31. TURNIR GRADOVA
Jesenje kolo.
Bazna varijanta, 18. oktobar 2009. god.

8-9. razred (mladi uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena, poeni za
delove jednog zadatka se sabiraju)

1. (3 poena) Moze li se kvadrat razrezati na 9 kvadrata i obojiti tako da se dobije 1 beli, 3
siva i 5 crnih kvadrata, pri ¢emu bi istobojni kvadrati bili jednaki, a raznobojni kvadrati
— nejednaki?.

2. (4 poena) Imamo 40 tegova mase 1 g, 2 g, ..., 40 g. Od njih je izabrano 10 tegova s
parnom masom i stavljeni su na levi tas terazija. Zatim je izabrano 10 tegova s
neparnom masom i stavljeni su na desni tas terazija. Terazije su bile u ravnotezi.
Dokazite da se na nekom tasu nalaze dva tega ¢ije se mase razlikuju za 20 g.

3. (4 poena) Na stolu se nalazi kartonski krug polupre¢nika 5 cm. Petar, sve dok moze,
prislanja uz krug spolja kartonske kvadrate stranice 5 cm, tako da budu ispunjeni ovi
uslovi:

1) kod svakog kvadrata jedno teme lezi na
kruznici-granici kruga;

2) kvadrati se ne prekrivaju;

3) svaki sledec¢i kvadrat dodiruje prethodni
u temenu.

Odredite koliko kvadrata moze postaviti Petar i dokazite da
¢e prvi i poslednji kvadrat takode da imaju zajednic¢ko
teme.

4. (5 poena) Sedmocifrenu sifru (kod), nazva¢emo dobrim ako se sastoji od sedam
razli¢itih cifara. Sef je zakljuCan (zasticen) dobrom Sifrom. Poznato je da ¢e se sef
otvoriti ako se unese dobra Sifra koja se bar na jednoj poziciji poklapa sa Sifrom sefa
(re¢ je o poklapanju cifara na istoj poziciji). Moze li se garantovano sef otvoriti za
manje od 7 pokusaja?

5. (5 poena) Na jednom novom sajtu registrovalo se 2000 ljudi. Svaki je pozvao 1000 ljudi
medu onima koji su registrivani na tom sajtu da mu budu prijatelji. Dva ¢oveka postaju
prijatelji tada i samo tada kada pozovu jedan drugog. Koliki je najmanje broj parova
prijatelja na tom sajtu?
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31. TURNIR GRADOVA

Jesenje kolo.
Bazna varijanta, 18. oktobar 2009. god.

10-11. razred (stariji uzrast)
(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni po
delovima jednog zadatka se sabiraju)

1. (4 poena) Sedmocifrenu Sifru (kod), nazvaéemo dobrim ako se sastoji od sedam
razlicitih cifara. Sef je zaklju¢an (zasticen) dobrom Sifrom. Poznato je da ¢e se sef
otvoriti ako se unese dobra sifra koja se bar na jednoj poziciji poklapa sa sifrom sefa
(re¢ je o poklapanju cifara na istoj poziciji). Moze li se garantovano sef otvoriti za
manje od 7 pokusaja?

2. (4 poena) U prostoru se nalazi zatvorena izlomljena linija od Sest delova ABCDEF ¢iji su
suprotni delovi paralelni (AB| | DE, BC| |EF i CD| | FA). Pri tome AB nije jednako DE.
Dokazite da svi delovi izlomljene linije leze u istoj ravni.

3. (4 poena) Postoje li prirodni brojevi a,b, c,d takvi da vazi jednakost

a®+b®+c®+d*=100"°?

4. (4 poena) Na svakoj stranici pravilnog 2009-ougla uoc¢ena je i oznac¢ena po jedna tacka.
Te tacke su temena 2009-ugla povrsine S. Svaka od tih uocenih tacaka preslikana je
simetri¢no U odnosu na srediste stranice na kojoj se ta tacka nalazi. Dokazite da 2009-
ugao s temenima u dobijenim (preslikanim) tackama takode ima povrsinu S.

5. (5 poena) U nekoj saveznoj drzavi nalaze se dva glavna grada (severni i juz-ni) i
nekoliko drugih gradova od kojih su neki povezani autoputevima. Meéu tim putevima
ima i onih na kojima se placa putarina. Poznato je da na ma kojem putu iz juzne
prestonice u severnu ima ne manje od 10 puteva (deonica) gde se placa putarina.
Dokazite da se svi putevi (deonice puta), za koje se pla¢a putarina, mogu podeliti
izmedu deset kompanija, tako da na ma kojem putu iz juzne u severnu prestonicu ima
puteva (deonica) svake od tih kompanija.



31. TURNIR GRADOVA
Jesenje kolo.
Sozena varijanta, 25. oktobar 2009. god.

8-9. razred (mladi uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena, poeni za delove jednog
zadatka se sabiraju)

1. (4 poena) U 10 jednakih bokala razliveno je mleko — ne obavezno na ravne delove, ali je
svaki bokal bio ispunjen ne vise od 10%. U jednom koraku mozemo odabrati jedan
bokal i odliti iz njega bilo koju, ali jednaku koli¢inu mleka u ostale bokale. Dokazite da
se za ne vise od 10 takvih operacija moze posti¢i da u svim bokalima bude ista koli¢ina
mleka.

2. (6 poena) Misa ima 1000 jednakih kockica, pri ¢emu je kod svake jedan par suprotnih
strana bele boje, drugi par — plave boje, a treci par — crvene boje. On je od njih sastavio
veliku kocku 10x10x10, prislanjajuéi jednu do druge strane iste boje. Dokazite da ta
velika kocka ima istobojnu stranu.

3. (6 poena) Odredite sve prirodne brojeve a i b, takve da (a+b?)(b+a?) predstavlja broj
koji je stepen broja 2.

4. (6 poena) Na stranicama BC i CD romba ABCD uzete su tacke P i Q (tim redom) tako da
je BP=CQ. Dokazite da se presecna tacka teziSnih duzi trougla APQ nalazi na
dijagonali BD romba.

5. (9 poena = 2 poena +7 poena ) Izmedu tegova mase 1 g, 2 g, 3 g, ..., N g treba izabrati
nekoliko tegova (vise od jednog) sa sumarnom masom koja je jednaka prose¢noj masi
preostalih tegova. Dokazite:

a) to se moze uciniti ako je N+1 kvadrat celog broja (2 poena);
b) ako se to moze uéiniti, onda je N+1 kvadrat celog broja (7 poena).

6. (10 poena) Na ravan sa kvadrathom mrezom stavljano je 2009 jednakih kvadrata
Cije stranice leze na linijama mreze. Zatim su oznacena sva polja (kvadratiéi)
koja su pokrivena neparnim brojem kvadrata. Dokazite da tako oznacenih polja
nema manje od broja polja u jednom kvadratu.

7. (14 poena) Olga i Maksim platili su za putovanje po arhipelagu od 2009 ostrva, pri
¢emu Su neka ostrva povezana dvosmernim brodskim marsrutama. Putovanje su
organizovali kao igru. Na poc¢etku Olga bira ostrvo na koje ¢e prvo da doputuju. Zatim
zajedno putuju brodovima, naizmenic¢no birajuéi 0strvo, na kojem jos nisu bili. Pocinje
da bira Maksim. Gubi onaj ko ne moze da izabere ostrvo (jer nema broda koji ide sa
ostrva na kojem se nalaze na neko neposecéeno 0strvo). Dokazite da pri ma kojoj Semi
marSruta Olga moze da pobedi, ma kako igrao Maksim,



31. TURNIR GRADOVA
Jesenje kolo.
Slozena varijanta, 25. oktobar 2009. god.

10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni po delovima jednog
zadatka se sabiraju)

1. (4 poena) Sto pirata igrali su karte uz plac¢anje u zlatu (zlatnim peskom), a zatim je
svaki izbrojao koliko je puta ukupno dobio ili izgubio. Svaki pirat koji izgubi ima
dovoljno zlata da plati. Tokom jedne operacije (igre) pirat moze bilo da svima iz
svojih zaliha da (isplati) jednaku koli¢inu zlata (kad izgubi), bilo da njemu (kada igru
dobije) svaki od ostalih pirata plati jednu te istu istu koli¢inu zlata. Dokazite da se
za nekoliko takvih operacija moze posti¢i da svaki pirat dobije (sumarno) svoj
dobitak ili da isplati gubitak (To znaci: ako je neko u igri dobio neku koli¢inu zlata,
onda on posle toga (posle podele) ima za toliko zlata vise nego Sto je imao do
podele; a ako je u igri izgubio neku koli¢inu zlata, onda on posle toga ima za toliko
manje zlata nego sto je imao do tada. Razume se da je ukupan broj dobitaka jednak
ukupnom broju gubitaka).

2. (6 poena) Od N pravougaonih plo¢ica (ne moraju biti jednake) sastavljen je
pravougaonik s nejednakim stranicama. Dokazite da se svaka plo¢ica moze raseci na
dva dela tako da se od N delova moze sastaviti kvadrat, a od preostalih N delova—
pravougaonik.

3. (7 poena) Sfera dodirije sve ivice tetraedra. Spojimo dodirne tacke koje su na paro-
vima nesusednih ivica. Dokazati da se tri tako dobijene duzi seku u jednoj tacki.

4. (9 poena) Oznac¢imo sa [n]! proizvod 1-11-111-...-1...11 (n jedinica) — svega n faktora.
Dokazite da je broj [n+m] ! deljiv proizvodom [n]!-[m]!.

5. (9 poena) Dati su trougao XYZ i konveksan sestougao ABCDEF. Stranice AB, CD i
EF su paralelne i redom jednake stranicama XY, YZ i ZX. Dokazite da povrsina
trougla s temenima u sredistima stranica BC, DE i FA nije manja od povrsine trougla
XYZ.

6. (12 poena) Olga i Maksim platili su za putovanje po arhipelagu od 2009 ostrva, pri
¢emu su neka ostrva povezana dvosmernim brodskim marsrutama. Putovanje su
organizovali kao igru. Na pocetku Olga bira ostrvo na koje ¢e prvo da doputuju.
Zatim zajedno putuju brodovima, naizmeni¢no birajuci 0strvo, na kojem jos nisu
bili. Poc¢inje da bira Maksim. Gubi onaj ko ne moze da izabere ostrvo (jer nema
broda koji ide sa ostrva na kojem se nalaze na neko nepose¢eno 0strvo). Dokazite
da pri ma kojoj Semi marsruta Olga moze da pobedi, ma kako igrao Maksim.

7. (14 poena) Na ulazu u pecinu postavljen je uspravno bubanj (cilindar), na kome je po
obodu (kruzno) na jednakim razmacima rasporedeno N po izgledu spolja jednakih
buri¢a. U svakom burencetu nalazi se haringa — bilo s glavom nagore, bilo s glavom
nadole, ali gde i kako — ne vidi se. U jednom koraku Ali-Baba bira nekoliko buric¢a
(od 1 do N komada) i prevrce ih. Posle toga bubanj pocinje da se okrece, a kada se
zaustavi, Ali-Baba ne moze da odredi koji buri¢i su bili prevrnuti. Pe¢ina se otvara
ako za vreme okretanja bubnja svih N haringi budu okrenute glavom na istu stranu.
Za koje vrednosti N Ali-Baba moze za izvestan broj koraka otvoriti pe¢inu?



31. TURNIR GRADOVA
Prole¢no kolo.
Bazna varijanta, 28. februar 2010. god.

8-9. razred (mladi uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena, poeni za delove jednog
zadatka se sabiraju)

1. (3 poena) U sest korpi nalaze se kruske, sljive i jabuke. Broj §ljiva u svakoj korpi
jednak je broju jabuka u ostalim korpama uzetih zajedno, a broj jabuka u svakoj
korpi jednak je broju kruSaka u ostalim korpama uzetih zajedno. Dokazite da je
ukupan broj vocki deljiv sa 31.

2. (3 poena) Milos i Kosta seku kvadratnu tortu. Kosta bira na torti tacku (ali ne na
rubu/granici). Posle toga Milos ¢ini pravolinijski rez od izabrane tacke do kraja (u
bilo kom pravcu). Zatim Kosta ¢ini drugi pravolinijski rez od izabrane tacke do
kraja, ali normalan na prvi rez, a onda manji od dobijenih delova daje Milosu.
Milos zeli da dobije bar ¢etvrtinu torte. Moze li ga Kosta u tome spreciti?

3. Nacrtan je ugao i na raspolaganju je samo Sestar.

a) (2 poena) Koliko najmanje kruznica treba nacrtati da bi se sa sigur-noséu
utvrdilo da li je dati ugao ostar?

b) (2 poena) Kako utvrditi da li je veli¢ina datog ugala 31°? Dopusteno je opisivati
koliko-god bilo kruznica.

4. (5 poena) Na jednoj olimpijadi svaki ucesnik poznaje bar tri druga ucesnika.
Dokazite da se moze izabrati grupa sa parnim brojem ucesnika (vise od 2 ¢oveka)
I rasporediti ih oko okruglog stola tako da svaki poznaje oba svoja suseda.

5. (5 poena) Na tabli je napisan 101 broj: 1 na kvadrat, 2 na kvadrat, ... , 101 na
kvadrat. U jednoj operaciji (koraku) dopusteno je izbrisati ma koja dva broja i
umesto njih zapisati moduo (apsolutnu vrednost) njihove razlike. Koji najmanji
broj se moze dobiti posle 100 takvih operacija?



31. TURNIR GRADOVA

Prole¢no kolo.
Bazna varijanta, 28. februar 2010. god.

10-11. razred (stariji uzrast)

(Rezultat se ra¢una na osnovu tri zadatka na kojima je dobijeno najvise poena. Poeni po delovima jednog
zadatka se sabiraju)

1. (3 poena) Iz Juzne Amerike u Rusiju prevoze banane, limune i ananase 2010
brodova. Broj banana na svakom brodu jednak je broju limuna na svim ostalim
brodovima uzetim zajedno, a broj limuna na svakom broju jednak je broju
ananasa na ostalim brodovima uzetim zajedno. Dokazite da je ukupan broj juznog
voca na brodovima deljiv sa 31.

2. (4 poena) O funkciji f(x) poznato je sledece: ma koja prava u koordinatnoj ravni
ima sa grafikom y=f(x) onoliko zajednickih tacaka koliko ih ima sa parabolom
y=x’. Dokazite da je funkcija f(x) identi¢ki jednaka x°.

3. (5 poena) Moze li se povrs pravilnog oktaedra oblepiti sa nekoliko pravilnih
Sestouglova bez preklapanja i praznina (razmaka)? /Pravilan oktaedar ima 6
temena, sve strane su mu jednakostrani¢ni trouglovi, a u svakom temenu susticu
se 4 strane/

4. (5 poena) Baron Minhauzen je zamolio da neko zamisli polinom (razli¢it od
konstante) P(x) s celim nenegativnim koeficijentima i da mu saopsti samo
vrednosti P(2) i P(P(2)). Baron tvrdi da on samo na osnovu tih podataka uvek
moze rekonstruisati (pogoditi) zamisljeni polinom. Da li baron gresi?

5. (6 poena) U ravni se nalazi igla. Dopusteno je iglu okretati za 45° oko bilo kojeg
njenog kraja. Moze li se, uc¢inivsi nekoliko takvih okretanja igle, postici to da se
igla vrati na pocetno mesto, ali tako da su njeni krajevi zamenili mesta? /Smatrajte
da je igla duz?/



31. TURNIR GRADOVA
Prole¢no kolo.
Slozena varijanta, 14. mart 2010. god.

8-9. razred (mladi uzrast

(Rezultat se ra¢una na osnovu tri zadatka na kojima je do_gij_eno najvi{e poena,
a poeni za delove jednog zadatka se sabiraju)

1. (3 poena) Imamo komad (parce) sira. Dopusteno je izabrati ma koji pozitivan
(moze i neceo) broj a, razlicit od 1, pa razrezati (podeliti) to parée u odnosu 1 : a
PO tezini, zatim razrezati u tom istom odnosu ma koji od nastalin komada, itd.
Moze li se to (u)raditi tako da posle kona¢nog broja razrezivanja ceo sir bude
podeljen na dve gomile iste tezine?

2. (4 poena) U trouglu ABC tacka M je srediste stranice AC, a tacka P lezi
na stranici BC. Duz APse¢e BM u tacki O. Pokazalo se da je BO=BP.
Nadite odnos OM:PC
3. Na kruznici je rasporedeno 999 brojeva, svaki je jednak 1 ili -1, pri ¢emu nisu
svi brojevi jednaki. Uzmimo sve proizvode po 10 uzastopnih brojeva (tj.. koji su
jedan za drugim) i saberimo ih.
a) (3 poena) Koliki najmanji zbir se tako moze dobiti?
b) (3 poena) A koji najveci?

4. (6 poena) Zbir cifara prirodnog broja n jednak je 100. Moze li zbir
cifara kuba broja n da bude jednak 1000000?

5. a) (3 poena) Tri viteza jasu na konjima po kruznom putu u smeru suprotnom
kretanju satne kazaljke. Mogu li oni da jasu neograni¢eno dugo S
razli¢itim stalnim brzinama, ako na putu postoji samo jedna tacka
(mesto) gde jahac¢i imaju mogucénost da prestignu jedan drugog?

b) A ako ima 10 vitezova?

6. (8 poena) U ravni je data otvorena izlomljena linija koja samu sebe nigde ne
seCe, a sastoji se od 31 dela (duzi) (susedni delovi ne pripadaju jednoj pravoj).
Preko svakog dela izlomljene linije povucéena je prava koja sadrzi taj deo.
Dobijena je 31 prava, pri cemu je moguce da su se neke prave poklopile. Koliki
je najmaniji broj razli¢itih pravih koje se tako mogu dobiti?

7. (11 poena) Na nekim poljima table 10x10 nalazi se po jedna buva. Svakog
minuta buve skacu, svaka na susedno polje (u odnosu na stranicu). Buve skacu
samo u jednom od cetiri pravca, paralelna ivicama table, ostajuéi na istom
pravcu, dok je to moguce, a u protivnom slucaju menjaju smer u suprotni. Pera
je posmatrao buve u toku jednog sata i nijednom nije video da se dve buve
nalaze na istom polju. Koliki je najveci broj buva mogao da skace po tabli?



31. TURNIR GRADOVA
Prol¢no kolo.
Slozena varijanta, 14. mart 2010. god.
10-11. razred (stariji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise poena.
Poeni po delovima jednog zadatka se sabiraju)

1. (3 poena) Mogu li se sve prave u ravni razdvojiti na parove uzajamno
normalnih pravih tako da svaka prava pripada ta¢no jednom paru normalnih
pravih?

2. a) (2 poena) Imamo parce sira. Dopusteno je izabrati ma koji iracionalan broj a>0 i
razrezati (podeliti) to parc¢e u odnosu 1 : a po tezini, zatim razrezati u tom istom
odnosu ma koji od nastalih komada, itd. Moze li se to (u)raditi tako da posle
kona¢nog broja razrezivanja ceo sir bude podeljen na dve gomile iste tezine?

b) (2 poena) Isto pitanje, ako se bira pozitivan racionalan broj a=1.

