TBEAJNECET HOFYIHM TYPHUP T'FALOBA

Jecene Kogo. IlpunperHz. papijadTta, 22 oxkrofap 2000,

8-9 pazpen (Maabu yapacT)

(PesyNTAT ce pauvyHa Ha OCHOBY TPpM 3alarka Ha xojuma je Oo6uieHo
Ha JBMWe MoeHa; [MOSHM 3a Ta4YKe jenHor Jamatka ce cabupajy)

rnoern 3aJaliM

1, ¥ noxa Tabhuile 4dx4 ymucaHK cy OpojeBu, Taxe oa Jje cyma

3 cycenma ceaxkor Bpoja jeuHaka | (cycemamm ce cMaTpajy

rofa Xoja uMajy 3ajeadHudxy cTpanuiay). Hahmw cymy cBux
Epojepa y TabIBIH,

2. Hatm cy: ABCD - nmapanenorpan, M - cpenuure CTpaHUle
3 Ch, H - nopoHoxje Heopmane CIYWTeHs W3 TemeHa B da Opasy
AM. floxazatn ua Jje Tpoyrao BCY JenHaxcKpax.

3. a) Ha Tabt:ax Je sBanucane LO0 pasnuagrix GoDo jena. Loka-
2z 3aTH Oa ce mMmely muMa moxe olabpaTi B Opoiena, 7Tako Oa
HUXOBA APUTHMETHYKa CpelunHa He MOEC un C¢e [RCICTERBK
OBNMKY APUMTMETHYXE CpellMHe HUKOo jMX 9 o Opojesa Hallk-
caHMx Ha Tabnu,
2 €) Ha T1afmm je Hanucanwo 100 Gpojepa. llozoatoe Je Oa ce
Ga CBakKuxX oCam o THX Gpojesa mMory Hahky TAKBMX OeBeT
ol TUX BpojeBa, Do apMTHEeTHYKS CpeluHa THK ocar 6poje-
Ba 6yHe JenHakKa apMTMeTHM4YKe ] CpelydHM Tux OekReT Opoje-
Ba. J/llokazaTH ma cy CBM LpojeBKH JeIHaKM.

4. 3Ha ce Oa ce ¥y cryly of 32 Hosuwha KoJu cy [eHHAKGoT
ofyMKa Hanase [Ba HEMCIIPABHa HoB4YMha, XoiM ce oo occta-
JMK PRANMKYIY [0 TexMuW [ uchopabBHM HosuMhit cy  JellHaky
ne TexdHu Mebly cobod, & HeMchOpasdu Hosdkuhy oy Taxohe
JemHaxu 1o Texuxu Meby cobom). Kaxo IoOenWTHM ChHe HOB-
yphe & OBe ToHMHIe JeuHaXMx TexMHan, @ Ja ce ofaBu He
BHIle ol 4 Mepska Ha Trepasdjarm Gea reropm?

]



IBANECET IOPYTHM TYPHHUP TPAICBA

Jecere woso. llpunipemia papHjanTa, 24. oxrTobap 2000,

10-11 pazpen (crapuju yspacT)

(PesynTaT ce pa4dyHa Ha OCHOBY TPM 3alaTKa Ha Ko jUMa je OobMjeHo
Ha jBrWle [eeHA;, TIOEHM 3a Tavke JedHOr 2a0aTKa ce cabupaly)

NeeHKr

Jalallv

Tpoyrao ABC je ynmcaH y KpyxkHAuily. Kpoda Tauxy 4 CY KoH-
CcTpyHucale rtelBEe Ko je ceky cTpammuy 50 y radvkara K op L
m nyk BC y rauxkama M u N Ao oxo yeTpopoyria KLNM ro-
¥ Oa ce olule KpyxHuLa, J[IoKazaTk fna  Jjo rpoyrac ABC
JemHaxKoKpaK.

NpupollHM 6pajeru a, b, ¢, d cy Takek na Je ad-be>l.
JoxazaTu O Sap JepnaH of Opojepa a, b, ¢, d HUMje IenKEB
ca ad-bc.

Ceaka O04YHA CTpaHa NeToyTaciE [IEMs3Me M2 yl'ao JelHak @
(Mehy cbBejwm yruosuma ). Hahu cpe moryhe BpelasccTry 4.

3dHa e Oa ce ¥y CKYyIy oo

a) 32

£) 22 HoB4yuha xoju cy Jomakol ofinuKa Hanajde OBa Heuc-
npasHa Hoeywha, ¥ojM ce ol ooTaluyd pas3nuyeyjy [No TeXuHH
{McnpaBHY HoBumhM oy Jemnaxu no rexuHM mely cofoM, a
HeMcnpapHlk HoBYMbM cy Takole Jemakk 1o TexuHd Hely
cofom}. Kako MOOSAT: CcHEe HOBYKMRS Ha OB [COMMIe jermE-
KUX TeXMH&a, a Jga ce ofapM He BMWe of 4 mepeba Ha Tepa-
sujara Cea reropa?



OBALECET OPYT'M TYPHUP [PALOBA

Jecewne wono. OcHOBHa papkjaHTa, 23. okroBap 2000.

8-9 paspen (Mnahm yspacr)

{(Peaynrar ce padyHa Ha OCHOBY TpPHM ZafaTKa Ha Ko juMa je #obujeHo
Ha jBMlle roeHa. )

noeHK

)

1.

3agaln

Jata je Tabmmua nxn y je Je cpako Ione ynucaH 5poj,
npU 4YeMy €y cBU 6pojeBu y TabnuuM pasfiuuuri. Y CBAKO ]
BpcTH Jje ofGenexeH HajMasgKy G6poj M MCNOCTaBWAC Cce Ha Ce
cEM ofellexeHM Opo jeBM Hajlaze Y PasiMuMTHMM KONOHAMS.
3aTum Je y cBaxo] KonouM ofelexeH Ha jMany Gpoj ¥ McIo-
CTAEMJIO C& ga ce CBM obheénexeHM OpO jeBW Hanaze y pasim-
4MTUM BpcTama. loxazatm pga cy oba nyTa ofefexeHW MCTH
tpojeBH.

Melhy OBeMa IrapalleJlHMM TipaBama TIeCTAaBeHH Cy XPYyXHMIa
nonynpevdmxa 1, Koja louupyje ofe npaBe, M je/ITHAKOKpa-
KM Tpoyrao, 4uja OCHOBMUa JleXl Ha jeljHo} ol NpaBdx a
Bpx ma Jpyroj. losHaTo Jje Ha Tpoyrao U KEykHMUA uMajy
TAayHo Jenouy 3ajenHWuKy Taudky M Oa Ta Tadvka JeXM Ha
YIMCaHe} XpyXHMIIM Tpoyrna. HahM nDonynpedHuK ylMcaHe
KPpY®HULE Tpoyrfia.

[Mpupononyu GpojeBu a, b, ¢, d cy Taksu la Jje HaiMasku 3a-
JenoHuuxkH canpxadal Tux 6pojeBa JenHak a+b+c+d. Joxkasza-
T na je abed menuBo ca 3 uam ca 5 (uMnm v ca jemHuM u
ca OpyruMl,

PasMaTpa Cce WaxoBcKa Talna 8x8 umja moka HHMcy oo jelia.
Ha kOoJIMKO ce HauMHa MoXe oBojuTu Tabna LpHom M 62nom
Sojor, Tako ga GyRe 31 LpHo none M Oa nuxeja Osa LUpHa
nona Hemajy sajedHUUKy crpannily? (HaBectu 6poj Haumua
M OCKa3aTH Ja cy ypadyHaTH CBUM HaJMHM; OBa HauMHa 6o-
Jjema ce cMaTpajy Pa3fMYMTHM ake c& MOXe Hahk Ionle Ko je
Je npu JenHoMm om TuX HauWHa Gojena Geno, a APM JOpyroM
- HpHO).

Ha necHoM Tacy Tepasuja sexu TepeT on 11111 r. Jhue
¥oje Mepu penoM CTaBlE Ha TacoBe TeroBe, o Ko JHX NIPBYM
ma rmacy 1 ., a cBaku cneleh je Oynnoc Texu on OpeT-
XOHAHOr, Y HEeKOoM MOMEHTY Tepaauje cy IOoHMe y PaBHOTEKY.
Ha xoju Tac Jje craBleH Ter on 16 r?y *

¥ nposiehHoM kony TypHMpa rpanosa 2000. ropmHe ydeHMUM-
Ma cTapyjuxX pazpens 3eMie N BMIc Jje nocrapfheHo 6 3a0a-
Taka. CBaky sajgarak Je pemmno rtadvHo 1000 yvenmxka, auu
HHKO ja JBa yJYeHWMK2 HMCY PelMM 32 jelHo CBHMX WecT 3ala-
Taka. Koju je Hajmanu Moryhu 6poj ydieHuka semie N KO ju
cy ydecTBoBalu y IponehHoMm kKoay? (Hasectu Taj 6poj,
MoKasaTH Ja 3a HaBelleHM ©Opo] yd4YeCcHMKa YCIoB 3adaTka
Moxe OMTU MCIyheH ¥ Oa 32 MapM Opc] y4YecoHMKa OH HEe Mo-
we OUTHU MUCIIYHEeH. )

Bak NpBak uMa CTO KapaTa Ha KOoJjuMa Cy HAallMCaHW [IPpUpOoH-
H1 bpojeBn on 1 mo 100, a taxkohe M Behy zamMxXy 3HaKoBa
4%y "=". Kommxm Je Hajeehm 6Gpoj TauHux JjegHakocTy
Koje OH Moxe ma= cacTaBM? (CBaxka KapTa MOoXe e Ce MCKo-
pPHCTH HajBule jedaH [IyT, y cBakolj JelIHAKOCTH MoXxe OuTH

caMo Jemad 3Hax "=", Kapre ce He MOTY MpPEBRTATH M Cle-
NAMBATH pamy nobHjana HeBux Bpojepa. )



IBAIECET OPY¥T# TYPHWUF T'PAIOBA

Jecepe xono. UCHOBHa BapujaHTa, 28. oxtoebap 2000.

10-11 paspen (crapujmn yapacT)

(MoeHK 32 cBaky Tadky Cy OaTW ¥ yrlIacTWM 3arpagaMa; pPesynTaT o
padyHa Ha OCHOBY TpPM 3aJaTKa Ha Ko juma Je OobujeHo HajBuwe Ioe-
Ha; MoeHW 3a Tayke JenHor 3afaTka ce cabupajy. )

1. [3] lipuponnu 6pojesu a, b, c, d cy TakBM Oa je Hajqawu 32 jen-
HUuXK caapxafall Tux Opojepa JenHax atb+o+d. [oxaszsatu ga Je abod
geauBo ca 3 WM ca 5 (Mo M ca JenHuM M ca OpyruM).

2. [4} 32 xoje nHajBehe n Jje mMoryhe u3aGpaT¥ Ha [IOBPUKM KOUKE !
Tadaxa, TaKO La He JeXxe CBe Ha JeOHo,) CTpaHu XKolKe W Ha I[IpY TOob
GyOy TeMeHa NpapuiHor (paBHOT) n-Toyrna.

3. (4] Oyxune crTpanuua tpoyrna ABC jenHake cy a, b u c (AB=c,
BC=a, CA=b wm a<b<ec). Ha nonynpaBamMa BC u AC ozHavsHe Yy penot
Tauke B1 % A1’ Takbe fJa je BBltAﬂlzc, Ha nonyripasama C4 u By

OBHAYeHe Cy PeljoM Tadke 62 H 82, TakKee IOa je CG?=882:a. Hahit on-

HOC HOy*M AIB1 npema OyEXH 6282.

4. Hexa cy al, a., ... , a uend 6pojeBU PAINMYMTHM O Hylle, TaK-
]

2
Bv La JjeOHAKOoCT

BaxM 3a CBe BpPeJHOCTHM X Koje yrnaze y ofjacT OedUHMCAHOCTV
pas3NioMKa XO M Ce HallagM Ha JIeRo] CTpaHKM jeJHakKoCTH.

a) [3] loxazatk na je Bpoj n napal.
6) [4] 3a xKoje Hajmane n Taxkeu 6pojeBu rocTo je?

5. [B] Toma Tabne mxn cy obojena ca e Hoje. [loanaro Jje pa he
TOTN NOCTAaBRAEH Ha DHMio koje Hone Tyhwm Bulle [Moka He oHe 6o je Ha
ko joj crojn (cMaTpa ce ma TON Tyde None Ha KoMe cToju). Jokasarw
2. ce Ha CBAaKoj BepTHXKANM M CBako]j XOopM3oHTANM Halasu jenHaxo
MHOTO Toka obe 6o je.

