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25. TYPHHUP I'PAZIOBA

lecee xono.
[ [puripemua sapujanra, 19. oxrobap 2003. rog.
8-9. paspen (maahu yspacr)

(Pesyarar ce pauyna na ocHosy Tpu' sazatka Ha KOJHMA je A06HjeHO Hajsmite noeHa)

(3 noena) Cuaxa crpasa kyrHje o6AMka naparcAonunesa ca usiugama 3, 4, 5
noaesdeHa je Ha jeauunina kpaaparihe. Moxe Au ce y csaku kpapparuh yiucary

6poj Tako na 36up Gpojesa y cakom npereny tmpuue 1, onmcanom oko Te
kyruje, 6yae 1202

. (4 noena) Y ceamoyray AAAAAAA,; amaronare AA;, AALAA,

A AsAq-AA 1 AjA, jennaxe cy mely cobom. Jujaronare AA,,
AsALAALAALANLAA,; 1 AsA, Takohe cy melyycobio jeanake. Mopa an

Ta] ceamoyrao GUTH npasuAaH?

(4 noena) 3a csaxu yeo 6poj oa nt1 a0 2n yrwyvyjyhu u 2n (rae je n

npupoaan 6poj) je opabpart weros wajochu Henapan ACAMAAL M CBI TH ACAHOUM
cy cabpann. Jlokasatu aa je Ta) 36up jeanax 1.

. (4 noena) N Tavaxa y pasuu, 04 KOJHX HHKOJC TPH HE ACKE Ha JeAHO] NpaBoj, cy

melyycobiio criojene aymuma (cpaka ca coakom). Heke aymu cy obojene upnenon,
a octaae naasom Gojom. Llpnene aymun wmne 3aTsopeny narommeny Aunmjy Ges
camonpeceyama, kao H naase. Hahu coe N 3a koje je 1o moryhe.

. (5 noena) Ha rpaun 1+N na npaux 25 noma (¢ aesa) crojn 25 merona. Mieron

ce MOMSE TOMEPHTH HA CYCEANO CAOBOAHO ACCHO TOAC HAH [PECKOMHTH CYCeAlH
weTon ca aecue crpane Ha caeache none (yxoauro je ono npasuo), nomepaise y
AcBO ftHje A03BONEHO. 3a Koje najmatbe N je moryhe cne xerone nopehari Gea

pasmaka y o6puyToM noperky?



25. TYPHHUP I'PAJOBA

Jeceme koro.
[Tpunpemua papujanra, 19. oxrobap 2003. roa.
10-11 paspen (crapuju yspacr)

(Pesyarar ce panyma 1a ocHOBY TPH 3aZaTka Ha KOJUMA je so6ujeno HajBuite 11oeHa)

1. (3 noena) 3a cwaku ueo 6poj oa ntl o 2n yxrwydyjyhu u 2n (rae je n

npupoaan 6poj) je opabpan weron Hajpehu Henapau AeAMAal # coy TH ACAHOUH
cy cabpaun. [okasatu aa je Taj s6up jeanax n'.

2. (4 noena) Koju je najmamu 6poj kpaapara 1x1 koje Tpeba naupraru aa 6u
ce nobuaa canka kpaapata seantmte 25 %25 noaenenor na 625 knaapara 1x12

3. (5 noena) I'poaasan 1 kynay umajy yrynuo 1999 py6ana y anoennma ox 1, 5,
10, 50, 100, 500 u 1000 py6ara. Mauka y yaky xourra ueroGpojan 6poj
pyGama W Kynay uMa 20BoAHO HoBya Aa je kymi. Jokasatu aa kynau Moxe
KY[HTH Madky # A0OHTH Tavyal M3HOC Kycypa.

4. Yerupn npasoyraa Tpoyraa cy KOHCTPYHCAHA BaH JCAMHHMHOI KBAaAPATa TaKo Aa
Cy HMXOBE XHMMOTeHy3se YeTHpH cTpannue ksaapara. Heka cy A, B, C, D temena
THX TpoyraoBa Hacnpam xurorenysa i nexa cy Oy, O,, O;, O, uenrpn yrucannx
kpyrosa y Te Tpoyraone. Jlokasatu pa:

(3 noewa) a) nospumua wernopoyraa ABCD mmje seha on 2.

(3 noena) 6) nospuua versopoyraa O0,0,0,0, uuje seha on 1.

5. ( 6 noena) [lamupun Terpacaap je paceuen Ay# HEKMX CROJUX MBHUA TAKO Aa ce
Moze paspuTi y pasad. [la An ce mMoxe aecHTi Aa ce Taj passoj y paBan He
mozke octBapuT 6es npekaanama (1o ject, y jeasoM caojy)?



25. TYPHUP I'PA/IOBA
Jecewe koo,
Ocunosna sapujanrta. 26. oxrobap 2003. roa.
Vo se paspo \MAAE YSPAtT)
(Peayarar co pauyna wa OCHOBY THI 3aARTKS 1A KOJUMS j¢ A0GKIena wajiue tovna )

1.

2.

»

o

i ¢

(4 noena) Cro ueanx nosurusuux Gpojesa obpasyje pacryhy apurmernuxy

nporpecujy. Mory an 6uao xoja asa oa T™HX Gpojena Gt ysajamuo npocti?

(5 noena) ¥ rpynu maaauha u aesojaxa uekn ce melycouo nosuajy, a ek we.
Zse nposopaynke 3majy K0 Kora nosuaje. Jeama npoposaymka je usjasaa; Ja
MOTY MCTOBPEMEHO OMCHWTH CBE HAABOKOCE MOMKE TAKO Aa €€ CHAKM OA by
omeHH AesojkoM kojy nosuaje.” Jpyra npomopaymka kame:” A ja mory aa
yAeCHM cyabHiy CBHX nAaBylua: caka he ce yaarn 3a nosmaror joj momxa! Taj
AMJAAOT je CAYIIAO jeflaH »YOUTey MaTeMATHKE, Na je Kasao:

"Y Tom cayuajy moryhe je yunuutu u jeano n apyro!”. Jla an je on y npany?

(5 noena) Hahure cse peae nosurusue 6pojese &, 3a koje ce mory wahu raxsmu
ueA nosurunuu 6pojesn m n n pa je m(m+k)=n(n+1).

(6 nocna) Koju je najmamon 6poj nova Koje tpeba osmaupry Ha Tabam 15 %15,
Tako Aa Aosayy (1maxoscku), nocrasyen Ha 6HAO KoJE TOME, TYHE HE Malbe 0/ ABa
osuadena noxa? (ANosay Tyue no Ase AMjaroHase Ha MMjEM HPECEKY CTOJM; AOHaLL,
NOCTABMEN Ha JCARD OZHAUCHO NIONE, TYIE W TO NOME. )

(7 noena) Jar je ksappar ABCD. Yuyrap xsappara acan rauka O. Jlokamire
aa ce 36up yraosa OAB, OBC, OCD u ODA pasauyje oa 180" aa e nuure
on 45°.

(7 noena) I'lo nospummy (cnomamnpocru) jeane wyruje (obAuka npanoyraor
npaAeAonunesa) MHAM mpan. Y rouerky o crojt Ha jeanoM Bpxy (Temeny)
napareronunesa. Ja au je umcrmna ga ce mely coum Taukama ma nompuiim
KyTHje Koje cy Ha Hajsehem pactojaiby 0f MpaBa, HAAABK TeMe HACHPAMHOT YrAa?
(Pacrojaibe mehy Taukama, npema cxsatamy MpaBa, [PeACTABAA  AYAHHY
uajkpaher nyra mely M raukama, uayhu no nospumnn napareronunesa.)

(8 noena) Wrpajy asoje. T1psn uma 1000 napuux kapruua (2.4, ..., 2000), a
apyrn 1001 wenapny (1,3, ..., 2001). Iorese syxy nanamemsrano. [lounme npen
urpav. [lores ce cacroju y cacachem: mrpay ko je Ha notesy uasraun
noKasyje jeAiHy OA CBOJHX KAPTHIA, a APYFH Hrpav, {10IITO MOTACAd TY KapTHLLY,
M3BAAYH M I0Kasyje jeamy OA CBOJMX KapTHya; OHa) Hrpay “uju je Gpo] Ha
kapThyn sehu sanucyje cebu jeaan noen, a obe rnokasane KapTHILE ce 0AAaKY Ha
crpanty. HMrpa ce 1000 noresa (u jeana xapruya Apyror urpada ocraje
nenckopthena). Ko najpehn Gpoj noena mome rapawronatin cebn chaxn wrpay
(Ma KaKo Mrpao Eros cynapHuk)?



25. TYPHUP I'PA/IOBA
Jecewe koo,
Ocuosna sapnjanra. 26. oxrobap 2003. roa.
10-11. paspen (crapuju yspacr)
(Peayarar ce patyra Ha ocHoBY TPH 3aaTKa HA KOJHMA je A0OK|CHO HAJMILE NocHa )

P

(4 nocua) Y rpynu maaanha u acsojaka weku ce melyycobuo nosmajy, a nekn we.
/lse nposopaumke 3majy ko xora nosmaje. Jeasa npososaumka je usjapura:’|a
MOTY HCTOBPEMCHO OMEHMTH CBE [MAABOKOCE MOMKE TAKO Aa €€ CBAKH OA IbiX
omenn Aepojkom kojy nosmuaje.” /Jpyra npososaymka xame:” A ja mory aa
yaecam cyabimiy ceux naasyma: chaxa he ce yaam 3a nosnaror joj momxal” Taj
AMJAAOT je CAYINAO jeAaH AYyOHTENd MaTeMaTHKe, Na je Kasao:

"Y Tom cayuajy moryhe je yuunuri u jeaso u apyrol”. Jla au je on y npany?

(4 noena) /lokamure aa ce cakn nosurusan 6poj MOMKE NMPEACTABHTH ¥ OOAHKY:
3%.2% 43" .20 4+ 3% 27
rae cy w020 o 0<vi<va<..<vy  uean Gpojesn.

(6 noena) I'lo nospummnu (cnovaunwoctn) jeamne xyruje (obGanka npasoyraor
PAACAOIIMIIEAd) MHAH MpaB. Y [OMETKY OH CTOJM Ha jeanom Bpxy (remeny)
napareronmiesa. Ja an je uctuna aa ce mehy coum Taukama ma nospuim
KyTHje Koje cy Ha najsehem pacTojaiby 04 MpaBa, HAAA3H TeMe HACTIPAMHOr yraa’
(Pacrojaibe mely taukama, npema cxsatamby MpaBna, HPEACTABAA  AVKIIY
najkpaher nyra mehy Tum taukama, wayhu no nospumnn napareronmnesa.)

. (7 noena) Jar je tpoyrao ABC. Y wemy je tauxa / npecex pucuna, / uenrap

ynucane kpysumue, O yenrap onucane kpysumue, K Tauka npeceka rermpe
ynucane kpysunge ca crpanugom BC. Bua ce aa cy oacesun 10 w BC
napareans. Joxamu aa cy w oaceuum AQ u HK napareann,

(7 noena) Hrpajy asoje. [Mpsn uma 1000 napunx kapruua (2, 4, ..., 2000), a
apyrn 1001 wenapuy (1, 3, ... 2001). [lorese syky nansmenmuno. [lowimne
npeu urpay. [lores ce cacroju y caeachem: urpay Koju je na noresy musmaaun u
NoKasyje jeAHy OA CBOJMX KapTHIA, @ APYIH HIpad, MOWTO NOFACAd TY KapTHiLy,
H3BAAYH W [lOKasyje JeAHy OA CHOJMX KApTHUA; OHa) Mrpad umjn je Opoj Ha
kaprium sehy sanucyje cebu jeaan noex, a obe nokasane KapTHUE CC OAAAKY Ha
crpany. Mirpa ce 1000 notesa (w jeama xaprapa apyror wrpava octaje
Henckopumthena). Koju najsehn 6poj noena mome rapanrosatn cebu csakm urpay
(Ma kaxo Mrpao weros cynapuik)?



25. TYPHUP I'PA/JOBA

[Tpoaehno konro.
[ Ipunpemua sapujanra, 22. pe6pyap 2004. rox.
8-9. paspen (maahu yapacr)

(Pesyatat ce pasyna na ocHony Tpi safaTka na Kojuma je AoGujeno Hajauie noena)

1. (3 noena). Y tpoyray ABC cumerpara yraa A, cumetpaara crpanuue AB
H BHCHHA K3 Temena B cexy ce y jeanoj Tauku. Jokaxure ga ce cumerpara
yraa A, cumerpasa crpane AC u sucuna ua tauke C Takohe ceky y jeano)
TAUKH.

2. (3 noena). Hahu cne npupoase 6pojese n 3a koje ce mory nahu n ysa-
CTONMHUX NMPHPOAHKHX OpojeBa wuju je 36up npoct 6po).

3. a) (3 noena). Mimamo tpn jeanaxe seanke nocyze. Y jeanoj ce narasm
3/ cupyna, y apyrom 20 / oge, a tpeha je npasuna. Jossoneno je cunatm
M3 jeAHe MOCYAe CBY TEHHOCT y APYry HOCYAY MAH, MaK, MPOCYTH CBY
teynoct (unp. y rapa6o). Takohe je aoasoneno oxabpatn ase nocyae u ao-
AHBaTH y JeAHY OA IHX TednocT U3 Tpehe cBe A0K ce HUBOM TedHOCTH y OAa-
6panum nocyaama He usjeanaqe. Kaxo ce mome a06utn 10 anrapa 30-npo-
LeHTHOr CHpyna?

6) (2 noena). Mcro nurame, aan ako caaa umamo N autapa soge. 3a koje
ueaobpojuo N je moryhe aoGuru 10 anrapa 30-npouentior cupyna?