3. (6 poena) Moze li se, primenjujuéi na broj 1 funkcije sin, cos, tg, ctg, arcsin,
arccos, arctg, arcctg, u nekom redosledu, dobiti broj 20107 (Svaka funkcija
se moze Koristiti koliko-god hocete puta).

4. (6 poena) Na kongresu se skupilo 5000 ljubitelja filma, pri cemu je svaki video
bar jedan film. Podeljeni su u sekcije dva tipa: ili rasprava o filmu koji su videli svi
¢lanovi sekcije; ili svaki pri¢a o filmu koji je on video, a nije ga vise video niko u
sekciji. Dokazati da se svi mogu podeliti tacno na 100 sekcija.(Dopustena je i
sekcija od jednog ¢oveka: on pise misljenje o filmu koji je video).

5. (7 poena) Trideset tri viteza jasu na konjima po kruznom putu u smeru
suprotnom Kretanju satne kazaljke. Mogu li oni da jasu neograniceno dugo s
razli¢itim stalnim brzinama, ako na putu postoji samo jedna tacka (mesto)
gde jahaci imaju moguénost da prestignu jedan drugog?

6. (8 poena) Cetvorougao ABCD je opisan oko kruznice s centrom | . Tacke M i
N su sredista stranica AB i CD. Zna se da je IM/AB=IN/CD. Dokazite da je
ABCD trapez ili paralelogram.

7. (9 poena) Dat je prirodan broj. Dopusteno je izmecu cifara broja na proizvoljan
nacin postaviti pluseve i izracunati nastali zbir (na primer, od broja 123456789
moze se dobiti zbir 12345+6+789=13140). S dobijenim brojem ponovo se moze
vrsiti sli¢na operacija, i tako dalje. Dokazati da se, polaze¢i od ma kojeg broja,
moze dobiti jedno-cifrerni broj, obavivsi ne vise od 10 operacija.



TPUAIIATH IEPBEIII TYPHIUP TOPOJIOB

11 knace, ycrabiit Typ, 8 masg 2010 r.

1. Ilpo mupamuxy SA; As... A, n3BecTHO, UTO ee ocHOBaHue Aq As...A,, — NpaBUILHbIII
n-yroJbHUK, & BCe OOKOBbIE TPaHU — PaBHOOEIPEHHbIE TPEYTOIBHUKN (PABHBIE CTOPOHBI
He 00s13aTesIbHO ¢ BepiuHOil S). O6si3aTeIbHO JIN 9Ta IUpaMujia PABUJIbHASL, €CJIN
a)n =57
6) n > 57

I Tanrvnepun

2. B kunoTeaTpe JiBa 3aJia ¢ OJMHAKOBBIM YHCJIOM MeCT. B KaKJIOM 3ajie HeCKOJIb-
KO pPsAJIOB (MecTa B JIFOOOM psiIy HYMepPYIOTCs HOJpsijl, HAuWHas ¢ eJuHuIpl). ['pymma
IIIKOJILHUKOB TTOOBIBAJIA HA YTPEHHEM CeaHce B IIePBOM 3aJjie, a Ha JTHEBHOM CeaHce — BO
BTOPOM, 00a pa3a 3aHsdAB Bce MecTa. VI3BecTHO, 9TO B IIEPBOM 3aJie ecTh psiji u3 10 mecr,
a BO BTOpOM — HeT. JlokaxKuTe, YTO HaMLyTCs JiBa IIKOJIBHUKA, KOTOPhIE Ha OJIHOM U3

CeaHCOB CHJIET B OJTHOM sy, a Ha JPYrOM — UMEJIU OJINHAKOBBI HOMEP MeCTa.
A.Bygpemos

3. Ha mrockoctu jtana oKpyKHOCTH wp pajmyca 1. Ha omHoit u3 ee xopji, Kak Ha
JImaMeTpe, MOCTPOoeHa OKPYKHOCTb wy. Ha ojHo#t m3 Xop/i wy, Kak Ha JIMaMeTpe, I0-
CTpOeHa OKPYXKHOCTh w3, U T.J. Haiiure Hambosbiiee BO3MOXKHOE PACCTOSHUE MEXKTY
JIByMsI TOUKAMU, OJIHA U3 KOTOPBIX NPUHAIIEKHUT W1, & JApyrasd IPUHAIIEKIT W1000000-

M. Mypawrun

4. Jlagps mporniack MO MAaxXMaTHON JIocke 8 X 8, He TIPOXO/Is JIBaK Ikl Uepe3 OIHYy U

Ty ke KJIeTKY. [Ipr 3ToM Bce MoBOpOTHI HAIIPpaBO JIe/IAJUCh B YePHBIX KJIETKaX, a HAJIEBO
— B Oenpix. Kakoe HambosIbIllee 9nC/Io KJIETOK MOLJIO OBITH HPOIEHO?!

A.Illanosanos

5. Camra u Jlioga urpator B urpy. Caria JJo2KeH TOCTPOUTD OMUCAHHBIN 13-yTroIbHIK
¢ OJIHOI 3a/1aHHO cTOpOHOi, a JIoga xouer emy nomemarb. Cradasa Calita Ha3bIBaET
HOMEpP CTOPOHBI — uncyio k ot 1 mo 13. 3arem Jloma 3amaer mIuHY 9TO CTOPOHBI —
JIeiCTBUTE/IBHOE TTOJIOKATEIbHOE IucyIo §. Callla BBINIPAET, €CJIN OIUIIET TEIePb BOKPYT
eJIMHUIHOrO KpyTra 13-yroJibHUK, TJie JuHa k-il 110 BeJtTmduHe cTOpOHbI paBHa s. Moxer
u Jlioga emy nomenars? (Cropona k-s 110 Bejwuunne, ecn Haiiayres k — 1 ¢cTopoH He
KOpOUe Hee, U [P ITOM OCTasibHble 13 — k CTOpOH He JTMHHee Hee).

A.Illanosa.nos

6. O6o3HauuM 1epes [ay, as, . .., G| TPOU3BE/IEHIE BCEBO3ZMOXKHBIX MTOIAPHBIX PA3HO-
creit a; —aj;, tae 1 <1 < j < n. Jlokazkure, 4T0 Jjisl JIOOBIX HATYPAIbHBIX A1, A2, - - . , (p
qucIsio [ay, asg, . . ., G| genures Ha [1,2,...,n].

M. Bepwmertin



TPUIIIATH IEPBBIN TYPHUP T'OPOJIOB

Ocennnit Typ,

8 — 9 KJ1acchl, CJI0XKHBINM BapuanT, 25 okTsaopsa 2009 r.

(Uror nonBoguTest mo TpéM 3aj1a49aM, 10 KOTOPBIM JJOCTHTHYTHI HAHJLY YIITHe Pe3yIbTaThl, OAJLIbI 38
IIYHKTBI OJIHOH 381490 CYMMHUDYIOTCS. )

OaIIBl  381a4n

1. B 10 osmmHAaKOBBIX KYBIIMHOB OBLIO PA3JIATO MOJIOKO — HE 00s13aTe/IbHO ITOPOBHY,

HO KazKJIbIi OKazaJIcs 3amoJinen He 6ostee, gem Ha 10%. 3a oy onepammio MOKHO

4 BBIOpATH KYBIIUH U OTJIUTH U3 HETo JII0OYI0 9aCTh IIOPOBHY B OCTAJILHBIE KYBIITUHBI.
Hokaxxure, 4to ne 60see 4eM 3a 10 Takux orneparuit MOXKHO JIOOUTHCs, YTOOBI BO

BCeX KYBIINHaX MOJIOKa CTaJIO IIOPOBHY.
E.H.I'opuros

2. Y Mummu ectp 1000 ojiuHaKOBBIX KYyOUKOB, Y KaXKJIOT'O U3 KOTOPBIX OJIHA Tapa IIPO-
TUBOIIOJIOKHBIX TpaHeil Oejtasi, BTopast — CUHsIsI, TpeThst — KpacHast. OH cobpaJt u3

6
Hux 60J1b10i Ky6 10X 10 X 10, mpukJ/iajibiBas KyOUKH JIPYT K JPYTY OJHOIBETHBIMU
rpausmu. JlokaxkuTe, 9TO y OOJBINOro Kyda eCTh OJJHOIBETHAS I'DAHb.
M. B. Mypawrumn
6 3. Haiimure Bee Takue HaTypasbable duciaa a u b, aro (a+b%)(b+a?) asnsercs nesoit

CTEIEeHbIO JIBOMKU.
B.B.1Ipoussoaos

4. Ha croponax BC u C'D pomba ABC'D B3siin Touku P u () COOTBETCTBEHHO TaK,

6 qro BP = C'Q). lokaxkute, 910 TOYKa TepecevdeHus Meauan Tpeyrojibauka APQ)
JIEKHUT Ha Jinaronau BD pomoa.

B.B.IIpoussonos

5. Uz rupek Becamu 11, 21, ..., N 1 Tpebyercst BBIOpATh HECKOJILKO (6OJIBINE OJTHOI)
C CyMMapHBIM BECOM, PABHBIM CPEIHEMY BECy OCTABHINXCs TMpek. JloKazkmTe, 9To
2 a) 3TO MOXKHO cjleaTh, eciiu N + 1 — KBajpar 1eJIoro Yuciia;
7 6) ecam 3TO MOXKHO cyiesiarh, T0 N + 1 — KBaJpar Ieoro 4ucia.

A.B.Illanosanos

6. Ha xmeruaryro mimockocTb moaoxkuan 2009 oIMHAKOBBIX KBa[PATOB, CTOPOHBI KO-
TOPBIX HYT IO CTOPOHAM KJIETOK. 3aTeM OTMETHIN BCE KJIETKU, KOTOPhIE TTOKPHITHI
HEYETHBIM YHUCJIOM KBaJIpaToB. JloKakuTe, YTO OTMEYEHHBIX KJIETOK HE MEHbIIIE,
qeM KJIETOK B OJHOM KBaJIpaTe.

10

H.Ilax, FO.Pabunosuy

7. Oung m Makcnm omnaruian myrertectBre 1o apxumnenary u3 2009 ocTposoB, rie
HEKOTOPbIE OCTPOBA CBSI3aHBI JIBYCTOPOHHUMN MapiipyTaMu Karepa. OHHU IyTe-
mecTByioT, urpas. Craadasa OJisg BbIOUpaeT OCTPOB, Ha KOTOPBIM OHU IPUIETAIOT.

14 3areM OHHU IIyTEIIECTBYIOT BMECTe Ha KaTepax, [0 O4Yepeu BbIOMpas OCTPOB, HA
KOTOPOM eriie He 6buin (mepBbiii pas seibupaer Makcnm). Kro He cmoxkeT BBIOpATH
octpoB, mpourpast. Jlokaxkure, aro npu Jir00oit cxeme MapiipyToB OJist MOXKeET BbI-
urparb, Kak Obl HU urpaj Makcum.

Doavkaop, npedaoscun A.B.Illanosanros



TPUIIIATD IEPBHIN TYPHUP T'OPOJIOB

Ocennnit Typ,

10 — 11 kJraccel, ciioxkubiit BapuanT, 25 okTa6pst 2009 r.
(Uror nomsoanTest mo TpéM 3ajia9aM, 110 KOTOPBIM JIOCTHIHY Tl HAHJLYYIIIHe PE3YJIbTATHI)

OaJIbl  3aJa9u

1.
4

2.
6

3.
7

4.
9

D.
9

6.
12

7.
14

100 mupaToB chIrpann B KapThl Ha 30JI0TOU IECOK, a TMOTOM KarKJIbI IMOCUUTAJ,
CKOJIBKO OH B CyMMe BBIUT'DAJI JITOO MPOUTpaJl. Y KarKJI0ro IIPOUTPABIIETO XBATAET
30JI0Ta, 9TOOBI PACIIATUTHCA. 3& OJIHY OIEPAIUIO ITHUPAT MOXKeT JIMOO pa3jgarhb
BCEM IMIOPOBHY 30J10Ta, JTUOO IMOJIyIUTh € KayKJI0r0 IMOPOBHY 30J10Ta. [lokaxkure, 4To
MOXKHO 38 HECKOJIbKO TAKUX OIepaIiii JOOUTHCs TOr0, 4TO0BI KasK bl oIy an (B
CyMMe) CBOM BBIUTDBIII JIHOO BBILIATUI pourpsbit. (Pasymeercs, obrmas cymma
BBINTDBIIIEIl paBHA CyMMe IIPOUTPBIIIeit).

E.H.Topunros

13 N 1upsMOyrofbHBIX IUIMTOK (BO3MOXKHO, HEOJMHAKOBBIX) COCTABJIEH IIPSIMO-
YIOJIBHUK C HEPaBHBIMU CTOpOHaMU. JlOKaxKuTe, 9TO MOYKHO pa3pe3arh KarKJIyIo
IUINTKY Ha JBE YacTU Tak, YTOObI n3 N 4acTeil MOXKHO OBbLIO CJIOKUTH KBaJpaT, a
n3 ocrapmuxcd N dacTeil — MPsAMOYTOJIbHUK.

A.B.Illanosanros

Cdepa kacaercs Bcex pebep Terpadiapa. CoeIuHUM TOYKH KacaHUsl Ha Iapax
HECMEXKHBIX pebep. Jokarkure, 9To TPHU HOJIYUEHHDIE IIPSIMbIE IIEPECEKAIOTCA B O/I-
HOM TOYKE.

B.B.IIpoussonos

O6oznaunm vepes [n|! npoussegenue 1-11-111----- 11...11 — Bcero m COMHOXKU-
— =

N eIUHUI]
testeit. Jlokaxxure, aro qucio [n + m|! gemures ma npoussegenue [n|! - [m]l.

M. A.Bepwmetin

Hanbr Tpeyrosibiuk XY Z u Boinykibiii 1mectuyroibiuk ABCDEF. CtopoHbl
AB, CD u EF napajieabHbl U pPaBHbI cOOTBeTCTBeHHO cTopoHam XY, Y7 u
Z X . Jlokaxkurte, 4TO ILIOIIA/Ib TPEYTOJbHIKA C BEPIIMHAMHU B CEpeJIMHAX CTOPOH
BC, DE n F'A e MeHbIIe IO TPpEyTroabHuKa XY 7.

H.Beayzos

Outs m Makcum omtatuan myTertectBue 1o apxurenary n3 2009 octpoBoB, rie
HEKOTOPbIE OCTPOBA CBA3aHBI JIBYCTOPOHHUMHU MapiipyTamu Karepa. OHu IyTe-
mecTByIoT, urpas. Cuadasa OJisg BRIOUpaeT OCTPOB, HA KOTOPBIHl OHU ITPUJICTAIOT.
3areM OHU IIyTENIeCTBYIOT BMECTE HA KarTepax, IO OvYepeu BbIOMpasi OCTPOB, Ha
KOTOPOM eitie He Oblan (mepBeit pa3 Beibupaer Makcum). Kto me cmoxer BbIOpaTh
ocTpoB, pourpaJ. /JJokaxkure, 9To mpu Joboit cxeme MapipyToB OJisg MOXKET BbI-
urparhb, Kak Obl Hu urpays Makcum.

Donrvrnop, npedaosicunr A.B.Illanosanros

VY BxXoja B meriepy cTouT OapabaH, Ha HEM II0 KPYT'y Yepe3 paBHBIE ITPOMEXKYTKU
pactmoJiozKeHbl N OJUHAKOBBIX € BIIY OOYOHKOB. BHYTpH KazK10r0 O0YOHKA JIEXKUT
cejlejika — JIMOO T'OJIOBOW BBEpX, JIMOO T'OJIOBOMl BHM3, HO TJie KaK — HE BUJIHO
(60uoHKN 3aKpBITHI). 3a oxud xo1 Asm-Baba Beibupaer 1060 HaGOp GOYOHKOB
(or 1 no N mryk) u nepeBopaumBaeT ux Bce. [locie sroro GapabaH MPUXOIUT
BO BpallleHne, a Korja ocTaHaB/InBaercs, Aym-bBaba He MoKeT onpeenTh, KaKue
6ouoHkHu mepeBepHyTHI. [lemepa oTKpoercs, ecim BO BpeMs BpallleHnsl bapabaHa
Bce N cejiefiok Oy/IyT PacIoOJIOXKEHBI ToJioBaMu B ojiHy cTopony. llpm kakmx N
Anm-Baba cMoxkKeT 3a CKOJIBKO-TO XOJIOB OTKPBITH TIeniepy?

JI. Bpaeuncxu, /. Pomun, I1. Kozan



31 TypHUp ropoaoB, oceHb (18 okTabpsa 2009 r.)

Pemienuns 3agau
(A.lllanmoBaJyioB u JI.MeTHHKOB)

ba3oBblil BapuaHT, MIIQIIINE

1. [3] MoxHo 11 KBaapaT pa3pe3arb Ha 9 KBapaTOB U PACKPaCUTh UX TaK, YTOObI MOIYYHINCH |
Oenbli, 3 cepbIX U 5 YEpHBIX KBaJPaTOB, IPUYEM OJIHOLIBETHBIE KBAapaThl ObUIN ObI paBHBI, a
Pa3HOLBETHBIE KBAIPAThl — HE PABHbI?

Pemenne. MoxHo. Pa3pexem kBagpat 6x6 Ha 4 kBagpara 3x3. Tpu U3 HUX OKPACUM B CEPBI
LIBET, a OT YETBEPTOI'0 OTPEKEM YIII0BOH (Oenblit) kBaapaT 2x2. OCTaBIIUNCS YrOJOK COCTOUT
U3 5 eAMHUYHBIX KBAZPATOB (CM. PHUC).

2. [4] Ectb 40 rupex maccoii 1 1, 2 1, ..., 40 r. U3 HuX BeIOpasu 10 ruph 4ETHON MAcCChl U
MIOJIO’KUJIM Ha JIEBYIO Yally BecoB. 3aTeM BbIOpanu 10 rupb HEUETHON Macchl U MOJIOXKUIN Ha
MpaBylo yalry BecoB. Bechbl okazanuch B paBHOBecHH. JIOKaKUTE, UTO HAa KaKOW-HUOY/b yale
€CTh JIBE THPHU C Pa3HOCTHIO Macc B 20 T.

Pemenne. PazoObeM ruppku Ha mapsl ¢ pazHocteio 20 1: (1, 21), (2, 22), ..., (20, 40). Ecnu Ha
Becax OKaXxyTcs 00e TMpbKH Kakoi-To Mmapsl, Bce Joka3aHo. [Haue Ha Becax oka3ajaoch pOBHO
M0 OJHOM TUPBKE U3 KXo mapsl. Torna (He3aBUCUMO OT BBIOOpa TUPEK B KaxkI0H mape) Bec
HEYETHOH yamiku npu aeneHuH Ha 20 gacT TOT ke OCTaToK, yto ucymma 1 +3 + ...+ 19 =100
(To ecthb 0), a BEC UETHOM YaIlIKH JACT TOT K€ OCTATOK, uTo u cymma 2 +4 + ... +20 =110 (To
ectb 10). [IpoTrBOpeUne: Mo YCIOBHUIO ATH BECA PABHBI.

