35. MEDUNARODNI MATEMATICKI TURNIR GRADOVA

Osnovna proleéna varijanta, 16.2.2014.

Mladi uzrast (8. razred osnovnih i 1. razred srednjih skola)

Izrada zadataka traje 5 sati

Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveéi broj poena

poeni zadatak

1. Dato je 100 realnih brojeva. Svaki broj je povec¢an za 1. Ispostavilo se
da je suma kvadrata svih brojeva ostala nepromenjena. Odrediti kako

¢e se suma kvadrata promeniti, ako jos jednom svaki broj pove¢amo za
1.

2. Oljina mama je ispekla 15 pitica: 7 sa kupusom, 7 sa mesom i jednu sa
visnjama, a nakon toga ih je poredala u krug, bas u tom redosledu, u
smeru kretanja kazaljki na satu. Olja zeli da pojede piticu sa visnjama.

4 Sve pitice izgledaju identi¢no i Olja ne zna koja je sa visnjama, ali zna
da su pitice poredane u navedenom redosledu. Da li Olja moze da pojede
piticu sa visnjama ako joj je dozvoljeno da proba najvise 3 od ostalih
pitica?

3. Polja tablice dimenzije 7 X 5 popunjena su brojevima. Petar ne zna koji
je broj na kom polju, ali zna da je suma brojeva u svakom pravougaoniku
dimenzije 2 x 3 (i 3 x 2) jednaka 0. Ukoliko ga zanima koji je broj na
nekom konkretnom polju, Petar tu informaciju pla¢a 100 dinara. Koji
je najmanji broj dinara potreban Petru da bi saznao kolika je ukupna
suma brojeva na svim poljima tablice?

4. Nastranici BC trougla ABC uocena je tacka L takva da je AL =2-C'M,
5 pri cemu je M sredina stranice AB. Ukoliko je ZALC = 45°, dokazati
da je ALLCM.

5. Ali Baba i 40 razbojnika zele da predu preko Bosforskog moreuza. Oni
su se poredali u vrstu: Ali Baba na celu vrste, a za njim 40 razbojnika.
Ali Baba je u prijateljskim odnosima sa svojim susedom i sa razbo-
jnikom koji stoji pored njegovog suseda; svaki drugi ¢ovek iz vrste je
u prijateljskim odnosima jedino sa ljudima koji stoje pored njega. Za
prelazak preko moreuza, oni imaju samo jedan ¢amac koji moze da pre-
veze 2 ili 3 coveka odjednom (nije dozvoljeno da se samo jedan covek vozi
u Ccamcu, niti vise od 3 ¢oveka). Takode, svi ljudi u ¢amcu moraju da
budu medusobno u prijateljskim odnosima. Da li Ali Baba i 40 razbo-
jnika sigurno mogu da predu preko moreuza?



35. MEDUNARODNI MATEMATICKI TURNIR GRADOVA

Osnovna proleéna varijanta, 16.2.2014.

Stariji uzrast (2. i 3. razred srednjih skola)

Izrada zadataka traje 5 sati

Rezultat se racuna na osnovu tri zadatka na kojima je ucenik dobio najveéi broj poena

poeni zadatak

1. Dzeki ima 36 kamencic¢a ¢ije su mase 1 gram, 2 grama, ..., 36 grama.
Cen ima super-lepak takav da je jedna njegova kap dovoljna da spoji dva
kamencica u jedan (sa dve kapi lepka je moguée spojiti tri kamencic¢a u
4 jedan itd). Cen zeli da spoji neke kamenciée tako da u novonastalom
skupu kamenci¢a Dzeki ne¢e moci da izabere jedan ili vise njih sa ukup-
nom masom od ta¢no 37 grama. Odrediti koliko je najmanje kapi lepka
potrebno da bi Cen ispunio svoj cilj.

2. Dijagonale konveksnog cetvorougla ABCD su medusobno normalne.
4 Neka su M i N tacke na stranicama AD i C'D, redom, takve da su
uglovi ZABN i ZCBM pravi. Dokazati da je AC paralelno sa M N.

3. Ali Baba i 40 razbojnika zele da predu preko Bosforskog moreuza. Oni
su se poredali u vrstu: Ali Baba na cCelu vrste, a za njim 40 razbojnika.
Ali Baba je u prijateljskim odnosima sa svojim susedom i sa razbo-
jnikom koji stoji pored njegovog suseda; svaki drugi covek iz vrste je
u prijateljskim odnosima jedino sa ljudima koji stoje pored njega. Za
prelazak preko moreuza, oni imaju samo jedan ¢amac koji moze da pre-
veze 2 ili 3 coveka odjednom (nije dozvoljeno da se samo jedan ¢ovek vozi
u ¢amcu, niti vise od 3 coveka). Takode, svi ljudi u ¢amcu moraju da
budu medusobno u prijateljskim odnosima. Da li Ali Baba i 40 razbo-
jnika sigurno mogu da predu preko moreuza?

4.  Prirodni brojevi a, b, ¢ i d su uzajamno prosti po parovima i vazi
ab + cd = ac — 10bd.

Dokazati da medu njima postoje tri broja tako da je jedan od njih jednak
sumi preostala dva.

5. Tri setaca — Miske, Marko i Nikola se Setaju po stranicama i dijago-
nalama konveksnog cetvorougla ABCD. Miske pocinje u temenu A i
Seta se marsutom AB — BC' — C'D. Marko se Seta duz dijagonale AC
on krece iz A u isto vreme kad i Miske i stize u C' u isto vreme kad i
Miske. Nikola se seta duz dijagonale BD; on krece iz B u isto vreme
kada Miske prolazi kroz B i stize u D u isto vreme kad i Miske. Da li
se moze destiti da se Marko i Nikola nadu u istom trenutku u preseku
dijagonala AC' i BD? Brzine svih Setaca su konstantne.



35. MEDUNARODNI MATEMATICKI TURNIR GRADOVA

Napredna proleéna varijanta, 1.3.2014.

Mladi uzrast (8. razred osnovnih i 1. razred srednjih Skola)

Izrada zadataka traje 5 sati

Rezultat se racuna na osnovu tri zadatka na kojima je student osvojio najve¢i broj poena

points

problems

1.

Deda Mraz je deci podelio 47 ¢okoladica i 74 Strudlica. Svaka devojcica dobila je za jednu viSe
¢okoladicu od svakog decaka, a svaki decak dobio je za jednu viSe Strudlicu od svake devojcice.
Koliko je dece bilo?

Petar zeli da obelezi neka polja table 5 x 5 tako da Vasa nije u moguénosti da na tu tablu postavi
nekoliko figurica u obliku slova L sastavljenih od 3 kvadratic¢a, tako da su sva obelezena polja
pokrivena postavljenim figuricama, kao i da se nikoje dve figurice ne preklapaju, niti neka figurica
viri sa table. Koji je najmanji broj polja koji Petar treba da obelezi da bi u ovome uspeo?

Na kvadratni sto stavljena je kvadratna krpa, ne obavezno iste veli¢ine, tako da na krpi nema
prevoja i nabora. Svi uglovi stola ostali su nepokriveni, a svi delovi krpe koji vise sa stola su
trougaoni. Poznato je da su dva susedna viseta dela podudarna. Dokazati da su i druga dva
vise¢a dela podudarna.

Kralj je pozvao dva ¢arobnjaka i rekao im je sledece: "Prvi Ce zapisati 100 ne obavezno razlicitih
prirodnih brojeva, a drugom ¢e biti zadatak da pogodi koji su brojevi zapisani (ako ima jednakih,
onda mora pogoditi za svaki broj koliko je puta zapisan). Prvi carobnjak moze da pomogne
drugom carobnjaku na sledeé¢i na¢in. On moze da sastavi listu medusobno razli¢itih prirodnih
brojeva takvu da je svaki broj sa te liste ili jednak nekom zapisanom broju, ili jednak sumi nekih
zapisanih brojeva. Drugi ¢arobnjak ne sme da zna koji su od brojeva sa liste jednaki zapisanom
broju a koji su suma zapisanih brojeva, ali na osnovu te liste treba da pogodi koji su brojevi
zapisani. Bilo kakvog dodatnog dogovora medu vama ne sme da bude. Ako u tome ne uspete,
pogubiéu vas, a ako uspete, za svaki broj sa liste otkinué¢u vam po jednu dlaku sa brade”. Odrediti
najmanji broj dlaka koje ¢arobnjaci moraju da izgube po ceni da ostanu zivi.

U ravni je dato nekoliko belih i nekoliko crnih tac¢aka i izmedu svake dve tacke razli¢itih boja
konstruisana je duz. Svakoj duzi dodeljen je jedan prirodan broj. Ispostavilo se da ako krenemo
od jedne tacke i kre¢emo se po duzima tako da se nakon nekoliko koraka vratimo u tu tacku,
proizvod brojeva pridruzenih duzima po kojima se kre¢emo kada idemo od bele tacke do crne,
jednak je proizvodu brojeva pridruzenih duzima po kojima se kre¢emo kada idemo od crne tacke
do bele. Da li odatle sledi da je moguée svakoj tacki pridruziti po jedan prirodan broj tako da je
broj pridruzen svakoj duzi jednak proizvodu brojeva pridruzenih njenim temenima?

Kocka 3 x 3 x 3 sastavljena je od kockica 1 x 1 x 1. Koji je najveéi broj kockica 1 x 1 x 1 koje
mozemo ukloniti, tako da preostalo telo zadovoljava:

1) Projekcija tela na ravan svake strane prvobitne kocke je kvadrat 3 x 3;

2) Od bilo koje kockice mozemo doéi do bilo koje druge kockice prelazeéi iz kockice u njoj susednu
kockicu (susedne kockice su one koje dele jednu stranu)?

Na kruznici u smeru kretanja kazaljki na satu date su tacke Ay, Ao, ..., A1g, koje se mogu podeliti
u 5 parova dijametralno suprotnih tacaka. U pocetku se u svakoj tacki nalazi po jedan skakavac.
Svakog minuta, jedan skakavac preskace jednog od svojih suseda i dolazi u tacku na kruznici tako
da se rastojanje izmedu njega i preskocenog skakavca nije promenilo. Pri tome, nije dozvoljeno
preskociti bilo kog drugog skakavca, niti do¢i u ve¢ okupiranu tacku. Nakon nekog trenutka, u
tackama Aq, As, ..., Ag nalazio se po jedan skakavac, a deseti je bio na luku AgAi9A;. Da li odatle
sledi da je taj skakavac obavezno bio u tacki Aig?



35. MEDUNARODNI MATEMATICKI TURNIR GRADOVA

Napredna prole¢na varijanta, 1.3.2014.

Stariji uzrast (2. 3. i 4. razred srednjih skola)

Izrada zadataka traje 5 sati

Rezultat se racuna na osnovu tri zadatka na kojima je student osvojio najve¢i broj poena

points

10

problems

1.

Masa je napisala nekoliko jedinica i izmedu njih dopisala znake + i -, kao i neke zagrade i
kao rezultat dobila 2014. Miska je sve znake 4 zamenio sa -, a znake - zamenio je znakom
+ i takode dobio 2014. Da li je ovo moguce?

Dali je tacno da se svaki konveksan poligon moze podeliti pravom na dva poligona jednakih
obima i jednakih

najduzih stranica?

najkracih stranice?

Kralj je pozvao dva carobnjaka i rekao im je sledece: "Prvi ¢e zapisati 100 ne obavezno
razlic¢itih pozitivnih realnih brojeva, a drugom ¢e biti zadatak da pogodi koji su brojevi
zapisani (ako ima jednakih, onda mora pogoditi za svaki broj koliko je puta zapisan). Prvi
carobnjak moze da pomogne drugom ¢arobnjaku na sledeé¢i na¢in. On moze da sastavi listu
medusobno razli¢itih realnih brojeva takvu da je svaki broj sa te liste ili jednak nekom
zapisanom broju, ili jednak sumi nekih zapisanih brojeva. Drugi ¢arobnjak ne sme da zna
koji su od brojeva sa liste jednaki zapisanom broju a koji su suma zapisanih brojeva, ali
na osnovu te liste treba da pogodi koji su brojevi zapisani. Bilo kakvog dodatnog dogovora
medu vama ne sme da bude. Ako u tome ne uspete, pogubi¢u vas, a ako uspete, za svaki
broj sa liste otkinuéu vam po jednu dlaku sa brade”. Odrediti najmanji broj dlaka koje
carobnjaci moraju da izgube po ceni da ostanu zivi.

U koordinatnoj ravni obelezene su sve tacke sa celobrojnim koordinatama (x,y) takvim da
je 0 <y < 10. Koliko najvise obelezenih tacaka moze istovremeno pripadati grafiku jednog
polinoma 20-tog stepena sa celobrojnim koeficijentima.

Dat je nejednakokraki trougao. Petar i Vasa igraju slede¢u igru: u jednom potezu prvo
Petar odabere jednu tacku u ravni, a Vasa odabere da li ¢e obojiti tu tacku u crveno ili
plavo. Petar pobeduje ako se moze naci trougao slican onom datom i takav da su mu sva
tri temena obojena istom bojom. Pronac¢i minimalan broj poteza potreban Petru da bi
pobedio, bez obzira na pocetni trougao i Vasinu igru.

U nekoj zemlji svakom gradu je dodeljen po jedan broj, tako da su svi dodeljeni brojevi
medusobno razli¢iti. Za svaka dva od dodeljenih brojeva, zapisano je da li su gradovi sa
tim brojevima povezani direktnom avionskom linijom, ili nisu. Poznato je da za bilo koja
dva dodeljena broja M i N, moguce je izvrsiti drugacije dodeljivanje brojeva gradovima,
tako da se gradu kome je bio dodeljen broj M sada dodeli broj N, a da zapis medu kojim
"brojevima” postoji direktna avionska linija i dalje ostane potpuno tacan.

Da li odatle sledi da je za svaka dva dodeljena broja M i N moguce drugacije dodeliti
brojeve gradovima, tako da grad koji je imao broj N sada ima broj M i da grad koji je
imao broj M sada ima broj N, a da zapis medu kojim ”brojevima” postoje linije i dalje
bude tacan?

Dat je polinom P(z) takav da je
P0)=1; (P())?=1+z+2"°Q(x), gdeje Q(z) takode polinom.

Dokazati da je u polinomu (P(z) + 1) koeficijent uz x*° jednak nuli.



TPUAIIATH IATHII TYPHIP T'OPOJIOB

Ocennnit Typ,

8 — 9 kyaccel, ba3oBbIil BapuanT, 13 okTsabps 2013 1.

(Uror nomsogurcest mo TpéM 3a1a4aM, 10 KOTOPBIM JIOCTHTHY Thl HAUJLY YIITHE Pe3YJIbTATHI. )

OaIBl 3818491

1. B typuaupe yuactsyior 100 6opiioB, Bce pasnoii cuibl. Bosee cuib-
HBII Beerja mooexkraer dosiee caaboro. Bopiipl pa3zouincey Ha mapbl 1
3 [IPOBEJIM TOEIMHKU. 3aTeM PasOMINCh Ha Haphl MO-IAPYrOMYy U CHOBA
pOBeJIN MoeMHKH. [Ipu3b! mostydnin te, KTo BbINIpaJl 00a MOoe MHKA.
KakoBo HamMeHbIllee BO3MOXKHOE KOJMIECTBO MPU3EPOBT
b. Openkun

2. Haitnerca nu gecaTru3HAIHOE YUCJIO, 3AIIMCAHHOE JIECATHIO PA3JINIHbI-
4 MU I PaME, TAKOE, UITO IIOCIe BEIYePKUBAHNS 13 HETO JIFOOBIX IECTH
1P MOJIYIUTCSI COCTABHOE YEeThIPEX3HATHOE THCIIO0?

