to sit in some cyclic
order which has already occurred before on an earlier day. If they succeed, then the conference
comes to an end when the day is over. What is the maximum number of days for which Merlin
can guarantee that the conference will last?

Note: The problems are worth 4, 5, 8, 8, 8, 8 and 12 points respectively.

ICourtesy of Andy Liu



Solution to Junior A-Level Fall 2010

1. Take two points on the given line at a distance less than the diameter of the round coin.
Draw two circles passing through these two points. They are situated symmetrically about
the given line. Repeat this operation so that a circle from the second operation intersects a
circle from the first operation. The point symmetric to this point about the given line is also
a point of intersection of two constructed circles, one from each operation. These two points
satisfy the requirement of the problem.

2. Pete is right. Suppose he is asked to divide a line segment into two whose lengths are in the
ratio p : ¢, where p and ¢ are relatively prime integers. We may assume that the line segment
has length p 4 q. Then Pete can in fact divide the line segment into p + ¢ unit segments. For
any segment of length greater than 1, if it has even length, Pete divides it by its midpoint. If
it has odd length 2n + 1, Pete divides it into two whose length are in the ratio n : (n + 1).
Eventually, all segments are of length 1. It is then easy to pick out the point which divides
the segment into two whose lengths are in the ratio p : q.

3. For 1 <4 < 10, let the constant speed of cyclist C; be v;, where v; < vy < --- < vy9. Let
u = min{vy — vy, v3 — Va,..., U190 — Ug}. Then v; —v; > (j —i)u for all j > i. Let d be the
length of the track. Then the meeting between the last pair of cyclists occurs at time g. Now
C; and C; meet once in each time interval of length —%—. They would have met at least j — i

vj—v;
times by the time of the meeting of the last pair, because (j — z)ﬁ < %. For C};, this means
J i

at least 14+2+---+ (i — 1) meetings with Cy, Cy, ..., C;_; and at least 1 +2+---+ (10 —1)
meetings with C;q, Ciia, ..., Cio. The total is at least

i(i—1)+ (10 —4)(10 —i 4+ 1)
2

= (i —5)(i — 6) + 25 > 25.



4. Solution by Central Jury.

We first prove that at least one corner of the rectangle is the endpoint of a diagonal. Consider
the domino at the bottom right corner. If its diagonal is in the down direction (from the left),
then the bottom right corner is the endpoint of a diagonal. Suppose its diagonal is in the
up direction. Consider all the dominoes touching the bottom edge of the rectangle. All of
their diagonals must be in the up direction, which means that the bottom left corner of the
rectangle is the endpoint of a diagonal. Henceforth, we assume that the bottom left corner is
the endpoint A; of an up-diagonal A;B; of a domino. The next domino has B; as one of its
vertices but not the one at the bottom left corner. The diagram below illustrates some of the
possible choices. The diagonal A;B5 in this domino must also be in the up direction. Note
that By is above By, to the right of B; or both.

By
B B, B,

AQ Bl BQ
AQ B1 Bl Al

A A A Ay Ay

Continuing in this manner, we can build a connected chain of dominoes with up-diagonals
going from the bottom left vertex to the upper right vertex of the rectangle. It is impossible
to build simultaneously another connected chain of dominoes with down-diagonals going from
the bottom right vertex to the upper left vertex of the rectangle. This is because two such
chains must share a common domino, and only one diagonal of that domino is drawn.

5. Let the side lengths be a; < as < -+ < a5 < p— a5 where p = a; +as + --- + as. We have
a71+a72_‘_..._{_ as <L a1 + az +---+a—5:L<ZSin0ep>2a5.

p—ai1 p—a2 pb—as — p—as p—as p—as p—as
6. First Solution:
We first prove an auxiliary result. Let the line through the midpoint D of BC' and perpen-
dicular to BC' cut EF at G. Then BH - FG = CH - EG. Drop perpendiculars F'X and EY
from F' and E to BC respectively. Then X is the midpoint of BH and Y is the midpoint
of C'D. Since triangles F XD and EY(C are congruent, we have XD = YC = Y H so that
XH=YD. Now BH -FG=2XH-XD=2YH -YD=CH - EG.
A

B X D HYC

Returning to the main problem, let the line through F' perpendicular to BP intersect the
line DG at K. Triangles FGK; and PHB are similar. Hence GK; = F%ﬁH. Let the line
through F perpendicular to C'P intersect the line DG at K,. We can prove in an analogous
manner that GKy = %. By the auxiliary result, GK; = GK,. Hence K; and K, is the

same point K. Since K lies on the perpendicular bisector of BC, we have KB = KC.




F/ G D
P
-7
B H C
K

Second Solution by Chun-Yu Yang.
Extend AK to @ so that K is the midpoint of AQ. Since F' is the midpoint of AB, BQ is
parallel to F'K, which is perpendicular to BP. Hence /PB@Q = 90°. Similarly, /PC(@) = 90°.
Hence the midpoint O of PQ is the circumcentre of the cyclic quadrilateral BPCQ. Now OK
is parallel to PA, which is perpendicular to BC. Hence K lies on the perpendicular bisector
of BC, so that KB = KC.

