34. MATEMATNYEKUA TYPHUP I'PAITIOBA

Jlakma jecema Bapujanrta, 7.10.2012.

Muaabu yspact (8. paspen ocHoBHEX U 1. pa3pen CpeamUX MIKOJIA)
W3pana 3anmaTaka Tpaje 5 catu

(PesynTar ce pauyHa Ha OCHOBY TPM 3aJaTKa Ha KOjuMa je ydeHuk mnobwo Hajsehwm 6poj moena)

IIOEHU 3a0aTak

1. Iler yuenwmka mmajy mmena llakxwu, Humurpuje, Janko, Panocas n Credan, mox
cy wuxoBa npesuMena (y HexkoM penocieny) lakuh, Tumurpujesunh, Jankosuh,
Panocasmesuh u Crepanosuh. Ilozuaro je na je

Iaku crapuju 1 romury onx Ilaxuha,

3 Iumurpuje crapuju 2 rogune on Iuvurpujesuha,
Janko crapuju 3 romuue on JankoBuha,
Panocas crapuju 4 romuae on Panocasmesuha.

Ha au je crapuju Credpan niau Credpanouh m 3a KOIUKO?

2. Hera je C(n) 6poj mpoctux memmrana mpupomsor 6poja 1 (amp. C'(10) =
4 2,C(11) = 1,C(12) = 2). Ha nu je 6poj ypebennux maposa (a,b), a # b, 3a
KOj€e BaKU C(CL + b) = C(a) + C(b) KOHAYaH Uiau OECKOHAUAH?

3. Y mexka jemurnuna nosba Tabae 10X 10 nocrasmene cy 6ombe. CBako jemuHUIHO

mosbe Koje Hema OoMOy, camp:ku Opoj koju je jemHar Opojy OoMmbu y mmemy

CcycemHMM mosbuMa (ABa mMoJba Cy CyCemHa aKO MMAjy 3ajelHUYKy CTPaHy WU

aKo mMajy 3ajemHnuko Teme). HakKOH OBOra HANPABJLEH je HOBU pacmopen -

5 CBaKO IIOJbE KOje HUje camgpkajo 0oMOy cama camgp:xu O00MOy, NOK je y CBako

IPEOCTAJIO TMOJbe YIUCAH OpOoj Koju je jemHak Opojy 60MOU y meMy CycemHruM

nosmuMa (y HOBOM pacmopeny). a snu je moryhe nma je 36up cBux ynmcasux

OpojeBa y HOBOM pacmnopeny Behim o 30upa cBuX ynucanux 6pojeBa y mIOYeTHOM
pacmopeny?

4.  Kpysauna nomupyje crpamune AB, BC' u C'D napanenorpama ABCD), pe-
5 moMm, y taukama K, L uw M. Hokaszaru na mpasa K L monosu Bucumy mapade-

JorTpaMa KOHCTPYUMCAaHy U3 TEMCHaQ C Ha CTPpaHUIy AB

5. IlBameceT yuyeHUKa HEKOT OJI€/bEHA UILJIO je HA HEKOJIMKO usiaera. CBakoM m3Jie-
5 Ty OPUCYCTBOBAO je 0ap jeman ydeHwk. Jloka3aTu ga HOCTOjU M3JIET TAKAB I

. 1
jé CBakM HEeroB YUECHUK y4eCTBOBAO Ha Oap 50 CBUX H3JIETA.



34. MATEMATNYEKUA TYPHUP I'PAITIOBA
Jlakma jecema Bapujanrta, 7.10.2012.

Crapuju y3pact (2. u 3. paspen Cpelmux IIKOJIA)
W3pana 3anmaTaka Tpaje 5 catu

(PesynTar ce pauyHa Ha OCHOBY TPM 3aJaTKa Ha KOjuMa je ydeHuk mnobwo Hajsehwm 6poj moena)

IIOEHU 3a0aTak

1. Y Hera jemuruvHa nosma tabie M X N, rpe cy M u N GUKCUPAHA TPUPOTHA
OpojeBu, mocraBiheHe cy O0ombe. CBakO jeaMHUYHO IOJLe KOje HemMa OoMOy,
canp:xu 6poj kKoju je jenuak O6pojy 60MOuU y meMy CycemHuM mojbuMa (ABa moJba
Cy CyCemHa aKO UMajy 3ajeJHUUYKY CTPDAHY WM aKO UMAjy 3ajeIHUYKO TeMe).

4 Hakon oBora HampaBJ/beH je HOBU DPACIOpPEN - CBAKO IOJbE KOje HUje CamaPKaJIO
60MOy canma canpsku 60MOy, JOK je Y CBAKO MPEOCTAJO NMOJhe YOUCAH OPOj KOju
je jemmak 6pojy 6ombu y meMmy cycemauM mossuma (y HOBOM pacmopeny). lla
au je moryhe ma je 306up cBuUX ymmcanux OpojeBa y HOBOM pacmopeny Behu on

30upa CBUX ynucaHUX OpojeBa y IMOYETHOM PacCIopemy !

2. ar je KOHBeKCaH IoJjmenap 4 cepa Koja cede CBAKy HEINOBYy UBUIY U AEJU
je Ha Tpu jemHaka mena. Jla au MHOTOYTJIOBU KOjU TMPEACTABI/LAjY CTPAHE TOT
nojaueanapa Mopajy ouTtu

2 a) oLy ZIapHU

6) wupasuaHEA?

3. IIBamecer yJYeHUKA HEKOI ONeJberha WILIO je Ha HEeKOJIUKO m3iera. CBakoOM m3ie-
5 Ty IPUCYCTBOBAJO je 6ap 4eTBOPO yueHuKa. [loka3aTu na MOCTOjU U3JIET TAKaB

. 1
la je CBaKW HEroB y4YeCHUK y4eCTBOBAO Ha Oap - CBUX U3JETa.

4. Hexka je C(n) Opoj mpocTHUX genumiiana IpUpOmHOr Opoja 1.
a) Ila qmu je 6poj ypebenux maposa (a,b), a # b, 3a woje Bamm C’(a + b) =

2 C(CL) + C(b) KOHAUYAH MU OECKOHAUAH?!
3 6) a mu je 6poj ypebenux maposa (a,b), a 7& b, 3a xoje Bamu C(a + b) =
C(a) + C(b) > 1000 romauan umu Gecronauam?
5. Meby 239 moBumha Hasnaze ce nBa naxHa. McnpaBau HOBumMhu mmajy Me-
bycobuo jemmake Tesxkumue. Jlaxkuu HoBumhu Takobe umajy mebhycobuo jemmake
5 TEKUHE, Al Ce BUXOBA TEKUHA DPA3JINKyje ON TERWHE WCIPABHUX HOBUMOA.

Yrepautu nomoliy Tpum Mepema Ha TepasujamMa (Bara Ge3 Terosa) ma Ju Cy

JIQAKHM HOBUMNU TEKU WU JAKIIN O CIIPpAaBHUX.



34. MATEMATUNYEKNA TYPHUP I'PAJIOBA
OcHoBHa jecema BapujanTta, 21.10.2012.

Munabu yspacr (8. paspen ocHOBHUX U 1. paspen CpemmUX MKOJA)

Wzpana 3amaraka Tpaje 5 cartu

(PesyaTat ce pauyHa Ha OCHOBY TPU 3aJaTKa HA KOjUMa je ydeHUK Ho0uo Hajsehmn Gpoj moeHa.)

IIOCHU

10

3aadanu

3a meranHU 3alC HEKOT Hesor Opoja KOpucTe ce camo ase pasianuute nudpe. Ilosunaro je na taj 6poj
uMma bapem 10 mudapa u na cy cBake nBe y3acrtonHe mudpe mehycobno paszmuunre. Koju je majsehm

CTEIeH MBOjKE KOjU MO:Ke ma mesu oBaj 6poj?

Yun u Hejn urpajy caemehy urpy. Ha mouerky mrpe, Yun pacmopemm 222 smemmwmra y 2 KyTuje.
Ilejn Bumy kaxo cy pacnopebenn nemmunu u 6upa npupoaan 6poj N uz cryna {1,2,...,222}. 3artum,
Yun ysuma noxatay tpeliy kytujy (koja je mpa3Ha) m HpeMemTa, YKOJIUKO je TO HEOIXOTHO, HeKu OPoj
JIEIIHUKA, 13 TIpBe aBe kyTuje y Tpehy ca mmmem na y Hekoj ox oBe Tpu KyTuju Oyae Tauno N JeImHuKA,
Wi na HEKe IBe KyTuje 3ajemno campske N smemmuka. Ilejn mobuja CBe JIENHUKE KOJjU CY IPEMEIITEHN
y tpehy xkyTujy. Koju je makcumanan 6poj nemunka koju Jejn moske na mobuje, 6e3 o63upa kaxko Yun
urpa?

Y mexuMm mosmuMa tabmune 11 X 11 ynucan je 3mak mayc: 4. Ilosmato je ma je ykyman Opoj miayceBa y
mesoj Tabuaunu mapaH u ga je 0poj mirycesa y cBakoj 2 X 2 moarabmunu takobhe mapan. Ilokasaru ma
je yrynan Opoj miycesa Ha TJIaBHO] mujaroHasiu oe Tabiawuie napan 6poj. (['maBma mujaromarna je oHa

AujaroHasa Koja CIaja TOPEe JIEBO U AOHE IECHO II0JbE)

Iar je rpoyrao ABC'. Heka je I menTap ymucaHor Kpyra OBOT TpoyTJa, a X,Y, Z HeHTpH yIuCaHUX
kpyrosa tpoyriaosa AIB, BIC aun AIC, penom. Ilemtap ymmucasor kpyra Tpoyriaa XY Z mokjiamna
ce ca tauxkom I. Ila su u3 Tora obasesno ciaemu na je Tpoyrao ABC jemmakocTpanudan?

Ayromobun ce kpehe mo KpyskHO] cTa3m y cMepy KpeTama Ka3ajbKyi Ha JYaCOBHUKY. TadHO y mmonHe,
[Terap u [TaBae cranm cy mopen Tpake, Ha pa3IUndUTUM MO3UIKUjaMa, Ja mocMaTpajy ayromobun. Hakon
HEKOI' BpEMEHAa, ICTOBPEMEHO CY HAIYCTUJIX CBOje MO3UIKje U YIIOPEIUJIU CBOja 3anakama. llpumernin
cy ma je ayroMoOwmi mpomao mopen cBakor on mux 6apem 30 myrta. ITopen Tora, Ilerap je mpumeruo
na je ayToMOOWJ CBakKM HapETHU KPYT HpeIa3uo jeqHy CeKyHOy Opske Hero mperxonnu, a llasise je
NPUMETHO 13 je ayTOMODOWII CBAKM HAPEAHU KPYT IPEIa3ro jeAHY CEKYHIy CIOPUje Hero MPEeTXOIHU.
IlokazaTu ma cy oHEM TOCMATPAJIM ayTOMOOMJ OapeMm jeJaH U MO CaT.

YryTrap pyra youesa je tauka A. Kpos Tauxky A xomcrpymcame cy nse mebhycobro HOpMaHE mpaBe
KOje mpecenajy Kpyr y uverupu Tauke. JlokazaTu ga meHTAp Maca OBE€ UYETUPU TAUKE HE 3aBUCU O
u3bopa OBAKBUX MBEjy TPABUX.

YuyTap Kpyra yodeH je mpasuian 2n-toyrao (n > 2) ca neatpom y A (A nuje obaBesHo u meHTap
Kpyra). 2n moJynpaBux Koje mosjase m3 Tadke A u camapske Temena oBor 2n-royria, mpecernajy Kpyr
y 2n tauaka. O6Genexumo ca O meHTap Maca OBUX 27 Tauaka. 3aTUM CE€ OBaj 2M-TOYrao pOTUPA
oKo Tauke A ¥ MOHOBO ce KOHCTPYWIIy HOBUX 27 MOJyHpaBux Koje mosase u3 A u canpse Temena
2n-toyraa, Koje mpecenajy Kpyr y HOBux 2n tauaka. Obenesxmmo ca N meHTap Maca OBUX HOBUX 271
tauaka. Jlokazaru ma je O = N.

[Terap u [laBne urpajy caemehy urpy. Ha nouerky urpe, [lerap 3amucau Heku npuponan 6poj a yuju
je 36up mudpapa jemmak 2012. Ilasse 3ma na je 36up mudapa 6poja a jemnar 2012, anu sxemm na moromu
Koju je To 6poj. Y cBakom moresy, [laBie Gupa nmpuponan 6poj x, a [lerap My caommraBa KOJUKA je
36up madapa 6poja |x — al. Konurn je murmmanan 6poj moresa morpeban [lasry na 6u oxpeauo koju
je 6poj a?



34. MATEMATUNYEKNA TYPHUP I'PAJIOBA
OcHoBHa jecema BapujanTta, 21.10.2012.

Crapnju y3pact (2. u 3. paspen CpemmbUX MKOJIA)

Wzpana 3amaraka Tpaje 5 cartu

(PesyaTat ce pauyHa Ha OCHOBY TPU 3aJaTKa HA KOjUMa je ydeHUK Ho0uo Hajsehmn Gpoj moeHa.)

IOEHU 340l

1.
4

2.
5

3.
6

4.
8

5.
8

6.

a)
5

6)
5

7.
10

IlaT je GecKOHAYHM HU3 peaJHUX O6pojesa a1, a2, ads, ... 3a CBaKu mpupomad 6poj k mocroju mpupomar 6poj
t = t(k) TAKo na je A = Qfy¢ = Gk42t = ... a sm obase3no mocroju npuponan 6poj I’ Taxo na je
ap = ag4+7 3a cBako k € N?

Yun u Iejn urpajy caenehy urpy. Ha mouerky urpe, Yun pacnopeau 1001 nemuuk y 3 xytuje. ejn summ
Kako cy pacrnopebern memmwmm u 6upa npupoman 6poj N m3 ckyma {1,2,...,1001}. 3arum, Yun ysuma
MOJATHY YeTBPTY KyTH]y (KOja je mpasHa) M IpeMeImTa, YKOJIUKO jé TO HEONXOIHO, HEKU OpOoj JIeImHNKa 13
OpBe TPU KyTHje Y YeTBPTY Ca IMJbeM Ha y HekuM kyTujama (Morhe um camo jemuoj), meby oBum uverupu,
6yne yrynao tauro N memmmka. Ilejn mobuja cBe JEMHUKE KOjU Cy TPEMENITeHM y YeTBPTY KyTujy. Koju
je MakcuMaJian Opoj memuuka koju Ilejn mosxke ma mobuje, 6e3 o63upa Kako Ywm urpa?

AyTomobui ce kpehe Mo Kpy:KHO] CTa3uW y CMepy KpeTama Ka3aJbKA Ha YaCOBHUKY. layno y moxme, Iletap
u IlaBsie cranu cy mopen Tpake, Ha Pa3IWdYUTUM NOO3UNMjaMa, Oa HocMarpajy ayromobuis. Hakon Hekor
BpeMeHa, UCTOBPEMEHO Cy HAIYCTUIN CBOje MO3UIKje U YIOPEeAUIN CBOja 3amakama. AyToMoOui je mpomao
nopen csaxor on mux bapem 30 myta. Ilopen Tora, Iletap je mpumeTuo ga je ayTOMOOMJ CBAKU HApEIHU
KPYT IPEJIa3no jeIHy CeKyHay Op:ske Hero mperxonuau, a IlaBie je mpumerno na je ayToMOOMI CBAKU HAPEIHU
KPYT Ipejia3no jeIHy CEKYyHIy CHopuje Hero nperxonnu. Jloka3zary mna cy OHM HOCMATPAIU ayToOMOOUI Gapem

jeman m mo cart.

Ha crparunama AB u BC tpoyrna ABC youene cy tauke C1 u Ay pemom, paznuunre o TeMeHA TPOYTIIA.
Hexa je K cpemuna nyxu A1C1 u I nenrap ymacanor xpyra tpoyraa ABC. Axo je wersopoyrao A1 BC11

TetwBan, mokazatu aa je yrao ZAKC Tym.

ITerap u IlaBne urpajy ciaenehy urpy. Ha nmouerky urpe, Ilerap 3amucau Heku npupoman 6poj a uuju je
36up mudapa jemmax 2012. Tlasae 3ua na je 36up mupapa 6poja a jemmax 2012, anum sxenu ma moromm kKoju je
TO 6pOj. Y cBakom notesy, IlaBae 6upa npuponan 6poj , a [lerap My caonmraBa kKoguku je 30up nudapa

opoja |:L‘ — a’. Konuku je murumasian 6poj nmoresa norpeban [laBiay ma 6u oxpenuo koju je 6poj a?

Yayrap cdepe youena je tauka A. Kpos tauxy A xomcrpyuncame cy Tpu MebhycobHO HOpMaJHE mpaBe Koje
mpecenajy cdepy y mect tadaka. JlokazaTu ma meHTap Maca OBHX IIECT Tadaka He 3aBUCH on m3bopa
OBAKBUX IIPABUX.

YuyTap chepe youeHn je mrocaemap ca mentpom vy A (A mmje ob6asesno m memrap cdepe). 12 momynpasux
KOje mosaze u3 Tauke A 1 cazpske TeMeHa OBOT MKOCAeIpa, Ipecenajy kpyr y 12 rauak umju je memrap mace
rauka (J. 3aruM ce oBaj mKocaegap poTupa oko Tauke A 1 moHOBO ce KoHCTpymmy HOBuX 12 momympaBmx
Koje mostaze u3 A u campixe TeMena mkocaempa, Koje mpecenajy Kpyr y HoBux 12 rtauaka. OGemesxumo ca
N nenrap maca osux HOBUX 12 Tawaka. Iokasaru ma je O = N.