4. (5 noena). ['lpupoanom 6pojy a>1 ponucan (npunmcan) je uctu taj 6poj u

nobujen je 6poj b koju je renus ca a*. Halure -b . (I'Tponahure cue oa-
o

roBope H AOKAMHTE Aa APYTHX Hema).

5. (6 noena). /Ba acceroundpena Gpoja sosemo “cyceanum’ axo ce onn
PA3AMKY]y CaMO Y JEAHO] LMpn Ha HeKo] Aekaano) nosuumin. Ha npumep,
6pojesun 1234567890 n 1234507890 cy "cyceann”. Koauxo je najpume
moryhe nanucati aeceroungpennx Gpojea Tako aa mehy wuma Hema
Hujeasor napa “cyceanux” 6pojesa?d



25. TYPHHUP IT'PA/IOBA

[ Ipoaehno kono.
[ Ipunpemua Bapujaura, 22. pabpyap 2004. roa.
10—11 paspen (crapuju yspacr)

(Pesyarar ce pavyna na ocnoBy Tpu sajatka Ha KojUMa je fobHjCHO HajaHlle MOcHa)

1. (4 noena). Ayxu AB, BC u CD wuarommene aunnje ABCD cy jeanake no
AYAHHK H AORKPY[Y Heky Kpymusiy ca wewtpom . Jokamure xa radxa
Aoaupa Te Kpymuuue ca ayxu BC, rauka O u tauxa npecexa npasux AC u
BD aexe na jeanoj npagoj.

2. (4 noena). ['pupoasom 6pojy a>1 aonncan (npumacan) je ucty Taj 6poj u

b

aobujent je 6poj b koju je aexms ca a*. Halure = . (Haseaure cse oaro-
a

BOpE M JIOKaXKHTE fa APYTHX Hema).

3. (4 noena). O6um kousexcuor yetnopoyraa je 2004, a jeana oa aujaroxara

je 1001, Mozxke au apyra anjaronara 6y jeanaka 12 Jeanaka 22 Jeanaxa
10012

4. (5 noena). INoanato je aa ce melyy wranosuma Heke apurseTHuke nporpe-
cHje dy, Ay, Ay, dy, ... HaAase OpojeBH alz. azz. u;z. Jloxaxure aa cy
YAAHOBH Te [1POrpecHje UeAn GpojesH.

5. (5 noena). Jpa accetoundpena Gpoja 3omemo ‘cyceanum’ ako ce OH
PasAMKY]Jy y CaMo jeAHO] WH(pH Ha Heko] Aekaano] nosuumju. [Ha npumep,
6pojesn 1234567890 u 1234507890 cy "cyceanu”. Koauko je wajsuime
moryhe manucati aeceroumgpennx Gpojesa Tako aa mely uma mema Hu-
jeanor napa "cyceanux” 6pojena?



25. TYPHHUP I'PAZJOBA

[ Ipoaehuo kono.
Ocuonna sapujaura, 29. gpe6pyap 2004. roa.
8-9. paspen (mrahu yspacr)
(Pesyarar ce pauyna Ha oCHOBY TP 3aaTKa Ha KOJMMa je A0BHCHO HaJHIIe NoeHA)
(4 nocua). Konauan apurmeriaku nua (nporpecuja) cacroju ce us geanx 6pojesa, a

iberosa cyMa je crenen asojke. Jokanore aa je 6poj waanosa Tora 1msa raxohe
crenen ABojKe.

(5 noena). Koauxn maxcumaran 6poj merona momemo nopehart na taban 8x8 raxo
Aa csaku Gyze na ypapy? (Axo noma maxoscke tabae X, ¥, Z croje jeano Ao apyror
Ha AMJArOMaAM, :KeETOH d CTOJH Ha NOMY X, eToH b Ha nory Y u nore 2 je
caoboano, Taaa je xeron b noa yaapom.)

. (5 noena). Kypc axumja komnanmje "Poronn u xonura” nosehasa ce man

Naja CBAKH NMYT 3a M npoyenarta, rae je 21 gpukcupann geo 6poj, 0<n<100
(kypc ce pauyna ca neorpanuenom taunouthy). [locroju an rakno 1 3a xoje
Kype akymja moxke asa nyta yseru (umarti) mery speamoct?

(6 noena). Jlse xpymunue cexy ce y taukama A u B, Fouxosa sajepmmmuka ranrenta
(oma koja je 6Gamka rauxkn B) noanpyje kpymumnue y taukama £ u /- [pasa AB
ceqe npany EF y tauxkn M. Ha npoaymersy AM usa rauxe M nsaGpana je tauka K
taxo aa je KM=MA. llpasa KE no apyru nyr cede kpysuuiy, Kojoj npunaza
tauxa E, y rauxn C. [lpasa KF no apyru nyr ceve xpysumiy, Kojoj npunaga tauxa
F, y raukn D. [loxamure ga rauxe C, D u A aexe ua ueroj npanoj.

. (6 noena). Mmamo 6uamjapeku cro y 06auky muoroyraa (ne mopa Gy xonsexcan)

KOA KOTA CY Ma KOj¢ ABC CYCeAHE CTPAHHIE HOPMAAHE JeAHa Ha Apyry. Y TemeHuMa
ce HaAase Taukacre pyne y koje aonruya, kaa vy aohe, nponaza. Ms remena A ¢
yuyrpambiy yraom 90° noaasu raukacra ronriyga u kpehe ce yuyrap muoroyraa,
oabujajyhit ce oa ieronux cTpannia 1o sakony yHafHK yrao jeAHaK je yray
onbmjama’. Jlokasati pa ce ona nukaza nehe sparuru y tauky A.

. (7 noena). Y nouerxy je na taban nanucan 6poj 2004! (2004 gpaxropujea, 7o jecr

6poj 123 ...-2004). Asa urpaua urpajy nausmennano. Mrpau koju je na peay
("na noresy”) oa manmcanor 6poja oaysuMa HeKH npHpoAaK 6poj KO je AcrHHB Ca
ne puime o 20 pasamunrux npoctux 6pojena (aru Tako aa pasauka Gyae
HeHEraTHBHa ), 3anucyje Ha TabGARr Ty pasauky, a crapu 6po) 6puue. [lobehyje ona)
urpay ko ao6uje 0. Koju oa urpava, onaj Koju 10MHIbe HAK 110 IPOTHBHHK,
moxe cebn obesbeautn nobeny 1 kako on Tpeba aa urpa?



25. TYPHHP T'PA/IOBA

[ Iporehno koxro.
Ocnosua Bapujanra, 29. gpebpyap 2004. roaume.
10—-11 paspea (crapuju yspacr)

(Pesyarar ce pauyna Ha OCHOBY TPM 3aJaTKa Ha KOJHMa je A0OMjeHO HajBHIe TIOEHA )

1. (4 noena). Kypc axumja xommanuje "Poross u xommra” nosehasa ce mam nana
CBaKH MyT 3a N npoueHara, rae je n ¢uxcupaann peo 6poj, 0<n<100 (xypc ce
pauyna ca neorpanmyesom taunowhy). Ilocroju an takso n 3a xoje kypc axymja
Mozke /Ba fyTa ysetd (MMaTH) MCTY BpeaHoCT?

2. (6 noena). Mimamo 6uamjapckn cro y o6auKy muoroyraa (me mopa GHTH KoHBex-
can) KOA KOra CBaKM yrao uMa yeo 6poj crenenn, a yrao A uma tauno 1 crenen. Y
TEMCHHMA Ce HAAase TayKacTe pyne y Koje Aonruya, xaa 1y aohe, nponaza. Ma
temena A noaasu Taukacra Aonruua u kpehe ce ymyrap mmoroyraa, oabujajyhu ce
O/ HErOBMX CTPAHMUA MO 3aKOHY 'yNagHW yrao jeamak je yray oabujamba’.
ZJokasatu aa ce ona uuxana nehe spatur y rauxy A.

3. (6 noena). Ilpapoyraona npojexuuja TpocTpae MHUPaMHAE Ha HeKy paBaH HMa
makcumarno moryhy nospumny./lokaxure aa je Ta paBam napareAHa HAM jeaHo] oA
CTpaHa MHPAMHAC, HAH ABEMAa MHMOMAASHHM HBHLIAMA TTHPAMHAC,

4. (6 noena). Y noverky je na taban wanmcan 6poj 2004! (2004 paxropujea, To ject
6poj 1:2 -3 .. -2004). [sa urpaua urpajy nausmenwano. Mrpau koju je na peay
("ua noresy") oa manmucanor Gpoja oaysuma Hexu npupoaan 6poj KojH je AexHB ca
ne sume o 20 pasamamrux npocrux 6pojesa (aam Taxko aa pasamka Gyae Hewera-
THBHa), 3anucyje Ha TabAM Ty pasauky, a crapu Gpoj 6puwe. [lobehyje onaj nurpau
ko nobuje 0. Koju oa urpaua, oHaj KojH NMOMMIbE MAH IErOB NPOTHBHHK, MOXE
cebn obesbeanty nobeay H kako on Tpeba aa urpa?

5. (7 noena). Y pasuu cy aati napabora y = X u KPYXHHIIA, TAKO Aa HMajy Ta4yHO ABE
saajerike Tauxe: A u B. [lokasaro ce aa ce ranrenre na xpymunyy u napaboay y
taukn A nokaanajy. Jla au he ce obasesmwo rtaxohe noxaonuTH u Tamrenre ua

KpyXHULY ¥ napaboay y Tauku B?

6. [pea mahuonnuapa ce cranva mmua oa 36 kapara raxo aa um je noaehuna rope.
On xamxe Gojy kapre na Bpxy (jeany oA HeTHpH: IHK, Kapo, Xepy HAH Tped), 1ocae
yera ce Kapra orBapa, roxasyje u crasnxa Ha crpany. [ locae Tora mahuonmuap xame
6ojy caeache kapre, ura. 3anarax mahmonmuapa je aa noroan Gojy wro je moryhe
sume myta. Crsapuo noaehune kapara HHCy cHMeTpHuHE M HIDA¥ BHAH Y KOM OA
ABa noAoxaja Aexu Kapra Ha spxy. [Llmua je npunpemuo noamuhenn (noanaahenn)
caymbennk. Caymbenuk 3Ha nopesak Kaparta y UIITHAY H, HAKO ra He Mome
npoMenutH, unak moxe aowanuytd  (nomohu) mahmonmuapy, mamewrrajyhu
norehune xapara osako MAM oWaxo, caraacHo porosopy. Mome an mahuonnuap,
saaxsanryjyhu taksoj nomohu, rapantosano obesbeaury norahamwe 6oje:

a) (3 noena) xoa sume oA NoAoBHHe Kapata?
6) (5 noena) xoa ne mame oa 20 xapara?



25-1 Mexxknynapoanbliii matemMaTudeckuid Typuup ropoaos
2003/04 yueOHbBIN 1o/
Pemienus 3axaq

Becennuui Typ

TpennpoBo4HbIi BapuaHT, 8-9 Kiacchl

1.1. [3] B tpeyroabpauke ABC Ouccektpuca yrina A, cepeIMHHbII MepreHauKyIsip K ctopone AB
U BBICOTA, ONYUIEHHas M3 BepuwuHbl B, nepecekarorcst B oxHoll Touke. JlokasaTb, 4TO
Ouccextpuca yria A, cepenuHHblii nepnenaukyisip k AC u BeicoTa, onmymeHHas u3 C, Takxe
nepecekaroTcs B ojHou Touke. (/7. Koowcesnuros)

Pemenue: Ilycts BK — Boicota, M — cepeauna AB. 13 ycioBus AK = AM = ,AB = /A=
60°. OcTamoch 00paTUTh PACCYNKACHUE CO CMEHOM 0003HAUCHUH.

1.2. [3] Haiiti Bce HaTypasibHbIC N, Ui KOTOPBIX HAWIyTCs N MIYIIMX MOAPS HATypabHBIX
qrces, CyMMa KOTOPBIX MpocToe uucio. (1.1 arenepun)

Pemenue: N =1, 2. Hanpumep, 2 +3 =5. Ecau N> 2, 1O mpu HEYETHOM N yKa3aHHAs CyMMa
JIeTUTCS Ha N, a IPY YETHOM — Ha aj + a@,, MpuYeM B 000UX CiIydask yacTHoe Oosibie 1.

1.3. B cocyne A — 3 11 cupomna, B cocyne B — n 1 Boxbl, cocyn C mycr. Paspermarotcst ciieayromniie
orepanuu (B J1000M KOJIMYECTBE U MOPSIKE):

BBUIMTH BCHO JKUKOCTD U3 JIIDOOTO COCYy/la B PAKOBUHY WJIM JIPYTOM COCY;

MEPETUTh YacTh KUIKOCTH M3 OJHOTO COCyJa BO BTOPOW TaK, YTOOBI OOBEMBI KHUAKOCTH BO
BTOPOM U TPETHEM (HE YIaCTBYIOIIEM B ONIEPAIIMH) COCYIaX CPABHSIIHCE.
Tpebyetcs momyunts 10 1 pazdaBiaeHHOro 30-IPOLIEHTHOTO CUpOTIA.

a) [3] Jokazatp, 4To 3TO MOXHO caenath npu N = 20.

0) [2] HaiiTu Bce 1iembie N, IPH KOTOPBIX 3TO BO3MOXKHO. (A.lllanosanos)

Pemenne:

a) Ilepensem u3 B B C 3 11 Boap! 1 BeutheM e€ (13 C) B pakOBHHY; TIOBTOPUM ATy OIIEPALIUIO
HECKOJIbKO pa3, oka B B He octaHeTcs 5 11 BOJBI, MpUYeM B TIOCIIETHIH pa3 nepenbeM Boay u3 C
He B pakoBuHY , a B A. Terieps B A — 6 11 50% cupomna, a C cHoBa mycrt. [lepensem 5 1 u3 A B C.
Teneps MoxHO mepenuTh 4 71 Bonbl U3 B B A, a octaBmuiics B B nuTp BBUINTH B PaKOBUHY.
Ocraiock BepHYTh 5 11 cMecu u3 C B 4, Tiie oopasyercs 10 i1 30% cuporna.