A




7. Solution by Central Jury.

We may assume that the Knights are seated from 1 to n in cyclic clockwise order on day 1.
Then seat exchanges are not permitted between Knights with consecutive numbers (1 and n
are considered consecutive). We construct an invariant for a cyclic order called the winding
number as follows. Merlin has n hats numbered from 1 to n from top to bottom. He starts by
giving hat 1 to Knight 1. Then he continues in the clockwise order round the table until he
gets to Knight 2, when he will give him hat 2. After he has handed out all the hats, Merlin
returns to Knight 1 which is his starting point. The number of times he has gone round the
table is called the winding number of the cyclic order. For instance, the winding number of
the cyclic order 1 4 7236 51is 4: (1,2,3)(4,5)(6)(7). Suppose two adjacent Knights change
seats. If neither is Knight 1, the hats handed out in each round remain the same, so that
the winding number remains constant. Suppose the seat exchange is between Knight 1 and
Knight h, where h # 2 or n. Then Knight h either becomes the first Knight to get a hat in the
next cycle instead of the last Knight to get a hat in the preceding cycle, or vice versa. Still, the
winding number remains constant. On the k-th day of the conference, 1 < k <n — 1, Merlin
can start by having the Knights sit in the cyclic order k,k —1,...,2, 1, k+1,k+2,....,n. It
is easy to verify that the winding number of the starting cyclic order on the k-th day is k.
It follows that no cyclic order can repeat on two different days within the first n — 1 days.
Therefore, Merlin can make the conference last at least n days. We claim that given any
cyclic order, it can be transformed into one of those with which Merlin starts a day. Then the
Knights can make the conference end when the n-th day is over. Suppose the cyclic order is
not one with which Merlin starts a day. We will push Knight 2 forward in clockwise direction
until he is adjacent to Knight 1. This can be accomplished by a sequence of exchanges if he
does not encounter Knight 3 along the way. If he does, we will push both of them forward
towards Knight 1. Eventually, we will have Knights 2, 3, ..., h and 1 in a block. Now h < n
as otherwise the initial cyclic order is indeed one of those with which Merlin starts a day.
Hence we can push Knight 1 counter-clockwise so that he is adjacent to Knight 2. We now
attempt to put Knight 3 on the other side of Knight 2. As before, we have Knights 3, 4, ...,
¢, 2, 11in a block. If £ < n, we can push Knights 2 and 1 counter-clockwise towards Knight 3.
If 7, Knight 1 cannot get past, but we notice that we have arrived at one of the cyclic orders
with which Merlin starts a day. This justifies the claim.
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1. There are 100 points on the plane. All 4950 pairwise distances between two points have been
recorded.

(a) A single record has been erased. Is it always possible to restore it using the remaining
records?

(b) Suppose no three points are on a line, and k records were erased. What is the maximum
value of k£ such that restoration of all the erased records is always possible?

2. At a circular track, 2n cyclists started from some point at the same time in the same direction
with different constant speeds. If any two cyclists are at some point at the same time again,
we say that they meet. No three or more of them have met at the same time. Prove that by
the time every two cyclists have met at least once, each cyclist has had at least n? meetings.

3. For each side of a given polygon, divide its length by the total length of all other sides. Prove
that the sum of all the fractions obtained is less than 2.

4. Two dueling wizards are at an altitude of 100 above the sea. They cast spells in turn, and
each spell is of the form ”decrease the altitude by a for me and by b for my rival” where a and
b are real numbers such that 0 < a < b. Different spells have different values for a and b. The
set of spells is the same for both wizards, the spells may be cast in any order, and the same
spell may be cast many times. A wizard wins if after some spell, he is still above water but
his rival is not. Does there exist a set of spells such that the second wizard has a guaranteed
win, if the number of spells is

(a) finite;
(b) infinite?
5. The quadrilateral ABC'D is inscribed in a circle with center O. The diagonals AC' and BD

do not pass through O. If the circumcentre of triangle AOC' lies on the line BD, prove that
the circumcentre of triangle BOD lies on the line AC.

6. Each cell of a 1000 x 1000 table contains 0 or 1. Prove that one can either cut out 990 rows
so that at least one 1 remains in each column, or cut out 990 columns so that at least one 0
remains in each row.

7. A square is divided into congruent rectangles with sides of integer lengths. A rectangle is
important if it has at least one point in common with a given diagonal of the square. Prove
that this diagonal bisects the total area of the important rectangles.

Note: The problems are worth 243, 6, 6, 245, 8, 12 and 14 points respectively.

!Courtesy of Andy Liu.
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Solution to Senior A-Level Fall 2010

Solution by Central Jury.

(a) This is not always possible. Suppose the record of the distance AB is lost. If the other
98 points all lie on a line ¢, we cannot tell whether A and B are on the same side of ¢ or
on opposite sides of £. Thus the lost record cannot be restored from the remaining ones.

(b) The answer is 96. Suppose 97 records are erased. All of them may be associated with
a point A so that we only know the distances AB and AC, where B and C are 2 of
the other 99 points. A does not lie on BC' as no three of the 100 points lie on a line.
Now we cannot determine whether A is on one side or the other side of the line BC.
Suppose at most 96 records are erased. Construct a graph with 100 vertices representing
the 100 points. Two vertices are joined by an edge if the record of the distance between
the two points they represent is erased. The graph has at most 96 edges, and therefore
at least 4 components. Take four vertices A, B, C and D, one from each component.
The pairwise distances between the points A, B, C' and D are on record, so that their
relative position can be determined. For any other vertex P, it is in the same component
with only one of these four vertices. Hence the distance between the point P and three
of the points A, B, C' and D are on record. This is enough to determine the position of
the point relative to the points A, B, C' and D. It follows that all erased records may
be restored.

For 1 <11 < 2n, let the constant speed of cyclist C; be v;, where v; < vy < -++ < vg,. Let
w = min{vy — v1,V3 — Vg, ...,V — Vap_1}. Then v; —v; > (7 —4)u for all j > 4. Let d be the

length of the track. Then the meeting between the last pair of cyclists occurs at time g. Now

C; and C} meet once in each time interval of length —4_ They would have met at least j — i

vj—v;

times by the time of the meeting of the last pair, because (j — i)v_iv_ < %. For C;, this means
J i

at least 1 +24---+ (i — 1) meetings with Cy, Cy, ..., C;_; and at least 14+2+-- -4 (2n —1)
meetings with C;yq, Cipa, ..., Cs,. The total is at least

W=D+Cn=0@n=it D) (v s 1) 402> nl

2
Let the side lengths be a1 < ay < --- <a, < p— a, where p=a; +as + ---+ a,. We have
n n — p 3
St e e S SR S e e = S D since p > 2an,.