6. a) [S] Hexomuko LpHUX XBampaTa cTpaHMle 1 o©m NpHMKoBaNM Cy Ha
Geny papaH exceporm OebhuHe 0,1 cm. dopmMpaHa Jje MHOrGyracHa LpHA
durypa. Moxe inm obum Te durype 6urH Behm on 1 km? [Excep He
nomMpyje pyo KBaopaTa. )

6) [B] PewuTH ucTH zapmaTak, IIOM0 MpeTNoCTaBKOM na Jje nebmiHa eK-
cepa Jensarka O (1. j. ma je ronpevyHyu rNpecex eXxcepa TAdKa).

B) [5] HexkommKo upHMX KBampaTa cTpaHuMue 1 cm Xoju Jexe Ha 6enoj
paBHy fopmupa.jy MHOrcyracHy UpHy dmrypy (moryhe Jje ma ce oHa ca-
croju ol HeKONMUKO nenoBa M Aa uMa pyne). ‘Moke nm omHoc ofuma Te
durype npeMa meHo ToBpuMHaM 6MTH sehm on 1000007
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[IPUNIPEMHA BAPUJAHTA

8-9. paapem:

1.

¥ noma rabauue 4 x4 ynoucauun ¢y OpojeBM, TaKo Oa je cyMa cyceja cBakor bpoja
Jeanara 1 (cycennum ce cmarpajy 110Jpa Koja MMajy 3ajeaHuuky crpanuny ). Hahn
cyMy cBux BpojeBa y Tabauum.

Haru cy napanenorpam ABC D, M-cpenute crpauviie CD, H- nomHom)e
HOpMaJie ciylireHe us remera B Ha npasy AM. Hokasatu na je Tpoyrao BC'H
JeNHAKOKPaK.

(a) Ha rabau je narmacano 100 pasmruntux 6pojepa. Hlorasaty ga ce Meliy muaia
Mozke uzabpatiu 8 Opojena, Tako fa ILUXOBA apPUTMETHYKA CPeArHa He MOKe [l
ce npejcTaBy ¥ 0BIMKY apATMeTUYKe ¢pejiuHe HUKOJUX Y o BpojeBa HanMcalmx
Ha Tabian.

(6) Ha tabau je nanucano 100 neanx 6pojesa. losmarto je na ce 3a cBaKUX Ocanl
o4 Tux 6pojeBa Mory Hali TakBux AeBer of TUX OpojeBa, fa ApUTMETHUKA cPell-
MHa TUX ocaM Bpojena Byae je/lllaka ApUTMETMUKO] CpeMHM THX HeBeT Bpojena.

Hokazartu ga cy cBu BpojeBU Jeataky.

3ua ce ma ce y ckyny on 32 nopumha woju ¢y jeanaxor obiuKa Hanase [ABa
HencripagHa HoBumha, Koju ce o/l OCTANMX Pa3iUKY]y MO TEKMHW (MCnpasiu
Hopumhu ¢y jeanakut no rexunn smehy coboM, a Heucrnpasuu Hopunhu cy raxolje
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0.

10.

11

Jeanaxy no rexunm Melly cobom), Kuko nojgenwtu cpe nonuubic na gpe romuie
JeARAKMX Terkunn, a Jia ce obanu te nuie o 4 Meperka HA Tepaavjama Gea
Teropn’

10-11. paapon:

Tpoyrao ABC je yiucan y kpymiinily. Kpoa raury A ¢y KOHCTpYMCAHE TeTHRE
koje cexy crpamny BC y tauwkama K ow L v oayk BC y raukama M on N,
Ao oko yerpopoyeaa N LAMN Mome jga ce ofie KPYKHULIA, JOKAZRTH 14 je
rpoyrao ABC jeamkok pak,

Mpupoaun Gpojenn a, b, o n d cy raknm aa je ad = be > 1, Jlokasary ga Gap
jeaan oi Gpojenn a, b, ¢ W d unje e ea ad = be.

Coaka BouHa cTpal NeTocTpiie NpUaMe UMa yrao jeiuax @ (melly enojum
yraonuma). Hal ene morylie ppepnioers .

Aua ce an ce y cryny oj

(n) 32

(6) 22 nonunhia koju ey jeanakor ofiuMKa nanase s Heenpania nopuulia, Koju
€e O/1 OCTANAMK PAMIMKY]Y NO TeRuIW (Menpanin nopuulin ¢y Jeanaku 1o texnnm
mehy cobom, a Hewenpasiy cy rakobe jejiHaki no rexuni mehy cobom), Kako
NOACHUTH ene Hopurlie Ha JABe FoMUAC JEIHAKUX TER UL, & 1 ce oDanr He nuue
oji 1 Mepeiba na Tepasdjama Ges verona’?

(OCHOBHA BAPUJAHTA

8-9. paspen:

Jara je rabanua 1 X 0y umje Je cpako nodse ynuca Bpoj, npu deMy ¢y cnu
Gpojesu y rabnuim pasimmunTi. Y cnako) Bpery je ofenexken najmamu Gpoj u
MCHOCTANANO ce [Aa ce eny obejexelin Bpojenk Hajaie ¥ PAIAMUHTHM KOJOHAMA,
3aTuM je y ceako] konoun obeaexen najMatsn 6po)] M MCNIOCTARWIO ee [A Ce CBH
obesnexenn Dpojenn Hagase ¥ paasidantiaM aperama, Jlokasati ia cy oba nyta
obenexenn ueTn Bpojenu,

Meby apema Dapaacaimy NpANAMA NOCTALLEHA CY KPYARHULA NTOJYTIpednuKa 1,
koja goaupyje ofie npaBse, W JeAIHAKOKPAKM TPOYIAO, UMjA OCHOBMIA JIEKM HA
Jeano] o npapux, a Bpx b apyro). loanato je fa Tpoyrac v Kpysunia UMa)y
TAUHO JeJHY 3AJeJIHHUKY TAUKY M JIA TA TAUKA JEHKU HA YIUCAHO] KPY3KHULKA
rpoyran, Halin nojaynpediing yuucane KpyKuuie Tpoyria,

Mpupoanu 6pojenu a, b, ¢ v d cy Taknyn aa je najMalby 3aje AHAMKN CAJpAATALL
tix Bpojepn jeauar a 4 b+ ¢+ o, Jokazaru aa je abed pesmuso ca 3 uam ca b
(MM v ca jJeanuM U ca JIpYruM),
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12.

14

=1

18,

Pasmarpn ce waxoneka tabna 8 x 8 uujn noma uuey ofiojeiia, Ha koauko ce
natria Moske ooy rabia ipnom v Besiom Bojom, Tako aa Byae 31 nupno nome u
AA HUKG)R JIBA HPHA MOJLA Heaajy sajeinuky erpanmity: (Hanectu 6poj navumin
M JIOKASRITH [V Y YPAMYHATH CHH HAMMIM, JAoa uavuis 6ojeiba e cMaTpajy
PASIHUMMTM AKO ce ModKe Halik Nodse Koje je NP JefiHoM ol THX HAUMHA Bojeiha
Beyo, a Npu Jpyrosm - 1ipno, )

Ha pecnos racy repasuja avamn reper o 1T rpasia. Jlvne koje mepu peaon
CTRILI L TACORE TEPOpe, il I\'f.J‘iHN. PR Wk MY l rpamM, & CHAKH (.'JH.‘JI,("!II\-I llll.'
,uy”JIt.'h TeALH O Nperiojibior, Al HsOM MOMUHTY ‘l‘c:|‘.l.*|.:jH_if‘.' CY Jone }' [,J;!,”m}'rd';qn;y,
Ha koju tac je erapinen er o 16 rpama?

¥ npoachnosm cony Typiumpa rpagona 2000, rojune yaenaumsa cTaprjux paspe-
aa sesine N Buno Je nocrangseno 6 sagaraka, CHAKM 3A0ATAK jé PELIAIO TALHO
1000 yueHWRA, AJKH HAKOJA JIBA YUeHUKa HACY PeMIKA 3aJe10 chUX ecT di-
aaraka, Koju je najmasy mory hu 6po) yuenuga sesine N Ko cy yuecTBonasn
y nponelinom kony? (Haneeru raj Gpoj, nokasaTn ga 3a napefenu Gpoj yuee-
HMKA YEIOn 3T MO BUTH Menyisel Mo aa Mk Bpo)] yUecHHEA ol He
MOKE BHTH UCITYHCH. )

Tak npuak MR CTO KAPATA 1 KOJHMA CY BAIACAHKA npupoany Gpojesn oa |
ao 100, a rtaxkolbe w nehy saamxy snacona "47 w0 =" Koauku je najoehs
Gpoj TAMIMX JeAnRocT Koje on Mose Ja cacrnon?  (Cpaka KapTa MomKe i
Co UCKOPHOTH HAJHHING je/Ul YT, ¥ ¢BAKOJ JeJAHAKOCTH Moxe GUTH camMo jeia
auar =", KAPTE €6 He MOUY NPCHPTATA W CACILUBATH P 106H] AL HOBKX
Gpojenn.)

10-11. prnapenx:

[Ipupouny Gpojenu a, O, ¢ w d cy TAKBW J0 je HAJMAILK 32jeJHHMKH CAlpaanl
tux Opojera jejiiak o + b+ o -+ o, Hokasary aa je abed neamno ea 3 wam ea
(MIIA M CRJEIIIAM W R JIpYIHA).

o koje uajuehe o je moryhe manGpaTn v NOBPIIM KOLKE 71 TAMAKA, TAKO /L
He JEKe CBe W O] CTPAHK KOKe W A [pH ToM Byay Temena HpauAanor
(paBnor) n-yraa?

Ay acune erpanuin rpoyraa ABC jemake ey a, bune(AB =¢ BO =a, CA=b
ma<b<e) Ha nonynpapasa HC w AC oanavene ¢y pejom taurke Hp u Ay,
rakpe Jia je B = AA; = e, la nonynpanama CA u BA oanavene ey pejom
rauke Cy ¥ Ba, rakpe an je O'Cy = BBy = a. Hahwu ojmoe nymu A By nipeaa

Cs By,
Hexa ¢y dy, dg,.., dy HelH GPOJENM PAsIUYUATH OJL HYJEe, TAKDKA Ja JeAHAKOCT

I
L - A -

NAXKH 30 CHe BPejiocTi @ I{f.l.jt" yiaae y abinacr Jlt*!'lHIIH(!nII(}C‘:'l‘H [PRANOMEKR H(.'-"il"l
C8 A asE T JH!‘I!UJ TP Ill(.‘,J'I,IIIlI\'I.':II‘.'].‘I«"l.

r

iy +
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20.

21

1

(a) Hokazatu na je 6poj n napai.

(6) 3a koje HajMame n TakBU Bpojenu nocroje’

Homa tabite m x n cy obojena ca npe Goje. [oznaro je Aa he Tol NocTaBibeH Ha
610 Koje mogse TYlin Buie nosua me oHe Hoje Ha KOJoj cToju (cMaTpa ce Aa 1ol
Tyye oHO Mosbe Ha Kome croju). JlokaszaTu f1a ¢e HA cBako) BEPTUKANWU U CBAKO)
XOPHMIoHTANN Halla3n j(:‘-lll'fa]{() MHOI'O Moiba. 0hHe ﬁoje.

(a) Hexonuko HPHUX KBalpata clpaHdie | ¢n OpuMKOBanM ¢y Ha Geny papab
excepom aebipune U,1 cm. <bopmupana je muoroyraoua upHa purypa, Moxe sm
obunm re Jurype 6wty selin o | kin? (Excep ne noaupyje py6 kBagpata.)

(6) Pewmru uety 3agarak. noj npernocTasroa Aa je aebibuua eKcepa jeniaka
0 (7). Aa je MOIPEUHHU MpeceK ekeepa Tavuka).