0) Bce nekparnble 3 uncna, Oonbiine 6. 3aMeTUM, YTO YKa3aHHBIM B a) alrOPUTM TOJUTCS
it Bcex N =2 (mod 3). Eciu n =1 (mod 3), to amropurm eme npoine: ¢ momoripio C
BBUIMBAEM U3 B 110 3 11 B paKOBUHY, [TI0KA B B HE OCTaHETCs 7 JI; ITOCJIE YEr0 MEPEINBAEM UX B 4.

Ecnm xe n kpatHo 3, TO B Hauaje 00beM KUIKOCTH B KaKIOM cocy/e KpaTeH 3. PasperneH-
HBIE OINEpallMi HE MOTYT UCIOPTUTH 3TO CBOWCTBO, OATOMY MONy4uTh 10 J1 kKMIKOCTH (HE3aBU-
CHUMO OT €€ COCTaBa) B OJJHOM COCY/I€ HEBO3MOKHO.

1.4. [5] K HarypansHOMY YHCIy @ > | TpHITHCAIN 3TO e YUCIIO U MOIYIHUIN YUCiIo b, KpaTHOE

. b
a°. HaiiTu Bce BO3MOXHBIE 3HAYCHNS YNCIIA — . (4.Bozoanos)
a



b (10"+Da 10" +1

5 5 Slcno, uto a # 1On_1,

Pemenne: Ecau yucio a N-3Ha4HO, TO

a a a
10" +1 n
3HaunT, 1 < —— < 10. Yucmo 10" + 1 (a Tem OGosiee, 4aCTHOE) HE JASIUTCS HU Ha 2, HA HA 3
a
(cymma 1udp paBHa 2), HU Ha S5, TOITOMY €IUHCTBEHHOE BO3MOXKHOE 4acTHoe — 7. Takoe
1001
YaCTHOE MOYKHO MOJyYUTh, HAIIpUMep, pu a = 143 = —~

1.5. [6] [Ba 10-3Ha4HBIX YKCIa HA30BEM COCEIHUMHM, €CJIM OHH PA3JIHYAOTCS TOJBKO OTHOMN
nupoi B KakoM-TO U3 pa3psanoB. Kakoe HanbompIee KOJINYECTBO JECATUZHAYHBIX YHCET MOK-
HO BBINIKCATh TaK, YTOObI HUKAKHE JBa U3 HUX He Obuin cocenuumu? (/. Karunun)

Pemenne: 9-10%. Paccmorpum Ha MHOxecTBe 10-3HauHBIX wmcen oToGpakeHue f, xoropoe
YBEJIMUUBACT MOCJICIHIOW IM(py Ha 1, a eciu oHa paBHA 9, 3aMEHSET ¢ HyJieM. 3aMETUM, YTO
eclii MHOXecTBO M xopoutee (T.e. COCTOUT U3 MOMAPHO HE COCETHHUX YHCEN), TO U MHOXECTBA
M, f(M), f AM) = f(f(M)), ..., f O(M) xopomme. Bosee TOro, 5TH MHOXKECTBA TONAPHO HE
HIePECEKAIOTCS, TIOCKOJIBKY ' epeBOAUT KaXKI0€ YHCIIO B COCEIHEE.

IT05TOMy XOpOILIIEe MHOXECTBO HE MOXKET COIepKaTh bomee /1o Kommdecta Beex 10-3Hau-
HBIX 4YHcen (a ux 9-109). C npyroii cTOpoHBI, €clii B KauecTBe B3ATb M MHOXXECTBO BCeX
10-3HauHbIX yKcen ¢ cymmoi 1udp, kpatHoi 10 (0HO, OYEBHAHO, XOpoIlee), TO MHOKecTBa M,
f(M), ..., f ©(M) conepxar Bee 10-3HaunbBIe uncaa. CleL0BATEIbHO, KAXK/I0E U3 HUX COCTOMT U3
9-10° semeHTOB.

TpenupoBouHblii BapuanTt, 10-11 kiaaccel

2.1. [4] 3Benbst AB, BC u CD nomanoii ABCD paBHBI 110 JJTHHE M KacarTCsl HEKOTOPOH OKPYX-
HocTH ¢ nieHTpoM O. JI/4 Touka K kacaHus 3Toil okpyxkHOCTH co 3BeHOM BC, Touka O u Touka
nepeceuyenust npsmbix AC u BD nexar Ha ogHol nipsimoit. (M. Makapog)

Pemienne: BO — Ouccexktpuca paBHoOenpennoro Tp-ka ABC = BO L AC. Ananoruyno CO
1 BD. Takum o6pazom, npsimeie CA, BD u OK — BeicoTs! Tp-ka BOC.

2.2.[4] Cm. 1.4.

2.3. [4] llepumeTp Bhimykioro 4-yronpHuka pased 2004, onqHa u3 auaronaneit pasHa 1001. Mo-
KeT Jiu 2-s1 AuaroHayb ObITh paBHa a) 1; 6) 2; B) 1001? (A.Toanwieo)

Peienue:

a) Her. 13 HepaBeHCTBa Tp-Ka JETKO CIEAyeT, YTO CyMMa JUaroHaiei OoJblle Moyrnepu-
MeTpa.

0) la. Paccmorpum nenprouna ¢ auaroHansmu JuiuHbel 1001 u 2. [Ipu nBu>kKeHUM MEHbIIEH
JUaroOHaIX BJOJIb OOJIBIIEH OT €€ KOHIIA K CeperHEe MeePUMETP MEHSIETCS OT

2 + 2¢/1001° +1 > 2004 mo 2v1001° +4 < 2004. ITo>ToMy IpU HEKOTOPOM MONOKEHHUM JHa-
roHaiau nepumetp paseH 2004.
B) Jla. PaccmoTpuM mpsMOyroiasHHK ¢ auaroHamsmu juaHel 1001. Tlpu u3MeHeHuu yria

Mexay auaroHaisiMu ot 0° 1o 90° nepumerp uzmensiercs ot 2002 1o 2002+/2 > 2004. Tlosto-
My HalJeTcs yrod, Ipu KOTOpoMm nepuMeTtp paseH 2004.



2.4. [5] U3BecTHO, YTO Cpeay WICHOB HEKOTOPOI apu(METHUCCKON MPOrPECCHHU a1, 8, a3, a4, ...

€CTh Yucia af ) a22 u a32 . JI/4 9Ta mporpeccust COCTOMT U3 HEIbIX uncel. (4. bvicmpukos)
2 2
a, - q

Pemenue: a3 —ay = ay —a; =d — pa3HOCTh IIporpeccuu. a; + ap = H a +az =

a; —a,
d

Oymer uncio 2a; = (a; + a2) — d. Hrak, Bo3MOKHBI 3 ciaydas: a; 1 d (a 3HAYUT, U BCE UICHBI
nporpeccun) — 1enslie; d — nenoe, a; — noayuenoe; d — nojayuenoe, a; — Apobdb CO 3HAMEHATEIEM

2 13 2
4. HosB MOCIICAHUX ABYX ClIydadax 8.1 —d; —HE KpaTHO d

— medble yucna = az — a; = 2d — menoe, a d — 1emoe win nonymenaoe. TakuM ke

2.5.[5] Cm. 1.5.

OcHoBHoO BapuaHT, 9-10 Ki1accel

3.1. [4] Koneunas apupmeTruecKasi pOrpeccusi COCTOMT M3 ICNIBIX YHCEN, U €€ CyMMa — CTe-
MEHb ABOMKH. JJOKaXHUTE, YTO KOJTUYECTBO YIEHOB MPOTPECCUU — TOKE CTENIEHb IBOMKH.
Yka3zanue: YABOECHHAsI CyMMa IPOTPECCUH JIEJIUTCS HA KOJMYECTBO YJICHOB.

3.2. [5] Kakoe MakcuMalibHOE YHKCIIO IHAIIEK MOYKHO PACCTaBHTh Ha JOCKE 8x8 Tak, 4TOOBI Kax-
nast 6eu1a o 6oem? (Ecnu most X, Y, Z cTOSAT OHO 3a IPYTHIM TIO JIMArOHAJIH, IIIAITKa 8 CTOHT
Ha X, b —Ha Y, u mose Z cB0OO1HO, TO marika b mox 6oem).

Pemenue: Oter 32. Illamku, Oo4YeBUIHO, HENIB3S CTABHTh HAa TpaHWUYHBIC MO (a ux 28).
Pa3o0rem ocTaBmniica kBagpar 6x6 Ha 4 kBajapaTa 3x3. B KaK0M U3 3TUX KBaJIpaTOB JOJIKHO
OBITH XOTsI OBl OJIHO CBOOOJHOE TOJie (MHAYe IIAIIKa, CTOAIIAs B €ro IIEHTpPe, HE aTaKOBaHA).
HTtoro, momkHBI OBITH CBOOOIHEI HE MeHee 32 mOojeH.

32 mamky paccTaBUTh MOXKHO: HalpUMeEp, OCTaBUB CBOOOJHBIMHU BCE IPAHUYHBIE U 4 LEHT-
paJbHBIX MOJIS.

3.3. [5] Kypc akmuit kommanuu “Pora u KOmbITa” MOBBIIIACTCS MK TMOHUKACTCS KaXKIbIi pa3 Ha
N IpOIEHTOB, TAe N — ¢ukcupoBaHHoe 1enoe ynciao, 0 < n < 100 (xypc BbUMCIAETCS C HE-
OTrpaHMYEHHOM TOYHOCTHIO). CyllecTBYeT I N, A1 KOTOPOro KypC aKIMi MOXET JBaX/bl IPH-
HATH OJHO U TO K€ 3HaYeHue?

Pemenne: otset: «HeT». Ecim 310 ponsonwio nocie K moBsiieHuii U | moHwkeHwid, T0

(100 + n)k(100 — n)I =100, Oxun u3 MHOXHTENEH B NeBOit yacT weTen = N wetHo. 1o Toi
Ke IpUYmMHe N KpatHo 5 = N = 10m. Iloacrasmss, noxyanm (10 + m)*(10 — m)' = 10,
AHaJOrM4HO J10Ka3biBaeM, 4To M kpatHo 10 = n nenurcs Ha 100. [IpotuBopeune.

3.4.[6] 2 okpyxHocTH TepecekaroTcs B Toukax A u B. Mx oOmias kacarenpHas (Ta, KOTOpast
onmxe k Touke B) kacaercs okpyxkHoctelt B Toukax E u F. [Ipsmas AB nepecekaer npsmyro EF
B Touke M. Ha nponomxenun AM 3a Touky M BeiOpana Touka K tak, uto KM = MA. Tlpsmas
KE BTOpHYHO mepecekaeT OKpyXHOCTh, copepkantyto Touky E, B Touke C. [Ipsmas KF BTopmu-
HO TepeceKaeT OKPYKHOCTb, cojepxkalryto Touky F, B Touke D. Jloka3zate uto Touku C, D u A
JIeXKaT Ha OJHOM MPSMOM.

Pemenne: ME> = MB-MA = MF? = ME =MF = ME-MF=MB-MA=MB-MK = 4-
yronpHUK BEKF BrimcanHsrii.
ZBAC + ZBAD = ZBEK + Z/BFK =180° = Touku C, D u A nexxar Ha 0THOH TIPSIMOA.
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3.5. [6] UmeeTcs OMumMapaHblii CTOJI B BHJE MHOTOYTOJIbHUKA (HE 0013aTEIBHO BBIYKIIOTO), Y
KOTOPOTO KaXKJ[ble COCEIIHUE CTOPOHBI MEPICHINKYIISIPHBI APYT Ipyry. B BepiimHax HaXOmsTCs
TOYEYHBIC JTy3bl, ITOTIaB B KOTOPBIE MIAPHK TpoBauBaeTcs. M3 BepmuHbl A ¢ BHYTPESHHUM YTIIOM
90° BBUIETACT TOYCUYHBIH IIAPHUK M IBUKETCS BHYTPU MHOTOYTOJIbHHUKA, OTPAKASICh OT CTOPOH I10
3aKOHY “‘yroJjl maJIeHUsl paBeH YIiIy oTpakeHus . Jloka3aTh, 4TO OH HUKOTJa HE BEPHETCS B BEp-
muHy A.

Pemenne: Ecnu map BpuieTaeT “Bmosib OOpTa”, TO OH CBajguBaeTcs B Oimkaimryro Jy3y. B
MIPOTUBHOM CJIydae yroj MeX1y (UKCUPOBAHHON CTOPOHOM M OTpe3KaMH IMyTH Iapa MOCTOSHEH
(oH He MeHseTcs npHu oTpaxkeHUsx). CyliecTByeT JUIb OJAWH JIy4 “BHYTpU~ CTOJA C TaKHM
HAIpPaBJIEHUEM UM BEPIIMHONM B A = mIap MOr BepHYTbCA B A TOJIBKO IO TOU K€ MPSIMOH, 110
KOTOpOW BbUIETEN, T.€. B 3TOM ciydae 1-i M mocleAHMi OTpEe3KH MyTH mapa coBmaaarT. Ho
Torga 2-i W TPeNnociHeAHHM OTPE3KH TakXe CoBMaaaroT... MTak, myTh miapa COCTOMT H3
YeTHOr0 4ucia OTpe3koB. Ho B HyXHOM [Uisi BO3BpaTa HaIpaBJICHUU IIap JBUTaeTCcs Ha
He4deTHBIX oTpe3kax. [IpoTuBopeune.