(a) The answer is no. With a finite number of spells, there is one for which b—a is maximum.
If the first wizard keeps casting this spell, the best that the second wizard can do is to
maintain status quo by casting the same spell. Hence the second wizard will hit the
water first, giving the first wizard a win..

(b) The answer is yes. In the n-th spell, let a = % and b = 100 — % By symmetry, we may
assume that the first wizard casts the n-th spell. He is then 100 — % above water while
the second wizard is % above water. However, the second wizard wins immediately by

casting the (n + 1)-st spell. He will still be | — =5 = n(nl—i-l) above water while the first
1

wizard is submerged in water since (100 — 1) — (100 — n%rl) = — 0D




5. Let P be the circumcentre of triangle OAC. Then PO is perpendicular to AC, intersecting
AC at X. Let the line through O perpendicular to BD intersect BD at Y and AC at (). We
claim that @) is the circumcentre of triangle OBD. By Pythagoras’ Theorem,

QD? = QY?+ DY?
= QY*+ (0OD*—-0Y?)
= QY*4+0A* - (OP? - PY?)
= 0A%* - AP? + PQ?
= QX?+0A* - (AP* - PX?)
= QX*+(0A? — AX?)
= QX?’+0X?
= QO

2

D

6. Solution by Brian Chen.
Let S(p,q) denote the following statement.
“In any binary a x b table with ab < p, one of the following is true.
(A) There exists an a x g subtable with at least one 0 in each row.
(B) There exists a g x b subtable with at least one 1 in each column.
The g rows or columns may be chosen arbitrarily.”
We wish to prove that S(1000000, 10) is true. We first examine S(4,1). The relevant tables
are 1 x4, 1x3, 1x2, 1x1, 2x1, 3x1, 4x1and 2 x 2. In the first four, if there is at
least one 0, then (A) is true. Otherwise, (B) is true. In the next three, if there is at least one
1, then (B) is true. Otherwise, (A) is true. In the last one, if there are no Os in the first row,
then (B) is true. Suppose there is at least one 0 in the first row. If there is at least one 0 in
the second row as well, then (A) is true. Otherwise, (B) is true. It follows that S(4, 1) is true.
We claim that S(p, q) implies S(4p,q + 1). Consider any a x b table with ab < 4p. Let z be
the minimum number of 1s in any row and y be the minimum number of 0s in any column.
Then the total number of 1s is at least ax and the total number of Os is at least by. It follows

that ax + by < ab. By the Arithmetic-Geometric Means Inequality, \/(az)(by) < 25H% < 2,

Hence (ax)(by) < @ so that zy < p. Let R be a row with exactly « 1s and C be a column
with exactly y 0s. Consider the y x x table whose rows have Os at the intersections with C
and whose columns have 1s at the intersections with R. We are assuming that S(p, q) is true,
so that either (A) or (B) holds for this table. If (A) holds, adding C would make (A) hold
for the a x b table. If (B) holds, adding R would make (B) hold for the a x b table. This
justifies the claim. From P(4,1), we can deduce in turns S(16,2), S(64,3) and so on, up to

S5(1048576,10). This clearly implies S(1000000, 10).



Solution by Central Jury.

Let us choose rows and columns one by one. We also will classify rows and columns as “good”
and “bad”: the “bad” column intersects all chosen rows by Os and the “bad” row intersects
all chosen columns by 1s. At the initial moment no row or column is chosen and therefore all
rows and columns in the table are “bad”.

Assume that the table contains at least as many 1s as 0s. Let us choose a row containing at
least as many 1s as 0s. Then the columns that intersect this row at 1s will become “good”
and therefore the number of “bad” columns decrease at least twice.

If in the table exists a row which has in the intersection with the “bad” columns at least as
many 1s as Os, we choose it. Then again some of the former “bad” columns become “good”.
Let us continue to choose rows in this way while it is possible. We arrive to the following
scenarios:

1) We have chosen m < 10 rows and there are no more “bad” columns left. Then we add any
rows to the chosen ones to have ten rows in total.

2) We have chosen 10 rows. Then we have no more than 1000 : 2!° < 1 “bad” columns (so we
have no “bad” columns left).

In both cases we constructed a subtable 10 x 1000, each column of which contains at least
one 1s.

3) After choosing m < 10 rows we stopped: in intersection with the “bad” columns each other
row has more Os than 1s . Therefore, we have more Os than 1s in “bad” columns. In this case
let us restart our process, albeit choosing “bad” columns following the same principle as we
used before: we choose column if in the intersection with the “bad” rows it contains at least
as many Os as 1s.

Thus we either constructed a subtable 1000 x 1000 each row of which contains at least one 0s
or we have a situation when “bad” columns and “bad” rows left. However this is impossible.

Really, consider a subtable which is intersection of “bad” columns and “bad” rows. On one
hand in this subtable the number of Os is no less than half (if we count them by columns)
while on the other hand it is less than half (if we count them by rows). Contradiction.

. Solution by Central Jury.

Let the rectangles be of dimensions m xn or n x m. Divide the whole square into unit squares.
Put the label 0 on each square on the chosen diagonal. Put the label 1 on each square of the
next m + n — 1 diagonals above and parallel to the given diagonal, and put the label —1 on
each square of the next m + n — 1 diagonals below and parallel to the given diagonal. For
each important rectangle, all squares have been labelled, and their sum is equal to the area of
the part of the rectangle above the given diagonal minus the area of the part below. For each
unimportant rectangle, at least one square is unlabelled. We now proceed to complete the
labelling, diagonal by diagonal away from and parallel to the given one. Place an m x n or
n X m rectangle on the board so that the square we are trying to label is the only unlabelled
square in that rectangle. We choose a label so that the sum of all the labels in this rectangle
is 0. Because labels on diagonals parallel to the given one are the same, the choice of position
or orientation of this rectangle is immaterial. The completed labelling of a 12 x 12 board,
with m = 2 and n = 3, is shown below.



