
 



 



 



 



 



 



 



 



International Mathematics
TOURNAMENT OF THE TOWNS

Junior O-Level Paper1 Fall 2004.

1. Is it possible to arrange the numbers from 1 to 2004 inclusive in some order such that the
sum of any ten adjacent numbers is divisible by 10?

2. A bag contains 111 balls, each of which is green, red, white or blue. If 100 balls are drawn at
random, there will always be 4 balls of different colours among them. What is the smallest
number of balls that must be drawn, at random, in order to guarantee that there will be 3
balls of different colours among them?

3. Various pairs of towns in Russia were linked by direct bus services with no intermediate stops.
Alexei Frugal bought one ticket for each route, which allowed travel in either direction but
not returning on the same route. He started from Moscow, used up all his tickets without
buying any new ones, and finished at Kaliningrad. Boris Lavish bought n tickets for each
route, and started from Moscow. However, after using some of his tickets, he got stuck in
some town which he could not leave without buying a new ticket. Prove that he got stuck in
either Moscow or Kaliningrad.

4. Given a line and a circle which do not intersect, use straight edge and compass to construct a
square with two adjacent vertices on the line and the other two on the circle, assuming that
such a square exists.

5. In how many ways can 2004 be expressed as the sum of one or more positive integers in
non-decreasing order, such that the difference between the last term and the first term is at
most 1?

Note: The problems are worth 3, 4, 4, 5 and 5 points respectively.

1Courtesy of Andy Liu.



Solution to Junior O-Level Fall 2004

1. We may replace each number by its units digit since this has no effect on divisibility by 10.
Then we have 200 of each of 5, 6, 7, 8, 9 and 0, but 201 of each of 1, 2, 3 and 4. Suppose the
desired arrangement is possible. Then the 11-th digit must be identical to the 1-st one, the
12-th to the 2-nd, and so on, forming a sequence of period 10. However, 0+1+2+· · ·+9=45
is not divisible by 10. Hence the period must contain some repeated digit. This digit would
have to appear at least 400 times, but none appears more than 201 times. Thus the task is
impossible.

2. We first show that 87 is not enough. We may have in the bag 75 green, 12 red, 12 white and
12 blue balls. The total number of balls of any three colours is at most 99. If 100 are drawn
at random, there will be 4 balls of different colours. Hence the requirement is satisfied. Now
if we draw only 87 balls, we may end up with 75 green and 12 white balls. We now show that
88 is enough. By symmetry, we may assume that the numbers of green, red, white and blue
balls is non-increasing. We must have at least 12 blue balls as otherwise we may not have a
blue one when we draw 100 balls. Hence there are at least 24 white and blue balls, meaning
that the total number of balls of any two colours is at most 111− 24 = 87. The desired result
follows immediately.

3. Consider any town other than Moscow and Kaliningrad. Suppose Alexei visited it k times.
Then he came in using k tickets and went out using another k tickets. Hence the number of
his tickets with this town on them was 2k. The number of Boris’ tickets with this town on
them was 2kn. They allowed Boris to enter and depart kn times, after which Boris could not
come back and be stuck there.

4. Let the given line be horizontal and the circle be above it. Draw the vertical diameter of the
circle, and extend it to cut the line at O. From O, draw two lines of slopes ±2. Suppose they
are tangent to the circle at Q and R respectively. Drop perpendiculars from Q and R onto
the given line at P and S respectively. Then PQRS is the desired square. If each of the two
lines cut the circle at two points, take either the closer pair or the farther pair as Q and R
and repeat as before. If the two lines miss the circle completely, the square will not exist, but
this is given not to be the case.

5. Consider any k where 1 ≤ k ≤ 2004. Use the Division Algorithm to determine the unique
pair of integers (q, r) such that 2004 = kq + r with 0 ≤ r ≤ k− 1. Then r copies of q + 1 and
k − r copies of q will add up to 2004. Thus there is one desired expression for each value of
k, which is clearly unique. Hence there are 2004 such expressions in all.



International Mathematics
TOURNAMENT OF THE TOWNS

Senior O-Level Paper1 Fall 2004.

1. Three circles all passing through X intersect one another again pairwise at A, B and C
respectively. The extension of the common chord AX of two of the circles intersects the
third circle again at D. Similarly, the extensions of BX and CX yield the points E and F
respectively. Prove that triangles BCD, CAE and ABF are similar to one another.

2. A bag contains 100 balls, each of which is red, white or blue. If 26 balls are drawn at random,
there will always be 10 balls of the same colour among them. What is the smallest number
of balls that must be drawn, at random, in order to guarantee that there will be 30 balls of
the same colour among them?

3. P (x) and Q(x) are non-constant polynomials such that for all x, P (P (x)) = Q(Q(x)) and
P (P (P (x))) = Q(Q(Q(x))). Is it necessarily true that P (x) = Q(x) for all x?

4. In how many ways can 2004 be expressed as the sum of one or more positive integers in
non-decreasing order, such that the difference between the last term and the first term is at
most 1?

5. For which positive integers n is it possible to arrange the numbers from 1 to n in some order,
such that the average of any group of two or more adjacent numbers is not an integer?

Note: The problems are worth 3, 3, 4, 4 and 5 points respectively.

1Courtesy of Andy Liu.



Solution to Senior O-Level Fall 2004

1. We have 6 EAC = 6 EXC = 6 FXB = 6 FAB. Denote the common value by α. Similarly,
we have 6 FBA = 6 DXC = 6 DBC = β and 6 DCB = 6 DXB = 6 ECA = γ. Note that
α + β + γ = 6 FXB + 6 DXC + 6 DXB = 180◦. Hence 6 BDC = 180◦ − β − γ = α,
6 CEA = 180◦ − γ − α = β and 6 AFB = 180◦ − α − β = γ. It follows that triangles
DBC, AEC and ABF are indeed similar to one another.
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Note that X may lie on the extension of one of the common chords, say DA. We have
6 EAC = 6 EXC = 6 FXB = 6 FAB. Denote the common value by α. Similarly, we have
6 CEA = 6 DXC = 6 DBC = β and 6 AFB = 6 DXB = 6 DCB = γ. As before, we have
α + β + γ = 6 FXB + 6 DXC + 6 DXB = 180◦. Hence 6 BDC = 180◦ − β − γ = α,
6 ECA = 180◦ − γ − α = β and 6 FAB = 180◦ − α − β = γ. It follows that triangles
DBC, AEC and ABF are indeed similar to one another.

2. We first show that 65 is not enough. We may have in the bag 47 red, 7 white and 46 blue
balls. If 26 are drawn at random, the number of red and blue balls is at least 19. By the
Mean Value Principle, there are either at least 10 red balls or at least 10 blue balls, so that
the requirement is satisfied. Now if we draw only 65 balls, we may end up with 29 red, 7
white and 29 blue balls. We now show that 66 is enough. We may assume that the number of
white balls is not more than the number of red balls and not more than the number of blue
balls. If there are at most 7 white balls, then among the 66 balls drawn, the number of red
or blue balls is at least 59, so that the desired result follows from the Pigeonhole Principle. If
there are at least 9 white balls, then we may draw 9 red, 8 white and 9 blue balls for a total
of 26 balls without 10 of the same colour. Hence the number of white balls must be 8. Since
we cannot have at least 9 red and at least 9 blue balls in the bag, we may assume that the
there are exactly 8 blue balls. When we draw 66 balls, we will get at least 50 red balls.

3. Since P (x) is a polynomial, so is P (P (x)), and it takes on infinitely many values. Let x be any
of these values. Then x = P (P (t)) for some t. Hence P (x) = P (P (P (t))) = Q(Q(Q(t))) =
Q(x). Since Q(x) is also a polynomial, and its agrees with P (x) on infinitely many values, we
must have P (x) = Q(x) for all x.