K. Knon

3. Haubosnbmmmit obmuit geuTesib HATYPaJbHBIX ducesa a,b Oymzem 060-
sHavarh (a,b). [lycrs HaTYpasbHOE YHCIO N TAKOBO, UTO

(n,n+1)<(n,n+2)<---<(n,n+35).

Hokazwure, aro (n,n + 35) < (n,n + 36).
B. @penrxun

4. Ha 60koBbix croponax AB um AC' paBHOOEIPEHHOIO TPEYTOJbHUKA

D ABC' ormernian coorBercTBeHHO TOoukM K m L tak, uro AK = CL
n ZALK + ZLKB = 60°. lokazxkure, uro KL = BC.

E. Baxaes

5. Ha maxmarnoii ocke cTodT 8 He ObIONUX JAPYT ApyTra Jjajeit. loka-
JKHUTE, 9TO MOYKHO KaXKJIyI0 U3 HUX IePeJBUHYTh XOJ0M KOHs TaK, 9TO
6 OHU TIO-TIpeKHEMY He OyyT 6uth Apyr apyra. (Bce Bocemb Jiaeit me-
peABUTalOTCA «OJHOBPEMEHHO», TO €CTbhb €CJIM, HallpuMep, JABE JiaJdbU
OBIOT JPYT JIPYTa XOIOM KOHsI, TO UX MOYKHO ITOMEHSITh MECTAMI. )

E. Baxaes



TPUAIIATH IATHII TYPHIP T'OPOJIOB

Ocennnit Typ,

10 — 11 xuracesl, 6a30Bbiit BapuanT, 13 okTsadps 2013 1.

(Uror nomsogurcest mo TpéM 3a1a4aM, 10 KOTOPBIM JIOCTHTHY Thl HAUJLY YIITHE Pe3YJIbTATHI. )

OaIBl 3818491

1.  Haitgercsa i ecaTu3HaIHOE YUCTIO, 3AITMCAHHOE JIECATHIO PA3JIMIHbI-
3 MU TP PaAME, TAKOE, YTO IMOCIE€ BEIYEPKUBAHUS U3 HETO JIIOOLIX MECTH
1P MOJTYIATCST COCTABHOE IeThIPEX3HATHOE TNCTIO?

K. Knon

2. Ha croponax tpeyrosbauka ABC 1mOCTpOeHbI Tpu MOJOOHBIX Tpe-
yroaeuuka: Y BA u Z AC' — Bo BrernHoo cropony, a X BC' — BHyTpb

4
(COOTBETCTBEHHBIE BEPIIUHDI [IEPEYUCIIAIOTCS B OJUMHAKOBOM MOPSIJIKE ).
Hoxkaxkure, uro AY X Z — napaJiie/iorpaMmm.
poavriop, npedaroocun A. Bepdnukos
3. Hawuwmenbiiee obimee KpaTHoe HaTypaJIbHBIX uuces a,b oyaem obo3Ha-
qaTh [a,b]. [lycrs HATYpAIBHOE YUCI0 N TAKOBO, UTO
4

n,n+1] > [n,n+2] >--- > [n,n+ 35|

Jokaxure, 1o [n,n + 35| > [n,n + 36].
B. @penkun

4. Ha maxmaTHO g0CKe cToAT 8 He ObIoNuX JApyr Japyra Jajieil. Jloka-
JKHUTE, 9TO MOYKHO KaXKJIyI0 U3 HUX TEPEJIBUHYTH XOJ0M KOHS TaK, 9TO
5) OHU O-TIpe’KHEMY He GyyT 6uTh apyr apyra. (Bce Bocemb najeit me-
PEJIBUTAIOTCA «OJIHOBPEMEHHO», TO €CTh €CJIU, HAIPUMED, JBE JIabU
OBIOT JIPYT JIpyra XOJ0M KOHsI, TO MX MOYKHO TIOMEHSITH MECTaMH. )
E. Baxaes

5. Kocmuueckuii anmapar cest Ha acTePOU,I, IIPO KOTOPBI N3BECTHO TOJIb-
KO, 9TO OH IIpejcTaBisger coboil map mian Kyb. Ammapar Iporos 1o
IIOBEPXHOCTHU aCTEPOUIa B TOUKY, CUMMETPUYHYIO Ha9aIbHOIl OTHOCH-
TeJILHO IIEHTPa acTeponia. Beé 970 BpeMs OH HelIPEepLIBHO LepeiaBall
CBOWM TIPOCTPAHCTBEHHBIE KOOPJWHATHI HAa KOCMUYECKYIO CTaHIUIO, U
TaM IOCTPOUJIM TOYHYIO TPEXMEPHYIO MOJE/Ib TPAEKTOPUN allllapaTa.
MozKkeT i1 3TOro OKa3aTbCsd HeA0CTATOYHO, YTOOBI OTJINYNTh, 110 KyOy
WJIN TI0 IIapy IMoJI3aj amnmapar?

E. Baxaes



TPUIIATD IATHI TYPHUP I'OPOJIOB

Ocennunit Typ,

8 — 9 KJ1acchl, CJI0XKHBIN BapuanT, 27 okTsaopsa 2013 1.
(Uror nomsoauTest mo TpéM 3ajiadaM, 110 KOTOPBIM JIOCTHIHY Tl HAHJLYYIIIHe PE3YJIbTATHI. )

OaJIbl  3aJ1a9u

1.
3

2.
5

3.
6

4.
7

d.
9

6.
10

7.
12

Ecte 100 kpacabix, 100 xkénreix n 100 3e1éubIX naiodek. M3BecTHO, 9TO 13 J1IOOBIX
TPEX MAI0YeK TPEX Pa3HBIX IBETOB MOXKHO COCTABUTDH TPEyroJibHUK. JlokazxKkuTe, 910
HafIETCs TaKO# 1BET, UTO U3 JIIOOBIX TPEX MAJTOUYEK ITOTO I[BETa MOKHO COCTaBUTD
TPEeyroJbHUK.

I XKyxos, H. Kocunos

Yuaurenb BeiOpaa 10 moapsii WayIuX HATYypaIbHBIX ducesa u coobmmt ux [lere u
Bace. Kaxiprit MajabuukK J10/2KeH pa3ouTh 31u 10 quces Ha maphl, MOCYUTATD ITPO-
U3BeJICHUE YHCe/T B KayKJION 1ape, a 3aTeM CJIOKUTH MOJIy9YeHHbIE D ITPOU3BEICHUIA.
Jlokaxkurte, 9TO MaJbIUKU MOTYT CJEJATh 9TO TaK, 9TOObI pa3dUeHus Ha Hapbl y
HUX He ObLIN OJIMHAKOBBIMU, HO UTOT'OBBIE CYMMbI COBITAIAJIN.

H. Asunos

B tpeyronbauke ABC' yron C npsimoii. Ha karere C'B Kak Ha Ju@aMeTpe BO BHEII-
HIOIO CTOPOHY ITOCTPOEHA MOJIYyOKPYKHOCTb, ToukKa N — cepenHa 3TOM MOJTyOKPY K-

noctu. Jlokaxure, aro npsamas AN genut nonosiam ouccekrpucy yriaa C.
P. T'opdun

[lerst HapucoBaJI Ha IJIOCKOCTH KBaJIparT, pa3iaeana Ha 64 oIMHAKOBBIX KBaPaTUKA
U PacKpacu UX B IIaXMaTHOM TOPAJIKe B YepHbI 1 Oesiblii 1iBeTa. [locite aToro on
3ara/lajl TOYKY, HAXOISILYIOCs CTPOTO BHYTPU OJIHOTO U3 3TUX KBaIPATUKOB. Bacs
MOXKET Ha9epTUTh Ha IJIOCKOCTHU JIIOOYI0 3aMKHYTYIO JIOMaHYIO0 0e3 camorepecede-
HUI U TOJIyYUTh OTBET Ha BOIIPOC, HAXOAUTCA JI 3araJlaHHas TOYKa CTPOTrO BHYTPH
JIOMaHOMN MJIN HET. 3& KaKO€ HalnMeEHbIIIee KOJIMYECTBO TaKUX BOHpOCOB BaCH MOZKET
y3HATh, KAKOI'O IIBETA 3araJaHHasi TOUKa — OeI0ro Wl YepHOro?!

E. Baxaes

B okpyxknocts Brincan 101-yronbauk. V3 KaxKi0i ero BepIimHbl OIYCTUIN ITIePIIeH-
JIUKYJISIP Ha TMPAMYIO, COJIEPKAIYIO MPOTUBOIIOJIOXKHYIO cTopony. /lokaxkure, 4TO
XOTst ObI Y OJIHOrO U3 MEePIeHIMKYJISPOB OCHOBAHME TIONAIET Ha CTOPOHY (a He Ha
€€ IIPOJIOJIZKEHHE ).

II. Kootcesnuxos

Yucio
] 1+1 1+ . 1 1
2 3 4 777 2n—1 2n

IIpeICTaBIIN B BHe HECOKpaTuMoii apodu. Jokaxkurte, aro ecyiu 3n + 1 — mpocroe

YUCJIO, TO YUC/TUTE/Ib OJIyYnBIeiica apobu jenuTcesd Ha 3n + 1.
M. Marxun

[lerss m Baca urpator B Takyio urpy. Cuadasa #a crose Jjexkut 11 kydek mo 10
kamueii. rpoku xomgar o odepejiu, Haunnaer [lers. Kaxkapim xo0M urpok 6epér
1, 2 mnm 3 kamug, no [leTsa KaxkIpIit pa3 BRIOMpaeT Bce KAaMHU U3 JIIOOO OTHOM Ky4H,
a Bacst Bceryia BbIOMpaeT Bce KAMHHU M3 PA3HBIX KydeK (ecju ux GOJIbIIe OHOTO).
[IpourpeiBaeT TOT, KTO HEe MOXKET c/iejIaTh X0/1. KTo 13 UrpoKoB MOXKeT 00eCIeuInTh
cebe 1obe/ty, Kak Obl HI UT'PAJI €r0 CONEPHUK !

E. Baxaes



TPUIIATD IATHI TYPHUP I'OPOJIOB

Ocennunit Typ,

10 — 11 kJraccel, ciioxkubiit BapuanT, 27 okTabpst 2013 .
(Uror moaBomurest mo TpéM 3ajadaM, M0 KOTOPHIM JOCTHTHYTHI HAHUJLYYIIHe De3YJIbTAThI, OaJLIbI
3a IYHKThI OJHON 3a/[a49U CyMMHDYIOTCSI.)

OaJLJIbI

14

3a 1091

Ilers HapucoBaJI Ha IUIOCKOCTH KBaJIpaT, pas3iesni Ha 64 oquHAKOBBIX KBaJIpaTUKa,
U pacKpacu UxX B IIaXMaTHOM IOPsAJIKe B UYepHBbIH 1 Oesblii iBeta. [locite sToro on
3arajiajl TOYKY, HaXOJIAILYIOCA CTPOrO BHYTPH OJIHOI'O U3 9TUX KBaJPATUKOB. Bacs
MOKeT HAYePTUTh Ha ILJIOCKOCTH JIFOOYIO 3aMKHYTYIO JIOMaHYI0 0e3 camorepecetve-
HUI ¥ TTOJTyYUTH OTBET Ha BOIPOC, HAXOJUTCA JIU 3araJlaHHas TOYKa CTPOTO BHYTPH
JIOMaHO man HeT. 3a KaKoe HauMeHbIIee KOJIMYeCTBO TaKUX BOIPOCOB Bacst MoxKeT
y3HATh, KAKOI'O IBETa 3arajJaHHas TOUKa — Oe/I0ro Wil 4epHoro?

FE. Baxaes

Haiisure Bce n, JJi KOTOPBIX BEPHO yTBEPZKICHUE:
JyIst JIIOOBIX JBYX Muorowtenos P(z) u Q(z) crenenu n Hali1yTCA TaAKHE OJHOYICHDI
az® u bz’, roe 0 < k,¢ < n, uro rpaduku muorownenos P(x) + ar® u Q(z) + ba'
He Oy/IyT UMeTh OOIIUX TOYEK.

I ?Kyxos

Han mpasuibabiit Tpeyroasuuk ABC' ¢ nentpom O. Ilpsimasi, mpoxopsdiias depes
BeprmHy C', TIepecekaeT ONMMCAHHYI0 OKPYKHOCTh Tpeyrojibanka AOB B Toukax D
u F. Mokaxure, uro Touku A, O u cepeaunnl orpe3koB BD, BE nexar Ha OIHON
OKPYKHOCTH.

A. Bacaascruti

Kazkioe i 1esioe 9mCI0 MOXKHO 3alliCaTh KaK CyMMYy KyOOB HECKOJIBKUX IIEJIBIX
qHICesI, CpeI KOTOPBIX HeT OJNHAKOBBIX !
Bong-Gyun Koh (FOscnasn Kopes)

CymiectBytoT jin Takue jiBe GyHKIMN f 1 ¢, TPUHUMAIOIINE TOJBKO Ie/Ible 3HATCHUS,
YTO JIJISA JIIOOOTO TIEJI0r0 X BBIIIOJIHEHBI COOTHOIIEHUS:

ff@) =x, glg(x)) =z, [flg(x)) >z, g(f(z))>a?

f(f@) <z, glg(z)) <z, flg(z)) >z, g(f(z))>2?

JI. C'mymorcac

[lerst u Bacsa urpator B Ttakyio urpy. Cuadasa #a crose Jyiexkut 11 kydek mo 10
kamueil. Irpoku xoyiat o ouepein, naunnaer [lers. KaxkabiM Xo10M UTpok Oepér
1, 2 mnm 3 kamug, no [leTd Kaxk1pIit pa3 BRIOUpaeT Bce KaMHU U3 JIFOOO OJTHOM Ky4H,
a Bacst Bceryia BbIOMpaeT Bce KAMHHU M3 PA3HBIX KydeK (ecju ux GOJIbIIe OHOTO).
[IpourpsiBaeT TOT, KTO He MOXKET CJeJaTh X0, KTo 13 UrPOKOB MOXKeT 0OecrevunTh
cebe 1100e/1y, KaK Obl HA UI'DAJI €r0 COIEPHUK !

E. Baxaes

Ha mtockocTn HapucoBaHa 3aMKHyTasl caMollepecekaronasics jomanas. OHa nepe-
CeKaeT KarkJi0e CBOE 3BEHO POBHO OJIMH Pa3, IPUIEM depe3 KazK/ylo TOUYKY CaMolle-
pecedenust MpoxoaT POBHO JBa 3BeHa. MoxKeT Jin KaxKjias TOYKa CaMOIIePeceeHus
nenTh oba 3Tux 3BeHa nonojam? (Her camonepecedenuii B BepImHax u 3BEHBEB C
OBIIIM OTPE3KOM. )

A. Hlanosanos, A. Jlebedes



TPUAIIATH IATHIII TYPHIP I'OPOJ/IOB

Becennnit Typ,

8 — 9 kyaccel, 6a30BbIil Bapuant, 16 despasta 2014 1.