Each label off the given diagonal is the negative of the label symmetric to it about the given
diagonal. It follows that the sum of all the labels in the whole square is 0. The sum of the
labels in each unimportant rectangle is chosen to be 0. Hence the sum of the labels in all the
important rectangles is also 0. This means that the given diagonal bisects their total area.
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1 [3] The numbers from 1 to 2010 inclusive are placed along a circle so that if we move along the

2 [4]

circle in clockwise order, they increase and decrease alternately. Prove that the difference
between some two adjacent integers is even.

A rectangle is divided by 10 horizontal and 10 vertical lines into 121 rectangular cells. If
111 of them have integer perimeters, prove that they all have integer perimeters.

3 [6] Worms grow at the rate of 1 metre per hour. When they reach their maximal length of 1

metre, they stop growing. A full-grown worm may be dissected into two not necessarily equal
parts. Each new worm grows at the rate of 1 metre per hour. Starting with 1 full-grown
worm, can one obtain 10 full-grown worms in less than 1 hour?

4 [5] Each diagonal of a convex quadrilateral divides it into two isosceles triangles. The two diag-

onals of the same quadrilateral divide it into four isosceles triangles. Must this quadrilateral
be a square?

A dragon gave a captured knight 100 coins. Half of them are magical, but only dragon knows
which are. Each day, the knight should divide the coins into two piles (not necessarily equal
in size). The day when either magic coins or usual coins are spread equally between the
piles, the dragon set the knight free. Can the knight guarantee himself a freedom in at most

(a) [2] 50 days?
(b) [3] 25 days?
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1. Suppose that we managed to place the numbers on a circle so that the difference between two
adjacent numbers is odd. This means that odd and even numbers must alternate. From the
condition follows that each number has both neighbours either both greater or both less than
itself.

Note that 1 is an odd number and it can only have the neighbours greater than itself. Since the
numbers increase and decrease alternately, each odd number has the neighbours greater than
itself and therefore each even number has the neighbours less than itself. However number 2
can have possibly only one number less than itself. Contradiction.

2. The number of cells with non integer perimeters is at most 121 — 111 = 10. No matter how
these cells are distributed in the rectangle, at least one row and one column consist of cells
with integer perimeters. On the figure below these raw and column are shaded.

We prove that any other cell has an integer perimeter. Let A be this shell and (a,b) be the
dimensions its dimensions. Then it has a perimeter p = 2a+2b = (2a+2c¢)+(2b+2d) — (2¢+2d)
where (2a + 2¢), (2b+ 2d), and (2¢+ 2d) are the perimeters of cells C, B, and D respectively.
Since all these perimeters are integers, the perimeter 2a + 2b is also integer.

3. Yes, it is possible. (Actually one can grow any number of worms in one hour).
We can take for granted that in time ¢ the worm grows additional ¢ in the length (0 < ¢ < 1).

Assume that at moment 0 there was 1 fully grown worm. Let dissect it into two parts of
lengths ¢ and (1 — t) respectively, 0 < t < %

Then, at moment ¢ the part that had the length ¢ becomes 2¢, while another part becomes
fully grown worm. We dissect it into parts of the lengths (2¢) and (1 — 2t). respectively.
Therefore, after the dissection we have two worms of length 2¢ and one of the length (1 — 2¢).

In time 2¢ after the last dissection (or ¢ 4+ 2¢ = 3t) from the beginning, we have two worms
of length 4t (each grown from the part 2¢) and one fully grown worm. Again, we dissect the



fully grown this time into the parts of length 4¢ and 1 —4¢. After this dissection we have three
worms of length 4¢ and one of length 1 — 4t.

Similarly, in time 4t = 22 (3t + 4t = Tt from the beginning) we have three worms of lengh
8t = 23t and one fully grown. Again, we dissect the last one into the parts of length 8t and
1 — 8t. At that moment we have 4 worms of length 8¢ and one of length (1 — 8¢).

It is easy to see the pattern:

In time 2¥ — 1 from the beginning we have k + 1 worms of length 2*¢ and one fully grown.
If we want at some moment to have all worms be fully grown, we should take t: 28t = 1 or
t = 1/2* and at this moment we would have k + 2 fully grown worms.

To have 10 fully grown worms in less than one hour (let us say in 1/2 of hour) we can choose
t=1/20 =1/512.

. Consider isosceles trapezoid ABCD, AD || BC, AB=BC =CD, /BAD = /CDA = 72°.

In virtue due to AB = BC' = CD triangles ABC and BC'D are isosceles. Note that /ABC =
/BCD = 180° — 72° = 108°. Since triangle ABC' is isosceles, /BAC = /BCA = (180° —
72°)/2 = 36°. Then LACD = 108° —36° = 72°; but we know that ZCDA = 72° and therefore
triangle AC'D is isosceles (and so does triangle BDA). So, each diagonal divides ABC'D into
two isosceles triangles.

Obviously, triangles BEC and AED are isosceles. Note that /AEB as an exterior angle
of triangle AED is equal to /EAD + /ADE = 36° + 35° = 72° which is equal to /ABFE.
Therefore triangle ABFE is isosceles and so is triangle C ED. So, both diagonals divide ABC D
into four isosceles triangles.

. On the first day let the knight split the coins in piles of 25 and 75 coins and each following day
move one more coin from the bigger pile to the smaller one. Then in 25 days (if not earlier)
the knight sets free.

Really, let m and n respectively be the numbers of magical and usual coins in the small pile
on the first day (m +mn =25, 0 < m < 25). In the worst case scenario (that takes the longest
number of days to set free) in 24 days (first day including) in the smaller pile will be 48 coins,
24 magical and 24 usual coins. Therefore, on the next day, when either magical or usual coin
is moved, the number of magical or usual coins becomes 25. Therefore, one kind of coins is
split in half among the piles and the knight sets free.
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1.

The faces of a convex polyhedron are similar triangles. Prove that this polyhedron has two
pairs of congruent faces.