4. Consider any k where 1 ≤ k ≤ 2004. Use the Division Algorithm to determine the unique
pair of integers (q, r) such that 2004 = kq + r with 0 ≤ r ≤ k− 1. Then r copies of q + 1 and
k − r copies of q will add up to 2004. Thus there is one desired expression for each value of
k, which is clearly unique. Hence there are 2004 such expressions in all.

5. The sum of n consecutive numbers is n(2a+n−1)
2

where a is the first of these numbers. Their
average is 2a+n−1

2
, which is an integer if and only if n is odd. In our problem, n cannot be

odd. We now show that n can be any even number. Arrange the n numbers in their natural
order and group them into pairs. Reverse the order within each pair to yield the arrangement
2,1,4,3,6,5,. . . , n, n − 1. Consider any k where 2 ≤ k ≤ n. Consider first the case where k
is odd. Any k adjacent numbers in our arrangement consist of k consecutive integers except
that the one which is not in a pair is replaced by its partner, which differs from it by 1. Thus
the sum of these k numbers is mk ± 1 for some m, so that their average is not an integer.
Finally, consider the case where k is even. Any k adjacent numbers in our arrangment consist
of k consecutive integers, possibly with the two at the ends not being in pairs and replaced
by their partners. Since one would be increased by 1 while the other would be decreased by
1, the sum is not affected by the replacement. So the average is not an integer.



International Mathematics

TOURNAMENT OF THE TOWNS

Junior A-Level Paper1 Fall 2004.

1. An angle is said to be rational if its measure in degrees is a rational number. A triangle is said
to be rational if all its angles are rational. Prove that there exist at least three different points
inside any acute rational triangle such that when each is connected to the three vertices of
the original triangle, we obtain three rational triangles.

2. The incircle of triangle ABC touches the sides BC, CA and AB at D, E and F respectively.
If AD = BE = CF , does it follow that ABC is equilateral?

3. What is the maximum number of knights that can be place on an 8× 8 chessboard such that
each attacks at most seven other knights?

4. On a blackboard are written four numbers. They are the values, in some order, of x + y,
x − y, xy and x

y
where x and y are positive numbers. Prove that x and y are uniquely

determined.

5. K is a point on the side BC of triangle ABC. The incircle of triangle BAK touches BC at
M . The incircle of triangle CAK touches BC at N . Prove that BM · CN > KM ·KN .

6. Two persons share a block of cheese as follows. They take turns cutting an existing block
of cheese into two, until there are five blocks. Then they take turns choosing one block at a
time. The person who makes the first cut also makes the first choice, and gets an extra block.
Each wants to get as much cheese as possible. What is the optimal strategy for each, and how
much is each guaranteed to get, regardless of the counter measures of the other?

7. We have many copies of each of two rectangles. If a rectangle similar to the first can be made
by putting together copies of the second, prove that a rectangle similar to the second can be
made by putting together copies of the first, with no overlapping in both instances.

Note: The problems are worth 4, 5, 6, 6, 7, 8 and 8 points respectively.

1Courtesy of Andy Liu.



Solution to Junior A-Level Fall 2004

1. We remark that if a triangle has two rational angles, then the third angle must also be rational,
so that the triangle is rational. Let P be a point inside an acute rational triangle ABC, which
is then divided into triangles PBC, PCA and PAB. In each of the following cases, it is
sufficient to prove that PBC is a rational triangle, since we can prove that PCA and PAB
are also rational in an analogous manner. Suppose P is the incentre of triangle ABC. Since
PB bisects the 6 ABC and CP bisects 6 BCA, both of which are rational, both 6 PBC and
6 PCB are rational. Hence triangle PBC is rational. Suppose P is the circumcentre of
triangle ABC. Since ABC is acute, P is indeed inside it. Now 6 CPB = 26 CAB is rational,
so that 6 PCB = 1

2
(180◦ − 6 CPB) is also rational. Hence triangle PBC is rational. Suppose

P is the orthocentre of triangle ABC. Since ABC is acute, P is indeed inside it. Now
6 PBC = 90◦ − 6 BCA and 6 PCB = 90◦ − 6 ABC are both rational. Hence triangle PBC is
rational. If ABC is not equilateral, then its incentre, circumcentre and orthocentre are disinct
points. Thus we have the required three points. If ABC is equilateral, there exist infinitely
many points P on the perpendicular bisector of BC such that 6 PCB is rational. Any three
such points will meet the requirement of the problem.
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2. Assume that BE = CF but AB 6= AC. In triangles ABE and ACF , 6 BAE = 6 CAF ,
AE = AF and BE = CF . Since AB 6= AC, ABE and ACF are not congruent triangles.
Hence 6 ABE 6= 6 ACF but we do have 6 ABE + 6 ACF = 180◦. Hence either 6 ABE or
6 ACF is obtuse, which means that either AE > AB or AF > AC. Since AE = AF , either
AE > AC or AF > AB. This is a contradiction. It follows that AB = AC, and we can
prove in a similar way that AD = CF implies BC = BA, so that ABC is indeed equilateral
if AD = BE = CF .
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3. Let us start with a knight on each square of the 8× 8 chessboard. If we remove the 4 knights
in the central 2 × 2 subboard, we are left with 60 knights each of which attacks at most 7
others. We now show that 60 is indeed the maximum. Again, we start with a knight on each
of the 64 squares. Note that a knight can attack 8 other knights only if it occupies one of the
squares in the central 4×4 subboard. We put these 16 knights on a black list. In the following
diagram, the number on each square shows the maximum number of knights on the black list
that can attack that square. Note that all the numbers are 4 or less. Thus the removal of a
knight can take at most 4 other knights off the black list. Even if the removed knight itself is
on the black list, we can take at most 5 knights off. Hence removing at most 3 knights will
not clear the black list.

0 1 1 2 2 1 1 0

1 2 2 3 3 2 2 1

1 2 2 3 3 2 2 1

2 3 3 4 4 3 3 2

2 3 3 4 4 3 3 2

1 2 2 3 3 2 2 1

1 2 2 3 3 2 2 1

0 1 1 2 2 1 1 0

4. Note that (x+ y) + (x− y) = 2x while (xy)(x
y
) = x2, and that only x− y can be non-positive.

We consider three cases.
Case 1. All four numbers are positive.
Let a, b, c and d denote x + y, x − y, xy and x

y
in some order. Choose a pair of them and

check if the square of their sum is four times the product of the other two numbers. The pair
can be chosen in six ways. There are three subcases.
Subcase 1a. This is satisfied by two disjoint pairs.
We may assume that we have (a + b)2 = 4cd and (c + d)2 = 4ab. Adding these two equations
yields (a− b)2 + (c− d)2 = 0 so that a = b and c = d. Substituting back into (a + b)2 = 4cd,
we have a = ±c. Since all four numbers are positive, we must have a = b = c = d. This is a
contradiction since x + y 6= x− y.
Subcase 1b. This is satisfied by two intersecting pairs.
We may assume that we have (a + b)2 = 4cd and (a + c)2 = 4bd with b 6= c. Then we have
b(a + b)2 = 4bcd = c(a + c)2, or equivalently (b− c)(a2 + 2a(b + c) + (b2 + bc + c2)) = 0. This
is a contradiction since b− c 6= 0 while a2 + 2a(b + c)(b

2 + bc + c2) > 0.
Subcase 1c. This is satisfied by only one pair.
We may assume that (a + b)2 = 4cd. Then we know that the larger one of a and b is x + y
and the smaller one x− y. We can determine x and y uniquely.
Case 2. One of the numbers is 0. We know that x = y so that x

y
= 1 must also be among

the four numbers. The other two are x + y = 2x and xy = x2. Since their product is 2x3, we
can determine x = y uniquely.