3.6. [7] ITepBonauansHo Ha HOCKe HamucaHo yrciao 2004!. 2 urpoka xoaaT mo oyepeau. Urpok B
CBOI XOJl BRIYUTAET U3 HATMCAHHOTO YKCJa KaKoe-HUOYIb HAaTypalbHOE YUCIO, KOTOPOE UMEET
He Oornee 20 MpOCTHIX JAenuTesel (Tak, 4ToObl pa3HOCTh Obljla HEOTPHIIATEIbHA), 3aIChIBACT HA
JIOCKE 3Ty pPa3HOCTh, a CTApO€ YHUCIO CTHpaeT. BemmrpeiBaer TOT, KTO momy4yut 0. Kto us
UTPAIOLINX — HAUMHAIOLIUHN, WIK €r0 COMEePHUK, — MOXET TapaHTHpOBaTh cede moberdy, U Kak
eMy ClIelyeT UrpaTh?

Pemenne: 2-ii. [lycts P — nmpousBenenue 21 HauMeHbIIMX NpocThiX uncen. 2004! nenutcs Ha P.
1-i1 He MOKeT BbIUECTh YMCIIO, KpaTHOE P, M03TOMy HOCE ero X0/1a OCTaHeTCsl YUCIIO0, Jarolee
IpHU JIelIeHud Ha P HeHyleBoi OCTaTok I. 2-i BBIYMTAET 3TOT OCTATOK (J1t000€ YUCI0, UMEIoIIee
6onee 20 mpocThIX aenutenei, > P, mo3ToMy I' HE TaKOBO) M, TEM CaMbIM, CHOBA OCTaBJISET Ha
JocKe uucno, kpatHoe P. Jlamee OH MOBTOpSET 3Ty K€ CTpAaTeruio. 1-ii He MOXKET BBIUTPATh:
I0CJIE KaX/10T0 €ro X0/1a Ha JIOCKE OCTaeTcs YMcio, He KpaTHoe P, TeM Ooiiee, He paBHOE HYIIIO.

OcHoBHOM BapuaHTt, 11-12 kiaaccel
4.1.[4] Cm. 3.3.

4.2. [6] UmeeTcs OMumMapaHblidi CTOJT B BHJIE MHOTOYTOJIbHUKA (HE 00S3aTEIBLHO BBIMTYKIIOTO), Y
KOTOPOTO BCE YIJIbI COCTABJISIOT 1[EJI0€ YKCIIO TPaaycoB, a yroi A — B TouHocTH 1°. B BepmmHax
HAXOJSATCSl TOUEUHBIE JIy3bl, II0NIaB B KOTOPBIE IApUK IpoBaiuBaeTcs. V3 BepmuHbl A BbIIeTaeT
TOYEYHBIN MIAPHUK W JIBHXKETCSI BHYTPH MHOTOYTOJIbHHKA, OTPAXkasiCh OT CTOPOH I10 3aKOHY “‘yroJ
MaJIeHUs paBeH yriTy oTpaxeHus . JIoKa)XUTe, 4TO OH HUKOT/]a HE BEPHETCS B BEpIIHHY A.

Pemenne: Eciu map BeiieTaeT “BAoJib O0pTa”, TO OH CBAJTMBACTCS B OIMHKAUIIIYIO Ty3Y.

B npotuBHOM ciydyae yroi oo Mexay 1-M oTpe3KoM IyTH 1apa u cTopoHoil AB — He “nensiit”
(menbie 1°). Ecam HEKOTOPBIM OTPE30K MyTH COCTaBIISIET Yyrod ¢ co cropoHoi AB, To cremyro-
WA OTpe30K (Tociie oTpakeHus oT cTopoHbl XY) cocTaBiseT co ctopoHor AB yrom 2m° — o,
re M — HEKOTOPOE IEJI0e YHCIIO (B TOM IPOIIE BCETO YOSTUTHCS, OTpa3uB 00a OTpe3Ka MyTH, a
takke cropony AB otHocutenbHo mpsimoit XY). CrenoBareinbHO, Kad#cObili U3 OTPE3KOB IMyTH
coctaBmisieTr ¢ AB yron Buma 2n° + ¢, mpuyem BBIOOp 3HaKa 3aBUCUT OT 4eTHOCTH. [loaTomy
BEPHYTHCSI B BEPIIMHY IIap MOKET TOJBKO IO TOW K€ MPSIMOMU, MO KOTOPOW BBUIETEN, MPUUYEM
MOCJIE YeTHOI0 Ynciia oTpaxeHuid. [lanee cM. pemenue 3.5.



4.3. [6] IIpssMoyronbHast MPOEKIUs TPEYrOJbHOW MUPaMHIbI HA HEKOTOPYIO IJIOCKOCTh MMEET
MaKCHUMaJIbHO BO3MOKHYIO IJIONIaab. JloKa3aTh, 4TO 3Ta IUIOCKOCTh MapajuieibHa MO0 OTHOU
U3 TpaHeid, IM0O0 JIBYM CKPEIIUBAIOIIMMCS peOpaM MUpaMu/Ibl.

Pemenne: Ilycts Aj, Bi, Ci, D1 — mpoeknuu BepmmH A, B, C, D nupamuael. Ota mpoekius
MOXXET OBITh BBINYKJIbIM 4-yroapHukoM ¢ BepmmHamu A;, Bi, Ci;, Dy wm Tp-xom (ecnw,
HarpuMmep, Touka D; maxomutcs BHyTpu Tp-kKa Ai;BiC;). Takum oOpasom, ‘“mMakcHMalIbHO
BO3MOJXKHAs IUIOIIQJb HMPOSKIHMKM pPaBHA HAUOOJBIIEMY W3 7 4Yucel: HaHOOJBIIUX 3HAYCHUH
momanei Tp-koB A1B1Cq, AiB1D1, A1C1D1, B1C1D1 m Hambonpmux 3Ha4YeHHWH TUTOmaac 4-
yronpbHUKOB A1B1C1D1, A1B1D1C1, A1C1B1D1 (BO3MOKHO, HEBBIMTYKIIBIX ).

Hawnbonbmiee 3nauenue S agc, AOCTUIAETCsl, KOIZA INIOCKOCTh MPOCKLHMK MapalieibHa TPaHH

ABC (u6o S ABC, = Sagc COS a, Tae o — yroa Mexay miockoctsmu A;B1Cy u ABC).
Kak usBectHO, SAlBlchlz ZSKlLlMlNl’ rae Ki, L1, My, N1 — cepenunsr ctopon A;Bi, B1Cy,

C1D1, D1A1, T.e. mpoekmuu cepenun K, L, M, N pe6ep AB, BC, CD, DA. KLMN — map-mm,
CTOPOHBI KOoTOporo napauiensHel pedpam AC u BD (cm. 3amauy 4.6; B yactHocTH, Touku K, L,
M, N nexar B ogHo# miockoctn). CrieroBaTenbHO, S ABCD, = 2SkiLmn COS o M MaKCHUMalbHa,

KOT'/Ia INIOCKOCTh MpoeKIuy napamienabHa miockoctu KLMN, T.e. pe6pam AC u BD.
4.4.[6] Cm. 3.6

— 2
4.5. [7] Ha muockocTH aHbl mapabona Y = X~ U OKPY)KHOCTh, HMEIOIIME POBHO 2 OOIIHE TOYKH:
A u B. Oxazanoch, 4yTO KacaTelbHblE K OKPYKHOCTH M Tapaboiie B Touke A COBIAAAIOT.
O0s3aTeNbHO I TOT/a KacaTeIbHbIe K OKPYKHOCTH U mapabosie B Touke B Takke coBmamaroT?

Pemenne: Her. ITpuBenem kouTprpumep. PaceMotpum okpyxHOCTb (X — @) + (y — b)? — r* = 0,
COOTBETCTBYIOIIYIO ycioBuio st Touek A(l, 1) u B(-3, 9) (Takas OKpYy>KHOCTb CYIIECTBYET: €€
IIEHTP HAaXOAWTCS Ha IEPEeCeYeHWHM HOpMand K Tapaboie B TOo4Yke A U CEpeIMHHOTO
nepreHuKysipa k AB).

IIpu mojcTaHOBKE Y = X° B YpaBHEHHE OKPY/KHOCTH MBI IIOJydHM ypaBHEHHE 4-if cTemeHH,
HE coJiepiKaliee WwieHa 3-i cTeneHn => CcyMMa KOpHEH paBHa HyIt0. MBI 3HaeM 3 KOPHS 3TOTO
ypaBHeHUSI X2 = 1 (B cmily KacaHHUs 3TOT KOPEHb KpaTHbI), X3 =—-3. Otrcioga X4 =1, T.e.B B
KacaHus HeT (KOPEHb X3 HE KPaTHBIN), U IPYTHX TOUCK IEPECCUCHHs TAKKE HET.

3ameuyanue 15l coMHeBaomuxces. J[oka3arp, 4T0O eCiy KacarelbHble K oKpy:kHOCTH f(X, V)
=0 u napaGone y = Xx* B Touke M(Xo, x.) coBmaznaioT, T Xo — KpaTHbI# KopeHb ypapHenus f(X,
x%) = 0.

3amerum, uro f(X, y) — f(X, z) menurcst Ha Yy —z (3TO BUAHO, HaIpUMeEp, U3 POPMYIBI paz-
HOocTH KBajpaToB). [Tycte Y = g(X) — ypaBHeHue 00mIeil KacaTtenbHoU (J — TUHEHHAsS QYHKIIHS).
OTta KacarenbHas HMEeT KaK C OKPY)KHOCTBIO, TaK M C MapadoJioi eJMHCTBEHHYIO OOIIYIO0 TOUKY
M, mo3aTomy Xo — KpaTHBIN KOpEHb KBaJIPATHBIX YpaBHEHUH x> —g(x)=0u f(x, g(x)) = 0.

f(x, X2 = f(x, g(x)) + (f(x, X%) — f(x, g(x))). [TepBoe cnaraemoe nenutcs Ha (X — Xo)%, BTOpOE —
Ha X° — g(X), YTO B CBOIO OYEPEIb ASIUTCS Ha (X — X0)> = f(x, x°) memures Ha (X — Xo)°.

4.6. Tlepen sKcTpaceHCOM KIAAYT Kosoay u3 36 kapT pyOamikoil BBepX. OH Ha3bIBaeT MacTh
BEpPXHEH KapThl, IIOCIE YETO0 KapTy OTKPHIBAIOT, [TOKA3bIBAIOT €My M OTKJIAJBIBAIOT B CTOPOHY.
ITocne 3TOro 3KCTpaceHc Ha3bIBAIOT MAacTh CIEAYIOLIEH KapThl, U T.1. 3a7ada SKCTpaceHca — yra-
JaTh MacTh Kak MOKHO OoJblee yucio pa3. Ha nene pybamku KapT HECUMMETPUYHBL, U IKCT-
paceHc BUJUT, B KAKOM M3 2 NOJIOKEHUH JIEKUT BepXHsis KapTa. Kosona noarorosieHa noaxyI-
JIEHHBIM citykatuM. Ciry>Kaluil 3HaeT NOPsA0K KapT B KOJIOAE, U XOTS U3MEHUTh €r0 HE MOJXKET,
3aTO MOXET MOJCKa3aTh, pacroiaras pyOallky KapT TaK WIM HHA4Ye COTJIAaCHO JOrOBOPEHHOCTH.
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MosKeT JTi KCTPACEHC ¢ TIOMOIIBIO TaKOM TOICKa3KH rapaHTHPOBAHHO 0OECIICUYNTh yra IbIBaHUE
MacTH

a) [3] 6onee yeM y OIOBHUHBI KapT?

0) [5] He Mmenee uem y 20 xkapt?

Pemenne:

a) [la. 1-mMu 2 pyOamkamMu MOXKHO “3aKOJAMPOBATH” MACTh 2-W KapThl, CACAYIOIUMU 2-Ms —
MmacTh 4-ii u 1.1. Korna B xosiofie octanuch 2 KapThl AOCTATOYHO 3aKOJHWPOBATH JIUIIb UX TO-
PSAAOK, YTO MOKHO CJIeNaTh MPH MOMOIIU pyOamku 35-i KapThl.

0) /la. PaccMoTpum 17 kapT: Bce HeU€THBIE KapThl, kpoMe 1-it u 35-i, u 2-10 kapty. Cpeau
HUX HalayTcs 5 kapT oxHoM Mact. HazoBéM 3Ty MacTh ocrosHoti. 1-mu 2 pybamkaMu MoMoIi-
HUK KOJIUPYET OCHOBHYIO MaCTh. DKCTPACEHC HA3bIBAET OCHOBHYIO MacTh Ha KaXIyI0 U3 yKa3aH-
HBIX 17 KapT, TeM caMbIM yrajpiBas He MeHee 5 u3 HuX. Kpome Toro, mo MeTozy a) OH yraaaer
MacCTH BCEX YETHBIX KapT, HaUMHas ¢ 4-i u macTh 35-i kaptel. Utoro, 17 + 5 = 23.

2-i cnocod. 1-mMu 2 pybanikamMu KogupyeTcst MacTh 2-i KapThl, eciiu 24-1 KapTa KpacHas, u
3-M, ecnu 24-g xapTa — YepHas. DKCTPACEHC HA3bIBACT ATy MAcTh U Ha 2-I0 U Ha 3-10 KapTy.
Ecnu onu ogHOM MacTu, TO OH yraJsIBaeT 00e, ecliu ke Pa3HOi — TO OJHY, HO IPU 3TOM Y3HaeT
uBeT 24-it kapThl. B nanpHeiimeM pyOarikoii 24-i kapThl KOgupyeTcs HeaocTaromias nadopma-
rust o He. Tak u3 3 kapT — 2-i, 3-if u 24-ii — yragpIBaroTCsl, Kak MUHUMYM, JIBE.