. Worms grow at the rate of 1 metre per hour. When they reach their maximum length of

1 metre, they stop growing. A full-grown worm may be dissected into two new worms of
arbitrary lengths totalling 1 metre. Starting with 1 full-grown worm, can one obtain 10
full-grown worms in less than 1 hour?

. Along a circle are 100 white points. An integer k is given, where 2 < k < 50. In each move,

we choose a block of k adjacent points such that the first and the last are white, and we paint
both of them black. For which values of £ is it possible for us to paint all 100 points black
after 50 moves?

Four perpendiculars are drawn from four vertices of a convex pentagon to the opposite sides.
If these four lines pass through the same point, prove that the perpendicular from the fifth
vertex to the opposite side also passes through this point.

In a country, there are 100 towns. Some pairs of towns are joined by roads. The roads do
not intersect one another except meeting at towns. It is possible to go from any town to any
other town by road. Prove that it is possible to pave some of the roads so that the number of
paved roads at each town is odd.

Note: The problems are worth 3, 4, 4, 5 and 5 points respectively.



Solution to senior O-Level Spring 2011

1. If each face is an equilateral triangle, then all faces must be congruent. Since a polyhedron
must have at least four faces, we easily have two pairs of congruent faces. Suppose the faces
are not equilateral triangles. Then not all sides of the polyhedron are of the same length.
Pick a side which is the longest. Then the two triangles sharing this side must be congruent
in order to be similar. Otherwise, blowing one of them up to be larger will produce a side
of greater length. Similarly, the two triangles sharing a side which is the shortest are also
congruent. If the longest side and the shortest side appear in the same face, then all faces
must again be congruent in order to be similar.

2. We divide 1 metre into 1024 sillimetres and 1 hour into 1024 sillihours. Then an under-sized
worm grows at the rate of 1 sillimetre per sillihour. At the start, we cut the full-grown worm
into two, one of length 1 sillimetre and the other 1023 sillimetres. After 1 sillihour, the shorter
worm has length 2 sillimetres and the longer worm is full-grown. It is then dissected into two,
so that the shorter one is also of length 2 sillimetres. After another 2 sillihours, the shorter
worms have length 4 sillimetres and the longer worm is full-grown. It is then dissected into
two so that the shorter one is also of length 4 sillimetres. Continuing in this manner, we will
have 10 full-grown worms after 14+2+44+---4512 = 1023 sillihours, just beating the deadline
of 1 hour.

3. For each k, 2 < k < 50, construct a graph with the 100 points as vertices. Two vertices are
joined by an edge if and only if they are the end vertices of a block of k adjacent vertices. In
each move, we paint the two vertices of some edge. Now the graph may be a cycle or a union
of disjoint cycles of the same length. If the length is even, choose every other edge and paint
the vertices of the chosen edges. Then all 100 points are painted. If the length is odd, then
there is an unpaintable vertex on each cycle. The number of cycles is given by the greatest
common divisor d of 100 and k£ — 1, which may be any of 1, 2, 4, 5, 10, 20 and 25. The
respective lengths are 100, 50, 25, 20, 10, 5 and 4. So the only cases for which the task fails
is when d = 4 or 20. The former yields k = 5,9, 13,17, 25,29, 33,37,45 and 49. and the latter
yields &k = 21 or 41. For all other values of k, 2 < k < 50, the task is possible.

4. Solution by Adrian Tang.
Let ABCDFE be the pentagon. Let BG, CH, DI and EJ be the altitudes concurrent at O.
Let F' be the foot of perpendicular from O to C'D and let F’ be the foot of perpendicular
from A to C'D.




By Pythagoras’ Theorem,

BD*—-0D* = (BG?*+GD? —(0G*+ GD?)

= BG? - 0G?
— (BG? +GFE* — (0OG* + GE?)
= BE?-OF%

Consideration of the vertices B, C', D and F in turn yields

OE* - 0OD? = BE? - BD?,
OA? —OFE? = CA*>-CE?
OB* - 0A* = DB? - DA?
0OC? -0B* = EC*- EB*

Adding and simplifying, we have OC? — OD? = CA? — DA?. Now

F'C2—F'D> = (CA?— F'A?) — (DA*— F'A?)

= (CA*—-DA?
= 0C?* - 0D?
= (OF? + FC? — (OF? + FD?)
= FC?-FD*

It follows that F" = F and AF is the fifth altitude passing through O.

. First Solution.

We say that a part of the country is connected if we can go from any town to any other town
by roads within this part of the country. We prove by induction on n that the task is always
possible if the number of towns is 2n. For n = 1, there are 2 towns, and there must be a road
between them. Paving this road completes the task. Assume that the task is possible up to
a certain value of n. Consider the next case with 2 more towns. We define a tour as going
from town to town along the roads, without visiting any town more than once. Since we have
a finite number of tours, there is a longest one. With at least 4 towns, this tour consists of
at least 2 roads. Let it start from A and continue onto B, C and so on. If we excommunicate
town A, the rest of the country must still be connected. Otherwise, there will be some town Z
which is linked to B only via A. Then it could have been added to the tour before A and make
it longer. Suppose we excommunicate both A and B. If the rest of the country is connected,
we can pave the road between A and B, and use the induction hypothesis to finish the task.
Suppose that this is not the case. Let X be a town which is now inaccessible from C. It
must have been linked to B, and possibly to A, but cannot be linked to some other town Y.
Otherwise, we could have added Y and X before B instead of A, again lengthening what is
supposed to be the longest tour. If we excommunicate all towns like X in addition to A and
B, the rest of the country is connected. Pave all the roads from B to towns like X, including
A. Then there is an odd number of paved roads at those towns. If this is also the case for B,
we can finish the task using the induction hypothesis. If not, we can still finish the task by
putting B back into the rest of the country.



Second Solution by Adrian Tang.