3. [4] Ha crone nexuT KapTOHHBINA KpyT paauyca 5 cM. IleTs, moka BO3MOXKHO, MPUKIIAIBIBAET K
KPYT'y CHapy»H KapTOHHBIE KBAIpaThl CO CTOPOHOI 5 CM Tak, YTOOBI BHIIIOJHSUIUCH YCIOBUS:

1) y Kax10ro KBaapara OJHa BEPIINHA JICKUT HA TPAHUIE KPYTa;

2) KBaZpaThl HE MEPEKPBIBAIOTCS;

3) Kax/abIi CIeAYyIOIUI KBaApaT KacaeTcsl MPeIblIyIero BEPIINHON K BEpIIUHE.

Onpenenure, CKOJIBKO KBaJIPaTOB MOKET BBUIOKUTH L1eTs, 1 ToKakuTe, 4To MOCISAHUN U
NIEPBBIA KBapaT TOXKE KOCHYTCS BEPITUHAMH.

Otser. 8 KBagpaToB.

Pemenne. Eciim Bepmmaa A xBagpara ABCD texxut Ha okpyxkHOCTH ¢ TieHTpoM O, To ToukH B,
D u O nexat Ha OKpYXHOCTH paguycoM 5 cM U ienTpom A. Brimcannsiit yroin BOD = 45° — kax
NOJIOBHHA IeHTpaibHOro yriaa BAD. HUTak, o ycnoBHIO KaK/bli BBUIOXKEHBI KBapaT BUIEH U3
IEHTpa 1Mo yriioM 45°, M TpaHuUIIbl COCEHUX YTIIOB COBIAIAIOT, TIOATOMY Beero [lerst cmoxker
BBUIOXKUTH 360°/45° = 8 kBagparoB. [Tycts EDFG — enie oqun BeiiokeHHbIH kBagpat (E nexur
Ha okpyxHocTH). OADE — pom0, moatomyZOAD = ZOED. Orcrona

Z0AB = 360° — 90° — ZOAD = 360° — 90° — ZOED = ZOEG. Tpeyronpauku OAB u OEG
PaBHBI 110 IByM CTOPOHAM M yIIIy MeXAy HUMH, 3HauuT, OB = OG. tak, BepUIMHbI KBaIpaToB,
IPOTHBOIOJIOXKHBIE 0011eH, paBHOYAaneHb! oT O. Takum 0O6pa3om, 0JHa BepIINHA ITEPBOTO
KBaJpaTa U OJIHa BEpIIMHA BOCKMOTIO JIeXKaT Ha OAHOM U TOM ke jtyde u3 O Ha 0TMHAKOBOM
paccrosauu ot O. 3HaYNT, OHU COBIAIAIOT.



4. CeMU3HAYHbIN KO, COCTOAIINH U3 CEMH Pa3IMYHbIX (P, Ha30BeM xopownM. [Taponem
ceria sBisieTcst Xxopomuid ko, M3BecTHO, 4TO celi) OTKpoeTcs, eciii BBEACH XOPOIIUH KO ¥ Ha
KakoM-HUOYAb MecTe ¢ pa Koja CoBIajia ¢ COOTBETCTBYIOMIEH UG poii maposs. MoxxHO 1
rapaHTUPOBAHHO OTKPHITH ceiid ObICTpee ueM 3a 7 MOMbITOK?

Pemenne. MoxxHO 3a 6 monbITok: 1234560, 2345610, 3456120, 4561230, 5612340, 6123450.
Cpenu niepBbIx 6 mudp mapostst ectb mudpa ot 1 10 6. [Tockonbky MbI Kakayro mudpy ot 1 10 6
10 pa3y HaOpajH Ha KaKIOM U3 IEPBbIX 6 MECT, OHA XOTh Pa3 J]a COBMAJIET.

5. [5] Ha HoBOM caiite 3apeructpupoanock 2000 yenosek. Kaxxaplii npuriacui k cede B Apy3bs
o 1000 genoBek. /[Ba yenoBeka OOBIBISIOTCS IPY3bSIMH TOT/Ia U TOJIBKO TOT/a, KOTJIa KayK bl
W3 HUX MPUTJIACKII IPYTOTOo B Jpy3bs. Kakoe HauMeHbIee KOJIMYECTBO Nap JIpy3ei MOrjio
obpazoBarbcs?

Otger. 1000.

Pemrenue. Beero 6110 otmpasneno 2000000 npurnameHwuii, a map Ha caiite 2000-1999/2 =
1999000. [Tpurnamenuii Ha 1000 Gosnbie, yem nap, modTomy BHyTpH X0Ts 661 1000 nmap 0110
OTIIPaBJICHO JIBa MpUTIANIeHUs. 3HaUYUT, oOpazoBaiock xoTsa 661 1000 map apyseit. Pouo 1000
BO3MOYKHA: PaCCTaBUM BCEX JIIOJIEH Ha caiiTe Mo KpyTy, U MycTh Kaxabli mpuriaacut 1000
CJIEIYIOIIMX 32 HUM I10 4acOBOM cTpenke. Toraa Apy3bsaMu 0KaxyTcsi TOJIBKO TO, KTO
PacCIOJIOKEH CTPOro HAPOTUB APYT JIpyTa.

ba3oBblii BapuaHT, cTapuime

1. [4] CeMu3HaYHBIN KO, COCTOSIIIMIA U3 CEMU PA3IMYHBIX (P, Ha30BeM xopormM. [Taporem
ceiida sBisierca xopouui koa. Mi3BecTHO, uTo celi) OTKpoeTCs, eCH BBEACH XOPOIIUil KOJl U
Ha KaKoM-HHOyIb MecTe Iudpa KoJa CoBIaia ¢ COOTBETCTBYOIIEH Iupoii maposasi. MoKHO Jin
rapaHTUPOBAHHO OTKPHITH ceiid ObICTpee ueM 3a 7 MOMBITOK?

Cwm. 3agauay 5 mist 8-9 Kaccos.

2. [4] B mpocTpaHCTBE pacroiokeHa 3aMKHyTas ectu3BeHHas iomanas ABCDEF,
POTHBOIOJIOXKHBIE 3B€HbsI KoTOpoii mapauiensHbl (AB || DE, BC || EF u CD || FA). TTpu sTom
AB ne paBHo DE. JlokaxuTe, 4TO BCe 3BEHBS JOMAHOMU JIEKAT B OJJHOM TJIOCKOCTH.

Pemenne 1. [Tnockoctu AEF u BCD napansnenbHbl: B HUX €CTh IO Hape napauiedbHbIX
npsimbix. Eciiu Obl OHM He coBmaiaiy, TO BbICEKaIu Obl Ha mapajuienbHbIX npaMbix AB u DE
paBHble oTpe3ku AB = DE. 3nauur, Bce 6 Touek jexar B iockoctu AEF.

Pemenne 2. Bextop AD JBYMsI CIIOCO0AMU pa3HbiMy CIOCO0aMU BbIpaXKaeTcs Yepe3 BEKTOPHI
AB, BC uCD: AD = AB + BC + CD = ED + FE + AF =aAB +bBC +cCD, rue a#1.

HOBTOMy BCKTOPBI E, % )41 E KOMIUJIaHAapHBI.

3. [4] CyIecTBYIOT JIi TAKHe HATypanbHEIe Yncna a, b, ¢, d, uro a® + b® + ¢ + d* = 10017
Pemenne. CymecTByroT, HampuMep
(100%)? + (2:100%)? + (3-100%)° + (4-100%)° = (13 + 2° + 3% + 4°)-100*° = 100-100*° = 100'%.

4. [4] Ha ctoponax nmpaBuiabHOTO 2009-yroapHUKa OTMETHIIN IO TOYKE. DTHU TOYKH SIBIISIOTCS
BepimrHaMu 2009-yronpHuka miomanu S. Kaxxayro U3 OTMEYEHHBIX TOUEK OTPa3HUIU
OTHOCHUTEIIEHO CePEIMHBI CTOPOHBI, Ha KOTOPOH 3Ta TOYKA JIGKHUT. JJokaxuTe, 4To
2009-yronpHUK ¢ BEPIIMHAMH B OTPAKEHHBIX TOYKAX TAK)Ke UMEET IUIOMmaib S.

Pemenne. [1ycts A1A;...Az09 — paBuiibHbINA 2009-yroasHUK €O CTOpOHOM 1, ¢ — ero yroi, P —
ero nepumetp, M — 2009-yronpHuk miomaau S, a; pacctossHue ot Aj 10 Orpkaiiieit mo yacoBoit
CTpenike oTMedeHHoi Bepmunsl (1= 1, 2, ..., 2009). Cropona MmHOroyrojasHHKa M oTCekaeT oT
yria Aj IpaBIIBHOIO MHOTOYTOJIbHUKA TpeyroibHUK miomianu 0,5 sin ¢-(1 — aj-1)a;. Cymmupys
oTceueHHbIe TTomaau, nonydaem 0,5 sinZA-((ag + @z + ... + ago9) — (A182 + @as + ... + axoody).



ITocne orpaskeHus: cropoa HoBoro 2009-yronbpHuKa OTcEKaeT OT yria Aj TpeyrolbHUK IUIOIIA N
0,5sin ¢-ai-1(1 — aj). CyMMuUpyst OTCEYCHHBIE TUIOIIA M, CHOBA IOJIy4aeM TOT JK€ Pe3yJIbTaT.

5. [5] B cTtpane iBe CTOJIMIIBI M HECKOJIBKO TOPOIOB, HEKOTOPBIE U3 HUX COEAUHEHBI JOPOTaMH.
Cpenu ngopor ectb maaTHsie. U3BecTHO, UTO Ha JIFOOOM IYyTH U3 I0’KHOM CTOJIMIIBI B CEBEPHYIO
UMEETCs] HE MEHBIIIE JECATH IUIATHBIX 10por. JIOKaKuTe, YTO BCE TUIATHBIE JOPOTH MOXKHO
pa3narh IECSATH KOMITAHUSAM TaK, YTOOBI Ha JTIOOOM IYTH U3 FO)KHON CTOJIHIIEI B CEBEPHYIO
MUMEJIHUCh JOPOTH KaxJI0M U3 KOMITaHHIA.

Pemenue 1. OTMeTuM Ha KaXJ10M NyTH U3 105KHOM cTomuisl O B ceBepuyto C camytro
MEPBYIO IJIATHYIO Jopory yuciioM 1. Jlokaxkem, 4TO Ha Ka)KIOM IyTH P OCTAIOCh HE MeHee 9
HEOTMEUYECHHBIX IUIATHBIX JIOPOT.

Beioepem Ha p Onmmkaiiinyto k C otmedenHyto gopory d. [Tockonbky oHa oTMeueHa, oHa Oblia
NepBOii MIaTHOM Ha HeKoTopoM myTH (. [Ipoiiaem ot O 1o d no (OecraTHBIM J0oporam) myTH (,
a nanee yepes d Bnosb P 10 C. [o ycinoBuio Ha TakoM myTH He MeHee 10 rIaTHBIX J0por, U
TOJIbKO jiopora d oTMedeHa. 3HauuT, Ha ydacTke myTd oT d 10 C ecTh He MeHee 9 HEOTMEUYCHHBIX
IUTATHBIX JOPOT.

OO0BsSBUM BPEMEHHO OTMEUYEHHBIEC TOPOTH OECIUIATHBIMU U OTMETHM Ha KaXJIOM ITyTH
MEPBYIO IJIATHYIO AOpory yuciioM 2. Tenepp Ha KaXXJIOM IyTH OCTaHETCS He MeHee § TUIaTHBIX
JIOpOT.

[ToBTOpSS paccyxaeHUE, paCCTaBUM OTMETKH 3, ..., 10 Ha KaXJI0OM MyTH.

Teneps pazgaauM I0pOrd KOMITAHUSIM B COOTBETCTBHH C UX «HOMepaMuy». OcTaBiiuecs
IUTATHBIE IOPOTHU pa3faiuM IPOU3BOIBHO.

Pemenne 2. [Tycts mpoes mo Kaxkaou 1iaTHoi nopore ctout 1 Tyrpuk. HazoBem gecom
JIOPOT'H, HANMEHBIITYIO CYMMY, KOTOPYIO HaJI0 3arjIaTUTh, 4TOOBI BhiexaB u3 0, mpoexats mo
3TOM JOpOre.

JlokaxkeM, 4TO BEC caMOl CeBepHOI Toporu kaxkaoro mytu He Menbiue 10. [Ipeanonoxum,
MIPOTUBHOE — YTO BEC MOCIEIHEN TOPOTry Ha MyTH P He npeBocxoaut 9. Toraa 10 Hee MOKHO
JIOWUTH, 3a11aTuB He O6osiee 8 TyrpukoB. [IpogomkuB myTh MO OCTATKY MYTH P MbI IIOJIY4YUM (B
MIPOTUBOPEUHE C YCIOBUEM) IPUMEP MyTH, HA KOTOpoM MeHee 10 MiIaTHBIX Jopor.

3ameTuM, 4TO TIepBas TuIaTHas JOpora Ha KaxkioM mytu umeet Bec 1. [Ipu nepexone k
CJeIYIOIIEN TOpore BeC HE MEHSETCsl Wi yBennuuBaercs Ha 1. [loaToMy Ha KaXa0M IyTH €CTh
noporu Jr6oro Beca ot exuHuipl 10 10. Otaaanm K-if kommanuu Bce 1oporu Beca K, a moporu
Beca Ooubie 10 pacmpeneiarm Mpou3BOJIBHO.
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Pemienuns 3agau
(A.lllannoBaJsioB u JI.MeagHUKOB)

CJ10:KHBIH BAPHAHT, MJIA/IIIINE

1. B 10 oquHakoBBIX KYBIIMHOB OBLIO PA3JIUTO MOJIOKO — HE IOPOBHY, HO Ka)KJbli OKa3aics
3anojiHeH He Oosiee, yeM Ha 10%. 3a oxHy onepanuio MOXXHO BbIOpaTh KYBIIMH U OTJIUTH U3
HEro MOPOBHY BO Bce ocTayibHBIE. JlokakuTe, uTo He Oosee ueM 3a 10 Takux omeparuii MOXHO
N0OUThCA, 4TOOBI BO BCEX KYBIIMHAX MOJIOKA CTAJIO TIOPOBHY.

Pemenne. OTONBEM M3 KaXIOr0 KYBIIHHA BO BCE OCTAalbHBIC /19 OT NEPEOHAUANBHOZ0
KOJINYECTBA MOJIOKA B JAaHHOM KyBUIMHE. Torja MOJIOKO M3 Ka)KAOro KyBIIMHA paclpeieNuTcs
IIOPOBHY, 3HAYUT, U B KaXJ0M KYBIIMHE CTAHET I1IOPOBHY.

2. Y Myumu ectp 1000 oaMHAaKOBBIX KYOHMKOB, Yy KaXIOr0 W3 KOTOPBIX OJHA Iapa
IPOTHBOIOJIOXKHBIX T'paHel Oenas, BTOpas — CUHSSA, TpeTbsi — KpacHas. OH coOpan M3 HuUX
o6ompmoni ky0 10x10x10, mpuxiagpiBasi KyOMKH Opyr K JPYrY OJHOLBETHBIMH TPaHSIMH.
Jlokaxxure, 4To y 60JIBIIOro KyOa eCTh OJIHOLIBETHASI IPaHb.

Pemenue. Ilyctes neBas rpanp KyOumka — pasHouBeTHas. Torga HaWayTcs J1Ba COCETHUX
pa3sHOLBETHBIX KBajpaTuka. [loBepHeM KyOMK Tak, 4TOObl COOTBETCTBYIOLIUE KYOMKH OBLIM
oaud Haxa apyruMm. Ouu obOpasyror 2x1x1-napamnenenunesn I1 ¢ pasHOLBETHOM (CKakeM, CUHE-
Oenoit) seBoil rpanpto. Torma oOmias rOpU3OHTANbHAS TpaHb KyOMKOB KpacHas, a BCe
BepTukaiabHble 2x1-rpann Il — cune-Genble. Pacemorpum  2x1x1-mapamnenenunen IT°,
npumbikaromui K I1 no 2x1-rpanu. Y Hero ecTh cuHe-0enas rpaHb, 3Ha4YMT, U Bce ero 2x1-rpanu
— cuHe-Oenmpie. Tak mpojoinkasi, BUIUM, YTO B JBOWHOM TOpU3OHTAIBHOM cioe 2x10x10,
conepkamiem I1, y Bcex BepTUKaNbHBIX 2x1x1 maparienenumnenoB ecTh CHHe-Oenas rpaHb, U,
3HaYuT, oOw@as TrpaHb KpacHas. Mrak, B JABOHHOM cnoe oauHapHele cion 1x10x10
comnpukacaroTces 1o kpacHoit rpanu 10x10, 3HaUuT, U BEpXHsIsl TpaHb KyOa — TOKE KpacHas.

3. HaiiuTe Bee Takue HaTypanbHbie a i b, uto (a? + b)(b? + @) sBIseTcs Lenoil CTeneHbIo
JIBOMKH.

OtBer. a=b=1

Pemenne 1. Kaxnas ckoOka siBIseTCs CTeneHbio ABOWKH. [Toaromy umcina a u b omHoi
yeTHOCTU. Pazbepem aBa cirydas.

1) a=b. Torma a’+a=a(a+ 1) — crenens aoiikn. Uncnaau a+ 1 — creneHu ABOMKH
pa3HOM YETHOCTH, ClieioBaTeNbHO, a = 1.

2) a>b. Torma a®+b=2">b’+a=2". Umeem

™" -1)2"=a’-b’+b-a=(a—b)(a+b—-1). a—b uerno,a a+b—1 nHeuerso,
cienoBarensHo, a—b = 2" =a + b’ Ilporusopeune.

Pemrenne 2. Kaxzas ckoGKa sBseTcs cTelieHbro aBoiiku. Ilycts a = 2m, b=2'n, rqemun
— HeweTHbl. MOXHO cuntath, uto K> 1. Torza a®+ b =2%m? + 2'n = 2'(2*'m? + n).
[Mocnennss ckoOka yetHa Tonbko npu 2K —1=0, To ectb ipu kK =1=0. Urak, au b —
HeyeTHEl. Tormaa+ 1= 2km, b+1= 2'n, rae mu n —Heyetusl, K> 1, | > 1. CHOBa MOXHO
cuuTath, 4yto K >1. Herpyano yoenuThes, 4To
a>+b = 2%m? - 2¢'m + 2'n = 2'(2%*'m? — 2™m + n). Bripaxenue 2%'m? — 2 m + n
HEUYETHO, 3HAUUT, paBHO 1. Ho mepBbIii WwieH o MOIY/II0 HE MEHbIIIE BTOPOTO, IIO3TOMY TaKOE
PaBEHCTBO BO3MOKHO TOJbKO p K=m=n=1. HoTormau |=1, toectr a=b=1.



4. Ha croponax BC u CD pomba ABCD B3suti Touku P 1 Q coorBercTBeHHO Tak, uro BP = CQ.
JlokaxuTe, 4TO TOYKa TepecedeHus mMeauaH TpeyroibHuka APQ nexwut Ha muaroHanmu BD
pomba.

Haopocok pemenusi. JloctaTo4HO J10Ka3aTh, 4TO cepenrHa oTpe3ka PQ JeXuT Ha mpsMoH,
napayuiensHol BD u pacnonoxennont B 1,5 pasa panbume or A, yuem BD. Ho 310 — mpsamas,
npoxosiast uepe3 Touku K u L — cepeaunnt cropon BC u CD cootBercTBeHHO. SIcHO, uTo KP =
LQ. Orcioga nerxko BbiBecTH, uTo Touku P u Q paBHOymanensl ot mpsimor KL, a 3Hauwr,
cepenuna otpeska PQ mexut Ha KL.