(B) Hexonuko nprux ksaapara ¢rpanmue lem koju gexe Ha 6enoj paBuu Gopmu-
pajy MHoroyraony upHy Qurypy (moryhe je fa ce oHa cacTo)y 0l HEKONUKO Je-
noBa M ja uMa pyne). Moxie sm oitoc obuna Te pUrype rpeMa mheHo) NMOBPIHHA
outr Behu ox 1000007 '

PEHIEH>A 3ATATAKA

Ioma Tabnune NOASAUMO Y eCT AMC]YHKTHUX cKyToBa Kao va ciamuu 1. Taga
je, Ha OCHOBY ychoBa 3ajaria, 36up Bpojena ¥y ¢BAKOM 04 NOBHJEHHX CKYIIORa
jeanax 1, na je cyma cpux Bpojesa y rabauum jesmaka 6.

Cn. 1
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2. Heka je N orauxa na nonynpanso] BE racon aa je O cpeavmre aymu BN (en,
2).

Cla, 2

Jlako ce nokasyje aa ey tavwe A, M n N koaumneapue, na je rpoyras BHN
NpaBoyrin ei Apanda yidios Rojd Tesein . Kako je, no gouerpysudu O
cpeauire xunorenyse AN vo je O = O (Nonynpesive onveane Kpy acimie),
ma je epoyierao BOH jeilin ok ki,

d. (a) byayhu jn ey cion Opojeid tanueanm na raban meliycoBino paanaaurs,
morylie ux je ypeanti y crporo paerylin nua o, < ds < ... < iy < 100,

[Tperiocrimmo cynporio, 7). Hesa sa cpakrx ocaM Gpojesa noctoju deset mel)y
naTus GpojendMa TAKO JIn jit ApPHTMETUMER epojiiia ocaM HanBpaix Bpojena
JEANARA ApUIMETAURO ¢peiid ojdronapyyyling geser Gpojesa. Tama 3a ayy,
fod ey G100 MOTTOJE @iy 0 @y, Fryoo By € {1,000, 100}, Tako aa je

fhyg + - - -+ foo i i, R & iy

! 9

Meblyrum, taaa je
Dags 4+ aron) = 8y, + -+ ay,),

voanau Nagg 4t aqon) < Blapatagy 4+ Fayen), 40 asa+t o Faron < Baus,
wro je nemoryhe, aGor povetnor ypebeina, Jakae, nama npetnoerasia je Guia
MOrPEIIIA, N0 BAXKKA TBPLHEMme SAJINTKA.

4. Buaw peuwne 8. 38000k,

5. lpumerumo, npio, o sk LBAN = LZBMN (nepudepujcku yraopu naj we-
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0,

oM TeTnom), Mo nerux paasgora je ZAM B = ZACH (canka 3),

Ca 3
Caan jo ZKMN = LKMDB 4 ZBMN = LAMB 4 £BMN. Yernopoyrao
KLMN je vevanan, na chelin jejiinioet yraona LNMN w LALK.
C apyre crpane, ZALKN je enomaniinm yrao rpoyian ABL n wao rakan jepimg
AGHPY HeCYee IHX YHYTPAIITGHY, T).
LRAN + LA = ALK = LLARB+ LLBA,

onaxae Joe LACHE = LLBA = £0BA, 1), rpoyrao ABC je jeanakokpak,

[pernocTaARMME eynpoTio, Hekn ey o, b, ¢ u d nemusn ca ad = be. Cnenu ga je
a = ky(ad = be), b = kylad = be), ¢ = ka(ad — be) v d = ky(ad — be), roe cy ky,
kg, kg n ky npupoann Gpojenn,

MebyTun, Taaa je
ad = be = kikalad = be)* = kaka(ad = be)* = (ad = be)* (kika = kaka),

CJIITOCH,
(eed = be)(hyky = koky) = 1.

Kako je ad = be = 1, 10 jo 0 < kjky — koky < | v kyky — koky € 2. Kontpaamk-
1M] 4.

(Pememwe Maje Tackonnh) Oanuumo temena ope npuame ea A, B, C, D,
E, Ay By, Cr Dyow Er Bnasio jia ey Godlie ¢Tpalie npyane napajiciorpamm,
Tj, Bakn AL = A\ F\, AD = A\ 4,, BC = B1C,, CD =Dy, DE = D E;.
Mowro ey Goune crpaie BAPMICIOCPAMA, cACAH A ce ¥ IhUMA Jalbajy yrionu
pu 1807 = ¢,

AKO TIOEMATPAMO JBA cYCeJIHA naphadenorpama, peuusio AA B E w ABB A,
(Bea yMamLeha oNToCTH), Moae ot jecHTH caeaehe;

1. enyunj: ZEAA = LBAA = o wum LEAA = LBAA; = 180° = ». Axo
enycTUMo nopyadie ua Ap na npane A n AR umja ey noanox)a K v L (enuka
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4), ragia ce radke K ou LoobGe naanae wau na ayasusma AL w AL uan ey obe i
MPOJLY 3K ELMAR HABC/CHHS IPIEHY,

Hopyimmo, sarum, nopsaay na pasad neroyraa ABCDE ws tauke A; v o
HAMHMO 1010 nojioxRje ca M. '

Ha noaynapnoctu rpoyriona Ay LA uw A KA cncam noayaapnocer aymm A K
u AL, Wiy reopeme o rpy nopmane enean M L AR w ML L LA, Caaa
JNAKO enejin noayaapuocr rpoyrnosa Ay ML w Ay M I, satusm v noayaapnoet
rpoyraosa ALM w AKM, onakae jpobujamo noayaapioer yraona £ZLAM w
LMAKR,

Howrro ce tavke & W L nadiase Wik obe a1y KM Wik 0De 11 NpoLy K e
ayxn AE w AL cnejin aa co ravka M opaaiaom nn npano) Kojo] npynmnaa euse-
Tpaan yuy rpaunser yean (nervoyran) £ZLAB. 3naun M A npunaga npanaj kojy
obpadyje cumerpaia yuyrpaunner yraa neroyran ADRCDE kon remenn A,

2. cayunj: LEAA = @, LBAA) = 180° = ¢ mim LF5AA] = 180° — p,
LBAA = ¢,

Cajaa ey nopmadie Ay L v AR pacnopelienie tako ja ce jepnm og tadaka A w
L onnnaan Gam na ayaw (AL woam AB), a apyra na npoayskeTky ojaropapajyvlie
Iy M.

Cuaane npnos caysajy, Jokasyje ce noayiapnoet yraona LLAM w LM AR,

S6or pacnopefa tadaka N ow L ocpepm pa ce ravka Mopaanan na cumeTpadn
CHOLALIILEDT VIR NETOY I Ko/ Tenena A,

Oanavmso eagn ca N nojnosje nucHie Wi ) ua panan netoyria ABC DI,

Momro je EE(||AA; w NEY[A M caenn pa ey paonm rpoyraona NEE, u
M AA mapaasenie, Kako N w AM npunaiaajy jeanoj pasnu eneguw N E||AM.

Hokaxumo cajin jin AM u N7 ne mory neronpeMeno npunajaTi CUMeTpaiasia
YHYTpAIILUX yraosn ABCDE.

[MpernocTanuMo CyNpoTio, ], A OHE NPHITRANY CHMETPAJAMA YHYTPAINLAY
yraona. Taja abor yenonn NE||AM caem na ey eumeTpade DA cycegHa yiy-
TPaunGA Yraa napadcane, 1. 2DEA = ZEAB = 180%, KonTpajrKiiaja,
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Coanano ee jognayje an AN v VA ue MOry Meroppemeno npuniniaT cune-
TRAARL EHOIEATHBAX YOI,

[ pesta ToMe, HOAUOZS] N HOPMANN W3 TOMEHA TOPILE OCHOBE 1R PABRI JIOILE 0CHODE
HAMANMEHHUHG NPRIEJATY CHAMETDAMAMA CHOJLALILWMY 1 YHYTPANNLHX YIVIORL TOT
neroyran, T Je o oL oo MOPA TPHTEUVEH UETOBREMETIO CHAMET A AN
CHGLAUILET U YHYTPAILOT YL KO JeII00 O TeMOTi TEToY NI, [T ¢¢ 01O MOPA
NOKJOMMTH G CTHM TEMEHOM.

[Tpesia Tone, Gowyne Modile ce HORIMI)Y ¢i HOPMAAAMA, 1A jo jearia Morylia
BPEAHOET YIAA & jejnikn 90°,

(n) ObBepeaunmo sare nostahe Gpojenrsa oi 1 o 32,
Mpno mepomse: Crnnamo e jejun e nopsialie og0 1 o 16, aoua apyra o 17

A0 32, ARO ¢y Tepisije ¥ PABIGICAR A, NOACAA J& HARPHIeIH, A ARo HMey, obn
HEMENPAHIN Honuha ce naaase g neront racy,

Hpyro mepemae: Ha apoan vae cvanisio dobsuhe o 1 o 8 v o 17 a0 24, a
Ha Apyer oa 9 o 16 v o 20 1o 32, Ao oy Tepnidje ¥y pABHOTEAW, TIOACN J&
WABRPIIEHA, it AKO TTHCY ol |1;-|:'mml-.'._v_jv.\lt':- PN H AR Ll.*t_j.'l: I'|pc!’r|'l‘.'u.:_i|1 WETH Tac Wi

_it?‘ NpeTersG E.'.l'llil‘ll APYIUH Tad, Ako Iii‘ NPETerac Mery Tac, HEWCipannm nonumhn

co pagtase sMelyy 1w 8w veby 25 v 320 Y eyuporios, nevenpanid nonuuliu
ce paanae ey 9 u 16, ouocno, 17 w24,

Ht:;,l YR L ONUPFCTA, EPrior rahsg fia .i:* H M Teras HETH Thd,

Tpehe Mopereo: HpeGamwyo nn jpyry tae nopsuhe og 5 g0 8, a ua npow
nopudhie o 25 a0 28, Ao oy PepasHje ¥ DARHOTER KA, TOAeHA j& M3RPOIeHA, A
ARG HMCY, OIJIR MOMKE JA IPETCrHe MOTH TAC, N ce lercipaniy nonuulin naiase
Meliy 1w 4, oanoeno 20 u 32, Y eyupornom, nedenpasiy ce nannze mMelyy b u 8,
ojanocio, 25 n 28,

l,}c:;; M bOTLA ONNETOSTH, HpeTiiocirabiho JGh '-‘.' Orler NpeTeran WETH Tac.
5 1] A

Yorenpro mopeine:  [pedandso un apyer rae nopyddhe 3 v 4, noua npou
nopudlic 29 1 30, Ako ¢y Tacond ¥ PaABnoTedsd, [0Aea ¢ MARPHIen, A AKO
HHEY, OHA MOMKe JI NPETerne HeTn tae, ta ey nedenpanm | v 2 nan 31 » 32,
i RKO Npeterie Apyrd, ol oy iedenpasin 3 u o, oatocno 29 u 30.

Jla BGHUEMO MAPIIAIA HOACAY, AOBOJHIO € A 3aMeaMo MeeTa Hopurliamn 2 1 31,
aanocito, 4 v 29 1 pasiorea he curypio GUTH DOCTHIHYTA, jep eMO CTABMITH
no jejgad nercnpanan nenyuli na cunky crpany.

(6) O6enemuno nonuunhie Gpojepunn og | po 22,

Mpoo mepewe: Cranumo ma jejaan rtae nonsmhe on 1 go 11, & wa apyry on 12
M0 22, AKo oy TepaIMIe ¥ PABHOTCAH, NOASAR J& MaDpWena, a ako ndey, oba
Hercripaia popvilia co Hasase B HEToM Tacy.

Apyro mepemwe: Ha npeu race eranunie nopunhie oa 1 go 6 v oon 18 no 22, a
i apyrd on 7 oao 1l won 12 go 17, Ako cy Tepasuje ¥y paBHoTeXRH, nojena je
HABPLIEHA, i GKO HACY OLULA PAMIAKY CMO ABA CAYHEJAL [PETEAO J& UCTH TAC WK
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B.