AHaJOTUYHO, yrajJbIBalOTCsA MO aBe U3 4-i, 5-i u 25-i1 kapT (ucnonb3yrotcs 3-s1 u 4-1 py-
Oamkn); ..., u3 22-i, 23-i u 34-i kapt. toro 22 kaptel + (cM. a)) 2 mocnennue — 24 KapThl.
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1 [3] There is 3 x 4 x 5 - box with its faces divided into 1 x 1 - squares. Is it possible to place
numbers in these squares so that the sum of numbers in every stripe of squares ( one square
wide) circling the box, equals 1207

2 [4] In 7—gon A1A2A3A4A5A6A7 diagonals A1A3, A2A4, A3A5, A4A6, A5A7, AGAl and A7A2 are
congruent to each other and diagonals Ay Ay, AxAs, AsAg, A4A7, AsAq, AgAs and A; A3 are
also congruent to each other. Is the polygon necessarily regular?

3 [4] For any integer n+1,...,2n (n is a natural number) consider its greatest odd divisor. Prove
that the sum of all these divisors equals n?.

4 [4] There are N points on the plane; no three of them belong to the same straight line. Every
pair of points is connected by a segment. Some of these segments are colored in red and the
rest of them in blue. The red segments form a closed broken line without self-intersections
(each red segment having only common endpoints with its two neighbors and no other common
points with the other segments), and so do the blue segments. Find all possible values of N for
which such a disposition of NV points and such a choice of red and blue segments are possible.

5 [5] 25 checkers are placed on 25 leftmost squares of 1 x N board. Checker can either move to
the empty adjacent square to its right or jump over adjacent right checker to the next square
if it is empty. Moves to the left are not allowed. Find minimal N such that all the checkers
could be placed in the row of 25 successive squares but in the reverse order.
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1. ANSWER: yes.
ExaMPLE: Placing 5 into each square of two 4 x 3-faces, 8 into each square of two 5 x 3-faces

and 9 into each square of two 4 x 5-faces , we satisfy all the given requirements.

2. Assume that a 7-gon is convex. In order for a polygon to be regular, one needs to prove
equalities of all its sides and angles. Let us color the sides of the polygon with white, the first
set of equal diagonals with blue, and the second set of equal diagonals with red. All triangles
created by two blue and one red sides are equal (S-S-S). Therefore the next two sets of angles
are equal:

(a) Angles at the bases of isosceles triangles mentionned (let us denote them by «).

(b) Angles at the vertices of isosceles triangles mentionned (let us denote them by ().

Consider the triangles created by three different colors. All the angles opposed to white sides
are equal (each equals o — [3). Then all sides of the polygon are equal (S-A-S).

Now, all the triangles, created by two white sides and one blue side are equal (S-S-S). Thus
all angles of the polygon are equal.

Therefore, the polygon is regular.
3. Let us denote the greatest odd divisor of number K as god(K'). Obviously, god(K) < K .
Assume, that god(l) = god(m), [,m € [n + 1;2n], l < m. Then m > 2l, which is impossible.

Therefore, for all (n) numbers from [n + 1, 2n] their corresponding greatest odd divisors are
distinct. It means, that the set {god(m),n +1 < m < 2n} coincides with {1,3,...,2n — 1}.
Then, the sum in question is 1 +3 +--- +2n + 1 = n?.

4. Let us note that

(a) from each point emanates exactly (n — 1) segments (each pair of points is connected).
(b) from each point emanates either 2 blue/red segments or 2 blue and 2 red segments (each
broken line is closed, without intersection and there are no isolated points).

Therefore, we have 2 possible cases to consider:

(i) n=3.
(ii) n=5.
Case (i) is trivial, corresponding to a triangle with all sides of the same color.

Case (ii) is also possible:

ExaMPLE. Consider points A(0;4); B(—4; —4); C(4; —4); D(—1;0); E(1;0). Connect them by
red segments in the order A, B, C, D, E; A and by blue segments in the order A, D, B, D, C, A.



5. ANSWER: 50.

Let us prove first that the arrangement in question is impossible, if N < 50. Case N = 49
means that checker “25” stays on its initial place, so the only possible move is that checker “24”
jumps through checker “25” on the 26-th place (its final position). After that any movement
to the right is impossible.

Example, that N = 50 works.

(a) Checker “25” moves on the 26-th place (its final position).
(b) Checker “23” jumps through “24” and “25”, then moves on the 28-th place (its final
position).

(c¢) Checker “21”7 jumps through “22”7, “24” “25” and “23”, then moves on the 30-th place
(its final position)

and so on. ..
Finally, checker “1” jumps through “27, “4” ... %227 “24” <257 “23”,..., “3”, then moves
on the 50-th place (its final position).
Now,
(a) Checker “2” moves one space to the right and then jumps through “4”, ... “22”7 “24”,
“257 ) “23",...,“3” occupying the 49-th place (its final position).
(b) Checker “4” moves one space to the right and then jumps through “67, ..., €227 “24”
“257 ) “23" ... ,“5” occupying the 47-th place (its final position)

and soon ...
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1 [3] For any integer n+1,...,2n (n is a natural number) consider its greatest odd divisor. Prove
that the sum of all these divisors equals n?.

2 [4] What least possible number of unit squares ( 1 x 1) must be drawn in order to get a picture
of 25 x 25-square divided into 625 of unit squares?

3 [5] A salesman and a customer altogether have 1999 rubles in coins and bills of 1, 5, 10, 50,
100, 500 , 1000 rubles. The customer has enough money to buy a Cat in the Bag which costs
the integer number of rubles. Prove that the customer can buy the Cat and get the correct
change.

4 Each side of 1 x 1 square is a hypothenuse of an exterior right triangle. Let A, B, C, D
be the vertices of the right angles and O, O,, O3, O4 be the centers of the incircles of these
triangles. Prove that

a) [3] The area of quadrilateral ABC'D does not exceed 2;
b) [3] The area of quadrilateral O;0,030, does not exceed 1.

6 [5] A paper tetrahedron is cut along some of so that it can be developed onto the plane. Could
it happen that this development cannot be placed on the plane in one layer?
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1. Let us denote the greatest odd divisor of number K as god(K). Obviously, god(K) < K .
Assume, that god(l) = god(m), [,m € [n + 1;2n], l < m. Then m > 2l, which is impossible.

Therefore, for all (n) numbers from [n + 1, 2n] their corresponding greatest odd divisors are
distinct. It means, that the set {god(m),n +1 < m < 2n} coincides with {1,3,...,2n — 1}.
Then, the sum in question is 1 +3 +--- +2n + 1 = n?.

2. Let us solve the problem for a (2n + 1) x (2n + 1)-square. Note that all unit boundary
squares (8n) should be drawn (otherwise there would be “holes” in a frame). Now we have
a (2n — 1) x (2n — 1) square with the frame. Let it be colored as a chess board, with black
squares at the angles. Drawing only white squares would give us the whole picture in question.
The number of white squares is equal to ((2n—1)?—1) /2. Then the total number of the unit
squares used equals 8n + ((2n — 1)? — 1)/2 = 360, if n = 25.

Let us show that it is indeed the minimal number. Let us tile a (2n—1) x (2n — 1) square with
dominos (2 x 1 rectangles). Then we use ((2n — 1)* — 1) /2 dominos with 1 unit square left.
In each domino we have to draw at least one square, so the least number of squares drawn is

(2n—1)2-1)/2.

3. Let Customer give all his money to Salesman. The value of change could vary from 0 (if Cat
is a “gift”) to 1999 rubles and we show that any integer value could be created within a set
of bills. It is enough to solve the problem in the case of the following (minimal) set of sixteen
bills {1000, 500, 100, 100, 100, 100, 50, 10, 10, 10, 10, 5,1, 1,1, 1}. Actually, representing 1999 as
1000490049049 one can see that in the “minimal” case we must have exactly one 1000 ruble
bill, one 500 ruble bill, four 100 ruble bills, one 50 ruble bill, four 10 ruble bills, one 5 ruble
bill and four 1 ruble bills. Now, notice that if a transaction could be made with the minimal
set of bills, then it could be also made with any other set of bills. Actually, each smaller
nomination divides every larger one. Therefore, if in an arbitrary set we have more than, say,
four ruble bills, we wrap five rubles by a rubber band and consider it as a 5 ruble bill and so
on. So, any set of bills could be reduced to the minimal set.

It is easy to see that any value of change in the form ABCD, where A = 0,1 and B,C, D are
any digits from 0 to 9, could be paid with the minimal set of bills.

4. LEMMA. The area of a quadrilateral, placed into a circle with radius R does not exceed 2R2.

ProOOF. Let ABCD be the quadrilateral in mention, and O the center of the circle. Then,
Area(AABO) = 1 A0 - BO - sin(£ZAOB) < 1R? and

Area(ABCD) = Area(AABO) + Area(ABCO) + Area(ACDO) + Area(ADAO) < 2R*.

Let O be the center of the given square K LM N.



(a) Notice, that points A, B, C, D lie on semicircles with diameter 1. Let S be the midpoint
of side KL of NAAKL. Then AO < OS + AS = % + % = 1. In a similar way, we have
BO <1,C0O <1, DO < 1, meaning that points A, B, C, D lie in a circle with the center
O and radius 1. Then according to Lemma, Area(ABCD) < 2.

(b) Let Oy be the center of an incircle of AAKL. Then, for any position of A ZKO,L =
135° (O is the intersection of bisectors of AK AL); therefore Oy lies on the circumference
with center O and radius v/2 /2. Then OO, = V2. In similar way we have OOy = 003 =
OO4 = V2. Therefore, according to the Lemma, the Area(010,0304) < 1.

5. ANSWER: yes. Under “development” we understand that the figure could be flattened on a
plane (folded, but not teared or crumpled).

ExampPLE. Consider a Cartesian coordinate system and an “envelop” PABQ D (consisting of
two layers with P(Q open; the first layer is a rectangle PAB(Q and the second layer consists
of triangles PAD, ADB and BDQ), where D(0,0), A(=1/2,1/3/2), B(1/2;1/3/2),Q(1/2;0),
P(-1/2,0),C(0,0).

Now, let us consider this figure in a space. Pull point D up while pushing point C' down until
points P and @ coincide (in the mid point of segment C'D). We get tetrahedron ABC D, with

edge C'D cut. Reversing the process, we could develop a (regular) tetrahedron ABC'D into a
planar figure. It is easy to see that

(a) this procedure could be implemented in a space.

(b) a tetrahedron is a closed 3-D figure, so by cutting only one edge it is impossible to develop
it in one layer.
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1.

An increasing arithmetic progression consists of one hundred positive integers. Is it possible
that every two of them are relatively prime?

Smallville is populated by unmarried men and women, some of them are mutual acquaintants.
The City’s two Official Matchmakers are aware of all the mutual acquaintances. One of them
claimed: “I can arrange it so that every brown haired man will marry a woman with whom
he is mutually acquainted.” The other claimed, “I can arrange it so that every blond haired
woman will marry a man with whom she is mutually acquainted.” An amateur mathematician
overheard their conversation and said, “Then both arrangements can be made at the same
time!” Is he right?

Determine all positive integers k such that there exist positive integers m and n satisfying
m(m+ k) =n(n+1).

In chess, a bishop attacks any square on the two diagonals that contain the square on which it
stands, including that square itself. Several squares on a 15 x 15 chessboard are to be marked
so that a bishop placed on any square of the board attacks at least two of the marked squares.
Determine the minimal number of such marked squares.

Prove that 135° < /OAB + /OBC + /OCD + /ODA < 225° for any point O inside a square
ABCD.

An ant crawls on the outer surface of a rectangular box. The distance between two points
on a surface is defined as the length of the shortest path the ant needs to crawl to reach one
point from the other. Is it true that if the ant is at a vertex, then the opposite vertex is the
point on the surface which is at the greatest distance away?

In a game, Boris has 1000 cards numbered 2,4, .. .,2000 while Anna has 1001 cards numbered
1,3,...,2001. The game lasts 1000 rounds. In an odd-numbered round, Boris plays any card
of his. Anna sees it and plays a card of hers. The player whose card has the larger number
wins the round, and both cards are discarded. An even-numbered round is played in the same
manner except that Anna plays first. At the end of the game, Anna discards her unused card.
What is the maximal number of rounds each player can guarantee to win, regardless of how
the opponent plays?

Note: The problems are worth 4, 5, 5, 6, 7, 7 and 8 points respectively.

!Courtesy of Andy Liu.
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1. Let the arithmetic progression be {ax} where a; = k(101!) + 1 for k£ = 1,2,...,100. Let d be
the greatest common divisor of a; and a; where ¢ < j. Then d divided a; —a; = (j —)(101!).
If d has a prime divisor p, then p < 101. On the other hand, since p divides (100!) + 1, we
must have p > 101. This contradiction shows that d has no prime divisors. It follows that
d=1.

2. Construct a graph as follows. One group of vertices X;, X, ..., X,, represent the brown haired
men. Another group of vertices Y7, Ys, ... Y,, represent the blond haired women. From each
of these vertices, draw an arc pointing to the vertex representing the mate promised by the
appropriate matchmaker. If a man represented by X} is promised a woman who is not blond
haired, a new vertex W} is introduced to represent the mate. Similarly, if a woman represented
by Y} is promised a man who is not brown haired, a new vertex Zj is introduced to represent
the mate. Now some of these arcs may form a cycle. All vertices on such a cycle are X-vertices
or Y-vertices, as W-vertices and Z-vertices have no out-going arcs. Moreover, since the arcs
point alternately at the two groups, the cycle must be of even length. Hence the amateur
mathematician can prescribe marriages, according to alternate arcs along the cycle, between
brown haired men and blond haired women. There are also arcs which form a path. Such a
path must consist of X-vertices and Y-vertices, ecept that it terminates at a W-vertex or an
Z-vertex. The amateur mathematician can prescribe marriages according to alternate arcs
along the path, starting with the initial arc. If the path is of even length, all marriages here
are between brown haired men and blond haired women. If the path is of odd length, this is
still the case except for the marriage corresponding to the terminating arc. In any cases, all
brown haired men and all blond haired women are married off with mutual acquaintants.