Case 3. One of the numbers is negative.
We know that x < y and x

y
< 1. Check how many numbers in S = {x + y, xy, x

y
} lie strictly

between 0 and 1. There are three subcases.
Subcase 3a. There is exactly one such number.
We know that this number is x

y
, and we can determine x and y uniquely from x− y and x

y
.

Subcase 3b. There are exactly two such numbers.
We cannot have x+y < 1. Otherwise, we must have x < 1 and y < 1 so that xy < 1, but then
all three numbers in S lie strictly between 0 and 1. Hence x + y > 1 is the largest number in
S, and we can determine x and y uniquely from x− y and x + y.
Subcase 3c. There are exactly three such numbers.
From x + y < 1, we have x < 1 and y < 1 so that xy < x + y and xy < x

y
. Hence the smallest

number in S is xy, and we can determine x and y uniquely from x− y and xy.

5. First Solution:

Note that BM = AB+BK−AK
2

, CN = AC+CK−AK
2

, KM = AK+BK−AB
2

and KN = AK+CK−AC
2

.
Hence BM ·CN > KM ·KN is equivalent to AC ·KB+AB·KC > AK(KB+KC) = AK ·BC,
or AC·KB

BC
+ AB·KC

BC
> AK. Let L be the point on AC such that KL is parallel to AB. Then

triangles ABC and LKC are similar. Hence AL = AC·KB
BC

and KL = AB·KC
BC

. By the Triangle
Inequality, AL + KL > AK, which is the desired result.
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Second Solution:

Construct the tangent to the incircle of triangle CAK parallel to AB and closer to C than
to A, cutting BC at D and CA at E. Let O and P be the respective incentres of triangles
BAK and CAK. Note that OK is perpendicular to PK since they bisect 6 BKA and 6 AKC
respectively. Hence triangles MKO and NPK are similar, so that OM

KM
= KN

PN
. Since AB is

parallel to DE, 6 ABD + 6 BDE = 180◦. They are bisected respectively by OB and PD,
which are thus perpendicular to each other. Hence triangle MOB is similar to triangle NDP ,
so that BM

OM
= PN

DN
. Multiplication yields KM ·KN = BM ·DN < BM · CN .
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6. Let the total amount of cheese be 1, the first player be Alexei and the second player be Boris.
Alexei can be assured of getting at least 3

5
if he cuts 1 into 3

5
and 2

5
. We consider two cases.

Case 1. Boris cuts 2
5

into x and 2
5
− x, where 0 ≤ x ≤ 1

5
.

Alexei cuts 3
5

into x and 3
5
− x. Now the four pieces are of sizes x = x ≤ 2

5
− x < 3

5
− x.

No matter how Boris makes his second cut, the second smallest piece is at most x, and the
second largest piece is at most 2

5
− x since 2(2

5
− x) ≥ 3

5
− x. Hence Boris can get at most

x + (2
5
− x) = 2

5
.

Case 2. Boris cuts 3
5

into x and 3
5
− x, where 0 ≤ x ≤ 3

10
.

If 0 ≤ x ≤ 1
5
, Alexei cuts 2

5
into x and 2

5
− x, and this is the same as in Case 1. Hence we

may assume that 1
5

< x ≤ 3
10

. Alexei cuts 3
5
− x into 2

5
− x and 1

5
. Now the four pieces are of

sizes 2
5
− x < 1

5
< x < 2

5
. There are four subcases.

Subcase 2a. Boris cuts 2
5

into y and 2
5
− y, where 0 ≤ y ≤ 1

5
.

We have either y ≤ 2
5
− x < 1

5
< x ≤ 2

5
− y, in which case Boris gets (2

5
− x) + x = 2

5
, or

2
5
− x ≤ y ≤ 1

5
≤ 2

5
− y ≤ x, in which case Boris still gets y + (2

5
− y) = 2

5
.

Subcase 2b. Boris cuts x.
If 1

5
remains the third largest piece, Alexei gets at least 2

5
+ 1

5
= 3

5
. If it becomes the second

largest piece, Boris gets at most 1
5

+ 1
5

= 2
5
.

Subcase 2c. Boris cuts 1
5

into y and 1
5
− y, where 0 ≤ y ≤ 1

10
.

Since 2
5
− x ≥ y, the second smallest piece is at most 2

5
− x. Hence Boris gets at most

(2
5
− x) + x = 2

5
.

Subcase 2d. Boris cuts 2
5
− x.

Alexei gets at least 2
5

+ 1
5

= 3
5
.

We now show that Boris can be assured of getting 2
5
. We consider three cases.

Case 1. Alexei cuts 1 into 3
5
− x and 2

5
+ x, where 0 ≤ x ≤ 1

10
.

Boris cuts 3
5
− x into 2

5
+ x and 1

5
− 2x. If Alexei cuts 1

5
− 2x, Boris gets at least 2

5
+ x ≥ 2

5
. If

Alexei cuts one 2
5
+ x, Boris cuts the other 2

5
+ x in the same way and gets at least 2

5
+ x ≥ 2

5
.

Case 2. Alexei cuts 1 into 3
5

+ x and 2
5
− x, where 0 ≤ x ≤ 1

5
.

Boris cuts 2
5
−x into 1

5
and 1

5
−x. If Alexei cuts either of these two pieces, Boris cuts 3

5
−x into

halves and gets at least 3
10

+ x
2
+ 1

2
(1

5
−x) = 2

5
. If Alexei cuts 3

5
+x into y and 3

5
+x− y where

0 ≤ y ≤ 3
10

+ x
2
, Boris cuts the latter into 1

5
+ x and 2

5
− y. If 1

5
− x ≤ y ≤ 1

5
≤ 2

5
− y ≤ 1

5
+ x,

Boris gets y+(2
5
−y) = 2

5
. If y ≤ 1

5
−x ≤ 1

5
≤ 1

5
+x ≤ 2

5
−y, Boris still gets (1

5
−x)+(1

5
+x) = 2

5
.

Case 3. Alexei cuts 1 into 4
5

+ x nd 1
5
− x, where 0 ≤ x ≤ 1

5
.

Boris cuts 4
5

+ x into 3
5

+ x and 1
5
, and this is the same as Case 2.

7. Suppose we have an a1× a2 rectangle A and a b1× b2 rectangle B. Any rectangle PQRS that
can be constructed from copies of A has dimensions (u1a1 + u2a2) × (v1a1 + v2a2) for some
non-negative integers u1, u2, v1 and v2. If PQRS is similar to B, then

b1

b2

=
u1a1 + u2a2

v1a1 + v2a2

.

We first consider the case where a1

a2
is rational, so that it is equal to m1

m2
for some positive

integers m1 and m2. Then b1
b2

= u1m1+u2m2

v1m1+v2m2
= n1

n2
for some positive integers n1 and n2, so that

it is also rational. Using n1n2 copies of B, we can construct a square of side s = n2b1 + n1b2.
Using m1m2 copies of this square, we can construct an sm1 × sm2 rectangle which is similar
to A.