L0

je npeterao oHaj Apyru Tac, AKO j¢ npeterao MeTH Tae, HeHCHpPAaBHH HopuMlin
ce naaase melly 1w 6, mnu meby 12 w0 17, Y cynpornos, nedenpasiy Hokuulia
ce nannze Mehy 7w 11 win 18 u 22 (oanoeno, 6 u 11 wm 17 n 22),

Hea ¥hheHn GIUITeord, HpPeTnecTapuMo M j“- fpererad HCTH Tad,

Tpehie mepowe: [peGawmnie na apyrn tac nopuuhie on 4 no 6, a Ha npou
popuubic oa 15 o I7. Ako cy 'ru'lm:-mjl,' ¥ PABHOTEMW, TIOJIeAR jL‘ HABRPINCHA, i
AKO HACY, OILLR MOMKE I TPETerie Mer Tae, 1A oo Hedenpansuy nondubin manaae
meby 1w 3, omiocto 12 1 14, ¥ eynporion, HeMcliianii ce HAASe meliy 4 1 G,
oanocho, 15w 17,

Bea Y Leiba GHIFTGETA, HPeTHOGCTABAMS i ‘-Ii'- onetT npererad HETH Tadc,

Yernpro Mmepomwe: [Ipebumso va apyra tae nopuuli 3, a na npeu nowauh
14, AKO ¢y TACOBM ¥ PARHOTURA, [OeHd J¢ ManpIIeia, A AKo HHUCY, OHLL MOk
IR peTerne MeTH Tac, nh oy tedenpasim 1w win 12 9 13 (apyru ne momse
JUL TIpererge, J'urp CoO QAN MOPDO]LOM MOKE npeHeTH n.'-tjnuuu‘ .immu HCHC [
nonuunli), '

Ja BUeMO WHRPIAIA [0AeAY, JOROLHO j¢ 0 3MeHUM0 MeoTa nommiivma 2w
12, opnocio, 1w 3w pasnore:ka e cueypio GUTH MOCTUrHY TR, Jep ¢MO eTaBriIu
1o jefan nedenpasan monarh na coaky crpany,

[IpernocTanume cynpoTio, Tj. s nocroju Gpoj koju je obeieiken caMo kio
HAJMAILW Y UPCTH, MAM caMO Kao HajMaied ¥ kodonn, Hexa je n najmamn on
Bpojena ca THM CHOJCTHOM, M 1IeKA j& of Hilp. oOelekeH Kao HAJMALK Y BPCTH,
3HAMH, ¥ ILerobo) Kool nocrajn Gpoj m Mabr ot =, Al m Tajla Mopa G
W HAJMAILK Y cRojo) nperr (jep To Bamy aa cse Gpojene mMaise oa n). Meliyran,
eajin Melly Gpajendsa @AAGPAIMAM KRO HAJMALH Y CDOjUM BPCTAMA UMAMO JIBO ¥
UeTa] Koaoud, m v n, Kourpaiadiimja,

OaMauKMMO TeMena JITol joumkokpakor rpoyraa ca A, B n O ea S nenrap
MHCAHe KPpyaTie, ca O neiirap Jiare Kpyanmne W oo 7 raaky Aogdpa 1poviiia
¥ I '

wopysiane (enmsa 5). lesa je O nomnonje nacune wa resena O, a Ny Ny
NPESHME KDY A IAILe DML (1A JIATe JIBe APALSTIE Tpane,

4 € By K

T

G, B
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12,

13.

Tana je ACY = AT = AN = ¢ (vanrentue jiyxu), C apyre crpane je CO7T =
C Ko = 2p, nn npumenom [luraropune reopeme ua npapoyray tpoyrao OC A

Jlobujamo;
2% 4 2? = (32)°,

QULMENe Je o = :./l:
Tpoyraopun ACC w STC ey eanvim, na pasu:

ACY 8T
GHE -

OAAKME J¢ NOAYIPUMHWE YIUCANe RPYRHUe Tpoyrna 5T = w? =

Bed yMAILeA oNurmoetd nperioctaiuMe ¢ < b = ¢ < d. bap jeana oa He-
JEANAKOCTH oudraedno Mopa Butn crpora, 3aro je a4+ b+ o+ d < 4dd, na
maMm d | (a+b+c+d) tnje a-r b+ ek d = 2dum a+ b4 ec4d = 3d,
Apyry on opa apa cayun)a usnavipa ga je N 2S5 opa verupu Gpoja gesmun
e g, naje Bap jeaan o X edan ¢a d, Paamorpusmo npow eiyda), Msaso
adbdodd=2d = Hu+b+e) < G, na oner gobujamo an ¢ + b 4 e 4 d
Mopa GUTH jeanak tekoat od eaviehinx Bpojena: 2e, de, e, be, Ge. dpyra u nera
sMoryhnoer angy nam geswunoct NZS5 nammx Gpojena cn 3, & "eTBPTA ILerony
aeaupoct ea 5. Hpoa mocyhinocr ssmia 6u 2e = 2d, 1), e =d=a+ b+ ¢,
iro je nemoryhe, Oevaje cayun] a + b+ ¢ +d = de = 2d, 3akayuyjesmo:
a+b=¢ lagne, a+b+e+d=4e=4(a+b) < 8. Kao wro peli anamo,
He Mowe a + b4 o+ d Gurn jeiinko Hujeaiom oi Gpojena 26, 35, 50,66, Ha
d+b4+e4d=4b cneauno 6u b = ¢, 7). a = 0, mro je vemoryhe. Ciyua)
4 b+ e +d= a4+ b) = 8 noiu jio sagimyuia da = 4b = 2e = d, na 2d e
By 6o NZ5S, Konavno, a b+ o4 d=4e = 7h anje ¢ = %-’1, nauM3 a=+b=c
notunjamMo a = —:b 1) 3 | @ TuMe cy MCLPICHW CBH CIyUajeRu.

[MpumeTumo npuo ia ce maxoneka rabia Moxe obojury upiiom 1 Geyom Bojom
raxo an Gyae 32 npon Hosn v DMKQjR JIBA LPHA N0LA HEMA]Y 3AJeHMUKY
CEPAHAIY HA Tadbo Jna tadunin, Bojerse je jefnosadio ojpebenoe Bojom aoiser
HeBor nodsh Tike,

Bojeme nog KeTuM yeaonuma, vi npomery Gpoja upHux nodsa ca 32 ma 31, eac-
TOJW e ¥ BPHCMBY TAYNG JeANOU HpHer nojui ca nperxogio obojene tabne kojn
eaapaRn 32 upna nofi. Byay i i ro nome y cBakom ot HaMuia Bojeiha MOMKeMOo
Manbpaty Ha 32 Hadudna, ediegm i e Bpay naddna 32 - 2 = 64,

Mely THnM, oBaKBHM PeBpojainineg CMO HIDCTABMAN YETHPWA PACTIOpEIs Koje Je
moryhie ocreaputy na eneaehun naadin: Beno yraono nosme wa ocHonHor Gojerhn
(32-+32) samenrmMo ea LPHAM, A oMY cyceiaua apa nossa obojumo Geaom Go-
joM. Opakpo Gojeibe HUJE YPAuyHATo ¥ NpBoBUTHO PASMATPAME, A HA OCHOBY
HABEJAEHO CJCAM A NOcTojH B8 AvMIA 18 ce WARPIIM onueano Gojorke.

Youumo 1 cy cou PacioJioknnd TerOBA CTENCHA IBOJKe, Te JIA Ce HHUjeaan o
IHX e MOME [PeJCTaBUTA Koo 36up HeRoNWKo Apyrux, Gyaylin na je cpaxu
enefelin y nmay an | pehin o aBupa coux nperxojunx. 36or hapegenor je
NOJIOMRA] CHAKOD TCIR HA TEPAIMJAMA jeJHO3HAMHO ofpeljeH.
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Am} _]'11 ¥ MOMOHTY [NOCTHINN PAnHOTeA e HA THCOoRMML 'N"[).‘-L"jhjil ﬁHJ‘m £ Terona,
TAIA J& YRYNAH TepeT Ha Tepaamjama manocuo 2% = 14 11111, onakae caeam aa
ce A A CHAKOM Tacy najgiauo teper mace 2871 4 5555, Hajmarme takno b Koje
ARJOBOLANN Yeaone saaarka jo 14, na je na gecum tac noTpebuo 104t Teron:
yryrnue mace 2030r.

Jacno je fia ce ua Jend Tac sMopajy cranuty Teronn on lr, 40060 u 8192, Bpoj
2636 je aeamn ca 4, e podie OETH 30MD Hekodkko Dpojena Aedundy ¢a 4 i
JABOJKE, OJAKIC CASM JIL €¢ W OTer 01 20 1RSI 1R IEBOM TACY,

Cajn na sieny Tae Tpeba JAGJNTH Terone yRynue smuace 14560, na ce Ha meny we
THELTAAM e Of1 2043“ O e caediE Iil" ||]"‘.|r".:")l'.'|'i’l.ﬂt".l AL o8 JIecHKE Tl e
TEraBA YRYIHe sace DEEE, oanocdo, aa ce rer o 10240 nanasm Ha JeBOM TACY.
Tlnape :1;1rq;|,j,‘l-[y‘]t‘n,m i ee rer an 5120 nasasr na aeenom TACY, i TCerONH O] Shbr
1 1280 na aepom tacy.

Cauviniam [PAAMATPATLUA yvinphyjesmo gaoce rer ob Gdr padasy na Jecnom Taey,
I .jf.‘ MPeEaeTado S O e i CTaBe Teropy Madce |2I'. aJiak e e Jn oo Tel
o 1O madnsmn 3 Jenos ey,

Jlogaanhemo an je manuninan Gpaj yuecnuin 2000, 11 pameruso npeo an enaki
YUCHAK MOME YPAJAATA iguvine Tpia anintien, (Axo BW Hero ypaiuo ner -
aaraka, noerojr radng 1000 yuenuka Koy cy yPaJduiIn NpeocTalu, WeeTy 3i-
Juvrals, 1 [1e Yl llut'.‘rn_j.'l'l‘h FLUTE A EAI T IS T I-:r.‘.ljn. cy ."i.*l._jlul_lh‘.'a YpaJuin cuny iectr
angaTakn; ako By Bap Jegan yuenuk YpuIHo HeTupd sagartika, omnga 6 npe-
OCTRIR JIRA 3AANTHA MOPAKIO ¥ PRJAWTH 110 XHILALY PASIHUMMTHY yueiudich Jia Gu
Buo menyisen yegon sagaria, nia Gu yrynan 6po) yuecHmikn MaHocHo HajMaihe
2001.)

[Mogeaumo yuenuge ¥ uerupr rpyne o no 500 yuemuka, Chnenehia raGesan
peokaayje Kako rpebn peiopeantd yaeidke o saaarie (0 osiavana g rpyiia
P IHU[‘H. il | I |HI_.|'I.I"| ST iu"l_a'l_-'l'l'llﬂ):

P v
T O i
2o 10 [ 1

R T 7 B L 4
, O ot A
Hol L | O 1 Q0
8. 11 O 0 1

[Kako mopa noerajary yeymio GOO0 petema, A HE)edaH o)1 YUeHMER He MOHC I
pemmy prwe o 3 Saaarki cacan e e mose Burr Mabe o 2000 yuecnuia.

(Pewenwe Cujanama Kapumuja) Byayhin a ce enaka KapTa MOMKE MEKO-
PHETHTH HAJBAING JEARI YT, CAC/A 0 Y CBAKO] JeHAKOCTH YUecTRY]Y HajMalLe
Tpu kapre. Kako je na pacnonaramy yiyiio 100 kapara, caeau na je moryhe
HANpABATA Hajodme 33 jeanakoctd Koje sajonosmanaly yedaope 3agarka. Onpaj
Gpoj jeanaroctu je moryhe nocrulin ua eneaehin navmi
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16.

17

20.

1491=92  B+Bl=89 1H444=509 22445=067 32-+5H1=83
2408=100  D4T8=87 16+470=86 23+42=60 33463=06

d+04=07  10+46=0G  17+08=85 24+31=55 36+40=70

44-95=99 11474=85 18436=03 20454=T9 38430=T7T

H+88=903 124+49=061 19+562=T1 264+34=70 d1+43=84

B4066=T2 134069=82 20430=50 274+37=064

T+73=80 14+4+48=02 21447=068 28+20=5T

[Tpeocrada wasm je jeom nerckoprphena Kapra da kojo) je mamkean Gpoj 90.
Buaw pewene 1] sipiria

3aon o= 12, JacHo jJe i Bk 1EOCAT KOLKE MOMKE CAJpACaTH I HKILE Al
TEMOCHN 'l‘pu.;ap;tqu:u' Npakdnol AMioroyrda, l]tfil thi4 Y CYNPOTHOM 100 MHOI'OYIAO
APUIAAG CAMO [eNHe) [boch,  Oanie caeiu 1 TPAKEHA MHOIOYIRO MO
uMmary Hajumine 12 vemenn, osnnre je fa ce konka Moxke npece W 1o npanyinom
WCETOYIVY, TAKO JIA PRI HIPCCeRA CeUe caux mr‘r.::lr.' MLOCHK Kolke, Ako cpaky
CTPRIMILY TOI THeCTOYTARL MOAe]HMO Y OJHOeY ﬁﬂ'ﬂ i R vﬁ) 4

e . '
ﬂ'u—"'"t’, J.Li'IEIH.ll‘HI.‘. TS I“.‘ {Ull""hﬁ”ﬂ"]'ﬁ HMPapAJaall JARaiaceToy rao,

Tpoyraopn BuBC w ABH) ¢y no onictpyRUMIKH Je/iHAKOKPAKA, ¢a HOTHM YTIioM
vaselly kpakonn, nn caead an ey candann, Crean aa je ABy BeC' =eiau an
ey yraopd £A AR v L0550 noayanpay (rpaleBepindiy YraoBRn).