Let F be the set of towns with an odd number of paved roads and G be the set of towns with
an even number of paved roads. Note that |F| is even at any time. Initially, |F| = 0. If we
have |F| = 100 at some point, the task is accomplished. Suppose |F| < 100. Then there are
at least 2 towns A and B in G. Since the graph is connected, there exists a tour from A to
B, going along the roads without visiting any town more than once. Interchange the status
of each road on this tour, from paved to unpaved and vice versa. (This is of course done on
the planning map, before any actual paving is carried out.) Then A and B move from G to
F while all other towns stay in F or G as before. Hence we can make |F| increase by 2 at a
time, until it reaches 100.
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TOURNAMENT OF THE TOWNS

Junior A-Level Paper Spring 2011.

1.

Does there exist a hexagon that can be divided into four congruent triangles by a straight
cut?

Passing through the origin of the coordinate plane are 180 lines, including the coordinate axes,
which form 1° angles with one another at the origin. Determine the sum of the x-coordinates
of the points of intersection of these lines with the line y = —x + 100.

Baron Munchausen has a set of 50 coins. The mass of each is a distinct positive integer not
exceeding 100, and the total mass is even. The Baron claims that it is not possible to divide
the coins into two piles with equal total mass. Can the Baron be right?

Given an integer n > 1, prove that there exist distinct positive integers a, b, ¢ and d such
that a+b=c+dand § = 7.
AD and BE are altitudes of an acute triangle ABC. From D, perpendiculars are dropped
to AB at G and AC at K. From F, perpendiculars are dropped to AB at ' and BC at H.
Prove that F'G is parallel to HK and FK = GH.

Two ants crawl along the sides of the 49 squares of a 7 x 7 board. Each ant passes through
all 64 vertices exactly once and returns to its starting point. What is the smallest possible
number of sides covered by both ants?

In every cell of a square table is a number. The sum of the largest two numbers in each row
is a and the sum of the largest two numbers in each column is b. Prove that a = b.

Note: The problems are worth 4, 4, 5, 6, 7, 10 and 10 points respectively.



Solution to Junior A-Level Spring 2011

1. The diagram below shows such a hexagon and how it is cut.

2. The line x+y = 100 is parallel to the line making a 135° angle with the positive z-axis. Hence
there are only 179 points of intersection. The point of intersection of z 4+ y = 100 with y = =
is (50,50), and the other points of intersections are arranged in symmetric pairs with respect
to this point. Hence the desired sum is 179 x 50 = 8950.

3. The Baron is right, as usual. The masses of the 50 coins in his collection may just be the 50
even numbers up to 100. Their total mass is 50 times 51, so that each of two piles would have
total mass 25 times 51, which is odd. This is impossible since all the coins have even weights.

4. To satisfy ¢ = *F only, we can take a =2n, b =1, c=2 and d = 1. Note that a+b =2n+1
while ¢ + d = 3. To satisfy a + b = ¢ + d as well, we change these values to a = 3(2n) = 6n,
b=3(1)=3, c=2n+1)2=4n+2and d = (2n+ 1)1 = 2n + 1. These four numbers are
distinct when n > 1.

5. Since /EHD = 90° = /EKD, EDHK is a cyclic quadrilateral. Hence /EFHK = /EDK.
Now DK and BFE are parallel since both are perpendicular to AC. Hence /EDK = /DEB.
Finally, /DEB = /DAB since ABDFE is also a cyclic quadrilateral. Hence /EHK = /DAB.
Now HK and AB make equal angles with the parallel lines FH and DA. Hence HK is
parallel to AB and therefore to F'G.

A F GB

Since /EFFB = 90° = /FHB, EFBH is a cyclic quadrilateral. Hence /FHF = /FEBA.
Similarly, /DKG = /DAB. Hence /FHK = /FHE + /FHK = /EBA + /DAB. By
symmetry, /{GKH = /GKD+/DKH = /DAB+ /EBA also. It follows easily that triangles
FHK and GK H are congruent, so that FK = GH.



6. The total number of sides is 2 x 7 x 8 = 112 and each ant covers 64 sides. Hence the number
of sides covered by both ants cannot be less than 2 x 64 — 112 = 16. The following diagram
shows the paths of the two ants with exactly 16 sides covered by both, every other side along
the four edges of the board.

7. First Solution by Daniel Spivak.
We only need to prove that a > b since we will then have b > a by symmetry. Circle the
largest number z; in column j, 1 < j < n, where n is the number of rows and therefore
of columns. By relabelling if necessary, we may assume that z; is the smallest of these n
numbers. We consider two cases.
Case 1. Two circled numbers z; and z;, are on the same row.
Then a > x; + x > 221 > b since the sum of the largest two numbers in column 1 is b.
Case 2. Each circled number is in a different row.
Let the second largest number g; in column 1 be in row 7, and let the circled number in row
7 be xp. Then b =x1 + y; < 2, +y1 < a since the sum of the largest two numbers in row &
is a.

Second Solution:

Suppose to the contrary that a # b. We may assume by symmetry that a > b. Circle in each
row the largest two numbers. Let the number of circled numbers in column ¢ be ¢;, 1 < i < n,
where n is the number of rows and therefore of columns. We have ¢; +cy+ -+ - +¢, = 2n. Now
(021) + (022) +-- 4 (02") =1(d+S+--+2)—3(ci+ e+ +¢,). By the Root-Mean-Square

Inequality, 1/ C%JFCS:"JFC% > adedten Tt follows that (621) + (sz) + -+ (02”) > n. We now
construct a graph with n vertices representing the n rows. Two vertices are joined by an edge
if and only if the corresponding rows have circled numbers in the same column. The number
of edges of this graph is given by (621) + (622) + -+ (05) > n, so that the graph has a cycle,
say of length k. By relabelling if necessary, the k vertices on this cycle represent rows 1 to k,
with the circled numbers on row ¢ in columns ¢ and i + 1 for 1 <17 < k — 1, and the circled
numbers on row k in columns k£ and 1. Now the circled numbers in a column may or may not
be the largest two of its numbers, but the sum of these 2k numbers is ka. This means that

the sum of the largest two numbers of some column is at least a > b, which is a contradiction.