(Uror nompoantest mo TpéM 3ajiadaM, 110 KOTOPBIM JIOCTHIHY Tl HAHJLY YIIIHe PE3YJIbTATHI. )

OaJIbl  3aJ1a9u

1. Hanbr 100 gaucesn. Kora kaxki0e 3 HUX yBeJIUIUIN Ha 1, cyMMa UX KBa/I-

3 paToB He m3MeHMIach. Kakaoe umcio emé pa3 yseanunan Ha 1. Vzme-
HUTCSI JIM CyMMa KBaJIpATOB Ha 3TOT pa3, U eCJId Jia, TO Ha CKOJBKO?

A. B. Illanosanos

2. Mawma ucneksia oJIMHAKOBbBIE C BUY TUPOKKU: 7 ¢ KAILyCTOW, 7 ¢ MICOM U

OJINH C BUIIHEH, ¥ BBIJIOYKUJIA UX IO KPYTY Ha KPyIyioe OJII0JI0 UMEHHO B

takoM nopsjke. [lorom nocraBuia 61070 B MUKPOBOJIHOBKY TOJIOTPETh.

4 Outst 3HAET, KAK JIeyKAJIN MUPOXKKH, HO HE 3HACT, KAK [TOBEPHYJIOCH OJIIOJIO.

OHa. X049eT CbeCTb IMHPOZKOK C BI/IH_IHGfI, a OCTaJIbHbIC CHYUTaeT HEBKYC-

upivMu. Kak OJie HaBepHsiKa JTOOUTHCS 3TOTO, HAJIKYCHUB He OOJIBINE TPEX
HEBKYCHBIX THPOYKKOB?

A. B. Xawamypsan

3.  Kierku tabsmibl 7 X 5 3al0JIHEHBI YHCIAMH TaK, 9TO B KaXKJIOM IIPs-
MOYTOJIbHUKE 2 X 3 (BEPTUKAIBLHOM WM MOPU30HTAJILHOM) CyMMa YUCET

4 paBHa Hy/0. SamtatuB 100 py6Jieit, MOXKHO BBIOpATH JIFOOYIO KJIETKY U
y3HaTh, KaKOoe YUC/I0 B Hell 3amnucano. Kakoro HauMeHbIero ducia pyo-

JIefl XBaTUT, ITOOBI HABEPHSIKA OMPEIETUTh CYyMMY BCEX JHCEJT TAOJIUIIHI?

E. B. Baxaes

4. Ha cropone BC tpeyrombanka ABC BbiOpana Touka L Tak, aro AL B
5 nBa pasa 6osbiie Mmeguanbl C'M. Okaszajoch, aro yroa ALC pasen 45°.
Hokazkure, uro AL u C'M nepueHIuKy/IsipHb.

P. I'. XKenodapos

5. Ha nepenpaBy uepes nposus Bocdhop BbIcTponiach o4epejib: NEPBBIil
Am-Baba, 3a num 40 pasboiinukon. Jlonka ojHa, B Hefl MOTYT ILIBITH
JIBOE WM TPoe (B OJMHOYUKY ILIBITH Hesb3st). Cpe/ii IUIBIBYIIUX B JIOJKE
6 He JIOJIZKHO OBITH JIIoJIefl, KOTOPBIe He JIPYXKAT MexkIy coboit. CMoryT Jiu
BCE OHU II€PEIIPABUTHCH, €CJIN KazKJIble JIBOE PSJIOM CTOSINNAX B OUEPeI —
npy3bs, a Anmn-Baba erié apyKut ¢ pa3boRHIKOM, CTOSAIIIM Yepe3 OJ[HOT'O
OT HEro?!
A. B. lllanosanos



TPUAIIATH IATHIII TYPHIP I'OPOJ/IOB

Becennnit Typ,

10 — 11 kJjraccer, 6a3oBbIil BapuanT, 16 despana 2014 r.

(Uror nompoantest mo TpéM 3ajiadaM, 110 KOTOPBIM JIOCTHIHY Tl HAHJLY YIIIHe PE3YJIbTATHI. )

OaJIbl  3aJ1a9u

1. Y Yebypamku ectb Habop u3 36 kamueit maccamu 1 1, 21, ..., 36T, ay
[MTanok/IgK ecTh cylepK/ieil, oJHO# Kalljieii KOTOPOro MOYKHO CKJIEUTH JIBa
KaMHs B OJIUH (COOTBETCTBEHHO, MOYKHO CKJIEUTh 3 KAMHSI JIBYMSsI KAILJISIMU
4 u tak jasee). [anokisgk xoder ckaenTh KaMHU Tak, 9T00bl Hebyparika
HEe CMOT' U3 ITOJTIy YUBIIIErocsd Habopa BhIOpaTh OJIMH MJIK HECKOJIBKO KaMHe
ob1teit Maccoit 37 r. Kakoro HaMeHBIIIEro KOJMYECTBA KalleJb Kjes eii

XBaTUT, 9TOOBI OCYIIECTBUTH 33,y MAHHOE !

E. B. Baxaes

2. B Bemykiom derbipexyrosbauke ABC D auaroHan mepreHInKyaspHbL.
Ha croponax AD u C'D ormedensl coorBercTBeHHO TOYKU M um N Tax,
qro yriel ABN u C'BM upswmbie. lokaxkure, aro npsmbeie AC u M N
napaJiie/IbHbl.

A. A. Hoaancrut

3. Ha mnepenpaBy udepe3 mposmms Bocdop BeicTpomiach odepeinb: IMEepPBBIi
Amm-Baba, 3a aum 40 pazboitnukos. Jlogka ojHa, B Heil MOT'YT ILIBITH
JIBOE WM TPoe (B OJMHOYKY ILIBITH Hesb3st). Cpe/iil IUIBIBYIIUX B JIOJKE
d HE JIOJIZKHO OBITH JII0JIefl, KOTOPBIE He JPYKAT MexkIy coboit. CMoryT Jiu
BCe OHH II€PEIPABUTHCS, €CJIN KK Ible JIBOE PSIIOM CTOAIINX B OU€pPEI —
Jpy3bs, a Anun-Baba emmé apyKut ¢ pa3boiHUKOM, CTOSAIINM Yepe3 OIIHOTO
oT Hero?
A. B. Illanosanos

4. Harypasbuble gucia a, b, ¢, d momapHo B3aXMMHO IIPOCTHL U YIOBJI€TBOPSIOT
PaBEHCTBY
5 ab + cd = ac — 10bd.

JlokazknuTte, 9TO Cpe/in HUX HaiyTCsA TPU UUCTA, OJTHO U3 KOTOPBIX PABHO
CyMMe JIBYX JPYTHX.
b. P. @penxun

5. Han Bemykibiit dersipéxyronbank ABCD. Tlemexon Iletss BeixoguT u3
BepmuHbl A, uAET 110 cropone AB u jajiee 110 KOHTYPY YeThIPEXYTOJIb-
nuka. [lemmexon Bacs BbixomuT u3 Bepmimbabl A ogHoBpemenHo ¢ [lereit,
uér o guaronaan AC u ogaoBpemenHo ¢ Ilereit mpuxomur B C'. Ilemmexon,
Tonst BBIXOAWT W3 BepIINHBI B B TOT MOMEHT, Korja e€ mpoxogaut Ilers,
uaér no auaronasun BD u omaoBpemento c llereit mpuxomur B D. Cko-
pocTu ternrexo10B noctosgHubl. Moryu i Baca u Tossa npuiitu B TOUKY
nepecevenns auaronajeii O oJHOBPEMEHHO?

B. P. Openxun



TPUALATD IATHII TYPHUP TOPOJOB

Becennnit typ,

8 — 9 kJacchl, CJIOKHBIN BapuanT, 2 mapta 2014 1.
(Uror moasomurcs 110 TpEM 3ajiadaM, M0 KOTOPBIM JOCTHIHYTHI HAUJLY 9IIHE DE3YJIbTATHI. )

OaIBl  3aan

1.
3

2.
5

3.
6

4.
7

9.
7
9 6.

7.
9

Hesx Mopos pazan gersm 47 TOKOIaI0K TakK, 9TO KaK/1asl JeBOYUKA MOJIYINIa Ha OJIHY MTOKOJIAIKY
0OoJIbINE, YeM KaxK bl MaJabpduk. 3areM Jex Mopos pas3aat TeM Ke JeTaM 74 MapMesaJ ki Tak, ITo
KaXKJIpIi MAJIBIMK TIOJyIUJI HA OJHY MapMesajKy OoJibIle, deM Kaxkjas jieBodka. CKOJIBKO BCEro
ObLI0 smereit?

A. B. Baxaes

Ha kneruaroit mocke 5 x5 IleTst ormedaeT HECKOIBKO KJIETOK. Bacs BLIUIPAET, CJIN CMOYKET HAKPBITh
BCE 3TH KJIETKHM HEIEePeKPHIBAIOIINMUCA ¥ He BBLIE3aIOIINMHU 3a I'PAHUILY KBaJpaTa yTOJKAMH U3
TPEX KIIETOK (YrOJIKM pas3peaeTcss KIACTh TOJBKO «II0 KJIETOUKaM» ). Kakoe HanMeHbIIee IHuCiIo
KJIETOK JIOJIZKeH OTMeTHTL Ilers, urobnl Bacs ne cmor Bourpars?

A. B. Illanosanoe

Ha xBagpaTHoM cTosie JI€KUT KBaJIpaTHAsl CKATEPTh TaK, UYTO HU OJWH YIOJ CTOJIA HE 3aKPBHIT,
HO C KaykKJI0il CTOPOHBI CTOJIa CBUCAET TPEYTOJBHBIN KyCcOK cKarepTh. 3BecTHO, 9TO KaKme-TO IBa
cocellHUX KycKa paBHbL. JlokaxkuTe, 4To ¥ JBa APYrUX KycKa ToxKe paBHbl. (CKarepTb HUTIE HE
HAKJIA[bIBAETCs caMa Ha cebsl, ee pa3Mepbl MOIYT OTJIMYATHCHA OT Pa3MepOB CTOJIA.)

E. B. Baxaes

ITape BBIZBaJ JByx MyapenoB. OH gajt nmeppomy 100 mycThIX KapTOYeK U MPUKA3ajl HAIMCATH Ha
KaxKJI0il [0 HATYPaJIbHOMY 4HCy (ducia He obA3aTe/bHO Pa3Hble), He IIOKA3bIBAg UX BTOPOMY.
3areM epBBIil MOXKET COOOIIUTH BTOPOMY HECKOJIBKO PA3JIMIHBIX UUCEI, KaXKI0€ U3 KOTOPBIX JINOO
3aIlMCAHO Ha KAKOW-TO KapTouKe, JIubO PABHO CYMMe HYUCE HA KAKUX-TO KapTOYKax (He yTOUHs,
KaK MMEHHO KazKJI0€ YUCJIO [0JIyYeHo). Bropoii moszken oupenenurs, kakue 100 ducesr HanMcanbl Ha
KapTovykax. FC/Ii OH 3TOTO He CMOXKeT, 060UM OTPYOST TOJIOBBI; HHAYE U3 OOPOILI KAaXKJI0TO BBIPBYT
CTOJIBKO BOJIOCKOB, CKOJIBKO YHCeJI COOOIIMJI IepBblii Bropomy. Kak MyjpemnaM, He CroBapuBasiCh,
OCTaThCsT B KUBBIX U MOTEPSITH MUHUMAJIHLHOE KOJTUIECTBO BOJOCKOB?

U. 1. Boedaros

JlaHoO HECKOJIbKO OeJIbIX M HECKOJIbKO UepHBIX TodekK. OT Kaxk7oit 0esoif TOYKH UIET CTPEJIKA B
KaKJIYI0 YepHYIO, HA KaXKJIOi CTpeJIKe HAIMCAHO HATYPAJIbHOE YUCJ0. VI3BeCTHO, 9TO eciiu MpoiTH
110 JTF000MY 3aMKHYTOMY MapIIpyTy U3 CTPEJIOK, TO IPOU3BEICHUE TUCEJ Ha CTPEIKAX, WYX 110
HAIIPABJIEHUIO JBUKEHISI, PABHO [TPOU3BEIEHIIO YUCE/I Ha CTPEJIKAX, IYIIUX [IPOTUB HAIlPABJIEHUS
npukenns. O0s3aTeIbHO JIM TOTJ@ MOXKHO IMOCTABUTH B KaXKJIOW TOYKE HATYpPaJbHOE UUCIO TaK,
9TOOBI YUCJIO HA KAXKIOW CTPEJIKE PABHSJIOCH IPOM3BEICHUIO 9MCesT HA ee KOHIAX !

A. A. Ilazxapes

N3 xyomkoB 1 X 1 x 1 ckieen Ky6 3 X 3 x 3. Kakoe HamboJbIiee KOJIUIECTBO KYOMKOB MOXKHO U3
HETO BBIKUHYTH, YTOOBI OCTAIACH (DUTYPaA C TAKUMU JIBYMsT CBOHCTBAMU:
® CO CTOPOHBI JIFOOOH IPAHK UCXOJHOTO KyDa (Gurypa BBIVISIUT Kak KBaapaT 3 X 3 (IJIsijisl epreH-
JIKYJISIPHO 9TON I'PAHM, MBI HE YBHIUM [IPOCBETA — BUIHBI 9 KyOUKOB DUIYDHI);
e mepexosd B durype or Kybmka K KyOmKy depe3 mx OOIIYyI0 I'DaHb, MOXKHO OT JIIODOro KyOmka
106paThest 10 JFO0TO APpYyroro?

A. A. Mapaues

Ha okpyzxnocru ormedenst 10 Todek, 3aHyMepOBaHHBIE IO 4acoBOil crpeiike: Ay, As, ..., Ajg,
NPpUYIEM U3BECTHO, YTO UX MOXKHO Pa3bUTh Ha Mapbl CHMMETPUYHBIX OTHOCUTEIBHO IIEHTPa OKPY K-
Hoctu. M3HavabHO B KasKJI0H OTMEYEHHOM TOUKE CHUIUT 0 Ky3HEUYNKY. KasKIyio MUHYTY OIWH U3
KY3HEYUKOB MIPBITAET 6004b OKPYIHCHOCTU TE€PE3 CBOETO COCEIa TaK, ITOOBI PACCTOSTHUE MEXKJIy HU-
MU He U3MEHMJIOCH. [Ipu 3TOM Hesb3s mpoJsieTaTh HaJ, APYTUMU Ky3HEYUKAMU U [IONAJATh B TOUKY,
rie yKe CHJINT Ky3HeuuK. depe3 HEKOTOPOEe BPeMsl OKA3aJI0Ch, UTO KAaKUe-TO 9 Ky3HEYUKOB CHIST
B Toukax A, As, ..., Ag, a Jecarslii Ky3HeunK cuauT Ha ayre AgAi9A;. MoXKHO i yTBEPXK1aTh,
4TO OH CHJIUT UMEHHO B TOUKe Aq1g?7

E. B. Baxaes



TPUALATD IIATHIII TYPHUP I'OPOJIOB

Becennnit typ,

10 — 11 yacchl, CJa0XKHBII BapuaHT, 2 MmapTta 2014 .