(Ukrocaenap je mpasunan nomenap ca 20 TpoyraoHux cTpaHa; U3 CBAKOT TEMEHA IOJA3M O WBULA).

Tparxa mamensuje 1 X 1000000, caunmena on jemuanuaux mosma, noxemerna je wa 100 cermenara. Y cBako
moJhe yIUCAH je TO jemaH 1eo Opoj, Tako Ja MoJba KOoja IPUIaajy UCTOM CErMEHTY calp:ke mcre Opojese.
Ha cBako mosse je mocraBsbeH 1o jeman sxkeToH u ypabeno je ciemehe: cBaku :KeTOH je MOMEpEH YIECHO
3a OHOJIMKO ITI0Jba KOJIMKU je OPOj y MOJbY HA KOME je :KeTOH MOCTaB/beH (YKOJMKO je y HoJbe OUO yHoucas
HeraTuBaH OpOj, JKETOH ce moMepa yJueBo). VemocTaBuio ce na ce HAKOH OBE ONEpAlrje MOHOBO HA CBAKOM
moJby Hammao 1o jenan sxkeron. OBa omepanuja je 3aTUM MOHABJLAHA MHOILO IIyTa. 3a CBAKU sKETOH KOjU je Ha
IOYeTKy OMO MOCTABJLEH HA HEKO IOJhEe M3 MPBOI CETMEHTA, 3allUCaH je OPOoj omepalyja U3BeJeHNX 0K CE Taj
JKEeTOH HIUje IPBU IMyT BPATWO HA HEKO MOoJbe M3 mpBor cermenta. Jlokazarm ma meby 3anucanum 6pojeBuma,

nocroje majsume 100 pazmuuntux.



34. MATEMATICKI TURNIR GRADOVA

Laksa prole¢na varijanta, 24.2.2013.

Mladi uzrast (8. razred osnovnih i 1. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se rac¢una na osnovu tri zadatka na kojima je ucenik dobio najveéi broj poena)

poeni

zadatak

U ravni je dato Sest tacaka. Poznato je da se ove tacke mogu podeliti u dve
grupe od po tri tacke, tako da tacke iz iste grupe ¢ine temena trougla. Da li
odatle sledi da se ove tacke mogu podeliti u dve grupe od po tri tacke, tako da
tacke iz iste grupe Cine temena trougla i da ta dva trougla nemaju zajednickih
tacaka (kako unutrasnjih tako i ivicnih)?

Na tabli je zapisan prirodan broj A. U svakom koraku brisemo broj koji se
trenutno nalazi na tabli (neka je to broj z), a umesto njega pisemo ili = +9 ili
broj koji se dobija izbacivanjem cifre 1 sa bilo koje pozicije u broju x. Da li
je uvek moguée, pocevsi od broja A, nakon nekoliko poteza dobiti broj A+17
(Ako zelimo da obrisemo cifru 1 sa vodeée pozicije, brisemo i sve nule koje
slede neposredno nakon te jedinice).

Svaki od 11 tegova ima masu koja iznosi prirodan broj grama. Nikoja dva
tega nemaju jednake mase. Poznato je da, ako izaberemo bilo koji podskup
ovog skupa tegova i rasporedimo ga u bilo kom rasporedu na dva tasa terazija,
ukoliko se broj tegova na jednom i drugom tasu razlikuju, uvek ¢e teza biti
ona strana na kojoj se nalazi veéi broj tegova. Dokazati da barem jedan od
ovih tegova ima masu vecu od 35 grama.

Na sahovskoj tabli, dimenzije 8 x 8, nalazi se 8 topova, tako da se nikoja dva
topa medusobno ne napadaju. Sva polja table podeljena su ovim topovima na
slededi nacin: polje na kome se nalazi top pripada tom topu; ako neko polje
napadaju dva topa, ono pripada onom topu koji je blizi tom polju, a ukoliko
je to polje jednako udaljeno od oba topa, svaki top dobija po polovinu tog
polja. Dokazati da je svaki top ukupno dobio istu povrsinu na tabli.

U cetvorouglu ABC'D, ugao kod temena B iznosi 150°, ugao kod temena C'
iznosi 90°, a stranice AB i C'D su jednake. Odrediti ugao izmedu prave BC
i prave koja spaja sredine stranica BC i AD.



34. MATEMATICKI TURNIR GRADOVA

Laksa prole¢na varijanta, 24.2.2013.

Stariji uzrast (2. i 3. razred srednjih skola)

Izrada zadataka traje 5 sati

(Rezultat se rac¢una na osnovu tri zadatka na kojima je ucenik dobio najveéi broj poena)

poeni

zadatak

Na tabli je zapisan prirodan broj A. U svakom koraku brisemo broj koji se
trenutno nalazi na tabli (neka je to broj x), a umesto njega pisemo ili z +9 ili
broj koji se dobija izbacivanjem cifre 1 sa bilo koje pozicije u broju x. Da li
je uvek moguce, pocevsi od broja A, nakon nekoliko poteza dobiti broj A+17
(Ako zelimo da obrisemo cifru 1 sa vodeée pozicije, brisemo i sve nule koje
slede neposredno nakon te jedinice).

Neka je ABC pravougli trougao, sa pravim uglom u temenu C'. Nad katetama
AC i BC konstruisani su kvadrati ACKL i BCM N, u spoljagnjosti trougla
ABC. Ako je CE visina trougla ABC, dokazati da je ugao LEM prav.

Na Sahovskoj tabli, dimenzije 8 x 8, nalazi se 8 topova, tako da se nikoja dva
topa medusobno ne napadaju. Sva polja table podeljena su ovim topovima na
slede¢i nacin: polje na kome se nalazi top pripada tom topu; ako neko polje
napadaju dva topa, ono pripada onom topu koji je blizi tom polju, a ukoliko
je to polje jednako udaljeno od oba topa, svaki top dobija po polovinu tog
polja. Dokazati da je svaki top ukupno dobio istu povrsinu na tabli.

Na svakom od 100 tegova nalazi se nalepnica koja pokazuje stvarnu masu
tog tega. Nestasni Grisa zeli da preuredi nalepnice tako da suma brojeva na
nalepnicama bilo koje grupe od k € {1,2,...,99} tegova nije jednaka ukupnoj
masi tih tegova. Da li Grisa uvek moze da uspe u svojoj nestasnoj nameri?

Kvadratni trinom je prihvatljiv ako su mu koeficijenti celobrojni, vodeéi koefi-
cijent je jednak 1, apsolutna vrednost koeficijenata ne prelazi 2013 i nule tog
kvadratnog trinoma su celi brojevi. Vasa je sabrao sve prihvatljive kvadratne
trinome. Dokazati da trinom koji je dobio tom prilikom nema realnih nula.



34. MATEMATICKI TURNIR GRADOVA

Osnovna proleéna varijanta, 10.3.2013.

Miadi uzrast (8. razred osnovnih i 1. razred srednjih skola)

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena.)

poeni

zadaci

Na tabli se nalazi nekoliko prirodnih brojeva. Suma bilo koja dva broja sa table jednaka
je nekom stepenu dvojke. Koliko se najvise razlic¢itih brojeva moze naci na tabli?

Dvadesetoro dece, deset decaka i deset devojcica stoje u vrsti. Svaki decak je izbrojao
koliko se dece nalazi desno od njega i zapamtio taj broj. Svaka devojcica je izbrojala
koliko se dece nalazi levo od nje i zapamtila taj broj. Dokazati da je zbir svih brojeva
koje su zapamtili dec¢aci jednak zbiru svih brojeva koje su zapamtile devojcice.

Data je tabla dimenzije 19 x 19. Da li je moguce markirati neke kvadrati¢e dimenzije
1 x 1 tako da svaki kvadrat dimenzije 10 x 10 sadrzi razli¢it broj markiranih kvadrati¢a?

1000 realnih brojeva razlicitih od nule je poredjano u krug i ofarbano naizmeni¢no crnom
i belom bojom. Svaki crni broj je jednak zbiru dva njemu susedna bela broja, dok je
svaki beli broj jednak proizvodu dva njemu susedna crna broja. Koje sve vrednosti
moze imati zbir ovih 1000 brojeva?

Tacka u (koordinatnoj) ravni ¢ije su obe koordinate celi brojevi se naziva évor. Uo¢imo
trougao ¢ija se temena nalaze u ¢vorovima i koji sadrzi ta¢no dva ¢vora u svojoj un-
utrasnjosti. Dokazati da prava kroz ta dva ¢vora ili sadrzi teme trougla ili je paralelna
sa nekom od stranica trougla.

Neka je ABC pravougli trougao i neka je I centar upisanog kruga u trougao ABC' koji
dodiruje njegove katete AC' i BC u tackama By i Ag, redom.

Neka se normala iz tacke Ag na pravu Al i normala iz tacke By na pravu BI seku u
tacki P. Dokazati da je CP L AB.

Dva tima A i B ucestvuju na Skolskom turniru u stonom tenisu. Tim A se sastoji od
m ucenika a tim B od n ucenika gde je m # n.

Postoji samo jedan sto za stoni tenis na kome je mogudce igrati i turnir je organizovan
na sledeé¢i na¢in. Dva ucenika iz razli¢itih timova po¢nu da igraju me¢ dok svi ostali
ucenici formiraju red i ¢ekaju njihov red za igru. Kada se neki mec zavrsi, ucenik sa
pocetka trenutnog reda menja ¢lana svog tima koji je igrao u tom mecu i igra protiv
preostalog igraca (tj. ¢lan suprotnog tima nastavlja da igra). Igra¢ koji je zamenjen ide
na kraj reda. Dokazati da ¢e svaka dva ucenika iz suprotnih timova u nekom trenutku
igrati mec jedan protiv drugog.



34. MATEMATICKI TURNIR GRADOVA

Osnovna proleéna varijanta, 10.3.2013.

Stariji uzrast (2. i 3. razred srednjih Skola)

(Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveci broj poena.)

poeni

zadaci

Na tabli se nalazi nekoliko prirodnih brojeva. Suma bilo koja dva broja sa table jednaka
je nekom stepenu dvojke. Koliko se najvise razlic¢itih brojeva moze naci na tabli?

Na dugackoj plazi sede jedan decak i jedna devojcica. Zatim, dvadesetoro dece, jedno
za drugim, dodu na plazu i svako dete sedne izmedu dvoje dece koje veé¢ sede na plazi.
Dete je hrabro ukoliko je selo izmedu dvoje dece suprotnog pola od njegovog. Nakon
Sto je i poslednje dete zauzelo svoje mesto, ispostavilo se da decaci i devojcice sede
naizmenic¢no. Da li je moguce jednoznacno odrediti broj hrabre dece medu njima?

U ravni je dat koordinatni sistem. Tacku te ravni nazivamo c¢vor ako su obe koordinate
ta tacke celobrojne. Posmatrajmo trougao ¢ija su temena ¢vorovi i koji sadrzi barem
dva ¢vora u svojoj unutrasnjosti. Dokazati da u unutrasnjosti tog trougla postoje dva
¢vora takva da prava odredena njima prolazi kroz teme trougla ili je paralelna sa jednom
stranicom trougla.

Brojevi 1,2, ..., 100 zapisani su na kruznici, u nekom redosledu. Da li je moguce da je
za svaka dva susedna broja na kruznici njihova apsolutna vrednost razlike ne manja od
30 i ne veca od 507

U ravni su izabrane tri tacke i jednoj je dodeljena crvena, jednoj plava i jednoj zuta
boja; ostalim tackama te ravni nisu dodeljene boje. Jedan korak sastoji se od sledeceg:
izaberu se dve tacke kojima su dodeljene razli¢ite boje; zatim se odredi jo§ jedna tacka
u ravni i njoj se dodeli preostala tre¢a boja tako da sve tri tacke ¢ine temena jed-
nakostrani¢nog trougla ¢ijim temenima su dodeljene boje, u smeru kazaljke na satu:
crvena, plava, zuta. Svakoj tacki ravni moze da se dodeli vise boja. Dokazati da nakon
proizvoljnog broja koraka vazi: za proizvoljnu boju x € {crvena, plava, zuta} sve tacke
kojima je dodeljena boja x nalaze se na jednoj pravoj.

Dato je 5 medusobno razli¢itih pozitivnih realnih brojeva. Poznato je da je suma
kvadrata ovih brojeva jednaka sumi 10 proizvoda od po dva razli¢ita realna broja.
Dokazati da je moguce izabrati tri realna broja od ovih pet, tako da ne postoji trougao
¢ije su duzine stranica jednake tim brojevima.

Dokazati da je broj trojki opisanih u delu pod a) barem 6. (Trojke sa¢injene od istih
brojeva u razli¢itim redosledima smatraju se istim).

Kralj je odlucio da redukuje svoj Savet koji se sastoji od 1000 ¢arobnjaka. Poredao ih
je u niz i stavio im je kape na kojima su bili zapisani brojevi od 1 do 1001 u nekom
redosledu (kapu koju nije iskoristio je sakrio). Svaki ¢arobnjak vidi samo one kape
koje se nalaze na glavama ¢arobnjaka ispred njega. Kada Kralj da znak, pocevsi od
poslednjeg ¢arobnjaka u nizu, svaki ¢arobnjak izgovara jedan broj od 1 do 1001, tako
da svi ostali ¢arobnjaci mogu da ga ¢uju. Ni jedan broj ne sme biti izgovoren dva puta.
Svaki ¢arobnjak koji ne pogodi broj na svojoj kapi biva izbacen iz Saveta. Carobnjaci
su znali za ovaj test i mogli su da dogovore strategiju unapred.

Da li ¢arobnjaci mogu da smisle strategiju koja bi garantovala da ¢e vise od 500 njih
ostati u Savetu?

Da li ¢arobnjaci mogu da smisle strategiju koja bi garantovala da ¢e barem 999 njih
ostati u Savetu?



TPUAIIATH YETBEPTHI TYPHUP I'OPOI0B

Ocennwuit Typ,

8 — 9 kyaccel, Oa30BbIil BapuaHT, 7 oKTA0Opsa 2012 1.

(Uror mogBoguTest 1o TpéM 3aj1a9aM, 10 KOTOPBIM JJOCTHIHY Thl HAUJLY IIIIHE PE3YJIbTATHI. )

OaJIBl 3818491

1. Ilpo rpymmy u3 msTu 9eJI0BeK U3BECTHO, ITO

Aunema Ha 1 rox crapire Aiekceesa,
Bops va 2 roma crapire Bopucosa,

3 Bacga ma 3 roga crapmie Bacuibesa,
['pumra ua 4 romga crapiie ['puropnena,
a ere B 3Toit rpymie ectb JIuma u JImurpues.

Kro crapimre n na ckosibko: Jduma win Imurpues?
E. Baxaes

2. Ilycrs C(n) — KOJMYECTBO PA3JIMIHBIX MPOCTBIX JIEJIUTENCH Tucaa n.
(Hampuwmep, C(10) = 2,C(11) = 1,C(12) = 2.) Koneuno nim 6eckoned-
4 HO 9HCJIO TaKUX Map HATYpaJbHBIX dncen (a,b), 9to a # b u

C(a+b) =C(a)+ C(b)?
I K. ?2Kyxos

3. Tabauma 10 x 10 3amosHsieTcs 1o paBuiaM urpbl «Caréps: B HEKOTOPbIE
KJIETKU CTaBAT 110 MUHE, & B KayK IyI0 U3 OCTAJIbHBIX KJIETOK 3aINCHIBAIOT
KOJIMYECTBO MUH B KJIETKAaX, COCEIHUX C JIAHHOW KJIETKOW (IO CTOpOHE
i Bepinuae). MoKeT i yBeJIMIUThCA CyMMa BCeX 9hces B TabmIle,
€CJIN BCe «CTapble» MUHBI yOpaTh, BO BCEe paHee CBOOOHBIE OT MUH KJICT-
KI TIOCTABUTH MHUHBI, TTOC/I€ YeTr0 3aHOBO 3aIUCATh UNC/Ia 110 ITPaBUIaM?

A. JO. Denun

4.  Oxkpyx)HoCTh Kacaercs cropod AB, BC', C'D napasnenorpamma ABC D

5) B Toukax K, L, M coorBercTBenno. /lokaxkurte, aro npamas K L genut
IIOII0JIaM BBICOTY IapaJsLIeJIorpaMMa, OIyIeHHy o u3 pepmnnbl C' Ha AB.

1. A. Koowcesruxos

5. B ruracce 20 mkoJIbHUKOB. BBIIO yCTPOEHO HECKOJILKO SKCKYPCHUIl, B KarK-
JIOH M3 KOTOPBIX YYaCTBOBAJ XOTs OBbI OJWH IMIKOJHLHUK ITOTO KJIAcCa.
bt Jlokaxkurte, 4TO HAWIETCA TaKas SKCKYyPCHUs, ITO KaXKJIbII U3 yIaCcTBO-
BaBIINX B Hell NMKOJBHUKOB 9TOI'0 KJIacca MPUHAJ ydacTue 10 MeHbIel
Mepe B 1/20 Bcex 9KCKypCHI.
H. K. Bepewazun



TPUAIIATH YETBEPTHI TYPHUP I'OPOI0B

Ocennwuit Typ,

10 — 11 xuraccsl, 6a30Bbiit BapuanT, 7 oKTsOpst 2012 .