We now consider the case where a1

a2
is irrational. We claim that in constructing the rectangle

PQRS with copies of A, all the copies must be in the same orientation. Let PTUV be
the largest subrectangle of PQRS that can be constructed with copies of A all in the same
orientation. Suppose U is in the interior of PQRS, as illustrated in the diagram below.
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If the line TU can be extended without cutting in interior of a copy of A, then the space
immediately below UV must be filled with copies of A in the same orientation as those above,
as otherwise it contradicts the irrationality of a1

a2
. However, now it contradicts the maximality

of PTUV . Hence TU cannot be so extended, but this implies that V U can, and we have a
contradiction as well. It follows that U must lie on QR or RS. We may assume by symmetry
that it lies on QR, so that T coincides with Q. However, the space immediately below UV
must be filled with copies of A in the same orientation as those above. This contradicts the
maximality of PTUV unless U coincides with R and V with S. Thus our claim is justified.
Suppose this construction uses k1k2 copies of A in k1 rows and k2 columns for some positive
integers k1 and k2. Then k1a1

k2a2
= b1

b2
so that k2b1

k1b2
= a1

a2
. Hence we can construct a rectangle

similar to A using k1k2 copies of B in k2 rows and k1 columns.



International Mathematics

TOURNAMENT OF THE TOWNS

Senior A-Level Paper1 Fall 2004.

1. The functions f and g are such that g(f(x)) = x and f(g(y)) = y for any real numbers x and
y. If for all real numbers x, f(x) = kx + h(x) for some constant k and some periodic function
h(x), prove that g(x) can similarly be expressed as a sum of a linear function and a periodic
function. A function h is said to be periodic if for any real number x, h(x + p) = h(x) for
some fixed real number p.

2. Two players alternately remove pebbles from a pile. In each move, the first player must
remove either 1 or 10 pebbles, while the second player must remove either m or n pebbles.
Whoever cannot make a move loses. If the first player can guarantee a win regardless of the
initial number of pebbles in the pile, determine m and n.

3. On a blackboard are written four numbers. They are the values, in some order, of x + y,
x − y, xy and x

y
where x and y are positive numbers. Prove that x and y are uniquely

determined.

4. A circle with centre I is inside another circle with centre O. AB is a variable chord of the
larger circle which is tangent to the smaller circle. Determine the locus of the circumcentre
of triangle IAB.

5. We have many copies of each of two rectangles. If a rectangle similar to the first can be made
by putting together copies of the second, prove that a rectangle similar to the second can be
made by putting together copies of the first, with no overlapping in both instances.

6. Let n ≥ 5 be a fixed odd prime number. A triangle is said to be admissible if the measure
of each of its angles is of the form m

n
180◦ for some positive integer m. Initially, there is one

admissible triangle on the table. In each move, one may pick up a triangle from the table and
cut it into two admissible ones, neither of which is similar to any other triangle on the table.
The two new triangles are put back on the table. After a while, no more moves can be made.
Prove that at that point, every admissible triangle is similar to some triangle on the table.

7. From a point O are four rays OA, OC, OB and OD in that order, such that 6 AOB = 6 COD.
A circle tangent to OA and OB intersects a circle tangent to OC and OD at E and F . Prove
that 6 AOE = 6 DOF .

Note: The problems are worth 5, 5, 5, 6, 7, 8 and 8 points respectively.

1Courtesy of Andy Liu.



Solution to Senior A-Level Fall 2004

1. Let y = f(x) = kx + h(x). Then y + kp = k(x + p) + h(x + p) = f(x + p). It follows that
g(y + kp) = x + p = g(y) + p. Let `(y) = g(y)− y

k
. Then

`(y + kp) = g(y + kp)− y + kp

k
= g(y) + p− y

k
− p = `(y).

Hence `(y) is a periodic function, and g(y) = y
k

+ `(y).

2. Let the first player be Alexei, the second player be Boris, and the total number of pebbles
be t. We may assume that m ≤ n. Suppose m ≤ 8. If t = m + 1, then Alexei can take
only 1 pebble and Boris wins by taking the rest. Suppose n = m + 9. If t = m + 10, then
whether Alexei takes 1 or 10 pebbles, Boris can still take the rest and wins. Suppose m ≥ 9
and n 6= m+9. If t ≤ m, then Alexei wins by taking 1 pebble, leaving Boris with no response.
Suppose t > m. Alexei has two moves, one of which does not leave behind m pebbles and
one of which does not leave behind n pebbles. Suppose taking 1 pebble leaves behind n and
taking 10 pebbles leaves behind m. This would mean n = m+9, which is not the case. Hence
Alexei has a move which leaves behind neither m nor n pebbles, so that the game continues.
Since the game cannot continue forever, Boris must eventually lose.

3. Note that (x+ y) + (x− y) = 2x while (xy)(x
y
) = x2, and that only x− y can be non-positive.

We consider three cases.
Case 1. All four numbers are positive.
Let a, b, c and d denote x + y, x − y, xy and x

y
in some order. Choose a pair of them and

check if the square of their sum is four times the product of the other two numbers. The pair
can be chosen in six ways. There are three subcases.
Subcase 1a. This is satisfied by two disjoint pairs.
We may assume that we have (a + b)2 = 4cd and (c + d)2 = 4ab. Adding these two equations
yields (a− b)2 + (c− d)2 = 0 so that a = b and c = d. Substituting back into (a + b)2 = 4cd,
we have a = ±c. Since all four numbers are positive, we must have a = b = c = d. This is a
contradiction since x + y 6= x− y.
Subcase 1b. This is satisfied by two intersecting pairs.
We may assume that we have (a + b)2 = 4cd and (a + c)2 = 4bd with b 6= c. Then we have
b(a + b)2 = 4bcd = c(a + c)2, or equivalently (b− c)(a2 + 2a(b + c) + (b2 + bc + c2)) = 0. This
is a contradiction since b− c 6= 0 while a2 + 2a(b + c)(b

2 + bc + c2) > 0.
Subcase 1c. This is satisfied by only one pair.
We may assume that (a + b)2 = 4cd. Then we know that the larger one of a and b is x + y
and the smaller one x− y. We can determine x and y uniquely.
Case 2. One of the numbers is 0. We know that x = y so that x

y
= 1 must also be among

the four numbers. The other two are x + y = 2x and xy = x2. Since their product is 2x3, we
can determine x = y uniquely.
Case 3. One of the numbers is negative.
We know that x < y and x

y
< 1. Check how many numbers in S = {x + y, xy, x

y
} lie strictly

between 0 and 1. There are three subcases.



Subcase 3a. There is exactly one such number.
We know that this number is x

y
, and we can determine x and y uniquely from x− y and x

y
.

Subcase 3b. There are exactly two such numbers.
We cannot have x+y < 1. Otherwise, we must have x < 1 and y < 1 so that xy < 1, but then
all three numbers in S lie strictly between 0 and 1. Hence x + y > 1 is the largest number in
S, and we can determine x and y uniquely from x− y and x + y.
Subcase 3c. There are exactly three such numbers.
From x + y < 1, we have x < 1 and y < 1 so that xy < x + y and xy < x

y
. Hence the smallest

number in S is xy, and we can determine x and y uniquely from x− y and xy.

4. The circumcentre P of triangle IAB lies on the line through O perpendicular to AB. Let
this line cut AB at D, and let C be the point on this line such that CI is perpendicular
to it. Let d denote the distance OI, r the radius of the circle with centre I, and R the
radius of the circle with centre O. Then PA2 = PD2 + AD2 = PD2 + R2 − OD2 and
PI2 = CI2 + PC2 = d2 − (r − OD)2 + (PD + r)2. These two expressions are equal to
each other since PA = PI. Simplification yields R2 − d2 = 2r(OD + PD) = 2rPO. Hence
PO = R2−d2

2r
is a fixed distance, so that the locus of P is a circle with this radius and centre

O.
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5. Suppose we have an a1× a2 rectangle A and a b1× b2 rectangle B. Any rectangle PQRS that
can be constructed from copies of A has dimensions (u1a1 + u2a2) × (v1a1 + v2a2) for some
non-negative integers u1, u2, v1 and v2. If PQRS is similar to B, then

b1

b2

=
u1a1 + u2a2

v1a1 + v2a2

.