(Uror moasomurcst 1o TPEM 3aJa9aM, [0 KOTOPBIM JOCTHIHYTHI HAHJLYUIIHE PE3YJIbTATDHI; OAJIIbI 32 IyHKTHI OJHOL
3aJa9u CyMMHDYIOTCSL. )

OaJIbl  3aJ1a4un

1.  Hesnaiika xBacTaeTcsl, YTO HAIMCAJI B PsiJi HECKOJBKO €JIMHUIIL, TOCTABUII MEXKTY KaKJILIMU COCEJTHU-
MU eIMHUIAMA 3HAK «—+» I «X», PACCTABUJI CKOOKHU ¥ TIOJIYYINJI BhIDasKeHUe, 3HAYeHe KOTOPOro
pasmo 2014; 6oJiee TOTO, €CJii B 9TOM BBIPAXKEHUN 3aMEHUATH OJHOBPEMEHHO BCE 3HAKU «+» HA 3HAKH
«X>», & 3HAKNA «X» Ha 3HAKU «+», Bce paBHo nosyantcs 2014. Moxker jin oH ObITH paB?

B. A. Kaenuvin

2. Bepno s, 9T0 /11060i BBIIYKJIBIII MHOTOYTOJBHIAK MOYKHO ITO IIPAMOI pa3pe3aTh Ha JBa MEHBIINX
MHOTOYTOJIbHUKA, C PABHBIME [IEPUMETPAMU U
4 a)  paBHBIMU HAUOOJIBIIUMU CTOPOHAMU?
4 6) pABHBIMU HAMMEHBIITMMHI CTOPOHAMHU?

A. B. Illanosanos

3. Happ Be3Baa ayx myjapenos. Ou gan mepsoMy 100 mycThIX KapTOYeK U MPUKA3AJ HAIMCATH HA
KazKJI0i1 110 [I0JIOXKUTEJBbHOMY 4YuCIy (duciia He 00s3aTe/bHO Pa3HbIe), He HOKa3biBas UX BTOPOMY.
3areM TepBBIil MOXKET COODIIUTH BTOPOMY HECKOJIBKO PA3JIMYHBIX YUCEJI, KaXKJI0e U3 KOTOPBIX JINOO
3aIMCAHO Ha KAKOU-TO KapTOuKe, JIMbO PABHO CYMME YUCEI HA KAKUX-TO KapTOYKax (HE yTOUHsI,
KaK MMEHHO KazKJI0€ YUCJIO OJIyYeHo0). Bropoii moszken oupenenursb, kakue 100 ducesr HanMcanbl Ha
KapToYykax. ECIM OH 9TOTO HE CMOXKET, 000MM OTPYOST TOJIOBBI; HHAYE U3 OOPOILI KAXKJI0TO BBIPBYT
CTOJIBKO BOJIOCKOB, CKOJIBKO YHCeJI COOOIIMII IIepBbIii BropoMmy. Kak Myzapernam, He croBapmuBasicCh,
OCTaThCsl B YKUBBIX U IOTEPSITH MUHUMAJIBHOE KOJIUIECTBO BOJIOCKOB?

U. . Boedaros

4.  JlaH MHOrOYIeH JBaJIIATON CTeleHu C IejbiMu Koddduimentamu. Ha 1tockoctu ormeruim Bee
7 TOYKHU C [EJBIMA KOOPJIMHATAMMU, § KOTOPBIX opAuHaThl He MeHbine 0 u me 6osbine 10. Kakoe nan-
OOJIBbITIECE TMCTIO0 OTMEUIEHHBIX TOUEK MOKET JIeXKaTh Ha rpaduKe 3TOr0 MHOTOUIeHa ?

I K. XKyxos

5. Jlam TpeyrosbHHUK, y KOTOPOTO HeT paBHBIX yryioB. Ilerss m Baca urpaior B Takyio urpy: 3a OnuH
xox, Ilerss ormMeuyaer TOYKy Ha IUIOCKOCTH, a Bacs KpacuT ee 110 CBOEMy BBIOODY B KPaCHBIH min
8 cunwnit nigeT. IleTs BbIMrpaeT, ecnm Kakue-TO TPU U3 OTMEUEHHBIX UM U TOKPAIeHHbIX Baceil Touek
00pa3yoT OJHOIBETHBII TPEYTOJIbHUK, TOJOOHBII NCXOMHOMY. 33 KaKOe HAaWMEHbIIee UUCJI0 XOI0B
IMeTst cMOXKeT rapaHTUPOBAHHO BHIATPATDH (KAKOB Obl HU ObLI UCXOAHBIA TPEYyTrOJbHUK )?

K. A. Knon

6. Kaxmomy ropogy B HEKOTODPOIl CTpaHe IPUCBOEH MHIMBUIyaJbHBIN HOMep. VMeercs Crimcok, B KO-
TOPOM JIJIsT KaXKJI0# Mapbl HOMEPOB YKa3aHO, COEJMHEHBI rOPoJia C JIAHHBIMU HOMEPAMU YKEJIE3HOM
Jioporoit mim Her. OKa3a/ioch, 4TO, Kakue HU B3ATb JBa HOoMepa M u N u3 crucka, MOXKHO TakK
9 [IepeHyMepoBaTh ropoja, YTo ropoi ¢ HomepoM M mosyaur HOMEpP N, HO CIHCOK IO-IIPEXKHEMY
Oyzner BepHbIM. BepHo jin, uTo, Kakue HU B34Th JBa HOMepa M m N u3 crmcka, MOXKHO Tak Iepe-
HyMEPOBATH ropojia, 4To roposx ¢ HomepoM M mosydut HOMep N, ropox ¢ HomepoM N TOJIy<IUT
HoMep M, HO CIIMCOK IO-IIpexKHEMY Oy1eT BEpHBIM !

A. A. Ilazapes, M. B. Cxonenxos, A. B. Yemunos

7. Muorounen P(x) yJ0oBIeTBODSIET YCIOBHUSIM:

10 P0)=1; (P(x)?=1+xz+2"°Q(z), rie Q(z) — mexnit Mmorodexn.

99

OKa2KHTe, 9TO KO3 UIUEHT IIpU X B muorowiene (P(x + 1 100 PaB€H HYJIIO.
Y

. A. Beonxun



TPUAIATH IATHIN TYPHUP I'OPOJI0B

11 kuracc, ycrusrit Typ, 10 mapra 2014 .

1. B muoxkectse {1,2,3,...,2014} Boibpasu mogmuokecTBo A. Okasa-
JIOCh, 9TO HUKAKOW KBaJIpaTHBIN TPEXIeH, Bce TPU Koy uimeHTa Koropo-
ro npuHaIexkar A, He mMeeT JIeiCTBUTEIbHBIX KopHeil. Kakoe HanboibImee
YUCJIO 9JIEMEHTOB MOTJIO ObITh B A7

I 2Kyxos

2. Jlan tpeyronsuuk ABC'. Jly4, npoBejieHHBII U3 BEePIIUHbI B Yepe3 ce-
pemuny AC, niepecekaer BHeEIIHIOW0 OuccekTpucy yria A B Ttouke P. [Ipsmas
PC' nepecekaer mpsMyro, COIEPKAITYI0 BHYTPEHHIOI buccekTpucy yria A, B
touke (). Jlokaxxure, uro BA = BQ).

D. Henes

3. IIpodeccop Briberamio namucas 1001 crarbio. B kaxkmoii cratbe oH
MOYKET IIOCTaBUTH CCBHIJIKH Ha JIPYIHe CTaTbH, HO HUKAKHE JIBE CTaThbU He
JIOJIZKHBI CCBLIAThCA JIPYT Ha Jipyra. BpiOerayio moayduT 3navumocms k,
€CJIN TIOCJIe 3TOTO y Hero OyaeT k crareii, Ha KayKIyIO U3 KOTOPBIX CChLIAIOTCS
xoTda OBl k crareil. Kakoil HanOobIIeil 3HAYIMOCTH OH MOXKET JTOOUTHCA?

U. Bozdanos, E. Moiuwaros

4. B pasnorpannom rterpasape ABCD rouku A, B',C', D’ — neurpsl
BHeBIMCcaHubIX cdep. dokaxkure, uro A, B,C, D — 1neHTpbl BHEBINCAHHLIX
cep rerpaspa A'B'C'D’. (Terpasap HasbiBaeTcss pABHOIPAHHBIM, €CJTH €0
rpaHl — paBHbBIE TPEYroJbHUKHU. BHeBNucanHas cdepa — 310 chepa, KOTO-
pasi Kacaercst OJIHOI U3 rpaHeil U MpOJIOJIXKEeHNIT OCTaIbHBIX IPaHei. )

A. Bacarascrut

5. B GestoM KjreT9aToM MPsIMOYTOJIBHUKE, CTOPOHBI KOTOPOro Gostkiie 10,

B 4epHbIil nBeT nmokpacwin K kierok. [lasee 3a xoi BbiOMpatoT psij (ropu-

30HTAJIBHBIN WM BEPTHKAJBHBIN), B KOTOPOM YE€DHBIX KJIeTOK XoTst Obl 10,

U KpacdAT B YEPHBII MBET Bce Oesible KJIETKH 3Toro psja. [locie HeckombKux
TaKUX XOJIOB BCe KJIETKU cTaju depHbiMu. /lokaxkure, uro K > 100.

1I. Kooicesnukos

6. Jokaxkure, 9TO He CyIIECTBYET MHOTOWIEHA OT JIBYX IlepeMeHHbIX P(z,y),
JIJTsT KOTOPOT'O MHOXKECTBOM DpelnieHuii HepasenctBa P(z,y) > 0 saBiagercs
kBagpant {(x,y):x > 0,y > 0}.

JI. Cmymnorcac



TPUAIIATH MATHIN TYPHUP roroa0B 11 kJacc, YCTHBIN TYP, 10 mapTa 2014 1.
Peuntenus 3zamaua

1. B muoxkecrse {1,2,3,...,2014} Beibpann nogmuoxkectBo A. OKa3a/10Ch, YTO HUKAKO# KBaJIPATHBINA TPeX-
“JIeH, BCe TpU KoadhPUIMeHTa KOTOPOro MpUHAJJIEXKAT A, He UMeeT AefiCTBUTELHBIX KOpHeii. Kakoe HanboJibIee

YHUCJIO 3JIEMEHTOB MOTIJIO ObITh B A7
I XKyxos

Ecimu p,q € A u 2p < ¢, TO JUCKPUMHHAHT TPEXUICHA Pr2 + ¢T + p HEOTPULATEILHBIN, 3HAYNUT, Y HEI'O eCTh
kopHHU. TakuM 06pa30oM, MHOXKECTBO A He COMEPKUT UNCET, OTINIAIONIINXCS XOTsT ObI BIBOE.

[Tokaxkem, uTo eciiu B A OTHOIIEHUE JIIOOBIX JIBYX YHCET MEHBIIE 2, TO BCE TPEXUIEHBI ¢ KO3 PUIMEHTAME
n3 A He umeror KopHeil. Ilycre M — Hambosibiiee w3 ducesn B A, a m — HaumMmeHblnee. Torna TUCKPUMUHAHT
TpexwieHa ¢ Kosbdunnentamu u3 A me 6obme M2 — 4m? < 0.

OueBn/HO, UTO MAKCUMAJIbLHOE MOJAMHOXKeCTBO {1, ...,2014}, B KOTOPOM OTHOIIEHHE JIFOOBIX JIBYX YHCEJ MEHb-
mre 2, umeer momtHOocTh 1007 (moaxomut, Hanpumep, {1008, . ..,2014}.

2. Jan tpeyromsuuk ABC. Jly4, npoBejieHHbIN u3 BepmuHbl B dyepes cepequny AC, nepecekaeT BHEITHIOO
ouccekrpucy yria A B Touke P. Ilpsmast PC nepecekaeT IpsIMyI0, COJIEPKAIILYI0 BHY TPEHHIO OMCCEKTPUCY yTJIa
A, B Touke Q. Jdokaxkure, uro BA = BQ.

D. Usaes

[IpoBeém wepes Touky B npsimyto, napajienbayio ocHoBanuio AC. IlycTb oHa mepecekaeT IpoJI0/KEHNE
BHYTpEeHHell 6icCeKTpuchl yriia A B ToUke (1, a BHEITHIO buccekTpucy yria A — B Touke R. O603Ha4NB yTOT
A MCXOJIHOTO TpeyTObHUKA 3a 2, mojtydaeM: o = /BAQ1 = ZCAQ = /BQ1 A, orkyna AB = B(Q)1.

Tak Kak BHYTPEHHsIsI M BHEIIHsIsT OUCCEKTPUCHI yriia A meprneHaukynspusel, o ZRAQ1 = ZRAB + o = 90°.
Ho uz mpsimoyrosibaoro tpeyroibiunka RAQ1 nmeem: /BRA + o = 90°, orkynia /BAR = /BRA, u 3uauut
BR = BA u cienoBarensno BR = BQ1.

[Tpommum Tereps QQ1C' mo mepecedenus ¢ BHermHel 6uccekrpucoit yria A B Touke Pp. Torma P) B pazaenur
AC nononam (rak kak AC' || RQ1, u B nesur RQ; nonosam), orkyga P = Pp, u 3naunr Q = Q1 u AB = BQ.

3. IIpodreccop Briberasno nammcas 1001 crarpo. B Kaxk10it craThe OH MOYXKET IOCTABUTH CCHLJIKH Ha JIpyTHe
CTaThH, HO HUKAKHE JIBE CTATbH He JIOJIXKHBI CChLIATHLCS APYT HA Apyra. BhIOerasio moayduT sHavumocms k, ecim
mocJjie 3Toro y Hero Oyzaer k crareii, Ha KaXXIyI0 U3 KOTOPBIX CCHLIAIOTCS XO0Ts Obl k crareii. Kakoit Haubosibieit
BHAYUMOCTH OH MOKET JOOUTHCsI?

U. Bozdanos, E. Moauwaros

[Iycrs maiinércs k crareil, Ha KaxKIyio U3 KOTOPBLIX ccbliaercs k apyrux. OOo3HaYMM MHOXKECTBO STHX Kk

. k(k—1
crareil yepes X. 3aMeTuM, YTO BCErO CCHLIOK, Beaymux u3 X B X, He Oojee % 3uaunt, B MHO)KecTBE X

HalIéTCsd CTaThs, B KOTOPYIO BeJET He DoJiee % cChUIOK U3 X. DTO 3HAUUT, UTO B 9Ty CTATHIO BEJIET €I KaK

MUHUAMYM k—;l ccputok He w3 X, orkyma 1001 > k + % IIpeobpasys HepasencTBo, moaydaem: 2002 > 3k + 1,
orkyna k < 667.

Ocrajioch MOCTpOUTh MpUMED, TJe HaiiayTes 667 crareil, HA KaXKJIyI0 U3 KOTOPBIX CCHLIAIOTCS XOTsi Obl 667
crareii. Boibepem u3 1001 craTbu joboe muOXkKecTBO X m3 667 crareil, pacloIOKUM UX IO KPYT'y U HA KaXKJIYIO
CTaTBIO CIEJaeM CCHUIKH B CJIEMYIONINX 3a Hell 1Mo KPyTy 333 CTaTbsix.

