26. TYPHHUP I'PAJOBA

Jeceme konro.
[Tpunpemua sapujanra, 17. okrobap 2004, roa.
8-9 paspen (maahu yspacr)

(Peayarar ce payyna Ha oCHOBY TPH 3aAaTKa Ha KOJMMa j¢ A0GHJCHO HajRHIe Noeha)

1. (3 qocna). Mory au ce uean 6pojenn oa 1 a0 2004 pacnopeantn y nekn

Hu3, Tako Aa 36up ma kojux 10 yaactonuux 6yae aemun ca 102

2. (4 aocna). Y xymjn ce narasu 111 kyrauua ypseue, 1aase, seaene u Geae
6oje. Ako ce, He raeaajyhu y kymnjy, ussaan us we 100 kyrauua, onaa he
melyy uma obaseano 6umu 4 kyramue pasamuutux 6oja. Koauko najmaine
kyramya mopamo uasyhu, we racaajyhu y xymujy, aa 6u ce mehy buma
CHIYPHO HalIAe 3 KyrAHUe pasAnunTHX 60ja?

3. (4 aocna). Mimamo uekoamko rpasoma, o4 KOMX Cy HEKH [OBe3aHH
ayTobycknm Aummjama (6e3 mehycranuua). Mls ma kojer rpaga mome ce
cruhu y ma xoju apyrn (ya moryhe npecenawe). Mpanosuh je kynuo no
jeany Bo3Hy KapTy 3a cBaky Mapiipyty (1). moxke npohu 1o woj camo jeanom
Ha 6uao kojy crpamy). [letpomuh je kymuo n Bosmux kapata aa cmaxy
mapupyty. Meanosuh u [lerposuh cy noman us rpasa A. Meauosuh je
HCKOPHCTHO CBE CBOJe KapTe, HOBE KapTe HMje KyNosao M cTHrao je y rpaa 3.
[Tetponuh je neko Bpeme nyToBao ca KynaeHHM KapTama, HAWAO CE Y Fpay
X # ne moxe ua wera nohu a0k ne kynu wony xkapry. /lokasam aa je X
uan rpaa A, man rpaa B.

4. (5 wocna). /latn cy kpymuuua » npasa koja je we ceve. Kako nomobn
HecTapa M ACIbHpPA KOHCTPYHCaTH Kpagpat umja he aBa cyceama remena
OGHTH Ha KPYAKHHUH, a ApYra Ana TeMcHa - ha aato) npaso) (ako ce ana aa

Takal KBaApaT nocTom)?

9. (5 wocna). Koanko uma paarsnrux navmma aa ce 6poj 2004 pazromu na
HeAe No3uTHRHE cabupke, Ko cy npubanmno jeanaku? Cabupaka moxe
6HTH jeaaH MAM HCKOAMKO. Dpojene wasupamo NPUOAMAKHO JEAHAKHM aKO
wiuxona pasauka nuje seha oa 1. Hauwmun, ko ce pasaukyjy camo o
PeROCACAY cabitpaKa, CMATPAly ce jeHaKuM.



26. TYPHHUP I'PAZJOBA

Jeceme konro
[ Tpunpemna sapujanra, 17. oxkrobap 2004. roa.
1011 paspen (crapuju yapacr)

(Pesyarar ce patyHa Ha OCHOBY TPH 3aaTKa Ha KOJHMA je A0OH)CHO Hajanie noesa)

1. (3 @ocna). Tpu xpymuuue nporase kpos tauky X. Tauxe A, B, C - cy
Tauke ibHXOBOr mpeceka, pasanuure oa X. Heka je A' apyra npeceuna
tauka npane AX u kpysuuue onucane oko tpoyraa BCX, Tauke B' u (7
oapehene cy anarorno. Joxamure aa cy tpoyraonn ABC', A B'C w A'BC
CAHYHH,

2. (3 aoena). Y xymju ce narasn 100 xyrauua 6Geae, naane u upsene 6oje.
Axo ce, ne raeaajyhu y xymjy, ussaau 3 we 26 xyramua, ouaa he mehy
wuma obasesno Gutn 10 kyramua wucre Goje. Koanxo majmambe xyranua
mopamo uasyhu, ue raesajyhu y xymjy, aa 6u ce mehy mwuma curypro
namao 30 kyranua ucre 6oje?

3. (4 aoena). /lata cy asa noannoma nosutusHor crenena, P(x) u Q(x), npn

uemy same uaenturetn P(P(x))= Q(Q(x)) u P(P(P(x)))~Q(Q(Q(x))).

Jla au rasa obapeano saxu uaenturer P(x)= Q(x)?

4. (4 aocna). Koanko uma paszamanmnx naunna aa ce 6poj 2004 pazromu na
eAe HosuTHBHE cabupke, Ko cy npubamakno jeanaxu? Cabupaka mose
GUTH jeaan MAM HeKOAMKO. Dpojese nasuBamMo npubAMAKNO jeAHaKuM ako
wuxopa pasanka muje Beha oa 1. Hawwnm, xom ce pasaukyjy camo no
penocaeay cabupaka, cMatpajy ce JeAHAKHM.

5. (5 noena). 3a xoje N ce 6pojesn oa 1 20 N mory nopehatu y apyraumjes
PCAOCACAY, TAKO Ad APHTMETHMKA CPEAHHA Ma KOje rpyfie 04 ABA WAW Riie
yaactonnux 6pojesa e byae ueo 6poj?
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26. TYPHUP I'PAJJOBA

Jeceme konro.
Ocnosna sapujanra, 24. okrobap 2004. roa.
8-9 paspea (maahu yspacr)

(Peayarar ce pasyna wa ocHony TpH 3apaTka Ha KojMa je 206HjeHO HajRmite noeHa)

(4 @ocna). Tpoyrao hemo 3asati paumonaAHuM ako cy mepuu GpojeBd cpux
IbErOBHX YrAOBa paitvonaanu Gpojesn. Tauky y Tpoyray amsahemo paumonarnom
aKko, CIIOJHBILK je ca TemenuMa, aoGujemo TpH paumonaana tpoyraa. Jlokamure a4
y CBaKOM OLITPOYTAOM PALMOHAAHOM TPOYTAY MOCTOje Gap TPH PALIHOHAAHE TAuKe.

(5 @ocna). Kpyxunnua, ynucana y tpoyrao ABC, aoanpyje crpannue BC, CA
AB peaom y raukama A', B' u C'. 3uamo aa je AA=BB'-CC". /la an je tana
obasesno Tpoyrao ABC jeanaxocrpaunuan?

(6 aocna). Koruxo ce najpuue xorwa moxe nocrasuri na waxosexy rabray 8x8,

TAKO Jla CBAKH TyYe He BHIIe oA 7 OCTaAHX.

. (6 @oena). Baca je 3amucano asa noswtusna Gpoja x u y. Sanucao je Gpojenc

x+y, x—y, xy u x/y u nokasao [lerpy, aau my Hije pekao, koju 6poj je y Kojo|
onepauuju Ao6ujen. Jokaxure aa [lerap mome jeanosnauno aa oapean x n y.

(7 @oena). Y rpoyray ABC ua crpanuun BC osnayena je tauxa K. Y mpoyraone
ABK u ACK ynucane cy kpysuuue, npu vemy npsa goanpyje crpannuy BC v
raukn M, a apyra y tauku N. Jlokamure aa je tarza BM-CN > KM-KN,

. (8 a@oena). Jpojuua aere koman (napue) cupa. Ha nouerxy npsu aean cup na

ABa KOMaja, 3aTHM APYTH CBAKH O/ THX KOMAJZa A€AH Ha ABA ACAA W TaKO AaNnC,
Aok ce He aobuje ) komaza. Batum npeH 3a cebe yauma jeaan Komaa, O
APYTH y3MMa jeflaH O/ MPEOCTAAHX KOMa/Ja, 3aTHM oneT [IpBH W TaKo CHC AOK
MMa CHpa. 3a CBAKOr MIpavya yYTBPAMTE KOAHKO HajBHILC CHpa OH MOMKC
ocurypath 3a cebe, 6e3 063upa Kako Hrpa HEroB MPOTHBHHK.

(8 @oena). Hexa cy A u B asa npasoyraonnka. Oa npasoyraonuxa ko cy
noayaapuu ca A, cactasnen je npasoyraowuk caudan ca B. Jlokasam aa ce on
npaBoyraoHHKa noayaapuux ca B3 moxe cactaBuTH npasoyraonnk cAuuan ca A.



26. TYPHHUP I'PAJJOBA

Jecemwe koro
Ocnosuna Bapujanra, 24. okrobap 2004. roa.
10-11 paspea (crapuju yspacr)

(Peayarar ce pauyna na ocnoBy Tpy 3a2aTKa Ha KOJMMa je AoBHjeHo HajBuile noena)

. (5 aoena). Mynxumje [ 1 g acpuumcane cy Ha (eao] GpOjeBHO) NPABO) W Y3ajaMio cy

uusepane, 1. 2(fx))=Ag(x))=y 3a cvaxko x u y. [losnaro je aa ce / mome npuxasarn y
06AuKy 36upa Auneapue u nepuoanune gpyukumje (1j. fx) - kx+h(x), rae je k 6poj, a h
- nepuoamuna Qynxymja). Joxaxure aa ce g takohe mome npeacranuri y Takmom
o6auxy. (Dynxwga A nasusa ce nepuopmunom ako ce moxe nahn takan 6po) d#0,
tako Aa je h(x+d)=h(x) 3a csaxu Gpo) Xx).

(5 aoena). Jsojuua urpajy caeachy urpy. Mmamo romuay kamemumha. [lpnu urpay,
Kaa je na noresy, yauma 1 uan 10 kamenunha. Jpyru urpay, npu ceaxom crom novesy,
yauma m wan n kamenduha. [lpeavere ysumajy nansmennuno, a nowmive npsu. [yon
OHa) KOJM He moxe aa Haumuu nores (aa yame kamenunh), 3ma ce aa npu ma kojoj
nodetHo) KoAuuunM kamenunha, npsM Mrpay ysek mome aa urpa tako aa nobean.
Kaxsu mory Guru 6pojesn m u n?

(5 aoena). Baca je sammcano asa nosurusna 6poja x 1 y. 3arum je samicao Hpojene
x+y, x= y. xy u x/y wn noxaszao [lerpy, aau my nmje pexao ko 6poj je v Kojoj
onepaumuin ao6ujen. Jokamure aa Ilerap mome jeanosnavno aa ogpean x n y.