(Uror nonsogurest 1mo TpéM 3ajia9aM, 110 KOTOPBIM JJOCTHTHYTHI HAHJLY 9IIIHE PE3YIbTATHI;
6aJLIbl 34 IyHKTHI OJTHOI 3349 CyMMHUDYIOTCS. )

OaJIbl  3aJ1a9u

1. Tabmmia m X n 3amosHgeTca 1o npaBuiaaM Urpbl «Camnéps: B HEKOTOpbIe
KJIETKU CTABST IO MUHE, & B KAyK/IyI0 U3 OCTATbHBIX KJIETOK 3AIMCHIBAIOT
KOJINYECTBO MUH B KJIETKAX, COCEJIHUX C JIAHHOW KJIETKOW (IO CTOpOHe
i Bepinune). MoKeT Ji yBeJIMIUThCA CyMMa BCeX Yncesl B TabJuIle,
€CJIN BCe «CTapble» MUHBI yOpaTh, BO BCe paHee CBOOOIHbBIE OT MUH KJIET-
KI IIOCTABUTH MHUHBI, IIOCIE 9er0 3aHOBO 3aIlUCATh YUC/IA 110 IIPABUIAM !

A. JO. Benun

2. Jlambl BBIYKJIBI MHOTOIPDAHHUK U cepa, KOTopas ImepeceKaeT KazK10e
pebpo MHOTOrpaHHUKA B JIBYX TOYKax. TOYKM Iepecedenus co cdepoit
JIETIAT Kaykjoe pedbpo Ha Tpu paBHBIX oTpeska. O0g3aTe/IbHO JIM TOrIa
BCe TPaHU MHOIOTDaHHUKA!
2 a) paBHBbIE MHOTOYTOJIbHUKI;
3 6) UpaBUIbHBIE MHOTOYTOJHHUKN?
I A. I'aavnepun

3. B kiacce 20 mMKOJIBHUKOB. BBIIO yCTPOEHO HECKOJILKO IKCKYPCHUIl, B KarK-
JI0¥i U3 KOTOPBIX YIACTBOBAJIO XOTsI ObI Y€TBEPO MIKOJIBHIKOB 9TOTO KJIAC-
5 ca. Jlokaxkure, 9TO HaMIETCS TaKash SKCKYPCHUS, YTO KazK bl U3 ydacT-
BOBABIIUX B Hell IMKOJbHUKOB 9TOI0 KJIacca MIPUHSLI yIacTHe 10 MEeHbIIe
Mmepe B 1/17 Becex 9KCKypCHit.
H. K. Bepewazun

4. Ilycrs C(n) — KOJIMYIECTBO PA3JIMYHBIX TIPOCTHIX JIEJUTEIeN Juca n.
a) Koneuno min 6€CKOHEYHO YHCIO TAKUX Hap HATYPaJbHBIX duces (a,b),
9 910 @ # b n
C(a+b) =C(a)+ C(b)?

3 6) A ecau npu 3roM JonosiHUTEIBHO Tpebyercs, yrobel C(a + b) > 10007
I K. 2Kyxos

5. M3 239 HeoT/IMYMMBIX Ha BUJI MOHET JIB€ — OJMHAKOBbIE (haJIbIIUBbIE, a

OoCTaJIbHBbIE — OJINHAKOBBIE HACTOMAIINE, OTJINIAIONINecs OT (pasIbIITUBbIX

5) o Becy. Kak 3a Tpum B3BemmBaHUs Ha YaIllEYHBIX Becax 0€3 I'MPb BbI-

JCHUTH, KaKas MOHeTa TsKejee — asblnuBasi nmin Hacrosias’ CaMmu
dasIbIIIBbIe MOHETHI HAXOIUTH HE HY?KHO.

K. A. Knon



TPUALATDH YETBEPTBHIN TYPHUP I'OPOJI0B
Ocennnit Typ,
8 — 9 kJyacchl, CJIOKHBI Bapuant, 21 okrabps 2012 r.

(Uror mogpoauTest mo TpeM 3ajadaM, M0 KOTOPBIM JIOCTHTHYTHI HAUIYYIIIHE DE3YJIbTAThI, 6AJLIbI 38 IYHKTHI OJHOMH
38194 CyMMHDYIOTCSL. )

OaJLIbI

10

331291

B uucse #e menbine 10 pa3psos, B €ro 3almcu UCIOIL3YIOTCS TOJTHKO JIBE Pa3HbIe UM PbI, TpUIeM
OIMHAKOBBIE MMPHI HE CTOAT psaaoM. Ha Kakyio HamOOJIBIINYIO CTENEHb ABOWKH MOXKET JIEJIUTHCS

TaKOEe YNCJI0?
U. U. Bozdaros

Yuuukos urpaer ¢ Hosapeepsim. CHauasia Hozapes packiiajapiaer 222 opexa 110 JIBYM KOPOOOUYKAM.
ITocmoTpes Ha packnaiky, YuunkoB Ha3bIBaeT Jtoboe 1emoe unucyio N ot 1 mo 222. Jlaaee Hoznpes
[IEPEKJIAJIBIBAET, €CJIM HAJI0, OJINH U/ HECKOJIBKO OPEXOB B IIYCTYIO TPETHIO0 KOPODOUKY U IIPEIbsB-
Jster YuInKoBy OJiHY MM JBe KOpoOOuKwm, riae B cymMme poBHO N opexoB. B pesymaprare HYuunkos
[TOJIYIUT CTOJIBKO MEPTBBIX JIYIII, CKOJIBKO opexoB nepesoxkui Hozmapes. Kakoe nanboibiee quciio
JIYII MOKeT rapaHTupoBaTh cebe Yuuukos, kak 661 HU urpaj Hozapes?

A. Iodosrveruti

B mekoTopbIx Kaerkax Tadbauibl 11 X 11 ¢TosAT mIiockl, IPUYeM BCEro ILIIOCOB YETHOE KOJIUYECTBO.
B kazkmoM KBajapaTuke 2 X 2 3Toil TabJIUIBI TOXKE YeTHOE UHMCJIO ILII0COB. JloKaXKuTe, 9T0 4eTHO U
YHUCJIO IJIIOCOB B 11 KjIeTKax IVIaBHONM AUArOHAJIN TAOJIHUIILL.

FE. Baxaes

Hau rpeyromsauk ABC. Ilycrs I — 1eHTp BIHCAHHONW B HEro okpyxuoctu, X, Y, Z — IEeHTpbI
OKpyzKHOCTEH, Brimcanubix B Tpeyroibuuku AIB, BIC u AIC coorsercrBerHo. OKa3a/ioch, 9TO
[EHTP OKPY>KHOCTH, BIIMCAHHOI B TpeyrojibHuK XY Z, coBnajgaer ¢ I. O6s3aTe/ibHO JI TOr/a TPe-
yroyibauK ABC paBHOCTOPOHHWMIA!

B. P. Operrun

MarmmHa e3uT 1o KOJIBIIEBOI Tpacce Mo 4acoBoil cTpeske. B MosieHs B JIBe PA3HBIX TOYKU TPACCHI
BCcTaun nBa Habuomareas. K KakoMy-TO MOMEHTY MAIiHA ITPoexasia BO3Jie KaxKI0ro HabJIIoIaTes st
ume menee 30 pa3. IlepBreiit HAOIIOMATEND 3AMETHI, YTO MAIIWHA [TPOE3KAJIA KAXKJIBII CJIEITy IOt
KpPyT' POBHO Ha CEKYHJIY ObICTpee, YeM NpenblayInuil. Bropoii 3aMernsi, 9TO MaIInHA IPOe3Kajia
KaXKJIbIfl CJIeIYIONNil KPYT POBHO HA CEKYH/Iy MeJJIeHHee, ueM Npeablaymuil. Jlokaxkute, 910 mIpo-
IIIJIO HE MeHee I0JIyTOPa YacoB.

B. Bpazun

BryTpu 0Kpy:KHOCTH HaXOAWTCsi HeKOoTOpas Touka A. Yepes A nposesu jiBe NepIeHIMKYIISPHbIE
MpsIMble, KOTOPBIE TMEPECEKIN OKPYXKHOCTh B 4YeThIpeX ToukKax. JloKakuTe, 4TO IEHTP MacC dTUX
TOYEK HE 3aBUCHT OT BLIOOpA TaKWUX JABYX IPSIMBIX.

BHyTpu OKpY?KHOCTH HAXOAUTCsI HIPABUWILHBIA 2n-yroibHuK (n > 2), ero nearp A He o6g3aTesIbHO
COBIIJIAET C IEHTPOM OKPY2KHOCTH. JIydu, BHIIyIIEHHbIE U3 A B BEPIIUHBI 27-yTOJIbHUKA, BBICEKAIOT
2n TOUYEK HA OKPYKHOCTU. 2N-yTOJBHUK TTOBEPHYJIN TaK, UTO €ro IEHTP ocTajcsa Ha MmecTe. Tenephb
JIYYH BBICEKAIOT 21 HOBBIX TOUEK. JIOKayKnTe, 9TO UX IMEHTP MACC COBITAJIAET C IIEHTPOM MaCC CTapbIX
2n TOdYeK.

U. B. Mumpogparos

[Terss u Baca urpator B urpy, npaBuia KoTopoil TakoBbl. lleTss 3arajipiBaeT HATYPAJIbHOE YUCJIO X
¢ cymmoit udp 2012. 3a ogun xox Bacs BeiOupaer Jioboe HATYypabHOE YUCI0 a U y3HaeT y [lern
cymmy mudp uncna |x — a|. Kakoe HanmenbIee qmcsio X008 HEOOXOIUMO c¢enaTh Bace, 4To0bI
rapaHTUPOBAHHO OIPEIEUTb &7

C. Cagpun



TPU/IIIATH YETBEPTBI TYPHUP I'OPO/IOB

Ocennnit Typ,

10 — 11 kuraccsl, ciaoxubIil Bapuant, 21 okTsops 2012 r.
(Uror mogpoauTest mo TpeM 3ajadaM, M0 KOTOPBIM JIOCTHTHYTHI HAUIYYIIIHE DE3YJIbTAThI, 6AJLIbI 38 IYHKTHI OJHOMH
38194 CyMMHDYIOTCSL. )

OaslIbl  3aJda49n

1.
4

2.
5

3.
6

4.
8

5.
8

6.

a)
5

6)
5

7.
10

Jlana GeckOoHEUYHAS TIOCIEIOBATEIBHOCTD YUCET A1, G2, G3, - - . I3BECTHO, 9TO JjIsd JII0OOro HOMEpa k
MOXKHO YKa3aTh TAaKOe HATYDPAJbHOE YHCJIO f, 9TO Ay = Agi¢ = Qgror = ... OOABATETBHO JIH
TOTJIA 9Ta TOCJIEI0BATEILHOCTD IEPUOINIECKasi, TO €CTh CYIIECTBYET JIM TaKoe HaTypaJbaoe 1, 14To
G}, = Q7 TPH JIOOOM HATYPAJIBHOM k7

JL. IIImetineapy,

Yuunkos urpaer ¢ HosapesbiMm. CrHauasia Hoznpes packmanbiBaer 1001 opex mo Tpem Kopobod-
kam. [Tocmorpes Ha packiagky, UnumkoB HasbiBaeT Jroboe 1esoe uncyio N or 1 go 1001. Hdasee
Hoszmpes mepekiaabiBaeT, ecan HAI0, OJUH WA HECKOJBKO OPEXOB B IIYCTYIO 9€TBEPTYIO0 KOPOOOUKY
7 TIpeIbsaBageT UUINKOBY OJHY WM HECKOJIBKO KOpOOOUeK, e B cymme poBHO N opexoB. B pe-
3ysibTaTe UUYUKOB IOJIyYUT CTOJIHKO MEPTBBIX JIYIII, CKOJBKO opexoB nepesioxkui Hozmapes. Kakoe
HanboJIbIIIee YUCJIO JYIIl MOXKET TapaHTHPOoBaTh cebe Yuumkop, Kak Obl Hu urpaj Hoszuapes?

A. Iodorverut

MarmmHa e3UuT 110 KOJIBIIEBOI Tpacce Mo 4acoBoil crpeske. B mosieHs B JIBe PA3HBIX TOYKU TPACCHI
BCcTaun nBa Habuomareas. K KakoMy-TO MOMEHTY MAIliHA ITPoexajia BO3Jie KaxKI0ro HabITIoIaTes st
ume menee 30 pa3. IlepBreiit HAOIIOMATEND 3aMETHI, YTO MAIIWHA [TPOE3KAJIA KAXK/IBII CJIEITy Ot
KPyT' POBHO Ha CEKYHJY ObICTpee, YeM NpenblayIiuil. Bropoii 3aMernsi, 9TO MaIInHA IPOe3Kajia
KazK/JIBIil CJIe/IyIONUil KPYT POBHO Ha CEKYHy MeJJIeHHee, YeM mnpenblaynuii. Jlokaxkure, 4To npo-
IIIJIO HE MeHee T0JIyTOPa YacoB.

B. Bpazun

Ha croponax AB u BC Tpeyroabuuka ABC BuIGpanbl cOOTBEeTCTBEHHO TOYKU C1 U Ay, OTJIMYHBIE
or Bepma. [Iycrs K — cepemuna A1C1, a I — TEHTp OKPYKHOCTH, BIUCAHHON B TPEYTOJHHUK
ABC'. Okazajioch, aro derbipexyroibauk A BC1 1 Brucanubrii. Jlokaxkure, aro yroa AKC Tymnoii.

A. A. Horsmnexut

[Terss m Bacs urpator B urpy, npasmia KOTopoil TakoBbl. IleTs 3aranbiBaer HaTypaabHOE YHCIO T
¢ cymmoit mucbp 2012. 3a oxun xo Bacst Beibupaet Jjiroboe HaTypaJjbHOE YUCiIo a U y3HaeT y Ileru
cymmy nudp gucia |x — a|. Kakoe HanMeHbllee 4mcsio X0J0B HEOOXOUMO clenaTh Bace, 4ToObI
rapaHTUPOBAHHO ONPEIEUTb &7

C. Cagpun

Buyrpu cdepnt HaxoauTcest HekoTopast Touka A. Hepes A mpoBesiu Tpu MOMAPHO MEPIEH UK YIIAPHbIE
psiMbIe, KOTOPBIE IepeceKn cdepy B IecTu Toukax. JlokaxKuTe, 9TO MEHTP MACC STUX TOYEK He
3aBHUCHAT OT BBIOOpA TAKOW TPONKU MPSMBIX.
BuyTpu cdepbl HaxoauTcst ©KOCasap, ero HeHTp A He 00s3aTe/IbHO COBIIAJIAET C IEHTPOM C(EpHI.
Jlyuu, BBINlyIIeHHBIE U3 A B BepIIMHBI NKOCa3/Ipa, BbiceKaroT 12 Touek Ha cdepe. Mkocasap mosep-
HYJII TakK, 9TO €ro IEHTP OCTAJICA Ha MecTe. lemeph Jiyun BbICeKaroT 12 HOBBIX TOodeK. Jlokaxkure,
9TO WX IEHTP MACC COBIAJAET C IEHTPOM MAaCC CTapbIX 12 TOYEK.
(HamomumM, 4T0 HKOCA3AP — 9TO IPABUJILHBIA MHOMOIDAHHKK, y KOTOPOro 20 TpeyroJbHbIX IpaHeii
U B KaKJIOW BEPIIMHE CXOJSATC 5 IPAHEid. )

U. B. Mumpogaros

Kineruaras momocka 1 x 1000000 pazouta Ha 100 cermenToB. B KaxKa0i# KJI€TKe 3aIIMCAHO IEI0€
YUCJIO, IPUYEM B KJIETKAX, JIEXKAIIMX B OJHOM CErMEHTe, YUC/Ia COBIAJIA0T. B KaXK Iyt KJIETKY I0-
CTaBUIN 1O UIIKe. 3aTeM CIeJaJd TAKyl OIEPAINio: Bce (DUIKU OJHOBPEMEHHO ITE€DEIBUHYIIN,
KaXK/[yl0 — Ha TO KOJUYECTBO KJIETOK BIIPABO, KOTOPOE YKA3aHO B ee KJeTKe (eC/id Yuciio OTpUna-
TeJIbHO, TO (DUIIKA, JIBUIAETCSI BJIEBO); [IPHU 9TOM OKA3aJI0Ch, YTO B KAXK/YIO KJIETKY CHOBA IIOLAJIO [0
duinke. DTy ONEPAIMIO IIOBTOPSIOT MHOIO pa3. Jljis Kak 10l (DUIIKY [IePBOr0 CErMEHTa TIOCYUTAJIH,
Jepe3 CKOJILKO OIepaluii OHa BIEPBbIE CHOBA OKAaXKETCsl B 3TOM cerMenTe. Jlokaxkure, 4TO Ccpeln
MOCYNUTAHHBIX ynces He 6osee 100 pa3naHbIX.

U. B. Mumpogaros



TPUAIIATH YETBEPTHI TYPHUP I'OPOI0B

Becennuit Typ,

8 — 9 kyaccel, ba3oBbIil BapuanT, 24 despastsa 2013 r.

(Uror moaBoauTcest 1o TpeM 3aja9aM, 10 KOTOPBIM JJOCTHIHY Tl HAUJLY IIIHE PE3YIbTATHI).

OaJIBl 3818491

1.  Ha miockocTu gapbl mecTh To4YeK. 3BecTHo, 94T0 X MOXKHO pasbuTh Ha
JIBe TPOMKM Tak, 4TO IOJIydaTcsd JBa TPEyroJbHHKa. Beerma jm MOXKHO
3 pasbuTh 3TH TOYKU Ha JIBE TPOHKM Tak, ITOOLI MOJYUMIUCH JIBa TPE-
YyTOJIbHUKA, KOTOpPbIE HE UMEIOT JAPYr ¢ APYIOM HUKAKUX OOIIMX TOUEK
(Hu BHYTpHU, HU Ha rpaHuUIe)?