5.U3 rupek Becamu 1 1, 2 1, ..., N r TpeOyercs BbIOpaTh HECKOJIBKO (OOJBINE OMHON) C
CYMMapHBIM BECOM, PaBHBIM CPETHEMY BECY OCTABIIUXCS TUPEK. JJoKaxuTe, 4To

a) 9TO MOXHO clienaTh, ecii N+1 — KBajgpar 1enoro 4ncia;

0) ecu 3TO MOXKHO clienaTh, To N+1 — KBagpar 1eaoro 4ncia;

2
Pemenne. a) [Tycts N + 1 = k. BriGepem rupsku Beca 1, 2,..., k, uX cymma paBHa Ktk .

CpenHee apudMeTHYECKOE OCTaBIINXCS MOCIIE0BATEIbHBIX YACET PABHO TOYCYMME KpaiHuX,
k+1+k®-1 _ k?+Kk
2 2

TO €CTh

0) O6muii Bec Bcex N rupek paBeH w [Tyctb MbI BeIOpasi K Tupek o01um BecoM S

2
TaK, 4To cpeanuit Bec octaBumxcsi N — K rupek paseH S. 3HauuT, %—S:(N—k)s, 9TO
pasrocuibHO pasercty 2S(N — k + 1) = N? + N. Otcroza ciexyer, 4to
25> N +k, mockombky N?+N>N?+N—k: +k=(N+Kk)(N-k+1).
C pyroii CTOPOHBI, €CIi MBI BBIOUpaeM K HaumeHbuiux THPb, TO CPSAHUIN BEC OCTABIINXCS

Oyzaer Hauboabuium ¥ PaBHBIM N+Tk+l , TO ecTb (rrpu J1r000M BbIOOpe Tups) 2S <N + Kk + 1.

WTak, eMMHCTBEHHBIN BO3MOXKHBII BapUaHT — BBIOpATh K Haumenbuiux Tiph, yIBOCHHBIH
oGumii Bec K + k koTophix momkeH pasuamocs N +k + 1. Orcroma, N+ 1= K2

6. [5] Ha xietuatyto miuockocTh nmojoxuiau 2009 on1nHAKOBBIX KBaJpaTOB, CTOPOHBI KOTOPBIX
UAYT [0 CTOPOHAM KJIETOK. 3aT€M OTMETHIIM BCE KIIETKU, KOTOPbIE OKPHITHl HEYETHBIM YHCIIOM
KBaJpaToB. JIOKaKUTE, YTO OTMEUEHHBIX KJIETOK HE MEHBIILIE, YEM B OJTHOM KBaJparte.

Pemenne. Hazosem 2009 kBagparoB miuTKamu. Pa3o0beM IIOCKOCTh Ha PELIETKY W3
KBaJpaToOB Pa3MEpPOM C IUIUTKY JIMHUAMH, UIYIIUMU 110 TPAHULAM KIETOK. Y KaKIOW KIETKH
Tenepb €CTh KOOPJMHATHI: HOMEP CTOJIONA (CUMTas OT JIEBOIO Kpasi KBajpaTa) U HOMEP CTPOKH,
(cuMTasi OT HIKHEro Kpas). 3aMeTHM, YTO BCE€ KJETKH, HAaKpBIThIe IUIMTKOM, MMEIOT pa3Hble
KOoOpauHATHl. BpiOepem 00yr0 mapy KOOpAMHAT, M B KaXJAOW HAKPBITOH KIETKE C ATUMHU
KOOpJMHATaMH HaIMIIEM YUCIO MOKPHIBAOIMX €€ IINTOK. CyMMa 3THX 4YHCENl paBHA YUCIY
WIMTOK, TOo ecTb 2009. XotTs Obl OIHO claraeMoe HEYeTHO. DTO BEPHO UIA KaXKIOW mHapbl
KOOpJMHAT, a YACJIO NIap PaBHO YHMCIy KJIETOK B IUIUTKE.

7. Ons u MakcuM orutaTwid myrteniectBue no apxumnernary 2009 ocTpoBOB, Ijie HEKOTOpBIE
OCTpOBa CBSI3aHbI JIBYCTOPOHHMMHU Mapuipyramu karepa. OHU MyTemecTBYIOT, urpas. CHavana
Onsa BbIOMpaeT OCTPOB, HA KOTOPHI OHU MPUIIETAIOT. 3aTeM OHM BMECTE IYTEIIECTBYIOT Ha
KaTepax, 10 o4Yepear BhIOMpas clenyroluil ocTpoB (NepBblii pa3 BbiOupaeT Makcum). Kto He
CMOXET BBIOpATh HOBBIA OCTPOB, pourpai. JJokaxxure, 4To TpH 0001 cxeme MapiipyToB Ois
MOYKET BBIMTPATh, KaK Obl HE UTrpajl MakcuM.

Pemienne. OTMETHM Ha CXEME MAKCUMANLHO 803MOACHOE YACIIO MApIIPYTOB 03 00Imux
KOHIIOB. COOTBETCTBEHHO, OCTPOBA Pa300bIOTCA Ha Maphl U HECKOJIBKO (HO HE MEHEe OJIHOTO)



OTJENBHBIX OCTPOBOB. [IpriieTM Ha Kakoi-HUOYAb OTACNBHBIN ocTpoB. [anee, eciin Makcum
XOJIUT HAa OCTPOB OTMEYEHHOI0 Mapupyra, Ol OTBEYaeT XOI0M Ha BTOPOM OCTPOB 3TOTO
mapupyra. [Ipeanonoxum, ogako, 410 MakcuMy yaacres caenarh X0 Ha OTAEIbHBINA OCTPOB.
[Tyt ¢ Hayasa 0 ATOro0 OCTPOBA COCTOUT U3 YETHOTO yrcia 2K octpoBos, win u3 K —1
OTMEUYECHHOTO MapIIpyTa ¥ IBYX OTICIbHBIX OCTPOBOB. HO Bellb 3TOT myTh MOXKHO pa30uTh Ha K
MapuIpyTOB, U OHU, BMECTE C HEMOCEICHHBIMI OTMEUEHHBIMU MapLIpyTaMu 1aayT Oo/ibuiee
YKCJI0O MApIIPYTOB, YTO MPOTUBOPEUNT MAKCUMAIIBHOCTH. 3HAUUT, X014 MakcuMa Ha OTJEJIbHbIN
OCTPOB HEBO3MOXEH, U OJ1s1 BBIUTPHIBACT.

CJ105)KHBIH BAPDHAHT, CTApIINE

1. 100 nupatoB chirpajiv B KapThl HA 30JI0TOM MECOK, a TOTOM Ka)KAbIH [MOCUMUTAN, CKOJIBKO OH B
CyMME BBIMTpal JUOO0 mpourpaid. Y KaXKAOro MPOWTPABIIET0 XBaTaeT 30J10Ta, YTOOBI
paciiaTuThCs. 3a OJHY ONEpalUio MUpaT MOXKET JUOO pa3jaTh BCEM IOPOBHY 30JI0Ta, JIMOO
MOJIYYUTh C KaKJOrO MOPOBHY 30510Ta. JlOKaXXUTe, YTO MOXHO 32 HECKOJIbKO TaKUX ONepanuil
JOOUTBCA TOTO, YTOOBI KaXKAbI MOIYy4nII (B CyMMe) CBOI BBIMIPBILI JIMOO BBIILIATUII IPOUTPHILI.
(Pazymeercs, o01miast cymMa BBIMTPBILIEH paBHA CYMME IIPOUTPHILLIEH. )

Pemenne. O603HaunM yepe3 Z cymMMy BBIUTPBILLIEH (OHA k€ CyMMa Ipourpsiieit). [Tycts
CHavaJla y KaXJIoro Iupara Bech €ro Mecok JISKUT B npasom kapmane. [lonpocum Kaxaoro
IIPOUTPABIIETO BBIIATh BCeM (BKitouas cedst camoro) rno 0,01 ot cBoero npourpsliia.
[Tony4yeHHBbIH IPU ITOM MECOK KaXK/bli KIIaJeT B CBOM Jegbiil KapMaH. B pe3ynbraTe y Kakaoro
nupara B 1egom KapmaHe okaxkercs Ha 0,01Z 3omoToro necka, a npasgulii KapMaH Kax10ro
npourpasiero "odseryutcs" Ha ero npourpsinl. /lanee kakaoMy BBIMTPABIIEMY BCE MUPATHI
(BKJTIFOUAs €0 CaMOr0) BBIJAIOT U3 CBOMX J1egbix KapmaHoB 110 0,01 ero Beiurpsimia. B
pe3ysbTare BCe Jegble KapMaHbl CHOBA OIIYCTEIOT, a K MIECKY B 1pasom KapMaHe KakJ10ro
BBIMTPABIIETO JOOABUTCS €r0 BBIUTPHIIL.

2. 113 N mpsiMOYTONBHBIX TUTUTOK (BO3MOKHO, HEOJWHAKOBBIX) COCTABIIEH MPSIMOYTOJIBHHUK C
HEPAaBHBIMU CTOPOHaMU. J[OKaKUTE, YTO MOXKHO pa3pe3aTh KAyl IUIMTKY Ha JBE YacTH Tak,
yToObl M3 N wyacTel MOXHO OBUIO CIIOKHUTH KBaapaT, a U3 ocTaBmuxcs N uacteil —
IPSIMOYTOJIbHHUK.

Pemenue. [Iycth pasmepsl mpsiMoyroipHuka axb, a < b wu cropona b ropusontanpHa.
CoxxMeM MpSIMOYTOJbHUK PABHOMEPHO IO TOPU30HTAIM TaK, YTOOBI CTOPOHBI CTalM PaBHBI.
[Toryuum pa30ouThIi Ha nEﬂMoyroanHKH kBaapar. Kaxnmass ero 4dacte mosiydeHa CKaTHEM
IUTUTKU [0 TOPU3OHTAIH B /5 pa3. 3HAYUT, OHa UMEET MEHBIIYIO HIUPUHY, HO TY € BBICOTY, H
TaKyl 4acTh MOXXHO OTpe3aTh OT IUIMTKM BEPTUKAJIbHBIM pa3pe3oM. OcTaBilas 4yacTh IIUTKU
MIOJIy4aeTCsl U3 Hee C)KATHEM II0 TOPU3OHTAIM B b/(b,a) pa3. COOTBETCTBEHHO, U3 HHUX MOYKHO
CIIOKHTbH NMPSAMOYTOJIbHUK, MOTYYarOIIMICS U3 UCXOTHOTO CKATHEM B b/(b_a) pas.

3. Cdepa kacaercst Bcex pebep Terpadapa. CoemMHUM TOYKHM KAacaHWs Ha TapaxX HECMEXHBIX
pebep. Jokaxure, 9T0 TpU MOTYyISHHBIE MPSIMBIE TIEPECEKAIOTCS B OJTHOM TOUKE.

Pemenne 1. IloMecTuM B KaXayro BEpIIMHY Maccy, 0OpaTHO MPOMOPLHUOHATIBHYIO JJIUHAM
MPOBEJICHHBIX W3 ATOW BEPIIMHBI KacaTelbHBIX K cephl (Bce TpH KacaTelbHbIE IS JaHHOU
BEpPIMHBI, OYEBUIHO, paBHBI). Torga Touka KacaHus peOpa COBMAJaeT ¢ IIEHTPOM MacC 3TOTO
pebpa, 1 Bce TpU OTpe3Ka U3 YCIOBHS 3a/1a4Ml MIEPECEKAIOTCS B IIEHTPE Macc TeTpajdipa.

Pemenne 2. [Tycts K, L, M, N, P, R — Toukn, B koTOpbIX cooTBeTcTBeHHO pedpa AB, AC, AD,
BC, BD, CD Tterpasapa ABCD kacatorcst chepsl, a, b, €, d — 1uHBI KacaTeNbHBIX, BHIXOISAIIAX
COOTBETCTBEHHO U3 BepimH A, B, C, D.

[Tnockoctu ABD u BCD mnepecekatorcss mo mpsamoit BD. Ilo Teopeme Menenas
(mpumenenHoi k TpeyrodbHuKy ABD) npsmas MK mepecekaer BD B Touke, aensmei oTpe3ok

BD (BHemHUM 00pa3oM) B OTHOILICHUU AM BK = 39 = g ITo Tou e npuyuHe npsMas
a

DM AK



CR BN _cb _

RN mepecekaer BD B Toif e Touke (— - —— = = E). (Ecru b =d, To MK u RN
DR CN dc d

napauienbHbl BD.) 3naunt, npsmeie MK 1 RN nexxar B ogHOM MIIOCKOCTH (TIEpECEeKarOTCs WU
napajuiensHel). CnenoBatenbHo, npsiMble MN 1 KR taxoke nepecekarorcs.

Amnanornuno npsimas LP mepecekaer MN u KR. [lockonbKy 3TH Tpu mpsiMble OYEBUIHO HE
JIeXaT B OJJHOM IJIOCKOCTH, OHH JIOJKHBI IIEPECEKATHCS B OJTHOM TOUKE.

4. O603naunM uepes [N]! npoussenenue 1-11-111-...-11...11 (Bcero N comHoX)uUTENEN).

N eounuy
JoxkaxuTe, 4to uucio [N+m]! genurcs Ha npousseneHue [n]![m]!.
Pemenne 1. O6031aunm uncno u3 K eaunui 1y, Torma [M]! = 1n[m-1]!, Lpen =10M1, + 1.

n+mi!
[ ] . IMonoxum [0]! =1, torma C[0, n] u C[m, 0] onpeaencHsl 1

[m]![n]
paBHbI 1.

JlokakeM uHAyKIHeH mo M + N, uto guciao C[m, n] — uenoe. baza u cayuait m=0 wiu n=0
OYEBUIHEL.
[Tycte M, n>1 u nns MEHbIIKUX 3HAYEHUH M + N Bce AokazaHo. Toraa yucio

cm, nl= 1m+n[n+m—1]!:(1nlo"“+1m)[n+m—1]!:1om L[n+m=1]! 1 [n+m-1]! _

+ —_
[m]![n]! [m]![n]! [m]11, [n-1]t 1, [m-1]!n]!
=10"C [m, n —1] +C [m -1 n] — TOXE LETIO0E.
Pemenue 2. [Tycts q — umcio, B3aumuo mpocroe ¢ 10, K(q) — naumensinee K, mpu koropom
KpatHO (. JIErko BHIETH, YTO M MPH JeJeHUU Ha K maer B ocratke I <> 1y, npu jgeneHun Ha I
naet B octatke lr. Otciona Iy kpatHo q <> K kpatHo K(Q). TTostomy u3 MHOXKHTENEH BHaa 1y,

O603naunm C[m, n] =

BXO/SIIMX B [N]!, HA ( AeASTCS POBHO {% .
q

W3 sToro cieayer, 4To mpocToe Yyuciao P # 2, 5 BXOJIUT B paszioxeHue [N]! Ha mpocTbie

n m n+m
B CHUITY HCPABCHCTBA E +|— < K KaKZ0€ NPOCTOC YHUCJIO BXOAUT B PA3JIOKCHUC

k
[n+m]! He B MeHbIIeH cTeneny, yeM B paznoxenue [n]I[m]!.
Pemenue 3 (1151 3HaTOKOB). PaccMorpum MuHOTOUWIeHBI Py(X) = X+ x
Qn(x) = P2(X)... Pa(X) (Ham mosieM KOMITJIEKCHBIX YHCEIT).
Kopusimu wmHorouneHa Py(X) sBisitoTcs Bce (KpoMe eIUHHMIBI) KOpHU K-H cremeHnm w3
enunuel. [lycts € — nepsoobpasnwiti kopens K-it cternenu u3 1. Torma oH sBasieTcss KopHeM |-it
CTENeHM TOTJa M TOJbKO Torna, korda | kparno K. IloaToMy MHOXUTENh X — € BXOAUT B

m}’ a B Qn(X)Qm(X) — B cTenenu

k2 x+1,

o n+
paznokenue Qmin(X) Ha TUHEHHBIC MHOXHUTEIH B CTCIICHU {

n+m n+m n+m
+ < .
e
CrenosatenbHO, Qm+n(X) aemurcs Ha Qn(X)Qm(X).

[Mockonbky Qn(X)Qm(X) — mpuBeIeHHBIN MHOTOYICH, YaCTHOE — MHOTOWIEH C IEJIBIMU
koaurmentamu. [loacraBuB X = 10, momydaem yTBEpKICHHE 3aa9H.

5. Hansl TpeyroabHuk XYZ u BeimykJbli mectuyronbHuk ABCDEF. Ctoponst AB, CD u EF
napajuieJIbHbl U paBHbI COOTBETCTBEHHO cTopoHaM XY, YZ u ZX. JlokaxwuTe, 4TO ILIOIIA/b



TpeyrojibHUKa C BepmMHamMu B cepenuHax cropoH BC, DE u FA He MeHsplne miomamm
TpeyronpHuka XYZ.
Pemenne 1. ITycte Sxyz =S, Sascper = S, K, L u M — cepenunst cootBeTcTBeHHO cTOpoH BC,
DE u FA.
1) HanomuumM, uto ecnu R — cepeamnna otpeska PQ, He nepecekatomiero npsimyto HG, To
Srre = /2 (SpHe + SqHa)
(BpIcoTa TpeyronpHuKa RHG, onymennas Ha HG paBHa mosrycymMMe COOTBETCTBYIOIIUX BBICOT
tpeyroasaukoB PHG u QHG).
Iostomy Skim = /2 (Sem + Scim) = 4 (Seom + Seem + Scom + Scem) =
= /5 (Seoa + Seor + Seea + Seer +Scoa + Scor + Scea + Scer).
2) Iocrpoum mapamnenorpamm BCDI (cm. puc.). Ilo
ycioBuio TpeyrodbHuku ABl u XYZ paBHbl. 3ameTum, 4To A
Spag = Scag + Siag = Scag t+ S C
(BbIcoTa TpeyronpHuka ADB, onymennas Ha AB paBHa cymme
COOTBETCTBYIOILIMX BBICOT TpeyronbHukoB ACB u AIB).
AHaJIOTUYHO Sgag = Skag + S,
Sacp =Secp +S, Srcp = Secp + S,
Sere = Sare +S, Scre = Sare + S, £
3) Otcrona
Skim = /s (Sepa + Seor + Seea + Seer +Scoa + Scor + Scea + SceF) =
= '/g (65 + Sagc + Seor + Saer + Saer +Secp + Scor + Sace + Sper).
3aMeTHM, 4TO
Seor + Sasr *+ Secp + Sper = Saer + Scor + Sace + Sasc = S
[Toatomy Skim = Y (6s + 2S) = Y, (3s+9S) >s.
(Touka | oueBHUAHO HAXOJUTCS BHYTPH IIECTUYTOJbHKKA, TOITOMY S < S).
Pemenne 2. [Tocrpoum napamnenorpamm BCDI (cm. puc.). Ilo
ycioBuio TpeyronbHuku ABl u XYZ paBHbl. 3HauuTt, otpe3ok Al
napanieneH u paseH FE, To ects AIEF — Toxe napannenorpamm.
[Tycts P — cepenuna EI.
Torna Skim > Swmes > Sagl = Sxyz.
O0a HepaBeHCTBA CIEAYIOT U3 CIEIYIONIEr0o OYEBUIHOTO
YTBEPKACHHUS
[Tycts TUVW — napannenorpamm, Touka R u orpesox VW
JIeKaT 1o pa3Hbie cTopoHbl oT mpsimoit TU. Toraa
Srvw > SgrruU.
(B mepBoMm ciydae ucnonb3yercs napauienorpamm BKLP, Bo Bropom — AIPM.)