(6 aoena). Kpymuuga ¢ uenrpom [ aemu y xpymunun ca gewrpom . Hahure
FEOMETPHICKO MECTO eHTapa KpyKHMUa onmMcauux oxo tpoyraosa [AB, rae e AB
Tetuna sehe kpyxmHMIE KOja A0AMPY)E Malby KPYHHULLY.

(7 aoena). Hexka cy A u B asa npasoyraonuka. Oa npasoyraomimka koju cy
noayaapuu ca A, cacrannen je npasoyraonnk camtan ca B. Jokasatn na ce oa
npasoyraoiuka noayaapuux ca B mome cacrasumi npasoyraouuk camman ca A

. (8 doena). Jlar je yeo 6poj n, xoju nuje aerun nu ca 2 wu ca 3. Tpoyrao hemo 3pari

0

1-
PA3PCIIHBHM AKO MEpPa CBAKOP IHEroBOr YrAa MMa 0OAMK —— (m nomuommTH ca
n

180 creneun, na noaeautTu ca n), rae je m - ueco 6Gpoj. Jeanakum hemo cmarparn
paspeuiuse Tpoyrae ca jeaHakum yraosum (). camume Tpoyraose). Y nouerky je aar
jeaan paspetmsn Tpoyrao. Csaxor mumyta jeaan oa nocrojehux rpoyraona paspeayje
ce Ha ABa PaspelINBa TAKO Aa CY MOCAE pesamba CBH A0OH)CHH TPOYTAOBH HejeAHaKH
(1j. umcy camunn). [locae nexor spemena noxasaro ce aa uujeaan oa TPoOyraosa mje
moryhe Taxo paspesarn. Jlokamure aa cy a0 Tor momenra mehy ro6ujannm aerosiva
N0CTOJaAH CBH Moryhu paspeitiusy TPOYTrAOBH.

(8 doena). Yraosu AOB u COD posose ce a0 nokaanamwa porayujom. Y mux cy

yincaie kpyxuuie Koje ce cexy y taukama E u F. /Jlokamure aa cy yraosu AOE
DOF jeanaxu.



26. TYPHUP TPAJIOBA

[1ponehio kono.
Ipunpenina Bapyjanta. 20. hebpyap 2005, ro.

3—9. pazpen (Maahi vapacT)

(TETETAT G2 PAUYHE HE DCHORY TIPH BUIETER M KOPIME [& NOCH)EHD HILJRHILIZ MOEHA)

1. t3 noena) HeToepevero o3 cema A 0 b oy KpeRyvIn AHa u Bopa v cyvopeT jeJH0 JpyToME
CELHROLE SRSIHE CY KUBCUHEITC. Wil He o yEio MelyeoBouo e, g e Aoy kpeisia
30 mamyra panpje. onn 4n ce cpean 2 km Sanse cemv b Ja je Dopa kpenyo 30 My

pannje, cvcpeT O ce Macin Omike ceTy A 3a RoTnen Grwe”?

[ Ja]

. [4 noera) Hewa jo N Go1o £0jo npupoaan opoi. JogazaTi 3a oc ¥ ISCCTHTHOM 3A0HCY ORI

Gpula N Dono Gpoja 31N, Baiam jenna og wepapa 1. 209,

3005 nwera) ¥ npsoM peay wWaxoscke Taliw to Hagasn 8 NCTUBCTHIG UPHIN TdMd. 4 Y
ONCTENHREM eIy & ACTORETARX DEnuX Jasiad. 3a R0iN MOFUMaTan Opoj moTtera Here Tave
MOTY BAMEHNTI MECTA £a UPHOM JaMana” hami | Mpee moTese BYKY HaM3IMeHMYHO, 00 Je1Ha
mama 3a jedad notel. Jama ce Kpefie No XOPM3OATLTN, 00 BEPTHKATH BN O TAiaroHan 3a

MA KOJH Gp0) 00°bd, AKO CE HA UVTY HE HATAW IDYIE Nam,

=

A5 noeray Jat je weampat ABCD. a M 1 N oy ¢pemmmta ctpannna BC o AD pecnekTHRITO,
ITa mpaTv#eTey Apjarnuame AC, npexo Tauke A, onabpasa je tauxa K. Tyw KW ceue

crpasriy AR v aven [ Jlorawnte Ja oy yrmaed KNA n T.XNA jenmak.

3. (5 Noend) ¥ HEKOM TPAIY CBE YITITUES FLTY TLTM TIPABUEM CEBED - )3T M NPaBLeM N TOK-3anal.,
Ro=ay H}’TﬂMﬂﬁHHH CE& TIROROEN THM TROTN. AANDNARiRITI TAMTO CTo CRPETAMRL HA TERO.
Kinmmxn CEPETaRG Hl JECHD _jﬂ TPH TOMSE MOT80 HAMPARAT. 8K0 Hi _jEJ'[Hﬂ MECTO HIle TP

MBI 1 H KPAJy CU BRUTIW Hi Mecro noacka? (OBE vILe oy ABUCKMePHL. ]



26. TYPHUP I'PAIOBA

[ponehno kono.
ITpunpemua Bapujanta, 20. gpebpyap 2005. roa.

10—11 pa3spen (cTapuju y3pact)

(Pe3ynTat ce pavyHa Ha OCHOBY TPH 32ZATKA HA KOjUMa je noOHjeHo HajBHIIE NOCHA)

1. (3 nocna ) Ha KOOpARKATHO] PABHA j& RAUPTAHO YeTHPH Tpaduka yAkkumnje obinka
y=X+ax+b Taecyand OpojeBan KoedRUOMjeHTH. 3HaMO Ja MOCTOje TagHO 4 TAuKe
npeceka, NpH YeMy Ce y CBaKOj CeKy Tawno apa rpadmka. [okxazatn ma je 36np najsehe n
HajMame Of ancupca Tavyaka Npeceka jeaHaka 30Hpy npeoctase JBe ancuuce.

2. (4 noera) Cen nprpogan Opojesn Cy 3aNHCaHN jeqan 3a ApyriM 6e3 pazmaka Aa eckoRaIrHoj
Tpanm: 1234567891011121314... 3atuM cy Tpaky paspesanu Ha AeloBe oA no cenam nndapa
y cBakoM neny. Jloxasats na ce Ma Kojn ceaMoungpean 6poj
a) Harasy Gap Ha jenHoM neny (3 noena);
6) namasn Ha HecKOHATHO MHOTO Aenosa (1 noen).

3. (4 noena) [Jat je xsagpar ABCD, a M 1 N cy cpeanmra crpaanna BC n AD pecnekTisHo.
Ha npoxyxerky mmnjaroaane AC nza taure A ogabpana je taura K. Jyx KM ceve crpanniy
AB yTaukn L Jorawwure na cy yrnoen KNA s LNA jearaxn.

4. (4 noena) Y HEKOM rpagy CBE YIANE HIY HIN NPABUEM CEBED - YT WIH NPaBLEM HCTOR-3anal.
AyTtoMoOnnncTa ce MpoBO3aQ THM TP&IOM, HANpapfABIDH TAYHO CTO CKpETama Ha JeBo.
Konmgo je pn TOM MOTao RanpaBHTH CKpeTaba Ha ZECHO, aK0 HH JEHO MECTO RHjE Mpommao
JBa NYTa W Ha Kpajy ce Bparno Aa Mecto nosacka? (Cee ynnue cy ABOCMEPHE).

5. (5 noena) 30Hp HeKOIHKO NO3RTHBAMX Gpojesa jennak je 10, a 30Rp BHXOBAX K8ajpara je
sehn o 20, Jlokazath jaje 30np xybosa Tax Gpojesa setin on 40,



26. TYPHHUP I'PAJOBA

[Tparehno xkoao.
Ocuosua sapujaurra, 27, gpedpyap 2005, roa.
8—9. panpen (maahu yspacr)

{ PesyaTaT ce pauyHa Ha OCHOBY TPIlL 33JdTKA Ha KOJjIMA j¢ JOONH]EHO HAJBIIE IIOSHA, TIOEHK 33

ACADBC JOHOD 341ATRA 0C cafiipajy )

{4 nocwa) Ha rpagumiky keagpatvor TprHoma ca 1IeA0BPOJHIIM KOCEIIIGCHTHMA YOACHE Oy
ARE TA'KE ¢a& USAOBPONNIM KoopaihaTaMa, JokamiTe ga, ako Je pacTojaibe Mehy 1bisa

HB[AREHG UEANM OpPOJEM, OHA JB AYVH KUJd X CHEjE IAJZABAHA Cd alC Ul CHOM U0,

(3 noexa) Bucune AA' 11 BB tpoyraa ABC ceny ce v Tausut H. Tause X 1 Y cy peaom
cpeamura gy AR w CI Aokasare pa oy opase XY uw A'B' mehyeotine ropvaanc.

Fla Gpopsannsy nenpassor cars Gapuna VMixaysena nocioje camo sealnka Kasavka, Mdad
KazasvKa [ CeRYILIAPA. & CBe WIppe i Ooaeowi ¢y 136pucalnl. bapon TBEAIL 4a O N0 TOM
caTy Moste aa oapehyje Taveo BpeMe, jep, HPENA WEIDBOM NOCMATPAH:Y, HA HEMY CE TOKUM
aaua {og 8.00 g0 19.59) ne nomasnva gBa oyta ueTHn pacnopes kasaekn. Jda an je

TRpheme fapora Tauko? (Kasamie nimajy paaarmiry aysumy, a kpehy ce papaoMcpHo).

&

[ lamiipes npasoyracinik ca kpagpaTiiou Mpemom, seairnme 10%12, wekoarkoe myTa je
MprcaeMjal No AHAIJaaMa Mpose Taso Ja je acbjen wsagpamiafi X1 Koano ce napwitha
Mose 200100 oo ce rap ksaapanifl pacede oo ayisn roja cuaga

a) cpeanmTa fBe iberope lacnpamMie e (2 noena);

6) cpcamuTa gse weroee cyceauc usnue (4 nocaa)?