2. Opgnolt omeparmeil K 9UCIy MOXKHO OO IpubaBuTh 9, OO cTEpeTh B
4 HeM B JroboM Mecre mucpy 1. M3 mroboro jm HaTypaabHOro [mcia A
IIPU TIOMOIIM TAKUX OTepaIuii MOKHO TOJIyInTh guciao A + 17
(3ameuanue: ecyim CTUPAETCs €MHUIA B CAMOM HadaJje 9ncia, a 3a Heil
cpa3y WIyT HYJIH, TO 9TH HYJIU TOXKE CTUPAIOTCH. )

3. Hambr 11 rupb pasaoro Beca (OJMHAKOBBIX HET), KayK/asi BECUT IeJI0e
9HCII0 TPAMMOB. M3BeCTHO, 9TO KaK HU PA3JIOKUTh THPHU (BCE WIIN 9acTh)
4 Ha JIBE Yalid, YTOObI I'MpPb Ha HUX OBLIO HE MOPOBHY, BCEJIa MEPEBECUT
Jara, Ha KOTOpOil rupb 6oJibiie. JlokaxKure, 9T0 XOTsi OBl OJIHA U3 MDD
BecuT 6ojiee 35 rpaMMOB.

4. Ha ymocke 8 X 8 croaT 8 He ObIONUX JAPYT JApyTa Jajeit. Bee KiaeTkn jgoc-
KU PaCIpeIe/IA0TCd BO BJIaJIEHNs STUX JIQJIeH 110 CJICIYIONIEMY ITPABUITY.
Ketka, Ha KOTOPOI CTOUT JIa/ihsi, OTAeTCs 3TOM J1ajbe. KieTky, KoTo-
5 pyIo OBIOT ABe JaJbU, MOJAydaeT Ta U3 Jajel, KoTopas OJmXKe K 3TOi
KJIETKE; €CJIM Ke 3TU JIBe JaJIbl PABHOYIAJIEHBI OT KJIETKH, TO KayKIasi
N3 HUX HOHy‘{aeT 110 IIOJIKJIETKMU. I[OK&)KI/ITG, 9TO ILJIOIIa M BﬂaﬂeHI/Iﬁ
BCeX JaJell OIMHAKOBHI.

5. Buerbipéxyronpauke ABC D yron B pasen 150°, yroa C' npsimoit, a cTo-
D poubt AB u C'D pasubr. Haiiiure yroa mex ity croponoit BC' u npsimoii,
pOXOJIAIeit depe3 cepenunbl ctopon BC' u AD.



TPUAIIATH YETBEPTHI TYPHUP I'OPOI0B

Becennuit Typ,

10 — 11 xuraccsl, 6a30Bbiit BapuanTt, 24 despass 2013 1.

(Uror mogBoauTcest 1o TpeM 3aja9aM, 10 KOTOPBIM JJOCTHIHY Thl HAUJLY IIIIHE PE3YIbTATHI. )

OaJIBl 3818491

1.  Opnoit omepariyeit K 9UCIy MOXKHO JIMOO npuOaBUTL 9, JInbOO cTEepeTh B
3 HeM B JjiroboM Mecre mucpy 1. M3 mroboro jim HaTypasabHOro [mcia A
[IPU TIOMOIIM TaKUX OTepaIuii MOKHO TOJIyInTh ducio A + 17
(3ameuanue: eciu CTUPAETCsI eIMHUIA B CAMOM HavaJie JHcjia, a 3a Heil
cpa3y WIyT HYJd, TO 9TH HYJIN TOXKE CTUPAIOTCH. )

2. Ha karerax npsmoyrosibHoro Tpeyroibauka ABC' ¢ npsambim yryiom C
4 BoBHe noctpowsn KBajgaparel ACKL u BCMN. Ilycte CE — BoICOTA,
omymieHHast Ha runoreny3y AB. Jlokaxwure, aro yroa LEM tpsmoii.

3.  Ha socke 8 x 8 croar 8 He ObIoOIUX JApyT Apyra jajeit. Bee kieTku moc-
KW PaCITPEJIESIIOTCS BO BIQJICHUAA STUX JIaJIEH 110 CJIeIYIONIEMY ITPaBUITY.
Kinerka, Ha KOTOPOIl CTOUT Jia ibsi, OTJIAETCs 3TOI Jajabe. Kierky, KoTo-
4 pyIo OBIOT JIBe JIaJIbU, MOJIydaeT Ta U3 JaJieil, KoTopas OJIMXKe K dTOi
KJIETKE; €CJTU K€ 9TU JIBe JIQ/IbU PABHOY/IAJIEHBI OT KJIETKHU, TO KarKIas
U3 HUX TOJIydaeT 1O TOJKJIeTKH. JloKakuTe, 9TO ILIOMAIN BJIaIeHUI
BCEX JIaJIell OJIMHAKOBBI.

4.  Uwmerorcsa 100 kamHeil pasHoro Beca (0JMHAKOBBIX HET), K KayKJIOMY DU~
KJIeCHA STUKETKA C YKa3aHueM ero Beca. Xyauran I puira xodeT nepekJie-
4 UTh TUKETKHU TaK, 9TOOBI 00Ul Bec JiroOoro Habopa ¢ YNCIOM KaMHe
or 1 o 99 ormyasics OT CyMMBI BECOB, YKA3aHHBIX HA ITUKETKAX W3

sTroro Habopa. Beerga jim oH MOXKeT 3TO ¢1enaTh?

5. Ha3zoBewm npuBe/ieHHBI KBa/IpATHBIN TPEXUJIEH ¢ NEJIBIMI KOI(MDDUIIEH-

TaMU CHOCHDLM, €CJIN €r0 KOPHU — IeJIble YnC/a, a KO3IMDPUIMEeHTh He

) npeBocxoadT 1o Momayso 2013. Bacsa ciioxKuia Bce CHOCHBbIE KBaJIpaTHbIE

Tpexusienbl. Jlokaxkure, 9TO y HETO MOJIYUUJICA TPEXUJIEH, HEe UMEIOTnit
JefCTBUTEJIbHBIX KOPHEH.



TPUALATHh YETBEPTHII TYPHUP I'OPOJIOB

Becennuit Typ,

8 — 9 kyacchl, caoxKHbI BapuanT, 10 mapra 2013 1.
(Uror mojBoauTest o TpeM 3ajiadaM, M0 KOTOPBIM JJOCTUTHY ThI HAUJIY 9IIIHE PE3YJIbTATHI)
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Ha mocke HammcaHO HECKOJIBKO HATYpPaIbHBIX uncesl. CymMMa JIIOOBIX ABYX U3 HUX — Ha-
TypajbHas cTeneHb ABoiiku. Kakoe HanbobInee YuCao PasaInIlblX MOXKET OLITL CPeIn
quces Ha JOCKe?

JlBaaaTe nereit — MecATb MAJLINKOB U JIECATH JIEBOYEK — BCTaau B psii. Kaxkiwrit
MaJIbYUK CKa3aJl, CKOJIbKO JeTeil CTOUT cIipaBa OT HEero, a KaxKjasd JAeBOYKa — CKOJIbKO
nereit crour cieBa or Hee. JlokakuTe, 9TO cyMMa UHCEs, HA3BAHHBIX MAJIBLIMKAMU,
paBHaA CyMMe 4Yucesl, Ha3BaHHBIX J€BOYKAMU.

MokHo 1 B KimeTkax Tabautnsl 19 X 19 oTMeTUTh HECKOIBKO KJIETOK TaK, ITOOLI BO BCEX
kBaJiparax 10 X 10 66110 pasHOe KOJUYECTBO OTMEUYEHHBIX KJIETOK?!

ITo xpyry paccraBuiu 1000 HeHYJIEBBIX YUCET U PACKPACKIN UX TIOOYEPETHO B OEsIbIil 1
gepHbIit 1BeTa. OKa3a10Ch, ITO KaXkKI0e YepHOe UNCJIO PABHO CYMMe JBYX COCETHUX C
HUM OeJIBIX JHCelI, a KaXKjaoe 6ejloe 9ucji0 paBHO MPOU3BEJEHUIO JBYX COCETHUX C HUM
JepHBbIX dnces. Yemy mMoxKer OBITH paBHa cymMa Beex 1000 wucesn?

HazoBeM TOUKy Ha IJIOCKOCTH Y3JI0M, €CJIU 00e ee KOOPAMHATBI — Iiejible ducia. Jlan
TPEYroJIbHUK C BEPIIMHAME B y3J1aX, BHYTPH HEIO PACIOJIOXKEHO POBHO JBa yaja. Jo-
KaykKUTe, UTO MpsiMasi, IPOXOISIIasi Yepe3 3TU JIBa y3JIa, JIMOO IPOXOIUT depe3 OJIHY U3
BEPIINH TPEYTrOJbHUKA, JIN0O IapaJjie/lbHa OIHOM U3 ero CTOPOH.

[Iycts [ — meHTp BOUCAHHON OKPYXKHOCTH MPSIMOYTOJBHOTO Tpeyroabunka ABC, ka-
caromeiicst kKareroB AC' u BC' B Toukax By u Ay coorBercTBenHo. lleprienaukyiisip,
OMYTIEHHBIH 13 Ag Ha TpaMmyio Al, u TMepneH uKyIsIp, OMyIeHHbI 13 By Ha TpSIMyio
BI, nepecekatorcs B Touke P. Jlokaxkure, ato npsmbie CP u AB nepreHuKyJ/IsipHbI.

B mkose pemmim mpoBecTH TYpHUP IO HACTOIBLHOMY TEHHHUCY MEXKJIy MaTeMaTHde-
CKAMH U TyMaHUTApPHBIME KjaccaMu. KoMaH a TyMaHUTAPUEB COCTOUT U3 1M YUeJIOBEK,
KOMAH/Ia MATEMaTUKOB — U3 7, IPUIEM 1M, # 1, & CTOJ JIJIst UTPhI Bcero oau. [losTomy
OBLIO PeleHo UrpaTh ciieryouM oopaszom. CHavaa KaKue-To J[Ba YIeHNKA U3 Pa3HBIX
KOMaH][ UTPAIOT MK,y CODOM, a BCe OCTAJbHBIE YIACTHUKHI BBICTPAUBAIOTCS B OJHY 00-
IIyio odepenb. 1locae KaXKao#t Urpbl TOT, KTO CTOUT MEPBBIM B OUYEpPE/IM, 3aMEHSIET 33
CTOJIOM TJIEHA CBOEH KOMAHIIBI U UTPAET C OCTABIIUMCS 38 CTOJIOM. A HYeToBeK, KOTOPO-
r'o 3aMEHUJIA, CTAHOBUTCS B KOHEI ouepeau. JlokaxkuTe, YTO paHO WX MO3IHO KaK bl
MaTeMaTHUK ChII'paeT C KazK/bIM I'yMaHUTapUeM.
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Ha mocke HammcaHo HECKOILKO HATYpaabHBIX duces. CyMMa JIOOBIX ABYX U3 HUX — Ha-
TypaJjbHasl cTeneHb ABoiiKu. Kakoe HanboIbIee IUCI0 PA3IUIHBIX MOXKET ObITh CPEIn
qHcesT Ha JOCKe?

Ha pjmaHON cKameiike cuien MaJbaiK U JEBOYKa. 3aTeM 110 OJHOMY HpuIm erre 20
JneTell, n KaXKIbIi CaJInIcsd MeXK Ty KaKUMU-TO JIBYyMsl y2ke cuadimumu. HazoBem neBouky
OTBaXKHOI, €CJIM OHa CaUJIaCh MEXKJY ABYMdA COCEJHUMHU MaJIbYMKaMH, & MaJIbduKa —
OTBAaXKHBIM, €CJIA OH CAJIUJICS MEXKIY JIBYMsI COCEIHUMU JI€BOUKAMU. B uTOre 0Ka3aJioch,
YTO MaJILIMKN U JIEBOUKN Ha CKaMelike depelyioTcsa. MoXKHO Jin HaBepHSIKa CKa3aTh,
CKOJIBKO OTBaKHBIX CPeJIU JieTeil Ha ckaMeiike?

HazoseMm TOYKy Ha IJIOCKOCTH Y3JIOM, eciu 0be ee KOODJAMHATHI — Ilejible duciaa. [lan
TPeyroJbHUK C BepIIMHAMU B y3JlaX, BHYTPU HEr'O0 PAcClIOJIO?KEHO He MEHBIIe JIBYX Y3-
JioB. Jlokaxkure, UTO HalAETCAd MpsAMasi, MPOXO/IAIIas Yepe3 JIBa KaKUX-TO y3Jia BHyTPH
TPEYTOJbHUKA, KOTOPas JIMOO MPOXOJIUT Yepe3 OJHY U3 BEPIIUH TPEyrOJbHUKA, JIIOO
rapaJjuieJbHa OHOI U3 ero CTOPOH.

Yucna 1, 2, ..., 100 cTogar mo Kpyry B HEKOTOPOM Topsike. MoxKeT 1 CIydInuThCs, 9TO
y JIFOOBIX JIBYX COCEIHUX YUCEe MOJYJb pa3sHocTh He Menblie 30, HO He Gosbie 507

Ha 6ecriBeTHoil miocKkocTH MOKPACUJIA TPHU NPOU3BOJILHBIE TOUYKHU: OTHY — B KPACHDIH
[IBET, APYT'YI0 — B CHHUI, TPETHIO — B YKeJTHIN. KaxKIbIM X0/10M BBIOMPAIOT HA ILJIOCKO-
cTH JIIOObIe JIBe TOYKHU JIBYX U3 TUX I[BETOB U OKPAIIIUBAIOT €IIe OJIHY TOYKY B OCTABIIIMIT-
¢ TIBET TaK, YTOOBI 9TU TPU TOUKK 0OPA30BaJIN PABHOCTOPOHHUI TPEYTOJbHUK, B KOTO-
POM IIBETa BEPINUH UIYT B HOPsIIKE «KPACHBIN, CHHUIA, KeJIThIN» (110 YacoBOii cTpesike).
[Tpu sTOM paspemniaeTcst KpaCUTh U y2Ke OKPAIIEHHYIO TOYKY IIOCKOCTH (CIMTAeM, ITO
TOYKA MOXKET UMEeTb OJIHOBDEMEHHO HECKOJILKO IBETOB.) JloKaxKure, YTO CKOJIBKO Obl
XOJIOB HU OBLIO CIEJIaHO, BCE TOYKU OJHOTO IIBETA OYIyT JIeXKaTh Ha OJHON IPIMOii.

JlaHbI AT PA3INIHBIX TOJIOXKUTEILHBIX TUCEI, CYMMa, KBaIPATOB KOTOPBIX PaBHA CyM-
M€ BCEX JIeCATH UX IONIapHBIX ITPOU3BE/ICHAN.

JlokarkuTe, UTO Cpeu MSATU JAHHBIX YUCEJ HAMIyTCd TPHU, KOTOPbIe HE MOTYT OBITH
JJITHAMH CTOPOH OJTHOT'O TPEYT'OJIbHUKA.

Jokaxkure, 9T0 TAKUX TPOEK HANIETCS HE MEHee MIeCTH (TPOMKU, OTJIMYAIOIIUECs: TOJIBKO
HOPSIIKOM 9HCEJT, CIUTAEM OJ[MHAKOBBIMH).

JLytst IPOXO0XKIEHUsT TECTA THICSIIy MYAPEIOB BLICTPAUBAIOT B KOJIOHHY. 3 KOJIAKOB C
HoMmepamu oT 1 710 1001 onuna npsg4yT, a OCTaJIbHBIE B CIy4YailHOM HOPSJIKE HAJEBAIOT
Ha MyzaperoB. Kakiplit BUIUT TOJBKO HOMEPA HA KOJIIAKAX BCEX BIEPEIU CTOSIIHNX.
Jlaee MyIpenpl IO MOPSAKY OT 3aJHETO K MepeTHeMy HA3BIBAIOT BCIYX IeJIble IUCIA.
Kaxnoe uucio momxkuo 66t or 1 1o 1001, mpudem Henb3s HA3LIBATHL TO, UTO YIKE
ObLIO CKa3aHO. Pe3ysbraT TecTa — YnC/I0 MyIPEIoB, HA3BABIINX HOMED CBOEIO KOJIIIAKA.
Mynperisl 3apanee 3HaJIU YCJIOBUS TECTA U MOIJVIM JOTOBOPUTHLCS, KaK JIEHCTBOBATD.
MoryT Jiu oHEM rapaHTHPOBaTH pe3yabrar bosee 5007

MoryT Jin OHE TapaHTHPOBATH pe3yJbraT He MeHee 9997



TPUIIATH YETBEPTHIN TYPHUP TOPOI0OB

11 xmacce, ycrubrit Typ, 14 mapra 2013 T

1. Ha koopauHaTHO IIJIOCKOCTH HAPUCOBAHBI I'PAMDUKN HECKOJIBKUX MHO-
rouseHoB. Beerma jin MOXKHO JOPUCOBATH IPpadUK eIé KaKoro-HuOYIb MHO-
roujieHa Tak, YTOObI OH HE IEPECEKAJICS C y2Ke HAPUCOBAHHBIMU !

2. B kBagparnoii Tabymie 10 X 10 3ammcano ¢To MOJIOXKUTEJIbHBIX IHCE.
Cymma amcent B Kazk10i crpoke pasra 100. Kose pasperaercst mepectaBuTh
qrcsIa BHYTPH KaxKJI0i u3 cTpok (HO He Mexkjy crpokamu). [Tocse sroro B
KaXKJOM CTOJIOIE Hafl/yT MaKCHMAJbHOE YHC/IO U CI0XKAT HAMICHHBIE UHC-
sa. Jokazkure, aro Kot MOXKeT T0OUThCA TOro, ITOOBI MOy YeHHas CyMMa
Obu1a Menbire 300.