We first consider the case where a1

a2
is rational, so that it is equal to m1

m2
for some positive

integers m1 and m2. Then b1
b2

= u1m1+u2m2

v1m1+v2m2
= n1

n2
for some positive integers n1 and n2, so that

it is also rational. Using n1n2 copies of B, we can construct a square of side s = n2b1 + n1b2.
Using m1m2 copies of this square, we can construct an sm1 × sm2 rectangle which is similar
to A.



We now consider the case where a1

a2
is irrational. We claim that in constructing the rectangle

PQRS with copies of A, all the copies must be in the same orientation. Let PTUV be
the largest subrectangle of PQRS that can be constructed with copies of A all in the same
orientation. Suppose U is in the interior of PQRS, as illustrated in the diagram below.

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................................................................................................................................................................................................................................................................................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......

............................................................................................................................................................................................................................................................................................

............................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.......

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.......

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.......

S R

V U

P T Q

If the line TU can be extended without cutting in interior of a copy of A, then the space
immediately below UV must be filled with copies of A in the same orientation as those above,
as otherwise it contradicts the irrationality of a1

a2
. However, now it contradicts the maximality

of PTUV . Hence TU cannot be so extended, but this implies that V U can, and we have a
contradiction as well. It follows that U must lie on QR or RS. We may assume by symmetry
that it lies on QR, so that T coincides with Q. However, the space immediately below UV
must be filled with copies of A in the same orientation as those above. This contradicts the
maximality of PTUV unless U coincides with R and V with S. Thus our claim is justified.
Suppose this construction uses k1k2 copies of A in k1 rows and k2 columns for some positive
integers k1 and k2. Then k1a1

k2a2
= b1

b2
so that k2b1

k1b2
= a1

a2
. Hence we can construct a rectangle

similar to A using k1k2 copies of B in k2 rows and k1 columns.

6. Let the measures of the angles of a resolvable triangle be a
n
, b

n
and c

n
times 180◦, where a, b

and c are positive integers such that a + b + c = n. We label such a triangle (a, b, c). For
n = 3, there is only one resolvable triangle, namely (1,1,1), and the result is trivially true.
For n = 5, we have (3,1,1) and (2,2,1). Each can be cut into two triangles which are similar
to itself and to the other. Thus the result is also true. Henceforth, we assume that n ≥ 7.

We generalize the case n = 5 as follows. We claim that whenever a resolvable triangle T
can be cut into two resolvable ones, one similar to itself and another similar to a different
resolvable triangle S, then S can also be cut into two such triangles.

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
...................................................................................................................................................

..................
..................

..................
..................

..........

B D C

E

A

Let ABC be a resolvable triangle which is cut into two resolvable ones DBA and DCA, with
DBA similar to ABC. Then 6 BAD = 6 BCA. Now cut DCA along DE parallel to BA.
Clearly, EDC is similar to ABC. Since 6 EDA = 6 BAD = 6 BCA, EDA is also similar to
DCA. This justifies the claim.

Two such triangles are said to be compatible with each other, and the dissection dividing
either into triangles similar to both is called their common dissection.



For a fixed n, construct a graph as follows. Each vertex represents a similarity type of
resolvable triangles. Two vertices are joined by an edge if and only if the triangles they
represent are compatible with each other. Colour red the vertex representing the resolvable
triangle given initially, and any other vertices as the triangles they represent appear on the
table. We shall only use a common dissection to cut a resolvable triangle into a compatible
pair. It follows that once coloured red, a vertex remains red.

Suppose not all vertices are red. If the graph is connected, then there is a pair of adjacent
vertices exactly one of which is red. We can make the other vertex red by performing a
common dissection. Hence the desired result follows if we can prove that the graph is indeed
connected.

The degree of each vertex representing a non-isosceles resolvable triangle is 3. This is because
there are common dissections with three other triangles. If the triangle is (a, b, c) where
a < b < c, then it has a common dissection with each of (c− b, b, b + a), (b− a, a, c + a) and
(c− a, a, b + a).

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
.................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
................................................................................................................................. ..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..................

..................
..................

..................
..................

..................
..................

..................
..................

............

a c b+a b

b
c−b

a b+a c b

c−a a

a b−a
a

c+a
b

c

The degree of each vertex representing an isosceles resolable triangle is 1. If it is of the form
(a, b, b) where a < b, we can only the second or the third common dissection to generate
(b − a, a, b + a). If it is of the form (a, c, c) where a < c, we can use either the first or the
second common dissection to generate (a, 2a, c − a). Moreover, the newly generated triangle
can only be isosceles if n = 5. Since we are now concerned only with the cases n ≥ 7, we can
safely removal such vertices without affecting the connectivity of the graph. Of course, some
of the other vertices will have their degrees reduced from 3 to 2.

Let (a, b, c) be a resolvable triangle with a ≤ b ≤ c. Put the vertex representing it in level a.
The vertices on level 1 form a chain (1,2,n − 3) — (1,3,n − 4) — · · · — (1,n−3

2
, n+1

2
) by the

third common dissection. We claim that each vertex in level a > 1 is either joined to some
vertex at a lower level, either directly or via a chain in level a. Then we can conclude that
the graph is connected.

If a + b > c > b, we use the first common dissection to obtain (b + a, b, c− b). Since c− b < a,
the vertex representing this triangle is in a lower level. If 2a > b > a, we use the third common
dissection to obtain (b − a, a, c + a). Since b − a < a, the vertex representing this triangle is
in a lower level.

Suppose c > a+ b ≥ 3a. We may use the second common dissection to obtain (a, b+ a, c− a).
For some positive integer k, we will have a + (b + ka) > c − ka. Alternatively, we may use
the third common division to obtain (a, b− a, c+ a). For some positive integer `, we will have
2a > b−`a. In both cases, we are moving within the same level towards a vertex which allows
for descent into a lower level.

We will have a problem in the first approach if b + ka = c− ka, and in the second approach if
2a = b− `a. Either may occur, but if they occur simultaneously, we have b = (` + 1)a while
c = (2k + ` + 1)a. Since n is prime, this is only possible if a = 1. However, we have already
proved that level 1 is connected.



7. Let the circles inscribed in 6 AOB and 6 COD have centres P and Q, and tangent to OA
and OD at K and L, respectively. Then we have 6 POK = 1

2
6 AOB = 1

2
6 COD = 6 QOL

and 6 PKO = 90◦ = 6 QLO. Hence triangles POK and QOL are similar. It follows that
PO
QO

= PK
QL

= PE
QE

= PF
QF

, so that the circumcircle of triangle OEF is the locus of all points

M satisfying PM
QM

= PK
QL

. Now PQ will intersect this circle at the midpoint I of the arc

EF . Hence 6 IOE = 6 IOF . Moreover, since PI
QI

= PO
QO

, we have 6 POI = 6 QOI. Hence
6 AOE = 6 AOP + 6 POI − 6 IOE = 6 DOQ + 6 QOI − 6 IOF = 6 DOF .
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Junior O-Level Paper1 Spring 2005.

1. Anna and Boris move simultaneously towards each other, from points A and B respectively.
Their speeds are constant, but not necessarily equal. Had Anna started 30 minutes earlier,
they would have met 2 kilometers nearer to B. Had Boris started 30 minutes earlier instead,
they would have met some distance nearer to A. Can this distance be uniquely determined?