C apyre erpate, o goperpysisje je Ady 1 OCy = ¢ a, nn w3 qasegetor
AARIBYUY MO Jia ey rpoyirnonid A A u O ByCy Ypoyrionud ¢luunm, ca Koedu-
UMICHTOM camuoet £, o eneam i jo Ay fly Oyl = e 1 a,

: yll}"'.l."f.'-'.l'l'!(].'

(a) Hanearn QaT pasiomak npeko noMoline dyuknuje fu(2).

(6) Hagmaunse n s koje je raknm Gpojeon nocroje je 4,

JIOKAMHMO HAJIpe A8 Ha o] 1aliu UMA jefiHAKO MHOMO Nodsi obe Goje (HOp.
Geaux v opmx ), Hpernocrapuyo aw cynporno, peaamo an Beaux uMa nEie,
SAmyUy oMo o nocroji Gap jeann  Geaa” peprukaaa (). oda ca Brite Genux
Hero upHaX nodn) w Oup jeann " Gean” xopusonraan, [loerapumo an tona ua
HPECEUHO MOJe THX JRIA]L, BAJIMAMO JIA YOIORK 30ATRA [HeY nenymenu. Jdaiie
Gpoj upHAX ¥ GeanX nosLl HE TABIW j¢ HOTH,

ARG npeTnocranusmo Jia Bap jepiih xopuzonTaia 1 Gap JeiHn BepUKAIA HeMa)y
ety Bpo) Beaux v npunx noaa, oner jobujamo ga nocroje "Beaa” xopusonrana
u "Bena” pepTHURANA, HITO NOHOBO BOJR [0 KOHTPAJIMKLKje,

Hexn ey caga cne xopusonTie ea veTHM GpojeM UpHUY B Deaux nosma, a sa
BepTHKAAe To He BaxkM. Tana nocrom "Bena” pepturana. AKo HA 1O) HeMA
HMjeAHOD 1PHOT NOJLA, MPETTIOCTABKS 3AJATKA TAJAJY HA CBAKOM HEHOM TNOJRY.
Y cynpornom, najajy Buin pn jpHoM HORY Te DePTHRAJNE, T), TON HOCTARMEH
Ha ro nome Tyl he sune Geanx nofpa. KoHTpajHkuMja. 3akieyyuyjeMo aa u
XOPHAOHTA/E W DO TARAAC WA@Y jeiar Bpol nodma obe Baje,
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Hokamumo xa ce Tabna He MoKe 060K Ha Bure oy 68 vauuna. Pastmjmo rabiny
ua 16 kBaapara 2 x 2. Tama cpaky KBaapar moixke calpXaTd Hajsuine 2 [pHa Holba.
Karko ykynuo uma 31 upno noise, 1o 15 kpagpara canpxu 2 UpHa Mossa (HA30BAMO
MX NPaBMIHMM), & jeOaH KBAAPAT Calupiy JCAHO LPHO No/be (Ha30BYIMO I'a HCIPaBHI-
HPII\"T), C‘na.lm TRAaBAIAIl KBAPAT MO2KeMO OE‘VOjHT"P[ Ima Tadino ABa HaduHa: JOH.U JTE€BH
yrao Moxe Bure 1pr uwim 6eo. Ao je moiHaTo BojeHic JeAHOr TIpanuiifor KnaqpaTa,
rajga je jenro3maurio oapeleno 1 Gojeibe cnX ocTamMX MPaBMINUX KBagpaTta. Axo je
Heupashiiad KBaApaT GMKCHpaH, Tafa DOCToje TavHO ABa PAasmMunTa Gojema ocTatka
raGe o onMcanAm npasuiuMa, Wzabeprmmo Jeano o Ta ana 6ojermha, PermMO Kao KO
TIaXoBiKe TEI.G.F[C. A_KO ce HCII[N:LBI&.H&H KBaADaT He HAasla3u Y yl'.l']}’, Talla IIOCTOje TAaYvHO
Apa Sojerna, a aKo e HAJIA3H ¥ 0ILEM JIEDOM HJH TODILeM ASCHOM YIUTY, TaTa ce IIPHO
noste Moxe oburd Ha Tpu maunHa. Caja je jacro ma je ykynad 6poj Bojerba jeaHak

2-16-2+2-2=468.



OBANECET OPYI' TYPHUP I'PAHCBA
MponehHo kogo. [lpunpemHa Bapujanta, 25. ¢ebpyap 2001.
8-9 paspen (Mnabm yapact)

{ Pezynrar

ce payyHa Ha OCHOBY TPM 3alaTkKa Ha Kojuma Jje HobujeHo

Ha jBMliE TIO€Ha; [IOeHM 228 Tauke JeOHOr 3amarka ce cabupajy)

noeHn 3Ialailu

1.
3

Z
4

3.
4

4.
2
3

5.
5

[lpupooun Gpoj n je OO3BOREHO 3aMeHUTH 6pojem ab, ako
cy a u b mupuponHu 6pojeBu xoju 2agoBonaBajy YCJIOB
a+b=n. Moxe M ce nomohy TakBUX 3amMeHa o 6poja 22 mo-
6utu Gpoj 20017

Jenpa cpexama JuHKja. TpoyrJjaa Je Beha on jenHe oo wero-
BuUx Meaujasa. [oxasaTu da je Taj Tpoyrao TyIoyrJinf.

Y npopaBHMLY cy noBeasu 20 kg cupa ¥ HalpaBMO Ce pel
3a pera. [lowro npoma cup Xymily Xoju Jje Ha peny, IIponoa-
Bauuila TavHO MUIpadyHa CpeAwmy TEeXMHY KYTIOBMHE IMpOAaTor
cHUpa ¥ CaollTaBa 3a KOJMKO byOM MMA OOBONRHO MPEOCTaJIor
cHpa, ako CBM OyOy KyNnoBa/M Ty cpelsny TexmHy. Ha au je
NpoIsBAYMila Morya fa [ocle cBaker ol npBux 10 xynasua
CAaonTH Ha je HOpeocTalol cupa OOBOJBHO 3a TadHe 10 my-
ou? AKo _Jje Morja, XoJIMKO je CcHUpa ocTake Yy NpodaBHMLNM
nocne npeux 10 kymaua? (Cpenwa TeXMHA KyIIOBUMHE - TO Jje
YKYIHAa TexXMHa MNpoOaTor cupa nogenrcHa OpoJjeM OHUX KO Ju
cy Ta] cup KYTDAIHA. )

a) Ha crony nexm meT JoOHAaKMX NarmMpHux tTpoyraosa. Hoz-
BOJKCHO Jj& CBaKOI OI WUX TPANHCJMPATH y [NPOUIBOIHOM CMe-
py. Ha mu je rTavyHo ma ce yBeX 6UIO XOJU OO TUX TpPOyr-
AOBA MOXE TMOKPUTU Ca YeTUPU IIPeocTaa?

6) Ha cTomny nexe TleT JjeOHAKUX JeIOHAKOCTPAHUYHMUX Narmp-
HUX Tpoyrioea. Ho2BoReHO je CBakor OO0 BUX TPaHCAUPATH
Yy TpOoM3BORHOM cMepy. [dokazaTu Oa ce OBMIoe Ko ju OO THX
TPOYrJIOBa MOXe [OKPHUTM Ca YETUPH MNpeocTalla.

Ha Tabnm mumeHzMja 15x15 pacnopehenc Jje 15 rtonoBa, Ta-
X0 Oa He TykKy JemaH mopyrora. [loToM Jje cBakM TOII NpeMe-—
WTEH CKOKOM Xoha. [okazarn ra he cazga Hexa HBa Tona Oa
TYRY Jelan upyrora.



IOBANIECET APYI'M TYPHUP [PAHOBA

[lponehHe xomo. [lpunpemHa BapujaHTa, 25. debpyap 2001.

10-11 paspern (cTapuju yspact)

(PesysiTAT Ce pauyHa H2 OCHOBY TpPMU 3alaTka Ha Ko juma Jje nDobujeHo
Ha jBulle TOSHA. )

S R —- 3 V- e P s e p——csy =5 Ty =S s =5

noeHn 3analy

(871

AyTobyec, ko ju ce kpehe nyreM nOyxuae 100 km, onpeMieH
Je KoMnjyTepoM Ko ju nokKa3yje I[IPporHO3y BpeMeHa Xoje
opeocTaje oo Oonacka ik ofpenumTe. To BpeMe ce pavyHa
HA OCHOBY IIPeTIIOCTaBKe Ma he cpemna OpsuHa ayTobyca Ha
mpeocTalloM Oely MIyTa 6uTH HMcTa Kao u na Beh npebedHoM
nedty. llocrme 40 wmmHyTa OO TOJACKa, OYEKMBaAHC BpeMe OO
JHonacka 6Guno Jje 1 Yac, M TakpBe je ocTalo y TOKYy Hapen-—
HMx § wacosa. [a Jin je To Moryhe? Ako jecTe, KOJMKGC Je
KUIoMeTapa mpewad ayTobyc Ha Kpajy Tux 5 udacopa? {Cpe-
na BpamHa ayTobyca Ha Oely OyTa - To Jje OyKMHa TOor
Aedia [MyTa [onefeHs BpeMeHOM 3a Ko je je oH npeben. )

IekanHy zamuc OpUpodHOor ©poja a ce cacTo M oO n Lmda—

: 3 .
pa, a mekamHu z3amuc 6poja a (a Ha ry6) ce cacToju on
m tmnpapa. Moxe Im n+tm 6utyn JjenHako 20017

Y Ttpoyrany ABC Taura X Jnexu Ha cTrpaHuum AB, a Tadxka Y
Ha cTpanuiM BC. [dyxu AY m CX ce ceky y Tadyky Z. [lozHa-
o Jje& ma je AY=YC u AB=ZC. Joxa3aTW ma Tauke B, X, Z u
Y nexe Ha JjenHoj KpyXHMLA.

[Boje wurpajy Ha Tatm 3»100 mora: HausMeHUYHO CTaBBRJY
Ha crnobomHa mnosa NomMuHe 1xZ2. IlpBM MIrpau cTaBlas OOMUHE
yCcMepeHe Oyx Tabje, a OpyrM y HOornpsJyHoM cMepy. [ybu
OHa,] Ko ju He Moxe Ha omurpa niored. Kojum urpad Moxe Ia
obesBenu cebu nobenmy (Ma KBKO MCpaC NPOTUBHUK ), M KBKO
Tpeba ma urpa?

Ha noBpww npaBuiiHOT TeTpaenpa uBule 1 cm opabpaHo je 9
Tadaka. [lokasaTu ma ce Mehy TMM Taukama Mory Hahu IBe,
unje mehycoBho pactojawe (y npocrtopy) #uje Behe om 0,5
cm.



IBARECET HOF¥TH TYFHMP [PAYIOBA

lponehun xoao. DoHoBHA sapujadta, 4. Mapr 2001,

8-9 pazpen (mnaBd y3pacT)

{Pegynrar c¢e pavyHs H2Z oCHOBY TDH 380aTKA Ha Ko jJHMA Jje NobwWieho Ha jauwe
Noena; NOoeRM 3a Tavke JefHol 3amartka ce calMpa]y)

— e —— e —

¥ Hexo]j sermn mma 10 npoledata palHMKe. 4¥ja Japafae UpelCTaEla
90 mpolUeHaTa CRMX 3apada Koja Cce Hennmahyjy y To) 3emid, Moxe M
BUTHM Ja ¥ CBAKOM pelMOHY, Ha KOJje Je NopeleHa Ta BeMia, z3apafs
Guno ko jix 10 npoueHaTa pafHMKe Huje Beha on 1l mpouesara cBux
Iapafa ¥Koje Ce wennahyJy ¥ TOM DErMORy?