3. B tpeyronbank ABC BnmcaHa OKpy>KHOCTb, Kacarorasicss cropon BC,
CA u AB B toukax X, Y u Z coorBercrBenHo. Ha mjiockoctu orMerwin
touky K. Cepemunuble nepuneHIuKy/Isspbl K orpeskam KX, KY u KZ ne-
pecekaror upsaMmble BC, CA u AB B toukax X1, Y1 u Z; COOTBETCTBEHHO.
Hokaxkure, uro Toukn X1, Y| m Z1 J1exKaT Ha OTHOI TIPSIMOIA.

4. KoneuHo mwim 6eCKOHEYHO MHOYKECTBO HATYPAJIBHBIX YHUCEJI, Y KOTOPBIX
KaK B JIECSITUIHON 3allUCU, TaK U B CEMEPUIHON 3alicu HET HyJIsi?

5. Y Knapnl ecTb KOMILJIEKT BCEBO3MOXKHBIX OyC 13 41 OYCUHOK, IJIe KaXK-
Jtasi OycuHka Jimbo 4€pHasi, Jinbo Gejasi. KapJr ucrmopruyi ouH 9K3eMILIsIp,
mepecTaBuB B HeM OycmHKH. Kitapa Xo4eT mepeKpacuTh KaK MOYKHO MEHbIITe
OYCHHOK B HCIIOPYEHHOM 3K3EMILISPE, UTOOBI CHOBA IOJIYUUJINCH MPEKHUE
Oycor. Kakoe mambosibiliee 9mcyio OyCHMHOK €ifi MOXKeT IMOHaI00UThCs Iepe-
kpacutb? (Bychl, ormaatoruecst TOBOPOTOM HJIH HEPEBOPOTOM, CUUTAIOTCSI
OJINHAKOBBIMIL. )

6. Tarsr 1000000 oxkpyKHOCTE!, MPOXOASIINX Uepe3 oIy TouKy. Jloka-
JKUTE, ITO UX MOXKHO Pa3dbuTh Ha 12 rpymnm Tak, 9To CPelu OKPYKHOCTEi
OJIHOH TPYIIILI HU OJiHA HE OY/IEeT MPOXOJINTH Yepe3 HEHTP JAPYTOil.




1. Ha xoopdunammoti naockocmu Hapucosambl epadukl, HECKOALKUT MHO204AeH08. Beeeda au moorcro dopu-
cosamyv 2paduk eule KaKxo20-HubYydo MHO20UACHA MAK, 4MOObL OH HE NEPECEKAACA C YHCE HAPUCOBAHHBLMU Y

Pemenne 1. Mbl OyjieM HOIB30BATHCS TEM (BaKmMoM, ITO JTHOOOH MHOTOUIEH I€THON CTEIIEHH C TTOJIOKUTE b
HBIM CTapIIUM KO3 MUIMEHTOM TPUHUMAET MUHUMAJIbLHOE 3HAYEHUE B HEKOTOPOii TOqu

O6o3naunm jJamnbe Muorodtens: depes Q;(x). Pacemorpum muorowren P(z) = x27, tue 2n > deg Q; mis
Beex i. [TokaxkeM, 9T0 K P MOKHO IpuGABUTH KOHCTAHTY ¢ Tak, 4To rpaduk P + ¢ He mepeceder HU OJHOTO U3
rpacdukos Q;. st sroro 3amernm, uro P — (Q; — MHOTIOWIEHBI Y€THON CTENeHH, a, 3HAUYUT, JOCTUIAI0T CBOUX
MUHUMAJbHBIX 3HavYeHuit m;. Ho rorma, nmomoxus ¢ = max;(—m; + 1), MbI HOJIy4UM MCKOMBIi MHOIOUJIEH.

Pemenne 2. B Tex e obosnadenusx nogoxnM P = Q2+ ...+ Q2 + 1. 3ameTnM, 4T0 TIpH JIIO60M 4 1 TIO6OM
o BepHO HepaBeHcTBo Q3 (7) — Q1(z) + 1+ Q3(2) + ... + Q% (x) > 0, Tx. a® —a + 1 > 0 npu mobom a. 3Haxwr,
P(z) > Q1(x). Ananornuno, P(x) > Q;(x), u rpaduk P He nepecekaeTcss HU € OJHUM 13 IpadukoB ;..

2. B xsadpamnot mabauuye 10 x 10 3anucarno cmo noaostcumesvholx wuces. Cymma wuces 6 xancdoth cmpoke
pasra 100. Koae paspewaemcs nepecmasums 4ucaa HYMPU KaxHcool u3 cmpok (Ho He medHcdy cmpokamu).
Hocae smoezo 6 xascdom cmoabue HAUOYM MAKCUMANLHOE HUCAO U CAOHCAM HatldenHble wucaa. okascume,
ymo Koas moorcem dobumbvcesa mozo, 4wmobv. NoAYERHas cymma 6viaa menvwe 300.

[Tycts Kosst mepecTaBuT duciia B KaXKJI0i CTPOKe B MOPsi/IKe HeBO3pacTaHnusi. [lokaxkeM, 4TO 3Ta II€PECTAHOB-
Ka — Tpedyemasi.

Pacemorpum i-it crombert. Ilycth MakcnmManbHOe 9UCIO B HEM PaBHO M;; OHO CTOUT B HEKOTOPOH CTPOKE.
Torsa B 1MepBBIX ¢ KJIETKAX 9TOH CTPOKU CTOAT UHUCJ/A, HE MEHBIINE 1M;. SHAYUT, CYyMMa YUCE] B 3TOU CTPOKE HE

100

MEHBITIE 11M;; C Ipyroit cropounl, ona pasua 100. Urtak, m; < —
1

B urore, MO2KHO OIIEHUTH CYMMY Ha,I'?'I,H,eHHbIX qHuceJl Kak

7381
Znglooz =100 5= < 300,

9TO U TpebOBAIOCH HOKA3ATh.

Bamegyanue. CymMy 0OpaTHBIX HeOOsI3aTENbHO BBIUUC/ISITH SBHO. /[locTarodyHO, HAIpUMep, 3aMETUTh, UTO

OHapaBHa
1+ 1+1+1 + 1+1 + 1+i + 1+1 <1+1+1+1+1—3
2 3 6 4 5 7 10 8 9 2 4 4 7

3. B mpeyeoavnux ABC enucana okpyschocms, xacarowasca cmopon BC, CA v AB 6 mouwkax X, Y u Z
coomsememeenno. Ha naockocmu ommemuau mouky K. Cepedunnvie nepnenduxyasapo, x ompeskam KX, KY
u KZ nepecexarom npamovie BC, CA u AB 6 mouxax X1, Y1 u Z1 coomsememeaenno. Jlokascume, 4mo mouky
X1, Y1 u Z1 aeosrcam wa 0dnoti npamot.

[Tycrs ¢ — pajmkajibHAsi OChb BIUCAHHOI OKpy2KHOCTH w TpeyrojbHuka ABC u touku K (paccmarpuBae-
MOIT KaK OKPY?KHOCTH HYJIEBOIO DaJmyca). 3aMeTuM, 9To ¢ CyIIeCTBYET, MMOCKOJIbKY K OTIMYIHA OT IEeHTpa w
(B IPOTUBHOM CJIy4ae paccMaTpUBaeMble MEePIEeHIUKYJISIPbI MapaJIebHbI COOTBETCTBYIOIUM cTOpoHaM). Toraa
pasencrBo X1X = X1 K osnadaer, uro X7 JIeXKAT Ha £; aHAJOTMYHO, TOYKNA Y] U Z7 TakzKe Jjexkar Ha £.

4. Koneuno uat, 6eCKOHENHO MHOHCECTNEO HAMYPAAOHHLL YUCEA, Y KOMOPHIT KAk 6 JeCAMUHOT 3aNUCU, MAK
U 6 CeMEPUMHOT 3GNUCYU HEM, HYAA?

OtrBet. beckoneuno.

IIpu 11060M HATYPATLHOM 7 MOJIOKUM @, = 7" 4+ 71 4 ... 4 7+ 1. TTokazkeM, 9TO K @,, MOKHO IIPUOABHUTE
HECKOJIbKO PA3JIMIHBIX CTEleHel CeMEPKHU, He MPEBOCXOISIINX 7', ITOOBI MOJIYIUI0CH unucjo b, 6e3 Hyseill B
JeCcITUIHON 3anucy. Torma ceMeprdHast 3aIUCh by, 6yIeT cOCTOATh U3 €IUHUIL K ABOEK. SICHO, YTO TaKuM 0Opa3oM
MBI TTOCTPOUM OECKOHEYHO MHOTO PA3JIHMIHBIX TUCEN by, YIOBIETBOPSAIONINX YCIOBUIO.

Urak, paccMOTPUM JIECATHYHYIO 3allUCh YHUCJIA () PACCMOTPUM IIEPBBIA CA€6a HOJb B Heli (€cjn OH eCTh).
I[IycTs om crout B i-M paspsie cnpaca (Paspsy eJIUHUI, cuuTaeM HysesbiM). Haiinércs crememb cemépku 7F,
nexammag Mexkay 10° u 7 - 10°; 3aMeTHM, 9TO OHA MEHbBIIE a,, U Ho3ToMy Menbine 77! ITocte npubasieHns eé
K @, Tepexo/ia U3 i-ro pa3psijia He NPOU30iIET (Tak Kak nepsas mudpa 7% Memnb1e 9), mpu 9TOM B i-M pa3psijie
OKarKeTcsl He HOJIb.

3HaYWT, B I0JyYEHHOM YHCJIE TIEPBbIii CJIeBa HOJIb B JIECATHYHON 3aIucu (€M OH eCTh) PACIIOJIOXKEH IIpaBee,
9eM B @p; HIPUMEHUM K 9TOMY HYJIIO TO ¥Ke jieficrBue (Ipu 9TOM Mbl HPUGABUM MEHBIIYIO CTEIIeHb CEMEPKH, IeM
B npeablaynmii pa3). [Ipojgoskasi Tak jajbliie, B pe3yJbraTe Mbl IOCTPOUM Tpebyemoe auciio by,



5. ¥V Kaapor ecmov Komnaekm 8ce803ModHchbix byc ud 4n odycunox, 2de xascdas dycunka aubo wépHas, aubo
beaas. Kapa ucnopmun o0un aK3eMnasp, nepecmasus 6 Hem 6ycunku. Kaapa xouem nepexpacumsv Kax MOHCHO
MEHDBUWE BYCUHOK 6 UCTLOPUEHHOM IKZEMNAAPE, 4MOObL CHOBA MOAYUUAUCH Npeschue bycu. Kakxoe nauboavuiee
wUCAO OYcurok et Modtcem nonadobumuca nepekpacums? (Byco, omauuaowuecs nosopomom Uil NePeGOPOMoM,
CHUMAIOMCA 00UHAKOGDLMU. )

OrtBet. 2n OyCHHOK.
[Tokaxkem cHagaJia, 9TO BCErja BO3MOXKHO IEPEKpacUTh He 6ojee 2n OycuHoK. IlycTh B ncmopyeHHbIX Oycax
w Gesbix u b = 4n — w 4EépHBIX OycHHOK. MBICJIEHHO HAJIOXKUM HMCXOJHBIE OYChI HA UCHOPUYEHHBbIE 47 criocobaMu,
OTTMIAIONIMECS TToBOpoTamMu. Torma Kaxkas O6yCHHKA MCXOMHBIX OyC TIO OJHOMY pa3y HAJOKHUTCI HA KAKIYIO
OyCHHKY HCIIOPYEHHBIX. SHAYUT, BCero Oyner b? Hajoykennii 4épHOil GYCHHKE Ha 48pHYIO U w? HAJIOMKEHHI 6eJ1oi
b2 + w? - (b+ w)?
in - 8n

OJIHOIIBETHBIX 6YCI/IHOK. Tenepb JAOCTAaTOYHO II€PEKPaCUThb BCE 6yCI/IHKI/I HUCIIOPpYEHHBIX 6yC, Ha KOTOpPbIE B 9TOM

= 2n HaJOXKeHUIl

uHa Gemyro. Torga B KakOM-TO m3 47 CrocoOOB OyJeT HE MEHbIIE, TeM

HAJIO2KEHUU HAKJIAJBIBAIOTCA OYCUHKHU JIPYTOTO IIBETA.

Ocrajioch TpuBeCTH IPUMED, KOTJIA HE YAACTCsS 0OOUTHCH MEHBIIMM YUCIOM HepekparmuBanuii. [lycts nexos-
Hble OYCBHI BBITVISIJIETN KaK - --—0—8-8-0-0-e-0-0-0-e—--- a KapJy UX I1epecTaBUJ B IOPSJIKE ::-—O0—8-0-8—0-0-0-0-0-0—---,
Jlerko BUIETH, UTO JJIsi MTOJIYyYEHUsI UCXOIHBIX OYC Cpeu JIIoObIX YeThIPEX OYCHHOK TOJPs HAJIO MEPEKPACUTD
HE MeHbIIe JIBYX, 3HAYUT, BCEIO NOTPeOyeTCs He MeHee 21 MepPeKPAITUBAHMI.

3ameyanue. U3 oneHKN BUJIHO, UTO B JIFOOOM 3KCTPEMAJHLHOM IIPUMEPE JTOJKHO OBITH 21 U€pHBIX U 2N
6esIbIX OYCHHOK.

6. Janwv 1000000 oxpyotchocmeti, npoxodauwur wepes odny mouky. loxaxcume, wmo ux MOMCHO pasdbums
Ha 12 epynn max, wmo cpedu okpyscrocmetc 00nol epynnvl HU odHa He Oydem nporodumv uepes uewmp Opy-
20t. Ilyemw ece oxpyoscnocmu npoxodam wepes mouky O. IIposedém wepes O wemuvipe NPAMBLT, Pa3OUBAIOULUT
naockocms wa 8 Y206 no 45°, max, wmobvr Hu 00UH UEHMP OKPYAHCHOCTNU HE AEAHCANA HE IMUL NPAMBL. Mot
DPA30OBLEM OKPYHCHOCTIU, UEHMPDL KOTOPHLL AEHCAM, 6 J8YT BEPMUKAALHOLT Y2AGT, HG MPU 2PYNNbl, YI08AemBE0-
PANULUE YCA0BUI; COEAGE MAK C KaHCAOT Napoti 6EPMUKAALHLT Y2A08, NOAYUUM MPebyemoe.

PazobbéM BCiO I10CKOCTH, KpoMme Toukn (), Ha Takue KOjbla ¢ HmeHTpoM B (), 9TO OTHOLICHHE BHEIITHETO
¥ BHYTPEHHETO pAaJyCcOB KArKIOTO KOJbIA PAaBHO v/2. BymieM cUmTaTh, UTO BHEIIHSS OKPYZKHOCTH KazKIOTO
KOJIbIIA, IPUHAJIEXKNAT €My, & BHYTPEHHSIS — HeT. 3aHyMepyeM BCe KOJbIa IOCAEIOBATE]LHO LEJLIMU THC/IAMU:
...,R_1,Ry, Ry,.... IlomecTuMm B mepByIO, BTOPYIO U TPETHIO IPYIIIbI BCE OKPYKHOCTH, IIEHTPBI KOTOPBIX JIe-
JKaT B KOJIbIAX Rgijt1, Rajre u Rg; cooTBeTCTBEHHO (IPU HEJBIX 7); HAOMHUM, YTO MbI UMEEM JIEJIO JIUIIhL C
OKPY>KHOCTSIMHE, IIEHTPBI KOTOPBIX JIEXKAT B ABYX BEPTUKAJIBHBIX yIviaX. MBI yTBEpPXKIaeM, 9TO 9TO pasdHeHne —
HCKOMOE.,

IIycte A m B —1ieHTpBI ABYX OKPYKHOCTel w4 U wp, npuiéMm A jexur Ha wpg, 1o ectb OB = AB. B
YaCTHOCTH, 9TO 3HAUUT, 9T0 /AOB OCTpBIH, TOITOMY TOYKH JiexkaT B ogHoMm yrie, u LAOB < 45°. 3uaqwnr,
ZABO = 180° — 2ZA0B > 90°; Orciona OA% > AB? + OB? = 20B?, u Touka A JeXKHUT B KOJIbIE C OGILITHM
nomepom, dem B. C apyroit croponsr, OA < OB+ AB = (v/2)? AB; 3uaunt, 5Ti HOMepa, pas/imdaioTcs He 6oJiee,
geMm Ha 2. [TosTomy A u B momnaiu B pasHble IPYIIILL, YTO U TPEOOBAIOCD.

Sameuanue. MoxKHO PoAeIaTh aHAJOTMIHYIO IIPOIELYPY, Pa3dUB IJI0CKOCTh Ha 12 yrios o 30° u obbean-
HUB UX B I'PYIIIBI 110 TPHU, KAK IIOKA3aHO Ha PHUCYHKE CcIIpaBa. B 3ToM ciIydae OTHOIIEHHE PaIyCOB KOJIEI[ MOXKET
GBITH JIIOOBIM B IIpeesax oT V2 10 v/3.
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1. Five students have the first names Clark, Donald, Jack, Robin and Steve, and have the
last names (in a different order) Clarkson, Donaldson, Jackson, Robinson and Stevenson. It
is known that Clark is 1 year older than Clarkson, Donald is 2 years older than Donaldson,
Jack is 3 years older than Jackson, Robin is 4 years older than Robinson.

Who is older, Steve or Stevenson and what is the difference in their ages?