International Mathematics
TOURNAMENT OF THE TOWNS

Senior A-Level Paper Spring 2011.

1.

Baron Munchausen has a set of 50 coins. The mass of each is a distinct positive integer not
exceeding 100, and the total mass is even. The Baron claims that it is not possible to divide
the coins into two piles with equal total mass. Can the Baron be right?

In the coordinate space, each of the eight vertices of a rectangular box has integer coordinates.
If the volume of the solid is 2011, prove that the sides of the rectangular box are parallel to
the coordinate axes.

(a) Does there exist an infinite triangular beam such that two of its cross-sections are similar
but not congruent triangles?

(b) Does there exist an infinite triangular beam such that two of its cross-sections are equi-
lateral triangles of sides 1 and 2 respectively?

There are n red sticks and n blue sticks. The sticks of each colour have the same total length,
and can be used to construct an n-gon. We wish to repaint one stick of each colour in the
other colour so that the sticks of each colour can still be used to construct an n-gon. Is this
always possible if

(a) n=3;
(b) n> 37

In the convex quadrilateral ABCD, BC' is parallel to AD. Two circular arcs w; and ws pass
through A and B and are on the same side of AB. Two circular arcs wy and w, pass through
C and D and are on the same side of C'D. The measures of wy, ws, ws and wy are «, (3, B
and « respectively. If w; and ws are tangent to each other externally, prove that so are ws
and wy.

In every cell of a square table is a number. The sum of the largest two numbers in each row
is @ and the sum of the largest two numbers in each column is b. Prove that a = b.

Among a group of programmers, every two either know each other or do not know each other.
Eleven of them are geniuses. Two companies hire them one at a time, alternately, and may
not hire someone already hired by the other company. There are no conditions on which
programmer a company may hire in the first round. Thereafter, a company may only hire a
programmer who knows another programmer already hired by that company. Is it possible
for the company which hires second to hire ten of the geniuses, no matter what the hiring
strategy of the other company may be?

Note: The problems are worth 4, 6, 3+4, 444, 8, 8 and 11 points respectively.



Solution to Junior A-Level Spring 2011

1. The Baron is right, as usual. The masses of the 50 coins in his collection may just be the 50
even numbers up to 100. Their total mass is 50 times 51, so that each of two piles would have
total mass 25 times 51, which is odd. This is impossible since all the coins have even weights.

2. Solution by Olga Ivrii:

Let the side lengths of the rectangular box be a < b < c¢. Because the vertices are lattice
points, each of a?, b? and c? is an integer. Since 2011 is a prime, we must have either
a=>bb=1and ¢ = 2011, or a = 1 and b = ¢ = v/2011. In the former case, the sides of
lengths 1 must be parallel to two of the coordinate axes. It follows that the side of length
2001 must also be parallel to the third coordinate axis. In the latter case, the side of length
1 is parallel to a coordinate axis, and the sides of length v/2011 define a square in a plane
parallel to a coordinate plane. Again, because the vertices are lattice points, we must be able
to express 2011 as a sum of two squares. One of them must be the square of an even integer
and the other the square of an odd integer, say (2m)? + (2n + 1)® = 2011. This simplifies to
4(m? + n? 4+ n) = 2010, which is impossible since 2010 is not a multiple of 4.

3. Solution by Yu Wu:

(a) Take a prism ABCA'B'C" as shown in the diagram below, with AB = AC = 2 and
BC = 1. Take the cross-section X BC" where X is a point on AA’ to be chosen. Let
AX =zand XA' =y. Then BC' = /14 (x +y)?, XC' = /4 +y? and BX = 4 + 22,
We wish to choose x and y such that BC" = XC' = 2BX. From XC' = 2BX, we have
y = 2v/3 + 22. From BC' = X', we have 0 = 22+ 22y —3 = 2°+2xv/3 + 22— 3. Denote
the last expression by P(z). Then P(0) = —3 and P(1) = 6. Since P(z) is continuous,
there exists a value for x, and consequently for y, which makes triangle X BC" similar to
triangle ABC' and yet not congruent to it.

A X A’

c '’
B B’

(b) We use here the same diagram above, but with BC' = a, CA = b and AB = c¢. If we
can inscribe an equilateral triangle of side 1 in this prism, then each of a, b and c is less

than 1. Now BC' = \/a? + (x +y)?, BX = Vb? + 2% and XC' = /2 + 4% If XBC' is

an equilateral triangle of side 2, then x = v/4 — 0% > V3 and y=v4—-c2> /3. Hence
4>a®+ (\/§ + \/3)2 > 12, which is a contradiction.




4.

(a)

The red sticks may be of lengths 16, 16 and 1, and the blue sticks may be of lengths
13,11 and 9. Since 16+16+1=13+1149, 16 < 16 + 1 and 13 < 11 + 9, the conditions of
the problem are satisfied. If we swap the red stick of length 1 with any blue stick, it will
not form a triangle with the other two blue sticks. If we swap any blue stick with a red
stick of length 16, it will not form a triangle with the other two red sticks.

Solution by Yu Wu:
There is a red stick of length 5 — ﬁ and another of length 4+
n — 2 are of length —. There is a blue stick of length 5 — W and another of length

5— ﬁ The other n — 2 are of length —-—. The total length of the sticks of each
colour is 10. We consider four cases.

Case 1. A short red stick is swapped for a short blue stick.

We will have trouble on the predominantly red side, because

(+1) The other

PR S R SR S S
nn+1) n—-2 n3(n-2) n(n+1)
< STy
nn+1) n-—2
- 1 +n—3_1
n—2 n-—2
= 0.

Case 2. A long red stick is swapped for a short blue stick.

We will have trouble on the predominantly red side because 4 + n(n )
Case 3. A long red stick is swapped for a long blue stick.

We will have trouble on the predominantly blue side, because 5—
Case 4. A short red stick is swapped for a long blue stick.

We will have even greater trouble on the predominantly blue side.