2. Prove that one of the digits 1, 2 and 9 must appear in the base-ten expression of n or 3n for
any positive integer n.

3. There are eight identical Black Queens in the first row of a chessboard and eight identical
White Queens in the last row. The Queens move one at a time, horizontally, vertically or
diagonally by any number of squares as long as no other Queens are in the way. Black
and White Queens move alternately. What is the minimal number of moves required for
interchanging the Black and White Queens?

4. M and N are the midpoints of sides BC and AD, respectively, of a square ABCD. K is an
arbitrary point on the extension of the diagonal AC beyond A. The segment KM intersects
the side AB at some point L. Prove that 6 KNA = 6 LNA.

5. In a certain big city, all the streets go in one of two perpendicular directions. During a drive
in the city, a car does not pass through any place twice, and returns to the parking place
along a street from which it started. If it has made 100 left turns, how many right turns must
it have made?

Note: The problems are worth 3, 4, 5, 5 and 5 points respectively.

1Courtesy of Andy Liu.
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1. Let the distance AB be x kilometres. Let the speeds of Anna and Boris be a and b kilometres
respectively. Then the distance covered by Anna is ax

a+b
and that by Boris bx

a+b
. When Anna

covers 2 more kilometres and Boris 2 less, the difference in time spent is 1
2

hours. It follows
that 1

a
( ax

a+b
+ 2) − 1

b
( bx

a+b
− 2) = 1

2
, which simplifies to 1

a
+ 1

b
= 1

4
. Since this expression is

symmetric, the two of them will meet 2 kilometres closer to A when Boris starts 30 minutes
early.

2. If the leading digit of n is 1, 2 or 9, there is nothing to prove. If it is 3, then the leading digit
of 3n is either 9 or 1. If the leading digit of n is 4 or 5, the leading digit of 3n will be 1. If it
is 6, then the leading digit of 3n is either 1 or 2. If the leading digit of n is 7 or 8, the leading
digit of 3n will be 2. All cases have been covered, and the desired conclusion follows.

3. We first show that the task can be accomplished in 23 moves.
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We now prove that we need at least 23 moves. Each the 16 Queens must move at least once.
Of the two Queens on each inside column, at most one can move only once. This means at
least 6 extra moves. Of the four Queens at the corners, at most three can move only once.
This means at least 1 extra move. Hence the minimum is 23 moves.

4. Let AC cut MN at O, and extend BA to cut KN at P . Since PL is parallel to NM and
O is the midpoint of NM , A is the midpoint of AL. Hence triangles PAN and LAN are
congruent to each other, so that 6 KNA = 6 LNA.
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5. In tracing a simple closed curve, the net change in the direction of the car is 360◦, clockwise
or counterclockwise. Hence it must have made 96 or 104 right turns.
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1. The graphs of four functions of the form y = x2 + ax + b, where a and b are real coefficients,
are plotted on the coordinate plane. These graphs have exactly four points of intersection,
and at each one of them, exactly two graphs intersect. Prove that the sum of the largest and
the smallest x-coordinates of the points of intersection is equal to the sum of the other two.

2. The base-ten expressions of all the positive integers are written on an infinite ribbon without
spacing: 1234567891011. . .. Then the ribbon is cut up into strips seven digits long. Prove
that any seven digit integer will:

(a) appear on at least one of the strips;

(b) appear on an infinite number of strips.

3. M and N are the midpoints of sides BC and AD, respectively, of a square ABCD. K is an
arbitrary point on the extension of the diagonal AC beyond A. The segment KM intersects
the side AB at some point L. Prove that 6 KNA = 6 LNA.

4. In a certain big city, all the streets go in one of two perpendicular directions. During a drive
in the city, a car does not pass through any place twice, and returns to the parking place
along a street from which it started. If it has made 100 left turns, how many right turns must
it have made?

5. The sum of several positive numbers is equal to 10, and the sum of their squares is greater
than 20. Prove that the sum of the cubes of these numbers is greater than 40.

Note: The problems are worth 3, 3+1, 4, 4 and 5 points respectively.

1Courtesy of Andy Liu.
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1. Let the parabolas be yi = x2 + aix + bi, 1 ≤ i ≤ 4. Now yi and yj intersect if and only if

ai 6= aj, and if that it the case, they intersect at exactly one point with x = bi−bj

aj−ai
. Since we

have only four points of intersection, we must have two distinct values of ai, each appearing
twice. Hence we may assume that a2 = a1 and a4 = a3. By symmetry, we may assume that
b1 < b2, b3 < b4 and a1 < a3. This means that y1 is below y2, y3 is below y4 and the common
axis of y1 and y2 is to the right of the common axis of y3 and y4. It follows that the rightmost
point of intersection is that of y2 with y3 while the leftmost point of intersection is that of
y1 with y4. The sum of their x-coordinates is b1−b4

a3−a1
+ b2−b3

a3−a1
= b1+b2−b3−b4

a3−a1
. The sum of the

x-coordinates of the other two points of intersections is b1−b3
a3−a1

+ b2−b4
a3−a1

= b1+b2−b3−b4
a3−a1

as well.

2. (a) Suppose n is a seven-digit number. Consider the seven consecutive eight-digit numbers
10n, 10n + 1, . . . , , 10n + 6. Since 7 and 8 are relatively prime, some strip will start
with one of these numbers and n appears on it.

(b) As in (a), we can consider the seven consecutive nine-digit numbers 100n, 100n + 1,
. . . , 100n+6, the seven consecutive ten-digit numbers 1000n, 1000n+1, . . ., 1000n+6,
and so on. For each number of digits not divisible by 7, we get a strip on which n appears.

3. Let AC cut MN at O, and extend BA to cut KN at P . Since PL is parallel to NM and
O is the midpoint of NM , A is the midpoint of AL. Hence triangles PAN and LAN are
congruent to each other, so that 6 KNA = 6 LNA.
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4. In tracing a simple closed curve, the net change in the direction of the car is 360◦, clockwise
or counterclockwise. Hence it must have made 96 or 104 right turns.

5. Suppose a1 + a2 + · · ·+ an = 10 and a2
1 + a2

2 + · · ·+ a2
n > 20. By Cauchy’s Inequality,

10(a3
1 + a3

2 + · · ·+ a3
n) = (a1 + a2 + · · ·+ an)(a3

1 + a3
2 + · · ·+ a3

n)

≥ (
√

a1

√
a3

1 +
√

a2

√
a3

2 + · · ·+
√

an

√
a3

n)2

= (a2
1 + a2

2 + · · ·+ a2
n)2

> 400.

Hence a3
1 + a3

2 + · · ·+ a3
n > 40.
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1. On the graph of a polynomial with integral coefficients are two points with integral coordinates.
Prove that if the distance between these two points is integral, then the segment connecting
them is parallel to the x-axis.

2. The altitudes AD and BE of triangle ABC meet at its orthocentre H. The midpoints of AB
and CH are X and Y , respectively. Prove that XY is perpendicular to DE.

3. Baron Münchhausen’s watch works properly, but has no markings on its face. The hour,
minute and second hands have distinct lengths, and they move uniformly. The Baron claims
that since none of the mutual positions of the hands is repeats twice in the period between
8:00 and 19:59, he can use his watch to tell the time during the day. Is his assertion true?

4. A 10 × 12 paper rectangle is folded along the grid lines several times, forming a thick 1 × 1
square. How many pieces of paper can one possibly get by cutting this square along the
segment connecting

(a) the midpoints of a pair of opposite sides;

(b) the midpoints of a pair of adjacent sides?

5. In a rectangular box are a number of rectangular blocks, not necessarily identical to one
another. Each block has one of its dimensions reduced. Is it always possible to pack these
blocks in a smaller rectangular box, with the sides of the blocks parallel to the sides of the
box?