Ocrasock 334 craTbu, He BOIIEIIINE B MHOXKECTBO X — B KaKJI0W M3 HUX JIa M CCBLJIKY Ha BCe cTaTbu u3 X .

JIerko BHUzeTh, 9TO Ha KaKIyIO0 CTAThIO U3 MHOXKecTBa X Oyrer caenano 667 CChbLIOK.

4. B pasuorpannom rerpasgape ABCD touku A', B',C', D' — nenrpbl BHeBnucanubix cdep. Jlokaxkure, aTo

A, B,C,D — uenrpsl BHeBnuCcaHHbIX chep Terpasapa A'B'C'D’. (Terpasap HasblBaeTcss paBHOIDAHHBIM, €CJIA

€ro IrpaHyd — paBHbIE TPeyroJbHUKU. BHeBIHUCcaHHas cdepa — 310 cdepa, KOTopasi KacaeTcs OJHON U3 rpaHeil u
[POJIOJIPKEHNU{T OCTAIbHBIX I'DaHeil. )

A. Bacaascruil

Pemenne 1. Touku A’, B’ npunajjexkar BHemHedi 6ucceKTOpHOI 110ckocTn apyrpannoro yria CD. 3nauut
npsmbie A’B” u C'D nepecekatorcs. C npyroit croponst, A’, B’ nexkar B 6uccekTopHoii miockoctu yria AB,
KOTOpasl B CUJIy PaBHOIPAHHOCTH TeTpadjipa JeauT pedbpo CD nomosam, T.e. npsMas A'B’ mpoxomuT depes
cepequny C'D. Ananornuno npsambie A'C’ u B'C’ npoxonar depes cepeaunnl pebep BD u AD coOTBEeTCTBEHHO.
Canenosarenbno, miockocrb A'B'C’ cummerpuuna ABC' oTHOCHTebHO TleHTpa Tsxkectu M terpasapa ABCD.
Amnanoruuno nosygaem, 9To n ocraabible rpann A'B'C'D’ cummerpuunbl coorsercryiomuM rpausym ABCD
oTHOCUTEIHbHO M, 9TO, OYEBUIHO, BIAEUYET yTBEPKICHUE 3 Ia4N.



Pemenne 2. [lepeo6osnaunm nam Terpaap K M L' N’ u siumewm ero B napasenenunes K LM NK'L'M'N'.
Toryia B KaxK10ii ero rpaHu JUaroHaju paBHbl (K100 OHU PABHBI IPOTUBOIIOJIOKHBIM PEGPaM TeTpaspa). SHAUuT,
napaJiiesienue/] npsiMoyroibhblii. Torma u3 cummverpun (orHocuTenbHo 1wiockoctu KM K'M') oueBugno, aro
mnockoctb K LM N obpasyer pashble yribl ¢ mtockoctsmu KML' uw KMN'; uz 3T0ro u mojo6HbIX CBOWCTB
CJIeJIyeT, 9TO UCKOMBIE IIeHTPhI BHeBIHCcaHHBIX cep — aro K/, M', L u N. Tenepb yTBep:KieHue 3a/1a491 O4€BUIHO
U3 CUMMETPUM OTHOCUTEIBHO IEHTPA HapaslIe/ICIuIeIA.

5. B Gemom kKjeTrdaTroM MpsMOYTOJIBHUKE, CTOPOHBI KOTOpOoro 6osbime 10, B depHbIit 1mBeT mokpacuan K
kjeTok. [lasiee 3a xoJ| BBIOUPAIOT Psifl (FOPU3OHTAJBHBIN MM BEPTUKAIBHBIN), B KOTOPOM YE€PHBIX KJIETOK XOTsI
661 10, 1 KpacsaT B UEpHBIN I[BeT Bce Oeible KJIeTKH 9TOro psiaa. llocire HeCKOMBKNX TAKUX XOMOB BCE KJIETKH
cranu depubiMu. Jlokaxkute, uro K > 100.

11. Kootcesruros

Hoxkazkem Gosiee 0b1Iee yTBEpKI€HNE JJIsi Cae/IyIomedt (1, n)-urpel 1Jist JIO0bIX HATYPaJIbHBIX M, N.

B 6esom xaemuamom npamoyzosvnure M x N (M cmpox u N cmoabuos), ede M > m, N > n, 6 uepnuwii
usem nokpacusu, K xaemox. 3a xod evbuparom cmpoxy, 6 Komopot 4ephovi KAeMoK Tomas 6vl n, U Kpacam ece ee
beavie KAEMKU 6 YePHOIT UBEM, UAU BDLOUPAIOM CMOADEY, 8 KOTOPOM YEPHVLT KAECTOK TOMA Obl M, U KPACAM 6CE
ezo beavie Kaemxu 8 wephuill ysem. Tozda ecau nocae HECKOADKUL MAKUT L0008 8CE KACMKY CIMAHYM YEPHHLMU,
mo K > mn.

Nuanykius no m~+n. [lpu m = 1 yrBepKaeHne BEpHO: ITOOBI 3aKPACUTH B UTOTE BCE KJIETKU, B HATAJIE TOJI2KHO
OBITH He MEHee 71 CTOJIOIOB, B KOTOPBIX €CTh XOTh OJIHA YepHas KjaeTKa. AHajormduo npu n = 1 yTBepKaeHue
BEPHO.

Paccmorpum rerneps (m, n)-urpy B npsimoyroasuuke M X N, tae M > m > 1, N > n > 1. OueBuHO, X0Ts1 ObI
o/iuH X0, 6bLIa caiestan. [IycThb Jyisd OlpeIe/IeHHOCTH 3TOT XOJ1 OBLI B HOC/IE/IHEH CTPOKe (OT MepecTaHOBKE CTPOK
U CTOJIOIOB YCJIOBHE 38491 He MEHSIETCsI, JIJIsI IEPBOTO XOJ/1a B CTOJIOINE paccy K aeHns anagorndns). Torma nanee
MBI MOYKEM OTOPOCHUTD Ty CTPOKY U CUUTATD, UTO mpoucxoaut (m — 1,n)-urpa B npsimoyroibauke (M — 1) x N.
[To mpe/IoIoKeHIo NHIYKIUE B 9TOM IPSIMOYTOJIbHUKE H3HAYAIBHO He MeHee (m — 1)n depHbIx KieTok. [Tmroc
He MeHee N YePHBIX KJIETOK B mocjejneii crpoke. Mtoro e menee yem (m — 1)n + n = mn 4epHBbIX KJIETOK.

6. okaxkure, 9TO He CYIIECTBYET MHOIOWIEHA OT JBYX NepeMeHHbIX P(z,y), Jisi KOTOPOro MHOYKECTBOM
permrennii nepaserctBa P(x,y) > 0 asisercsa ksagpant {(x,y) : x > 0,y > 0}.
JI. Cmymorcac

[Tox kBajpanTOM OyjieM Beerjia IMOHUMATh KBaJpaHT 0e3 rpaHulpl. Tak Kak B EPBOM KBaJpaHTe (U TOJIBKO
TaM) MHOTOYJIEH MOJIOKUTEJIEH, TO Ha TPaHMIe ITOro Keajapanrta o pasen 0 (u3 menpepsisaoctn). Ho Torma
9TOT MHOTO4JIEH Jennutcs Ha xy (3ammcas P B Buge P(z,y) = yQ(x,y) + R(z) n nonoxkus y = 0, mosydaem,
aro R(z) = 0 upu & > 0, to ectb P(x,y) Jdeaurcs HA y; aHAJOTUYHO, OH jejautcd Ha x). [Ipegcrasum ero
B Buje P(z,y) = zyQ(x,y). Samernm, uro 3nak Q(x,y) coBnajaer co 3uakom P(x,y) B mepBoM u Tperbem
KBaJIDAHTAX, U OTJIMYAETCS — BO BTOPOM U 4eTBEpTOM. Tak Kak P(z,y) NOJOXKUTEeNeH B EPBOM KBaJpaHTe U
HETIOJIOZKUTEJIEH B JIDYTUX KBaJIpanTax, To Q(z,y) HeOTpUIATENIeH B IIEPBOM, BTOPOM U YeTBEPTOM KBa[PAHTAX, a
B TPETHEM KBaJIpaAHTE — HENOJIOKUTENeH. SHAUUT, OH PABEH HYJIIO Ha TPAHUIE TPETHErO KB JIPAHTA, TO €CTh TOKE
nemmTes Ha xy, oTkyna P(x,y) = (vy)2Q1(x,y), u Teneps 3Hakum P u Q1 y’Ke COBIAJIAIOT BO BCEX TOUKAX. DTH
paccyKJIeHus MOKHO MPOJIOIZKATD JI0 OECKOHEYHOCTH, HO cTenenb P koneuna. 3naunt, P = 0, 4To IpOTHBOPEYUT
YCIOBUIO 33JIa4H.



INTERNATIONAL MATHEMATICS TOURNAMENT OF
TOWNS

Junior O-Level, Spring 2014.

1. Each of given 100 numbers was increased by 1. Then each number was
increased by 1 once more. Given that the first time the sum of the squares
of the numbers was not changed find how this sum was changed the second
time.

SOLUTION. Given that the sum of the squares did not change when we added
1 to each number, we have (a; +1)*+ (a2 +1)2+- - -+ (a100+ 1)?) — (a? + a3+
<ta2y) = 0or (2a1+1)+(2a2+1)+- - -+(2a190+1) = 0. Therefore, we have
a1+as+---+ajg0 = —50. If we increase each number by 1 once more, the sum
of squares will be change by (a; +2)?+ (as +2)*+- - -+ (a100 +2)* — (a2 + a3 +
st ady) = (dar+4)+ (das +4) + -+ -+ (dargo +4) = 4 x (—=50) +400 = 200.

2. Mother baked 15 pasties. She placed them on a round plate in a circular
way: 7 with cabbage, 7 with meat and one with cherries in that exact order
and put the plate into a microwave. All pasties look the same but Olga
knows the order. However she doesn’t know how the plate has been rotated
in the microwave. She wants to eat a pasty with cherries. Can Olga eat her
favourite pasty for sure if she is not allowed to try more than three other
pasties?

SOLUTION. Denote the cherry pasty by 0, the cabbage 4 3

pasties by 1,..., 7 and the meat pasties by —1,..., —7.
If Olga does not get the cherry pasty on her first try,
it must be either a cabbage pasty or a meat pasty.

first one in the direction of the cherry pasty. She gets
either the cherry pasty 0, or the cabbage pasty 1,2,3,
or the meat pasty —1, —2, —3.

On her last try Olga takes the second pasty from her second try in the
direction of the cherry pasty and gets either the cherry pasty 0, or the cabbage
pasty 1, or the meat pasty —1. Hence, after at most three tries Olga knows
the position of the cherry pasty for sure.

3. The entries of a 7 x 5 table are filled with numbers so that in each 2 x 3
rectangle (vertical or horizontal) the sum of numbers is 0. For 100 dollars

1



Peter may choose any single entry and learn the number in it. What is the
least amount of dollars he should spend in order to learn the total sum of
numbers in the table for sure?

SOLUTION. Let S be a total sum of the numbers in the ta-
ble. Let Peter divide the table into 6 rectangles as shown
on the picture (two rectangles overlap on a marked en-
try). Then S = 0 x 5+ (0 — x) where z is the value in T
the marked entry he would pays for. Since a 7 x 5 table
cannot be split into 2 x 3-rectangles without overlapping
(or holes) Peter cannot find S for free.

4. Point L is marked on side BC of triangle ABC so that AL is twice as
long as the median C'M. Given that angle ALC' is equal to 45° prove that
AL is perpendicular to CM.

SOLUTION.

(b)

Let O be a point of intersection of KL and MC. Let K be a point of
intersection of AL and a line drawn through M parallel to BC. Then AK =
KL. Since MK is parallel to C'L, triangles KMO and OLC are similar
and we have KO/(KL — KO) = MO/(MC — OM). Since KL = MC,
KO = OM and each of triangles OK' M and OC'L is isosceles and therefore
/Z0CL = Z0OLC = 45°. Hence, ZCOL = 90°.

5. Ali Baba and the 40 thieves want to cross Bosporus strait. They made a
line so that any two people standing next to each other are friends. Ali Baba



is the first; he is also a friend with the thief next to his neighbour. There is
a single boat that can carry 2 or 3 people and these people must be friends.
Can Ali Baba and the 40 thieves always cross the strait if a single person
cannot sail?

SOLUTION. (Vassily Kapustin, grade 8, Poplar Bank P.S.) If the number of
thieves n is even then A, Ty, T, sail to Europe, and A, 7] sail back leaving
T in Europe. Then T3, T} sail to Europe, 15, T3 sail back and now T} is in
Europe and everybody else is in Asia. Continuing this process we end up
with 7, (the last thief in line) in Europe, and A, T}, ...,T,_; with the boat
in Asia.

If the number of thieves n is odd then A, T}, T; sail to Europe, and A, T5 sail
back leaving T} in Europe. Then T, T3 sail to Europe, T, T5 sail back and
now 73 is in Europe and everybody else is in Asia. Continuing this process
we end up with T, in Europe, and A, T, ...,T,_1 with the boat in Asia.

We can see that after applying described operation the last thief in the line
will be in Europe and all the remained gang in Asia. We are again in con-
ditions of the original problem but the number of thieves decreased by 1.
Therefore, we apply this process several times until we get only A, 77,7, in
Asia. Then the trio sail to Europe and join the gang.



INTERNATIONAL MATHEMATICS TOURNAMENT OF
TOWNS

Senior O-Level, Spring 2014.

1. Inspector Gadget has 36 stones with masses 1 gram, 2 grams, ..., 36
grams. Doctor Claw has a superglue such that one drop of it glues two
stones together (thus two drops glue 3 stones together and so on). Doctor
Claw wants to glue some stones so that in obtained set Inspector Gadget
cannot choose one or more stones with the total mass 37 grams. Find the
least number of drops needed for Doctor Claw to fulfil his task.

ANSWER: 9

SOLUTION. (a) Among the given stones there are 18 stones with odd masses
which could be split into 9 pairs. To glue stones in pairs Doctor Claw needs 9
drops. In new group of stones there is no stone with odd weight. Therefore,
Inspector Gadget cannot fulfil his task.

(b) Let us split all stones into 18 pairs so that in each pair a total weight of
stones is 37. Then Doctor Claw needs to “spoil” at least one stone in each
pair which is impossible with less than 9 drops.

2. In a convex quadrilateral ABC'D the diagonals are perpendicular. Points
M and N are marked on sides AD and CD respectively. Prove that lines
AC and M N are parallel given that angles ABN and C'BM are right angles.

B
K~ 0 L
C AL P C
N M- N
N/ —]\}'//
D D



SoLUTION 1. See Figure (b). Observe that /ZBAC = ZOBL and ZKBO =
ZBCA. Then triangles K BO and O BC' are similar, so KO : OB = OB : OC
and therefore KO = OB?/OC. In similar way, OL = OB?/OA. Hence

KO _ 40 )
OL OC’

Assume that M N is not parallel to AC. Through M draw a line parallel to
AC and denote points P, N’ and N” on it as shown. Then triangles ADC
and M DN’ are similar and therefore M P : PN’ = AO : OC. Comparing to
(%) we conclude that

KO MP

— = ) (%)

OL PN’
Since triangles M BN"” and K BL are also similar, we have KO : OL = M P :
PN". Comparing to (%) we conclude that PN’ = PN”. Contradiction.