>1+n( 5

1 1 1
n2(n+1) >5— n(n+1) +$

5. Solution by Charles Leytem:

Let X and Y be the respective midpoints of AB and C'D. Let O, P, Q' and P’ be the
respective centres of wy, wo, ws and wy. Let £, F, M, N, M’ and N’ be points on AD such
that YE, XF, OM, PN, O'M’ and P’ N’ are perpendicular to AD. Let K be the point on X F
such that OK is perpendicular to X F', L be the points on PN such that LY is perpendicular
to PN, K’ be the point on X F such that O'K’ is perpendicular to X F, and L’ be the point
on P'N’ such that L'Y is perperndicular to P’N’. Let AX =a, DY =¢, DE =¢, AF = f
and XF =YFE = h.




We first prove three preliminary results.

(1) OB-PC=0'B-PC.

By the Law of Sines, 20Bsina = 2a = 20'Bsin § and 2PC'sin § = 2¢ = 2P'C'sin . Hence
cOB = aP'C and aPC = cO'B, so that OB - PC =0O'B - P'C.

(2) OX-PY =0'X-PY.

We have c20X? = c*(OB? — a?) = a*(P'C?* — ¢?) = a®P'Y? so that cOX = aP'Y. Similarly,
cO'X = aPY. Hence OX - PY =0'X - P'Y

3) KX-LP=K'O-LY.

We have KX = LOX, LP = ¢PY, K'O' = LO'X and L'Y = ¢P'Y It follows from (2) that
KX -LP=KO0O-LY

B C
O/
Y
K/
X o
L/
AJM'F N E D

The horizontal distance between O and P is MN = EF — M F + EN. The vertical distance
between O and P is PN — OM = KX + LP. We are given that w; and w, are tangent, so
that MN? 4+ (KX + LP)? = (OB + PC)?. Similarly, the horizontal distance between O" and
P'is M'N' = EF — E'N + F'M, and the vertical distance is O'M' — P'N' = K'O'+ L'Y . To
have w3 tangent to wy, we need to prove that (M'N')*+ (K'O'+ L'Y)? = (O'B+ P'C)?. Note
that FM = 20X = 2P'Y = EN’ and FM' = 20'X = 2PY = EN. Hence MN = M'N’.
In view of (1) and (3), the desired result now follows from

OB? - KX?+ PC? — LP?
a2 2 C2 62

= SPC?- —OXQ + —O’BQ — —PYQ
C

a2 f2 2

= S P'C? - P’Y2+ 032 2O’X2
C
h? h?

= §P’02 f? + - —O'B? —
h? %

= 50B* - 62+—PC’2—f2
a2 f2 2

= S PC?- PY2+ 032 —0X?
& a?
a2 f2

= S PC*— OX2+ 032 —QP’YQ
&

= O'B*— (K’O )2+ P’C2 - L'y



6. First Solution by Daniel Spivak.
We only need to prove that a > b since we will then have b > a by symmetry. Circle the
largest number z; in column j, 1 < j < n, where n is the number of rows and therefore
of columns. By relabelling if necessary, we may assume that z; is the smallest of these n
numbers. We consider two cases.
Case 1. Two circled numbers z; and z;, are on the same row.
Then a > x; + x; > 2x; > b since the sum of the largest two numbers in column 1 is b.
Case 2. Each circled number is in a different row.
Let the second largest number y; in column 1 be in row 7, and let the circled number in row
7 be xp. Then b =21+ y; < 2 + 11 < a since the sum of the largest two numbers in row &
is a.
Second Solution:
Suppose to the contrary that a # b. We may assume by symmetry that a > b. Circle in each
row the largest two numbers. Let the number of circled numbers in column ¢ be ¢;, 1 <@ < n,
where n is the number of rows and therefore of columns. We have ¢; +¢ca+---+¢, = 2n. Now
(621) + (622) +oet (2") =1d+3+ - +3)—3(ci+ea+- - +¢,). By the Root-Mean-Square

Inequality, 1/ cfﬂ%j"“% > adetedo Tt follows that (021) + (C;) +--+ (CQ”) > n. We now
construct a graph with n vertices representing the n rows. Two vertices are joined by an edge
if and only if the corresponding rows have circled numbers in the same column. The number
of edges of this graph is given by (621) + (622) et (C;) > n, so that the graph has a cycle,
say of length k. By relabelling if necessary, the k vertices on this cycle represent rows 1 to k,
with the circled numbers on row 7 in columns ¢ and 7 + 1 for 1 < ¢ < k — 1, and the circled
numbers on row k in columns £ and 1. Now the circled numbers in a column may or may not
be the largest two of its numbers, but the sum of these 2k numbers is ka. This means that

the sum of the largest two numbers of some column is at least @ > b, which is a contradiction.

7. Solution by Central Jury:

Let there be eleven attributes on which the companies rank the candidates. The ranking
of each attribute for each candidate is a non-negative integer. It turns out that for each
candidate, the sum of the eleven rankings is exactly 100. Moreover, no two candidates have
exactly the same set of rankings, and for each possible set of rankings, there is such a candidate.
The eleven geniuses are those with a ranking of 100 in one attribute and a ranking of 1 in
every other attribute. Two candidates know each other if their sets of rankings differ only
in two attributes, and those two rankings differ by 1. Consider candidate A who is the first
hired by the first company. By the Pigeonhole Principle, the ranking of at least one attribute
for A is at least 10, and we may assume that this is the first attribute. The second company
hires the candidate whose ranking in the first attribute is exactly 10 lower than that of A,
but exactly 1 higher in each of the other ten attributes. At this point, the first company has
a big edge in hiring the genius of the first attribute, but the second company has a small edge
in hiring the genius of each of the other ten attributes. The second company concedes the
genius of the first attribute to the first company, but aims to hire the other ten geniuses by
maintaining these small advantages. Note that among the candidates hired by each company;,
the highest ranking in any attribute can only increase by 1 with each new hiring. Whenever
the first company makes a hiring, the second company will respond by hiring a candidate
whose rankings change in the same attributes and in the same directions.
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