{Hﬂl’]ﬁi‘TE‘_ TRa OCOICH T ORARITC d APYTHX [—Il"!Ma}_

{0 noena) Kouctpyrtop ce cacTojli U3 rapiurype {KoMmaeTal MNPaBoyralx napa-
aeaeminena. Cmin ce ont mory emertimi {caomitmit) y jeany kyTy Takohe ofanka
IPABOYIADU  DAPAACABINNIEAA. ¥ WKapnipahom  (Je@eriiom)  KOMILETY KoL CBAROL
NMAPAABABITINEAA JEAHA O3 HEMUA GHAd Je Marba o cTadaapgHe. Vome A ce Tepanta aa ce
KOl KYTHJC, ¥ KOJy €€ CTaBba KOMMOACT, Takohe MOMKC CMalsidTi jcdda o Bima’

[rl."l!'l'ﬂ_-‘ltb‘ll}nill'll:("l.ll ce ("_'L.'-'IH{J.I' Y K}"l'll_i}" THANKOG A4 l"} Pl LN e ]1F1HI__LP l'Jﬂflﬂ.-‘.l".-\]lr" ]lt'l.il]l_'l‘i’lMi'l I{}"'l'lll'ilaj_

-

{6 noewa) Toma w Cuma aeac romiy o 2% wopanha o epepeoctima 1, 2, 3, 0 23
aarina, [lpin canom moTeay jegan oa rerrx Gupa woswih e romuac, a apyria roeopn wome
Aa cc aa ta) norath. Tlpeit 6pa Tosma, a noTou oHa) kojit 1Ma TPeHYTHO RIS AATIHA, a
aK0 1Ma]y JEAHAKD, OHAA oHA) Ko Je Bupao upouran iyT. Mome an Toma oocrynatn taxo
Aa Ha wpajy uma emce astiHa o Crse, zan, nak, Ciama Mome yeek ¥y Tome cnpesimi

TUM}’ [ Ha Kpﬂj}" IIMATII RIMIE AATIIHA 07 TI'EIME?

(8 uoena) [ luva waxvsese Tabae SX8 nymepurana oy 10 anjarosassmn, Koje nay © Aesa
NallGHE, MOIEBIUN 03 ropiber aeBor yraa: 1) caeneha amjarowara 2, 3; caeacha 4, 3, O it
Take Jaxe {npetnocacasa gwjaronasa D2, 63; nocacawa 64). lNopa je noctasio wa Ty
Tabay § MPTOHA TAKO 2 Je ¥ CRAROM peJ1y 11 CRAKOM CTYNLY HII0 0D JeJAH KeTOoH. JaTiM je
OH NPEMECTHO AKETOHE TAKD A4 |8 CBAKI HeTo!l Jotao Ha noxe ca sehitiv Gpopenm. Mome Al

TLdCAE TiM'E ¥ CBeKOh pedy H CBAKDM CTYIILY Aa Ce Ha}:]E [0 jE,.'J,iiH i'i*;t‘.'l'lL.'ll[-i:j



26. TYPHHP I'PAJOBA

[ Ipoaehno xono.
()CHQBH& BaijaHTa, 27. fpeﬁpyap 20[)5 roa.
10—11 paspen (crapuju yapact)

{PeayaTaT ce payuylia 11a OCHOBY TP 2alaTha Ha ROJIMA Je ZOGINEN0 HajBIILe NOIA NOeHi No

AEADBIIMA JEAHUL saadTRa ce cabipajy )

1. (4 ooena ) Ha rpagusy noamosa ca nraoBpojHuM RochMIHOEHTIIMA YOUOHE O ARC TAQKE

2.

ra UsAOOpOMMM KoopanHaTava. Joxamirre ga, ako jo pacTojarbe Mohy mliMa MBpAECHD

IFAHM SpOIEM, DHAA J8 Ty KOJA 11X CMAJa MAPAASAHA CA ATICTIICHOM 000M.

{3 nocna) Kpymmita &) nposasu kpos uentap xpymuamue &5 Kpos Tausy C na spyimeii
A, MDBYYEHE Cy TAaHreHTE HA Ky 11 OHE Cexy xpysuuuy Ky v Taskava A 1 B. Jokamire ga je

Ayii AB opManlia 112 Npasy Ko NpoAa3ll KPo3 UElITHe Kpy:KHIiua,

(7 noena) Muwa u Baass aeae tomiay oa 23 wosahia ¢ speanoviuma 1, 2, 30 . 25
aarund. [lpin esakom woresy Jegan og mux Sipa aosvuh ws rosae, a apyin tosopn kome
aa ce aa taj noeuth. [lpest Gupa Niwa, a notost omaj ko 1vwa TpewyTao BInue aaTimMa;
AKO KMAJY JeAHAaKO - oHa] Kapt Je Gupan npontut myT. Vlose ar Muma urpanit Tako ga na
kpajy 1Ma miue aatina of Baase, wan, mak, Baaga mose urpaTit Tako aa ou na xpajy

HNlel EBHILE 4ATHHA O MHLUE‘.‘-.)

{6 moena) [Moctom A weappaTun TpiHeM fix), Takar Ja 3a CRAKI 1100 ODAMTIRAH G00) M
Jeanama AL fla))y) = 0, rae je m ocaoBa £ mma TauHo 2" pasamaTix poaaHux

pelweal

{7 noeua) Mrocaegap 1 soaexaegap ynocanu oy y jeauy ety cepy. Jdoxasute aa cy o
Taa # omcadil oko jeann uote cpepe. (Hanowmona: Flrocaeaap uma 204 jognakons ctpana y
MY OPARIAMIIG TPOYFAGRA, 113 CRAKON TEMEIIA ODAAAEL M0 I HAILA 11 YFAORI K0je RAKAANA]Y
eyreane crpane oy jeanasi. Joaekaenap ce cacrom ns 12 jeanarux cipana - upasianis
METOYTAUBA, 13 CBAKOT TEMEHA OAZIE [0 3 (BHUE 1 yraosn mely cyregsiM crpadama oy

jeaHaxiL }

(7 noesa) Hewa je o yraono nowe maxoecke 1afae 8x8, b wemy cycegno mome Ha
amarvaaa. Jdokasore aa e 6po) masida ga xpony ror obife ueay ratay, moaasehin ca
mawa 4, rehu ng Hpoja nawma 3a "xpoant Tonm” ofuthe geay Tafiay, norasehi ca noma £
(" Xporit ron’”' ve sxpelie uo TaGa 00 JeAnU NLE BOALPABIY WAL YCHPABHO 11 MOpPA 14

CTAHE HA CBAKD 11Lue TabAe TaYHO jE.ﬂ.HUM.}

Y upovrepy e aaro 200 reaxa. Coaxe ane va i cuaje ayss, npu esy qobijene ayssn
neMajy npecerninx Tavaka. Caka Ay obojena je jeanom of K Hoja. | leha xohe cnawy oa
Ad 1IN TdEakd Ao UGUjFl jE.ﬂHUM A TiHX K GUj-U., dAall Tdko dd O HE MOy Ha}'lu ABE TAYRE I
ay:x koja Je Haiva ogpefiena nere 6oje. Mome au [eha 1o yveex ga ypaan, aro je:

a) K=7 (4 noeua);

6) K =10 {4 nvena)?
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1.

Is it possible to arrange the numbers from 1 to 2004 inclusive in some order such that the
sum of any ten adjacent numbers is divisible by 107

A bag contains 111 balls, each of which is green, red, white or blue. If 100 balls are drawn at
random, there will always be 4 balls of different colours among them. What is the smallest
number of balls that must be drawn, at random, in order to guarantee that there will be 3
balls of different colours among them?

Various pairs of towns in Russia were linked by direct bus services with no intermediate stops.
Alexei Frugal bought one ticket for each route, which allowed travel in either direction but
not returning on the same route. He started from Moscow, used up all his tickets without
buying any new ones, and finished at Kaliningrad. Boris Lavish bought n tickets for each
route, and started from Moscow. However, after using some of his tickets, he got stuck in
some town which he could not leave without buying a new ticket. Prove that he got stuck in
either Moscow or Kaliningrad.

Given a line and a circle which do not intersect, use straight edge and compass to construct a
square with two adjacent vertices on the line and the other two on the circle, assuming that
such a square exists.

In how many ways can 2004 be expressed as the sum of one or more positive integers in
non-decreasing order, such that the difference between the last term and the first term is at
most 17

Note: The problems are worth 3, 4, 4, 5 and 5 points respectively.

LCourtesy of Andy Liu.



Solution to Junior O-Level Fall 2004

. We may replace each number by its units digit since this has no effect on divisibility by 10.
Then we have 200 of each of 5, 6, 7, 8, 9 and 0, but 201 of each of 1, 2, 3 and 4. Suppose the
desired arrangement is possible. Then the 11-th digit must be identical to the 1-st one, the
12-th to the 2-nd, and so on, forming a sequence of period 10. However, 0+1+424---+9=45
is not divisible by 10. Hence the period must contain some repeated digit. This digit would
have to appear at least 400 times, but none appears more than 201 times. Thus the task is
impossible.

. We first show that 87 is not enough. We may have in the bag 75 green, 12 red, 12 white and
12 blue balls. The total number of balls of any three colours is at most 99. If 100 are drawn
at random, there will be 4 balls of different colours. Hence the requirement is satisfied. Now
if we draw only 87 balls, we may end up with 75 green and 12 white balls. We now show that
88 is enough. By symmetry, we may assume that the numbers of green, red, white and blue
balls is non-increasing. We must have at least 12 blue balls as otherwise we may not have a
blue one when we draw 100 balls. Hence there are at least 24 white and blue balls, meaning
that the total number of balls of any two colours is at most 111 — 24 = 87. The desired result
follows immediately.

. Consider any town other than Moscow and Kaliningrad. Suppose Alexei visited it k& times.
Then he came in using £ tickets and went out using another k tickets. Hence the number of
his tickets with this town on them was 2k. The number of Boris’ tickets with this town on
them was 2kn. They allowed Boris to enter and depart kn times, after which Boris could not
come back and be stuck there.

. Let the given line be horizontal and the circle be above it. Draw the vertical diameter of the
circle, and extend it to cut the line at O. From O, draw two lines of slopes £2. Suppose they
are tangent to the circle at () and R respectively. Drop perpendiculars from ) and R onto
the given line at P and S respectively. Then PQR.S is the desired square. If each of the two
lines cut the circle at two points, take either the closer pair or the farther pair as () and R
and repeat as before. If the two lines miss the circle completely, the square will not exist, but
this is given not to be the case.

. Consider any k where 1 < k£ < 2004. Use the Division Algorithm to determine the unique
pair of integers (g, r) such that 2004 = kq +r with 0 <r < k — 1. Then r copies of ¢ + 1 and
k — r copies of ¢ will add up to 2004. Thus there is one desired expression for each value of
k, which is clearly unique. Hence there are 2004 such expressions in all.
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1. Three circles all passing through X intersect one another again pairwise at A, B and C
respectively. The extension of the common chord AX of two of the circles intersects the
third circle again at D. Similarly, the extensions of BX and C'X yield the points £ and F
respectively. Prove that triangles BCD, CAFE and ABF are similar to one another.