SOLUTION 2. Introducing Cartesian coordinates one can assume that A(a, 0),
B(0,b), C(c,0), D(0,d) with a < 0,b > 0,¢ > 0,d < 0. Then M B is given
by equation cx — b(y — b) = 0, and AD is given by equation x/a + y/d = 1.
Solving the system we find y-coordinate of M: yy; = (ac + b?)d/(ac — bd).
Permuting a and ¢ we find yy = yys which implies that M N || AC.

3. Ali Baba and the 40 thieves want to cross Bosporus strait. They made a
line so that any two people standing next to each other are friends. Ali Baba
is the first; he is also a friend with the thief next to his neighbour. There is
a single boat that can carry 2 or 3 people and these people must be friends.
Can Ali Baba and the 40 thieves always cross the strait if a single person
cannot sail?

SOLUTION. Let n be the number of the thieves (not counting Ali Baba). We
will prove by induction that the gang can cross the strait. For n = 1 and
2 the base is obvious, one can check it for n = 3 as well. For simplicity of
explanation we assume that they are going from Asia to Europe.

Assume that for any number £ = 1,2, ..., n our statement holds. Denote Ali-
Baba by A and the thieves by Ti,...,T,.1. First let A, T1,...,T,, 1 cross
the strait leaving T),,T,,+1 behind in Asia (it can be done according to the
induction hypotheses).

Next A, T3, ..., T, 5 sail back leaving T},_; behind in Europe (again it can be
done according to the induction hypotheses). Next T},, T, sail to Europe

2



and then T,,_1,T, go back bringing boat to Asia. Now A,Ty,...,T, are in
Asia, so they cross the strait and join 7},.; .

4. Positive integers a, b, ¢, d are pairwise coprime and satisfy the equation
ab + cd = ac — 10bd.

Prove that one can always choose three numbers among them such that one
number equals the sum of two others.

SOLUTION. Rewriting the equation in a form a(c—b) = (10b+ ¢)d and given
that a and d are coprime we conclude that (¢ — b) is positive and divisible
by d: ¢ = b+ dx with x > 0. Plugging c into latter equation and simplifying
we get (a — d)x = 11b. Since ¢ and b are coprime, x and b are also coprime
and therefore either x = 1 or x = 11. In the former case we have ¢ = b+ d
and in the latter case a = b + d.

5. Park’s paths go along sides and diagonals of the convex quadrilateral
ABCD. Alex starts at A and hikes along AB — BC' — C'D. Ben hikes along
AC'; he leaves A simultaneously with Alex and arrives to C' simultaneously
with Alex. Chris hikes along BD; he leaves B at the same time as Alex
passes B and arrives to D simultaneously with Alex. Can it happen that
Ben and Chris arrive at point O of intersection of AC' and BD at the same
time? The speeds of the hikers are constant.

B B

(a) (b)

SoLuTION (Michael Chow, grade 12, Albert Campbell C.I.) Let va, vg, vo
be the speeds of Alex, Ben and Chris respectively. Let Alex and Ben start
hiking at time 0. By triangle inequality AB + BC > AC, so Alex traveled



a further distance than Ben in the same time interval as they started and
finished simultaneously. Hence vy > wvg. Similarly BC'+ CD > BD so
Alex traveled a further distance than Chris in the same time interval. Hence
va > Ug.

Assume that Ben and Chris arrive to O at the same time. Then we can
replace them with a single person Mikey who travels from B to O with
speed vg and from O to C with speed ve while Alex travels from B to C
in the same time interval. Mikey’s speed is always less than Alex’s speed
but Mikey travels distance BO + OC' which is greater than BC. This is
impossible. Therefore, Ben and Chris cannot arrive at O at the same time.

SoLuTION 2 (Frieda Rong, grade 11, Marc Garneau C.I.; Gloria Fang, grade
11, U.T.S). See Figure (b). Let P be a point where Ben was when both Alex
and Chris were in B. Since speeds of Alex and Ben are constant and Ben
arrive to C' at the same time as Alex, we have AB : BC = AP : PC and
therefore BP is a bisector of ZABC.

Let Q be a point where Chris was when Alex and Ben arrived in C. Similarly
BQ : QD = BC : BD so CQ is a bisector of ZBCD. Observe that Ben
and Chris cannot arrive at O simultaneously unless P belongs to AO and @)
belongs to OD.

Assume that Ben and Chris arrived to O simultaneously. Then PO : OC =
BO : OQ and since ZPOB = ZC 0@ we conclude that triangles BOB and
COQ are similar. Then ZPBC + ZBC(Q = 180° and since BP and C'() are
bisectors, ZABC + ZBCD = 360° which is impossible.
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1. During Christmas party Santa handed out to the children 47 chocolates
and 74 marmalades. Each girl got 1 more chocolate than each boy but each

boy got 1 more marmalade than each girl. What was the number of the
children?

SOLUTION. Each child got the same number of treats and the total number
of treats is 74 + 47 = 121. Therefore there could be either (a) 11 children, or
(b) 121, or (c) just 1 child, and each child got 11, 1, or 121 treat respectively.

Remark. In case (a) let x denote the number of boys and ¢ the number of
chocolates each girl got. Then (¢ — 1)z +¢(11 —z) =47 or 11¢ = 47+ z. The
only integer solution with 0 < x < 11isxz =8, ¢ =5 (so, 8 boys, 3 girls). In
case (b) each boy got just 1 marmalade, and each girl got just 1 chocolate
(so, 74 boys and 47 girls). Case (c) is correct from the point of view of formal
logic.

2. Peter marks several cells on a 5 x 5 board. Basil wins if he can cover all
marked cells with three-cell corners. The corners must be inside the board
and not overlap. What is the least number of cells Peter should mark to

prevent Basil from winning? (Cells of the corners must coincide with the cells
of the board).

SOLUTION. If Peter marks 9 points as shown on (a) Basil cannot cover them.
Indeed, no corner can cover more than one marked cell, so Basil needs 9
corners; but they contain 27 cells while the whole board contains only 25.

If Peter marks 8 cells Basil can cover all of them. Indeed, one of the cells

shown on (a) is not marked. However the remaining 24 cells could be covered
as shown on (b)—(d).




3. A square table is covered with a square cloth (may be of a different size)
without folds and wrinkles. All corners of the table are left uncovered and all
four hanging parts are triangular. Given that two adjacent hanging parts are
equal prove that two other parts are also equal.

SOLUTION 1. Let ABCD be a cloth and EFGH be a table (see Figure
(a)). We see four hanging parts of the cloth and four triangular parts of
the table which are not covered. Observe that all eight triangles are similar.
Let us draw diagonals in ABC'D. Observe that they are bisectors of the
corresponding angles. Observe that since angles between AC' and FG || EH
and BD and FE || EH are equal and distances between two pairs of parallel
lines are also equal then QQ' = PP'.

If triangles A and B are equal then their bisectors AP and B(@ are equal and
since AO = BO = CO = DO we see that PO = QO. But then PO = Q'O
and P'C' = @Q’D. Then triangles C' and D are also equal.

G G
B /\C /l’i

TN 7N
{ o >
\ H \ ; > H
N oA L

A \/ D \"

E E
(a) (b)

SOLUTION 2 (see Figure (b)). We define the weight of the hanging triangle
as its height dropped from the right corner. Obviously all hanging parts
are similar. Therefore parts are equal if and only if their heights are equal.
Therefore it is sufficient to prove that the the sums of wights of opposite parts
are equal. Adding to these sums the side of the table we get projection of
diagonal F'H to the “horizontal” side of the the table and of diagonal FG to
the “vertical” side of the the table. Since diagonals are equal and orthogonal
and the sides of the table are orthogonal, we conclude that projections are
equal.

4. The King called two wizards. He ordered First Wizard to write down
100 positive integers (not necessarily distinct) on cards without revealing

2



them to Second Wizard. Second Wizard must correctly determine all these
integers, otherwise both wizards will lose their heads. First Wizard is allowed
to provide Second Wizard with a list of distinct integers, each of which is
either one of the integers on the cards or a sum of some of these integers. He
is not allowed to tell which integers are on the cards and which integers are
their sums. Finally the King tears as many hairs from each wizard’s beard
as the number of integers in the list given to Second Wizard. What is the
minimal number of hairs each wizard should lose to stay alive?

SoLuTION [Coincides with given by Ben Wei]. The first wizard writes
1,2,4,...,2% and lists all these numbers and their sum 2!°° — 1. Then the
second wizard understands that there is a card with a number not exceeding
1, there is another card with a number not exceeding 2, ..., and there is
100th card with a number not exceeding 2%. Then their sum does not exceed
2190 _ 1 and the emuality is possible if and only if numbers are 1,2,4,...,2%.

5. There are several white and black points. Every white point is connected
with every black point by a segment. Each segment is equipped with a positive
integer. For any closed circuit the product of the numbers on the segments
passed in the direction from white to black point is equal to the product
of the numbers on the segments passed in the opposite direction. Can one
always place the numbers at each point so that the number on each segment
is the product of the numbers at its ends?

SOLUTION. Let us denote white points W;, j = 1,2,...,m and black points
By, k = 1,2,....n. Let ¢;; be a label on the segment from white point
W; to black point Bj. Consider closed circuit Wy — By — W; — By, — W
Then c¢11¢;, = cjicii and therefore cj, = cjic1/c11 = w;b, where w; = ¢;1/d,
by = c1xd/cr1, d = ged(eqn, €1y -+ -y ). Obviously wy, .. ., w, are integers
and coprime. Since w;b; are integers and wy, ..., w,, are coprime, then by are
integers as well.

Indeed, let by be not an integer, then represent it as irreducible ratio by, = b'/r
with 7 > 2. Since w;b, = w;b'/r are integers r must divide w; ofr all j which
is impossible as these numbers are coprime.

6. A 3 x 3 x 3 cubeis made of 1 x 1 x 1 cubes glued together. What is the
maximal number of small cubes one can remove so the remaining solid has
the following features:

1) Projection of this solid on each face of the original cube is a 3 x 3 square;



2) The resulting solid remains face-connected (from each small cube one can
reach any other small cube along a chain of consecutive cubes with common
faces).

ANSWER: 14 small cubes.

SOLUTION. Consider example with removed 14 cubes (remaining 13 cubes
are shaded on these 3 layers). Each layer has cubes in each row and column;
imposing layers we get a full square. Therefore the first condition is fulfilled.
Top and middle layers are glued together through their central cubes. Each
cube of the bottom layer is glued to the corresponding cube of the middle
layer.

To prove that no more than 14 cubes could be removed we prove an estimate
for the number n of remaining cubes. We can see from all 6 directions 6 - 9
of their faces. To connectivity one needs at least (n — 1) gluings ; therefore
we do not see at least 2(n — 1) faces, whole the total number of faces is 6n.
Then 6n > 2(n — 1) + 54 and therefore n > 13.

(a) Top (b) Middle (¢) Bottom

7. Points A;, Ao, ..., Ajp are marked on a circle clockwise. It is known that
these points can be divided into pairs of points symmetric with respect to the
centre of the circle. Initially at each marked point there was a grasshopper.
Every minute one of the grasshoppers jumps over its neighbour along the
circle so that the resulting distance between them doesn’t change. It is not
allowed to jump over any other grasshopper and to land at a point already
occupied. It occurred that at some moment nine grasshoppers were found at
points Ay, A, ..., Ag and the tenth grasshopper was on arc AgAgA;. Is it
necessarily true that this grasshopper was exactly at point A7



ANSWER. Yes.
SOLUTION. 10 grasshoppers divide circle into

10 arcs. Let us paint alternatively black and , B

white. Originally sums of the lengths of white A < g D
and black arcs are equal because for any white el

arc an arc which is symmetric to it with respect B~ e

to the center is black and conversely for any A ~D

black arc an arc which is symmetric to it with
respect to the center is white.

It follows from the figure that the grasshopper’s jump does not change these
sums. Indeed, sum of arcs AC’ and BD equals to the sum of arcs AB and
CD. In the final configuration we know 4 black arcs and know where the fifth
is located and therefore position of 10th grasshopper is defined uniquely. On
the other hand, A; satisfies to the sums of black and white arcs are equal
condition.
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1. Doono wrote several 1s, placed signs “4” or “x” between every two of
them, put several brackets and got 2014 in the result. His friend Dunno
replaced all “4+7 by “x” and all “x” by “4” and also got 2014. Can this be
true?

SOLUTION. Yes, it could be true. For example, consider the following
expression consisting of 4027 1s:

T+1x1+1x14.. . +1x1

~
2013 terms

which obviously equals 2014. After Dunno changed signs it became

\1><1+1><1—|—...+1><11+1

TV
2013 terms

which also equals 2014.

2. Is it true that any convex polygon can be dissected by a straight line into
two polygons with equal perimeters and

(a) equal greatest sides?

(b) equal smallest sides?

(a) ANSWER: Yes

SOLUTION. Consider a convex polygon polygon and point M on its boundary.
Consider its opposite point N = N(M). It means that M N dissects polygon
into two MA;...A,N and NA,,1... A, M with equal perimeters (it is
possible that M and N are among vertices of the original polygon). Here
MA; ... A, N is in the counterclockwise direction. Define f(M) as a greatest
side of M Ay ... A, N. Observe that f(M) continuously depends on M. Then
g(M) = f(M)— f(N(M)) also continuously depends on M. However as M
changes from original point M to its opposite point Ny, g(M) changes from
g(Mp) to g(Ny) = —g(My). Therefore g(M) = 0 for some M.

Remark. h(M) as the smallest side of M A, ... A, N is not continuous and
these arguments do not work for Part (b).

6



(b) ANSWER: No.

Consider triangle ABC'. We call points M and N opposite if (as on the figure
(a)) MA+ AN = p/2 where p = a+ b+ ¢ is a perimeter of ABC'.

Consider first an equilateral triangle with sides a = b = ¢. We claim that
the smallest cut between opposite points has the length 3a/4. Indeed, one
can prove easily that the shortest cut M N must be orthogonal to bisector of
angle C'AB.

Therefore in an equilateral triangle MN > 3a/4 and MC + NB = a/2,
AM = NB +a/2, AN = CM + a/2 and therefore for equilateral triangle
the answer is negative unless the cut passes through one of the vertices. The
same is true for all triangles sufficiently close to equilateral.

Consider M = C. But then in CAN and CNB the smallest sides are
AN =p/2—b= (a—b+c)/2and NB = (a+b—c)/2 where a = BC, b = AC
and ¢ = AB and AN # NB if b # c.

Therefore one cannot dissect any triangle which is close to equilateral but has
all sides different.

3. The King called two wizards. He ordered First Wizard to write down 100
positive real numbers (not necessarily distinct) on cards without revealing
them to Second Wizard. Second Wizard must correctly determine all these
numbers, otherwise both wizards will lose their heads. First Wizard is allowed
to provide Second Wizard with a list of distinct numbers, each of which is
either one of the numbers on the cards or a sum of some of these numbers. He
is not allowed to tell which numbers are on the cards and which numbers are
their sums. Finally the King tears as many hairs from each wizard’s beard



as the number of numbers in the list given to Second Wizard. What is the
minimal number of hairs each wizard should lose to stay alive?