3ameuanue. B 570if 3amade ecTh MOCaqHBIA BTOPO#l Cilydyall, KOTOpBI HE YUYHTBIBAIOT 00a
IOPUBOAUMBIX pPaHEe pEIIeHMs: KOrjJa MIECTUYTOJbHUK U TPEYroNbHHUK, JaHHbIE B YCJIOBHH,
OpPUEHTUPOBAHBl I0-pa3HOMY (TO €CTb IIECTUYTOJbHMK IIPU UYTEHUHM OYKB — Ha3BaHUI BEpUIMH —
00XOJHTCS 110 YAaCOBOM CTpENKe, a TPEYTOJIbHUK — IPOTUB). B 3TOM cityuae ecnu gocTpauBaTh Ha OAHOM
U3 CTOPOH HIECTUYTOJIbHUKA HAIll TPEYTOJIbHUK, OH OyJeT TOpuaTh HApYXKy!

Bor Habpocok pemieHust uist 3Toro ciydas. OH CBOAUTCSA K 1-My cieayrouel nepecTporkon
[IECTUYTOJIbHUKA:



E L D

3nech A_Cl = CB, CD, = EF, B_F1 = FA, ﬁ = DC. Orcioza JIerko ClIeyer, uro

KL = LK, KM, = MK, LM, = ML, T.c. CepeIMHHbIN TPEYTOMBHHIK HE H3MEHUIICS.

6. Cm 3amavy 7 Uit MITQIIINX.

7.Y Bxoga B Iemiepy CTOMT OapabaH, Ha HEM IO KpPYry Yepe3 paBHBIE MPOMEXYTKH
pacriosiokeHbl N OMHAKOBBIX C BUYy O0UOHKOB. BHYTpH Kax1oro O04OHKa JIEKHUT CelelKa —
1100 rojoBON BBEPX, JINOO rOJIOBOM BHU3, HO TJle KaK — HE BUIAHO (OOYOHKH 3aKpBITHI). 3a OJUH
xonl Anu-baba BeiOupaer m060i Habop 60uoHKOB (0T 1 10 N IITYK) U MEepeBOpaunBaeT UX BCE.
[Tocne aToro GapabaH MPUXOAUT BO BpallleHHE, a KOTJa OcTaHaBiIMBaeTcs, Ann-baba He MOXeT
OTIpeNIeNIUTh, Kakue OOYOHKH ObLIM MepeBepHyTHI. [lemepa oTKpoeTcs, eciii BO BpeMsl BpallleHUs
Oapabana Bce N cenenok OyayT pacrnosoKeHbl TOJOBaMU B 0JHY cTopony. [Ipu xakux N Amu-
baba cMokeT 3a CKOJIBKO-TO X0JI0B OTKPBITH Ieepy?

OtBer. [Tpu N = 2 k=0,1,2, ...

Pemenne. 3amMeHnM OOUOHKH Ha HYJIM U €IUHHIIBI, CTOSIINE IO KPYTY.

[Tycts N # 2k, k=0, 1,2, TTokaxeM, uro npu HeBe3eHUH Ann-baba HUKOrAa HE OTKPOET
nemepy. MoXHO cUMTaTh, 4TO Mbl UrpaeM NpoTuB Ann-baObl, Bpaimias Kpyr, U 4TO OH 3apaHee
TOBOPUT HaM, Ha KaKMX MecTax OH OyJeT MeHATh HU(PBI Ha KaKJOM (B TOM YHCIIE U HA TIEPBOM)
XO1y.

PaccmoTpum cHadana ciyyail, korga N HeueTHo. PaccTaBuM Ha Kpyre HyJIM M €IMHUIBI TaK,
yToOBl Anu-baba He BbIMIpal MEPBBIM CBOMM (M3BECTHBIM HaM) XOJ0OM (TO €CTh 4TOOBI IOCIIE
€ro Xo0J1a Ha Kpyre ObUIM KaK HYJIH, TaK ¥ €MHULIBI).

[Tycte Anu-Baba Ha ovepeqHOM X0y BBIOpan Ui 3aMeHbl ompeneneHHbie K mect. OH
BBIMTPAET TOJNBKO eciu 3TH K MecT coBmagyT auOO CO MHOXECTBOM BCeX HyIeH, Jmbo co
MHO’KECTBOM Bcex efauHuil. Ho uncio Hynell He paBHO YUCITy eIuHUI (CyMMa yucen HeueTHa!).
3HaYuT, KaKUX-TO HUPp — He K mTyK. 3arHaB MOBOPOTOM TaKylo I(py Ha OJHO U3 BHIOPAHHBIX
k mect, MbI He nagum Anu-babe BBIMTpaTh CIEIYIOIIAM XOIOM.

Cnyuvaii, xorna N 4eTHO, HO MMEET HEYETHBIH AETUTETb M, CBOJUTCA K Pa300paHHOMY.
OtmeTHM Ha GOJBIIOM Kpyre M paBHOOTCTOSAIIUX MECT U 3a0yZeM MPO OCTAJIbHBIE.

JleiicTBys, Kak ONMMCAHO BBIIIE, MBI CMOXKeM MoMmelath Anu-bade ypaBHATH Bce nudpsl Ha
OTMEUYEHHBIX MECTax.

Anroput™m BeMrpsima Anu-bads s 2% mect OyzeM cTpouTh MHAYKTHBHO. ba3a mis k=1
oueBmHa. [lycTs y Hac ecth anroput™ Ay uis m mect. [loctpoum Agy. HauHeM ¢ yacTHBIX
ciyyaeB. Pa3o0beM Kpyr Ha M map NPOTUBOINOJIOKHBIX MECT M YCTAHOBUM COOTBETCTBUE MEXKY
napamu Juig 2m 1 MectaMu AJs M.



1) ITycTs MBI 3HaeM, YTO B KaxJaou mape uudpsl paBHbl. [Ipumenum anroputm Ay, 3aMeHss
MecTa IeJIbIMU MapaMu. SICHO, 4TO KOI'Jla 3aMOK OTKPBIJICS TaM, OH OTKPOETCS U TYT.

2) IlycTs MBI 3HaeM, 4TO YETHOCTh CYMMBbl B KaKIOW nape onumHakoBa. [Ipumenum Ap mis
nap. Eciu He OTKpBUIOCH, TO Bce CyMMbl ObliM HeueTHbl. Ho MeHss 00a umcia nmapel, Mbl HE
MEHsSIeM YETHOCTH. 3HA4YUT, BCE CYMMBI OCTINCh HEYETHBIMU. M3MeHuM M uudp moapsia
(HazoBeMm 3Ty onepanuto D). Temepr Bce cymmbl uetHsl. Eme pa3 npumenus Ay ans map,
oTKpoeM 3aMok. HazoBem anroputm aiis atoro ciydas B.

3) IIpumenum tenepb Ay A nap ApYTUM CIOCOOOM: IIeJIb — C/IeNaTh CyMMBbI B ITapax OJHOU
yeTHOCTH. [1o mpekHeMy Ha Ka)JIOM IIary Mbl BBIOMpaeM HaObop map coriaacHo Ay, HO MEHSIEM B
Ka)XJI0M BEIOpAHHOM Iape TOJIbKO no oonou udpe. Hazosem anroputm C. OH rapanTupyeT, 4To
Ha KaKOM-TO 11are (Mbl HE 3HaeM, Ha KaKOM) YETHOCTH CyMM COBIaAyT. J[BEpb 3TO, MOHATHO, HE
otkpoetr. Ho MbI cxutpum: nocne kaxjaoro mara C npumenum B, a 3atem D. [Ipu coBnagenun
cyMM yeTHocTell B oTkpoeT nBepsp, a nHaue BD He M3MEHUT yeTHOCTEN CyMM.
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3agaga 1.

a) Orser: He obszaresnbho. [lyers SA; = SA3 = Ay As. Torya Bce 60KOBBIE TPAHU — PABHOOEIPEHHDBIE TPEYTOJIb-
HUKH. TouKy S MOXKHO BBIOpaTh Tak, 9TOOBI THpaMuIa ObLIa HEIPABUIbHAS.

6) OtrBer: nupamuia 0bsi3aHa ObITH IPABUJILHON. 3aMETUM, YTO B KaXKJION TPEYrOJIbHON TPAHU JTMOO PACCTOSTHUST
oT S 510 Apyrux JIBYX BEPIIUH OJMHAKOBBIE, JTHOO OJHO M3 3TUX JBYX PACCTOSIHHUN PABHO CTOPOHE MPABUJIBLHOIO 71-
YIOJIbHUKA, JIEXKAIEro B OCHOBAHMM IUpaMubl. Ec/M ecTh JBe cocellHre TpeyrojbHble IPaHM, B KOTOPBHIX BEPIINHA
S JIeXKWT HAIIPOTHB OCHOBAaHUsI paBHOOEIPEHHOIO TPEYTOJbHUKA, TO MUpaMUIa IpaBujbHas. Ecjin Takux rpaHei
OJIHa WJIM HET, TO BepIIuHa S yrajeHa Ha CTOPOHY M-YIOJbHHKa KaK MHHHMYM OT TPEX BEpIIHH, U CHOBa IHpPaMUJIA
HpaBUIbHAS.

3agaga 2. [IpeamnosokumM IPOTUBHOE — TaKUX MIKOJbHIUKOB HET.

[Iycts B omHOM 13 3a/10B O0JIbIlle PsAIOB, Y€M B JApPyroMm. Torma IMKOJbHUKU, CHISIIUE Ha IIEPBBIX MECTax dTOr0
3ajia, He CMOT'YT PacCeCThCA B Pa3HbIE Psijibl BTOPOI'O 3aj1a — IIPOTUBOpEUne. SHAYUT, 00IIee YUC/I0 PHAJIOB B KAXKJIOM
3aJjie OJINHAKOBO.

[Tycts B 0/1HOM 13 3aJ10B (CKaykeM, B EPBOM) JIJTMHA CAMOIO KOPOTKOTO psijia OOJIbIe, 9eM B JIPYTOM, U paBHA M.
Torma mkosbHUKYE ¢ MecTaMu 1, 2, ..., M U3 IEPBOrO 3aJia HE CMOTYT PACCECThCA B pa3HbIe PAIbl BTOPOro 3aJja. B
caMoM Jiejie, MKOJLHUKHU C [IEPBBIMI MECTaMHU U3 [IEPBOTO 3aJia CaJATCA B Pa3HbIE PSJIbl BTOPOI'O 3aJia, U MOCKOJIBKY
BCEro PsAJIOB ITOPOBHY, OJIHO MECTO KaKJIOT'0 KPATUaHIIero psjaa BTOPOro 3aJja 0y/1eT KeM-TO U3 HUX 3aHATO; IITKOJIbHUKN
CO BTOPBIMHM MECTAMU AHAJOTMYHO 3aiMYT €eIle 10 OJIHOMY MECTY KalKJ0r0 KparTdaiIlero psijia BTOPOro 3aja, U Tak
JaJiee, TO €CTb MEeCT B KpaTdailllieM PsIy BTOPOTO 3a/ia He MOXKET OKAa3aThCs MEHBIIE M.

Ecnu ke qyivHbl KpaTdalmux psoB PABHBI, TO AHAJOTHIHO PABHBI U KOJMYIECTBA KPATIANIINX PAIOB.

Paccyxnas masee TOYHO Tak Ke, MOJTYYIUM, YTO OJIMHAKOBBI JJIMHBI CJAEAYIONIUX IO BEJIMIUHE PAJOB U UX KOJIU-
94ecTBa, U Tak Jajee (CTporoe J[0Ka3aTesbCTBO MOKHO ODOPMUTD 110 MHIYKIUK). B pesy/abrare HoLydumM, 9To HAOOP
JUTUH PSJIOB U UX KOJIMYECTB B 000UX 3a/1aX OJIMHAKOB, UTO IIPOTHUBOPEYUUT YCJIOBHIO.

3agaga 3.

Otser: 1001.

IlepBoe pemenne. /lokarkem 10 UHAYKITUHU, ITO HANOOJIbIIIEE BO3BMOYXKHOE PACCTOSHUE MEXK/LY IIEHTPOM W1 U TOUKOM,
npunayexaieil wy, pasuo vV N. Basa s N = 1 ouesuma. ITokakeM, 4TO U3 BEPHOCTH HAIIETO yTBEPIK ICHIST ISt
N cnenyer ero BepHocTh it N + 1 . st Hadasa HaiigeM HanOOJIbIIIee BO3MOXKHOE PACCTOSIHAE MEXKIy IMEHTPOM Wi
U TOYKOM, IPUHAJIEKAIIENR Wy 41, IPU YCIOBUH, YTO XOPJA, HA KOTOPOi IIOCTPOEHA OKPYKHOCTD Wy, CTATUBAET JIyTy
BesimanHbL 2. Pannyc we 1ipu aToM paseH sin . [1o mpeanosioxkeHno nHyKIun, HanboJIbIllee BO3MOXKHOE PACCTOSTHUE
MeZKJLy TEHTPOM Wy W TOUKO, TIPHHAIIEKAIIEH w41, PaBHO sin v/ N. PaccTosiame MezK Ly MEeHTPAMII W] U Wy PABHO
cos . Orcroga HanbOJIbIIee BOZMOYKHOE PACCTOSTHUE MEXK]Iy IEHTPOM W] U TOYKOM, MPUHAJIEKAIICH W11, PABHO
cos p~+sin v/ N. Ocrasocs 1o106paTh yroil ¢ TaKuM 06pa3oM, 9To0bl 3HAUEHHe COS p+8in v/ N GbLIO MAKCHMAIBHBIM.
SamMeTuM, 9TO

cos si N
cosp +sinpVN = /N + 1 \/Ni—f1+ %

=+vVN + 1cos (@—arecos N +1,

1
—— ) <
\/N+1>
1

NPHYEM P (p = arcCos === J0CTHIACTCA PABCHCTEO. HTar wanyknuu nokazan. Panuyc nepBoit OKpy2KHOCTH paBeH 1.

[TosToMy HanGOJIbIIEE BO3MOMKHOE PACCTOSIHIE MEKIY JIBYMsI TOUKAMH, IPUHAJICKAIIIMA W, 1 Wy, paBHo 1 + v/ N.
Iloncrapirza N = 1000000, HaxoauM OTBET.

Bropoe perierne. Permim 3a1ay nist N okpy»kHOCTel. [Iyerh Toukn A u B npuHajeXKaT wi U Wy COOTBETCTBEH-
Ho. O6ozHaunM 3a O; LEeHTP OKPYKHOCTH w;. OuepunnHo, ur0 AB < AO1 + 0102+ ...+ On_10n + Oy B. 3amernm,
YTO OKPY?KHOCTH MOYKHO OBLJIO IIOCTPOUTD U TaK, uTo0bl 0Tpesku AO1, O10s, . .., On B uMen Te ke JIJINHBL U JIeXKa I
Ha OIHOMU NpsiMoil. 3HauuT, HamboJIbIee BO3MOXKHOE paccrossane AB coBmagaer ¢ HauOOIbINEH BO3ZMOXKHONW CyMMOI
AO1+0102+...40N_10N+OnNB. Beeniem obozuauenust: r; — pajgnyc w;, d; = O;0;41. Tak kax O; 1 — IEHTP XOP/IbI
JUIMHBL 271 OKPYKHOCTH wy, To 12 = d2 + 72 ;. Hosromy r{ = di+r3 =di +d5+r3 = ... =di +d5+...+d>_, +73,
OTKYIA

d%+d§+...+di_1+r?v:rl

¥ (1+V'N).

AO1+01094...40ON_1ON+ONB =r1+di1+...+dy_1+ry <1+ N

3,HQCB ObLIO UCIIOJIL30BAHO HEpaBEHCTBO ME2KJ/1y CPEIHUM apI/I(l)MeTI/I‘IeCKI/IM n CpeJHUM KBa/IPpaTUICCKUM. Pasencrso

2
-
B HEM MOXKET JOCTUTAThCSI mpu d; = do = ... = dy_1 = ry, 9TO PABHOCHJIHLHO d% =di=..= d%_l = 7“]2\, = ¥

BuauuTt, HanbobIee Bo3MOKHOe paccrostiue AB pasho r1(1 + v N). Toncrasnsig 11 = 1, N = 1000000, naxoum
OTBET.



3amaga 4. OtBet: Bece kpome nByx.

Ykazaname. PaccmorpuM rpad U3 BHyTPEHHUX IPAHUIL KJIETOK, KOTOPBIE JIa/bsl He Iepecekasia. B HeM HeT BUCSINX
BEPIIMH BHYTPU JOCKU, U €CTh KaK MUHHUMYyM 2 BHCSYHME BEPIIUHBI Ha TpaHuile Jocku. Ecim mx poBHO 2, TO OHHU
IPUHAJIEXKAT IPOTUBOIIOJIOKHBIM KPasM JOCKH. Eciu 5Tu BucsTdne BEPIINHBI COEAUHSIIOTCSI, TO OHU Pa3JeIsioT JOCKY
Ha 2 9acTh, B OMHOU J1a/ibs He Oblia. Eciu He coemnHAIOTCsI, TO KaXK 0l KOMIIOHEHTE CBSI3HOCTU HMPUHAJIEIKAT ITHKJI,
OTIOPaYKMBAIONINN KaK MUHUMYM OJHY BEPIIUHY.

Permrenne.

Ha pucynke — npumep Ha 62 kjaerku (crapTyeM u3 cepeunbl). JJokaxkem Tenepb,
ITO B JTFOOOM CJTydae OCTAHyTCsl KAaK MUHUMYM JIB€ He 000U IEHHBIE KJIETKH. 3aKPaCuM
BHYTpPEHHIE TPAHUILI KJIETOK, KOTOPBIE JIaJAbs HE Iepecekasa. byaeM cuuTarh ux
pebpamu rpadpa. PaccMoTpum KIJIeTKU, TPUMBIKAIONINE K TPABOMY KPalO JOCKU, U UX
CPaHUIIBI, UAYIUEe OT Kpas Jocku. Eciu Hu onHa M3 9TUX rpaHull He 3aKpalieHa, TO L
JIaJbsl MIPOIILJIA IO TIPABOMY Kpalo U CIejiajia MOBOPOT B YIJVIOBBIX KjeTkax. Ho 3ro =
61T TOO0 JIBa TTOBOPOTA HAIIPaBo, JINOO JIBa TOBOPOTA HAJIEBO, a KJIETKH — PA3HOTO
usera. [IporuBopeune.