Solution. The sum of ages of Clark, Donald, Jack, Robin and Steve is equal to the sum of
ages of Clarkson, Donaldson, Jackson, Robinson and Stevenson. Hence Stevenson is older
than Steve, and the difference is 1 + 2 4+ 3 + 4 = 10 years.

2. Let C(n) be the number of prime divisors of a positive integer n. (For example, C'(10) = 2,
C(11) = 1, C(12) = 2).
Consider set S of all pairs of positive integers (a, b) such that a # b and

Cla+0b) = C(a)+ C(D).
Is set S finite or infinite?

Solution. The set of pairs is infinite. Ezample 1. a = 2% b = 2*1 (a +b) = 3 - 2F,
k=1,2,.... Then C(a) =1, C(b) =1, Cla+b) =2.

Ezample 2 (based on different idea). Let a = p, b = 5p, (a+b) =6p=2-3-p. Let p #2,3,5
is a prime. Then, C(a) =1, C(b) =2, C(a+b) = 3.

3. A table 10 x 10 was filled according to the rules of the game “Bomb Squad”: several
cells contain bombs (one bomb per cell) while each of the remaining cells contains a number,
equal to the number of bombs in all cells adjacent to it by side or by vertex.

Then the table is rearranged in the “reverse” order: bombs are placed in all cells previously
occupied with numbers and the remaining cells are filled with numbers according to the same
rule. Can it happen that the total sum of the numbers in the table will increase in a result?

Solution. The answer is no. In a given table consider all unordered pairs of adjacent cells
(by side or by vertex) one of which has a bomb and another is empty (two pairs are different
it they differ in at least one cell). It is clear that the sum of all numbers in the table equals
to the number of these pairs.

For the complementary table (bomb and no-bomb cells reversed) we have the same number
of such pairs. Therefore the sum of the numbers in the complementary table will be the
same as in the original table.



4. A circle touches sides AB, BC, CD of a parallelogram ABCD at points K, L, M
respectively. Prove that the line K L bisects the height of the parallelogram drawn from the
vertex C to AB.

Solution. Let C'H be the height dropped from the vertex C to the side AB. Let P and @)
be the points of intersection of line K'L with C'D and C'H respectively.

P C M D

B 0 K A

Observe that BK = BL and CL = C'M (as tangents to a circle) and that triangles BLK and
PCL are similar (angle-angle criteria). Therefore the triangle LPC' is isosceles, CP = CL
and therefore PC' = C'M. Hence, C'H is the midline in triangle PM K, so CQ = MK/2 =
CH/2.

5. For a class of 20 students several field trips were arranged. In each trip at least one student
participated. Prove that there was a field trip such that each student who participated in it
took part in at least 1/20-th of all field trips.

Solution. Let n be the number of trips. Let us call a student “enthusiastic ” if he/she took
part in at least than n/20 of trips, and an “ordinary” student otherwise.

Let k; be the number of trips that i-th ordinary student participated (i < 20). Then the
sum of attendances of the ordinary students is ky + ko + -+ - < 20 X n/20 = n. Since the
number of trips is n, there was a trip free of ordinary students.
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1. A table 10 x 10 was filled according to the rules of the game “Bomb Squad”: several
cells contain bombs (one bomb per cell) while each of the remaining cells contains a number,
equal to the number of bombs in all cells adjacent to it by side or by vertex.

Then the table is rearranged in the “reverse” order: bombs are placed in all cells previously
occupied with numbers and the remaining cells are filled with numbers according to the same
rule. Can it happen that the total sum of the numbers in the table will increase in a result?

Solution. The answer is no. In a given table consider all unordered pairs of adjacent cells
(by side or by vertex) one of which has a bomb and another is empty (two pairs are different
it they differ in at least one cell). It is clear that the sum of all numbers in the table equals
to the number of these pairs.

For the complementary table (bomb and no-bomb cells reversed) we have the same number
of such pairs. Therefore the sum of the numbers in the complementary table will be the
same as in the original table.

2. Given a convex polyhedron and a sphere intersecting each its edge at two points so that
each edge is trisected (divided into three equal parts). Is it necessarily true that all faces of
the polyhedron are

(a) congruent polygons?

(b) regular polygons?

Solution. a) The answer is negative. Consider a regular prism with triangular base and
square lateral faces. On each edge, mark the trisecting points. Clearly they are equidistant
from the centre of the prism and thus belong to the corresponding sphere.

b) The answer is positive. Suppose A; ... A, is a face of the polyhedron. All the points B;, C;
trisecting its sides A; 1 A; lie on the same circle that is the intersection of the sphere with
the plane of the face. Suppose A; 1A; = 3a, A;A; 11 = 3b. By secant theorem, A;B; - A;C; =
A;Bi1 = AiCipq & 2a® = 2b* < a = b. Hence the face is equilateral. It remains to prove
that it has equal angles. All segments B;C; are equal as well as isosceles triangles B;OC;
where O is the centre of the circle. Hence the equality holds for all triangles B;OA;, all
angles B; A;O and all angles /A; 1A;A;11 =2/B;A;0.



3. For a class of 20 students several field trips were arranged. In each trip at least four stu-
dents participated. Prove that there was a field trip such that each student who participated
in it took part in at least 1/17-th of all field trips.

Solution. Let n be the number of arranged trips. Let us call a student “enthusiastic ” if
he/she took part in at least n/17 of trips, and “ordinary” otherwise. Assume that there was
no trip attended by only enthusiastic students. Choose an ordinary student in each trip. The
total number of their attendances is at least n, the number of attendances of each ordinary
student is less than n/17, so the number of chosen students exceeds 17, and the number of
enthusiastic students is at most 2. Then the total number of their attendances is at most 2n,
and for the ordinary students this number is less than n/17 - 20. So the total number of all
attendances is less than 4n, a contradiction with the condition of the problem. Therefore,
there was a trip attended by only enthusiastic students.

4. Let C(n) be the number of prime divisors of a positive integer n.
(a) Consider set S of all pairs of positive integers (a,b) such that a # b and
C(a+b) =C(a)+ C(b)

Is S finite or infinite?

(b) Define S’ as a subset of S consisting of the pairs (a, b) such that C'(a +b) > 1000. Is S’
finite or infinite?

Solution.

(a) S is infinite. Example 1. a =2% b =21 (a+b) =3-2F k=1,2,.... Then C(a) = 1,
Cb)=1,C(a+b) =2.

Ezample 2 (based on different idea). Let a = p, b = 5p, (a+b) =6p=2-3-p. Let p #2,3,5
is a prime. Then C(a) =1, C(b) =2, C(a+b) = 3.

(b) S’ is infinite. Let pq,pa, ..., px be the first prime numbers, where & > 1000.

Then we can write pips...pr — 1 = P{'Py... Pl , where P, # p, are also primes and

0 < s < k. Let m = k—s and let us choose primes ¢qi, qa, . . ., ¢, so that ¢; # P; and ¢; # p;.
Finally, consider a and b of the form ¢ = ¢1¢2...Gm, b = Q1q2 ... @ P ' P> ... P/, so that

(a+b) = 192 - q@mp1p2 - - -pr. Then C(a) = m, C(b) = m + s, C(a +b) = m + k and
C(a+b) = C(a) + C(b) is equivalent to m + s = k. Since there is an infinite number of
primes we can always choose an infinite number of different q1, ¢o, . . ., ¢,, and therefore create

an infinite number of different pairs (a, b) satisfying the conditions.



5. Among 239 coins identical in appearance there are two counterfeit coins. Both counterfeit
coins have the same weight different from the weight of a genuine coin.

Using a simple balance, determine in three weighings whether the counterfeit coin is heavier
or lighter than the genuine coin. A simple balance shows if both sides are in equilibrium or
left side is heavier or lighter. It is not required to find the counterfeit coins.

Solution (one of possible versions). Split coins in three groups A (80), B (80), C' (79). On
Step 1: we weigh A 7 B.

(1) If A = B then either both A and B consist of genuine coins or there is one counterfeit
coin in each group. Split A into the groups A; (40) and A, (40). On Step 2: A; 7 A,.

(a) If Ay = A, then A; consists of real coins (so does B) and therefore both counterfeits
are in the group C. Choose 79 coins from the group A + B; let it be A’. On Step
3:C7TA:

A. If C' > A’ then the counterfeit coin is heavier and
B. If C' < A’ the counterfeit coin is lighter.

(b) If A} # Ay, say A; > A,, then both groups A and B contain a counterfeit coin and
therefore all 79 coins in the group C' are genuine.
Choose 40 coins from the group C; let it be the group C’. On Step 3: A; 7 C".

A. If A; = C’ then the counterfeit coin is lighter and
B. if A; > C’ then the counterfeit coin is heavier.
The case A; < C' is impossible.

(2) Let A # B, say A > B. Split A into the groups A; (40) and A, (40). On Step 2:
A 7 A,
i. If A} # As then the counterfeit coin is heavier, and the third weighing is not needed.
ii. If A; = A, then either both groups contain a single counterfeit coin or all coins in
these groups are genuine. Split A into A;1(20) and A;2(20). On Step 3: A;1 7 A;2.
A. If A;1 = A;2 then all coins in A1, A;2 and Ay are genuine, B contains one or
two counterfeit coins and these coins are lighter than genuine ones.

B. If A;1 # A2 then A contains a counterfeit coin, B does not, and counterfeit
coins are heavier than genuine ones.
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1. The decimal representation of an integer uses only two different digits. The number is
at least 10 digits long, and any two neighbouring digits are distinct. What is the greatest
power of two that can divide this number?

Solution. The answer is 6. Let N be the given number. Consider the case when the number
of digits of N is 2m. Then N can be represented as N = xyzy...xy = 1010...1 x xy. Since
the first factor is odd, the greatest power of two that can divide NV coincides with the greatest
power of two that can divide xy, which is 6 (then zy = 64 = 2°).

If N contains 2m + 1 digits then N = yxy...zy = v - 10*™ + 2y ... 2y where m > 5 and
therefore 2m > 10. Then y - 10*™ is divisible by 27; therefore if N is divisible by 27 so is
xy...xy, but it is divisible by at most 2° as is shown above. Hence the answer is 6.

2. Chip and Dale play the following game. Chip starts by splitting 222 nuts between two
piles, so Dale can see it. In response, Dale chooses some number N from 1 to 222. Then
Chip moves nuts from the piles he prepared to a new (third) pile until there will be exactly
N nuts in any one or two piles. When Chip accomplishes his task, Dale gets an exact amount
of nuts that Chip moved. What is the maximal number of nuts that Dale can get for sure,
no matter how Chip acts?

(Naturally, Dale wants to get as many nuts as possible, while Chip wants to lose as little as
possible).

Solution The answer is 37. Upper estimate. If Chip puts 74 and 148 nuts in the piles, he
can move not more 37 nuts for any N. Indeed, represent N as 74k + r where k equals 0,
1,2, 0or 3, and =37 < r < 37. If r =0 then £k > 0, N equals 74, 148, or 222, and this is
the number of nuts in one or two piles. If » > 0 then 74k equals 0, 74, or 148. Then Chip
moves 7 nuts from an appropriate pile to a new pile and presents this pile to Dale, adding if
necessary the pile that was not changed.

Lower estimate. For any initial splitting, there exists N such that at least 37 nuts must be
moved. Indeed, let the numbers of nuts in the initial piles be p and ¢, ¢ > p. If p > 74 then
for N = 37 it is necessary to move 37 nuts. If p < 74 then ¢ > 148. For N = 111 it is
necessary either to add more than 37 to p nuts or to remove more than 37 from ¢ nuts.

3. Some cells of a 11 x 11 table are filled with pluses. It is known that the total number
of pluses in the given table and in any of its 2 x 2 sub-tables is even. Prove that the total
number of pluses on the main diagonal of the given table is also even.



(2 x 2 sub-table consists of four adjacent cells, four cells around a common vertex).

Solution. Let us split the given square into 2 x 2 squares and a grey diagonal part as shown
in the picture.

Since the given 11 x 11 square as well as any 2 X 2 square contains an even number of pluses,
the diagonal part contains an even number of pluses.

We can obtain the main diagonal from the diagonal part by excluding two diagonal rows of
2 x 2 squares shown in dashed and including the double sum of every second square in the
main diagonal (shown in dark grey).

Since the number of pluses in the part we include and in the part we exclude is even, the
number of pluses in the main diagonal is also even.

4. Given a triangle ABC'. Suppose [ is its incentre, and X, Y, Z are the incentres of triangles
AIB, BIC and AIC respectively. The incentre of triangle XY Z coincides with I. Is it
necessarily true that triangle ABC' is regular?

Solution. The answer is yes. Suppose K is the point of intersection of segments XY and
BI, L is the intersection of YZ and CI, and M is the intersection of X7 and AI. By
condition, segment X[ bisects angles KIM and KX M, hence triangles IKX and IMX
are congruent. Similarly, triangles IKY and LY are congruent as well as ILZ and IMZ.
Hence /IKY = /ILY =180°—/ILZ =180°—/IMZ = /IMX = /IK X, thus Bl 1. XY.

In triangle X BY, segment BK is a bisector and an altitude, hence it is also a median, so
line BI is the midperpendicular for segment XY. Hence /XIK = /YIK. But /XIK =
1/2/AIB = 1/2(90° 4+ 1/2/C). Similarly /YIK = 1/2(90° + 1/2£A), thus LA = /C.
Similarly /A = /B. Hence the triangle AC'B is equilateral.

5. A car rides along a circular track in the clockwise direction. At noon Peter and Paul took
their positions at two different points of the track. Some moment later they simultaneously
ended their duties and compared their notes. The car passed each of them at least 30 times.
Peter noticed that each circle was passed by the car 1 second faster than the preceding



one while Paul’s observation was opposite: each circle was passed 1 second slower than the
preceding one.

Prove that their duty was at least an hour and a half long.

Solution. Each observer has noticed at least 29 circles. For Peter, the car passed consecutive
circles in m+14, m+13, ..., m—14 seconds, and for Paul in p—14,p—13, ..., p+ 14 seconds.
The total time for passing 29 circles is equal to 29m and 29p respectively. First 15 Paul’s
circles cover 14 Peter’s circles, either from 1st to 14th (if the car passed Peter for the first
time before Paul), or from 2nd to 15th (otherwise). In any case

p—14)+(p—-13)+---+p>(m+13)+(m+12)+--- +m.

On the other hand, the last 15 Paul’s circles cover 14 Peter’s circles, either from 16th to
29th, or from 15th to 28th, hence

(m—14)+(m—=13)+--+m>(p+13)+ (p+12)+--- +p.

Summing up the inequalities and collecting terms, we get p +m > 392, hence 29p + 29m >
29 - 392. Thus the total time for at least one observer is at least 29 - 196 = 5684. This is
greater than an hour and a half (5400 seconds).

6. (a) A point A is marked inside a circle. Two perpendicular lines drawn through A
intersect the circle at four points. Prove that the centre of mass of these four points does
not depend on the choice of the lines.

(b) A regular 2n-gon (n > 2) with centre A is drawn inside a circle (A does not necessarily
coincide with the centre of the circle). The rays going from A to the vertices of the 2n-gon
mark 2n points on the circle. Then the 2n-gon is rotated about A. The rays going from A to
the new locations of vertices mark new 2n points on the circle. Let O and N be the centres
of gravity of old and new points respectively. Prove that O = N.

Solution. If A coincides with O, the assertion is obvious. Otherwise we will prove that the
centre of mass is the midpoint of the segment OA.

a) Two perpendicular lines cut off two perpendicular chords. The centre of mass of a chord
is its midpoint. If one of two chords is a diameter then the midpoint of the other one is A,
so the centre of mass is the midpoint of OA. Otherwise let B and C be the midpoints of
the chords. Then OABC is a rectangle,and the centre of mass is the midpoint of BC' which
coincides with the midpoint of OA.

b) Connect the 2n points on the circle with A to obtain n chords such that the angle between
two neighbouring ones is 180°/n. The centre of mass of the endpoints of chords is the same
as the centre of mass of their midpoints. These midpoints belong to a smaller circle with



diameter OA. Equal inscribed angles correspond to equal arcs, thus these midpoints are
vertices of a regular polygon inscribed in the smaller circle. Hence their centre of mass is
the centre of this circle, that is, the midpoint of O A.

7. Peter and Paul play the following game. First, Peter chooses some positive integer a with
the sum of its digits equal to 2012. Paul wants to determine this number; he knows only
that the sum of the digits of Peter’'s number is 2012. On each of his moves Paul chooses a
positive integer x and Peter tells him the sum of the digits of |z — a|. What is the minimal
number of moves in which Paul can determine Peter’s number for sure?

Solution. The answer is 2012. Let S(n) be the sum of the digits of n.

Algorithm. At the first step, Paul chooses 1. If a ends with k zeroes then S(a—1) = 2011+4-9k.
Thus Paul gets to know the position of the rightmost nonzero digit in a. Set a; = a — 10*.
Paul knows that S(a;) = 2011. At the second step Paul chooses = such that a —x =a; — 1
and gets to know the number m of zeroes at the end of a;. Set ay = a; — 10™ and so on.
After the 2012th step Paul obtains S(agp2) = 0, thus having determined a.

Estimate. Suppose all digits in @ are 0 and 1, that is, a = 10%2012 4 10*2011 4 ... 4+ 10** where
kaogia > kogr1 > -+ > ky. It is possible that at the first step Paul chooses an integer z < 101,
Then S(a —z) = S(10" — z) + 2011 independently of values of kaygya, . .., kir1. So Paul gets
no new information about kogio, ..., k;11. Similarly, it is possible that at the second step
Paul chooses an integer smaller than 10*2, and so on. Then after 2011 steps Paul does not
know k’g()lg.
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1. Given an infinite sequence of numbers aq, as, as, . .. For each positive integer k there exists
a positive integer t = t(k) such that ay = apy; = agior = ... Is this sequence necessarily

periodic? That is, does a positive integer T' exist such that ap = a1 for each positive
integer k7

Solution. The answer is no. For example, let m; be the highest degree of 2 that divides k,
ar = 0 if my, is even and ay = 1 if my, is odd, and t(k) = 2my.