JaTe cy TpW Fomwe Kamems: Ha MpEoj uma 51 KameH, Ha mpyroj 49,
a pa Tpehoj 5. JleamoneHe Je na ce npe roMMIe objeinHe y jenmy,
o Takolie M 12 ce roMudIa, Koja ce CACTOJU OO MapHOr 6p0ja KaMe—
HoBa, O0JeN¥ Ha [pe Jjeldake. Maxe ap ce gobutd 105 romMuym ca oo
JermHnM KaMeHCH Yy CBako 7

YHyTap yTrma ¢a TemeHom M yousHa Je Tauxa A W3 Te Tauke je u3-
GaueHa JGNTA, Koja ce olfMia OO JepmsEor Xpaxa YIfla ¥ Tauku B,
FaTHM o)1 OpyTor kpaka ¥ Tadkd C ¥ ppaTMna ce y Tauky 4 ("ynan-
Hit" yrao je Jegrax "ombojuorm” yriy). JoxazaTs ga beHTap O KpyE-
HMLE oiMcaHe OKe Tpoyras BCM negy #a mnpaso] AM, (CMartpa ce ma
J& noTTa TadKa, )

He TabaM je Hauprad KOHBEKCHK MHOroyraco. ¥ memy Jje XOHCTpyWdCaHO
HeKONMMKO OMJaroHAaA, Ko je Cce He Cexy YHyTap Hela, Tako ma je oH
pasnoxed Ha TpoyTJose. 3aThM Jje ropen cBakKor TeMeHa 3IaNMcal
6poj TROYracBa Kolu ce cyCTHYy ¥ ToM TemeHy, Nocle uYera cy Che
oujarodane wabpucade. Mory Jwm ce novchy Opojesa KojH cy oCTanwm
nopell TEMEHR PeKOHCTPYMCATH nabplcade aujarceane?

a) Ha mea ol maxoBoKe TtabJe MOCcTaReHe Cy LRHA M O¢na ¢gurypa.
HozBopeHO WX Je HAWSMeHWYHC ToMepaTH, Yy CHakoM Neresy 4$urypy
koja je Ha pemy, Ha Duno Ko je ClcbofHo cycedHo OO (1o BepTHKa-—
M WM XOPMIGHTANM, Mory 1M <€ Kao pel3ynTarT TakBHX IToMepana He
TabnM NojaBnTH cBe mMoryhe Nosungje THX Asejy ¢$HMrypa, IIpy Tom
cBaKa TadHo 1o jemaH OyT?

6) A ako je OospoleHo MOMEPATH d¢MCOype MPOM3IBORHMM pemor {He
oBape3H0 HAM3MeHMYHO )7

tewa oy A8 , BHb w OF Buocuxe Tpoyrma ARC. HoxasarTH ga je Tho-
-] £
yrao Wija ¢y TremMeHa OPTOLEHTRM TpoyToBa AHth. BH%HC K CHaHb

A0Oygapald TRpoyr oy HaHbH .
[~

Aua je adamuchuo msolvepeH 6poJ (om L0 me 99). [nuwz nokywapa Ia
ra oTkpuje Gupajyhu meoimdpene GpojeBe. Axo [Mma opabepe TadalH
Gpoj, WM akd Taune ojadiepe jedHy uMgpy @ Opyry Morpeli sa je-
paH, Aua omroempa “Bpyhe”; ¥y ocTamed chnydajesuma Al omroeapa
"wnagHe". {He mpMmep, axo Je jaMunens SpoJ 65, Kan Maabepe 65,
&4, 66, 55 mmu 75, Tmoma he ~syTk cAresop "Bpyhe”, a y ocTalmet
cayus jebime De uyt “zsapno” ),

z2) MoxagaTn Aa He MOCTo jU HAYWH, Ha Ko ju Tme FrapaidToBaHe MOXe
02 cagHa JaMuneHr Spoj, M3 18 moxkywa ja.

&) HalM Haupe na koju /DR rapabiTcpaldo Moxe I CashHa 2aiMllLbeHN
apoj, Hz 24 noxkywa ja.

Bl A wra ce nmofija ca 22 Tokywajar?



IBANECET HIPF¥TH TY¥PHHP TPANOBA

Ilponehe xono. OcHoBRA BapM janTta, 4. mapr 2001.

10-11 pazpen (cTapujn yspacT)

(PeaynTar ce payyHa HE OCHOBY TPHM SafaTKa Ha Ko juMa Je OIpSHjeHo Ha, JBMie
NoeHa; NOeHM I& Tadke JegHor SAlarTka ce cabupajy)

Safalm

IIoeHKM

1.

Hohv Gap Jepmau nosmmom F(x) crTemens 2001, Takae Oa Je 3a CBaKo
X 3afoBOoReHa jemHakocT Plx)+P{1-x)=1.

llpripixoM ripaBreHa M3BeWTAJja © MNKOJICKO) MOOMHM HCICCTaBMIC ce Oa
CBaKo] IpyIlIM ca He Mmake of 5 ydeHMxa 20 IpolleHaTa MBO JKH, Ko je
Ccy OOOHIM THM yYeHWIM TOKOM IOofMHe, HMMa He BHMue o Z0 UpolleHaTa
YYeHMKa M3 Te rpyne. [JokasaTw »a je €ap Tpd 4YeTBPTHHE CBUX
IBO jKH OobWo jelaH yUSHMK.

Hexa cy AH;. BHb H CHF BHcHuHe Tpoyria ABC. Jloxasark ma Jje Tpo—
C
yrac 4duja cy TeMeHa OpPTOLeHTPH ThoyTrlioBa AHbH , BEH u CH Hb
L i a o a

nogydapaH Tpoyruy HaHbHc.

Iate cy npe Tabmdiue A M B, CBaka ca o & BpCTA M N KONQHA. ¥
CBaKkoM [0y Cceake of TabiMila yimcal je Jemex opm Gpojesa O
1, mpu 4demy y BpcTaMa Tabmae bpojesM He onagajy (OpM Kperamy
cleBa HBEASCHO) M ¥y KoyoHama Tabiuma Opo jeBM He onamajy [(opwM
KpeTawy oOo3re Hanuxe ). HozmaTe je Ha s3a cBaxke k ofn 1 me m 36Mp
GpojeBa ¥y rophux Kk Bpora tadtiuue A Huje masu og 3bupa Opojema y
ropwiix k BpcTta Tabme B, llosHare Jje Taxohe pe y Tabmam 4 uMa
MCTO TOJMKC Je[MHMIE, KOMMKo M y Tabma B, JlokazaT Aa 3a cRa—
xo I oo 1 oo n 30up SpojeBa ¥ JleBd¥ ! KoJioHa Tabiuue 4 HHJe Be-
M oo sOdpa Gpojeba ¥ Nebux [ KoJloHa Tabmdue 5.

¥YUeCHHLA WaAXOBCKOr TYPHHMpA CY OOMIPaJdM CBaKM Ca CHBAaKMM 110 jenny
TapTHjy. 3a CBAKOr Y4YeCHHKa Jje cpadydHaT Bpo] noedHa koje Je oH
notue (5a mofeny 1 moen, 3a peru 1/2 ToeHa, 3a mopas 0 moemal).
2] Moxe JIM 33 CBAKor yYeCHHMKA 30GUp MOeHA oHMX Xoje Jje oH noGe-
Mo 6HMTH Behi OO 20HMpa NoeHa oHMX o Kojux Je oH uaryomoe?

6] Moke NM 38 CBAKOr yUYecHMK2 30Mp MocHA. OoHUX ¥oje Jje oH Iobe-—
oMo CHMTH MamM O SOMpa MIOSeHA OHMX OO Ko JMX je oH Maryoue?

JokaszaTu rpa nectoje 2001 KOHBEKCHMX NodHMerapz Yy [OPCCTORY, Tak—
BMX [a HHMKOJa TpM OO HMX HeMajy 3ajedHMukMx Tadaks, a Oa OUIo
kKoja nea popwpyly Jjeman mpyror (To Ject wemJy Gap Jemny zajen-
HMUKY TpaHM4YHy TAYKY, HO HeMAaJYy 28 je HHYKMX YHYTPAIHRKMK Tadaka).

o xpyry Je pacrnopelieHo HEKOJMKC XKODNMIEA. ¥ CBakKo] OF BHMX MOXe
Oa Gyoe jeOHa WM HEKONMKO Kyriwna (MmM oHa mMoXe OHMTH [EDA3HA) .
Kopax ce cacTojm ¥ ToMe LUTC Cé M3 HeXe KOplMLEe Y3MMAjy CBE KyTr—
mire W pazMemTajy no JjemHa, WoyhM vy CcMepy XpeTaka Kasalke Ha
YacOBHMKY, NOYeBUIM of HapefHe KOpIMIE.

a) Heka ce y CBakKoM HAPeIHOM KOpPRKY JOIEORAER YBMMRHE KyT JIMLR
M3 OHe KoplHMIe ¥y Kojy Jje cTaBmeHa [Ioc/elia Ky[JMLAa ¥ [OpeTX00dHOM
Kopaky. JokasatH fa he ce ¥ HEeKOM MOMEHTY MOHOBMTH IOYETHH pac-—
Nopen ¥XyTIIHIE.

6) Hexa je y JjeOHOM KODaKy HO3BOMCHO y3eTH KYTJMLE M3 HHOUIROR—
He kKeprnuue. Ja oM Je TaYHO Oa ce MNoCNe HekKoAdKo KOPAaKsa oo Opo—
MIBOJHOT  [IOWETHOT paRcCHopela XyT/mM@a 00 0 KOPIHIAMA  HoXe
OobHTH 6MNo Ko M OpyrH pachopen?



International Mathematics

22nd Tournament of Towns
Spring 2001, Ordinary Level

Solutions

JUNIOR (GRADES 7, 8, 9 AND 10)

1. [3] The natural number n can be replaced by ab if a + b = n, where a and b are
natural numbers. Can the number 2001 be obtained from 22 after a sequence of such
replacements?

Solution. Yes, it can. In fact, there are infinitely many ways of obtaining 2001 from
22. First note that n = (n — 1) + 1, so from n we can obtain n — 1. Now it is enough to
get any number larger than 2001 and then descend to 2001 one by one. For example we
can do: 22 =114 11 = 121 = 60 4+ 61 — 3660 — 3659 — --- — 2001.

2. [4] One of the midlines of triangle AABC is longer than one of its medians. Prove
that the triangle has an obtuse angle.

Solution. Let M and N be the midpoints of AB and BC, respectively. Assume first
that midline M N is longer than median BK. Let us draw a circle centered at K with
radius AK = KC = M N, so AC is its diameter. Since BK is shorter than the radius
M N, point B lies inside the circle. Therefore, angle ZABC' is obtuse.

Now assume M N is longer than one of the other two medians, say |[MN| > |AN]|.
Let us draw a circle centered at N with radius M N. Let ML be its diameter. Again
since AN is shorter than the radius M N, point A lies inside the circle. Therefore angle
/M AL is obtuse and hence BAC is obtuse.




3. [4] Twenty kilograms of cheese are on sale in a grocery store. Several customers are
lined up to buy this cheese. After a while, having sold the demanded portion of cheese
to the next customer, the salesgirl calculates the average weight of the portions of
cheese already sold and declares the number of customers for whom there is exactly
enough cheese if each customer will buy a portion of cheese of weight exactly equal to
the average weight of the previous purchases. Could it happen that the salesgirl can
declare every time a customer has made their purchase, that there just enough cheese
for the next 10 customers? If so, how much cheese will be left in the store after the first
10 customers have made their purchases? (The average weight of a series of purchases
is the total weight of the cheese sold divided by the number of purchases.)

Solution. Let a; be the amount of cheese kth customer bought. Then (a; + - -+ ax)/k
is the average amount of cheese sold to the first k& customers and 20 — (a; + - - + ay) is
the remaining amount. The salesgirl declares that this would be enough for exactly 10
more customers if they buy the average amount each. This means that

20 — (a1 + - - + ag) = 10 W’
or
P 20k
ay + -+ ap = :
! P k410
Since this holds for every k we also have
T 20(k —1)
a+ - tap = ———.
! T k49
Subtracting one from the other we get
200
0.

W= k19 k+10)

Therefore if kth customer buys exactly this amount of cheese, then the condition of the
problem will be met.

Under the above assumption, we get
- 20-10
S 10+10

Thus there will be 20 — 10 = 10 kg of cheese left.

a1+---+a10 10.