2. A bag contains 100 balls, each of which is red, white or blue. If 26 balls are drawn at random,
there will always be 10 balls of the same colour among them. What is the smallest number
of balls that must be drawn, at random, in order to guarantee that there will be 30 balls of
the same colour among them?

3. P(x) and Q(z) are non-constant polynomials such that for all z, P(P(z)) = Q(Q(x)) and
P(P(P(x))) = Q(Q(Q(x))). Is it necessarily true that P(x) = Q(x) for all z7

4. In how many ways can 2004 be expressed as the sum of one or more positive integers in
non-decreasing order, such that the difference between the last term and the first term is at
most 17

5. For which positive integers n is it possible to arrange the numbers from 1 to n in some order,
such that the average of any group of two or more adjacent numbers is not an integer?

Note: The problems are worth 3, 3, 4, 4 and 5 points respectively.

LCourtesy of Andy Liu.



Solution to Senior O-Level Fall 2004

1. We have /FAC = /EXC = /FXB = /FAB. Denote the common value by a. Similarly,
we have /FBA = /DXC = /DBC = (8 and /DCB = /DXB = /ECA = ~. Note that
a+pf+~v=/FXB+ (DXC+ (DXB = 180°. Hence /BDC = 180° — 8 — v = a,
/CFA = 180° — v —a = 3 and /AFB = 180° — a — 3 = ~. It follows that triangles
DBC, AEC and ABF are indeed similar to one another.

F

E

D

Note that X may lie on the extension of one of the common chords, say DA. We have
/FAC = /EXC = /FXB = /FAB. Denote the common value by «. Similarly, we have
/CEA = /DXC = /DBC = (g and /AFB = /DXB = /DCB = ~. As before, we have
a+p0+~v=/FXB+ /DXC+ /DXB = 180°. Hence /BDC = 180° —  — v = a,
(/ECA = 180° — v —a = f and /FAB = 180° — a — 3 = ~. It follows that triangles
DBC, AEC and ABF are indeed similar to one another.

2. We first show that 65 is not enough. We may have in the bag 47 red, 7 white and 46 blue
balls. If 26 are drawn at random, the number of red and blue balls is at least 19. By the
Mean Value Principle, there are either at least 10 red balls or at least 10 blue balls, so that
the requirement is satisfied. Now if we draw only 65 balls, we may end up with 29 red, 7
white and 29 blue balls. We now show that 66 is enough. We may assume that the number of
white balls is not more than the number of red balls and not more than the number of blue
balls. If there are at most 7 white balls, then among the 66 balls drawn, the number of red
or blue balls is at least 59, so that the desired result follows from the Pigeonhole Principle. If
there are at least 9 white balls, then we may draw 9 red, 8 white and 9 blue balls for a total
of 26 balls without 10 of the same colour. Hence the number of white balls must be 8. Since
we cannot have at least 9 red and at least 9 blue balls in the bag, we may assume that the
there are exactly 8 blue balls. When we draw 66 balls, we will get at least 50 red balls.

3. Since P(x) is a polynomial, so is P(P(x)), and it takes on infinitely many values. Let = be any
of these values. Then x = P(P(t)) for some t. Hence P(x) = P(P(P(t))) = Q(Q(Q(t))) =
Q(z). Since Q(z) is also a polynomial, and its agrees with P(z) on infinitely many values, we
must have P(z) = Q(x) for all z.



4. Consider any k where 1 < k < 2004. Use the Division Algorithm to determine the unique
pair of integers (g, r) such that 2004 = kq +r with 0 < r < k — 1. Then r copies of ¢ + 1 and
k — r copies of ¢ will add up to 2004. Thus there is one desired expression for each value of
k, which is clearly unique. Hence there are 2004 such expressions in all.

5. The sum of n consecutive numbers is ) where a is the first of these numbers. Their
average is %, which is an integer if and only if n is odd. In our problem, n cannot be
odd. We now show that n can be any even number. Arrange the n numbers in their natural
order and group them into pairs. Reverse the order within each pair to yield the arrangement
2,1,4,3,6,5,...,n,n — 1. Consider any k where 2 < k < n. Consider first the case where k
is odd. Any k adjacent numbers in our arrangement consist of k consecutive integers except
that the one which is not in a pair is replaced by its partner, which differs from it by 1. Thus
the sum of these k numbers is mk £ 1 for some m, so that their average is not an integer.
Finally, consider the case where k is even. Any k adjacent numbers in our arrangment consist
of k consecutive integers, possibly with the two at the ends not being in pairs and replaced
by their partners. Since one would be increased by 1 while the other would be decreased by
1, the sum is not affected by the replacement. So the average is not an integer.

n(2a+n—1
2
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1. An angle is said to be rational if its measure in degrees is a rational number. A triangle is said
to be rational if all its angles are rational. Prove that there exist at least three different points
inside any acute rational triangle such that when each is connected to the three vertices of
the original triangle, we obtain three rational triangles.

2. The incircle of triangle ABC' touches the sides BC, C'A and AB at D, E and F respectively.
If AD = BE = CF, does it follow that ABC' is equilateral?

3. What is the maximum number of knights that can be place on an 8 x 8 chessboard such that
each attacks at most seven other knights?

4. On a blackboard are written four numbers. They are the values, in some order, of x + y,
r —y, xry and % where x and y are positive numbers. Prove that x and y are uniquely
determined.

5. K is a point on the side BC' of triangle ABC. The incircle of triangle BAK touches BC' at
M. The incircle of triangle CAK touches BC at N. Prove that BM - CN > KM - KN.

6. Two persons share a block of cheese as follows. They take turns cutting an existing block
of cheese into two, until there are five blocks. Then they take turns choosing one block at a
time. The person who makes the first cut also makes the first choice, and gets an extra block.
Each wants to get as much cheese as possible. What is the optimal strategy for each, and how
much is each guaranteed to get, regardless of the counter measures of the other?

7. We have many copies of each of two rectangles. If a rectangle similar to the first can be made
by putting together copies of the second, prove that a rectangle similar to the second can be
made by putting together copies of the first, with no overlapping in both instances.

Note: The problems are worth 4, 5, 6, 6, 7, 8 and 8 points respectively.

LCourtesy of Andy Liu.



Solution to Junior A-Level Fall 2004

1. We remark that if a triangle has two rational angles, then the third angle must also be rational,
so that the triangle is rational. Let P be a point inside an acute rational triangle ABC, which
is then divided into triangles PBC, PCA and PAB. In each of the following cases, it is
sufficient to prove that PBC' is a rational triangle, since we can prove that PCA and PAB
are also rational in an analogous manner. Suppose P is the incentre of triangle ABC'. Since
PB bisects the /ZABC and C'P bisects /BCA, both of which are rational, both /PBC" and
/PCB are rational. Hence triangle PBC' is rational. Suppose P is the circumcentre of
triangle ABC. Since ABC'is acute, P is indeed inside it. Now /CPB = 2/CAB is rational,
so that /PCB = %(180O — /CPB) is also rational. Hence triangle PBC' is rational. Suppose
P is the orthocentre of triangle ABC. Since ABC is acute, P is indeed inside it. Now
/PBC =90° — /BCA and /PCB = 90° — /ABC' are both rational. Hence triangle PBC' is
rational. If ABC'is not equilateral, then its incentre, circumcentre and orthocentre are disinct
points. Thus we have the required three points. If ABC' is equilateral, there exist infinitely
many points P on the perpendicular bisector of BC' such that /PCB is rational. Any three
such points will meet the requirement of the problem.

A

B C

2. Assume that BE = CF but AB # AC. In triangles ABE and ACF, /BAE = /CAF,
AE = AF and BE = CF. Since AB # AC, ABE and ACF are not congruent triangles.
Hence /ABE # /ACF but we do have /ABE + /ACF = 180°. Hence either /ABE or
/AC'F is obtuse, which means that either AE > AB or AF > AC. Since AE = AF, either
AE > AC or AF > AB. This is a contradiction. It follows that AB = AC, and we can
prove in a similar way that AD = CF implies BC' = BA, so that ABC' is indeed equilateral
it AD=BFE =CF.

A




3. Let us start with a knight on each square of the 8 x 8 chessboard. If we remove the 4 knights
in the central 2 x 2 subboard, we are left with 60 knights each of which attacks at most 7
others. We now show that 60 is indeed the maximum. Again, we start with a knight on each
of the 64 squares. Note that a knight can attack 8 other knights only if it occupies one of the
squares in the central 4 x 4 subboard. We put these 16 knights on a black list. In the following
diagram, the number on each square shows the maximum number of knights on the black list
that can attack that square. Note that all the numbers are 4 or less. Thus the removal of a
knight can take at most 4 other knights off the black list. Even if the removed knight itself is
on the black list, we can take at most 5 knights off. Hence removing at most 3 knights will
not clear the black list.

o~~~ ]o
— oo |lw|lw|o|o ]~
— oo |lw|lw|o|o] e~
o | |w | |w|w|e
o | |w | |w|w|e
— oo ]|lw|lw oo |-
— ol ]|lw|lw oo~
o~~~ ]o

4. Note that (z +y) + (z — y) = 2z while (2y)(}) = 22, and that only 2 —y can be non-positive.
We consider three cases.
Case 1. All four numbers are positive.
Let a, b, ¢ and d denote x +y, * — y, xy and g in some order. Choose a pair of them and
check if the square of their sum is four times the product of the other two numbers. The pair
can be chosen in six ways. There are three subcases.
Subcase la. This is satisfied by two disjoint pairs.
We may assume that we have (a + b)? = 4cd and (¢ + d)? = 4ab. Adding these two equations
yields (a — b)? + (¢ — d)* = 0 so that a = b and ¢ = d. Substituting back into (a + b)? = 4cd,
we have a = +c. Since all four numbers are positive, we must have a = b =c=d. This is a
contradiction since . +y # x — y.
Subcase 1b. This is satisfied by two intersecting pairs.
We may assume that we have (a + b)? = 4cd and (a + ¢)* = 4bd with b # ¢. Then we have
b(a+b)* = 4bed = c(a + ¢)?, or equivalently (b — c)(a® + 2a(b+ ¢) + (b* + bc + ¢*)) = 0. This
is a contradiction since b — ¢ # 0 while a® + 2a(b + ¢)(b* 4 be + ¢*) > 0.
Subcase 1c. This is satisfied by only one pair.
We may assume that (a + 0)? = 4cd. Then we know that the larger one of @ and b is x +y
and the smaller one x — y. We can determine = and y uniquely.
Case 2. One of the numbers is 0. We know that x = y so that % = 1 must also be among
the four numbers. The other two are x +y = 2z and zy = 22. Since their product is 223, we
can determine x = y uniquely.