6. John and James wish to divide 25 coins, of denominations 1, 2, 3, . . . , 25 kopeks. In each
move, one of them chooses a coin, and the other player decides who must take this coin. John
makes the initial choice of a coin, and in subsequent moves, the choice is made by the player
having more kopeks at the time. In the event that there is a tie, the choice is made by the
same player in the preceding move. After all the coins have been taken, the player with more
kokeps wins. Which player has a winning strategy?

7. The squares of a chessboard are numbered in the following way. The upper left corner is
numbered 1. The two squares on the next diagonal from top-right to bottom-left are numbered
2 and 3. The three squares on the next diagonal are numbered 4, 5 and 6, and so on. The two
squares on the second-to-last diagonal are numbered 62 and 63, and the lower right corner is
numbered 64. Peter puts eight pebbles on the squares of the chessboard in such a way that
there is exactly one pebble in each column and each row. Then he moves each pebble to a
square with a number greater than that of the original square. Can it happen that there is
still exactly one pebble in each column and each row?

Note: The problems are worth 4, 5, 5, 2+4, 6, 6 and 8 points respectively.

1Courtesy of Andy Liu.
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1. Let f(x) be a polynomial with integral coefficients such that f(x1) and f(x2) are integers for
some integers x1 and x2. Since xk

1−xk
2 is divisible by x1−x2 for all k, f(x1)−f(x2) = n(x1−x2)

for some integer n. If in addition the distance between the points (x1, f(x1)) and (x2, f(x2))
is also an integer m, then (x1 − x2)

2 + (f(x1)− f(x2))
2 = m2. Then (x1 − x2)

2(1 + n2) = m2,
so that 1 + n2 is also the square of an integer. This is only possible for n = 0. Hence
f(x1) − f(x2) = 0, so that f(x1) = f(x2), and the line joining (x1, f(x1)) and (x2, f(x2)) is
indeed parallel to the x-axis.

2. Since 6 ADB = 90◦ = 6 AEB, D and E lie on a circle with diameter AB, and hence with
centre X. Since 6 CDH = 90◦ = 6 CEH, D and E lie on a circle with diameter CH, and
hence with centre Y . The common chord DE of the two circles is therefore perpendicular to
the line of centres XY .
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3. We first show that the three hands coincide only at 12:00 or 24:00. Suppose this occurs again.
Consider the angular distance θ covered by the hour hand where 0◦ < θ < 360◦. The angular
distance covered by the minute hand is 360◦n+ θ, where n is the number of revolutions it has
made. Since the minute hand moves at 12 times the speed of the hour hand, 360◦n+ θ = 12θ,
so that θ = 360◦ n

11
. The angular distance covered by the second hand is 360◦m + θ, where

m is the number of revolutions it has made. Since the second hand moves at 720 times the
speed of the hour hand, 360◦m + θ = 720θ, so that θ = 360◦ m

719
. From n

11
= m

719
, n must be

a multiple of 11 and m a mutliple of 719 as 11 and 719 are relatively prime. However, this
contradicts 0◦ < θ < 360◦. This justifies the Baron’s claim. If there are two indistinguishable
times within a twelve-hour period, shift the times so that one of them is at 12:00 or 24:00
and the other not. However, since one set of hands coincide, so must the other, and we have
already proved that this is not possible.



4. (a) Let the edge of length 12 be horizontal. No matter how the piece of paper is folded into
a 1× 1 stack, the horizontal edges of each square remains horizontal. Thus if the cut is
horizontal, we obtain 10+1=11 strips of paper. If the cut is vertical, we obtain 12+1=13
strips of paper.

(b) Label the vertices of the 1 × 1 squares as follows. Along the top row, they are labelled
alternately A and B. Along the second row, they are labelled alternately C and D.
Thereafter, the rows are labelled alternately as above, so that along the bottom row, the
vertices are labelled alternately A and B. There are 6× 7 = 42 A vertices, 6× 6 = 36 B
vertices, 5 × 7 = 35 C vertices and 5 × 6 = 30 D vertices. No matter how the piece of
paper is folded into a 1× 1 stack, all A vertices will be on top of one another, as will all
the B vertices, all the C vertices and all the D vertices. If the cut isolates the A vertices,
we have 42+1=43 pieces of paper. If the cut isolates the B vertices, we have 36+1=37
pieces of paper. If the cut isolates the C vertices, we have 35+1=36 pieces of paper. If
the cut isolates the D vertices, we have 30+1=31 pieces of paper.

5. Let the box be 10000×1000×100, the first block 10000×1000, the second block 10000×800×80
and the third block 10000 × 200 × 80. Let the reduced first block be 10000 × 999 × 20, the
reduced second block be 10000 × 800 × 79 and the reduced third block be 9999 × 200 × 80.
The dimension of the box which exceeds 1000 must remain at 10000. The dimension of the
box which exceeds 100 must remain 1000=800+200, and the third dimension of the box must
remain 100=80+20. Hence no smaller box can hold the three reduced blocks.

6. James can always get more kopeks than John. Upon John’s initial offer, James can either
take it or leave it. If there is a way for him to get more kopeks than John by taking it, there
is nothing further to prove. If there are no ways, then he makes John take it, and there are
no ways for John to get more kopeks than he.

7. Label the rows from 1 to 8 from top to bottom, and the columns from 1 to 8 from left to
right. Note that the sum of the row number and column number of a square is constant along
any diagonal from top-right to bottom-left, and this sum increases as the diagonals shift from
top-left to bottom-right. For eight pebbles each in a different row and a different column,
the sum of their row and column numbers must be 2(1+2+3+4+5+6+7+8). In moving a
pebble from a square to another so that the number on the square increases, it must either
slide downwards along a diagonal from top-right to bottom-left, or move to a diagonal closer
to the bottom-right. Since the sum of all the row and column numbers cannot decrease, every
pebble must stay on its original diagonal from top-right to bottom-left. However, this means
that every pebble slides downwards, so that there will not be any left in the first row.
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1. On the graph of a polynomial with integral coefficients are two points with integral coordinates.
Prove that if the distance between these two points is integral, then the segment connecting
them is parallel to the x-axis.

2. A circle ω1 with centre O1 passes through the centre O2 of a second circle ω2. The tangent
lines to ω2 from a point C on ω1 intersect ω1 again at points A and B respectively. Prove
that AB is perpendicular to O1O2.

3. John and James wish to divide 25 coins, of denominations 1, 2, 3, . . . , 25 kopeks. In each
move, one of them chooses a coin, and the other player decides who must take this coin. John
makes the initial choice of a coin, and in subsequent moves, the choice is made by the player
having more kopeks at the time. In the event that there is a tie, the choice is made by the
same player in the preceding move. After all the coins have been taken, the player with more
kokeps wins. Which player has a winning strategy?

4. For any function f(x), define f 1(x) = f(x) and fn(x) = f(fn−1(x)) for any integer n ≥ 2.
Does there exist a quadratic polynomial f(x) such that the equation fn(x) = 0 has exactly
2n distinct real roots for every positive integer n?

5. Prove that if a regular icosahedron and a regular dodecahedron have a common circumsphere,
then they have a common insphere.

6. A lazy rook can only move from a square to a vertical or a horizontal neighbour. It follows a
path which visits each square of an 8× 8 chessboard exactly once. Prove that the number of
such paths starting at a corner square is greater than the number of such paths starting at a
diagonal neighbour of a corner square.

7. Every two of 200 points in space are connected by a segment, no two intersecting each other.
Each segment is painted in one colour, and the total number of colours is k. Peter wants
to paint each of the 200 points in one of the colours used to paint the segments, so that no
segment connects two points both in the same colour as the segment itself. Can Peter always
do this if

(a) k = 7;

(b) k = 10?