4 a. [2] There are 5 identical paper triangles on the table. Each can be moved in any
direction parallel to itself (i.e., without rotating it). Is it true that then any one of
them can be covered by the 4 others?



Solution. No. In the following example first triangle cannot be covered by the other
four.

4 b.[3] There are 5 identical equilateral paper triangles on the table. Each can be
moved in any direction parallel to itself. Prove that any one of them can be covered by
the 4 others in this way.

Solution. Each equilateral triangle contains an inscribed disc inside it. Each such disc
can cover an equilateral triangle of twice smaller side. Let us divide one triangle into 4
equal equilateral triangles of twice smaller side, by drawing its three midlines. Then
let’s cover these four small triangles by the discs inside the other four triangles. We can
do this by moving the triangles parallel to themselves. Thus, any triangle can be
covered by the other four in this way.

5. [5] On a square board divided into 15 x 15 little squares there are 15 rooks that do
not attack each other. Then each rook makes one move like that of a knight. Prove
that after this is done a pair of rooks will necessarily attack each other.

Solution. Let us number the rows and the columns of the board by numbers from 1 to
15. Then every square is represented by a pair of numbers (a,b), where a, b are between
1 and 15. Let (ay, bx) represents the square on which kth rook is placed. Since at the
beginning the rooks do not attack each other, in every row (column) there is exactly
one rook. Therefore the numbers a4, ..., a5 are all numbers from 1 to 15. The same
for by, ...,b15. We conclude that if the rooks do not attack each other then the sum
S:a1+---+al5—|—b1+---+b15: 15 - 16 is even.

We will show now that after each rook makes a move of a knight the sum S
becomes odd. Indeed, when kth rook makes a move of a knight a; changes by 1 and by
changes by 2 or a; changes by 2 and b, changes by 1. Thus, a; + by changes by either 1
or 3. Since we have an odd number of rooks the sum S becomes odd after all rooks
have made their moves. But this means that a pair of rooks will attack each other,
otherwise, as we proved above, the sum S would be even.



SOLUTIONS OF TOURNAMENT OF TOWNS
Spring 2001, Level 0, Senior (grades 11-OAC)

Problem 1 [3] A bus that moves along a 100 km route is equipped with a computer, which
predicts how much more time is needed to arrive at its final destination. This prediction
is made on the assumption that the average speed of the bus in the remaining part of the
route is the same as that in the part already covered. Forty minutes after the departure
of the bus, the computer predicts that the remaining travelling time will be 1 hour. And
this predicted time remains the same for the next 5 hours. Could this possibly occur? If
so, how many kilometers did the bus cover when these 5 hours passed? (Average speed is
the number of kilometers covered divided by the time it took to cover them.)

SOLUTION. Let S(t) be a distance covered by the bus for a time ¢. If the described

situation is possible then for any moment ¢ > % (in hours) we have

100 — S(t)  S(t)

1 t

or
100t

S(t) = Tr¢ (%)

It is easy to see that S(t) is a continuous monotone increasing function on (0,00); this
means that the bus is moving toward its destination. Moreover the distance expressed by
(*) means that at any moment ¢ the estimated remaining time will be 1 hour. Substituting
t =52 into () we get that S(t) = 85 km.

Problem 2 [4] The decimal expression of the natural number a consists of n digits, while
that of a® consists of m digits. Can n + m be equal to 2001?

SOLUTION. The fact that the decimal expression of a natural number a consists of n
digits means that
10" <a < 107;

thus
103773 < @ < 103",

So, m € {3n —2,3n — 1,3n} and n+m € {4n — 2,4n — 1,4n}. Therefore
n+m # 1 (mod 4) and the answer is negative.

Problem 3 [4] Points X and Y are chosen on the sides AB and BC of the triangle AABC.
The segments AY and C'X intersect at the point Z. Given that AY = YC and AB = ZC
prove that the points B, X, Z, and Y lie on the same circle.

SOLUTION. Let us construct B’ symmetrical to B with
respect to the straight line passing through Y perpen-
dicular to AC. We get that AABY is congruent to
AYB'C; so ZABC = /AB'C. Since ZC = AB =
B'C we have ZAB'C = /B'CZ. This implies that
/XZY = 180° — ZX BY which means that the points
B, X, Z,Y lie on the same circle.




Problem 4 [5] Two persons play a game on a board divided into 3 x 100 squares. They
move in turn: the first places tiles of size 1 x 2 lengthwise (along the long axis of the
board), the second, in the perpendicular direction. The loser is the one who cannot make
a move. Which of the players can always win (no matter how his opponent plays), and
what is the winning strategy?

SOLUTION. Let us partition the board into 25 parts 3 x 4. The first player’s strategy is
to put tiles into the middle lines of these parts. For his first move he chooses any part; if
the second player puts his tile into the same part then the first player chooses any free part
for his next move; otherwise he puts his tile in the same part that the second player did.
This guarantees at least 25 moves for the first player, leaving not more than 25 additional
moves for the second player. However, the first player is guaranteed at least 25 x 2 the
other moves (above and below his tiles) and the second player can not prevent him from
making those moves.

Problem 5 [5] Nine points are drawn on the surface of a regular tetrahedron with an edge
of 1 cm. Prove that among these points there are two located at a distance (in space) no
greater than 0.5 cm.

SOLUTION. Let us partition a tetrahedron surface into 16 congruent triangles, dividing
each face by its middle lines. Now let us create 8 regions by painting these triangles
according to the following rule: the triangles related to the same tetrahedron vertex we
paint with one colour; so we use four different colours for 12 such triangles and another
four for the rest of them. According to the Pigeonhole principle, at least two points belong
to the same region. This only leaves us to prove that if two points belong to the same
region (both types) then the distance between them cannot exceed 0.5.



International Mathematics

22nd Tournament of Towns
Spring 2001, Advanced Level

Solutions

JUNIOR (GRADES 7, 8, 9 AND 10)

1. [3] In a certain country 10% of the employees get 90% of the total salary paid in this
country. Supposing that the country is divided in several regions, is it possible that in
every region the total salary of any 10% of the employees is no greater than 11% of the
total salary paid in this region?

Solution. Yes, it is possible. Assume there are 100 employees and 2 regions A and B
in the country. Assume also that there are 10 people in region A and 90 people in
region B. Let the salary of each employee in region A be $81,000 and the salary of each
employee in region B be $1,000.

The salary of 10 people (which is 10% of the employees) in region A is $810,000
(which is 90% of the total salary). Also the salary of any 10% of employees in region A
(i.e. of any person) is 10% of the salary paid in this region. Clearly, the same holds for
region B.

2. [5] In three piles there are 51, 49, and 5 stones, respectively. You can combine any
two piles into one pile or divide a pile consisting of an even number of stones into two
equal piles. Is it possible to get 105 piles with one stone in each?

Solution. No, it is not. Note that if at one step the number of stones in each pile is
divisible by an odd integer, then at the next step the number of stones in each pile is
divisible by the same integer. Clearly, at the very first step we only can obtain either
two piles of 100 and 5 stones, or two piles of 56 and 49 stones, or two piles of 54 and 51
stones. In each case the number of stones in two piles has an odd divisor (5, 7, and 3,
respectively) greater than 1. Thus, we cannot obtain 105 piles of 1 stone each, since the
common divisor in that case is 1.



3. [5] Point A lies inside an angle with vertex M. A ray issuing from point A is
reflected in one side of the angle at point B, then in the other side at point C and then
returns back to point A (the ordinary rule of reflection holds). Prove that the center of
the circle circumscribed about triangle ABCM lies on line AM.

Solution. Let N be the intersection point of the lines through B and C orthogonal to
M B and MC respectively. In quadrilateral M BNC angles B and C' are right angles,
thus point [V lies on the circle circumscribed about ABCM and M N is the diameter
of this circle.

On the other hand, because of the reflection law at points B and C, lines BN and
CN are bisectors in triangle AABC. Thus, we only need to show that point M also
lies on the bisector AN. Indeed, BM and C'M are bisectors of angles ZCBK and
ZBCL, respectively (again by the reflection at points B and C' ). It follows that the
distance from M to lines AK and AL is the same. Therefore, point M belongs to the
bisector of angle A.

A~

=
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4. [5] Several non-intersecting diagonals divide a convex polygon into triangles. At each
vertex of the polygon the number of triangles adjacent to it is written. Is it possible to
reconstruct all the diagonals using these numbers if the diagonals are erased?

Solution. Yes, it is possible. First, we will prove that there always exists a vertex with
number 1 written next to it. Indeed, each diagonal splits the polygon into two
polygons. Let us choose a diagonal for which one of the polygons has minimal number
of vertices (the other polygon will have maximal number of vertices). Clearly, there are
no other diagonals inside the “smallest” polygon (otherwise it would not be
“smallest” ), therefore it is a triangle. Denote it AABC, where BC' is the chosen
diagonal. The number corresponding to vertex A is 1.

2



Now take any vertex (call it A) with number 1 next to it. Then the diagonal
connecting its two adjacent vertices B and C is one of the erased diagonals. Let us
draw it and consider new polygon where vertex A is omitted. Let us also subtract 1
from the numbers at vertices B and C (since the number of triangles in our new
polygon adjacent to these vertices is smaller by 1). Our new polygon has fewer number
of vertices and satisfies the conditions of the problem, so we can repeat our procedure
until we end up with a triangle. All the diagonals are now reconstructed.

5. (a) [3] One black and one white pawn are placed on a chessboard. You may move
the pawns in turn to the neighbouring empty squares of the chessboard using vertical
and horizontal moves. Can you arrange the moves so that every possible position of the
two pawns will appear on the chessboard exactly once?

(b) [4] Same question, but you don’t have to move the pawns in turn.

Solution. (a) Assume we can arrange the moves so that every possible position
appears exactly once. Consider any square which is empty at the beginning and at the
end of our moves. Then there are exactly 63 positions (we call them “special”) when
the white pawn is placed on this square and the black one is placed on some other
square. On the other hand, all special position split into pairs: when the white pawn
moves to this square (this is a special position) and after the next move of the black
pawn (this is again a special position). All these pairs are different since we assumed
that every possible position appears only once. But 63 is odd, which is a contradiction.
The answer is no.

(b) Again the answer is no. Let us call a position “even” if the pawns are placed on
the squares of the same colour, and “odd” otherwise. Note that even and odd positions
alternate. Therefore the number of even and odd positions differs at most by 1. On the
other hand, the number of even positions is 64 - 31 (indeed, we can put the white pawn
at any of 64 squares and the black pawn at any of 31 squares of the same colour as the
first one). Similarly, the number of odd positions is 64 - 32 (again we can put the white
pawn at any square and the black pawn at any of 32 squares of the opposite colour to
the first one). Therefore, the number of even and odd positions differs by 64, and thus
we cannot arrange moves so that every possible position appears exactly once.



6. [7] Let AH4, BHp and CH¢ be the altitudes of triangle AABC'. Prove that the
triangle whose vertices are the intersection points of the altitudes of triangles
ANAHgHy, ABH He and ACH 4 Hp is equal to triangle AH,HgHe.

Solution. Let O be the intersection point of the altitudes of triangle AABC. Let P,
@ be the intersection points of the altitudes of triangles AAHgHs and ACHHp,
respectively. We will prove that side P(Q is equal to side HoH4. The proof of equality
of the other two pairs of sides is the same.

We are going to show that HoPQ H 4 form a parallelogram, and hence
PQ = HgoHy. First, note that Ho PHpO is a parallelogram. Therefore, HoP and OHp
are equal and parallel. On the other hand, H4QHgO is also a parallelogram.
Therefore, OHg and H4(@) are equal and parallel. We get HoP and H4() are equal and
parallel, so HoPQH 4 is a parallelogram.

7. Alex thinks of a two-digit integer (any integer between 10 and 99). Greg is trying to
guess it. If the number Greg names is correct, or if one of its digits is equal to the
corresponding digit of Alex’s number and the other digit differs by one from the
corresponding digit of Alex’s number, then Alex says “hot”; otherwise, he says “cold”.
(For example, if Alex’s number was 65, then by naming any of 64, 65, 66, 55 or 75 Greg
will be answered “hot”, otherwise he will be answered “cold”.)

(a) [2] Prove that there is no strategy which guarantees that Greg will guess Alex’s
number in no more than 18 attempts.

(b) [3] Find a strategy for Greg to find out Alex’s number (regardless of what the
chosen number was) using no more than 24 attempts.