Case 3. One of the numbers is negative.

We know that x < y and % < 1. Check how many numbers in S = {z + y, zy, f} lie strictly
between 0 and 1. There are three subcases.

Subcase 3a. There is exactly one such number.

We know that this number is %, and we can determine z and y uniquely from x — y and %
Subcase 3b. There are exactly two such numbers.

We cannot have x+y < 1. Otherwise, we must have x < 1 and y < 1 so that xy < 1, but then
all three numbers in S lie strictly between 0 and 1. Hence x +y > 1 is the largest number in
S, and we can determine x and y uniquely from x —y and x + y.

Subcase 3c. There are exactly three such numbers.

From x +y < 1, we have v < 1 and y < 1 so that zy < z +y and 2y < % Hence the smallest
number in S is zy, and we can determine z and y uniquely from x — y and xy.

. First Solution:

AB+BK—AK ACH+CK—AK AK+BK—AB AK+CK—AC
Note that BM = AB+BK=AK (N — ACYCK=AK | [¢)[ — AKBK=AB 5y [N = AK+CK=AC,
Hence BM-CN > KM-KN is equivalent to AC-KB+AB-KC > AK(KB+KC) = AK-BC,

or A%gB + A%gc > AK. Let L be the point on AC such that KL is parallel to AB. Then

triangles ABC' and LK C' are similar. Hence AL = A%gB and KL = %. By the Triangle

Inequality, AL + KL > AK, which is the desired result. A

B M K N C
Second Solution:

Construct the tangent to the incircle of triangle CAK parallel to AB and closer to C' than
to A, cutting BC' at D and C'A at E. Let O and P be the respective incentres of triangles
BAK and CAK. Note that OK is perpendicular to PK since they bisect /BK A and /AKC
respectively. Hence triangles M KO and NPK are similar, so that % = %. Since AB is
parallel to DE, /ABD + /BDE = 180°. They are bisected respectively by OB and PD,
which are thus perpendicular to each other. Hence triangle M OB is similar to triangle NDP,
so that 284 = L. Multiplication yields KM - KN = BM - DN < BM - CN.

A

L

M| X/

B K C




6. Let the total amount of cheese be 1, the first player be Alexei and the second player be Boris.
Alexei can be assured of getting at least % if he cuts 1 into % and % We consider two cases.
Case 1. Boris cuts % into z and % —x, where 0 < z < %

Alexel cuts % into x and % — x. Now the four pieces are of sizes x = x < % —r < % — .
No matter how Boris makes his second cut, the second smallest piece is at most x, and the
second largest piece is at most % — x since 2(% —x) > % — x. Hence Boris can get at most
r+(2—z)=2

Case 2. Borls cuts % into x and % -, Where 0<x < 13

Ifo<gz <z , Alexei cuts 2 5 into x and 2 —x, and this is the same as in Case 1. Hence we
may assume that 1 < .:1: < 5. Alexei Cuts L —z mto £ —x and 1 . Now the four pieces are of
sizes £ —x < ¢ L < x < e There are four subcases

Subcilse 2a. Borls cuts 2 into y and £ —y, where 0 <y < %

We have either y < £ 2 _ x < % <z § 2 — g, in which case Boris gets (

%—xﬁyg é S%—ygx, in which Case Boris still getsy—k(%—y) :%

Subcase 2b. Boris cuts .

If < remains the third largest piece, Alexei gets at least % + % = % If it becomes the second
2

largest piece, Boris gets at most % + % =z

Subcase 2c. Boris cuts % into y and % — 1y, where 0 <y < %0

Since % —x > y, the second smallest piece is at most % — x. Hence Boris gets at most
((-—z)+a=2

Subcase 2d. Boris cuts % — .

Alexei gets at least % + % =z

We now show that Boris can be assured of getting % We consider three cases.

Case 1. Alexei cuts 1 into % —z and % + 2, where 0 < x < %.

Boris cuts % —x into % + 2 and é — 2x. If Alexei cuts % — 2z, Boris gets at least % +x>
Alexei cuts one = —|— x, Boris cuts the other % + x in the same way and gets at least % +x
Case 2. Alexer Cuts 1 into 2 st and 2 —x, where 0 <z < %

Boris cuts 2 - 1r1t0 = and % —x. If Alexel cuts either of these two pieces, Boris cuts % —r into
halves and gets at 1east 130 +5+5 (f —x)==2.If Alexei cuts 3 : +xintoy and 32 ctT—y Where
0<y<5 3 +35 Borlscutsthelattermto5+xand — . Ifl—x<y< z gg y< +z,
Boris gets y+(%—y) =2 Ify<i-a<i<li+a<i-y, Borisstill gets (3 —2)+(3+ ) 2
Case 3. Alexei cuts 1 into % + 2 nd % — x, where 0 g Tz < %

Boris cuts % + x into % + x and %, and this is the same as Case 2.

(1)
|
S
+
8
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Q
=

2
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> 2

7. Suppose we have an a1 X as rectangle A and a b; X by rectangle B. Any rectangle PQ RS that
can be constructed from copies of A has dimensions (uja; + ugas) X (via; + veay) for some
non-negative integers uy, us,v; and vy. If PQRS is similar to B, then

b1 wiay + uzay
bg v1aq + V29

We first consider the case where Z—; is rational, so that it is equal to % for some positive

integers m; and my. Then Z—l = mmduyme — N for some positive integers n; and ng, so that
2 vimi+vems no

it is also rational. Using nins copies of B, we can construct a square of side s = ngb; + n1bs.
Using mims copies of this square, we can construct an sm; X smsy rectangle which is similar

to A.



We now consider the case where 2! is irrational. We claim that in constructing the rectangle
PQRS with copies of A, all the copies must be in the same orientation. Let PTUV be
the largest subrectangle of PQRS that can be constructed with copies of A all in the same
orientation. Suppose U is in the interior of PQRS, as illustrated in the diagram below.

P T Q
V U
S R

If the line TU can be extended without cutting in interior of a copy of A, then the space
immediately below UV must be filled with copies of A in the same orientation as those above,
as otherwise it contradicts the irrationality of or. However, now it contradicts the maximality
of PTUV. Hence TU cannot be so extended, but this implies that VU can, and we have a
contradiction as well. It follows that U must lie on QR or RS. We may assume by symmetry
that it lies on QR, so that T coincides with ). However, the space immediately below UV
must be filled with copies of A in the same orientation as those above. This contradicts the
maximality of PTUV unless U coincides with R and V' with S. Thus our claim is justified.
Suppose this construction uses kiks copies of A in k; rows and ks columns for some positive
integers ky and k3. Then % = b g5 that % = Z—; Hence we can construct a rectangle

b
similar to A using kjko copies of B in ky rows and k; columns.
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1. The functions f and g are such that g(f(z)) = x and f(g(y)) = y for any real numbers = and
y. If for all real numbers x, f(x) = kx + h(z) for some constant k& and some periodic function
h(z), prove that g(x) can similarly be expressed as a sum of a linear function and a periodic
function. A function A is said to be periodic if for any real number x, h(x + p) = h(z) for
some fixed real number p.

2. Two players alternately remove pebbles from a pile. In each move, the first player must
remove either 1 or 10 pebbles, while the second player must remove either m or n pebbles.
Whoever cannot make a move loses. If the first player can guarantee a win regardless of the
initial number of pebbles in the pile, determine m and n.

3. On a blackboard are written four numbers. They are the values, in some order, of z + y,
xr —y, xry and 5 where = and y are positive numbers. Prove that x and y are uniquely
determined.

4. A circle with centre [ is inside another circle with centre O. AB is a variable chord of the
larger circle which is tangent to the smaller circle. Determine the locus of the circumcentre
of triangle IAB.

5. We have many copies of each of two rectangles. If a rectangle similar to the first can be made
by putting together copies of the second, prove that a rectangle similar to the second can be
made by putting together copies of the first, with no overlapping in both instances.

6. Let n > 5 be a fixed odd prime number. A triangle is said to be admissible if the measure
of each of its angles is of the form “*180° for some positive integer m. Initially, there is one
admissible triangle on the table. In each move, one may pick up a triangle from the table and
cut it into two admissible ones, neither of which is similar to any other triangle on the table.
The two new triangles are put back on the table. After a while, no more moves can be made.
Prove that at that point, every admissible triangle is similar to some triangle on the table.

7. From a point O are four rays OA, OC, OB and OD in that order, such that /ZAOB = /COD.
A circle tangent to OA and OB intersects a circle tangent to OC' and OD at E and F. Prove
that ZAOFE = /DOF.

Note: The problems are worth 5, 5, 5, 6, 7, 8 and 8 points respectively.

LCourtesy of Andy Liu.



Solution to Senior A-Level Fall 2004
1. Let y = f(x) = kx + h(x). Then y + kp = k(z + p) + h(z + p) = f(x + p). It follows that
gy +kp) =2 +p=g(y) +p. Let {(y) = g(y) — ¥ Then

y+kp
k

Uy + kp) = g(y + kp) — =g(y) +p—>—p="Ly).

Y
k
Hence ((y) is a periodic function, and g(y) = % + ((y).

2. Let the first player be Alexei, the second player be Boris, and the total number of pebbles
be t. We may assume that m < n. Suppose m < 8. If t = m + 1, then Alexei can take
only 1 pebble and Boris wins by taking the rest. Suppose n = m + 9. If t = m + 10, then
whether Alexei takes 1 or 10 pebbles, Boris can still take the rest and wins. Suppose m > 9
and n # m+9. If t < m, then Alexei wins by taking 1 pebble, leaving Boris with no response.
Suppose t > m. Alexei has two moves, one of which does not leave behind m pebbles and
one of which does not leave behind n pebbles. Suppose taking 1 pebble leaves behind n and
taking 10 pebbles leaves behind m. This would mean n = m+9, which is not the case. Hence
Alexei has a move which leaves behind neither m nor n pebbles, so that the game continues.
Since the game cannot continue forever, Boris must eventually lose.