2. Chip and Dale play the following game. Chip starts by splitting 1001 nuts between three
piles, so Dale can see it. In response, Dale chooses some number N from 1 to 1001. Then
Chip moves nuts from the piles he prepared to a new (fourth) pile until there will be exactly
N nuts in any one or more piles. When Chip accomplishes his task, Dale gets an exact
amount of nuts that Chip moved. What is the maximal number of nuts that Dale can get
for sure, no matter how Chip acts? (Naturally, Dale wants to get as many nuts as possible,
while Chip wants to lose as little as possible).

Solution. Consider a line segment of length 1001 on which we mark points A, B and C'
corresponding to the piles with a,b and ¢ nuts in them. Let us also mark the points A + B,
A+ B and B + C, corresponding to two combined piles, the point O, corresponding to an
empty pile, and the point A+ B + C', corresponding to the pile of 1001 nuts. If Dale choses
a number n then Chip’s strategy is to look for the closest marked point to this number and
to move nuts from the corresponding pile (or combined piles) to the pile 0. It is clear that
if the points are marked uniformly (with the distance 143 between each pair of subsequent
points) then the maximal difference between n and the closest number is 71, therefore Chip
can loose at most 71 nuts.

On the other hand, since the maximal distance between the subsequent points is at least
143, Dale can always choose a number such that he can guarantee at least 71 nuts.

3. A car rides along a circular track in the clockwise direction. At noon Peter and Paul took
their positions at two different points of the track. Some moment later they simultaneously
ended their duties and compared their notes. The car passed each of them at least 30 times.
Peter noticed that each circle was passed by the car 1 second faster than the preceding
one while Paul’s observation was opposite: each circle was passed 1 second slower than the
preceding one.

Prove that their duty was at least an hour and a half long.



Solution. Each observer has noticed at least 29 circles. For Peter, the car passed consecutive
circles in m+14, m+13, ..., m—14 seconds, and for Paul in p—14,p—13, ..., p+ 14 seconds.
The total time for passing 29 circles is equal to 29m and 29p respectively. First 15 Paul’s
circles cover 14 Peter’s circles, either from 1st to 14th (if the car passed Peter for the first
time before Paul), or from 2nd to 15th (otherwise). In any case

p—14)+(p—-13)+--+p>m+13)+(m+12) +--- +m.

On the other hand, the last 15 Paul’s circles cover 14 Peter’s circles, either from 16th to
29th, or from 15th to 28th, hence

(m—14)+(m—13)+---4+m> (p+13)+ (p+12) +--- +p.

Summing up the inequalities and collecting terms, we get p +m > 392, hence 29p + 29m >
29 - 392. Thus the total time for at least one observer is at least 29 - 196 = 5684. This is
greater than an hour and a half (5400 seconds).

4. In a triangle ABC two points, C; and A; are marked on the sides AB and BC respectively
(the points do not coincide with the vertices). Let K be the midpoint of A;C; and I be the
incentre of the triangle ABC'. Given that the quadrilateral Ay BC41 is cyclic, prove that the
angle AKC' is obtuse.

Solution. Let M be the midpoint of AC, and A,, By and Cy are touching points of the
inscribed circle with sides BC', AC and AB respectively. Since /A;IC; = 180° — /B =
L AsICy, the right-angled triangles A; Aol and C1Cy1 are equal (by a cathetus and an acute

angle). One of them is inside, and the other one outside the rectangle BA;IC5. Hence
ACy +CAy = AC, + CAy = ABy + OBy, = AC.

Construct parallelograms AC} KD and CA; KE. Then ADCE is also a parallelogram (possi-
bly degenerate) and M is its centre, that is, the midpoint of segment DE. As is well-known,
a median is less than the half-sum of the adjacent sides, hence KM < 1/2(KD + KE) =
1/2(AC, 4+ CA;) = 1/2AC. This means that point K is inside the circle with diameter AC,
hence angle AKC' is obtuse.

5. Peter and Paul play the following game. First, Peter chooses some positive integer a with
the sum of its digits equal to 2012. Paul wants to determine this number; he knows only
that the sum of the digits of Peter’'s number is 2012. On each of his moves Paul chooses a
positive integer x and Peter tells him the sum of the digits of |z — a|. What is the minimal
number of moves in which Paul can determine Peter’s number for sure?

Solution. The answer is 2012. Let S(n) be the sum of the digits of n.



Algorithm. At the first step, Paul chooses 1. If a ends with k zeroes then S(a—1) = 2011+4-9k.
Thus Paul gets to know the position of the rightmost nonzero digit in a. Set a; = a — 10*.
Paul knows that S(a;) = 2011. At the second step Paul chooses = such that a —x =a; — 1
and gets to know the number m of zeroes at the end of a;. Set as = a; — 10™ and so on.
After the 2012th step Paul obtains S(agp2) = 0, thus having determined a.

Estimate. Suppose all digits in @ are 0 and 1, that is, a = 10%2012 4 10*2011 4 ... 4+ 10** where
kaora > koor1 > -+ - > ky. It is possible that at the first step Paul chooses an integer x < 101,
Then S(a —z) = S(10* — z) 4+ 2011 independently of values of kygya, . .., kir1. So Paul gets
no new information about kygio, ..., k;11. Similarly, it is possible that at the second step
Paul chooses an integer smaller than 10*2, and so on. Then after 2011 steps Paul does not
know k’g()lg.

6. (a) A point A is marked inside a sphere. Three perpendicular lines drawn through A
intersect the sphere at six points. Prove that the centre of gravity of these six points does
not depend on the choice of such three lines.

(b) An icosahedron with the centre A is placed inside a sphere (its centre does not
necessarily coincide with the centre of the sphere). The rays going from A to the vertices
of the icosahedron mark 12 points on the sphere. Then the icosahedron is rotated about its
centre. New rays mark new 12 points on the sphere. Let O and N be the centres of mass of
old and new points respectively. Prove that O = N.

(An icosahedron is a regular polyhedron with 20 triangular faces; each vertex emits 5 edges).

Solution. Let C' be the centre of the sphere, O the centre of mass in question. It is also
the centre of mass for the midpoints of chords in the sphere, cut by the drawn lines. (For
an icosahedron, by its central symmetry, pairs of opposite rays may be replaced by the lines
containing the main diagonals.)

a) The midpoints of the chords (say K, L, M) are projections of C' to the lines drawn, hence
AC =AK + AL+ AM (a vector is the sum of its projections to three perpendicular axes).
Hence AO = éAC’.

b) Let AO = a, AC = c. It suffices to show that a = ac where a is independent of ¢ and of
the position of the icosahedron.

The midpoints of the chords are projections of C' to the diagonals of the icosahedron. Let
e; be the unit vector directed along the ¢th diagonal, A; be the corresponding projection.
Then AA; = |c|cos ¢ - e; = (c,e;)e; where brackets denote the scalar product and ¢ is the
angle between c and e;, and 6a = (c,e;)e; + - -+ (c, eg)eg. The last expression depends on
c linearly, hence it suffices to prove the equation

(c,e1)er + -+ (c,e5)es = 6ac (%)



for any three non-complanar vectors, for instance for ey, es, e3.

The results does not change if we replace some of e; by opposite ones. Hence proving (x) for
c = e; we may assume that es, ..., es are directed to the vertices closest to that one where
e; is directed. Then by symmetry we have (e;,e3) = -+ = (e1,€e5). But ex+ -+ -+ €5 = ey
where 3 is a constant.

The equation (%) for ¢ = e, and ¢ = ey is proved similarly.

Remark. As is clear from the above, 6o = 1 + 5cos? v where v is the angle between two
neighbouring diagonals of an icosahedron.

7. There are 1000000 soldiers in a line. The sergeant splits the line into 100 segments (the
length of different segments may be different) and permutes the segments (not changing the
order of soldiers in each segment) forming a new line. The sergeant repeats this procedure
several times (splits the new line in segments of the same lengths and permutes them in
exactly the same way as the first time). Every soldier originally from the first segment
recorded the number of performed procedures that took him to return to the first segment
for the first time. Prove that at most 100 of these numbers are different.

Solution. Let us mark 99 borders between segments by flags; during iterations, flags remain
on their spots. We call a pair of soldiers special if originally they were neighbours in the
first segment but returned to this segment after different number of iterations. Then clearly
these soldiers at some moment went to different segments. Let us consider the first moment
when it happened. Until this moment they were neighbours in the line, so they are still
neighbours but now there is a flag between them.

We claim that each special pair is served by its own dedicated flag (so no flag can serve two
special pairs). Assume that some flag F' first separated two special pairs A and B; pair A
was separated after k iterations and pair B was separated after m > k iterations.

Note that our operations are invertible: positions of the soldiers on the previous step are
uniquely defined. So let us pull k iterations back from the moment when flag F' separated
pair A the first time. Then soldiers from A return to their positions in the first segment.

Now pull k£ operations back from the moment m when the second pair got separated. Since
the pair B occupied the same places at moment m as pair A at the moment k, this pair B also
will return to the same place, which is in the first segment. However, time is 0 < m—k <m
which contradicts to our conjecture that m was the first moment when it happened.

Therefore, the number of special pairs does not exceed 99. This means that going from one
soldier to the next one along the first segment, the recorded numbers could change no more
than 99 times and therefore there are at most 100 recorded numbers.



Remark. One can prove easily that each soldier from the first segment really returns to it.
However it is not necessary: if a soldier never returns to the first segment we can define the
return time equal to oo and this does not affect the above arguments.
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1 [3]

2 [4]

3 [4]

4 [5]

There are six points on the plane such that one can split them into two triples each
creating a triangle. Is it always possible to split these points into two triples creating
two triangles with no common point (neither inside, nor on the boundary)?

ANSWER: No.

Example: Consider the vertices and the midpoints of a triangle.

There is a positive integer A. Two operations are allowed: increasing this number by 9
and deleting a digit equal to 1 from any position. Is it always possible to obtain A + 1
by applying these operations several times?

REMARK. If leading digit 1 is deleted, all leading zeros are deleted as well.

ANSWER: Yes.

SOLUTION. Given the number A + 1 create a “new number” which starts with eight
“1”s followed by the number A + 1. Note that the new number and the number A
have the same remainders when divided by 9. Therefore given the number A one can
get the number A 4+ 1 by adding “9”s to A until one obtains the “new number”. Then
one removes eight leading “1”s.

Each of 11 weights is weighing an integer number of grams. No two weights are equal.
It is known that if all these weights or any group of them are placed on a balance then
the side with a larger number of weights is always heavier. Prove that at least one
weight is heavier than 35 grams.

SOLUTION. Let us arrange the weights in increasing order, a; < as < az--- < ay;.
Note that the difference between any two consequent weights is at least 1. Therefore,
ap > Ay + (n—m), if m < n. According to the given we have

a1+ as +as+ag + a5+ as + ag > ay + ag + ag + ayg + apy

and since

a7—|—a8+a9—|—a10+a11 Z ((12+5)+(6L3+5)+ . +(CL6+5) = a2+a3—|—a4—|—a5—|—a6+25
we have a; > 25. Then ay; > a; + 10 > 35.

Eight rooks are placed on a 8 x 8 chessboard, so that no two rooks attack one another.
All squares of the board are divided between the rooks as follows. A square where a
rook is placed belongs to it. If a square is attacked by two rooks then it belongs to
the nearest rook; in case these two rooks are equidistant from this square each of them
possesses a half of the square. Prove that every rook possesses the equal area.

SOLUTION. Observe that a rook attacks 15 squares in total, 7 squares in a column and
7 squares in a row where it stands plus a square where it stands.



5 [5]

Let us denote a square and rook that stands on it by the same letter, correspondingly
small and capital. Let rook A stand on square a. Consider a square ¢ in the same row
with square a. It is attacked by another rook B which stands on square b in the same
column with c¢. Rook B will also attack a square d which is in the same column with
a. The squares a, b, ¢, d are the corners of a rectangle. If it is a square then each rook
A and B gets a half of ¢ and d. Otherwise, one of the squares completely belongs to
rook A, and another to rook B. Consequently, each rook possesses 8 squares in total:
the square it stands on and a half of the remaining 14 squares. The statement holds
for every rook.

vy

In a quadrilateral ABCD, angle B is equal to 150°, angle C'is right, and sides AB and
CD are equal. Determine the angle between BC' and the line connecting the midpoints
of sides BC' and AD.

ANSWER. 60 . SOLUTION. Let M be the midpoint of BC and N be the midpoint of
AD. Construct parallelogram ABM K and rectangle CDLM. Observe that AKDL
is also a parallelogram. (Indeed, AK = LD and AK is parallel to LD). Hence N
is the midpoint of diagonal K L. In triangle KML, /KML = /KMC — /LMC =
150° — 90° = 60°. Since KM = ML, triangle K ML is equilateral. Then the median
M N of triangle K M L is also a bisector and therefore /KM N = 30° and /ZBM N = 60°.

C
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1 [3] There is a positive integer A. Two operations are allowed: increasing this number by
9 and deleting a digit equal to 1 from any position. Is it always possible to obtain A + 1 by
applying these operations several times?

SOLUTION. See Junior 1.
2 [4] Let C be a right angle in triangle ABC. On legs AC and BC' the squares ACKL,

BCMN are constructed outside of triangle. If C'E is an altitude of the triangle prove that
LEM is a right angle.

L A
E
K C B
M N

SOLUTION 1. Since ABC' is right triangle and C'E is perpendicular to AB, triangles CBE
and AC'E are similar. Then we have

(a) /CAB = /ECB (and therefore, /LAE = /MCFE) and also
(b) CM/CE = AL/AF (it follows from CB/CE = AC/AE).

Therefore, triangles ALE and CMFE are similar. Then /ALE = /EMC and therefore
quadrilateral LAEM is cyclic. This implies /LEM = /LAM = 90°.

SOLUTION 2. It is easy to see that AEC' and AC B are similar, hence C—ﬁ = % = %. Thus

the rotation by 90° followed by homothety with center £ and factor C—ﬁ transforms segment
E A into segment EC and line AL into line CM. Then segment AL transforms into C'M
while segment E'L into segment E'M. Hence /LEM = 90°.

3 [4] Eight rooks are placed on a 8 x 8 chessboard, so no two rooks attack one another.
All squares of the board are divided between the rooks as follows. A square where a rook
is placed belongs to it. If a square is attacked by two rooks then it belongs to the nearest
rook; in case these two rooks are equidistant from this square then each of them possesses a
half of the square. Prove that every rook possesses the equal area.

SOLUTION. See Junior 4.



4 [4] Each of 100 stones has a sticker showing its true weight. No two stones weight the
same. Mischievous Greg wants to rearrange stickers so that the sum of the numbers on the
stickers for any group containing from 1 to 99 stones is different from the true weight of this
group. Is it always possible?

ANSWER: Yes.

SOLUTION. Let us arrange the stones in a circle in the increasing order of their weights
clockwise. Let Greg move a sticker from each stone to the next one in the counterclockwise
direction. In this way the heaviest stone will get a sticker with the smallest number while
every other stone gets a sticker with the number greater than its true weight. Therefore for
any group of stones which does not include the heaviest stone the sum of the numbers on
the stickers will be greater than the total true weight of stones of this group. On the other
hand, if a group contains the heaviest stone (but not all stones), then the complementary
group (that is, all other stones) does not contain it; therefore in that group the sum of the
numbers on the stickers will be greater than the true total weight of stones. Then in the
chosen group the sum of the numbers on the stickers will be smaller than the true weight of
stones of this group. Hence, Greg can fulfill his task.

5 [5] A quadratic trinomial with integer coefficients is called admissible if its leading coef-
ficient is 1, its roots are integers and the absolute values of coefficients do not exceed 2013.
Basil has summed up all admissible quadratic trinomials. Prove that the resulting trinomial
has no real roots.

SOoLUTION. Consider admissible trinomial 22 + Bz + C and note that the polynomial 2% —
Bx + C is also admissible. Then the sum of all admissible polynomials is Axz? + C' with
A > 0. We need to prove that C' > 0.

For each pair (a, b) of integers such that 0 < a < b < 2013, ab < 2013, consider all admissible
trinomials with roots (a,b), (—a,b), (—a,b), (—a,—b). Consider the following cases:

(1) a = 0; then the contribution to C'is 0.

(2) a =1, b=2013. In this case, there are two admissible trinomials, 2% & 2012x — 2013;
their joint contribution to C' equals —4026.

(3) a =1 < b < 2013. Then there are four admissible trinomials, z* 4+ (b + 1)z + b.
x? 4 (b — 1)z — b; their joint contribution to C' equals 0.

(4) 1 < a < b < 2013. Then since ab < 2013 we have a < b < 2013/2 and therefore
a + b < 2013. Thus again we have four trinomials; their joint contribution to C' equals
0.

(5) 1 <a=b, a®> < 2013. We get three trinomials: 2 + 2a + a?, and 2% — a?; their joint
contribution to C' equals a?. In total, C' = 17424 . +44>—4026 = $-44-45-89—4026 >
0.
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1 [4] Several positive integers are written on a blackboard. The sum of any two of them is some
power of two (for example, 2,4,8,...). What is the maximal possible number of different integers
on the blackboard?

ANSWER: Two.

SOLUTION 1. Let a be the greatest number written on a blackboard. There is an integer n > 0
such that 2" < a < 2", Then 2" < a + b < 2a < 2""2 where b is the other number on the board.
Hence a+b = 2""!. Thus all the remaining integers are in the form 2"** — a. Therefore the number
of different integers on the board is no more than two.