- |

SHAYUT, Cpeii TPAHUIL IPABLIX KJETOK eCTh pebpo R ¢ KOHIIOM Ha Kparo JOCKU. AHAJOIHYIHO, Takoe pebpo L ecTh
Cpel IpaHulIl JeBbIX Kpaiinux Kjaerok. Eciu pedbpa R u L coeanHeHsl B rpade MapIIpyTOM, TO MapIIpyT pa3douBaeT
JIOCKY Ha JIBe YaCTH, B KaXKJIOi eCTh KaK MUHUMYM 6 KJI€TOK (Ho OHOM C KaxKJ0U He KpaiHeit I‘OpI/ISOHTaJII/I). B oxmoit
U3 9THUX JacTeil Jaabs He MoObIBajIa, 3HAYUT, oHa oboria He bostee 58 KiaeTok. Ilycrs R u L we coennnensl. Iloitaem
oT Kpas 110 pebpy R u Gygem uiaru 1o rpadpy, He moBopadnBas Ha3a (. ECTh Tpu BO3SMOXKHOCTH: ) TIONAJIEM B BEPIIHUHY,
rjie yke ObLIM; 0) TOMaeM B BEPIINHY Ha KPAalo JIOCKH; B) MOMAJEM B BEPIIUHY U BHYTPH JOCKH, U3 KOTOPOIl ApyTrux
pebep He BxoauT. Ha camom jieste ciy4vaii (B) HEBO3ZMOXKEH: TOTIa ObI Mbl OOOILIN 4 IIPUMBIKAOIINE K U KJIETKU OYKBOIi
II, cnenaB [1Ba JIEBBIX WM JIBA IPABBIX TIOBOPOTA B JBYX COCETHHUX KJIETKAX, a OHU — PA3HOro IBeTa. B ciayyasx (a) n
(6) poiieHHbIil MapIIpyT pa3buBaeT A0cky Ha 2 yactu (B ciaydae (a) ecTh IUKJL, B ciydae (6) MapupyT 3aMbIKAETCst
B IIUKJI KPaeM JIOCKH). AHAJOMMIHO HAXOIMM TAKOW MapIIpyT, CTapTys oT Kpasd 1o pebpy L. O mobasut ere ommy
4JacTb. Jlajabsa mobbIBaa TOJILKO B OJHON U3 YacTeil, 3HAYMT, B KaK/IOH M3 OCTABIIUXCS HAWAETCsS XOTsl ObI 110 OJIHOM
He ODOIIEHHON KJIETKE.

3agada 5.

Otser: Jliona ne moxker nomerars Caitrre.

IlepBoe pemenne. Cuauasia Carmra HasbiBaeT qnciio k = 4. [Iycrs Jlona HazBasa ducio, 6osbinee tg 18°. Torma
Cairra 6epéT Ha OKPYKHOCTU BepIIuHBI psiMoyrosibHuka ABCD u penur nyry AB toukamu Ha 10 paBHBIX 1acTeii
(3T0 BCe OyAyT TOYKM KacaHWsi CTOPOH 13-yrosibHuUKa ¢ OKpy:KHOCTbIO). Toryma 4-si cropona kacaercss B Touke A.
VYumenbiast gyry AB mouru g0 0°, Carra MoxXKeT ¢jesiarh 4-10 CTOPOHY CKOJIb yIOJAHO JuHHONW. Haobopot, pasmgsurast
ayry go 180°, Cama jieniaer 4-10 CTOPOHY CKOJIb YIOJHO OJIM3KOM K tg 18°.

[Tycrs Jlroga Hazsaga qucio we Gosibie tg 18°. Torma Cara Brurner paBHOOEIPEHHBIH OCTPOYTOJIBHBINA TPEYTOJIb-
uuk ABC' ¢ ocHoBanueM AB, u paspenut nyry AB Ha 11 paBHbIX yacreii. Torma 4-s cTopoHa KacaeTcst B JOI. TOYKE.
Cémmkast A u B, Cama nosrydaer Bce 3HadeHust Menbie 2 tg(180/11)°.

Habpocok Broporo pemtenusd. Crauaja Cama HaswiBaer uncio k = 4. Ilycrs pagnyc kpyra pagen 1. Eciau gimnna
4-it cToponbl s bosibiite 1, To Carma jiejiaeT Tak: ONMUCBIBAET PoMO, Y KOTOPOIo KacarejibHasi 60jbiie 1, HO 4yTh-4yTh
MEHbIIe Halmelr cTopoHbl. JIBa yrya sToro pomba OyiayT ocrpble, qBa — Tymbie. Jlasee, 6eper /Be coceqHne TOYKU
KaCaHWsl, COeIMHEHHbIE MEHbIIeli Jiyroil (KOHIIBI TYIOro yTIiia), U OMKMChIBACT OKOJIO Hee PABHO3BEHHYIO JIOMAHYIO 13 9
3BEHBEB, KOHIIBI €€ Ha CTOPOHAX POMOa JieXKaT TaK, ITOOBI KaK pa3 JIBE ero CTOPOHBI CTAJN PABHBI HAIEH JJIUHE S.

Eciu pnuna 4-it croponnl s Menbine wian pasha 1, Cara gesmaer Tak. PucyeT ropusoHTa bHyIO KacaTebHyIo Hal,
KpPyI'OM Tak, 9TOOBI ee cepe/inHa Obljaa HaJ| IEHTPOM, JJIMHA paBHa S. llocie 3TOro BIOpaBo MPOIO/IKAET IeBSITU3-
BEHHOI1 JIOMaHOIi, Y KOTOPOIl OIHO 3BE€HO UyTh OOJIbIIE ITOJOBUHBI JJIMHBI S, & OCTaJIbHbIE 3BEHbsl OUeHb MaJIeHbKUE,
3aTeM IIPOBOMUT eIle 3BEHO — OOJIbIIoe, U BJIEBO OT HCXOJHOW CTOPOHBI 3BEHO — OOJIBINOE, UX COEJIMHSIET HUXKHEN
rOPU30HTAJBbHON KacareybHoU. Tormaa IeBaTh 3BeHbEB MAJIEHbKHE, a [JINHA TPEX 3BEHbEB 0UEBUIHO OOJIbIIe 1.

Bamaga 6. [lyist jjoka3aresbcTBa TOrO, 9TO [a1, 42, . . ., Ay Jesurcs Ha [1,2, ..., 1), HAM JIOCTATOYHO J0KA3ATh, YTO
JIIs J1I000T0 IIPOCTOTO p M HATypaJsbHOro Kk cpeinm dmcen BUJa a; — G, rjae 1 < 1 < j < n, 4nces, Jejsiuxcs Ha ",
He MeHbIIe, YeM CpeIu 4uces Buua ¢ — j. B camom gmese, s mesaoro ducia b = by - by - ... - b, cTeneHb BXOXKIEHUsT

p B b paBHa CymMMe CTeIleHell BXOXKJeHUsl P B b;, KOTOpas B CBOIO OYepeb PaBHA CyMMe II0 BCEM HATyPaJbHBIM k
KOJIIYECTBA TaKUX b;, KOTOpble KpaTHLI pF.

Tnst kazkmoro pF pacemorpunm, mabop do, dy, . . ., ik
j mpu gesennu Ha pF (to ectb do + dy + -+ + dpr_q = n). Torma KOJMYIECTBO YHCENT CPEIH G — Gj, MEJAIIXC Ha
P, ectb $(do(do — 1) + di(dy — 1) + -+ d kg (dpe_y — 1)) = S+ + -+ d;k_l —n). Ocrajsoch JoKa3aTh,

9TO d% +d? -+ d;k_l npu pukcnpoBannoit cymme do + dy + -+ + dyk_; = N IPUHAMAET HAUMEHbIIee 3HAUCHUe

1, TJe dj — KOJIM4YeCTBO TaKUX @;, KOTOPbIE UMEIOT OCTATOK

n n
TOrJa, KOr'J/la 9TU OCTAaTKMU pacCIIpeaeJIEHbl JOCTATOYHO PaBHOMEPHO (TO €CThb BCE dz PaBHbBI UJIN |:k , WJIn - + 1),
p p

HAIIPUMED, [IPUA @; = 9. DTO HETPYIHO CIeJIaTh HAIIPUMEDP MeToJIoM 'ireBesieHnii".
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1.

Is it possible to cut a square into nine squares and colour one of them
white, three of them grey and five of them black, such that squares of
the same colour have the same size and squares of different colours will
have different sizes?

. There are forty weights: 1, 2, ..., 40 grams. Ten weights with even

masses were put on the left pan of a balance. Ten weights with odd
masses were put on the right pan of the balance. The left and the right
pans are balanced. Prove that one pan contains two weights whose
masses differ by exactly 20 grams.

. A cardboard circular disk of radius 5 centimetres is placed on the table.

While it is possible, Peter puts cardboard squares with side 5 centime-
tres outside the disk so that:

(1) one vertex of each square lies on the boundary of the disk;

(2) the squares do not overlap;

(3) each square has a common vertex with the preceding one.

Find how many squares Peter can put on the table, and prove that the
first and the last of them must also have a common vertex.

We only know that the password of a safe consists of 7 different digits.
The safe will open if we enter 7 different digits, and one of them matches
the corresponding digit of the password. Can we open this safe in less
than 7 attempts?

. A new website registered 2000 people. Each of them invited 1000 other

registered people to be their friends. Two people are considered to
be friends if and only if they have invited each other. What is the
minimum number of pairs of friends on this website?

Note: The problems are worth 3, 4, 4, 5 and 5 points respectively.

LCourtesy of Andy Liu.
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1. The diagram below shows that a 6 x 6 square can be cut into one 2 x 2
square, three 3 x 3 squares and five 1 x 1 squares.

2. Suppose to the contrary that no two weights in the same pan differ in
mass by exactly 20 grams. Then in the right pan, we must have put in
exactly one weight from each of the following ten pairs: (1,21), (3,23),
..., (19,39). The total mass in the right panis 14+34---4+ 19420k =
100 + 20k, where k is the number of times we chose the heavier weight
from a pair. This is a multiple of 4. Similarly, the total mass in the
left pan is 244+ -- -+ 20+ 20h = 110 4 20h, where h is the number of
times we chose the heavier weight from a pair. This is not a multiple
of 4. We have a contradiction as the two pans cannot possibly balance.

3. Let O be the centre of the circle, A, B and C be the points of contact
with the circle of three squares in order, and P and () be the common
vertices of these squares. Call OA, OB and OC' the root canals of the
respective squares. Then OAPB and OBQC are rhombi. Moreover,
/PBQ = 90°. Hence /AOC = 90°. This means that every two alter-
nate root canals are perpendicular. It follows that there must be 8 root
canals, and the last square must have a common vertex with the first.

P
A B 0
O C

4. In six attempts, we enter 0123456, 0234561, 0345612, 0456123, 0561234
and 0612345. Since the password uses 7 different digits, it must use at



least 3 of the digits 1, 2, 3, 4, 5 and 6. At most one of these 3 can be
in the first place. The other 2 must match one of our attempts.

. Pretend that the 2000 people are seated at a round table, evenly spaced.
Each invites the next 1000 people in clockwise order. Then only two
people who are diametrically opposite to each other become friends.
This shows that the number of pairs of friends may be as low as 1000.
Construct a directed graph with 2000 vertices representing the people.
Each vertex is incident to 1000 outgoing arcs representing the invita-
tions. The total number of arcs is 2000 x 1000. The total number of
pairs of vertices is 2000 x 1999 + 2 = 1999 x 1000. Even if every pair of
vertices is connected by an arc, we still have 2000 x 1000 — 1999 = 1000
extra arcs. These can only appear as arcs going in the opposite di-
rection to existing arcs. It follows that there must be at least 1000
reciprocal invitations, and therefore at least 1000 pairs of friends.
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1. A 7-digit passcode is called good if all digits are different. A safe has
a good passcode, and it opens if seven digits are entered and one of
the digits matches the corresponding digit of the passcode. Is there a
method of opening the safe box with an unknown passcode using less
than 7 attempts?

2. A, B, C, D, F and F are points in space such that AB is parallel
to DE, BC' is parallel to FF', CD is parallel to FA, but AB # DE.
Prove that all six points lie in the same plane.

3. Are there positive integers a, b, ¢ and d such that a® + 3 + & + d® =
1001907

4. A point is chosen on each side of a regular 2009-gon. Let S be the
area of the 2009-gon with vertices at these points. For each of the
chosen points, reflect it across the midpoint of its side. Prove that the
2009-gon with vertices at the images of these reflections also has area

S.

5. A country has two capitals and several towns. Some of them are con-
nected by roads. Some of the roads are toll roads where a fee is charged
for driving along them. It is known that any route from the south cap-
ital to the north capital contains at least ten toll roads. Prove that
all toll roads can be distributed among ten companies so that anybody
driving from the south capital to the north capital must pay each of
these companies.

Note: The problems are worth 4, 4, 4, 4 and 5 points respectively.

LCourtesy of Andy Liu.
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. In six attempts, try entering 0123456, 0234561, 0345612, 0456123,
0561234 and 0612345. Since the correct passcode uses 7 different digits,
it must use at least 3 of the digits 1, 2, 3, 4, 5 and 6. At most one of
these 3 can be in the first place. The other 2 must match one of our
attempts.

. Suppose to the contrary the six points do not all lie in the same plane.
Now B, C and D determine a plane, which we may assume to be
horizontal. Suppose that E does not lie in this plane. Since AB is
parallel to DE , A does not lie in this plane either. Since AB # DE, A
and E do not lie in the same horizontal plane. Since BC' is parallel to
EF, F lies on the same horizontal plane as E. Since C'D is parallel to
F'A, A lies on the same horizontal plane as F'. This is a contradiction.
It follows that F also lies on the horizontal plane determined by B, C
and D. Since B(C'is parallel to EF', F' also lies in this plane, and since
F A is parallel to C'D, A does also.

. For a = 105, b = 2a, ¢ = 3a and d = 4a, a® + > + S + & =
(13 +23 +33 +43)(10033)3 _ 100100’

. Let 1 be the side length of the regular 2009-gon A;As ... Ayye. For
indexing purposes, we treat 2010 as 1. For 1 < k < 2009, let By, be the
chosen point on Ay A, with Asgg = Ay, C) be the image of reflection
of Bk, and dk = AkBk Let S = d1+d2—|—‘ : ‘+d2009 and T = d1d2+d2d3+
s+ dgoogdl. Now BlBQ ce B2009 may be obtained from the regular
2009-gon by removing 2009 triangles, each with an angle equal to the
interior 6 angle of the regular 2009-gon, flanked by two sides of lengths
1 —dy and dj,1. Hence its area is equal to that of the regular 2009-gon
minus % sin 6 times (1 —dy)do+ (1 —da)ds+ - - -+ (1 —dagge)dy = S —T.
Similarly, the area of C1C5 . .. Uy is equal to that of the regular 2009-
gon minus 3 sin § times d (1—da)+da(1—ds)+- - ~+daooe(1—dy) = S—T.
Hence these two 2009-gons have the same area.

. List all possible routes from the south capital to the north capital and
index them 1, 2, 3, .... Label the first toll road on each route 1. Now
the first toll road in route £ may also be a later toll road in another
route. Label this toll road in the other route 1, modified to 1(k) to



keep track of why it is so labelled. All toll roads on a route between
two labelled 1 are also labelled 1. This may trigger further labelling
and prolong the round, but at some point, this must terminate. Now
label the first unlabelled toll road on each route 2, and so on, until all
toll roads have been labelled. We continue the modification process to
keep track of on which route a certain label first appears. Note that
along each route, the labels on the toll roads either remain the same or
increase by 1. Assign all toll roads labelled ¢ to the ¢-th company. We
claim that each route has at least one toll road labelled 10. Assume
that the highest label of a toll road on a certain route k; is less than 10.
If each label appears exactly once on this route, then it has less than
10 toll roads, which is a contradiction. Hence some label appears more
than once. Let the highest label which appears more than once be hq,
and consider the last time it appears. It must have been modified to
hy (ko) for some route ko. We now follow ko until this toll road, and
then switch to k;. This combination must be one of the listed routes,
say ks.



Now the highest label of a toll road on this route is also less than 10.
Hence some label appears more than once, and such a label must be
less than h;. Let the highest label which appears more than once be
hs, and consider the last time it appears. It must have been modified
to ha(ky) for some route ky. We now follow k4 until this toll road, and
then switch to k3. Continuing this way, we will find a route in which
every label appears exactly once, and the highest label is less than 10.
This is a contradiction.
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1 [4]

2 16]

3 [6]
4 [6]

6 [9]

Each of 10 identical jars contains some milk, up to 10 percent of its capacity. At any time,
we can tell the precise amount of milk in each jar. In a move, we may pour out an exact
amount of milk from one jar into each of the other 9 jars, the same amount in each case.
Prove that we can have the same amount of milk in each jar after at most 10 moves.

Mike has 1000 unit cubes. Each has 2 opposite red faces, 2 opposite blue faces and 2
opposite white faces. Mike assembles them into a 10 x 10 x 10 cube. Whenever two unit
cubes meet face to face, these two faces have the same colour. Prove that an entire face of
the 10 x 10 x 10 cube has the same colour.

Find all positive integers a and b such that (a + b*)(b + a®) = 2™ for some integer m.

Let ABC'D be a rhombus. P is a point on side BC' and @ is a point on side C'D such that
BP = CQ. Prove that centroid of triangle APQ lies on the segment BD.

We have N objects with weights 1, 2, ..., N grams. We wish to choose two or more of
these objects so that the total weight of the chosen objects is equal to average weight of the
remaining objects. Prove that

(a) [2] if N + 1 is a perfect square, then the task is possible;
(b) [6] if the task is possible, then N + 1 is a perfect square.

On an infinite chessboard are placed 2009 n x n cardboard pieces such that each of them
covers exactly n? cells of the chessboard. Prove that the number of cells of the chessboard
which are covered by odd numbers of cardboard pieces is at least n?.

7 [12] Anna and Ben decided to visit Archipelago with 2009 islands. Some pairs of islands are

connected by boats which run both ways. Anna and Ben are playing during the trip:

Anna chooses the first island on which they arrive by plane. Then Ben chooses the next
island which they could visit. Thereafter, the two take turns choosing an island which they
have not yet visited. When they arrive at an island which is connected only to islands they
had already visited, whoever’s turn to choose next would be the loser. Prove that Anna
could always win, regardless of the way Ben played and regardless of the way the islands
were connected.

!Courtesy of Andy Liu
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1. Pour from each jar exactly one tenth of what it initially contains into
each of the other nine jars. At the end of these ten operations, each jar
will contain one tenth of what is inside each jar initially. Since the total
amount of milk remains unchanged, each jar will contain one tenth of
the total amount of milk.

2. Assign spatial coordinates to the unit cubes, each dimension ranging
from 1 to 10. If all cubes are in the same colour orientation, there is
nothing to prove. Hence we may assume that (i, j, k) and (i + 1, j, k)
do not. Since they share a left-right face, let the common colour be
red. We may assign blue to the front-back faces of (i, 7, k). Then its
top-bottom faces are white, the front-back faces of (i+1, 7, k) are white
and the top-bottom faces of (i + 1, j, k) is blue.