ANSWER. 101

SoLuTION [Coincides with given by Ben Wei]. The first wizard writes
1,2,4,...,2% and lists all these numbers and their sum 2!°° — 1. Then the
second wizard understands that there is a card with a number not exceeding
1, there is another card with a number not exceeding 2, ..., and there is
100th card with a number not exceeding 2. Then their sum does not exceed
2190 _ 1 and the emuality is possible if and only if numbers are 1,2,4,...,2%.

4. In the plane are marked all points with integer coordinates (z,y), 0 <y <
10. Consider a polynomial of degree 20 with integer coefficients. Find the
maximal possible number of marked points which can lie on its graph.

SOLUTION (Michael Chow) (i) We need to consider integer solutions of the

system of inequalities:
0 < P(z) < 10. (%)

Let us prove by contradiction that there are no more than 20 integer solutions
to . Assume that z; < x9 < ... < 9 satisfy ; denote a = 1, b = x91;
then b — a > 20.

Consider P(b) — P(a); since both a, b satisfy («) we conclude that |P(b) —
P(a)| < 10. However since P(z) has integer coefficient, the number P(b)—P(a)
must be divisible by (b — a) (indeed, P(b) — P(a) = (b — a)R(a,b) where
R is a polynomial with integer coefficients). Since |P(b) — P(a)| < 10 and
b —a > 20 divisibility implies that P(b) — P(a) = 0. So P(a) = P(b) = ¢
with 0 < ¢ < 10.

Then P(x) = (x — a)(b — 2)Q(z) + ¢ where Q(x) is a polynomial of degree
18. Observe that (z —a)(b—z) > 19 for integer t =a+1,...,b — 1. Then
P(z) cannot satisfy unless Q(x) = 0. Indeed, if Q(z) # 0 then either
P(z) < —194+c<0or P(x) > 19+ ¢ > 10.

Therefore Q(x) =0, k =2,...,20 but polynomial Q(z) of degree 18 cannot
have more than 18 roots. Contradiction.

(ii) On the other hand, for P(z) = (z — x1)(x — x3) - - - (x — 99) has 20
solutions x1, ..., Tag.

SOLUTION 2. We need to consider integer solutions of the system of in-
equalities . Let us prove by contradiction that there are no more than 20
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integer solutions to . Assume that x; < x9 < ... < w9y satisfy . By
Bézout’s theorem P(x9; — P(x4) is divisible by x9; — x; > 20 and therefore
P(zyy = P(x1) = r. Similarly P(zy1) = P(x;) = r for all ¢ = 2,...,10
since g — x; > 11. Also P(z;) = P(xg) = r for all £ = 12,...,21
since zp — x; > 11. Therefore all z; except x1; are roots of P(x) —r
and thus P(zx) = a(z —x1) -+ (x — x10)(x — T12) - - - (x — w91) + r. But then
|P(z12) — r| > (10")? which is a contradiction.

5. There is a scalenetriangle. Peter and Basil play the following game. On
each his turn Peter chooses a point in the plane. Basil responds by painting
it into red or blue. Peter wins if some triangle similar to the original one
has all vertices of the same colour. Find the minimal number of moves Peter
needs to win no matter how Basil would play (independently of the shape of
the given triangle)?

ANSWER. 5

SOLUTION. Peter selects triangle ABC' (an orig- o

inal one). Basil paints A and B blue and C red.

Then Peter selects D and E on the same side of

AB as C so that triangles ABC, BDA and FAB

are similar (with vertices in the matching order). D

Basil is forced to paint them red.

Now prove that triangle FDC and EAB are

similar. Observe that /ZDAE = ZCBE. In-

deed, ZDAE = /DAB — ZFEAD and ZCBE =

LABE — ZABC and those angles are equal due

to similarity. Also DA : BC = AB : CA = FA: A B
BE.

Thus triangles DAFE and CBE are similar and in triangles EDC and FAB
angles E are equal and DF : CE = AE : BE and therefore they are similar.

Remark. This could be described using complex numbers terminology. Indeed,
let us introduce coordinate system on the complex plane C such that points C,
A and B correspond to complex numbers 0, z and z? respectively (it is always
possible). Let us add points w(E) wz(D) with w = 2% — z+1. Then triangles
CAB, ABD, BEA CED are similar. Indeed triangles CAB and C'E'D could
be obtained from triangle A with vertices (0, 1, z) by multiplication by z and
w respectively; triangle BEA could be obtained from A by multiplication



by (1 — z) and shift by 22, and triangle ABD could be obtained from A by
multiplication by 22 — z and shift by z.

6. In some country every town has a unique number. In a flight directory for
any two towns there is an indication whether or not they are connected by a
direct non-stop flight. It is known that for any two assigned numbers M and
N one can change the numeration of towns so that the town with number M
gets the number N but the directory remains correct.

Is it always true that for any two assigned numbers M and N one can change
the numeration of towns so that the towns with numbers M and N interchange
their numbers but the directory is still correct?

ANSWER: No 4 2
SOLUTION. Observe that figure is symmetric with 5 1
respect to each diameter passing through the mid-

dle of the small chord. These symmetries allows 6 12
us to interchange neighbouring towns and then

several symmetries allows us to transfer any town 7 11

into any other town. 8 9 10

Assume that we can exchange towns 1 and 3. Then their only common
connected town 2 must remain on its place. Then its connected town 9 must
also remain on its place. But 3 and 9 have two common connected towns (8
and 2) while 1 and 9 have only one common connected town (2).

Remark. Another example: tetrahedron with cut vertices. Then there is a
graph with 12 vertices and 18 edges which has the same properties.

7. Consider a polynomial P(z) such that
P0)=1; (P(x))?=1+x+2"°Q(x), where Q(x) is also a polynomial.
Prove that in the polynomial (P(z) + 1)'% the coefficient at z% is zero.

SOLUTION. Observe that (P(z) + 1) + (1 — P(x))'® contains only even
powers of P(z) and therefore is a polynomial of degree 50 of (P(x))* i.e. of
(1 + z)°® modulo polynomial divisible by z'00. However 1 — P(x) is divisible
by z and therefore (1 — P(z))'% is divisible by z!'%.

Remark. More generally (P(z) + 1)" is a polynomial of degree |n/2] modulo
polynomial divisible by ™ and therefore coefficients at ™, m = |n/2]| +
1,...,n —1 are zeros.
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1 [3] In a wrestling tournament, there are 100 participants, all of different
strengths. The stronger wrestler always wins over the weaker opponent. Each
wrestler fights twice and those who win both of their fights are given awards.
What is the least possible number of awardees?

ANSWER: 1.

SOLUTION. Arrange participants by strength a; (the weakest), as,as, ... aipo (the
strongest).

Obviously, aqqg is one of the winners. Let wrestlers in the first round be paired
as follows: aigg — g9, Ggg — Gg7,..., A3 — a1, then aq,as, as, . .. agy are losers.

Let the second round be paired as follows: aigg0 — a1, agg — agg,..., a3 — as,
then as, a4, ag, . . ., agg are losers. Therefore the only participant who won in both
rounds is agp.

2 [4] Does there exist a ten-digit number such that all its digits are different
and after removing any six digits we get a composite four-digit number?

ANSWER: yes.

SOLUTION. Observe that a four-digit number 1379 is divided by 7 (1379 = 7x 197)
We can consider a ten-digit number in the form 1379... where the tail is any
combination of remaining digits 2,4,6,8,0,5. It is easy to see that this number
satisfies the conditions: the remaining four digits form either 1379, either an even
four-digit number, or a four-digit multiple of 5.

3 [4] Denote by (a,b) the greatest common divisor of a and b. Let n be a positive
integer such that

(n,n+1) < (n,n+2) <--- < (n,n+35). (1)
Prove that (n,n 4+ 35) < (n,n + 36).
SOLUTION. First we need
Lemma. (n,n+m) < m.
Proof. Indeed, if p divides both n and (n + m) it also divides their difference

which is m. U

Since (n,n+1) =1 and (n,n + k) increases for k = 1,...,35 then this lemma
implies that for allm = 1, ..., 35 we have (n, n+m) = m and therefore n is divisible
by m. In particular n is divisible by both 4 and 9 and therefore it is divisible by
36. Then n + 36 is also divisible by 36 and (n,n + 36) = 36 > (n,n + 35) = 35.

1



4 [5] Let ABC be an isosceles triangle. Points K and L are chosen on lateral
sides AB and AC respectively so that AK = CL and ZALK + ZLKB = 60°.
Prove that KL = BC.

B

ral
A -4 - C

SOLUTION. Let us mark points K’ and L’ on sides AC and AB respectively so
that AK" = AK and L'B = LC. Since triangle ABC' is isosceles, the lines K K’,
LL' and BC are parallel. Let AB = AC =b, AK = LC =a, BC =¢, KK' = s
and LL' =t.

Note that triangles AKK', ALL' and ABC' are similar. Therefore we have
s/c=a/band t/c = (b—a)/b.

Because of symmetry, triangles KOK' and OLL’ are isosceles (LO = LO'
and KO = K'O) and since 60° = ZALK + ZLKB = ZALK + ZL'K'C we
have Z/LOL' = KOK' = 60°. This implies that triangles KOK’ and OLL' are
equilateral. Finally, KL = KO+ OL=s+t=c(a/b+ (b—a)/b) =c= BC.

5 [6] Eight rooks are placed on a chessboard so that no two rooks attack each
other. Prove that one can always move all rooks, each by a move of a knight so
that in the final position no two rooks attack each other as well. (In intermediate
positions several rooks can share the same square).

SOLUTION. Observe that condition “no two rooks attack one another” means
exactly that

(a) Each horizontal has 1 rook,
(b) Each vertical has 1 rook.
We break movement into two steps:

Step 1: Rooks from verticals 1,2,5,6 move 2 squares right — to verticals 3,4,7,8
respectively; rooks from verticals 3,4,7,8 move 2 squares left — to verticals 1,2,5,6
respectively. Obviously both conditions (a), (b) remains fulfilled.

Step 2: Rooks from horizontals 1,3,5,7 move 1 square up — to horizontals 2,4,7,8;
rooks from horizontals 2,4,7,8 move 1 square down — to horizontals 1,3,5,7 respec-
tively Obviously both conditions (a), (b) remains fulfilled.

As a result each rook made a knight’s move.
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1 [3] Does there exist a ten-digit number such that all its digits are different
and after removing any six digits we get a composite four-digit number?

ANSWER: yes.

SOLUTION. Observe that a four-digit number 1379 is divided by 7 (1379 = 7x 197)
We can consider a ten-digit number in the form 1379... where the tail is any
combination of remaining digits 2,4,6,8,0,5. It is easy to see that this number
satisfies the conditions: the remaining four digits form either 1379, either an even
four-digit number, or a four-digit multiple of 5.

2 [4]  On the sides of triangle ABC, three similar triangles are constructed
with triangle Y BA and triangle ZAC in the exterior and triangle X BC' in the
interior. (Above, the vertices of the triangles are ordered so that the similarities
take vertices to corresponding vertices, for example, the similarity between triangle
Y BA and triangle ZAC takes Y to Z, B to A and A to C). Prove that AY XZ is
a parallelogram.

SOLUTION. Draw the following figure

Y
B
A
For simplicity of notations let us denote: /BAC =a, ZABC =0b, ZACB = c.
Further, using similarity of triangles Y BA, ZAC, and X BC' let us denote
LYAB =/ZCA=/XCB = q,
LYBA=/ZAC =/XBC=§
and
LAYB =/CZA=/ZCXB =17.

Since triangle Y BA is similar to triangle X BC' we have Y B : AB = XB : BC. It
follows that YB : BX = AB : BC. Since /Y BA = /XBC we have /Y BX = b.



Therefore triangle Y BX is similar to triangle ABC'. It implies that ZXY B = a
while /Y XB = c.

Since triangle ZAC' is similar to triangle X BC', in a similar way we can show
ZC : XC = AC : BC. Since ZZCX = ¢, triangle ZXC' is similar to triangle
ABC. Then £/ XZC = a while ZZXC =b.

It implies that that:
LAYX = /ZAYB — /ZXYB =~ —a,

and

LAZX = LAZC — /XZC=~v—a
and therefore one pair of opposite angles of quadrilateral AY X Z is equal. Further,

LYXZ=360°—2LYXB - /ZXC —/BXC =360°—c—b—~y=
(180° —c—b)+ (180° —v) =a+a+ =LY AZ
and therefore, the other pair of opposite angles of quadrilateral AY X 7 is equal.
Hence quadrilateral AY X Z is a parallelogram.

3 [4] Denote by [a,b] the least common multiple of a and b. Let n be a positive
integer such that

n,n+1] > [n,n+2] > - > [n,n+ 35 (2)

Prove that [n,n + 35] > [n,n + 36].

SOLUTION. Let (n,m) denote the least common multiple of n and m. Then
(n,m) = nm/[n,m] and since n(n+1) <n(n+2) < --- < n(n + 35) we conclude
from (2) that

(n,n+1) < (n,n+2) <--- < (n,n+35). (3)

holds.
Then (n,n+m)=masm=1,...,36,
[n,n + 35 = n(n + 35)/35 =n?/35 +n

and
[n,n + 36] = n(n + 36)/36 = n?/36 +n

and the latter is obviously smaller than the former.

4 [5] Eight rooks are placed on a chessboard so that no two rooks attack each
other. Prove that one can always move all rooks, each by a move of a knight so
that in the final position no two rooks attack each other as well. (In intermediate
positions several rooks can share the same square).
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SOLUTION. Observe that condition “no two rooks attack one another” means
exactly that

(a) Each horizontal has 1 rook,
(b)Each vertical has 1 rook.
Break movement into two steps:

Step 1: Rooks from verticals 1,2,5,6 move 2 squares right — to verticals 3,4,7,8
respectively; rooks from verticals 3,4,7,8 move 2 squares left — to verticals 1,2,5,6
respectively. Obviously both conditions (a), (b) remains fulfilled.

Step 2: Rooks from horizontals 1,3,5,7 move 1 square up — to horizontals 2,4,7,8;
rooks from horizontals 2,4,7,8 move 1 square down — to horizontals 1,3,5,7 respec-
tively Obviously both conditions (a), (b) remains fulfilled.

As a result each rook made a knight’s move.

5 [6] A spacecraft landed on an asteroid. It is known that the asteroid is either
a ball or a cube. The rover started its route at the landing site and finished it at
the point symmetric to the landing site with respect to the center of the asteroid.
On its way, the rover transmitted its spatial coordinates to the spacecraft on the
landing site so that the trajectory of the rover movement was known. Can it
happen that this information is not sufficient to determine whether the asteroid is
a ball or a cube?

SoLuTION. Consider a sphere of radius r and a surface of cube with the side a
with the same center. Observe that if a = v/2r the sphere touches each edge at
its midpoint and therefore it intersects each face of the cube along circle of radius
r/v/2 in its center like on the figure below (we draw only three visible faces):

Then any path consisting of arcs of these circles belongs to both sphere and
the surface of the cube and one can connect two symmetric points marked on the
figure by such path. Therefore it can happen that such information is not sufficient
to determine whether the asteroid is a ball or a cube.
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1. There are 100 red, 100 yellow and 100 green sticks. One can construct a
triangle using any three sticks all of different colour. Prove that there is a
colour such that one can construct a triangle using any three sticks of this
colour.