3. Note that (z+y)+ (z —y) = 2z while (zy)(}) = 22, and that only x — y can be non-positive.
We consider three cases.
Case 1. All four numbers are positive.
Let a, b, c and d denote x +y, * —y, xy and 5 in some order. Choose a pair of them and
check if the square of their sum is four times the product of the other two numbers. The pair
can be chosen in six ways. There are three subcases.
Subcase 1a. This is satisfied by two disjoint pairs.
We may assume that we have (a + b)? = 4cd and (¢ + d)? = 4ab. Adding these two equations
yields (a — b)? + (¢ — d)* = 0 so that a = b and ¢ = d. Substituting back into (a + b)? = 4cd,
we have a = £c. Since all four numbers are positive, we must have a = b = c = d. This is a
contradiction since x +y # © — y.
Subcase 1b. This is satisfied by two intersecting pairs.
We may assume that we have (a + b)? = 4cd and (a + ¢)? = 4bd with b # c¢. Then we have
b(a+ b)? = dbed = c(a + ¢)?, or equivalently (b — ¢)(a® + 2a(b+ c) + (b* + bc + ¢*)) = 0. This
is a contradiction since b — ¢ # 0 while a® + 2a(b + ¢)(b* + be + ¢*) > 0.
Subcase 1c. This is satisfied by only one pair.
We may assume that (a + b)? = 4cd. Then we know that the larger one of a and b is z + y
and the smaller one x — y. We can determine = and y uniquely.
Case 2. One of the numbers is 0. We know that x = y so that % = 1 must also be among
the four numbers. The other two are x +y = 2z and xy = 2. Since their product is 223, we
can determine x = y uniquely.
Case 3. One of the numbers is negative.
We know that x < y and S <L Check how many numbers in S = {z + y, 2y, 5} lie strictly
between 0 and 1. There are three subcases.



Subcase 3a. There is exactly one such number.

We know that this number is £, and we can determine x and y uniquely from z — y and 5
Subcase 3b. There are exactly two such numbers.

We cannot have x+y < 1. Otherwise, we must have x < 1 and y < 1 so that zy < 1, but then
all three numbers in S lie strictly between 0 and 1. Hence x + y > 1 is the largest number in
S, and we can determine x and y uniquely from z —y and z + y.

Subcase 3c. There are exactly three such numbers.

From x+y < 1, we have z < 1 and y < 1 so that xy < z +y and zy < 5 Hence the smallest
number in S is xy, and we can determine x and y uniquely from z — y and zy.

4. The circumcentre P of triangle IAB lies on the line through O perpendicular to AB. Let
this line cut AB at D, and let C' be the point on this line such that C'I is perpendicular
to it. Let d denote the distance OI, r the radius of the circle with centre I, and R the
radius of the circle with centre O. Then PA? = PD? + AD? = PD? + R?* — OD? and
PI? = CI? + PC? = d&*> — (r — OD)? + (PD + r)®. These two expressions are equal to
each other since PA = PI. Simplification yields R? — d*> = 2r(OD + PD) = 2rPO. Hence
PO = # is a fixed distance, so that the locus of P is a circle with this radius and centre

0.

5. Suppose we have an a; X ay rectangle A and a b; x by rectangle B. Any rectangle PQ RS that
can be constructed from copies of A has dimensions (uja; + ugas) X (via; + veay) for some
non-negative integers uy, uo, vy and vy. If PQRS is similar to B, then

bi  uia; + uzap
by V101 + V20o

We first consider the case where o 1s rational, so that it is equal to - for some positive
integers m; and my. Then Z—l = mmtuyme — N for some positive integers n; and ng, so that
O . . 2 V1M1 +U2m2 n2 .

it is also rational. Using nins copies of B, we can construct a square of side s = nyby + n1bs.

Using mims copies of this square, we can construct an sm; X smsy rectangle which is similar

to A.



We now consider the case where 2! is irrational. We claim that in constructing the rectangle
PQRS with copies of A, all the copies must be in the same orientation. Let PTUV be
the largest subrectangle of PQRS that can be constructed with copies of A all in the same
orientation. Suppose U is in the interior of PQRS, as illustrated in the diagram below.

P T Q
V U
S R

If the line TU can be extended without cutting in interior of a copy of A, then the space
immediately below UV must be filled with copies of A in the same orientation as those above,
as otherwise it contradicts the irrationality of or. However, now it contradicts the maximality
of PTUV. Hence TU cannot be so extended, but this implies that VU can, and we have a
contradiction as well. It follows that U must lie on QR or RS. We may assume by symmetry
that it lies on QR, so that T coincides with ). However, the space immediately below UV
must be filled with copies of A in the same orientation as those above. This contradicts the
maximality of PTUV unless U coincides with R and V' with S. Thus our claim is justified.
Suppose this construction uses kiks copies of A in k; rows and ks columns for some positive
integers ky and k3. Then % = b g5 that % = Z—; Hence we can construct a rectangle

b
similar to A using kjko copies of B in ky rows and k; columns.

. Let the measures of the angles of a resolvable triangle be 2, % and = times 180°, where a, b
and ¢ are positive integers such that a + b+ ¢ = n. We label such a triangle (a, b, c). For
n = 3, there is only one resolvable triangle, namely (1,1,1), and the result is trivially true.
For n = 5, we have (3,1,1) and (2,2,1). Each can be cut into two triangles which are similar
to itself and to the other. Thus the result is also true. Henceforth, we assume that n > 7.

We generalize the case n = 5 as follows. We claim that whenever a resolvable triangle T'
can be cut into two resolvable ones, one similar to itself and another similar to a different
resolvable triangle S, then S can also be cut into two such triangles.

A

E

B D C

Let ABC be a resolvable triangle which is cut into two resolvable ones DBA and DCA, with
DBA similar to ABC. Then /BAD = /BCA. Now cut DCA along DFE parallel to BA.
Clearly, EDC is similar to ABC'. Since /EDA = /BAD = /BCA, EDA is also similar to
DCA. This justifies the claim.

Two such triangles are said to be compatible with each other, and the dissection dividing
either into triangles similar to both is called their common dissection.



For a fixed n, construct a graph as follows. Each vertex represents a similarity type of
resolvable triangles. Two vertices are joined by an edge if and only if the triangles they
represent are compatible with each other. Colour red the vertex representing the resolvable
triangle given initially, and any other vertices as the triangles they represent appear on the
table. We shall only use a common dissection to cut a resolvable triangle into a compatible
pair. It follows that once coloured red, a vertex remains red.

Suppose not all vertices are red. If the graph is connected, then there is a pair of adjacent
vertices exactly one of which is red. We can make the other vertex red by performing a
common dissection. Hence the desired result follows if we can prove that the graph is indeed
connected.

The degree of each vertex representing a non-isosceles resolvable triangle is 3. This is because
there are common dissections with three other triangles. If the triangle is (a,b,c) where
a < b < ¢, then it has a common dissection with each of (¢ — b,b,b+ a), (b —a,a,c+ a) and
(c—a,a,b+a).

b cC—a b
c— c+a

@ cl/bta b a bd+a\c b a b—a

The degree of each vertex representing an isosceles resolable triangle is 1. If it is of the form
(a,b,b) where a < b, we can only the second or the third common dissection to generate
(b —a,a,b+ a). If it is of the form (a,c,c) where a < ¢, we can use either the first or the
second common dissection to generate (a,2a,c — a). Moreover, the newly generated triangle
can only be isosceles if n = 5. Since we are now concerned only with the cases n > 7, we can
safely removal such vertices without affecting the connectivity of the graph. Of course, some
of the other vertices will have their degrees reduced from 3 to 2.

Let (a,b,c) be a resolvable triangle with a < b < ¢. Put the vertex representing it in level a.
The vertices on level 1 form a chain (1,2,n — 3) — (1,3,n — 4) — -+ — (1,252, »H) by the
third common dissection. We claim that each vertex in level a > 1 is either joined to some
vertex at a lower level, either directly or via a chain in level a. Then we can conclude that

the graph is connected.

If a+b > c> b, we use the first common dissection to obtain (b+ a,b,c —b). Since ¢ — b < a,
the vertex representing this triangle is in a lower level. If 2a > b > a, we use the third common
dissection to obtain (b — a,a,c+ a). Since b — a < a, the vertex representing this triangle is
in a lower level.

Suppose ¢ > a+b > 3a. We may use the second common dissection to obtain (a, b+ a,c—a).
For some positive integer k, we will have a + (b + ka) > ¢ — ka. Alternatively, we may use
the third common division to obtain (a,b— a,c+ a). For some positive integer ¢, we will have
2a > b—/{a. In both cases, we are moving within the same level towards a vertex which allows
for descent into a lower level.

We will have a problem in the first approach if b+ ka = ¢ — ka, and in the second approach if
2a = b — la. Either may occur, but if they occur simultaneously, we have b = (¢ 4+ 1)a while
¢ = (2k + ¢ + 1)a. Since n is prime, this is only possible if a = 1. However, we have already
proved that level 1 is connected.



7. Let the circles inscribed in ZAOB and /COD have centres P and (), and tangent to OA
and OD at K and L, respectively. Then we have /POK = $/AOB = 3/COD = /QOL
and /PKO = 90° = /QLO. Hence triangles POK and QOL are similar. It follows that

g—g = Z—IL( = g—g = %, so that the circumcircle of triangle OFEF' is the locus of all points

M satisfying S—% = Z—IL(. Now PQ) will intersect this circle at the midpoint I of the arc

EF. Hence /IOF = /IOF. Moreover, since % = g—g, we have /POI = /QOI. Hence
L[AOFE = {AOP + (POI — /IOE = /DOQ + /QOI — /IOF = /DOF.




International Mathematics
TOURNAMENT OF THE TOWNS

Junior O-Level Paper! Spring 2005.

1. Anna and Boris move simultaneously towards each other, from points A and B respectively.
Their speeds are constant, but not necessarily equal. Had Anna started 30 minutes earlier,
they would have met 2 kilometers nearer to B. Had Boris started 30 minutes earlier instead,
they would have met some distance nearer to A. Can this distance be uniquely determined?

2. Prove that one of the digits 1, 2 and 9 must appear in the base-ten expression of n or 3n for
any positive integer n.

3. There are eight identical Black Queens in the first row of a chessboard and eight identical
White Queens in the last row. The Queens move one at a time, horizontally, vertically or
diagonally by any number of squares as long as no other Queens are in the way. Black
and White Queens move alternately. What is the minimal number of moves required for
interchanging the Black and White Queens?

4. M and N are the midpoints of sides BC' and AD, respectively, of a square ABC'D. K is an
arbitrary point on the extension of the diagonal AC' beyond A. The segment KM intersects
the side AB at some point L. Prove that /KNA = /LN A.

5. In a certain big city, all the streets go in one of two perpendicular directions. During a drive
in the city, a car does not pass through any place twice, and returns to the parking place
along a street from which it started. If it has made 100 left turns, how many right turns must
it have made?