Now (i,7 4+ 1, k) share a white face with (7, j, k) while (¢ + 1,5 + 1, k)
share a blue face with (i 41, j, k). Since (¢,j+1,k) and (i+ 1,7+ 1, k)
share a left-right face, the only available colour is red. It follows that
the 1 x2x 10 block with (4, 1, k) and (41, 1, k) at one end and (i, 10, k)
and (i + 1,10, k) at the other end has 1 x 10 faces left and right which
are all red.

Similarly, if we carry out the expansion vertically, we obtain a 2x10x 10
black with 10 x 10 faces left and right which are all red. Finally, if we
carry out the expansion sideways, we will have the left and right faces
of the large cube all red.

3. Suppose a = b. Then a+a* = a(a+1) is a power of 2, so that each of a
and a+ 1 is a power of 2. This is only possible if a = 1. Suppose a # b.
By symmetry, we may assume that a > b, so that a®>4+b > a+b*. Since
their product is a power of 2, each is a power of 2.

Let a> +b = 2" and a + b* = 2° with r > s. Then 25(2"° — 1) =
2 —2=a’+b—a—b*=(a—Db)(a+b—1).

Now a—b and a+b— 1 have opposite parity. Hence one of them is equal
to 2° and the other to 277* — 1. If a — b = 2° = a + b?, then -b = V?.



C

Ifa+b—1=2%=a+b% then b — 1 = b Both are contradictions.
Hence there is a unique solution a = b = 1.

. Extend AB to P’ so that BP' = BP = CQ@Q. Then BP'CQ is a
parallelogram so that P') and BC bisect each other at a point K.

Let AK intersect BD at G’ and let QG intersect AB at R’. Since K
is the midpoint of BC' its distance from BD is half the distance of C'
from BD, which is equal to the distance of A from BD. It follows that
AG' =2KG".

Since K is the midpoint of P'Q), G’ is the centroid of triangle AP'Q.
Hence QG' = 2R'G’ and R’ is the midpoint of AP'. Let R be the
midpoint of AP and let QR intersect BD at G. Then RR' is parallel
to PP’, which is in turn parallel to BD. Hence QG = 2RG so that G
is the centroid of triangle APQ).

. (a) Suppose n+1 = k? for some positive integer k. We take the lightest
k objects with total weight 1 4+ 24 --- 4+ k = k(k + 1)/2 grams. The
average weight of the remaining objects is ((k + 1) + (k* — 1))/2 =
k(k 4+ 1)/2 grams also.

(b) The total weight of the n objects is 1424 - -+n = n(n+1)/2 grams.
Let T grams be the total weight of the £ chosen objects. This is also
the average weight of the remaining n — k objects. Hence n(n+1)/2 =

T(n—k+1).



Now 2T (n—k+1)=nn+1)>n*+n—k+k=(n+k)(n—k+1),
so that 27" > n + k. If we choose the lightest k objects, then T attains
its maximum value ((k + 1) +n)/2, so that 27" < n + k + 1. It follows
that we must have 27" = n + k 4+ 1, and we must take the lightest k
objects. Then (n+k+1)/2=T =142+ ---4+k=k(k+1)/2, so0
that n + 1 = k2.

. Partition the infinite chessboard into n x n subboards by horizontal
and vertical lines n units apart. Within each subboard, assign the
coordinates (7, ) to the square at the i-th row and the j-th column,
where 1 < 4,5 < n. Whenever an n X n cardboard is placed on the
infinite chessboard, it covers n? squares all with different coordinates.
The total number of times squares with coordinates (1, 1) is covered is
2009. Since 2009 is odd, at least one of the squares with coordinates
(1,1) is covered by an odd number of cardboards. The same goes for
the other n? — 1 coordinates. Hence the total number of squares which
are covered an odd number of times is at least n?.

. We construct a graph, with the vertices representing the islands and
the edges representing connecting routes. The graph may have one or
more connected components. Since the total number of vertices is odd,
there must be a connected component with an odd number of vertices.

Anna chooses from this component the largest set of independent edges,
that is, edges no two of which have a common endpoint. She will colour
these edges red. Since the number of vertices is odd, there is at least
one vertex which is not incident with a red vertex. Anna will start the
tour there.

Suppose Ben has a move. It must take the tour to a vertex incident
with a red edge. Otherwise, Anna could have colour one more edge
red. Anna simply continues the tour by following that red edge. If Ben
continues to go to vertices incident with red edges, Anna will always
have a ready response. Suppose somehow Ben manages to get to a
vertex not incident with a red edge. Consider the tour so far. Both
the starting and the finishing vertices are not incident with red edges.
In between, the edges are alternately red and uncoloured. If Anna
interchanges the red and uncoloured edges on this tour, she could have
obtained a larger independent set of edges.



This contradiction shows that Ben could never get to a vertex not
incident with red edges, so that Anna always wins if she follows the
above strategy. (Solution of Central Jury)
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1 [4]

2 [6]

One hundred pirates played cards. When the game was over, each pirate calculated the
amount he won or lost. The pirates have a gold sand as a currency; each has enough to pay
his debt.

Gold could only change hands in the following way. Either one pirate pays an equal amount
to every other pirate, or one pirate receives the same amount from every other pirate.

Prove that after several such steps, it is possible for each winner to receive exactly what he
has won and for each loser to pay exactly what he has lost.

A non-square rectangle is cut into N rectangles of various shapes and sizes. Prove that
one can always cut each of these rectangles into two rectangles so that one can construct a
square and rectangle, each figure consisting of N pieces.

3 [7] Every edge of a tetrahedron is tangent to a given sphere. Prove that the three line segments

4 [8]

5 [8]

joining the points of tangency of the three pairs of opposite edges of the tetrahedron are
concurrent.

Denote by [n]! the product 1-11-...-11...1 (n factors in total). Prove that [n 4+ m]! is
—

divisible by [n]! x [m]!.

Let XY Z be a triangle. The convex hexagon ABCDFEF is such that AB, CD and EF
are parallel and equal to XY, YZ and ZX, respectively. Prove that area of triangle with
vertices at the midpoints of BC, DE and F'A is no less than area of triangle XY 7.

6 [10] Anna and Ben decided to visit Archipelago with 2009 islands. Some pairs of islands are

connected by boats which run both ways. Anna and Ben are playing during the trip:

Anna chooses the first island on which they arrive by plane. Then Ben chooses the next
island which they could visit. Thereafter, the two take turns choosing an island which they
have not yet visited. When they arrive at an island which is connected only to islands they
had already visited, whoever’s turn to choose next would be the loser. Prove that Anna
could always win, regardless of the way Ben played and regardless of the way the islands
were connected.

7 [11] At the entrance to a cave is a rotating round table. On top of the table are n identical

barrels, evenly spaced along its circumference. Inside each barrel is a herring either with
its head up or its head down. In a move, Ali Baba chooses from 1 to n of the barrels and
turns them upside down. Then the table spins around. When it stops, it is impossible to
tell which barrels have been turned over. The cave will open if the heads of the herrings in
all n barrels are up or are all down. Determine all values of n for which Ali Baba can open
the cave in a finite number of moves.

!Courtesy of Andy Liu
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1. A pirate who owes money is put in group A, and the others are put
in group B. Each pirate in group A puts the full amount of money he
owes into a pot, and the pot is shared equally among all 100 pirates.
For each pirate in group B, each of the 100 pirates puts 1/100-th of the
amount owed to him in a pot, and this pirate takes the pot. We claim
that all debts are then settled. Let a be the total amount of money the
pirates in group A owe, and let b be the total amount of money owed
by the pirates in group B. Clearly, a = b. Each pirate in group A pays
off his debt, takes back a/100 and then pays out another b/100. Hence
he has paid off his debt exactly. Each pirate in group B takes in a/100,
pays out b/100 and then takes inwhat is owed him. Hence the debts to
him have been settled too. (Wen-Hsien Sun)

2. Let the given rectangle R have length m and width n with m > n.
Contract the length of R by a factor of n/m, resulting in an n x n
square. For each of the N rectangle in R, the corresponding rectangle
in S has the same width but shorter length. Thus we can cut the former
into a primary piece congruent to the latter, plus a secondary piece.
Using S as a model, the N primary pieces may be assembled into an
n X n square while the N secondary pieces may be assembled into an
(n —m) x n rectangle. (Rosu Cristina, Jonathan Zung)

3. Let the points of tangency to the sphere of AB, AC, DB and DC be
K, L, M and N respectively. The line KL intersects the line BC' at
some point P not between B and C. By the converse of the undirected
version of Menelaus Theorem, since LA = AK

_BP CL AK BP CL
~ PC LA KB PC KB’
Since CL =CN, KB = MB and ND = DM,

BP CN BP CN DM

'=5c 3B~ PC ND MB




By the undirected version of Menelaus Theorem, P, M and N are
collinear. It follows that K, L, M and N are coplanar, so that KN
intersects LM . Similarly, the line joining the points of tangency to the
sphere of AD and BC' also intersects KN and LM. Since the three
lines are not coplanar, they must intersect one another at a single point.

. Define f(n) =1...1 (n 1s) and f(0) = 1 so that [0]! = 1. Define

for 0 < k <n.

We use induction on n to prove that {n] is always a positive integer

k
foralln>1. Forn=0

o] _ [0 _
o) = !
Suppose the result holds for some n > 0. Consider the next case.
[n + 1} [n+ 1]!
k [k]l[n 4+ 1 — k]!
[n]!f(n+1)
TR+ 1= A
[n]!f(n +1— k) - 10" N [n]!f (k)
[k;]'[n Elf(n+1—k) [k—=1)'ln+1— k]!

-l

Since both terms in the last line are positive integers, the induction
argument is complete. In particular, for any positive integers m and n

W;ﬂzﬁﬁﬁ

is a positive integer, so that [m + n]! is divisible by [m]![n]!. (Jonathan
Zung)



5. Denote the area of a polygon P by [P]. We first establish

Lemma 1. Let M be the midpoint of a segment AB which does not
intersect another segment CD. Then [CM D] = ([CAD] + [CBD])/2.

Proof. Really, each of three triangles have base C'D and height of tri-
angle CM D is average of the sum of the heights of triangles CAD and
CBD. [

B

D C

E

Returning to the problem, let P, () and R be the respective midpoints
of BC, DE and F'A. By the Lemma, we have

PQR] = 5(IBQRI+[CQR]) = {([BDRI+[BER]+[CDRI+[CER]) =
%([BAD]+[BFD]+[BAE]+[BFE]+[CAD]+[C’FD]+[CAE]+[CFE]).

Let I be the point such that triangle ABI is congruent to triangle
XY Z. Then BCDI and EF AI are parallelograms. Since ABCDEF
is convex, point I is inside the hexagon. Hence [XY Z] < [ABCDEF].

Note that the distance of D from AB is equal to the sum of the distances
from C and I to AB; hence, [BAD] = [BAC] + [BAI] = [BAC| +
(XY Z].

Similarly, [BAE]| = [BAF| = [XY Z]. Let J and K be the points such
that JCD and FFKE are congruent to XY Z. Then we have
[ACD] = [BCD] + [XY Z], [FCD] =[ECD| + [XY Z],
[BFE] = [AFE| 4+ [ XY Z], [CFE| = [DFE]|+ [XYZ].



It follows that [PQR] = (2[ABCDEF|+6[XY Z]) > [ XY Z]. (Central
Jury)

REMARK: The solution above makes a reasonable assumption that
triangle XY Z and hexagon ABCDFEF are in the same orientation. If
they are not then some modifications to the argument are necessary.
However, this complication is a mere detraction to an already very nice
problem.

. We construct a graph, with the vertices representing the islands and
the edges representing connecting routes. The graph may have one or
more connected components. Since the total number of vertices is odd,
there must be a connected component with an odd number of vertices.

Anna chooses from this component the largest set of independent edges,
that is, edges no two of which have a common endpoint. She will colour
these edges red. Since the number of vertices is odd, there is at least
one vertex which is not incident with a red vertex. Anna will start the
tour there.

Suppose Ben has a move. It must take the tour to a vertex incident
with a red edge. Otherwise, Anna could have colour one more edge
red. Anna simply continues the tour by following that red edge. If Ben
continues to go to vertices incident with red edges, Anna will always
have a ready response. Suppose somehow Ben manages to get to a
vertex not incident with a red edge. Consider the tour so far. Both
the starting and the finishing vertices are not incident with red edges.
In between, the edges are alternately red and uncoloured. If Anna
interchanges the red and uncoloured edges on this tour, she could have
obtained a larger independent set of edges.

This contradiction shows that Ben could never get to a vertex not
incident with red edges, so that Anna always wins if she follows the
above strategy. (Solution of Central Jury)

. ANSWER: As N =2F £ =0,1,2,...

SOLUTION Let us replace barrels by digits “0”s and “1”s arranged in a
circular way.

(i) Let N # 2F k = 0,1,2,.... Let us prove that without good luck
Ali Baba never opens the cave. We can assume that we are playing



against Ali Baba, spinning the circle, and he tells us in advance where
he going to change digits in each round, including the first one.

Assume N is odd. Let us place digits “0”s and “1”s to prevent Ali Baba
win in the first round. This means that after his first move (which we
know) there are both digits “0”s and “1”s.

Let Ali-Baba at some round select k positions. He wins at this round
if and only if these k positions coincide either with the set of all “0”s
or with the set of all “1”s. But the number of “0”s is not equal to the
number of “1”s as their sum is odd and therefore at least one of these
numbers differs from k. Then moving such digit to one of selected k
positions we prevent Ali Baba from winning at this round.

(i) The case when N is even but has an odd factor m could be reduced
to the previous one. Let us mark on the circle m equidistant positions
and forget about all others. Then using the same method as in (i) we
can prevent Ali Baba from making digits on these m position equal.

(iii) Algorithm of Ali Baba’ win for N = 2* we construct by induction.
The base of induction & = 1 is trivial. Let Ali Baba has algorithm
A,, for m barrels. Let us construct As,,,. All positions for N=2m we
split into m pairs of opposite positions . Then we establish one-to-one
correspondence between pairs for N = 2m and positions for N = m.

First, let us consider the special cases.

(a) Assume that in each pair digits are the same. Then we can apply
A,, (with pairs instead of positions). If we unlock the cave in first case
(N = m) then the cave will be unlocked in second case.

(b) Consider the parity of the sum in each pair. Assume that all parities
are the same. Let us apply algorithm A,,; if cave is unlocked then all
the parities were odd. However, changing both digits in a pair we do
not change the parity of pair, therefore, all the parities remain odd. Let
us change exactly one digit in each pair (call this operation D). Then
all the parities became even. Applying A,, one more time we unlock
the cave. Let us call this algorithm B.

(c) Consider a general case. Let us apply algorithm A, in the different
way: our goal is to make all parities equal. So, we apply A,, but this
time changing in each pair only one digit. Call this algorithm C. It



guarantees that at some step all parities will coincide. However, we
do not know when it will happen. So, we apply the following trick:
after each step of applying C' we apply B and then D. If after C' the
parities coincide then B unlocks the cave. Otherwise, BD does not
change parities, so parities after C' and CBD are the same. As C'...C

j times
makes parities equal and since CBD ...CBD makes parities eq]ual as

J t?r;les
well then CBD ...CBD CB unlocks the cave.

TV
7—1 times
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Each of six baskets contains some pears, plums and apples. The number of plums in each
basket is equal to the total number of apples in the other five baskets, and the number of
apples in each basket is equal to the total number of pears in the other five baskets. Prove
that the total number of fruit in the six baskets is a multiple of 31.

Karlsson and Lillebror are dividing a square cake. Karlsson chooses a point P of the cake
which is not on the boundary. Lillebror makes a straight cut from P to the boundary of
the cake, in any direction he chooses. Then Karlsson makes a straight cut from P to the
boundary, at a right angle to the first cut. Lillebror will get the smaller of the two pieces.
Can Karlsson prevent Lillebror from getting at least one quarter of the cake?

An angle is given in the plane, and a compass is the only available tool.

(a) Use the compass the minimum number of times to determine if the angle is acute or
obtuse.

(b) Use the compass any number of times to determine if the angle is exactly 31°.

. At a party, each person knows at least three other people. Prove that an even number of

them, at least four, can sit at a round table such that each knows both neighbours.

. On the blackboard are the squares of the first 101 positive integers. In each move, we can

replace two of them by the absolute value of their differences. After 100 moves, only one
number remains. What is the minimum value of this number?

Note: The problems are worth 3, 3, 242, 5 and 5 points respectively.

LCourtesy of Andy Liu.



1.

3.

Solution to Junior O-Level Spring 2010

In counting the total number of apples, we have counted each pear five times. Hence the
total number of apples is five times the total number of pears. Similarly, in counting the total
number of plums, we have counted each apple five times, the total number of plums is five
times the total number of apples, and twenty-five times the total number of pears. It follows
that the total number of fruit is equal to the total number of pears times 1+5425=31, and is
therefore a multiple of 31.

Lillebror can always get at least one quarter of the cake. Imagine the cake divided into
quadrants by a horizontal gridline and a vertical gridline. By symmetry, we may assume that
P is in the southwest quadrant. Then Lillebror makes a straight cut towards the northeast
corner A, intersecting the horizontal grid line at the point ). Karlsson will cut towards a
point R below the northwest corner B, so that Lillebror gets the quadrilateral ABRP. Now
the circle with AB as diameter is tangent to the horizontal grid line. Hence @ is either on
or outside this circle, so that /BQA < 90°. Since /RPA = 90°, the segments B() and RP
cannot cross, so that triangle ABQ lies entirely within the quadrilateral ABRP. However, the
area of AB() is exactly one quarter that of the square. Karlsson’s only way to keep Lillebror
from getting more than one quarter of the cake is to choose P at the centre of the cake.

B A

(a) Solution by Olga Ivrii.
Let O be the vertex of the given angle. Let P be any point on one arm of the angle other
than O. Draw a circle with centre P and radius OP. If the other arm is tangent to the
circle, then the given angle is a right angle. If the other arm intersects the circle in two
points, then the given angle is acute. If the other arm misses the circle, then the given
angle is obtuse. Hence the task can be accomplished using the compass only once.

(b) Solution by Wen-Hsien Sun.
Let O be the vertex of the given angle. Draw a circle €2 with centre O and arbitrary
radius, cutting the two arms of the angle at Aq and A; respectively. Using A;As as
radius, mark off on €2 successive points Ay, A3, ...sothat AgA; = A1 Ay = AyAz3 = ---.
Then /AgOA; = 31° if and only if Asgo = Ag but Ay # Ap for 1 < k < 359, and we have

gone around (2 exactly 31 times.

4. Construct a graph where the vertices represent the people, and two vertices are joined by an

edge if and only if the people they represent know each other. We have to show that there
exists an even cycle. We use mathematical induction on the number of vertices. The base
with four vertices is trivial since we must have a complete graph. In general, since the average
degree of each vertex is at least three, there are more edges than vertices, so that the graph
must contain a cycle C. If it is an even cycle, there is nothing further to prove. Suppose it is
an odd cycle. Select any vertex V on C. Since the degree of V' is at least three, it is incident
with an edge e not on C. We leave C from V along e and try to return to any vertex on C
without using any edge twice. There are three possibilities.



Case 1. Suppose it is impossible to return to C.

Then the removal of e will separate the graph into two components. We identify the other
endpoint of e with V', obtaining a graph with one less vertex which nevertheless satisfies the
condition that each vertex is of degree at least three. By the induction hypothesis, this graph
has an even cycle. Since the removal of V' will also separate this graph into two components,
the cycle cannot pass through V', so that it must lie entirely on one side of it. Hence the same
cycle is in the original graph before the contraction.