3. Multiply the given equation by 4 and rearranging terms, we have (2m+k)*—(2n+1)%? = k*—1.

Suppose k is odd. We may set 2m + k +2n +1 = k22_1 and 2m + k — 2n — 1 = 2, yielding
m = E=2=1 and n = =1 _ 1. Both are integers since 22 = (mod 8) for odd x, and both
are positive if k > 5. For k = 3, we have (2m + 3)? — (2n 4+ 1)? = 8, but the only two squares
differing by 8 are 9 and 1. Hence we must have m = n = 0. Suppose k is even. e may set
2m+k+2n+1=k>—1and 2m+k—2n—1 = 1, yielding m = %—% and n = %—1. Both are
clearly integers, but are only positive if ¥ > 4. For k = 2, we have (2m + 2)? — (2n+ 1)? = 3,
but the only two squares differing by 3 are 4 and 1. Again we must have m = n = 0. In

summary, positive integers m and n exist if and only if k£ > 4.

4. Colour the squares in the 15 x 15 board in the usual chessboard patterm, with black squares
at the corners. In the diagram on the left, 14 black squares are marked with black circles. It
is easy to verify that any bishop placed on a black square will attack at least 2 of the marked
black squares. To show that 14 is optimal, consider the 28 black squares along the edge of the
board. Each must attack at least 2 of the marked black squares. Yet any black square can be
attacked by at most 2 of the black squares along the edge. Similarly, 14 white squares can be
marked as shown in the diagram on the right, with white circles. As with black sqaures, this
is both necessary and sufficient.



5. Let E be the midpoint of AD and let F' be the centre of ABC'D. We may assume by symmetry
that O is in triangle AEF. Hence OA < OD and OC > OB, so that /ODA < /OAD and
(OBC > (OCB. Now 90° = /OAB + /{OAD > /OAB + /ODA > /OAB > 45° while
90° + 45° > /OBC + /OCD > /OCB + (OCD = 90°. Addition yields the desired result.

A E D

O

B C

6. Let A and B be opposite vertices of a 4 x 4 x 8 box and let C' be a point on the 4 x 4 face
with B as a vertex, such that the distance from C' to each side containing B is 1. To go from
A to B or C efficiently, we unfold the box in one of two ways, both shown in the diagram
below, and travel in a straight line. In the diagram on the left, AB = /122 + 42 = /160
while AC' = /112 + 32 = 1/130. In the diagram on the right, AB = /82 4+ 8 = /128 while
AC = /92 + 72 = /130. All other ways of unfolding the box yield longer distances for AB
and AC. Hence the minimum distance from A to B is v/128 and that from A to C is \/ﬁ,
showing that C' is further from A than B.

B
D C
C




7. Let us first play the game with 5 cards, with Boris holding 2 and 4 and Anna holding 1, 3
and 5. If Boris leads 2, Anna wins both rounds by playing 3 and then leading 5. If Boris
leads 4, Anna wins both rounds by playing 5 and then leading 3. We shall prove by induction
on n that if there are 4n + 1 cards, than Boris can guarantee winning n — 1 rounds while
Anna can guarantee winning n + 1 rounds. The best strategy for Boris is to lead 2 in the first
round. If Anna is going to win this round, she should definitely play 3. Moreover, there is
no reason why she should lose this round by playing 1, because 1 and 3 are equivalent after
2 has been discarded. Hence we may assume that Anna wins the first round with 3. If in
the second round Anna does not lead 4n + 1, Boris can win that round by playing the lowest
card above Anna’s. At this point, although there are now some gaps among the 4n — 3 cards
still in play, the holdings of Boris and Anna are in the alternating pattern. Hence we may
play the balance of the game as though the numbers on the cards have been adjusted to run
from 1 to 4n — 3, and reach the desired conclusion by induction. Suppose Anna leads 4n + 1
in the second round. Clearly, Boris should concede by playing 4, but he can win the next
round by leading 4n, forcing Anna to concded with 1 or 5 (now equivalent) and restoring the
alternating pattern. If in any subsequent round, Anna does not lead her highest card, Boris
can win that round and at the same time restore the alternating pattern. If Anna continues
to lead her highest card, Boris can do likewise. He will then lose the first and the last rounds,
and wins every second round in between, winning altogether n — 1 rounds. Anna’s simplest
strategy is to win the first round by playing the lowest card above Boris’s, and leading 1 in
the second round. The desired conclusion then follows from the induction hypothesis.
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1.

Smallville is populated by unmarried men and women, some of them are mutual acquaintants.
The City’s two Official Matchmakers are aware of all the mutual acquaintances. One of them
claimed: “I can arrange it so that every brown haired man will marry a woman with whom
he is mutually acquainted.” The other claimed, “I can arrange it so that every blond haired
woman will marry a man with whom she is mutually acquainted.” An amateur mathematician
overheard their conversation and said, “Then both arrangements can be made at the same
time!” Is he right?

Prove that one can represent every positive integer in the form 3%t -2¥1 4-3%2.2v2 4 4 3%k . 2%
where w1 > ug > -+ > up > 0and 0 < vy < vy < --- < v, are integers.

. An ant crawls on the outer surface of a rectangular box. The distance between two points

on a surface is defined as the length of the shortest path the ant needs to crawl to reach one
point from the other. Is it true that if the ant is at a vertex, then the opposite vertex is the
point on the surface which is at the greatest distance away?

Triangle ABC has orthocentre H, incentre I and circumcentre O. K is the point where the
incircle touches BC. If 10 is parallel to BC', prove that AO is parallel to HK.

In a game, Boris has 1000 cards numbered 2,4, ..., 2000 while Anna has 1001 cards numbered
1,3,...,2001. The game lasts 1000 rounds. In an odd-numbered round, Boris plays any card
of his. Anna sees it and plays a card of hers. The player whose card has the larger number
wins the round, and both cards are discarded. An even-numbered round is played in the same
manner except that Anna plays first. At the end of the game, Anna discards her unused card.
What is the maximal number of rounds each player can guarantee to win, regardless of how
the opponent plays?

Let O be the incentre of a tetrahedron ABC'D in which the sum of areas of the faces ABC
and ABD is equal to the sum of areas of the faces CDA and CDB. Prove that midpoints of
BC, AD, AC and BD lie on a plane passing through O.

Each cell of an m x n table is filled with a + sign or a — sign. Such a table is said to be
wrreducible if one cannot change all — signs to + signs by applying, as many times as desired,
some permissible operation.

(a) Suppose the permissible operation is to change the signs of all cells in a row or a column
to the opposite signs. Prove that an irreducible table contains an irreducible 2 x 2
sub-table.

(b) Suppose the permissible operation is to change the signs of all cells in a row, a column
or a diagonal (which may be of any length, including those of length 1, consisting of a
corner cell). Prove that an irreducible table contains an irreducible 4 x 4 sub-table.

Note: The problems are worth 4, 4, 6, 7, 7, 7 and 346 points respectively.

!Courtesy of Andy Liu
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1. Construct a graph as follows. One group of vertices X1, X, ..., X,, represent the brown haired
men. Another group of vertices Y7,Ys,...,Y,, represent the blond haired women. From each
of these vertices, draw an arc pointing to the vertex representing the mate promised by the
appropriate matchmaker. If a man represented by X} is promised a woman who is not blond
haired, a new vertex W}, is introduced to represent the mate. Similarly, if a woman represented
by Y} is promised a man who is not brown haired, a new vertex Zj is introduced to represent
the mate. Now some of these arcs may form a cycle. All vertices on such a cycle are X-vertices
or Y-vertices, as W-vertices and Z-vertices have no out-going arcs. Moreover, since the arcs
point alternately at the two groups, the cycle must be of even length. Hence the amateur
mathematician can prescribe marriages, according to alternate arcs along the cycle, between
brown haired men and blond haired women. There are also arcs which form a path. Such a
path must consist of X-vertices and Y-vertices, ecept that it terminates at a W-vertex or an
Z-vertex. The amateur mathematician can prescribe marriages according to alternate arcs
along the path, starting with the initial arc. If the path is of even length, all marriages here
are between brown haired men and blond haired women. If the path is of odd length, this is
still the case except for the marriage corresponding to the terminating arc. In any cases, all
brown haired men and all blond haired women are married off with mutual acquaintants.

2. We use induction, the basis being 1 = 3°2°. For any even integer n > 2, 5 has a desirable
expression 3%12°1 4 3u22v2 4 ... 4 3w 2%  Hence n = 3“0ttt 4 Juzguatl 4. 4 Jukguetl g
also a desirable expression. For any odd integer n > 3, let ¢ be the unique integer such that
3 > n > 3t If n = 3%, then it has a desirable expression 3'2°. Otherwise, n — 3! has a
desirable expression 3%1291 4 3422V2 4. .. 4 34 2% Then n = 312043112Vt 4 3u22v2 ... 4 3ukQVk,
Since n — 3! is even, v; > 0. Moreover, 3! > n > 3t 4+ 3w2v1 > 2. 3%, Hence 2 -3 > 2. 3%
so that t > uq. It follows that our expression for n is a desirable one.

3. Let A and B be opposite vertices of a 4 x 4 x 8 box and let C' be a point on the 4 x 4 face
with B as a vertex, such that the distance from C to each side containing B is 1. To go from
A to B or C efficiently, we unfold the box in one of two ways, both shown in the diagram
below, and travel in a straight line. In the diagram on the left, AB = /122 +42 = /160
while AC' = /112 + 32 = \/130. In the diagram on the right, AB = /82 + 8 = /128 while
AC = /92 + 72 = /130. All other ways of unfolding the box yield longer distances for AB
and AC. Hence the minimum distance from A to B is v/128 and that from A to C is \/m,
showing that C' is further from A than B.

B
B C
C




4. We first establish two well-known results.
Lemma 1.
Let O and H be the circumcentre and the orthocentre of triangle ABC' respectively, and let
D be the midpoint of BC'. Then AH = 2DO.
Proof:
Let G be the centroid of triangle ABC'. Perform a central projection about G carrying A into
D. This carries B into the midpoint £ of C'A and C' into the midpoint F' of AB. Hence it
carries H into the orthocentre of triangle DFEF', which is O. It follows that O, G and H lie
on a line (called the Euler line of ABC'). Since OD and AH are both perpendicular to BC,
they are parallel. Hence triangles DOG and AHG are similar. Since AG = 2G D, we have
AH =2DO.
Lemma 2.
PK is a diameter of the incircle of triangle ABC where K is its point of tangency with BC.
The extension of AP cuts BC' at N. Then BN = CK.

Proof:
Perform a central projection about A carrying P into N. This carries the incircle of ABC

into its excircle opposite A, N being the point of tangency with BC'. Let the incircle touch
CA at L and AB at M, and let the excircle touch C'A at U and AB at V. Then

2BN = BN+ BK —-NK
= BU+BM —-NK
= AV —AM — NK
= AU - AL - NK
= CV+CL-NK
= CN+CK-NK
= 2CK.

Dividing by 2 yields the desired result.

We now return to the original problem. Let D and N be as in the Lemmas. That OI is
parallel to BC' means that DO = [ K. By Lemma 1, AH = 2D0O = 2IK = PK. Since AH
is parallel to PK, AHKP is a parallelogram so that AP is parallel to HK. By Lemma 2,
ND =BD — BN =CD —CK = DK. Let the line through D perpendicular to BC cut AN
at ). Then DQ = %PK = DO. Since O also lies on this line and on the same side of BC' as
@, @ and O coincide. Hence O lies on AN, and AO is parallel to HK.



D.

7.

Let us first play the game with 5 cards, with Boris holding 2 and 4 and Anna holding 1, 3
and 5. If Boris leads 2, Anna wins both rounds by playing 3 and then leading 5. If Boris
leads 4, Anna wins both rounds by playing 5 and then leading 3. We shall prove by induction
on n that if there are 4n + 1 cards, than Boris can guarantee winning n — 1 rounds while
Anna can guarantee winning n + 1 rounds. The best strategy for Boris is to lead 2 in the first
round. If Anna is going to win this round, she should definitely play 3. Moreover, there is
no reason why she should lose this round by playing 1, because 1 and 3 are equivalent after
2 has been discarded. Hence we may assume that Anna wins the first round with 3. If in
the second round Anna does not lead 4n + 1, Boris can win that round by playing the lowest
card above Anna’s. At this point, although there are now some gaps among the 4n — 3 cards
still in play, the holdings of Boris and Anna are in the alternating pattern. Hence we may
play the balance of the game as though the numbers on the cards have been adjusted to run
from 1 to 4n — 3, and reach the desired conclusion by induction. Suppose Anna leads 4n + 1
in the second round. Clearly, Boris should concede by playing 4, but he can win the next
round by leading 4n, forcing Anna to concded with 1 or 5 (now equivalent) and restoring the
alternating pattern. If in any subsequent round, Anna does not lead her highest card, Boris
can win that round and at the same time restore the alternating pattern. If Anna continues
to lead her highest card, Boris can do likewise. He will then lose the first and the last rounds,
and wins every second round in between, winning altogether n — 1 rounds. Anna’s simplest
strategy is to win the first round by playing the lowest card above Boris’s, and leading 1 in
the second round. The desired conclusion then follows from the induction hypothesis.