(c) [3] Is there a 22 attempt winning strategy for Greg?



Solution. (a) Assume that Greg has a strategy which guarantees that he will guess
Alex’s number in no more than 18 attempts. If Greg says ab and Alex says “cold” then
the numbers a(b — 1), a(b+ 1), (a — 1)b, (a + 1)b and ab cannot be the Alex’s number.
Therefore, no matter what strategy Greg has there is a situation when the first 17
answers were “cold”. Indeed, on each step Greg can “cover” at most 5 numbers, so
there will be 90 — 17 - 5 = 5 numbers which will not be covered and one of them could
have been Alex’s. But even if the 18th answer is “hot”, still there are five numbers that
could have been Alex’s number and Greg will not be able to tell which one it was.

(b), (c) We will give a 22 attempt strategy for Greg. Let’s form a table in which
rows represent first digit and columns represent second digit. We cover the table by 22
figures, which represent Greg’s moves. They consist of 9 crosses, 9 half-crosses, 2
dashes, and 2 dots. Note that one square (number 50) is not covered.

Now Greg’s strategy is the following. He first tries numbers that are inside crosses.
If all answers were “cold” then he tries numbers that are inside half-crosses. If again all
answers were “cold” he tries numbers inside dashes. If the answers were “cold”, he tries
number that are dots. If all the answers were “cold”, he knows that Alex’s number was
50.

It remains to explain what to do if at some point Alex says “hot”. Assume the
answer is “hot” when Greg says a number inside a cross, say 23. Then in three more
attempts Greg can find out Alex’s number. Indeed, if 22 is “cold” and 24 is “hot”, then
Alex’s number is 24. Similarly, if 22 is “hot” and 24 is “cold”, then Alex’s number is
22. If both are “cold” then if 13 is “cold”, Alex’s number is 33, otherwise it is 13. If
both are “hot” the number is 23.

Assume now that the answer is “hot” when Greg says a number inside a half-cross
or a dash. Then using similar arguments as before one can show that Greg can find out
Alex’s number in two more attempts. It might happen that the answer will be “hot”
when Greg tries the number inside the last dash (that would be the 20th attempt). So
in exactly 2 more attempts he will find out Alex’s number!
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SOLUTIONS OF TOURNAMENT OF TOWNS
Spring 2001, Level A, Senior (grades 11-OAC)

Problem 1 [3] Find at least one polynomial P(x) of degree 2001 such that
P(x) + P(1 — z) = 1 holds for all real numbers x.

SOLUTION. It is easy to see that polynomial

1
P(.CI?) — (1 _ $)2001 o II?2001 + 5

satisfies identity P(z) + P(1 —z) = 1.

Problem 2 [5] At the end of the school year it became clear that for any arbitrarily chosen
group of no less than 5 students, 80% of the marks “F” received by this group were given
to no more than 20% of the students in the group. Prove that at least 3/4 of all “F” marks
were given to the same student.

SOLUTION. Let us arrange all the students in the school according to the number of
“F”marks they received. So, Fy > Fy > --- > F), where Fj is the number of “F” received
by j-th student, 1 < j <n, F; > 0 and Z?Zl F; = F where F' is a total number of “F”
marks.

Now let us consider the first five students. According to the condition, one student
(who has to be on top of the list) got at least 80% of “F” marks received by this group
which leaves no more than 20% of “F” marks remaining for the other four students. So,
Fo+ F3+ Fy+ Fy < %F4 and we have an estimate Fy < iFl. Considering students from
k-th to k+4-th (k+4 < n) we conclude that Fj4; < %Fk which implies that Fj, 1 < 4%}71
(k<n-5)and F,_3+ F, o+ F,_1+ F, < 1F,_,.

Now we have

F=F+F+ - +F, 4+ Fps3+-+F)<

1 =1
F+—R<y —F = = —F;
ST ;04"? T 37!

1 1
J - il AT
1—|-4 1+42 1+ —|—4n_5

Therefore F; > %F .

Problem 3 [5] Let AHs, BHp and CH¢ be the altitudes of triangle AABC. Prove
that the triangle whose vertices are the intersection points of the altitudes of AAHgH¢,
ABHA Hc and ACH Hp is congruent to AH 4HgHe.

SOLUTION. Let us notice that HoA1HgH and
HHAC1Hpg are parallelograms (HH 4 and HgCy are
perpendicular to BC; HoA1, HHp and HAC, are
perpendicular to AC; HHc and HgA, are perpen-
dicular to AB). Therefore H-A; = H,C; and since
they are parallel we conclude that HoH oC4 Ay is par-
allelogram, thus HoH 4 = A1C4. In a similar way we
can prove that HgH4 = A1By and HoHg = B1(C.
Therefore AHcH AHp = NA1B1C.




Problem 4 [5] There are two matrices A and B of size m x n each filled only by “0”s and
“1”s. It is given that along any row or column its elements do not decrease (from left to
right and from top to bottom). It is also given that the numbers of “1”s in both matrices
are equal and for any k£ = 1,...,m the sum of the elements in the top k rows of the matrix
A is no less than that of the matrix B. Prove for any [ = 1,...,n the sum of the elements
in left [ columns of the matrix A is no greater than that of the matrix B.

SOLUTION. Let us denote the elements of matrices A and B by a;; and b;; respectively
where a;; and b;; are equal to 0 or 1. Notice that if a;; = 1 then a;j = 1foralle’ > 4,5 > j
and the same is true for b;;.

Let us assume that for some [

(*) The sum of the elements in left I columns of the matrix A is no greater than that of
the matrix B.

Let us consider the minimal [ with this property. Let k be the number of “1”s in [-th
column of matrix A. Notice that k exceeds the number of “1”s in the same column of
matrix B, otherwise we would not have (*). Note that the [-th column and the p-th row
(p =m — k + 1) divide the matrices into four parts defined by relations:
P:1<i<p—-1and1<5<
Po:1<i<p—1 andl+1<7<n;
Ps:p<i<m and 1 <5 <[;
Pi:p<i<m and [ +1<j5<m;

Let Na, N, Na,,Np, be the number of “1”s in matrices A, B and their parts.

Now we will compare the number of “1”s in all parts.
In P, we have Ny, = Np, = 0.
In P, U Py we have Ny, + N4, > Np, + Np, according to the condition of the problem.
In P, U P; we have Ng, + Na, > Np, + Np, due to our assumption.
In P, we have N4, > Np, because this part of A consists of “1”s only.

Therefore, N4 > Npg which contradicts the condition of the problem.

Problem 5 In a chess tournament, every participant played with each other exactly once,
receiving 1 point for a win, 1/2 for a draw and 0 for a loss.
(a) [4] Is it possible that for every player P, the sum of points of the players who were
beaten by P is greater than the sum of points of the players who beat P?
(b) [4] Is it possible that for every player P, the first sum is less than the second one?

SOLUTION. Let €;; be result of the game between i-th and j-th players:

1 if +-th player wins,
gi; = ¢ —1 j-th player wins,
0 if they have a draw or ¢ = j.

Then (a) asks if it is possible that

Xn:&finj >0 Vi

=1



where X is a score of j-th player. Multiplying these inequalities by X; and summing up
for all + we conclude that

i 8inin > 0.

1,j=1

This is impossible since the left-hand expression is 0 because €;; = —¢;; for all 7, j. Part
(b) is considered in a similar way.

Problem 6 [8] Prove that there exist 2001 convex polyhedra such that any three of them
do not have any common points but any two of them touch each other (i.e., have at least
one common boundary point but no common inner points).

SOLUTION. Let us set N = 2001 and describe construction of N convex polyhedra
satisfying the conditions of the problem.

i B! Let us consider an infinite straight circular cone K
with the vertex at the origin and an axis directed
along OZ. Let C(t) be a circle with the center
O(t) = (0,0,t) obtained by an intersection of K
and a plane {z = t}. Let us consider a regular
N-gon inscribed in C(1), with vertices A;. Let B;
be the middle points of arcs A;A;4+1, ¢ = 1,..., N.
Let us denote by Al, Bf € C(t) the points of inter-
section of generating lines OA;, OB, with {z = t},
t>0,1 <7< N. Now we need a following

Lemma. For any tyo > 0 and any i,1 < ¢ < N there exists T > ty such that for

—

all t > T the parallel translation of C(ty) by the vector B{°B! lies inside the segment
Si(t) = ALB} AL, | (bounded by an arc and a straight segment).

The proof is based on the fact that the distance from Bf to ALA?, | is proportional to ¢.

Now we construct the polyhedra satisfying the conditions of the problem by induction.
Let us start with any ¢; > 0. We may choose any convex polygon M inside a circle C(t1)
and form an infinite “up” prism P; with the base M; and lateral edges parallel to OB;.

Now suppose that we already defined numbers 0 < t; < --- < t,,_1, constructed convex
polygons My, ..., M,_1 contained in circles C(ty1),...,C(t,—1) and formed infinite prims
Py,..., P,_y with bases M, ..., M,,_; and lateral edges parallel to OBy,...,0B,_1 (n <
N), satisfying the conditions of the problem.

According to the lemma there exists t, > t,_1 such that M, _;(¢,) lies inside the
segment S,,_1(t,,) (and all the previous polygons would remain in their segments).

Now we need to define M,,. It has to touch each of the previous prisms. In order to
find the points of tangency we make a parallel translation of every segment Af" Aﬁl until
it touches the polygon M;(t,) (1 <i <n —1). Now connecting points of tangency we get
a convex polygon M, (t,) (we choose any point of tangency if there are many; for n = 2,3
we add extra vertices). For future arguments we introduce translated lines ¢;(t,); these
lines separate M; and M,,.



Now we form an infinite “up” prism P, with base M, (t,,) and lateral edges parallel to
OB,,. Construction ends when we use the last segment; at this moment we cut the prisms
by a plane {z =T > ty}.

Now we need to check that these prisms satisfy conditions of the problem. It is enough
to prove that P, intersects P; (i < n) only in the plane {z = t¢,,}. Assume that this is not
true. Then there exists a common point R € {z =t} of these prisms, t > t,,.

Let us draw straight lines parallel to OB,, and OB; through R. These lines intersect
plane {z = t,,} at points R» and R." respectively. Notice that Rl € M, (t,) and Ri"* €

— —

M;(t,). Also notice that vectors R." Rt» and B{" Bf» have opposite directions and are not
equal to 0.

This cannot be true since R." and B/" lie on one side of #;(t,) and Rf* and Bi» lie on
the other side. This contradiction completes the proof.

Problem 7 Several boxes are arranged in a circle. Each box may be empty or may
contain one or several chips. A move consists of taking all the chips from some box and
distributing them one by one into subsequent boxes clockwise starting from the next box
in the clockwise direction.

(a) [4] Suppose that on each move (except for the first one) one must take the chips from
the box where the last chip was placed on the previous move. Prove that after several
moves the initial distribution of the chips among the boxes will reappear.

(b) [4] Now, suppose that in each move one can take the chips from any box. Is it true
that for every initial distribution of the chips you can get any possible distribution?

SOLUTION. (a) Let the state of the system described in the problem be defined by the
distribution of chips between boxes and the number of a box from which we move. Notice
that the sequence of states is uniquely defined going forward. Moreover, it is uniquely
defined going backwards. Really, if we start with the box where we put the last chip, and
go in the counter-clockwise direction, collecting one chip from each box until we get to an
empty box, then put all the collected chips in this box, we restore the previous state.

Let us notice that the number of different states is finite. Therefore, we can conclude
that the sequence of states is cyclic. Therefore the initial state will repeat itself.

(b) Now the sequence of states is not uniquely defined. Let us mark some box (M ). Let
I be a state when all chips are collected in M.

Lemma 1. State I can be obtained from any state A.

Proof. Let us consider a box (M_1) next to a marked one (M) in a counter-clockwise
direction. Starting with that box we would increase the number of chips in M and empty
box M_;. Now we do the same with M_5. When it is empty we will return to M_; again.
By doing so, each time we increase the number of chips in M and the number of empty
boxes until all chips are collected in M. [

Lemma 2. Let A and B be two states, such that B can be obtained from A. Then A
can be obtained from B.

Proof. Let us consider a case when we get B from A in one step. Starting with the
box where the last chip was put and continuing according to part (a) rules, we will come
eventually to A. The general case can be considered by induction.

Now it is easy to get the final result. Really, from any two states A and B we can get
the state I. Therefore, we can get B from I and thus from A. O