Example of two integers: 1 and 3.

SOLUTION 2. We prove that the number of integers does not exceed 2. Assume that a < b < ¢ on
the board. Then a+b < a + ¢ < b+ ¢ are different powers of 2 and therefore b + ¢ > 2(a + ¢).
Then b > 2a + ¢ which is impossible. Example of two integers: 1 and 3.

2 [4] Twenty children, ten boys and ten girls, are standing in a line. Each boy counted the number
of children standing to the right of him. Each girl counted the number of children standing to the
left of her. Prove that the sums of numbers counted by the boys and the girls are the same.

SOLUTION 1. Assume that the children in a line stay to the right of the first person. Let a boy
on the k-th position count the number 20 — k while a girl on the n-th position count the number
n — 1. Therefore the total sums of numbers obtained by boys and girls are 200 — S, and S, — 10
respectively, where Sy, is the sum of boys’ positions and S, is the sum of girls” positions. It remains
to check that 200 — S, = S, — 10. The latter follows from S, + Sy, =142 + --- 4 20 = 210.

SOLUTION 2. Let B and G be the sums counted by boys and girls respectively. Note that if a boy
and a girl interchange their places in the line, both sums will increase or decrease on the same
amount. Therefore the difference between B and G is always the same. However, in situation when
ten girls are followed by ten boys it is obvious that both sums are the same.

3 [5] There is a 19 x 19 board. Is it possible to mark some 1 x 1 squares so that each of 10 x 10
squares contain different number of marked squares?

ANSWER. Yes, it is possible. SOLUTION. Observe that each of 100 of 10 x 10 squares in a
19 x 19 shares a common central cell (1 x 1 square). Assume that it is marked; otherwise, we can
interchange marked and unmarked cells.

Let us mark every cell in each of nine bottom rows, the central cell and all cells in central row to
the right of it. Consider a 10 x 10 square at the top left position. It has one marked cell. Let us
move this square to the right, one column at time. In this way, each new 10 x 10 square will have
one more marked cell than the previous one. Therefore we get squares with 1,2,...,10 marked cells.

Now, move each of these ten squares down one row at time. It is easy to see that each new 10 x 10
square contains 10 more marked cells than the square one position above it. In this way, we get
squares with 11, 21, 31,...,91, 12, 22, 32,...,92,..., 20, 30,..., 100 marked cells.

4 [5] On a circle, there are 1000 nonzero real numbers painted black and white in turn. Each
black number is equal to the sum of two white numbers adjacent to it, and each white number is



equal to the product of two black numbers adjacent to it. What are the possible values of the total
sum of 1000 numbers?

SOLUTION 1. Let w,, be the n-th white number, b,, be the n-th black number and S,, and S, be
the total sums of white and black numbers respectively (we assume that w; is left neighbour of b,
Wn+500 = Wp and bn+500 = bn) Then

b, = Wy, + Wy and W, = b,_1b,,. (1)

Then implies b, = b,_1b, + byb,+1 and since b, # 0 we have b, 1 + b,.1 = 1. Then
Sb = b1 + bg + ...+ b500 = 250 as we Spht bl, ce ,6500 into 250 pairs (bnfl, bn+1)-

On the other hand, S, = (w; +ws) + (we +w3) + . . . + (w499 + Ws00) + (w500 + w1 ) = 2., therefore
Sw = 250/2 = 125. Finally, the total sum of all numbers is S, + S, = 125 4 250 = 375.

SOLUTION 2. Let a be a value of some black number. Assume that the value of neighbouring
white number is ab. Then the following six numbers are uniquely determined: b, b — ab, 1 — a,
(1—a)(1=0),1—0b,a(l—>b). It is easy to check that the sum of these eight numbers is 3. Since
the given 1000 numbers can be split into 125 consecutive groups, the total sum of all numbers is
3 x 125 = 375.

5 [6] A point in the plane is called a node if both its coordinates are integers. Consider a triangle
with vertices at nodes containing exactly two nodes inside. Prove that the straight line connecting
these nodes either passes through a vertex or is parallel to a side of the triangle.

SOLUTION 1

Lemma. Suppose that X and Y are interior points of triangle ABC and the segment XY is not
parallel to any side of the triangle. Then there exists a segment equal and parallel to XY, with
one endpoint at a vertex and the other endpoint inside the triangle.

Proof. Through each vertex of triangle ABC' draw a line parallel to XY. Consider the line that is
between two others. Assume it passes through vertex A. By D denote the point of intersection of
this line with side BC'. Since segment XY is parallel to AD and lies completely in the interior of
the triangle, XY is shorter than AD. Mark a point Z on AD so that AZ = XY . By construction,
point Z is an interior point of triangle ABC. 0

Let us proceed with the problem. Let X and Y be two nodes inside triangle ABC. If line XY
is parallel to any side of the triangle, the statement holds. Otherwise, in accordance with the
lemma we construct point Z. Note that Z is a node. By condition Z coincides with either X or Y.
Therefore X and Y belong to the line passing through a vertex of a triangle.

SOLUTION 2 (FOR ADVANCED PARTICIPANTS). Assume that line XY does not pass through any
vertex of triangle ABC. Then there is a side (let it be BC' ) which XY does not cross. By Pick’s



formula the areas of triangles X BC' and Y BC' are equal. Then altitudes of these triangles to side
BC' are equal and therefore, line XY is parallel to BC.

Remark. Consider triangle with vertices on lattice. Then the area of the triangle equals A = i+b/2—1
where ¢ and b are the numbers of lattice points in the interior and on the boundary of the triangle
respectively (Pick’s formula).

6 [8] Let ABC be a right-angled triangle, I its incenter and By, Ay points of tangency of the
incircle with the legs AC and BC respectively.

Let the perpendicular dropped to Al from Ay and the perpendicular dropped to BI from By meet
at point P. Prove that the lines CP and AB are perpendicular.

SOLUTION.

Let @ be the foot of perpendicular dropped from A, to AI. Let us denote by A; intersection of
Al and CB, B intersection of BI and C'A, and R intersection of PC and AB.

Let ZCAB = 2a and ZABC =28 (2a+28 = 90°). Then £LByIB; = ZCBB; = a and LAyl A, =
LCAA; = 8. Then £ByPAy = a+ = 45°. (Indeed, in triangle PByAy, £ByAgP = 45° + 3,
LAgBoP = 45° + « and therefore, ZByPAy = 180° — 45° — v — 45° — f = 90° — (a + ) = 45°).

Consider the circle with centre C' and radius ByC' (BoC' = AyC'). Note that ZByPAy = 1/2/ByC'Ay.
Since /ByC'Ayq is a central angle, ZByP Ay must be inscribed in constructed circle. It follows that
triangle PC' Ay is isosceles (PC' = C'Ay) so that ZCPAy = ZC AgP = [ and therefore ZRC'B = 20.
In triangle CRB we have: ZRC'B =2 and ZRBC = 2a. Then ZCRB = 2a + 23 = 90°.

7 [9] Two teams A and B play a school ping pong tournament. The team A consists of m students,
and the team B consists of n students where m # n.

There is only one ping pong table to play and the tournament is organized as follows. Two students
from different teams start to play while other players form a line waiting for their turn to play.
After each game the first player in the line replaces the member of the same team at the table and
plays with the remaining player. The replaced player then goes to the end of the line. Prove that
every two players from the opposite teams will eventually play against each other.

SOLUTION. Let us separately numerate the players of each team according to their order in the
original line: ay,as ..., a,, and by, by ..., b,. The first game is played between a; and b;. Observe
that during the tournament the players of the same team (including a player at the table) preserve
their cyclic order in a line. A player of one team can change his position relatively to a player of
another team and it can be only at the table: a player can come to the table before and leave the
table after a player of the opposite team.

Let us split the games into series consisting of m 4+ n — 2 games each. During the first series, all
first m + n — 2 players except a,, and b, will play at the table. The latter two will play the first



game in the second series. Similarly, a,,_; and b,_; will be the ones who play the first game in the
third series, and so on. We can see that each time, the index of each player in the first game of the
series moves one position back in a cycle.

This implies that in m series every member of the team A will exit the table exactly m — 1 times
and in n series every member of the team B will exit the table exactly n — 1 times. Therefore in
mn series the members of teams A and B will exit the table exactly n(m — 1) and m(n — 1) times
respectively.

Let m > n. Then n(m — 1) —m(n — 1) = m —n > 1. Consider arbitrary players a; and b;. After
2mn series a; exits the table at least 2 times more than b;. Therefore, there will be two consecutive
exiting of a; such that b; remains in the line. Assuming that a; and b; do not meet at the table, a;
must overcome b; in a line, which is not possible.

Remarks. 1. In fact, each pair of players of different teams meets already in the first mn series.
Indeed, if m and n are relatively prime then according to the above the players meet at the
beginning of a new series. Otherwise |m —n| > 2, and the proof works for mn cycles.

1* Since a; is exactly in the same place after m cycles and b; is in the same place after n cycles,
everything repeats after lem(m,n) cycles.

2. For n = m > 2 the assertion fails. For example, if the players of both teams alternate, each of
them plays only with his neighbours in a line.
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1 [3] Several positive integers are written on a blackboard. The sum of any two of them is a
positive integer power of two (for example, 2,4,8,...). What is the maximal possible number of
different integers on the blackboard?

ANSWER. Two.

SOLUTION. See Juniors 1.

2 [4] A boy and a girl were sitting on a long bench. Then twenty more children one after another
came to sit on the bench, each taking a place between already sitting children. Let us call a girl
brave if she sat down between two boys, and let us call a boy brave if he sat down between two
girls. It happened, that in the end all girls and boys were sitting in the alternating order. Is it
possible to uniquely determine the number of brave children?

SOLUTION. Divide the bench into segments occupied by boys or girls only. These segments
alternate. Notice that if a not brave child comes to the bench then the number of segments does
not change. If a brave child comes to the bench then the number of segments increases by 2.
Initially there were two segments. In the end there were 22 segments. Therefore, the number of
brave children is (22 — 2) : 2 = 10.

3 [6] A point in the plane is called a node if both its coordinates are integers. Consider a triangle
with vertices at nodes containing at least two nodes inside. Prove that there exists a pair of internal
nodes such that a straight line connecting them either passes through a vertex or is parallel to side
of the triangle.

SOLUTION. Let A;, By, and C} be midpoints of sides BC', C'A, and AB of triangle ABC respectively.

(a) (b)

Consider two arbitrary nodes X and Y inside the triangle. Suppose one of them lies outside triangle
Ay B, Cy; assume that node X belongs to triangle A; B;C' (see Figure (a)). Construct segment C'W
so that point X is the midpoint of CW. Note that point W is also a node, and that W belongs to
the interior of triangle ABC'. Hence there are two interior nodes, X and W such that line CTW
passes through a vertex (C).



Suppose that both nodes X and Y belong to triangle A;B,C; (see Figure (b)). If line XY is
parallel to one of the sides of the given triangle then the statement holds. Otherwise, let us apply
the lemma (see solution of Problem 5, Juniors) to the triangle A;B;C}. According to the lemma
there exists a segment (B17;) equal and parallel to segment XY, with one endpoint at a vertex
(B1) and the other endpoint (Z;) inside triangle A; B;C. Consider segment BZ symmetrical to
By Z; about the midpoint of A;C;. By construction segment BZ is also equal and parallel to the
segment XY. Hence Z is a node which belongs to the interior of triangle A; BC,. Then, as is
shown above, line BZ contains another node inside triangle ABC.

4 [6] Integers 1,2,...,100 are written on a circle, not necessarily in that order. Can it be that the
absolute value of the difference between any two adjacent integers is at least 30 and at most 507

ANSWER. No.

SOLUTION. Suppose we can place the numbers on a circle so that the condition holds. Let us call
the integers from 26 to 75 medial, and all the others eztreme. Two extreme integers cannot be
consecutive (their difference is either less than 25 or greater than 50). Note that the numbers of
the extreme and medial integers are the same and therefore they must alternate. However the
medial number 26 can be adjacent to only one extreme integer 76. Contradiction.

5 [7] On an initially colourless plane three points are chosen and marked in red, blue and yellow.
At each step two points marked in different colours are chosen. Then one more point is painted
in the third colour so that these three points form a regular triangle with the vertices coloured
clockwise in “red, blue, yellow”. A point already marked may be marked again so that it may have
several colours. Prove that for any number of moves all the points containing the same colour lie
on the same line.

SoLUTION. In what follows, simple rotation would mean “rotation by 60° clockwise”. Denote the
given points by R, B, and Y. Construct a point R’ corresponding to B and Y, and a point B’
corresponding to Y and R. Then the simple rotation about Y transforms segment R'R into BB’.
(If at least one of these segments degenerates into a point then the triangle RBY is regular and its
vertices are listed clockwise; in this case no new points arise.)

Thus line RR’ is transformed into a line BB’ by a simple rotation about their common point O.
Let us call the first line red, the second line blue, and the line obtained by simple rotation of blue
line about O yellow. Observe that a simple rotation about any point R; on the red line transforms
blue line into yellow line because the distances from R; to these lines are equal. Consequently, if
we construct a point Y] corresponding to two arbitrary points B; and R; on blue and red lines
respectively, it gets on yellow line. Similarly, given two points on lines of different colours, a point
constructed according to the rule will be on the line of the third colour.

6 There are five distinct real positive numbers. It is known that the total sum of their squares
and the total sum of their pairwise products are equal.

(a) [4] Prove that we can choose three numbers such that it would not be possible to make a
triangle with sides’ lengths equal to these numbers.

(b) [5] Prove that the number of such triples is at least six (triples which consist of the same
numbers in different order are considered the same).

SOLUTION. Let us place the numbers in increasing order: a < b < c < d < e.
(a) Suppose the assertion fails, then a + b > e. Hence

a>+ b+ +d*+e* <ab+be+cd+de+ (a+be.



Contradiction.
(b) Let us consider the following cases:

1) b+c<d.

W Then each of six triples in which two numbers are from the set {a, b, c} and the third number
is from the set {d, e} does not form a triangle.

(2) ¢+ d < e. Then each of six triples which includes e does not form a triangle.

(3) b+d<eand a+b<d. Then each of six triples {a,b,d}, {a,b, e}, {a,c, e}, {a,d,e}, {b,c,e},
{b,d, e} does not form a triangle.
Suppose that neither of above cases takes place, that is, b+ ¢ > d, ¢+ d > e and at least one
of inequalities b+ d > e and a + b > d holds. We shall show that this is impossible. Indeed,

(4) Ifb+c¢>d, b+d > e then
A+ +E+d*+ e <ab+be+ce+ (b+c)d+ (b+de.

Contradiction.
(5) If c+d > e, a+b>d then

A+ +E+d*+ e <ab+be+cd+ (a+b)d+ (c+ de.

Contradiction.

Remark. More than six “bad triples” cannot be guaranteed. Indeed, consider the numbers a, b, ¢, d
close to 1, and find e as a root of a quadratic equation (since the constant term is close to 2, it has
a positive root). Then each triple from the set {a, b, c,d} is “good”.

7 The King decided to reduce his Council consisting of thousand wizards. He placed them in a
line and placed hats with numbers from 1 to 1001 on their heads not necessarily in this order (one
hat was hidden). Each wizard can see the numbers on the hats of all those before him but not on
himself or on anyone who stayed behind him. By King’s command, starting from the end of the
line each wizard calls one integer from 1 to 1001 so that every wizard in the line can hear it. No
number can be repeated twice.

In the end each wizard who fails to call the number on his hat is removed from the Council. The
wizards knew the conditions of testing and could work out their strategy prior to it.

(a) [5] Can the wizards work out a strategy which guarantees that more than 500 of them remain
in the Council?

(b) [7] Can the wizards work out a strategy which guarantees that at least 999 of them remain
in the Council?

ANSWER. Yes, they can (in both cases).
SOLUTION

(a) Let the 1000-th wizard calculate the sum of the numbers he sees and call the remainder of
that sum when it is divided by 1001 (if the remainder is 0, he calls 1001). Then 999-th wizard can
compute his number by subtracting the sum of the numbers he sees from what he has heard. In
this way the wizards proceed until someone computes the number that coincides with the number
called by the 1000th wizard. According to the preliminary agreement, this looser calls the number
of the first wizard in line. It signals to the others that one who called the number of the first
wizard has indeed calculated the number called by the 1000-th wizard; therefore, they proceed
accordingly. As the result, all the wizards but the last one, the looser, and the first wizard will
deliver correct answers.



(b) The 1000-th wizard does not know two numbers, his and on the hidden hat. There are two
ways to order these two numbers. In one case the permutation of all 1001 numbers is even, in the
other case it is odd. According to the preliminary agreement the 1000-th wizard calls the number
that makes the permutation even (with 50% probability to be wrong). Now 999-th wizard also
does not know only two numbers, his own number and the number on the hidden hat. He arranges
these numbers so that the resulting permutation is even and calls the corresponding number. His
answer is indeed correct since the permutation he made in his mind coincides with the permutation
defined by the last wizard, which correctly reflects the number of the 999-th wizard. In a similar
way, all the others wizards calculate their numbers. Consequently all wizards but probably the last
one will deliver correct answers.

Here we used

Definition

(1) Permutation of order n is (a1, as, ...,a,) where ay,...,a, are numbers from 1 to n in some
order (each number is included exactly once).

(2) Inversion is every occurrence when ay < a; while k > [;

(3) Parity of the permutation is a parity of the total number of inversions. One can observe that
if two numbers in the permutation exchange their places the parity of permutation changes
(from odd to even and from even to odd).
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