Denote by [P] the area of the polygon P. We are given that [ABC|+[ABD| = [ACD]+[BCD)|.
Denote the common value by S. Let V' be the volume of ABC'D and r be its inradius. Then
V = £([ABC]+[ABD]+[ACD]+[BCD]) so that r = 3¢. Let E, F, G and H be the respective
midpoints of BC, AC, AD and BD. Let a, b, c and d be the altitudes of ACD, BCD, ABC
and ABD from A, B, C and D respectively. Then S = [ABC| + [ABD] = $AB(c + d)
so that 25 = AB(c + d). Similarly, 25 = CD(a + b). Since EF and GH are both parallel
to AB while FH and F'G are both parallel to CD; EFGH is a parallelogram. Draw a line
between FF' and GH and parallel to both, such that its distances from EF and GH are in
the ratio ¢ : d. Draw another line between FH and F'G and parallel to both, such that its
distance from FH and F'G are in the ratio b : a. Now the altitude of ABC'D from D is equal

to [A?’gc]. Hence the distance from G or H to ABC is % and the distance from [ to ABC

is c?:4VB i % Similarly, the distances from I to ABD, AACD and BCD are all equal to

%. It follows that I coincides with O, so that O is indeed coplanar with £, F, G and H.

(a) We first note that a 2 x 2 table is irreducible if and only if it contains an odd number
of — signs. It is easy to verify that if the number of — signs is even, all of them can be
changed to + signs by the permissible operation. However, since this operation cannot
change the parity of the number of — signs, a 2 x 2 table with an odd number of —
signs is indeed irreducible. If an m x n table contains an irreducible 2 x 2 sub-table, it is
clearly irreducible since we cannot even change all — signs in the sub-table into + signs.
Suppose there are no irreducible sub-tables. By applying the permissible operation to
columns headed by a — sign, we can make all signs in the first row + signs. We claim
that the second row consists only of — signs or only of 4 signs. Otherwise, there will



be a — sign next to a + sign. Together with the + signs in the first row, these four will
constitute an irreducible 2 x 2 sub-table. By applying the permissible operation to the
second row if necessary, we can make it a row of 4 signs. In the same way, we can fix
the remaning rows, showing that a table without an irreducible sub-table is reducible.

We claim that a 4 x 4 table is irreducible if and only if it contains an odd number of
— signs in its eight edge squares, which are marked with circles in the diagram on the
left. Since the permissible operation always affects an even number of these squares, it
cannot change the parity of the number of — signs in them. It follows that such a 4 x 4
table is indeed irreducible. If an m x n table contains an irreducible 4 x 4 sub-table, it
is clearly irreducible since we cannot even change all — signs in the edge squares of the

sub-table into + signs. v
o|O
O @) > o ¢
o o v v
ol|o v
v Yy v

Suppose a 4 x 4 table has an even number of + signs in its eight edge squares. By
applying the permissible operation one column at a time if necessary, we can change the
four signs in the edge squares on the top two rows into + signs. If the two signs in the
edge squares on the third row are the same, we can change both into + signs by applying
the permissible operation along the that row. Then the two signs in the edge squares on
the bottom row must be the same, and can be changed into + signs. If the two signs in
the edge squares on the third row are different, then the two signs in the edge squares on
the bottom row must also be different. They can be changed into + signs by applying the
permissible operation along the short diagonals involving only these squares, preceded by
an application along the third row if necessary. The diagram on the right shows how one
can apply the permissible operation nine times along the row, columnn and diagonals
as indicated, so that a — sign in the central square marked with a black circle can be
changed into a + sign without affecting any other squares. Finally, the corner squares
can be fixed individually as diagonals of length 1. This justifies our earlier claim that a
4 x 4 table i irreducible if and only if the number of — signs in its eight edge squares is
even. Suppose there are no irreducible sub-tables in an m x n table. We first change all
signs in the top three rows into + signs as follows. We proceed column by column from
left to right. By applying the permissible operation along the column if necessary, we can
make the sign in the second row a + sign. By applying the permissible operation along
a down-diagonal passing through the square in the top row and along an up-diagonal
passing through the square in the third row, we can make those + signs too. In the
fourth row, apart from the two end squares, the signs in all the others must be the same,
as otherwise we would have a irreducible 4 x 4 sub-table. By applying the permissible
operation along this row if necessary., we can make them all 4+ signs. The end squares
can be dealt with by applying the permissible operation in diagonals which do not affect
any other squares in the top four rows. In the same way, we can fix the table one row at
a time and change all the signs into + signs.



Juniors
(Grades up to 10)

International Mathematics
TOURNAMENT OF THE TOWNS

O-Level Paper Spring 2004.

1 [3] In triangle ABC the bisector of angle A, the perpendicular to side AB from its midpoint, and
the altitude from vertex B, intersect in the same point. Prove that the bisector of angle A,
the perpendicular to side AC from its midpoint, and the altitude from vertex C' also intersect
in the same point.

2 [3] Find all possible values of n > 1 for which there exist n consecutive positive integers whose
sum is a prime number.

3 Bucket A contains 3 litres of syrup. Bucket B contains n litres of water. Bucket C' is empty.
We can perform any combination of the following operations:

- Pour away the entire amount in bucket X,
- Pour the entire amount in bucket X into bucket Y,

- Pour from bucket X into bucket Y until buckets Y and Z contain the same amount.

(a) [3] How can we obtain 10 litres of 30% syrup if n = 207
(b) [2] Determine all possible values of n for which the task in (a) is possible.

4 [5] A positive integer a > 1 is given (in decimal notation). We copy it twice and obtain a number
b = @a which happened to be a multiple of a®. Find all possible values of b/a?.

5 [6] Two 10-digit integers are called neighbours if they differ in exactly one digit (for example,
integers 1234567890 and 1234507890 are neighbours). Find the maximal number of elements
in the set of 10-digit integers with no two integers being neighbours.



International Mathematics
TOURNAMENT OF THE TOWNS

Solution to Junior O-Level Spring 2004!

1. Let M and N be the respective midpoints of AB and AC. Let the extension of BE cut
AC at H, and the extension of C'F cut AB at K. Note that triangles AEH, AEM and
BEM are congruent to one another. Hence /BEM = /MFEA = /AEH = 60°. It follows
that /MAE = /FAH = 30°. Since triangles AFFN and C'F'N are congruent to each other,
/FCN = 30°, so that /ZCKA = 90°. Thus C'F is indeed perpendicular to AB.

A
K
M
N
H
BT —— B\
C

2. Clearly, we can have n = 1 by taking any prime number. We can also have n = 2 since each
odd prime is the sum of two consecutive numbers. Suppose p =a+ (a+1)+---+ (a+ k) for
some prime number p and positive integers a and k > 2. Then 2p = (k + 1)(2a + k). Each of
k + 1 and 2a + k is greater than 2. This is a contradiciton since p is a prime number. Hence
n=1or 2.

3. (a) We describe the process in the following chart.

Action Amount in
Taken Bucket A \ Bucket B \ Bucket C
Initial State 3 20 0
Pour from B into C until C=A 3 17 3
Pour away C 3 17 0
Pour from B into C until C=A 3 14 3
Pour away C 3 14 0
Pour from B into C until C=A 3 11 3
Pour away C 3 11 0
Pour from B into C until C=A 3 8 3
Pour away C 3 8 0
Pour from B into C until C=A 3 5 3
Pour from A into C until C=B 1 5 5
Pour from B into A until A=C 5 1 5
Pour from C into A 10 1 0

!Courtesy of Andy Liu.



(b) If n = 0 (mod 3), the task is impossible, because the amount of liquid in any bucket
at any time will be a multiple of 3, but our target 10 is not. Suppose n = 2 (mod 3).
If n =2 or 5, we do not have enough water. If n = 8, we can proceed as in (a) from
the partition line in the chart. If n > 11, we can reduce the amount 3 litres at a time.
Finally, suppose n = 1 (mod 3). If n =1 or 4, we do not have enough water. If n = 7,
we can simply pour everything from bucket B into bucket A. If n > 10, we can reduce
the amount 3 litres at a time. In summary, the task is possible except for n =1, 2, 4, 5
and n =0 (mod 3).

4. Note that b = a(10™ + 1) so that a% = 107%1_ Suppose it is an integer d. Since a is an n-digit
number, 1 < d < 11. Since 10" + 1 is not divisible by 2, 3 or 5, the only possible value for d
is 7. The example a = 143 and b = 143143 shows that we can indeed have d = 7.

5. There are 9 x 10° 10-digit numbers. If two of them are non-neighbours, they cannot have
the same digits in each of the first nine places. Thus the number of 10-digit numbers we can
choose is no more than the number of 9-digit numbers, which is 9 x 10®. On the other hand,
for each 9-digit number, we can add a unique tenth digit so that the sum of all 10 digits is a
multiple of 10. If two of the 10-digit numbers obtained this way differ in only one digit, not
both digit sums can be multiples of 10. Hence no two are neighbours among these 9 x 108
10-digit numbers.
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(Grades 11 and up)

International Mathematics
TOURNAMENT OF THE TOWNS

O-Level Paper Spring 2004.

1 [4] Segments AB, BC and CD of the broken line ABCD are equal and are tangent to a circle
with centre at the point O. Prove that the point of contact of this circle with BC, the point
O and the intersection point of AC' and BD are collinear.

2 [4] A positive integer a > 1 is given (in decimal notation). We copy it twice and obtain a number

b
b = aa which happened to be a multiple of a?. Find all possible values of —-
a

3 [4] Perimeter of a convex quadrilateral is 2004 and one of its diagonals is 1001. Can another

diagonal be 17 27 10017

4 [5] Arithmetical progression ay, as, as, a4, . . . contains a?, a3 and a? at some positions. Prove that
all terms of this progression are integers.

5 [5] Two 10-digit integers are called neighbours if they differ in exactly one digit (for example,
integers 1234567890 and 1234507890 are neighbours). Find the maximal number of elements
in the set of 10-digit integers with no two integers being neighbours.
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Solution to Senior O-Level Spring 2004!

1. Let O be the centre of the circle, K be the point of tangency with BC' and H be the point
of intersection of AC' and BD. Since AB = BC, AC' is perpendicular to OB by symmetry.
Similarly, BD is perpendicular to OC. Since AC' intersects BD at H, H is the orthocentre
of triangle OBC'. Now the radius OK is perpendicular to the tangent BC. Hence the third
altitude OK of triangle OBC passes through H.

2. Note that b = a(10" 4 1) so that a% = 107%1_ Suppose it is an integer d. Since a is an n-digit
number, 1 < d < 11. Since 10" 4 1 is not divisible by 2, 3 or 5, the only possible value for d
is 7. The example a = 143 and b = 143143 shows that we can indeed have d = 7.

3. Let the quadrilateral be ABC'D with AC' = 1001 and BD = n. Note that 10022—1001% = 2003
lies between 442 and 45%. For 45 < n < 1001, let M be the common midpoint of AC and BD.
Initially, let B lie on AM, so that the degenerate quadrilateral ABC' D has perimeter 2002.
Now rotate BD about M. When BD is perpendicular to AC', the perimeter of ABCD will
exceed 2004. Hence at some point during the rotation, the perimeter of ABC'D is exactly 2004.
It follows that all values of n between 45 and 1001 inclusive are possible. For 2 < n < 44, start
with the rhombus ABC'D whose perimeter is less than 2004. Translate BD in the direction
AC. When C is the midpoint of BD, both AB and AD are longer than 1001, so that the
degenerate quadrilateral ABC'D has perimeter exceeding 2002 + n > 2004. Hence at some
point during the translation, the perimeter of ABC'D is exactly 2004. It follows that all values
of n between 2 and 44 inclusive are possible. Finally, consider the case n = 1. Let M be the
point of intersection of AC' and BD. Then

2004 = AB+ BC+CD+ DA
< MA+MB+MB+ MC+ MC + MD+ MD + MA
— 2(AC + BD)
= 2004,

which is a contradiction. It follows that we cannot have n = 1.

4. Let the first three terms be a; = a, as = a4+ d and a3 = a + 2d, where d is the common
difference. Let a? = a + kd, a3 = a + md and a? = a + nd for some positive integers k, m
and n. Then a® = a + kd, a® + 2ad + d*> = a + md and a® + 4ad + 4d*> = a + nd. It follows
that 2ad + d*> = nd — kd or 2a +d = m — k, and 4ad + 4d*> = nd — kd or 4a + 4d = n — k.
Eliminating d, we have a = W. Hence a is an integral multiple of i. Eliminating a, we
have d = 2-2m " Hence d is an integral multiple of 1. Denote by {x} the fractional part of
x. We consider the following cases.

(1) Let {a} = 0 and {d} = 3. Every term of the progression is an integral multiple of § but

a2 is not, a contradiction.

!Courtesy of Andy Liu.



(2) Let {a} = 3. Every term of the progression is an integral multiple of § but af is not, a
contradiction.

(3) Let {a} = 1 or 2. Every term of the progression is an integral multiple of  but af is not,
a contradiction.

Thus both a and d are integers, so that every term of the progression is an integer.

. There are 9 x 10° 10-digit numbers. If two of them are non-neighbours, they cannot have
the same digits in each of the first nine places. Thus the number of 10-digit numbers we can
choose is no more than the number of 9-digit numbers, which is 9 x 10%. On the other hand,
for each 9-digit number, we can add a unique tenth digit so that the sum of all 10 digits is a
multiple of 10. If two of the 10-digit numbers obtained this way differ in only one digit, not
both digit sums can be multiples of 10. Hence no two are neighbours among these 9 x 10®
10-digit numbers.
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1.

The sum of all terms of a finite arithmetical progression of integers is a power of two. Prove
that the number of terms is also a power of two.