Note: The problems are worth 3, 4, 5, 5 and 5 points respectively.

LCourtesy of Andy Liu.



Solution to Junior O-Level Spring 2005

1. Let the distance AB be x kilometres. Let the speeds of Anna and Boris be a and b kilometres

respectively. Then the distance covered by Anna is %5 and that by Boris ab—fb When Anna
covers 2 more kilometres and Boris 2 less, the difference in time spent is % hours. It follows
that (25 4 2) — §(2% — 2) = 3, which simplifies to X + ¢ = ;. Since this expression is
symmetric, the two of them will meet 2 kilometres closer to A when Boris starts 30 minutes

early.

2. If the leading digit of n is 1, 2 or 9, there is nothing to prove. If it is 3, then the leading digit
of 3n is either 9 or 1. If the leading digit of n is 4 or 5, the leading digit of 3n will be 1. If it
is 6, then the leading digit of 3n is either 1 or 2. If the leading digit of n is 7 or 8, the leading
digit of 3n will be 2. All cases have been covered, and the desired conclusion follows.

3. We first show that the task can be accomplished in 23 moves.

o|0o|O Oo|0|0O oo (2K oo O|O|ej/e|®]|®|O|O
O [e]
o, ] [ ] [ ]
(2K J (AN J (2K J e(e|O Ole|e e|®|O Ol|le|e
Ole|e|e|@|O|e |00 |0|0 [ ] ojloj0oj0oj0j0|0|0O
O [e]
e|O|O|O|O ° (o] O|0|O0|0|O|e O|0|O|0]|0|0O|0O

We now prove that we need at least 23 moves. Each the 16 Queens must move at least once.
Of the two Queens on each inside column, at most one can move only once. This means at
least 6 extra moves. Of the four Queens at the corners, at most three can move only once.
This means at least 1 extra move. Hence the minimum is 23 moves.

4. Let AC cut MN at O, and extend BA to cut KN at P. Since PL is parallel to NM and
O is the midpoint of NM, A is the midpoint of AL. Hence triangles PAN and LAN are
congruent to each other, so that /KNA = /LNA.

K

N O M

5. In tracing a simple closed curve, the net change in the direction of the car is 360°, clockwise
or counterclockwise. Hence it must have made 96 or 104 right turns.
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1.

The graphs of four functions of the form y = 22 + az + b, where a and b are real coefficients,
are plotted on the coordinate plane. These graphs have exactly four points of intersection,
and at each one of them, exactly two graphs intersect. Prove that the sum of the largest and
the smallest z-coordinates of the points of intersection is equal to the sum of the other two.

The base-ten expressions of all the positive integers are written on an infinite ribbon without
spacing: 1234567891011.... Then the ribbon is cut up into strips seven digits long. Prove
that any seven digit integer will:

(a) appear on at least one of the strips;

(b) appear on an infinite number of strips.

M and N are the midpoints of sides BC and AD), respectively, of a square ABC'D. K is an
arbitrary point on the extension of the diagonal AC' beyond A. The segment K M intersects
the side AB at some point L. Prove that /KNA = /LN A.

In a certain big city, all the streets go in one of two perpendicular directions. During a drive
in the city, a car does not pass through any place twice, and returns to the parking place
along a street from which it started. If it has made 100 left turns, how many right turns must
it have made?

The sum of several positive numbers is equal to 10, and the sum of their squares is greater
than 20. Prove that the sum of the cubes of these numbers is greater than 40.

Note: The problems are worth 3, 341, 4, 4 and 5 points respectively.

LCourtesy of Andy Liu.
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1. Let the parabolas be y; = 2> + a;x + b;, 1 < i < 4. Now y; and y; intersect if and only if
a; # aj, and if that it the case, they intersect at exactly one point with = Z]%Z] Since we
have only four points of intersection, we must have two distinct values of a;, each appearing
twice. Hence we may assume that as = a; and a4 = az. By symmetry, we may assume that
b1 < by, bs < by and a; < az. This means that y; is below ys, y3 is below y4 and the common
axis of y; and s is to the right of the common axis of y3 and y4. It follows that the rightmost
point of intersection is that of y, with y3 while the leftmost point of intersection is that of

yp with 4. The sum of their z-coordinates is 2=b+ 4 b2=bs — bitbe=bazbs = The gum of the
az—aq az—ay az—aq

z-coordinates of the other two points of intersections is 2=bs 4 ba=bs — bifba=bs=bs zq ],
asz—al az—al az—ai

2. (a) Suppose n is a seven-digit number. Consider the seven consecutive eight-digit numbers
10n, 10n+1, ...,, 10n + 6. Since 7 and 8 are relatively prime, some strip will start
with one of these numbers and n appears on it.

(b) As in (a), we can consider the seven consecutive nine-digit numbers 100n, 100n + 1,
, 100n+ 6, the seven consecutive ten-digit numbers 1000n, 1000n+1, ..., 1000n + 6,
and so on. For each number of digits not divisible by 7, we get a strip on which n appears.

3. Let AC cut M N at O, and extend BA to cut KN at P. Since PL is parallel to NM and
O is the midpoint of NM, A is the midpoint of AL. Hence triangles PAN and LAN are
congruent to each other, so that /KNA = /LN A.

K

N O M

4. In tracing a simple closed curve, the net change in the direction of the car is 360°, clockwise
or counterclockwise. Hence it must have made 96 or 104 right turns.

5. Suppose a; +as + -+ + a, = 10 and a? + a3 + - - - + a2 > 20. By Cauchy’s Inequality,

10(a1 +ay +---+dy) = (a1+as+---+an)(of+ay+ -+ ay)

(
> <ff+ ff+ Va2
(af + a3+ +ap)?

400.

V

Hence a} + a3 + -+ - + a2 > 40.
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On the graph of a polynomial with integral coefficients are two points with integral coordinates.
Prove that if the distance between these two points is integral, then the segment connecting
them is parallel to the z-axis.

The altitudes AD and BFE of triangle ABC' meet at its orthocentre H. The midpoints of AB
and C'H are X and Y, respectively. Prove that XY is perpendicular to DFE.

Baron Miinchhausen’s watch works properly, but has no markings on its face. The hour,
minute and second hands have distinct lengths, and they move uniformly. The Baron claims
that since none of the mutual positions of the hands is repeats twice in the period between
8:00 and 19:59, he can use his watch to tell the time during the day. Is his assertion true?

A 10 x 12 paper rectangle is folded along the grid lines several times, forming a thick 1 x 1
square. How many pieces of paper can one possibly get by cutting this square along the
segment connecting

(a) the midpoints of a pair of opposite sides;

(b) the midpoints of a pair of adjacent sides?

In a rectangular box are a number of rectangular blocks, not necessarily identical to one
another. Each block has one of its dimensions reduced. Is it always possible to pack these
blocks in a smaller rectangular box, with the sides of the blocks parallel to the sides of the
box?

John and James wish to divide 25 coins, of denominations 1, 2, 3, ..., 25 kopeks. In each
move, one of them chooses a coin, and the other player decides who must take this coin. John
makes the initial choice of a coin, and in subsequent moves, the choice is made by the player
having more kopeks at the time. In the event that there is a tie, the choice is made by the
same player in the preceding move. After all the coins have been taken, the player with more
kokeps wins. Which player has a winning strategy?

The squares of a chessboard are numbered in the following way. The upper left corner is
numbered 1. The two squares on the next diagonal from top-right to bottom-left are numbered
2 and 3. The three squares on the next diagonal are numbered 4, 5 and 6, and so on. The two
squares on the second-to-last diagonal are numbered 62 and 63, and the lower right corner is
numbered 64. Peter puts eight pebbles on the squares of the chessboard in such a way that
there is exactly one pebble in each column and each row. Then he moves each pebble to a
square with a number greater than that of the original square. Can it happen that there is
still exactly one pebble in each column and each row?

Note: The problems are worth 4, 5, 5, 2+4, 6, 6 and 8 points respectively.

!Courtesy of Andy Liu.
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1. Let f(x) be a polynomial with integral coefficients such that f(x1) and f(z3) are integers for
some integers z; and zy. Since x§ —x% is divisible by @1 — x5 for all k, f(z1)— f(x9) = n(x; —x3)
for some integer n. If in addition the distance between the points (z1, f(x1)) and (xg, (2))
is also an integer m, then (z1 — z2)? + (f(71) — f(72))> = m% Then (z; — x2)*(1 4+ n?) = m?,
so that 1 4+ n? is also the square of an integer. This is only possible for n = 0. Hence
f(z1) — f(zg) = 0, so that f(x1) = f(x2), and the line joining (z1, f(z1)) and (x2, f(x2)) is

indeed parallel to the z-axis.

2. Since /ADB = 90° = /AEB, D and FE lie on a circle with diameter AB, and hence with
centre X. Since /CDH = 90° = /CEH, D and E lie on a circle with diameter CH, and
hence with centre Y. The common chord DE' of the two circles is therefore perpendicular to
the line of centres XY

C
Y
E
D
H
A X B

3. We first show that the three hands coincide only at 12:00 or 24:00. Suppose this occurs again.
Consider the angular distance 6 covered by the hour hand where 0° < # < 360°. The angular
distance covered by the minute hand is 360°n + 0, where n is the number of revolutions it has
made. Since the minute hand moves at 12 times the speed of the hour hand, 360°n + 6 = 126,
so that 6§ = 360°{;. The angular distance covered by the second hand is 360°m + 6, where
m is the number of revolutions it has made. Since the second hand moves at 720 times the
speed of the hour hand, 360°m + 6 = 7200, so that 6§ = 360°-75. From % = 5, n must be
a multiple of 11 and m a mutliple of 719 as 11 and 719 are relatively prime. However, this
contradicts 0° < # < 360°. This justifies the Baron’s claim. If there are two indistinguishable
times within a twelve-hour period, shift the times so that one of them is at 12:00 or 24:00
and the other not. However, since one set of hands coincide, so must the other, and we have

already proved that this is not possible.



4.

D.

(a) Let the edge of length 12 be horizontal. No matter how the piece of paper is folded into
a 1 x 1 stack, the horizontal edges of each square remains horizontal. Thus if the cut is
horizontal, we obtain 10+1=11 strips of paper. If the cut is vertical, we obtain 1241=13
strips of paper.