Case 2. Suppose we return to C for the first time at another vertex U.

Then there are three disjoint paths joining U and V', and two of them will form an even cycle.
Case 3. We always return to C at the vertex V.

This has to happen with every vertex on C, as otherwise we can leave C from a different vertex
so that either Case 1 or Case 2 applies. Hence each vertex in C is incident with at least two
edges not on C. Let d and f be the edges on C incident with V. We identify the other endpoint
of d with V' and remove f, obtaining a graph with one less vertex which nevertheless satisfies
the condition that each vertex is of degree at least three. By the induction hypothesis, the
resulting graph has an even cycle. Since the removal of V' will separate this graph into three
components, the cycle cannot pass through V', so that it must lie entirely on one of the three
pieces. Hence the same cycle is in the original graph before the contraction.

. There are 51 odd numbers and 50 even numbers on the blackboard. Each move either keeps
the number of odd numbers unchanged, or reduces it by 2. It follows that the last number
must be odd, and its minimum value is 1. The squares of four consecutive integers can
be replaced by a 4 because (n + 2)*> + (n — 1)? — (n + 1)> — n?> = 4. Hence the squares
of eight consecutive integers can be replaced by 0. Taking the squares off from the end
eight at a time, we may be left with 1, 4, 9, 16 and 25. However, the best we can get
out of these five numbers is 3. Hence we must include 36, 49, 64, 81, 100, 121, 144 and
169. The sequence of combinations may be 169 — 144 = 25, 25 — 25 = 0, 100 — 0 = 100,
100—64 =36, 36—-36 =0, 121 -0 =121, 121-81 =40, 49—-40=9, 16—-9=7, 9—7 = 2,
4—2=2and2—-1=1.
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1. Bananas, lemons and pineapples are being delivered by 2010 ships. The number of bananas
in each ship is equal to the total number of lemons in the other 2009 ships, and the number of
lemons in each ship is equal to the total number of pineapples in the other 2009 ships. Prove
that the total number of fruit being delivered is a multiple of 31.

2. Each line in the coordinate plane has the same number of common points with the parabola
y = x? and with the graph y = f(x). Prove that f(z) = 2%

3. Is it possible to cover the surface of a regular octahedron by several regular hexagons, without
gaps or overlaps?

4. Baron Miinchausen claims that a polynomial P(x) with non-negative integers as coefficients
is uniquely determined by the values of P(2) and P(P(2)). Surely the Baron is wrong, isn’t
he?

5. A segment is given on the plane. In each move, it may be rotated about either of its endpoints
in a 45° angle clockwise or counterclockwise. Is it possible that after a finite number of moves,
the segment returns to its original position except that its endpoints are interchanged?

Note: The problems are worth 3, 4, 5, 5 and 6 points respectively.

!Courtesy of Andy Liu.



Solution to Senior O-Level Spring 2010

1. In counting the total number of lemons, we have counted each pineapple 2009 times. Hence
the total number of lemons is 2009 times the total number of pineapples. Similarly, in counting
the total number of bananas, we have counted each lemon 2009 times. Hence the total number
of bananas is 2009 times the total number of lemons, and 2009 = 4036081 times the total
number of pineapples. It follows that the total number of fruit is equal to the total number
of pineapples times 1 + 2009 + 4036081 = 4038091 = 31 x 130261, and is therefore a multiple
of 31.

2. Note that f(x) is uniquely defined for all z since it is given to be a function. In any case,
since y = x? intersects each vertical line in exactly one point, so does y = f(z). Let S be the
region of the plane below y = 2?. Every point in S lies on a line which does not intersect
y = x?. Hence no point of y = f(x) can belong to S. For any real number r, consider the
line tangent to y = x* at the point (r,7?). Except for this point, the line lies entirely in S.
Since this line intersects y = f(z) at exactly one point, we must have f(r) = r2. Since r is an

arbitrary real number, f(z) = 2%

3. It is possible to accomplish the task with twelve hexagons, as shown in the diagram below.

4. Solution by Central Jury.
Let P(x) = apz™ +a;x™" ' +- - - +a,, where the coefficients are non-negative integers. Suppose
P(2) =b. Then b = ag2" + a;2" ' + -+ +a, > ag+a; + -+ + a,. It follows that we have
b > 0" Nag + ar+ @) = @b e apab o ap PO = g + D ttannibion

bxn
Then ag = LPb(f)J, where n is the largest integer for which P(b) > b". In an analogous manner,

a; = LWL and so on. It follows that P(z) is uniquely determined, and the Baron is
right!
Remark:

The values of P(2) and P(P(2)) cannot be assigned arbitrarily. Suppose we have P(2) = 13
and P(13) = 2224, the above algorithm yields n = 3, ag = |23}] =1, a; = 225 137 —
ay = [Z297] = 2 and a3 = 27 — 2 x 13 = 1. On the other hand, if P( ) =3 and P(3) =5,
weget n=1,a0=[2] =1and a; =5—3 =2, but P(z) = 2+ 2 yields P(2) = 4. This is
because the correct polynomial P(z) = 2z — 1 does not satisfy the hypothesis of the problem,
and the above algorithm cannot be applied.




5. Solution by Jonathan Zung.

Suppose the task is possible. Let the segment be of length 1. Label one of its endpoints
A and the other B. We combine consecutive moves making rotations about the same point
into one, so that the new moves alternately rotate about A and B through an angle which
is a multiple of 45°. Denote the initial positions of A and B by Ay and B, respectively. By
symmetry, we may assume that the first rotation is about B. Denote the new position of A
by A;. The next rotation is about A;. Denote the new position of B by B;. Continue until
Ap = By or B, = A for some k. We may assume that the former is the case. Then we have
a (2k — 1)-gon A1 By ... A, whose edges are all of length 1 and may intersect one another.
Each horizontal edge represents a horizontal displacement of 1 unit, while each slanting edge
represents a horizontal displacement of % unit. These are incommensurable. In going around
the perimeter of the polygon once, the net horizontal displacement is 0. Hence we must have
an even number of horizontal edges and an even number of slanting edges. Similarly, we must
also have an even number of vertical edges. Hence the total number of edges of this polygon
must be even, but a (2k — 1)-gon has an odd number of edges. This is a contradiction.
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1.

Alex has a piece of cheese. He chooses a positive number o # 1 and cut the piece into two,
in the ratio 1 : a. He can then choose any piece and cut it in the same way. Is it possible
for him to obtain, after a finite number of cuts, two piles of pieces each containing half the
original amount of cheese?

M is the midpoint of the side C'A of triangle ABC. P is some point on the side BC'. AP and

BM intersect at the point O. If BO = BP, determine %.

Along a circle are placed 999 numbers, each 1 or —1, and there is at least one of each. The
product of each block of 10 adjacent numbers along the circle is computed. Let S denote the
sum of these 999 products.

(a) What is the minimum value of S?

(b) What is the maximum value of S?

Is it possible that the sum of the digits of a positive integer n is 100 while the sum of the
digits of the number n3 is 10037

On a circular road are N horsemen, riding in the same direction, each at a different constant
speed. There is only one point along the road at which a horseman is allowed to pass another
horseman. Can they continue to ride for an arbitrarily long period if

(a) N =3;

(b) N =107

. A broken line consists of 31 segments joined end to end. It does not intersect itself, and

has distinct end points. What is the smallest number of straight lines which can contain all
segments of such a broken line?

. A number of fleas are on a 10 x 10 chessboard, each in a different cell. Every minute, a flea

jumps to the adjacent square either to the east, to the south, to the west or to the north. It
continues to jump in the same direction as long as this is possible, but reverses direction if it
has reached the edge of the chessboard. In one hour, no two fleas ever occupy the same cell.
What is the maximum number of fleas on the chessboard?

Note: The problems are worth 3, 4, 3+3, 6, 3+5, 8 and 11 points respectively.

LCourtesy of Andy Liu.



Solution to Junior A-Level Spring 2010

1. Solution by Olga Ivrii.
Let o > 1. The first cut creates the piece -2~ and ——. Then cut the larger piece into —2%—

a2

a+1 a+l° (a+1)2

2

and (af1)2' We want (ai)z = (afl)g + %ﬂ or o> =a+a+1. Solving a® —2a — 1 = 0, we
havea:Lv;lH:l:I:\/ﬁ. Since v > 0, v = /2 + 1.

2. Through M, draw a line parallel to AP, intersecting BC' at N. Since triangles CM N and
CAP are similar and AM = MC, PN = NC'. Since triangles BOP and BM N are similar
and BO = BP, OM = PN. Hence &4 = OM _ 1

pPC 2PN 2

A

B P N C

3. Since each product is equal to 1 or —1, the value of S is always odd. Let the numbers be
ai,as, ..., agg9 in cyclic order, with a,, = a,,_g99 whenever n > 999.

(a)

The minimum value of S is —997. This can be attained by having 100 copies of —1,
each adjacent pair separated by 9 copies of 1, except for one pair which is separated by
just 8 copies of 1. Every block of 10 adjacent numbers contains exactly 1 copy of —1,
the sole exception being the block with 1 copy of —1 at either end and 8 copies of 1 in
between. If —997 is not the minimum value, it would have to be —999, meaning that
all 999 products are equal to —1. Since ajas---a;g = —1 = asasz - - - a1, we must have
a1 = ay;. Similarly, a;; = ag; = -+ = aggg1. Since 10 and 999 are relatively prime, all
these 999 subscripts are different. This means that we have either 999 copies of 1 or 999
copies of —1. This is forbidden.

The maximum value of S is 995. This can be attained by having 2 adjacent copies of
—1 and 997 copies of 1. There are only two blocks of 10 adjacent numbers which contain
exactly one copy of —1 and have —1 as products. All other blocks have 1 as products.
If 995 is not the maximum value, it would have to be 997 or 999. We cannot have
999 since this means all 999 numbers are copies of 1, or all are copies of —1, which is
forbidden. Suppose it is 997, which means that exactly one block of 10 adjacent numbers
has product —1. Let ajas---a;9 = —1. Then a; = —aq; but a1 = as; = -+ = aggs1-
Since 10 and 999 are relatively prime, all these 999 subscripts are different. Hence all 999
numbers are equal except one, and there are exactly ten blocks of 10 adjacent numbers
with product —1, so that S = 979.



4. Solution by Daniel Spivak.

Let n = 10* + 10 4+ --- +10*". Then the sum of the digits of n is 100. Consider n3. It is
the sum of 100% terms each a product of three powers of 10. We claim that if two such terms
are equal, they must be products of the same three powers of 10. If 4% 4 4° +4¢ = 4% 4 4¥ 447,
where a < b < candzx <y < z < ¢, we must have z = ¢. Otherwise, evenifxr =y =2 =c—1,
we still have 3(4°71) < 4¢. Similarly, we must have y = b and = = q, justifying the claim. Now
a product of the same three powers of 10 can occur at most 3!=6 times. Hence there is no
carrying in adding these 100? terms, which means that the sum of the digits of n? is exactly
1003.

5. Solution by Jonathan Zung.
We use induction on the number n of runners. For n = 1, there is nothing to prove. Suppose
the result holds for some n > 1, each with a distinct integer speed. Let M be the least
common multiple of these speeds. If we add an (n + 1)-st runner with speed 0 at the passing
point, the result still holds. Now increase the speed of each of the n + 1 runners by M. Since
their relative speeds remain the same, the result continues to hold. In particular, it holds for
n =3 and n = 10.

6. Solution by Daniel Spivak.
We first show that 9 lines are necessary. If we only have 8 lines, they generate at most 28
points of intersection. Since the broken line can only change directions at these points, it can
have at most 29 segments. The diagram below shows a broken line with 32 segments all lying
on 9 lines. Hence 9 lines are also sufficient.



7. Solution by Peter Xie.
We claim that on each row or column, there are at most 2 fleas, so that the total number of
fleas on the board is at most 2 x 10+2 x 10 = 40. Suppose there are 3 fleas on a row or column.
By the Pigeonhole Principle, two of them must occupy cells of the same colour. These 2 fleas
must occupy the same cell well before an hour has elapsed. This justified the claim. We now
show a construction whereby there can be as many as 40 fleas on the chessboard.

e «|+
e Py ~|+
- ¥ ¥ -
N v |-
-4 b=~
- 4 } -«
b~ ar |4
b~ |4
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Is it possible to divide the lines in the plane into pairs of perpendicular lines so that every
line belongs to exactly one pair?

Alex has a piece of cheese. He chooses a positive number « and cut the piece into two, in the
ratio 1 : @. He can then choose any piece and cut it in the same way. Is it possible for him
to obtain, after a finite number of cuts, two piles of pieces each containing half the original
amount of cheese, if

(a) « is irrational;

(b) a # 1 is rational?

Can we obtain the number 2010 from the number 1 by applying any combination of the
functions sin, cos, tan, cot, arcsin, arccos, arctan and arccot?

. At a convention, each of the 5000 participants watched at least one movie. Several participants

can form a discussion group if either they had all watched the same movie, or each had watched
a movie nobody else in the group had. A single participant may also form a group. Prove
that the number of groups could always be exactly 100.

On a circular road are 33 horsemen, riding in the same direction, each at a different constant
speed. There is only one point along the road at which a horseman is allowed to pass another
horseman. Can they continue to ride for an arbitrarily long period?

A circle with centre [ is tangent to all four sides of a convex quadrilateral ABC'D. M and N
are the midpoints of AB and C'D respectively. If % = %, prove that ABC'D has a pair of
parallel sides.

. A multi-digit number is written on the blackboard. Susan puts in a number of plus signs

between some pairs of adjacent digits. The addition is performed and the process is repeated
with the sum. Prove that regardless of what number was initially on the blackboard, Susan
can always obtain a single-digit number in at most ten steps.

Note: The problems are worth 3, 242, 6, 6, 7, 8 and 9 points respectively.

LCourtesy of Andy Liu.
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1. Form families consisting of all mutually parallel lines. Put into a group two families whose
lines are perpendicular. For each group, choose an arbitrary line ¢ not parallel to either family.
Each line in a family intersects exactly one point of ¢, and each point of ¢ lies on exactly one
line in the family. Thus each point of ¢ defined one line from each family, and these two lines
form a pair. This procedure may be applied to all groups, so that every line in the plane is in
exactly one pair.

2. Solution by Central Jury.

(a) Let @ < 1. The first cut creates the piece —— and Then cut the larger piece

1+a 1+a
1+1a) Tz We want (1+a) = Tfaz tTia T 1 = a+ a(l + «). Solving

a2+20z—1—0,wehavea:% VAT — 14 /2. Since a >0, o = 2 — 1.

(b) Let a = ™ where m and n are relatively prime positive integers. In the first step, we
e - In all subsequent steps, we will cut all pieces. There is
no harm in assuming this since the two parts of a piece which is not to be cut can just
stay together Suppose the task is accomplished after k steps. Each of the 2* pieces is

% for 0 <1¢ < k, with ¢ = 0 occuring only once. Each numerator is a multiple of m

except for n*. Thus the division into two piles of equal amount is not possible.

into ira)? and

3. Solution by Zhi Qiang Liu.
If x = f’ then arctan x is an angle 6 in a right triangle with opposite side 1 and adjacent 81de
/1. By Pythagoras” Theorem, the length of the hypotenuse is v/n + 1, so that sinf = \/W'
Define f(z ) = sin(arctan ). Starting with 1 = \%, we can apply f(x) repeatedly and obtain

\/QéW = 2010 Now cot(arctan ﬁ> = 2010.

4. Solution by Zhi Qiang Liu and Cristina Rosu, independently.

We construct united groups in the first stage and diverse groups in the second stage. In the k-
th step of the first stage, we create a united group of size at least 101—Fk. This stage terminates,
perhaps even immediately, when no such groups can be formed. If this is as a result of having
nobody left, then we have formed at most 100 groups since 1 42+ ---+ 100 > 5000. We can
take individuals out of existing groups to form groups of one until we have exactly 100 groups.
Suppose after the n-th step, we cannot form a united group of size at least 101 — (n+ 1) from
the remaining participants. We proceed to the second stage. We have created n united groups,
and now we create 100 — n diverse groups. Start with any movie watched by at least one of
these participants. There are less than 100 — n of them, and they can be put into separate
groups. This will be the movie each of them has watched that nobody else in their group
would have. Take another movie watched by at least one of the remaining participants. There
are less than 100 — n of them, including some who are already in the groups. Those that are
not can now join groups not including anyone who has watched this movie. The remaining
participants can be added to the groups in an analogous manner. If some of these 100 — n
groups happen to be empty, we can take individuals out out of existing groups to form groups
of one until we have exactly 100 groups.




5. Solution by Jonathan Zung.
We use induction on the number n of runners. For n = 1, there is nothing to prove. Suppose
the result holds for some n > 1, each with a distinct integer speed. Let M be the least
common multiple of these speeds. If we add an (n + 1)-st runner with speed 0 at the passing
point, the result still holds. Now increase the speed of each of the n + 1 runners by M. Since
their relative speeds remain the same, the result continues to hold. In particular, it holds for
n = 33.

6. Solution by Jonathan Zung.
Let P, ), R and S be the points of tangency of the circle with AB, BC, CD and DA
respectively. Let /AIS = /AIP = «, /BIP = (/BIQ = B, /CIQ = /CIR = ~ and
/DIR = /DIS = 6. Then /AIB+ /CID = a+ +~v+ 06 = 180°. If LZAIB > 90°, then
/CID < 90°. The point I will be inside the circle with AB as diamter but outside the circle
with C'D as diameter. Hence % < % < %. Similarly, if ZAIB < 90°, then % > % > %.
Both contradict the hypothesis that % = %. Hence a+ g = /AIB = 90° so that @), I and
S are collinear. Since both BC' and DA are perpendicular to .S, they are parallel to each

other.

B Q (C

P
R

A S D

7. Solution by Jonathan Zung.

We use an overline to denote the concatenation of digits. Let the given number be agaras -~ a,
and the sum of the digits be S. Suppose S < 10'°. By putting a plus sign between every pair
of adjacent digits in each step, Susan obtain a number with at most 11 digits in the first step, a
number at most 99 in the second step, a number at most 18 in the third step and a single-digit
number on the fourth step. Suppose S > 10°. Define A = agaias + Gzaaas + Ggarag + - - -,
B = ag + @yazaz + azasag + aragag + - - - and C' = aga; + asazas + asagar + - --. Note that
A+ B+ C > 100S so that one of A, B and C' is greater than 10S. By symmetry, we may
assume it is B. Then there exists a positive integer ¢ such that S < 10* < B. Consider now
the following sequence of numbers.

S = ap+ar+taytaz+---,

g + araoas + ag +as + - - -,

Qo + a1ao0s + a,as50g + ary + - 5

B = ag + 10203 + Q40506 + Q70809 + * -+ - .

These numbers are increasing by steps of less than 1000. Hence one of them will be at least
10" and at most min{10* 4999, B}. This will be the first step for Susan, arriving at a number
with at most four non-zero digits. By putting a plus sign between every pair of adjacent digits
in each subsequent step, Susan obtain a number at most 36 in the second step, a number at
most 11 in the third step and a single-digit number on the fourth step.
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