What is the maximal number of checkers that can be placed on an 8 x 8 checkerboard so that
each checker stands on the middle one of three squares in a row diagonally, with exactly one
of the other two squares occupied by another checker?

Each day, the price of the shares of the corporation “Soap Bubble, Limited” either increases
or decreases by n percent, where n is an integer such that 0 < n < 100. The price is calculated
with unlimited precision. Does there exist an n for which the price can take the same value
twice?

Two circles intersect in points A and B. Their common tangent nearer B touches the circles
at points E and F', and intersects the extension of AB at the point M. The point K is chosen
on the extention of AM so that KM = M A. The line K E intersects the circle containing F
again at the point C'. The line K F' intersects the circle containing F' again at the point D.
Prove that the points A, C' and D are collinear.

. All sides of a polygonal billiard table are in one of two perpendicular directions. A tiny

billiard ball rolls out of the vertex A of an inner 90° angle and moves inside the billiard table,
bouncing off its sides according to the law “angle of reflection equals angle of incidence”. If

the ball passes a vertex, it will drop in and srays there. Prove that the ball will never return
to A.

. At the beginning of a two-player game, the number 2004! is written on the blackboard. The

players move alternately. In each move, a positive integer smaller than the number on the
blackboard and divisible by at most 20 different prime numbers is chosen. This is subtracted
from the number on the blackboard, which is erased and replaced by the difference. The
winner is the player who obtains 0. Does the player who goes first or the one who goes second
have a guaranteed win, and how should that be achieved?

Note: The problems are worth 4, 5, 5, 6, 6 and 7 points respectively.



Solution to Junior A-Level Spring 2004

1. Let the first term of the arithmetic progression be a, the common difference be d and the
number of terms be n. Then the sum of all terms is equal to in(a +a + (n — 1)d) = 2* for
some positive integer k. Hence n(2a + (n — 1)d) = 281 and each factor on the left side must
be a power of 2.

2. Clearly, no checkers can be placed on any of the 28 outside squares. Moreover, at least one
of each set of three squares with the same label must be left vacant. Thus the number of
checkers that can be placed is at most 32. If we leave vacant the 28 outside squares and the 4
central squares, it is easy to verify that all conditions are satisfied. Thus the maximum is 32.

3. Suppose the price is repeated after a incrreases and b decreases. Then
(100 4 n)*(100 — n)> = 100°*?.

Now the right side has only 2 and 5 as its prime divisors, so that the same must be true for
the left side. The only power of 2 between 101 and 199 is 128. The only number in this range
that is 5 times a power of 2 is 160. There are no numbers in this range that are 25 times a
power of 2. The only number in this range that is 125 times a power of 2 is 125 itself. Hence
n = 25, 28 or 60. Then 100 — n = 75, 72 or 40, so that n = 60. However, we cannot have
160%40° = 100°** because the prime factorization of the left side has more 2s than 5s, while
that of the right side has an equal number of 2s and 5s.



4. Since ME? = MA-MB = MF? AK and EF bisect each other, so that AEKF is a
parallelogram. Moreover, since EF' is tangent to the circles,

(KCA+ (KDA+ (CKD = /AEF + /AFE + /EAF = 180°.
It follows that C, A and D rae collinear.

C

K

5. Let the sides of the billiard table be parallel to the coordinate axes. If the ball starts along
a side, it will fall into the vertex at the other end of the side. Otherwise, the absolute value
of the slope of each segment of the ball’s path is a positive constant. Hence the ball can only
return to A by doubling back along the original path. Thus there must be a point of reversal
where the path hits a side in a perpendicular direction. Since the sides are all horizontal or
vertical while the path never is, the ball can never return to A.

6. Let P be the product of the first 21 primes. The player who goes second has a winning
strategy, by always leaving a multiple of P for the opponent. This guarantees a win since
both 2004! and 0 are multiples of P. We first show that the opponent cannot turn the table
around. Suppose the first player is left with a multiple n of P. Suppose m is subtracted,
leaving a difference d. The only way for d to be a multiple of P is for m to be one also, but
this is impossible since m is divisible by at most 20 distinct primes. So the first player must
leave behind a difference d which is not a multiple of P. Divide d by P and let the remainder
be r < P. Since P is the smallest number that is divisible by at least 21 distinct primes, r is
divisible by at most 20 distinct primes. Hence the second player can subtract r from d and
leave behind another multiple of P.
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1.

Each day, the price of the shares of the corporation “Soap Bubble, Limited” either increases
or decreases by n percent, where n is an integer such that 0 < n < 100. The price is calculated
with unlimited precision. Does there exist an n for which the price can take the same value
twice?

. All angles of a polygonal billiard table have measures in integral numbers of degrees. A tiny

billiard ball rolls out of the vertex A of an interior 1° angle and moves inside the billiard table,
bouncing off its sides according to the law “angle of reflection equals angle of incidence”. If
the ball passes throigh a vertex, it will drop in and stays there. Prove that the ball will never
return to A.

The perpendicular projection of a triangular pyramid on some plane has the largest possible
area. Prove that this plane is parallel to either a face or two opposite edges of the pyramid.

. At the beginning of a two-player game, the number 2004! is written on the blackboard. The

players move alternately. In each move, a positive integer smaller than the number on the
blackboard and divisible by at most 20 different prime numbers is chosen. This is subtracted
from the number on the blackboard, which is erased and replaced by the difference. The
winner is the player who obtains 0. Does the player who goes first or the one who goes second
have a guaranteed win, and how should that be achieved?

The parabola y = 22 intersects a circle at exactly two points A and B. If their tangents at A
coincide, must their tangents at B also coincide?

The audience shuffles a deck of 36 cards, containing 9 cards in each of the suits spades, hearts,
diamonds and clubs. A magician predicts the suit of the cards, one at a time, starting with
the uppermost one in the face-down deck. The design on the back of each card is an arrow.
An assistant examines the deck without changing the order of the cards, and points the arrow
on the back each card either towards or away from the magician, according to some system
agreed upon in advance with the magician. Is there such a system which enables the magician
to guarantee the correct prediction of the suit of at least

(a) 19 cards;
(b) 20 cards?

Note: The problems are worth 4, 6, 6, 6, 7 and 3+5points respectively.



Solution to Senior A-Level Spring 2004

1. Suppose the price is repeated after a incrreases and b decreases. Then
(100 4 n)*(100 — n)> = 100°*?.

Now the right side has only 2 and 5 as its prime divisors, so that the same must be true for
the left side. The only power of 2 between 101 and 199 is 128. The only number in this range
that is 5 times a power of 2 is 160. There are no numbers in this range that are 25 times a
power of 2. The only number in this range that is 125 times a power of 2 is 125 itself. Hence
n = 25, 28 or 60. Then 100 — n = 75, 72 or 40, so that n = 60. However, we cannot have
160%40° = 100°*® because the prime factorization of the left side has more 2s than 5s, while
that of the right side has an equal number of 2s and 5s.

2. Let a side of the billiard table be parallel to the z-axes and let /ZAB be the 1° interior
angle. If the ball starts along AB or AZ, it will fall into B or Z respectively. Suppose the
ball follows a path AgA; ... A, where Ag = A= A,, with /A, AB and /ZAA,_, both strictly
between 0° and 1°. Then we cannot have A; = A,,_; since this can only happen if a segment
of the path is parpendicular to a side of the billiard table. Since the former must make an
angle of a non-integral number of degrees with the z-axis while the latter makes an angle of
an integral number of degrees, the situation is impossible. Now each segment of the path
divides the billiard table into two polygons. For the k —th segment Aj_1Ag, let Sy denote the
sum of the interior angles of the polygon to the right side of the directed segment. Consider
now the sum S = Sy — Sy + Sy — -+ + (=1)"S,,. Each term is an integral multiple of 180°.
Hence S is an even number of degrees. All angles of incidence and angles of reflection cancel
in this alternate sum. The interior angles of the billiard table appear in turn, starting with
B and ending with Z, and possibly going around several times. Hence each appears the same
number of times except for A, which appears one time less. Since we are only interested in the
parity of the degrees in S, we can ignore the signs for angles with integral number of degrees.
Hence /A1AB + (—1)"/ZAA,,_1 + 1° is an even number of degrees. This is only possible if n
is even and A; = A,_;. However, this has already been ruled out. Thus the ball can never
return to A.

3. If a polygon is orthogonally projected onto a plane, the projection has the largest area when
the plane is parallel to the polygon. Let the tetrahedron be ABC'D. Suppose its orthogonal
projection to the plane Il has the largest area. Now the porjection is either a triangle or a
convex quadrilateral. In the former case, II is clearly parallel to a face of the tetrahedron. In
the latter case, let the diagonals of the quadrilateral be projected from the sides AC' and BD.
Perform translations in the direction perpendicular to II, taking AC' into EG and BD into
FH, where FFGH is a convex quadrilateral. If II is parallel to EF'G H, then it is parallel to
both AC and BD. If not, let ¥ be a plane parallel to both AC' and BD. As before, perform
translations in the direction perpendicular to ¥, taking AC and BD into coplanar segments.
If necessary, perform translations in this plane so that the seqments are the diagonals of a
convex quadrilateral K LM N. Now the area of the orthogonal projection of ABC'D onto ¥ is
at least that of K LM N, which is equal to the area of EFGH, which is in turn greater than
that of the orthogonal projection of ABCD onto II. This is a contradiction.



4. Let P be the product of the first 21 primes. The player who goes second has a winning
strategy, by always leaving a multiple of P for the opponent. This guarantees a win since
both 2004! and 0 are multiples of P. We first show that the opponent cannot turn the table
around. Suppose the first player is left with a multiple n of P. Suppose m is subtracted,
leaving a difference d. The only way for d to be a multiple of P is for m to be one also, but
this is impossible since m is divisible by at most 20 distinct primes. So the first player must
leave behind a difference d which is not a multiple of P. Divide d by P and let the remainder
be r < P. Since P is the smallest number that is divisible by at least 21 distinct primes, r is
divisible by at most 20 distinct primes. Hence the second player can subtract r from d and
leave behind another multiple of P.

5. Let the circle be centred at (u,v) with radius e, so that its equation is (x —u)?+ (y —v)* = r2.

The given geometric information means that the equation (z —u)?+ (22 —v)? = r? has exactly
two real roots, one of which is repeated. Since at least three of the roots are real, all four
must be real. If the other root is also repeated, we have tangency at B as well. We must
investigate whether the quartic equation could have a triple root and a single root. We may
take A to be the point (1,1). Let the x-coordinate of B be b # 1. Then

(z—u)?+ (2 —v)? —r*2=(x—1)%x —b).

Comparing the coefficients of the cubic terms, we have 3+ b = 0 so that b = —3. Compaaring

the coefficients of the linear terms, we have —2u = 8 so that u = —4. Comparing the
coefficients of the quadratic terms, we have 1 — 2v = —6 so that v = % Finally, comparing
the constant terms, we have 16 + % —r?2 = =3, so that r = 57‘/5 In summary, the circle

(x44)2+ (y — I)? = (28)? intersects the parabola y = 2 only at A(1,1) and B(—3,9). with

common tangents only at A.
6. First Solution by Che-Yu Liu, Grade 10 student, Taiwan.

(a) For each two cards, the assistant can use the backs to give four different signals, corre-
sponding to the suit of the second of the two cards. Thus the magician can “predict”
with accuracy the suits of all even-numbered cards, up to card number 34. Now the
magician knows the overall composition of the deck, If the last two cards are of the same
suit, no further assistance is required. If they are not, the assistant can use the back of
card number 35 to indicate whether it is of the higher ranking or lower ranking suit. It
follows that the magician can guarantee at least 19 correct answers.

(b) The assistant examines the odd-numbered cards except card number 1. By the general-
ized Pigeomhole Principle, at least 5 of them are of the same suit. The assistant uses the
backs of cards number 1 and 2 to signal this suit, and the magician always guesses this
suit for all odd-numbered cards. The suits of even-numbered cards except card number
2 can be correctly as in (a). Thus the magician can guarantee at least 5+17=22 correct
answers even with an arbitrary distribution among the suits.



Second Solution by Andy Lai, Grade 11 student, Taiwan.

(a)

The assistant use the back of cards number 1 and 2 to signal the suit of card number 2
or 3, and the magician guesses that suit for both cards number 2 and 3. This is repeated
until the magician makes his guesses on cards number 32 and 33. This guarantees 16
correct answers so far since the magician is right at least once on every two consecutive
guesses of the same suit. The assistant then uses the backs of cards number 33 and 34
to signal the suit of card number 34. Now the magician knows the overall composition
of the deck, If the last two cards are of the same suit, no further assistance is required.
If they are not, the assistant can use the back of card number 35 to indicate whether it
is of the higher ranking or lower ranking suit. It follows that the magician can guarantee
at least 19 correct answers.

Start off as in (a) until the magician guesses the suit of card number 21. At least 10
correct answers have been obtained. Now the assistant uses the backs of cards number
21 and 22 to signal the suit of card 22, and so on until the magician correctly guesses
the suit of card number 34. Cards number 35 and 26 are handled as in (a). Thus far, we
can again guarantee 19 corrct answers. If either cards number 2 and 3 or cards number 4
and 5 are of the same suit, we have an additional correct answer. Suppose this is not the
case. Now the assistant can arrange for the magician to guess correctly card number 2 or
3, and card number 4 or 5. This flexibility is now used to signal the suit of card number
25. For instance, if card number 25 is Spades, then the correct guesses will occur on
cards number 2 and 4. If it is Hearts, they occue on cards number 2 and 5; if Diamonds,
3 and 4; and if Clubs, 3 and 5. Similarly, an extra correct answer can come out of cards
number 6 to 9 plus 27, of cards number 10 to 13 plus 29, of cards number 14 to 17 plus
31, and of cards number 18 to 21 plus 33. This guarantees at least 24 correct answers.