SOLUTION. For each of three colours (a, b,and ¢) consider two smallest sticks
and the largest stick and denote these (z1, x2, ) respectively. Assume that
there is no such colour that one can always construct a triangle using any
three sticks of this colour. This implies: z7 + o < x. Without loss of
generality assume that a; < b; < ¢;. Then ay +b; <c¢;+ ¢ <ec.

Contradiction: one cannot construct a triangle using any three sticks all of
different colours.

2. A math teacher chose 10 consequent positive integers and submitted
them to Pete and Basil. Each boy should split these numbers in pairs and
calculate the sum of products of numbers in pairs. Prove that the boys can
pair the numbers differently so that the resulting sums are equal.

SOLUTION. Let consecutive numbers be in the form n+1,n+2,n+3,...,n+
10. One can check that P = P,, where

P=n+1)(n+8)+(n+2)(n+7)+ (n+3)(n+6)
+(n+4)(n+5)+ (n+9)(n+10)

and

P,=(n+1)(n+10)+ (n+2)(n+3) + (n+4)(n +5)
+(n+6)(n+7)+(n+8)(n+9).

3. Assume that C' is a right angle of triangle ABC and N is a midpoint
of the semicircle, constructed on C'B as on diameter externally. Prove that
AN divides the bisector of angle C' in halves.

SOLUTION. Extend segment BN to intersect line AC' at some point K. In
triangle BC'K the altitude C'N is also a bisector, thus KN = NB. Angles
BCL and CBK are equal to 45°, hence the bisector C'L is parallel to BK.
Therefore in triangle ABK the median AN bisects C'L as well.

1



Figure 1: To Problem 3

4. Pete drew a square in the plane, divided it into 64 equal square cells and
painted it in a chess board fashion. He chose some cell and an interior point
in it. Basil can draw any polygon (without self-intersections) in the plane
and ask Pete whether the chosen point is inside or outside this polygon.
What is the minimal number of questions sufficient to determine whether
the chosen point is black or white?

BERER [ T [ T[]
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SOLUTION 1. One question is not enough because a polygon containing all
white points and no black point has to be self-intersecting. However two
questions are enough: if a point belongs to just one polygon then it is white,
and if a point belongs to both or none then it is black.

SoLuTION 2 [Nikita Kapustin, gr. 11, Richmond Hill H.S.]. If the point
is outside of the Polygon 1 then it is confined to verticals 2,4,6,8 and we
determine the colour by drawing Polygon 2b.



(a) Polygon 1 (b) Polygon 2b (c) Polygin 2c

Figure 2: To problem 4

If the point is inside of the Polygon 1 then it is confined either to verticals
1,3,5,7 or to horizontal 1 and we determine the colour drawing Polygon 2c:
it contains horizontals 2,4,6,8 and only white squares from horizontal 1.
Therefore if the point is inside of Polygon 2c¢ it is in a white square; if the
point is outside of Polygon 2c it is in a black square.

5. A 101-gon is inscribed in a circle. From each vertex of this polygon a
perpendicular is dropped to the opposite side or its extension. Prove that
at least one perpendicular drops to the side.

SOLUTION. We call 50 consecutive arcs a train. Train is long if its total
measure is at least 180°, otherwise it is short.

If none of the perpendiculars from vertices to the opposite sides lands inside
of the edge (vertices excluded!), then

(*) Out of two disjoint (not having common arcs) trains one must be long
(and another short).

Indeed, if two disjoint trains (AAB and AC are short then the in the triangle
ABC angles /B and ZC are acute and a perpendicular dropped from A to
the opposite edge BC' land inside BC.

However for each train there are two trains disjoint from it: for a long train
there are two short trains and for a short train due to (*) there are two long
trains. Then moving long train in any direction by one arc we have a long
train again. Then all trains must be long. Contradiction.

SOLUTION 2 [Jennifer Guo, gr. 10, Marc Garneau C.1L.].

Assume that the perpendicular from any vertex of polygon drops to the
extension of the opposite side. Then in every main triangle (i.e. trianle
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formed by some side and two diagonals connecting its ends to the opposite
vertex) one of base angles must be either obtuse or right.

Consider triangle Ajp;As1A; and assume that £A5; A101A; > 90°; then
supporting arc (As;A2A;) > 180°. Consider adjacent triangle A; Az A,
and observe that ZAzAsA; < 90°. Indeed, otherwise supporting arc
(As2A10141) > 180°. However together arcs (As A2A4;) and (AssA10141)
are less than 360°.

Therefore in virtue of our assumption £ As5 A1 As > 90°. Repeating these ar-
guments we conclude that £ As3A45 A3 > 90° and so on. In other words, each
counter-clockwise arc (A;Asy), (AsAsz), (AsAs3), ..., (As1A101) is at least
180°. But we know that (As;A1p1) is less than 180°. Contradiction.

6. The number

1+ . 1 1
2 3 4 7 2n—-1 2n

is represented as an irreducible fraction. If 3n+ 1 is a prime number, prove
that the numerator of this fraction is a multiple of 3n + 1.

SOLUTION [Jennifer Guo, gr. 10, Marc Garneau C.I.]. Observe that if 3n+1
is prime then n is even (otherwise 3n + 1 is even and greater than 2).

Let us rewrite the sum (denote it by X) as

> J UL U S 2(1+1+ +1)
N 2 3 4 7 2m—1 2n 2 4 77 2n
_ ! + L + +1
T n+1 n+2 7 20



Here we have n terms and since n is even we can pair them

1 1 1 1 1 1
+

Grit2) TG 2n—1y+”"F§E+gn+ﬁ

3n+1 3n+1 3n+1 (Bn+1)p

Tt mr2n—1) CoCnt1) g

1
GGt

. . . 1 1
where p/q is irreducible and equal to ey T emeen Tt

Obviously ¢ and (3n + 1) are coprime as (3n + 1) is prime and all prime
factors of ¢ do not exceed 2n < 3n + 1. Therefore (3n + 1)p/q is also an
irreducible fraction with the numerator divisible by (3n + 1).

7. On a table, there are 11 piles of ten stones each. Pete and Basil play the
following game. In turns they take 1, 2 or 3 stones at a time: Pete takes
stones from any single pile while Basil takes stones from different piles but
no more than one from each. Pete moves first. The player who cannot
move, loses. Which of the players, Pete or Basil, can guarantee a victory
regardless of the opponent’s play?

SOLUTION. Let us position stones as on the picture so that piles correspond
to columns. Peter must take several stones from one column and Basil
must take them from different columns. Basil’ strategy is to make moves
symmetric to those of Peter with respect to empty diagonal. Since a row
symmetric to a column has no common stones with it, Basil can each time
restore the broken symmetry, so he always has a move. Since the number
of stones is finite, eventually Peter loses.

Figure 3
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1. Pete drew a square in the plane, divided it into 64 equal square cells and
painted it in a chess board fashion. He chose some cell and an interior point
in it. Basil can draw any polygon (without self-intersections) in the plane
and ask Pete whether the chosen point is inside or outside this polygon.
What is the minimal number of questions sufficient to determine whether
the chosen point is black or white?

ENEEER [ T [ T[]
EEEENE | |
L] | 1
L] | _
L] | |

HEEEN
|
|

SOLUTION 1. One question is not enough because a polygon containing all
white points and no black point has to be self-intersecting. However two
questions are enough: if a point belongs to just one polygon then it is white,
and if a point belongs to both or none then it is black.

1T L L [ T[]

(a) Polygon 1 (b) Polygon 2b (c) Polygin 2¢
SoLuTION 2 [Nikita Kapustin, gr. 11, Richmond Hill H.S.]. If the point

is outside of the Polygon 1 then it is confined to verticals 2,4,6,8 and we
determine the colour by drawing Polygon 2b.

1



If the point is inside the Polygon 1 then it is confined either to verticals
1,3,5,7 or to horizontal 1 and we determine the colour drawing Polygon
2c¢: it contains horizontals 2,4,6,8 and only white squares from horizontal
1. Therefore if the point is inside Polygon 2c it is in a white square; if the
point is outside Polygon 2c it is in a black square.

2. Find all positive integers n for which the following statement holds:

For any two polynomials P(z) and Q(z) of degree n there exist monomials
az® and bz®, 0 < k, £ < n, such that the graphs of P(z)+az* and Q(z)+bx*
have no common points.

ANSWER: All even integers n and n = 1.

SOLUTION. The statement can be reformulated as: “for any polynomial
R(z) with deg R < n there exist monomials az® and bz* with0 <k < ¢ <n
such that the R(z) + az® + bz’ has no 0.”

Let n > 3 be odd. Then for R(z) = 2" + x we must pick up bz* = —a"
(otherwise we have a polynomial of odd degree which has a 0). We have
R(z) — 2™ = x and if k > 1 then R(x) +bx’ +ax® is 0 as x = 0; if k = 0 we
have x 4 a which has 0 as well.

For n =1 we can always make R(z) + bz + a = 1 which does not vanish.

Let n be even. Then add a monomial of degree n to make the leading
coefficient positive. The resulting polynomial is bounded from below by
some M. Adding the constant 1 — M, we make the minimal value equal to
1 and get the required polynomial.

3. Let ABC be an equilateral triangle with centre O. A line through C
meets the circumcircle of triangle AOB at points D and E. Prove that
points A, O and the midpoints of segments BD, BE are concyclic.

SOLUTION. Let C’ be the midpoint of BC', and E be between C' and D. Let
E' be the midpoint of BE; then E’ belongs to midline C'D’ of the triangle
CBD.

In the equilateral triangle ABC vertex A, center O and point C” are collinear.
The angle ABC' is equal to the half of arc AOB and therefore BC'is a tan-
gent line of the circumcircle of triangle AOB.

Then

C'E'-C'D' = %CE-CD = %LCBQ =C0'B*=C'0-C'A.
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By Intersecting Chord Theorem if quadrilateral AOE’'D’ was cyclic then
this equality would hold. However converse statement is also true: since
this equality holds, this quadrilateral is cyclic.

4. Is it true that every integer is a sum of finite number of cubes of distinct
integers?

SOLUTION. Observe that
(n+7)°—(n+6)*>— (n+5)>+(n+4)> = (n+3)*+ (n+2)*+ (n+1)* —n® = 48.

On the other hand, (48k + 1)? for any k is comparable with 1 modulo
48. Summing up such cubes we obtain sums with all possible residues
on division by 48 and then, adding or subtracting a suitable number of
combinations equal to 48 and formed of distinct integers we get any integer
with the same residue.

5. Do there exist two integer-valued functions f and g such that for every
integer x we have

(&) f(f(z) ==, g(g9(x)) =2z, flg9(z)) >z, g(f(z))>a?
(b) f(f(x)) <=, g(g(x)) <z, [flg(z)) >, g(f(x))>a2?

SOLUTION: (a) Such functions do not exist. Indeed, f(f(z)) = z =

g(f(f(x)) = g(x), but g(f(f(x)) > f(x) so g(x) > f(x). Similarly f(z) >
g(x). A contradiction.



(b) SOLUTION. Such functions exist. For instance, call even integers asso-
ciated with function f and odd ones associated with function g.

Let these functions map any associated x to —|z| — 2 and any other x
to |z| + 1. Observe that all values of each function are associated with
it. Clearly |f(x)| > |z|, hence f(f(z)) = —|f(z)] < —|z] — 2 < x and
g(f(z)) = |f(x)|+1 > |z| + 1 > x. The remaining two inequalities are
checked in the same way.

6. On a table, there are 11 piles of ten stones each. Pete and Basil play the
following game. In turns they take 1, 2 or 3 stones at a time: Pete takes
stones from any single pile while Basil takes stones from different piles but
no more than one from each. Pete moves first. The player who cannot
move, loses. Which of the players, Pete or Basil, can guarantee a victory
regardless of the opponent’s play?

SOLUTION. Let us position stones as on the picture so that piles correspond
to columns. Peter must take several stones from one column and Basil
must take them from different columns. Basil’ strategy is to make moves
symmetric to those of Peter with respect to empty diagonal. Since a row
symmetric to a column has no common stones with it, Basil can each time
restore the broken symmetry, so he always has a move. Since the number
of stones is finite, eventually Peter loses.

7. A closed broken self-intersecting line is drawn in the plane. Each of the
links of this line is intersected exactly once and no three links intersect at
the same point. Further, here are no self-intersections at the vertices and
no two links have a common segment. Can it happen that every point of
self-intersection divides both links in halves?



ANSWER: no.
SOLUTION. First, we need a following

Theorem. A closed piecewise smooth line with simple self-intersections (no
tangency between links — which automatically holds for broken lines; no
multiple intersections in the same point, no intersections in the vertices)
divides a plane into several regions which can “chess like” painted so that
the parts of the same colour have no common segments of the boundary.

Proof. We can assume that the line contains no vertical segments (otherwise
we achieve this by turning by some angle). Consider a point M not on the
line and let us consider a vertical ray from M upward. We call the region R
even if for point M in R such ray intersects the line even number of times
and odd otherwise.

Figure 4: S is a point of self-intersection, 7" is a point of tangency.

To justify this definition we need to prove that it does not depend on the
position of M in R, but it is true: indeed, if we move inside R up along
the ray, the number of intersections does not change. If we move M inside
R horizontally then this number can change when the ray passes through
a point of self-intersection or tangency; it can pass simultaneously through
several such points, but each of such changes brings either 0 or £2 so that
evenness does not change.

Now if we move up or down into adjacent region this number changes by
+1. Therefore we can colour each even region into white and each odd
region into black. O

Now, after this theorem is proven let us consider the broken line which di-
vides plane into several regions which are coloured according to the theorem
and assume that an unbounded region is white.



Let us consider segments of the broken line (half-links) such that if two
links AB and C'D intersect in S then we consider separately AS, BS, C'S,
DS. Let us orient such links so that each black region R is counterclockwise
oriented. Observe that AS and BS should have opposite orientations (*):

N
M
P
O
(a)

(b)

Figure 5: Orientation (a) and Oriented area (b): Oriented area of OMN is
positive and of OPM is negative.

Let us select point O and for all segments M N let us consider the oriented
area of OM N (orientation is due to orientation of M N — the area is positive
if the vector M N is seen from O counterclockwise and negative otherwise).

Let us sum up oriented areas over all segments. Calculating sums in black
regions, for each black region we get its area (since it is counterclockwise
oriented). Indeed, if a black region is a triangle, it is obvious:

N P
M M
P
O O

(a) (b)

Figure 6: Sum of oriented areas of OMN, ONP and OPM equals area of
MNP.



If black region is a n-gon, we prove it by induction. Assume that for m < n
it is true. We can cut n-gon M; M, ... M, by some diagonal, say, M;M,,
into m-gon M ... M,, and n —m + 2-gon MM, ... M,; both of them are
counterclockwise oriented and each area equals to the sum of oriented areas

of triangles. Adding we get the sum of oriented areas of troangles OM, kM Mic+1

with k = 1,...n (M,,1 = M;) plus oriented areas of OMlM and OM1
which cancel one another.

So the total sum equals the total area of black regions and is positive.

On the other hand, each vector enters in the total sum together with the
opposite one in virtue of (*) and therefore total sum must be 0. A contra-
diction.
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