Note: The problems are worth 4, 5, 5, 6, 7, 7 and 4+4 points respectively.

1Courtesy of Andy Liu.
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1. Let f(x) be a polynomial with integral coefficients such that f(x1) and f(x2) are integers for
some integers x1 and x2. Since xk

1−xk
2 is divisible by x1−x2 for all k, f(x1)−f(x2) = n(x1−x2)

for some integer n. If in addition the distance between the points (x1, f(x1)) and (x2, f(x2))
is also an integer m, then (x1 − x2)

2 + (f(x1)− f(x2))
2 = m2. Then (x1 − x2)

2(1 + n2) = m2,
so that 1 + n2 is also the square of an integer. This is only possible for n = 0. Hence
f(x1) − f(x2) = 0, so that f(x1) = f(x2), and the line joining (x1, f(x1)) and (x2, f(x2)) is
indeed parallel to the x-axis.

2. Since CA and CB are tangents to ω2, we have 6 ACO2 = 6 BCO2. It follows that we have
6 AO1O2 = 26 ACO2 = 26 BCO2 = 6 BO1O2. Moreover, O1A = O1B and O1D = O1D, where
D is the point of intersection of AB and O1O2. It follows that triangles O1AD and O1BD are
congruent. Hence 6 ADO1 = 6 BDO1. Since their sum is 180◦, each is 90◦ and O1O2 is indeed
perpendicular to AB.

............
............

............
............

............
............

............
............

............
............

............
............

............
............

............
............

............
............

............
............

.................................................................................................................................................................................................................................................................................................................................................................
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

........

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
......

.................................................................................................................................................................................................................................................
...................

...............
.............
...........
...........
..........
.........
.........
.........
.........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
..........
..........

...........
............

..............
.................

.........................
................................................................................................................................................................................................................................ .......................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..........................
....................

.................
...............

..............
.............
............
............
...........
...........
..........
..........
..........
..........
.........
.........
.........
.........
.........
.........
.........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
.........
.........
..........
..........
..........

..........
...........

...........
............

............
.............

..............
...............

.................
....................

.........................
.............................................

.............................................................................................................................................................................................................................................................................................................................................................................................................................

A

B

C

D
O2 O1

3. James can always get more kopeks than John. Upon John’s initial offer, James can either
take it or leave it. If there is a way for him to get more kopeks than John by taking it, there
is nothing further to prove. If there are no ways, then he makes John take it, and there are
no ways for John to get more kopeks than he.

4. Such a function is f(x) = x2 − 2. For f(x) = 0, we have x2 = 2, and the roots are ±
√

2.
We claim that every root of fn+1(x) = 0 has the form rn+1 = ±

√
2± rn for some root ±rn

of fn(x) = 0. Indeed, fn+1(rn+1) = fn((±
√

2± rn)2 − 2) = fn(±rn) = 0. Since the degree
of fn+1(x) is double that of fn(x), these are all the roots. We prove by induction on n that
±rn are real and |rn| < 2 for all n. For n = 1, this is certainly the case with ±

√
2. Suppose

the result holds for some n ≥ 1. Since |rn| < 2, 2± rn > 0 so that rn+1 = ±
√

2± rn are real.
Moreover, |2± rn| ≤ 2 + |rn| < 4, so that |rn+1| < 2. Finally, observe that

√
2 and −

√
2 are

distinct, and that distinct roots of fn(x) = 0 lead to distinct roots of fn+1(x) = 0.



5. Let O be the circumcentre of the icosahedron, C the centre of one of its faces and A a vertex
of that face. Its circumradius is OA, and its inradius is OC. Construct a dual dodecahedron
by joining the centrers of adjacent faces of the icosahedron. Now C is a vertex of three faces
of this dodecahedron, and the centre B of one of these faces lies on OA. Its circumradius is
OC and its inradius is OB. Note that in triangles OAC and OCB, 6 AOC = 6 COB and
6 OCA = 90◦ = 6 OBA. Hence they are similar to each other, so that OA

OC
= OC

OB
. If we rescale

the two solids so that their circumradii are equal, then so are their inradii.

6. The diagram below shows a path from A to Z along which a lazy rook visits every square of
the 8× 8 chessboard once and only once, where A, B, Y and Z are as labelled. Note that A
and B have the same colour in the usual chessboard pattern. Since the squares visited by the
lazy rook must alternate in colour, no path can start from A and end at B, or vice versa. We
claim that there are more such paths starting from A than those starting from B. For each
path starting from B, since the path cannot end at A, the lazy rook must visit A between
visits to Y and Z. Suppose the lazy rook visits Y first. Then the path corresponds to the
following one starting from A: move to Y, follow the original path in reverse to B, move to
Z, and follow the original path to the end. If the lazy rook visits Z first, then start from A,
move to Z, follow the original path in reverse to B, move to Y, and follow the original path
to the end. The path in the diagram below does not correspond to any path starting from B
because no path starting from B can end at Z unless it moves from A to Z. This justifies our
claim.

A Y

Z B
?



7. (a) Peter cannot always do so when k = 7, even when there are only 128 points. We ignore
the remaining 72 points and segments joining them to one another or to our 128 points.
Divide the 128 points into 64 pairs, and paint the segments joining the two points in each
pair red. Combine the 64 pairs into 32 quartets. In each quartet, all segments joining one
point from each pair are painted blue. Combine the 32 quartets into 16 octets. In each
octet, all segments joining one point from each quartet are painted yellow. Combine the
16 octets into 8 hexidecatets. In each hexidecatets, all segments joining one point from
each octet are painted green. Combine the 8 hexidecatets into 4 groups. In each group,
all segments joining one point from each hexidecatet are painted orange. Combine the
4 groups into 2 halves. In each half, all segments joining one point from each group are
painted violet. Finally, combine the 2 halves into 1 set. In the set, all segments joining
one point from each half are painted black. Now Peter cannot have a black point in
each half. Hence there is a half with no black points. Discard the other half. Now Peter
cannot have a violet point in each group. Hence there is a group with no violet points.
Discard the other group. Now Peter cannot have an orange point in each hexidecatet.
Hence there is a hexidecatet with no orange points. Discard the other hexidecatet. Now
Peter cannot have a green point in each octet. Hence there is an octet with no green
points. Discard the other octet. Now Peter cannot have a yellow point in each quartet.
Hence there is a quartet with no yellow points. Discard the other quartet. Now Peter
cannot have a blue point in each pair. Hence there is a pair with no belue points. Discard
the other pair. In the remaining pair, both points are red and they are joined by a red
segment.

(b) Solution by Cheng-Chiang Tasi, Kaohsiung High School, Taiwan.
Peter still cannot do so when k = 10, even when there are only 121 points. We ignore
the remaining 79 points and segments joining them to one another or to our 121 points.
We construct a finite geometry based on arithmetic modulo 11. Each point is given
coordinates (i, j), where each of i and j is an integer between 0 and 10 inclusive. Consider
two points (i1, j1) and (i2, j2). If i1 = i2, the segment joining them is vertical. If ji = j2,
the segment joining them is horizontal. We either paint such segments arbitrarily or
leave them unpainted. In all other cases, the segment joining the two points has slope
m, where m is an integer between 1 and 10 inclusive. We paint such a segment in the
m-th colour. Now Peter paint the 121 points in 10 colours. By the Pigeonhole Principle,
there must be at least 13 points of the same colour, say the m-th one. Now there are
11 lines in this geometry with slope m, each passing through exactly 11 points. By the
Pigeonhole Principle again, at least 2 of these 13 points must be on the same line. Then
we have 2 points in the m-th colour, joined by a segment also in the m-th colour.