(b) Label the vertices of the 1 x 1 squares as follows. Along the top row, they are labelled
alternately A and B. Along the second row, they are labelled alternately C and D.
Thereafter, the rows are labelled alternately as above, so that along the bottom row, the
vertices are labelled alternately A and B. There are 6 x 7 =42 A vertices, 6 X 6 = 36 B
vertices, 5 X 7 = 35 C vertices and 5 x 6 = 30 D vertices. No matter how the piece of
paper is folded into a 1 x 1 stack, all A vertices will be on top of one another, as will all
the B vertices, all the C vertices and all the D vertices. If the cut isolates the A vertices,
we have 42+1=43 pieces of paper. If the cut isolates the B vertices, we have 36+1=37
pieces of paper. If the cut isolates the C vertices, we have 35+1=36 pieces of paper. If
the cut isolates the D vertices, we have 304+1=31 pieces of paper.

Let the box be 10000 x 1000 x 100, the first block 10000 x 1000, the second block 10000 x 800 x 80
and the third block 10000 x 200 x 80. Let the reduced first block be 10000 x 999 x 20, the
reduced second block be 10000 x 800 x 79 and the reduced third block be 9999 x 200 x 80.
The dimension of the box which exceeds 1000 must remain at 10000. The dimension of the
box which exceeds 100 must remain 1000=800+200, and the third dimension of the box must
remain 100=80+20. Hence no smaller box can hold the three reduced blocks.

James can always get more kopeks than John. Upon John’s initial offer, James can either
take it or leave it. If there is a way for him to get more kopeks than John by taking it, there
is nothing further to prove. If there are no ways, then he makes John take it, and there are
no ways for John to get more kopeks than he.

Label the rows from 1 to 8 from top to bottom, and the columns from 1 to 8 from left to
right. Note that the sum of the row number and column number of a square is constant along
any diagonal from top-right to bottom-left, and this sum increases as the diagonals shift from
top-left to bottom-right. For eight pebbles each in a different row and a different column,
the sum of their row and column numbers must be 2(14+2+34445+6+7+8). In moving a
pebble from a square to another so that the number on the square increases, it must either
slide downwards along a diagonal from top-right to bottom-left, or move to a diagonal closer
to the bottom-right. Since the sum of all the row and column numbers cannot decrease, every
pebble must stay on its original diagonal from top-right to bottom-left. However, this means
that every pebble slides downwards, so that there will not be any left in the first row.
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On the graph of a polynomial with integral coefficients are two points with integral coordinates.
Prove that if the distance between these two points is integral, then the segment connecting
them is parallel to the z-axis.

A circle w; with centre O; passes through the centre O, of a second circle wo. The tangent
lines to wy from a point C' on w; intersect w; again at points A and B respectively. Prove
that AB is perpendicular to O10s.

John and James wish to divide 25 coins, of denominations 1, 2, 3, ..., 25 kopeks. In each
move, one of them chooses a coin, and the other player decides who must take this coin. John
makes the initial choice of a coin, and in subsequent moves, the choice is made by the player
having more kopeks at the time. In the event that there is a tie, the choice is made by the
same player in the preceding move. After all the coins have been taken, the player with more
kokeps wins. Which player has a winning strategy?

For any function f(z), define f'(z) = f(x) and f*(z) = f(f" !(z)) for any integer n > 2.
Does there exist a quadratic polynomial f(x) such that the equation f™(z) = 0 has exactly
2™ distinct real roots for every positive integer n?

Prove that if a regular icosahedron and a regular dodecahedron have a common circumsphere,
then they have a common insphere.

A lazy rook can only move from a square to a vertical or a horizontal neighbour. It follows a
path which visits each square of an 8 x 8 chessboard exactly once. Prove that the number of
such paths starting at a corner square is greater than the number of such paths starting at a
diagonal neighbour of a corner square.

Every two of 200 points in space are connected by a segment, no two intersecting each other.
Each segment is painted in one colour, and the total number of colours is k. Peter wants
to paint each of the 200 points in one of the colours used to paint the segments, so that no
segment connects two points both in the same colour as the segment itself. Can Peter always
do this if

(a) k=T;
(b) k = 107

Note: The problems are worth 4, 5, 5, 6, 7, 7 and 444 points respectively.

ICourtesy of Andy Liu.
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1. Let f(x) be a polynomial with integral coefficients such that f(x1) and f(z3) are integers for
some integers z; and zy. Since x§ —x% is divisible by @1 — x5 for all k, f(z1)— f(x9) = n(x; —x3)
for some integer n. If in addition the distance between the points (z1, f(x1)) and (xg, (2))
is also an integer m, then (z1 — z2)? + (f(71) — f(72))> = m% Then (z; — x2)*(1 4+ n?) = m?,
so that 1 4+ n? is also the square of an integer. This is only possible for n = 0. Hence
f(z1) — f(zg) = 0, so that f(x1) = f(x2), and the line joining (z1, f(z1)) and (x2, f(x2)) is

indeed parallel to the z-axis.

2. Since C'A and C'B are tangents to wo, we have ZACO,; = /BCQO,. It follows that we have
ZAOlOQ = 2[14002 = 213002 = ZBOlOQ MOI‘GOVGI‘, OlA = OIB and OlD = OlD, where
D is the point of intersection of AB and O,0,. It follows that triangles O1AD and O, BD are
congruent. Hence ZADO; = /BDQO;. Since their sum is 180°, each is 90° and 010, is indeed
perpendicular to AB.

02 Ol

C

3. James can always get more kopeks than John. Upon John’s initial offer, James can either
take it or leave it. If there is a way for him to get more kopeks than John by taking it, there
is nothing further to prove. If there are no ways, then he makes John take it, and there are
no ways for John to get more kopeks than he.

4. Such a function is f(z) = 22> — 2. For f(z) = 0, we have 2% = 2, and the roots are ++/2.
We claim that every root of f"*!(z) = 0 has the form r,,; = ++/2 & r, for some root +r,
of f"(z) = 0. Indeed, f"(r,11) = f"((vV2E71,)? —2) = f*(£r,) = 0. Since the degree
of f*1(z) is double that of f™(z), these are all the roots. We prove by induction on n that
+r, are real and |r,| < 2 for all n. For n = 1, this is certainly the case with ++/2. Suppose
the result holds for some n > 1. Since |r,| < 2 2 £+ r, > 0 so that 7, = &/2 £ 1, are real.
Moreover, |2 +1,| <2+ |r,| < 4, so that |rn+1| < 2. Finally, observe that v/2 and —+/2 are
distinct, and that distinct roots of f"(z) = 0 lead to distinct roots of f"*1(z) = 0.



5. Let O be the circumcentre of the icosahedron, C' the centre of one of its faces and A a vertex
of that face. Its circumradius is OA, and its inradius is OC. Construct a dual dodecahedron
by joining the centrers of adjacent faces of the icosahedron. Now C' is a vertex of three faces
of this dodecahedron, and the centre B of one of these faces lies on OA. Its circumradius is
OC' and its inradius is OB. Note that in triangles OAC and OCB, /AOC = /COB and
/OCA =90° = /OBA. Hence they are similar to each other, so that % = %. If we rescale
the two solids so that their circumradii are equal, then so are their inradii.

6. The diagram below shows a path from A to Z along which a lazy rook visits every square of
the 8 x 8 chessboard once and only once, where A, B, Y and Z are as labelled. Note that A
and B have the same colour in the usual chessboard pattern. Since the squares visited by the
lazy rook must alternate in colour, no path can start from A and end at B, or vice versa. We
claim that there are more such paths starting from A than those starting from B. For each
path starting from B, since the path cannot end at A, the lazy rook must visit A between
visits to Y and Z. Suppose the lazy rook visits Y first. Then the path corresponds to the
following one starting from A: move to Y, follow the original path in reverse to B, move to
Z, and follow the original path to the end. If the lazy rook visits Z first, then start from A,
move to Z, follow the original path in reverse to B, move to Y, and follow the original path
to the end. The path in the diagram below does not correspond to any path starting from B
because no path starting from B can end at Z unless it moves from A to Z. This justifies our
claim.




7.

(a)

Peter cannot always do so when k = 7, even when there are only 128 points. We ignore
the remaining 72 points and segments joining them to one another or to our 128 points.
Divide the 128 points into 64 pairs, and paint the segments joining the two points in each
pair red. Combine the 64 pairs into 32 quartets. In each quartet, all segments joining one
point from each pair are painted blue. Combine the 32 quartets into 16 octets. In each
octet, all segments joining one point from each quartet are painted yellow. Combine the
16 octets into 8 hexidecatets. In each hexidecatets, all segments joining one point from
each octet are painted green. Combine the 8 hexidecatets into 4 groups. In each group,
all segments joining one point from each hexidecatet are painted orange. Combine the
4 groups into 2 halves. In each half, all segments joining one point from each group are
painted violet. Finally, combine the 2 halves into 1 set. In the set, all segments joining
one point from each half are painted black. Now Peter cannot have a black point in
each half. Hence there is a half with no black points. Discard the other half. Now Peter
cannot have a violet point in each group. Hence there is a group with no violet points.
Discard the other group. Now Peter cannot have an orange point in each hexidecatet.
Hence there is a hexidecatet with no orange points. Discard the other hexidecatet. Now
Peter cannot have a green point in each octet. Hence there is an octet with no green
points. Discard the other octet. Now Peter cannot have a yellow point in each quartet.
Hence there is a quartet with no yellow points. Discard the other quartet. Now Peter
cannot have a blue point in each pair. Hence there is a pair with no belue points. Discard
the other pair. In the remaining pair, both points are red and they are joined by a red
segment.

Solution by Cheng-Chiang Tasi, Kaohsiung High School, Taiwan.

Peter still cannot do so when k& = 10, even when there are only 121 points. We ignore
the remaining 79 points and segments joining them to one another or to our 121 points.
We construct a finite geometry based on arithmetic modulo 11. Each point is given
coordinates (7, j), where each of i and j is an integer between 0 and 10 inclusive. Consider
two points (i1, 1) and (ig, jo). If 41 = iy, the segment joining them is vertical. If j; = ja,
the segment joining them is horizontal. We either paint such segments arbitrarily or
leave them unpainted. In all other cases, the segment joining the two points has slope
m, where m is an integer between 1 and 10 inclusive. We paint such a segment in the
m-th colour. Now Peter paint the 121 points in 10 colours. By the Pigeonhole Principle,
there must be at least 13 points of the same colour, say the m-th one. Now there are
11 lines in this geometry with slope m, each passing through exactly 11 points. By the
Pigeonhole Principle again, at least 2 of these 13 points must be on the same line. Then
we have 2 points in the m-th colour, joined by a segment also in the m-th colour.



